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Criteria for a direct sum of modules to be a multiplication
module over noncommutative rings

T. Alsuraiheed and V. V. Bavula

Abstract

We study multiplication modules. The rings are not assumed to be commutative. Several
criteria with some applications are given for a direct sum of modules to be a multiplication
module.

Key Words: multiplication module, multiplication ideal, multiplication ring, Dedekind do-
main.
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1 Introduction

In this paper, module means a left module and R is a ring with 1 (not necessarily commutative).

An R-module M is called a multiplication module if every submodule of M is equal to IM
for some two-sided ideal I of the ring R. If M is a left ideal of R then M is called a left multipli-
cation ideal.

An R-module M is a multiplication R-module iff N = [N : MM for every submodule N of M
where [N : M) := anng(M/N) (Lemma 2.1). The class of all multiplication R-modules is denoted
by Mod,,(R). In case R is a commutative ring, Mod,,(R) contains R, all cyclic R-modules,; and all
invertible ideals of R. For a noncommutative ring, a cyclic module is not necessarily a multiplication
module.

For aring R, let Z(R) be the set of its ideals. The set (Z(R), C) is a partially ordered set (a poset,
for short). For an R-module M, let Subr(M) be the set of its submodules. The set (Subgr(M), C)
is a poset. The map pps : Z(R) — Subg(M), I — IM respects inclusion. Clearly, an R-module M
is a multiplication module iff the map uy; is a surjection.



A ring R is said to be a left multiplication ring (resp., a right multiplication ring) if for
every two ideals I and J of R such that J C I, there exists an ideal J’ of R such that J = J'I
(resp., J = IJ"). A ring R is called a multiplication ring if it is a right and left multiplication
ring. In case R is a commutative ring, R is a multiplication ring iff Z(R) C Mod,,(R). Examples
of multiplication commutative rings are Dedekind domains, principal ideal domains and rings in
which all ideals are idempotent.

Krull introduced the concept of a commutative multiplication ring in [12] as a generalization
of the concept of Dedekind domain. Larsen and McCarty in [13, Theorem 9.21] proved that if
every prime ideal of a commutative ring R is a multiplication ideal then R is a multiplication ring.
In 1981, Barnard [7] presented the notion of multiplication modules over commutative rings. The
fundamental theorem of abelian group could be described as every finitely generated Z-module is a
direct sum of multiplication modules. This result stimulated many authors to study properties of
such class of modules over a commutative ring. For example, Barnard [7], P. F. Smith [15], D. D.
Anderson[4], and Y. Alshaniafi and S. Singh [2]. The first systematic study of multiplication modules
over commutative ring seems to start with El-bast and Smith in [10]. Besides proving many basic
properties of multiplication modules over commutative ring, they gave several characterisations of
such modules. In [14], Mott proved that a multiplication ring has finitely many minimal prime ideals
iff it is a Noetherian ring. In 2019, T. Alsuraiheed and V. V. Bavula [3], presented a characterization
of multiplication commutative rings with finitely many minimal prime ideals: Fach such ring is a

n

finite direct product of rings HDi where D; is either a Dedekind domain or an Artinian, local,
i=1
principal ideal ring and vice versa.
The algebras of polynomial integro-differential operators over a field K of characteriastic zero

(introduced in [8]),
]In:K<£L’1,...,xn,al,...,an,/,...,/>,
1 n

have many interesting properties that are almost opposite to the ones of the algebra of polynomial
differential operators A, = K(x1,...,Z,,01,...,0,), the Weyl algebra (where 9; and [, are the
partial derivations and integrations with respect to the variable x;). In particular, the algebras I,
are neither left nor right Noetherian and non-simple. Futhermore, the classical Krull dimension of
the algebra I,, is n and all ideals of 1,, are idempotent ideals, [8]. Therefore, the algebras I,, are
multiplication rings (Corollary 3.2). This result motivated us to study the class of multiplication
modules over noncommutative rings. We have to indicate that there are only very few results in
the literatures about multiplication modules over noncommutative rings (see [16]).

Five criteria for a direct sum of modules to be a multiplication module over an
arbitrary ring. Let R be a ring (not necessarily commutative). To formulate the first criterion
(Theorem 1.4) we need to introduce the following concepts.

Definition 1.1. We say that the intersection condition holds for a direct sum M = @, ., Mx
of nonzero R-modules My if for all submodules N of M,

N:@NOM,\.
AEA

Definition 1.2. Let M = @, , Mx be a direct sum of nonzero R-modules with card(A) > 2,
ay = anng(M)) and a), = Nyuzra,. We say that the orthogonality condition holds for the direct



sum M if

a\M,, = 0x, M, forall \,pecA
where Oy, is the Kronecker delta. Clearly, a\ # 0 for all X € A (since all My # 0). In particular,
ax # 0 for all X € A.

Definition 1.3. Let M = @, ., My be a direct sum of nonzero R-modules with card(A) > 2.
We say that the strong orthogonality condition holds for the direct sum M if for each set of
R-modules {Nx}rca such that Ny C My, there is a set of ideals {I\}ren of R such that

I\M,, = 0x,Ny forall A, ueA.
The set of ideals {Ix}ren ts called an orthogonalizer of {Ny}xea-

In particular, the orthogonality condition holds for M = @, ., My iff the set of ideals {a) }rea
is an orthogonalizer of {My}aea. If the orthogonality condition holds for M = @,., M and
{In}xen is an orthogonalizer of {My}rea then Iy C da) for all A € A.

