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Scattering-induced amplification of two-dimensional plasmons: electromagnetic
modeling
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Using two rigorous electromagnetic approaches, we study plasmon scattering in two-
dimensional systems and show that plasmon amplification is possible in the presence
of dc¢ currents. Two scenarios are considered: plasmon scattering from an interface
between different two-dimensional channels and plasmon reflection from electric con-
tacts of arbitrary thickness. In each case, the effect of a dc current of the plasmon
reflection and transmission coefficients, and the plasmon power are both quantified. A
resonant system is studied where plasmon roundtrip gain may exceed unity, showing

the possibility of plasmon generation.
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I. INTRODUCTION

Two-dimensional materials (such as, graphene' ?) and systems (such as GaAs/AlGaAs

577)

heterostructures are able to support plasmons. These are waves that exist due to collec-

tive motion of free charges, and they may propagate in the microwave®®? terahertz! %11,
and infra-red frequency®* ranges. Initial theoretical studies have concentrated on dis-

persion relations and resonance frequencies of gated and ungated two-dimensional (2D)

12-14 16,17

plasmons , magnetoplasmons'®, and edge (magneto-)plasmons There has recently
been an upsurge of interest in plasmon scattering at discontinuities, such as those formed

by interfaces between 2D systems with two different carrier densities!® 2", between a gated

21-23 18,24

and an ungated system , or by edges and electric contacts?. Plasmon scattering

has been studied by adopting methods developed previously for the traditional metallic

26,27 28,29
’

and dielectric waveguides, such as the mode-matching and the variational methods
transmission-line models®®, and the Wiener-Hopf technique?®. Two-dimensional plasmons in
the absence of dc currents have also been studied extensively experimentally, traditionally
in semiconductor heretostructures (e.g. Refs. [5-7, 10, 11, and 30]) and more recently in

novel 2D materials (e.g. Refs. [1-4, and 31]).

It was also suggested that, in the presence of a dc current, plasmon scattering by discon-
tinuities in 2D systems may lead to plasmon amplification. The first theoretical study was
performed by Dyakonov and Shur®? who showed that plasmon oscillations in the channel
of a field-effect transistor may become unstable provided specific boundary conditions are
realized at the source and the drain. Their model was developed further for different bound-

3334 and geometries®3%. Amplification of plasmons scattering from interfaces

ary conditions
between 2D systems (see Fig. 1) has received less attention. In contrast to transistor source
and drain, however, such interfaces are partially transparent to plasmons, and may serve
as building blocks for more sophisticated geometries with higher gain, such as plasmonic
crystals and Bragg mirrors, for example. Experimental studies of 2D plasmons in the pres-
ence of dc currents are scarce (e.g. Refs. [11, 37-39]); evidence of plasmon amplification
from interface scattering has come to date from observing radiation from double-grating-

4143 concentrated on analytical models for the

gate transistors®’. Several theoretical studies
plasmon transmission and reflection coefficients. A typical approximation is to reduce the

three-dimensional interface to a single line of contact between two-dimensional systems. This
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FIG. 1: Interface between two 2D channels with different carrier densities. Plasmons

incident upon the interface will partially transmit through and partially reflect back.

quasi one-dimensional approach tends to disregard that plasmons reflecting from interfaces
acquire additional phase, whose existence has been revealed, in the absence of dc current, by
models that take into account fields across entire interfaces'®1921:2244  On the other hand,

15,46 of two-dimensional plasmons in the presence of dc current mostly

prior numerical studies
concentrated on excitation of entire geometries by a free-space electromagnetic wave or a
filament. Plasmon scattering at single interfaces is then obscured by the excitation, multiple
reflections, losses, and matching to free space radiation.

The recent advances in analytical and numerical electromagnetic modeling of passive
interfaces motivate further efforts in studying such interfaces in the presence of dc current.
In this paper, we first consider amplification of plasmons incident on an interface formed
by two different two-dimensional systems, see Fig. 1. To this end, we develop two models:
a numerical model based on variational solution of an integral equation for the field at the
interface (Sec. IIT A), and a full-wave numerical model based on solution of coupled Maxwell’s
and hydrodynamic equations (Sec. IIIB). We compare results of the three models to each
other in Sec. IITC. We then apply the full-wave model to plasmon reflection from electric

contacts in Sec. IIT D. We discuss plasmon generation in Sec. IV. In Sec. V, we compare full

electromagnetic and quasi one-dimensional approaches. We draw conclusions in Sec. VI.