Theorem 1.4 is the first criterion for a direct sum of modules to be a multiplication module
which given via the intersection and strong orthogonality conditions.

Theorem 1.4. Let M = @, Mx be a direct sum of nonzero R-modules with card(A) > 2. Then
M is a multiplication R-module iff the intersection and strong orthogonality conditions hold for the
direct sum M = @,y Mx. Furthermore, if M = @, ., My is a multiplication R-module then

1. the R-modules M)y are multiplication modules, and

2. for each submodule N of M and each ideal I of R such that N = IM, N (M = IM, for
all X € A.

Before stating the second criterion, we need to introduce and discuss some concepts.

Definition 1.5. Let N be an R-submodule of M. An ideal J of the ring R is called a compressor
of N (in M) if N=JM.

Any sums of compressors of N is a compressor of N. The set of all compressors of N (in
M) is denoted by Z(N,M). The set Z(N, M) is a non-empty set iff [N : M] is a compressor
of N ([N : M]M = N), and in that case [N : M] is the largest compressor of N. Notice that
[N : M]M C N, in general.

Let N be a submodule of a multiplication R-module M. Then the set

I(N,M):={I<R|IM = N} (CINM)

is a non-empty set which is closed under addition of ideals (if I, J € Z(N, M) then I+.J € Z(N, M)).
The sum
INM)= > I (CINM]1)
IEZ(N,M)
is the largest element of the set Z(N, M) (w.r.t. inclusion). Clearly, I(N, M) = [N : M].

Let M = {Mjx}rear and N = {Ny}rca be sets of R-modules such that Ny C M) for all A € A.
Let Z(N, M) be the set of all sets of ideals {Ix}rca such that I\M,, = 6, Ny for all A, u € A, i.e.,
the set contains all the orthogonalizers for A/. In general, the set Z(N, M) could be an empty set.
In particular, if M = {M} and N = {N} then Z(N, M) = Z(N, M).



Lemma 1.6. Let M = {Mx}xca be a set of R-modules such that their direct sum M = @, ., Mx
is a multiplication module. Then for every set of R-modules N' = {Nx}xea such that Ny C M) for
all X € A, the set Z(N',; M) is a non-empty set.

Proof. The result follows from Theorem 1.4. O

Suppose that Z(N, M) # (. Then the set Z(N, M) is closed under addition (componentwise):
if sets 7 = {I)\}/\GA and J = {J)\}/\EA belong to I(N,M) then 7+ J = {I)\ + JA})\EA S I(./\/,M)
So, the sum in Z(N, M),

INM):= > I
ZeI(N,M)

is the largest element of the set Z(N, M) w.r.t. componentwise inclusion, i.e., Z C J iff Iy C Jj
for all A € A. The set I(N, M) is called the largest orthogonalizer in Z(N, M).

If the orthogonality condition holds for the direct sum M = @, My then I(M, M) = {da’}
where a’ = annp (€D, .\ My) =, 2, anng(M,) (Corollary 4.3).

Now, we can state the second criterion for a direct sum of modules to be a multiplication module.

Theorem 1.7. Let M = @, My be a direct sum of nonzero R-modules with card(A) > 2. Then
M is a multiplication module iff

1. the R-modules M)y, where A € A, are multiplication modules, and

2. for each submodule N of M, Z(N', M) # 0 where N = {N N My} xen and M = {M)}ren,
and N = (3, cpn IN)M for all/some {I}ren € Z(N, M).

We need to the following definition to introduce the third criterion.

Definition 1.8. A set of ideals {ax}rca of a ring R is called an orthogonal set of ideals of R
if axa, =0 for all X # p.

The next theorem is the third criterion for a direct sum of modules to be a multiplication
modules given via orthogonal ideals.

Theorem 1.9. Let M = P, ., My be a direct sum of nonzero R-modules with card(A) > 2,
a:=anng(M) and R:= R/a. Then M is a multiplication module iff

1. the ring R contains a direct sum of nonzero orthogonal ideals a’ = D e ¢y such that My =
a\M for all A € A, and

2. for each submodule N of M, N = b'M for an ideal b’ of R such that b’ = @, , b is a direct
sum of ideals b, = b' Na) of R for all A\ € A.

Theorem 1.10 is the fourth criterion for a direct sum of modules to be a multiplication module
given via the orthogonality and intersection conditions.

Theorem 1.10. Let M = @, My be a direct sum of nonzero R-modules with card(A) > 2.
Then M is a multiplication module iff

1. the R-modules M)y are multiplication modules where X\ € A,

2. the intersection condition holds for the direct sum M = @, M, i.e., for any sumbodule N
of M, N = @,cA (NN My), and



3. the orthogonality condition holds for the direct sum M = @, ., My, i.c., for all A\, € A,
Cl/)\Mu = 6)\MMH'

Definition 1.11. A submodule N of an R-module M is called an Endg(M)-stable submodule
(resp., Endgr(M)-invariant submodule) if f(N) C N (resp., f(N) = N) for every 0 # f €
EndR(M).

Definition 1.12. We say that the Endg(M)-stability condition holds for an R-module M if
every submodule N of M is an Endg(M)-stable submodule.

Theorem 1.13 is the fifth criterion for a direct sum of modules to be a multiplication module
given via the orthogonality and End g (M )-stability conditions.