II. BASIC EQUATIONS

This section discusses known results that underpin a theoretical description of 2D plas-
mons in the system shown schematically in Fig. 1. A 2D channel occupies the plane x = 0

and is embedded in a uniform dielectric with a relative permittivity €4. The channel is in-



finitely long in the y-direction. We assume that the charge carriers are electrons; the static
(de) electron density in the channel is ng. A dc current is flowing in the channel, and the
electron drift velocity is vg. We assume harmonically-varying (ac) signals with the angular
frequency w and will write all equations in terms of their amplitudes. Since our interest is in
plasmons, which are TM waves, we assume that the electric field has z- and z-components,
and the magnetic field only a y-component. Consequently, the ac current density only has
a z-component.

We use the full system of Maxwell’s equations to describe the fields in the dielectric. At
the channel, the fields obey the standard field boundary conditions of the form

EM oy — EP|pg =0, (1)
EDpcg — ED oy = ——, 2)
€0€da
and
HM|omo = H om0 = J . (3)

Here, n is the amplitude of the ac electron density, J is the amplitude of the ac current
density, e is the electron charge, and superscripts (1) and (2) denote the regions above and
below the channel, respectively.

The electron and current densities are related to each other through the following three

equations. The first is the standard linearized expression for the current density
J = engv + envy , (4)

where v is the amplitude of the ac electron velocity. The second is the linearized equation

of motion (Euler’s equation)
: dv e
le+U0_ +7’U - _Ez‘x:(]a (5)
dz m

where m is the effective electron mass, and ~ is the relaxation frequency (also expressed as

v = 1/7, where 7 is the relaxation time). The third one is the continuity equation

aJ .
E—I—lwen—o. (6)

Substituting Eq. (4) into Eq. (6) gives

1
dv_ 1 <U0d_n + iwn) (7)

dz o dz
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We substitute Eq. (7) in the equation of motion Eq. (5) to find an expression for the ac
velocity, which we then substitute into Eq. (4) to obtain

en e v dn .
J = envy + = +07 {EEAFO + n_((]] (UQE + 1wn)] (8)

Equation (8) can be recast in terms of field quantities using Eqs. (2) and (3).

A. 2D plasmons

Maxwell’s equations together with Eq. (8) and the boundary conditions Egs. (1)—(3)
permit eigemode solutions known as plasmons. These are surface TM waves whose magnetic

field component for z > 0 can be written in the form
H,(x,2) = Ae h=—nre 9)

where A is a constant; k is the longitudinal wavenumber (in the z-direction) and s is the
decay rate. Both x and k are positive and satisfy the dispersion relation in the dielectric in
the form

k2 — k= k2, (10)

where ky = w/c and ¢ is the light velocity in the dielectric. Substituting Eq. (9) into
Maxwell’s equations and Eqs. (1)—(3) and (8) yields a plasmon dispersion relation of the
form

(w — kvo)(w — kvg — iy) = P2k (11)

p
where Q2 = €*ng/(2meoeq). In the absence of dc current and loss, Eq. (11) permits two
real solutions for k, which correspond to identical counter-propagating plasmons. In the
presence of a dc current, there can be up to four real-valued solutions. The full solution
of the dispersion relation was discussed in Ref. [47]. However, we will assume that the
drift velocity, vg, is low, so that electron drift provides a perturbation of the two drift-less
plasmons.

The power carried by a plasmon can be found as*”
*° . muy .
P = Re/o ExHydl' + 2—6 R,e('UJ ) s (12)

where * denotes complex conjugation. The first term in Eq. (12) corresponds to electromag-

netic power, and the second one to kinetic power due to electron motion. Using Eq. (9) and

bt



ignoring loss, the expression for plasmon power can be written in the form

AP [k
p_ A (ﬁJr o ) (13)

WEWEQ w — kg
B. Continuum modes

Aside from plasmons, whose fields decays away from the channel, Maxwell’s equations
permit other eigenmode solutions whose fields do not grow away from the channel. Our
interest is in TM modes that have the same symmetry as plasmons. Their y-component of

the magnetic field can be written in the form*7
h(q,z,2) = A[[(q) cos(qz) + isin(gz)] e 7%=, (14)

where k is the wavenumber in the z-direction, and ¢ is the wavenumber in the z-direction

and

02q
_ P
Fla) = i(w— kvg)?

In contrast to plasmons, the values of k are unrestricted, 0 < k < co. The dispersion relation

(15)

for electromagnetic waves is satisfied, so that
k+¢* = l{:g, (16)

For 0 < k < kg, the values of ¢ are real and correspond to radiation modes. For k > kg, the
values of ¢ are imaginary and correspond to evanescent modes.