Theorem 1.13. Let M = @, ., My be a direct sum of nonzero R-modules with card(A) > 2.
Then M is a multiplication module iff

1. the R-modules M)y are multiplication modules where A € A,
2. every submodule N of M is an Endg(M)-stable submodule, and
3. the orthogonality condition holds for the direct sum M = @, Mx.

The proofs of the theorems/criteria above are given in Section 4. Section 5 contains many
applications and results based on these criteria. In Section 2, some known results are generalized
to noncommutative case. Section 3 provides some properties of the class of multiplication modules
over an arbitrary ring that are used in the proofs of this paper.

2 Preliminaries

For an R-module M, let Cycr(M) be the set of its cyclic submodules. For an R-module M, we
denote by anng(M) its annihilator. An R-module M is called faithful if anng(M) = 0. For a
submodule N of M, the set [N : M] := anng(M/N) = {r € R|rM C N} is an ideal of the
ring R that contains the annihilator anng(M) = [0 : M] of the module M. The set §(M) :=
ZCeCch(M) [C : M] is an ideal of R. Clearly, anng(M) C 6(M). If M is an ideal of R then
M C O(M).

Let M be an R-module. We denote by Subf (M) the set of the direct summands of M. Epig (M)
and Mong (M) denote the set of all epimorphisms and monomorphisms from M to M, respectively.
Clearly, Epigp(M) C Endr(M) and Mong(M) C Endg(M). The group of automorphisms of an
R-module M is denoted by Autg(M). Clearly, Autr(M) = Epigp(M) N Mong(M).

In this section, several properties of the class of multiplication modules over a ring (not nec-
essarily commutative) are provided. They are generalizations of some known results in the
commutative case.

Lemma 2.1. An R-module M is a multiplication module iff N = [N : MM for any submodule N
of M.

Proof. (=) Let N be a submodule of the multiplication module M. Then there exists an ideal
I of R such that N = IM. Hence, N =IM C [N : M]M C N. This implies that N = [N : M]M.



(<) This is implication is obvious. O

Let N be a submodule of M. Then [N : M]M C N, and so we have a short exact sequence of
modules

0—[N:M|M— N— N/[N: MM — 0.

Lemma 2.2. An R-module M is a multiplication module iff C = [C : MM for every C €
Cycg(M).

Proof. (=) Lemma 2.1.
(<) Suppose that C' = [C : M|M for every cyclic submodule C of M. Let N be a submodule
of M and I = ZCeCch(N) [C : M]. Then

IM= Y [C:MM= Y C=N.
CeCycpr(N) CeCycpr(N)

Hence, M is multiplication module. [J
Proposition 2.3. Any homomorphic image of a multiplication module is a multiplication module.

Proof. Let M be a multiplication R-module and f : M — N be an R-epimorphism. For each
submodule K of N, f~}(K) = IM for some ideal I of R. Now, K = f(f"1(K)) = f(IM) =
If(M)=1IN. Hence, N is multiplication module. [

Proposition 2.4. Let M be an R-module. Then M is a multiplication R-module if the following
two conditions hold:

1. Maealla M = (Nxealn) M for every non-empty set of ideals {I\ | X € A} of R, and

2. for any submodule N of M and an ideal I of R such that N C IM, there exists an ideal J of
R such that J C I and N C JM.

Proof. Let N be a submodule of M and S be the set of ideals I’ of R such that N C I'M.
Clearly, R € S. The ideal A = Npegl’ is the smallest element in S since, by condition 1, N C
Npesl’M = AM. Now, suppose that N C AM, we seek a contradiction. Then, by condition 2,
there exists an ideal B of R such that B C A and N C BM. Therefore B € S. This contradicts to
the minimality of A and hence, N = AM, i.e., M is a multiplication module. [J]

Proposition 2.5 is a criterion for a module to be a multiplication module.

Proposition 2.5. Let M be an R-module. Then M is a multiplication R-module iff for every
nonzero submodule N of M, M/N is a multiplication module such that [N : M| ¢ anng(M).

Proof. (=) Let N be a nonzero submodule of M. Then N = [N : M]M (Lemma 2.1). Since
N # 0, we must have [N : M| € anng(M). By Proposition 2.3, the factor module M/N is a
multiplication module.

(<) Let N be a nonzero submodule of the R-module M and I = [N : M]. By the assumption,
IM # 0 (since I ¢ anng(M)) and M/IM is a multiplication module. So, by Lemma 2.1, N/IM =
[N/IM : M/IM|(M/IM) = [N : M](M/IM) = 0, and therefore N = IM. Hence, M is a
multiplication module. [J



Proposition 2.6. Let M be a multiplication R-module. Then
1. If N and K are submodules of M such that M/N = M/K then N = K.
2. If f: M — R is an R-homomorphism then for every m € M, f(m)M C Rm.

Proof. 1. Since M is a multiplication module and M/N = M/K, N = [N : M|M
anng(M/N)M = anng(M/K)M = [K : M|M = K.

2. Since M is a multiplication module, Rm = IM for some ideal I of R. Now, f(m)M
F(RmM)M = f(IM)M = If(M)M C IM = Rm. Hence, f(m)M C Rm. O

N

Proposition 2.7. Let M be a semisimple R-module such that [N : M| ¢ anng(M) for every simple
submodule N of M. Then M is a multiplication module.

Proof. Let K be a submodule of M. Since M is a semisimple module, K = €P,.; M; is a direct
sum of simple submodules M; of M. As M; is simple and [M; : M] & ann(M), [M; : M]M = M,;.
Now,

K=Y M= [M: M]M = (>_[M;: M])M.

i€l i€l i€l
Hence, M is a multiplication module, by Lemma 2.1. [J
Let M be an R-module. Anderson in [4], defined the ideal (M) = >_cccye, (ar)[C : M] where
R is a commutative ring. In case I is an ideal of R, it is clear that I C (I).
Lemma 2.8. Let M be a multiplication R-module. Then M = 0(M)M.

Proof. Since M is a multiplication R-module, M =3 cccve. ) C = Xcecye,on[C: MM C
(>cecye, (€ : M)M = 6(M)M, by Lemma 2.2, and the lemma follows. [J

The next lemma provides a sufficient condition for a multiplication module to be finitely gener-
ated.

Lemma 2.9. Let M be a multiplication R-module. If 0(M) is a finitely generated R-module then
the R-module M is finitely generated.

Proof. Since 6(M) = 3_cccye, n|C : M] and the R-module (M) is finitely generated, 6(M) =

ZR& for some elements 0; € [C; : M] where C; are cyclic submodules of M. Now, by Lemma

i=1

28, M =0(M)M = ZROiM C ZCi CM,ie, M= ZCi is a finitely generated R-module. [J
i=1 i=1 i=1

Corollary 2.10. If R is a left Noetherian ring then every multiplication R-module is finitely gen-
erated.

Proof. The corollary follows from Lemma 2.9. O



3 Some properties of multiplication modules over noncom-
mutative rings

In this section, we provide some properties and characterizations of multiplication modules over an
arbitrary ring.

The algebras I,, form a subclass of the class of multiplication rings.

Recall that a ring R is a multiplication ring iff for every two ideals I C Jof R, [ = KJ = JK'
for suitable ideals K and K’ of R.

Lemma 3.1. Let R be a ring such that all its ideals are idempotent ideals. Then R is a multipli-
cation ring.

Proof. Let I and J be ideals of R such that J C I. Then J = J? C JI C J,i.e., J = JI. Hence,
I is a left multiplication module. Similarly, I is a right multiplication module, and hence, R is a
multiplication ring. [J

Corollary 3.2. The algebras I,,, n > 1, of polynomial integro-differential operators over a field of
characteristic zero are (left and right) multiplication rings.

Proof. By [8, Corollary 3.3(3)], every ideal of all I, is an idempotent ideal. So, the result follows
from Lemma 3.1. O

Incomparability of the annihilators.

Proposition 3.3. Let M be a multiplication R-module and My, My be R-modules such that anng(M7) C
anng(Ms) and the direct sum of R-modules My @ Ms is an epimorphic image of the R-module M.
Then My = 0.

Proof. Let f: M — M; @ M, be an epimorphism and p1, ps be the projections of the module
M; @ My onto My and My, respectively. For ¢ = 1,2, let f; = p;f and K; = ker(f;). Then
M/Kz = Mz SO,

(K7 : M] = anng(M;) C anng(Ms) = [Ks : M].

Since the R-module M is a multiplication module, we have K7 = [K7 : M|M C [Ky : MM = Ko,
by Lemma 2.1. Let ko € M. Then (0,k2) = f(m) for some element m € M. Clearly, f1(m) =
p1(0, kg) = 07 i.e., m < Kl. Since Kl - Kg, 0= fg(m) ngf(m) = pg(o,k‘g) = k‘g, i.e., Mg =0.0

Corollary 3.4. Let M be a multiplication R-module and My, M be R-modules such that anng(M;) =
anng(Ms) and the direct sum of R-modules My @ Ms is an epimorphic image of the R-module M.
Then My, = M, =0. O

Proof. The corollary follows from Proposition 3.3. [J
Proposition 3.5 shows that every multiplication module M does not admit a direct summand
which is isomorphic to M.

Proposition 3.5. Let R be a ring and M be a multiplication R-module. If M = M & N where N
is an R-module then N = 0.



Proof. Since M =% M@ N, anng(M) = anng(N) Nanng(M). So, anng(M) C anng(N).
Hence, by Proposition 3.3, N = 0.
Ideals {a;|i € I } of a ring R are called incomparable if a; ¢ a; for all distinct elements 4,5 € 1.

Corollary 3.6. Let M be a multiplication R-module and the direct sum of nonzero R-modules
D, M; be an epimorphic image of M. Then the set of ideals {anng(M;) |i € I} are incomparable.
In particular, all the ideals {anng(M;)|i € I} are distinct and the modules {M;|i € I} are not
pairwise isomorphic. In particular, anng(M;) # 0 for all i € I.

Proof. Let a; = anng(M;). Suppose that a; C a; for some i # j. Then the direct sum M; € M;
is an epimorphic image of M such that a; C a;. By Proposition 3.3, M; = 0, a contradiction. [J

Corollary 3.7. Let a direct sum of R-modules M = @, ; M; be a multiplication module with
card(I) > 2. Then the set of ideals {anng(M;)|i € I} are incomparable. In particular, none of the
direct summands M; is a faithful R-module, i.e., anng(M;) # 0 for alli € 1.

Proof. The corollary follows from Corollary 3.6. [
For a module N and a set I, we denote by N) a direct sum of I copies of N.