In the absence of electron drift, the kinetic power of all continuum modes is zero. As
expected, the electromagnetic power of the evanescent modes is also zero. As shown in
Ref. [47], however, the electromagnetic power carried by the evanescent modes may be
non-zero in the presence of drift. On the other hand, their total power (as defined by
Eq. (12)) is zero, because the electromagnetic and the kinetic powers are carried in the
opposite directions. Non-zero total power can only be carried by the radiation modes and

the plasmons.

IIT. PLASMON SCATTERING BY INTERFACES

Having considered plasmons in uniform waveguides, we now proceed with discussing plas-

mons incident on an interface formed by two waveguides with different electron densities,



see Fig. 1. A plasmon is incident on the interface (placed at z = 0) from the left waveg-
uide. It will partially reflect back to the left waveguide and partially transmit through into
the right waveguide. We are interested in finding the plasmon transmission and reflection
coefficients. To this end, we employ two different approaches: a variational solution and
full-wave simulations.

We assume a step-like variation of the dc electron density at the interface and do not
consider conducting gates placed above channels, which are often used to control the elec-
tron density electrostatically. We also assume the dielectric surrounding the channels to be
uniform. As a result, the model is symmetric, and the spectrum of the continuum modes,
Eq. (14), is simple, allowing for a relatively compact variational formulation. On the other
hand, the presence of conducting gates and non-uniform dielectrics results in a more com-
plicated spectrum of continuum modes?' even in the absence of dc current. This model
of abrupt junctions between two ungated sections is the same as developed for graphene
in Refs. [18, 19, and 24]. In graphene, the electron density in a channel can be controlled
without a gate, for example, by chemical doping® . In GaAs/AlGaAs heterostructures, on
the other hand, doping patterns can be written, with high spatial resolution, using a focused
ion gun®. Two-dimensional channels can then be integrated with coplanar waveguides and
photoconductive switches for terahertz-frequency characterization using the time-domain

technique reported in Refs. [7 and 52].

A. Variational solution

Here, we present a variational solution of the interface problem. We adopt a method?®
originally developed for open dielectric waveguides supporting surface waves, in which an
integral equation is formulated for the field at a waveguide interface. The equation is then
solved using the variational Ritz-Galerkin procedure, by expanding the field into a series of
orthonormal functions with unknown coefficients. Truncating the series, substituting it into
the boundary conditions, and using the mode orthogonality conditions reduces the boundary
conditions into a matrix equation for the unknown coefficients. Once these are calculated,
mode reflection and transmission coefficients can be found.

In a previous study®®, we adopted this variational method to the problem of Fig. 1 but

in the absence of dc current. In this case, the mode orthogonality condition may be written

7



in terms of solely the E, and H, field components, and it can be applied directly to the two
field boundary conditions. In the presence of dc current, however, the mode orthogonality
also involves ac electron current and velocity®®. As a result, the original variational method
can no longer be applied.

As we shall show, however, the variational method can be modified if one assumes that
the drift velocity vy is low enough to neglect terms of the order v2 and higher.

A plasmon incident upon the interface from the left channel will excite a reflected and
a transmitted plasmon and continuum modes in the both channels, so that the boundary

condition for the continuity of the y-component of the magnetic field takes the form

e~RLAT | RerL-T 4 / r(q)[T1-(g) cos(qx) + isin(qz)|dg =
0

o (17)
Te™"r+® +/0 t(q)[I'r+(q) cos(qz) + isin(qx)]dq

Similarly, the boundary condition for the continuity of the x-component of the electric field

can be written as
kpye " +® — Rkp_e ™% — / r(q)k[I'L—(q) cos(qz) + isin(qx)]dg =
0

N (18)
frkR+e—“R+x+-/§ ()T (q) cos(qa) + i sin(gz)]dg

Here, as before, R and T denote the plasmon reflection and transmission coefficients
defined for the magnetic field of the form of Eq. (9); kL, and kp., k- and kp_ are the
wavenumbers of the plasmons propagating, respectively, to the left and to the right in the
left channel; kg and kg, are the wavenumbers of the plasmon in the right channel; r(¢) and
t(q) are the amplitudes of the continuum modes in, respectively, the left and right channels.