Corollary 3.8. Let M be a multiplication R-module. Then every nonzero factor module of M
cannot be of the type N for some nonzero R-module N and a set I of cardinality > 2.

Proof. This follows from Proposition 3.3. [
Corollary 3.9. Let M be a nonzero multiplication R-module. If M is a free R-module then M =2 R.

Proof. If M is free R-module, i.e., M = R for some I then, by Corollary 3.8, the set I must
be a single element and hence M = R. [J

Let R be a ring and R be the set of isomorphism classes of its simple modules. Let M be a
semisimple R-module. Then M = @, .z M (V) where M(V) is the sum of all simple submodules
of M isomorphic to V. The module M (V) is called the isotypic component of M corresponding to
V', or, briefly, the V-isotypic component of M.

Corollary 3.10. Let M be a multiplication R-module. FEvery semisimple factor module of M is a
direct sum of non-isomorphic simple modules, (i.e., each isotypic component is a simple module)
with incomparable annihilators.

Proof. The corollary follows from Corollary 3.6. [

Corollary 3.11. Let 0 - My — M — Ms — 0 be a short exact sequence of R-modules where
My and Ms are non-zero R-modules and a; = anng(M;) for i = 1,2. If M is a multiplication

module and either a; C as or ag C ay then the short exact sequence is not split. In particular,
Extg (Mg, M) # 0.

Proof. If the short exact sequence were split then M = M; & M,. By Corollary 3.6, the ideals
a; and a; would be incomparable as M is a multiplication module, a contradiction. [



4 Criteria for a direct sum of modules to be a multiplication
module

In this section, the proofs of the five criteria stated in the Introduction are given for a direct sum
of modules to be a multiplication module.

Proof of Theorem 1.4. (=) Since M is a multiplication module, for each submodule N of M
there is an ideal I of R such that N = IM = I(@,cpy Mr) = @ycp IMy € Poca N1 My C N,
ie, N=@,cn N My and N My = IM,, and so, the intersection condition holds for M.

Let {Ny}xea be aset of R-modules such that Ny C M, for all A € A. Clearly, N, is a submodule
of M. So, there exists an ideal I of R such that Ny = L M = @MEA IyxM,,, and so I\M,, = 6x,N»
for all A\, p € A, i.e., the strong orthogonality condition holds.

(<) Let N be a submodule of M. We have to show that N = IM for some ideal I of R. By
the intersection condition, N = @,., Nx where Ny = N (M, C M). For the set {Nx}xea, let
{In}rea be a set of ideals that satisfies the strong orthogonality condition (IxM,, = 6x,NN, for all
A€ A). Then I =3, Iy is an ideal of R such that IM = Z)\,MEA LM, = Z/\,;LEA N, =
> xea Na = @yca Na = N, as required. O

Lemma 4.1. Suppose that a direct sum of nonzero R-modules M = @, o, My is a multiplication
module. Let N be a submodule of M, N'={Ny := N\ Mx}xear and M = {Mx}rer. Then for all
{Dihren €ZN, M), N = (3 ,cp DOM.

Proof. (3_sea M =325 uea My =375 ien 03uNx = 225cp Na = N, by Theorem 1.4. O

The next theorem is an explicit description of the largest orthogonalizer I(N, M) in Z(N, M

).
Theorem 4.2. Suppose that a direct sum M = @, ., My of nonzero R-modules with card(A) >
2 is a multiplication module. Let ax = anng(My), M} = €D, M, and o) = anng(My) =
Myza @ Let N be a submodule of M, N = {Ny := N\ My}rea and M = {My}rer. Then
I(N, M) = {Ih}rer where Iy = I(Nx, My)(ay for all X € A (M) is a multiplication R-module as
an epimorphic image of the multiplication R-module M, so I(Ny, M) makes sense).

Proof. Let J = {Ja}ren € Z(N,M). Then J, C I, for all A € A, by the maximality of
I(N, M). By the very definition, Iy C I} := I(Nx, M) () a) for all X € A. To finish the proof of
the theorem it suffices to show that {I{}rea € Z(N, M). For all A # p, I{M,, = 0 (since I} C a,).
Finally, Ny = I,My C I\ M\ C I(Nx, Mx\)M, = N,. Hence, Ny = I\ M), as required. O

Proof of Theorem 1.7. (=) If M is a multiplication module then so is every module M) (since
M, is an epimorphic image of M, Proposition 2.3), and so the condition 1 holds. The condition 2
holds, by Lemma 4.1.

(<) Let N be a submodule of M. Since M) is a multiplication module for all A € A, I(Ny, M)
makes sense. Let I} = I(Ny, My) Na} where a} = anng(€D,, ., M,). Then {I}} € Z(N, M), ie.
IZ(N, M) # 0, and therefore, by condition 2, N = (3 .5 Ix)M. Hence, M is a multiplication
module. [J

The next corollary is an explicit description of the element I(M, M).

Corollary 4.3. Suppose that a direct sum of nonzero R-modules M = @,y My is a multiplication
module where card(A) > 2, ay = anng(My) and a = anng(M). Assume M = {Mx}rea. Then
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1. M, M) = {a\}rea and @\ := Nyzray, # Nueaa, = anng(M) for all A € A.

2. Letm:R— R=R/a, r—7:=r+a. Thenz)\e/\az@)\e/\aj\inﬁ and d} # 0 for all
AeA.

3. M =o' M where o/ = D oneA @. In particular, gMu = OauM,, for all A\, p € A.

4. For each submodule N of M, N = b'M for some ideal b of R such that b’ = @, ., b} is a
direct sum of ideals b of R such that by C a), for all A € A.

Proof. 1. By Theorem 4.2, I(M, M) = {Ix}rea where Iy = I(My,My)Na) = RNd\, = d).
Since card(A) > 2 and M, # 0 for all A € A, a, # 0 for all A € A, by Theorem 1.4.

2. Suppose that the sum ), , a) is not a direct sum. Then there is a nonzero element ay € a/,
that can be written as a sum 3 a, for some elements a,, € @. As the R-module M is faithful,
0 # axM = a)M, = (Z:Wé/\ a,My) = 0, a contradiction. Hence, the sum Z)\GACT)\ is a direct sum,
and, by statement 1, a} # 0 for all A € A.

3o /M =30 en My =305 e OauMa =3 ycp My = M, by statement 1.

4. This statement follows from Theorem 4.2. O.

Proof of Theorem 1.9. (=) This implication follows from Corollary 4.3.

(<) It suffices to show that the conditions of Theorem 1.4 are satisfied for the module M =
@D My where My = a\M. Let N be a submodule of M. By condition 2, there is an ideal b’
such that N = b'M = @, b\ M where b}, = b' Na). Let Ny = b\M. Then N = @, ., Nx C
Drca(NNMy) € N, ie., Ny = NN My, and so, the condition 1 of Theorem 1.4 holds. By the
very definition of Ny, Ny = b\ M = b\ My, and for all A # p, b\ M, C a\ M, = a\a;, M =0-M =0,
ie., b\ M, = 0. So, the condition 2 of Theorem 1.4 holds, as required. [J

Proof of Theorem 1.10. (=) This implication follows from Theorem 1.4 and Corollary 4.3.

(«=) Let N be a submodule of M. Then, by the intersection condition, N = @,., Na where
Ny = NN M. Since M) is a multiplication module, Ny = JyM) for an ideal J) of R. Then we
have Ny = Jya) My, by the orthogonality condition. Let Iy = Jya). Then the conditions 1 and 2
of Theorem 1.4 are satisfied since aj\a) C a = anng(M), and so, [\M,, = I\[, M, C a\a, M, C
aM = 0. Therefore the implication (<) follows from Theorem 1.4. OJ

The next corollary is a criterion for a direct sum of simple modules to be a multiplication
module.

Corollary 4.4. Let M = @, My be a direct sum of simple R-modules. We keep the notation of
Corollary 4.3. Then M is a multiplication R-module iff for all A, € A, a\M,, = 65, M,,.

Proof. (=) By Corollary 4.3, I(M, M) = {a} } xca where M = {My}xea, and the implication
follows.

(<) Suppose that a\ M, = §,, M, for all A\, x € A. Clearly, the simple R-modules {Mj}xen are
pairwise non-isomorphic. So, if N is a submodule of M then N = @, N N M. Let Supp(N) =
{)\E A|NQM>\ %0, i.e., NN M), :M)\} Then

N= @ M= @ aM=( > d)M O

AESupp(N) AESupp(N) AESupp(N)
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The next lemma introduces some properties of the endomorphisms ring of a multiplication
module.

Lemma 4.5. Let M be a multiplication R-module. Then
1. Epip (M) = Auty (M).

2. The Endr(M)-stability condition holds for the R-module M. In particular, if f € Endg(M)
then for all g € Endr(M), g(im(f)) Cim(f).

3. If N is a submodule of M then N is an Epig(M)-invariant submodule, i.e., for every f €
Epig(M), f(N) =N.

4. If M = @,c; M; and f € Hompg (M, N) where N is an R-module then f(M) = @,c; f(M;

).

5. If M = @,c; M; then Endr(M) = [[;c; Endr(M;), i.e., the inclusion [[;c; Endr(M;) C

Endgr(M) is an equality. In particular, Hompg (M;, M;) = 0 for all i # j; and Autg (M) =
Hie] AutR (Mz)

6. If R is a commutative Ting and C is a cyclic submodule of the R-module M then for every
f € Endgr(M), fle =r¢c : C — C, m — rm for some element r = r(f) € R. Futhermore,
the ring Endr(M) is a commutative ring.

Proof. 1. Let f € Epip(M). Then M/ker(f) = M. Since M is a multiplication module,
ker(f) = [ker(f) : M]M = anng(M/ker(f))M = anng(M)M = 0, and therefore f € Autg (M).

2. Let N be a submodule of M and f € Endgr(M). Then N = I'M for some ideal I of R. So,
f(N)=fIM)=I1f(M)CIM = N,ie., N is an End(M)-stable submodule.

3. Let N be a submodule of M and f € Epip(M). By statement 2, f(N) C N. By statement 1,
there exists g € Autg(M) such that gf = fg = 1, and therefore N = 1N = g(f(N)) C f(N) C N,
i.e., N = f(N). Hence, N is an Epig(M)-invariant submodule.

4. By Theorem 1.4, ker(f) = @, (ker(f)NM;). Hence f(M) = M /ker(f) = @,c; M;/ker(f)N
Mi = @ie] f(M7)7 and so f(M) = @ie[ f(Mz)

5. Statement 5 follows from statement 2 since f(M;) C M; for all i € I and f € Endgr(M).

6. Statement 6 follows from statement 2. [

Proof of Theorem 1.13. (=) It follows from Theorem 1.10 and Lemma 4.5.

(<)In view of Theorem 1.10, it suffices to prove that the intersection condition holds for the
direct sum M = Py, Mx. For each A\ € A, let jy : M — M be a composition of the projection
homomorphism M — M) and the inclusion homomorphism M, — M. Clearly, jn € Endgr(M),
and N C Y\ A (NNMy) = @, (NNMy) C N since N is Endg(M)-stable, i.e., N = @, (NN
M), and so, the intersection condition holds. Hence, by Theorem 1.10, the R-module M is a
multiplication module. [J

5 Some applications

In this section, we will use the above mentioned criteria to introduce many properties of the class
of multiplication modules over noncommutative rings.

The refinement condition.

12



Definition 5.1. Let M be an R-module. We say that two of its decompositions into direct sum
of submodules, M = @,c; M; and M = @;.; N;, satisfy the refinement condition if M =
EBieI’jEJ M; N N;. We say that the module M satisfies the refinement condition if every two of
its direct sum decomposition satisfy the refinement condition.

Let M be an R-module and F = Endg(M). Then the R-module M is a direct sum of its
submodules iff the identity map 1 : M — M, m +— m is a sum of orthogonal idempotents, that is
1= ZAGA ex where eye, = dxuex and for every element m € M, exm = 0 for all but finitely many

In more detail, if M = @AEA M), then 1 = EAeA e) where ey is the projection onto M.
Conversely, if 1 =, ., ex is a sum of orthogonal idempotents then M = @,., Mx where M, =
exM. The infinite sum makes sense as it is applied to a finite sum of elements and the maps are
projections.

Proposition 5.2 is a criterion for a module to satisfy the refinement condition.

Proposition 5.2. Let M be an R-module and E = Endg(M). Then the R-module M satisfies
the refinement condition iff for any two sums of orothognal idempotents in E, 1 = > ._;e; and
1 :Zjlej? eifj = fiei foralliel and j € J.

Proof. (=) Suppose that an R-module M satisfies the refinement condition. Let 1 =3, e;
and 1 = >, ; f; be sums of orthogonal idempotents in E. Then M = @,.; M; = D,c; M;
where M; = e;M and M; = f;M. Since the R-module satisfies the refinement condition, M =
@iel,jetl M;NM;, and 1 = Eiel,jej e; f; is the correspondent sum of orthogonal idempotents such
that e; f; = fje; foralli €I and j € J.

(<) Suppose that M = @,.; M; and M = @ e, M; and 1 = >, ;e;, 1 = 3., f; are
the correspondent sum of orthogonal idempotents. Since e;f; = fje; for all 4+ € I and j € J,
1= Ziel,jeJ e;f;j is a sum of orthogonal idempotents. Hence, e;f;M = M; N M; and M =
@iel,jeJ(Mi n MJ) O

Definition 5.3. For an R-module M, let Dec(M) = Decr(M) be the set of all its direct sum
decompositions. We say that a direct sum decomposition @, ; M; is finer than a direct sum

decomposition B¢ ; N; and write @,c; M; > D;c; Nj if I = [1;c;1; is disjoint union of non-

empty subsets I; such that for each j € J, N; = iel, M;.

iel

The set (Dec(M),>) is a partially ordered set (a poset, for short). Let maxDec(M) be a set of
maximal elements of Dec(M).

Definition 5.4. ds.dim(M) = sup{card(!) | M = D, ; M; € Dec(M)} is called the direct sum
decomposition dimension.

If an R-module M satisfies the refinement condition and maxDec(M) # () then maxDec(M)
contains a unique decomposition, say @,.; M;, and so, ds.dim(M) = card([).
Corollary 5.5. Let M be a multiplication module such that M = @, ; M; = EBJ-EJ N; and L be
a submodule of M. Then

1. Md: @iel,je.f M; N Ny, i.e., every multiplication module satisfies the refinement condition,
an
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2. L= @ie[,jeJLﬂMiﬁNj'

Proof. By Theorem 1.4, M; = @jel M;NNjforalli € I. Then M =@, ; M; = EDieI’jej M;N

Nj;, and statement 1 holds. Statement 2 follows from Theorem 1.4 and statement 1. [J

Definition 5.6. Let R be a ring. The ideal uniform dimension of R, iu.dim(R), is the supre-
mum of cardinalities of sets I such that @, ; a; is a direct sum of ideals of R.

Proposition 5.7. Let M be a multiplication R-module. Then ds.dim(M) < iu.dim(R/anng(M)).

Proof. The proposition follows from Corollary 4.3. [J

Definition 5.8. Let R be a ring. Then m.dim(R) = sup{ds.dim(M)| M is a multiplication R-
module} is called the multiplication dimension.

Corollary 5.9. Let R be a ring. Then m.dim(R) < sup{iu.dim(R/anngr(M))| M is a multiplication
R-module} < sup{iu.dim(R/annr(M))| M is an R-module}.

Proof. The corollary follws from Proposition 5.7. [

Every multiplication module is a unique direct sum of indecomposable modules.
The next proposition shows that there is a unique decomposition of any multiplication module as
a direct sum of indecomposable modules (if such decomposition exists).

Proposition 5.10. Let M be a multiplication R-module. Suppose that M = @,;.; M; = ;. ; N;
are direct sums of indecomposable R-modules. Then there is a bijection o : I — J such that
M; = Ny for alli € I.

Proof. By Theorem 1.4, M; = @jeJ M; N Nj for all ¢ € I. The module M; is indecomposable.
So, M; = Ngy(;) for a unique o(i) € J. If i # 4 then o(i) # o(i'), i.e., the map o : [ — J, i = o(i),
is an injection. By symmetry, there is an injection 7 : J — I, j = 7(j), such that N; = M.
Clearly, o7(j) = j and 70 (i) =i for all j € J and i € I. So, 0 = 77!, and the result follows. [

Definition 5.11. The set of nonzero R-modules { My} xecp where card(A) > 2 is called homomor-
phically independent if Homp (M, M,) =0 for all A # p where A\, n € A.

We say that a direct sum M = @, M\ has enough complements if for every direct
summand K of M, there is a subset A" C A such that M = @, ., My P K.

Proposition 5.12. Let M = @, ., My be a direct sum of nonzero R-modules where card(X) > 2.
If M is a multiplication R-module then

1. The set {My}rca is homomorphically independent.

2. If My is indecomposable and K is a nonzero direct summand submodule of M then either
My € K or M\ N K = 0. Moreover, if M = @, Mx is direct sum of indecomposable
modules then Sub (M) = {@P,cpr Ma| A C A}, i.e., M has enough complements.

8. If all R-modules M, A € A, have direct sum with enough complements then the R-module M
has enough complements.
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Proof. 1. Tt follows from Lemma 4.5.

2. If K is a nonzero direct summand submodule of M then there exists a submodule K’ of M such
that M = K @ K'. By Theorem 1.4, My = M \NK @ MxNK'. So, either My C K or MyNK =0
(since M) is indecomposable). Therefore, by Theorem 1.4, K = @, (Mx N K) = P, M
where A’ C A.

3. Forevery A € A, let My = D, Ni. Clearly, @y (D;c;, Ni) is a direct sum decomposition
of M. Let K be a direct summand of M, i.e., there exists a submodule K’ of M such that
M =K@ K'. By Theorem 1.4, My = M\NK @ MyxNK’, ie, MyNK is a direct summand of M.
So, by statement 2, My N K = Gaielggh N;. Therefore, by Theorem 1.4, K = @, (K N M) =
@/\EA(@ielggh N;), i.e., M has enough complements. [

Corollary 5.13. Let M = @, ; M; be a direct sum of nonzero R-modules where card(I) > 2. If
M is a multiplication R-module and N is an indecomposable submodule of M then N C M; for
somet € I.

Proof. By Theorem 1.4, N = @,.;(N N M;). Since N is an indecomposable submodule,
N = N\ M; for some i € I, i.e., N C M; for some i € I. O

Corollary 5.14. Let M = @,;; M; be a direct sum of indecomposable R-submodules of M where
card(I) > 2. If M is a multiplication module and N is an indecomposable direct summand of M
then N = M; for some i € I.

Proof. Since N is a direct summand of M, there exists a submodule K of M such that M =
N@ K. By Theorem 1.4, N = @,;(N(M;). It follows that there exists i € I such that
N = N M; (since N is indecomposable). Again, by Theorem 1.4, since M = N@ K and M; is a
submodule of M, M; = (M; YN)P(M; K) = NP(M; N K). It follows that M; = N (since M;
is indecomposable and N # 0). O

Definition 5.15. An R-module M satisfies the direct sum cancellation property if M =
KOL=K@L where K, L and L' are R-modules then L = L'.

Lemma 5.16. FEvery multiplication module satisfies the direct sum cancellation property.

Proof. Let M be a multiplication R-module such that M = K@ L = K @ L’ where K, L and
L’ are R-modules. Then, by Theorem 1.4, L = (K NL)& (LNL') = LN L which follows that
L C L. Similarly, L’ C L. O

Definition 5.17. Let R be a ring. An R-module M satisfies the summand property if K + L
and K N L are also direct summands of M for all direct summands K and L of M.

Proposition 5.18. FEvery multiplication module satisfies the summand property.

Proof. Let K and L be direct summand submodules of M. Then M = L& L* = K & K* for
some submodule L* and K* of M. Since M is a multiplication module,

K=(KnL)&(KNL",

by Theorem 1.4. Therefore K N L is a direct summand submodule of K. Hence, K N L is a direct
summand submodule of M. Now, since K + L is a submodule of M = L& L*, K+ L = L®(KNL*),
by Theorem 1.4. Since K is a direct summand submodule of M and L* is a submodule of M, KNL*
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is a direct summand submodule of L*, by Theorem 1.4, i.e., L* = (KNL*)® K’ where K/ = K*NL*.
So,
M=LeL*'=Le(KNnLYeK)=(Les(KNL)eoK =(K+L)® K'.

Hence, K + L is a direct summand submodule of M. Hence, M satisfies the summand property. [
Let M be a multiplication module with a direct sum decomposition. The next corollary gives
an intersection decomposition for every submodule of M.

Corollary 5.19. Let M = @, ., My be a direct sum of nonzero R-modules where card(I) > 2.
If M is a multiplication module then for each submodule N of M, N = [ ca(N + My) where

M;\ = @M?ﬁ/\ MH'

Proof. By Theorem 1.4, N = @,y N[ Mx. So, for every A € A, N + M} = N N My & My,
and the corollary follows. [
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