We denote the unknown z-component of the electric field at the interface z = 0 as £(z),

so that Eq. (18) can be rewritten as the following two equations
kpye " +% — Rkp_e "% — / r(q)k[I'L-(q) cos(qz) + isin(qz)|dg = E(x) (19)
0
and
Thiee ™+ | H@ M (o) coslar) + sin(ga)ldg = (o) (20)
0

Taking Eq. (19), multiplying by exp(—£p_z) and integrating along the z-coordinate from

x =0 to x = oo yields

ke .- /OO [y (q)kL- +1ig /OO _
- R - r k dg = E(x)e "L-dy 21
KL+ + KL— 2K1,— 0 (Q) g+ (FLL_)Q q o ( ) ( )

8



2

2okL— = (w — kp_veL)® we can write

Using the plasmon dispersion relation in the form €2

. . (2w — (K + kr-)vor) (kr— — k)
L (g)kL- +ig =g CETE oL

(22)

In the absence of dc current, vo, = 0, so that Eq. (22) and the integral in Eq. (21) are zero.
Then R would be the only unknown in Eq. (21) and could have been expressed directly.
It is a consequence of the mode orthogonality, on which the original variational method
relies. The next steps of the original method would be to find, by similar manipulations,
expressions for 7', 7(q), and #(q) and substitute them into the other boundary condition for
the magnetic field, Eq. (17).

In the presence of dc current, however, Eq. (21) contains two unknowns R and r(q), and
is an integral equation for the latter. Neither R nor r(g) can be found from Eq. (21) and
the original solution procedure cannot be applied.

However, if the electron velocity is small, we can expand 7(q) into a power series with
respect to the drift velocity and ignore all but the first two terms, so that r(q) ~ r(©(q) +
67(q) - vor, where 7 (q) is the value in the absence of dc current. Keeping only the terms
that are linear in vgr, in Eq. (21) implies that r(g) in the integrand should be replaced with

7 (q). If the value of r()(g) is known, the integral can be evaluated, and R can be expressed

as
2K1,— < Fry /OO _ )
R = —A-— E(x)e " "dx 23
kr— \ KLy + KL- 0 (@) (23)
where
o I'L_(q)kL- +1ig
A:/ O (q)k 24
0 @ ¢+ (k- )? (24

The values of 7(¥(g) can be found, for example, by following the method introduced in
Ref. [25].

The next step is to find an expression for 7(¢) using a similar procedure. We multiply
Eq. (19) by T',-(g) cos(Gz) + jsin(gz) and integrate [;~ dz. We then ignore higher-order
contributions to R and r(¢) and obtain

2

10 = ey (B0 = [ @@ costan) +isinGaolar) (29

where

I'L_(q)kLs +1iq ' (q)kL— + iq .][“3 T (@) —TL-(q)q ,.
B(q) = k — ROk — O (G)k d
(@) i ¢+ (kL4 )? - ¢+ (kr-)? 1 0 ) ¢ — q¢? (QZ)



and f denotes the Cauchy principal value. The plasmon reflection coefficient in the absence
of drift R(®) can also be found using the variational method?®; analytical expressions are also
available that are applicable in the absence of retardation?.

Similar manipulations with Eq. (20) give the following expressions for 7" and ¢(q)

_ 2/%R+ ( C+/ 8 —,L;Rer) (27)
kR-l—

where
FR—i— q)kr+ +iq
and
2 > .
) = (D<q> # [ @) costaa) + sinaoas ) (29
where
D(q) = ~TO kg, FRq+(+)'Z:;J>FJQ i]£oo t(o)(cj)l}rm(q;g - Z;M@)qdq (30)

and the superscript (0) denotes values in the absence of dc current.

Substituting now Egs. (23), (25), (27) and (29) into Eq. (17) and rearranging yields

_ /0 " )G, ) (31)

where
F(ZE’) — e RL+T | 2]{;L+"€L— e RL-T _ QHL— Ae~FL-T 4 2HR+ Cle "R+T
kL (kL4 + kL) kv R+
(32)
2 [* (B(g)I'L-(q) cos(qz) +isin(gz)]  D(q)[I'r+(q) cos(qr) + isin(qz)]
P 2 - 2 dq
™ Jo k[(T-(q))* — 1] k[(Tr+(q))? — 1]
and Green’s function G(z,2’) is of the form
G(z,2') = 2L (o) g 2R o)
ki kr+
2 /°° (T'L_(q) cos(qx) + isin(qx))(FLz_(q) cos(qz’) — isilrl(q:)s’))alqu (33)
™ Jo E[(TL-(q))* — 1]

2 / * (Tr+(q) cos(gr) +isin(gr))(Tr+ (q) cos(ga’) — isin(ga’))

m kl(Try(q))? — 1]

m
Equation (31) is an integral equation for the unknown field £(x), and it can be solved by

the Ritz-Galerkin procedure. Choosing a complete set of basis orthogonal functions ), (z),

10



the unknown field £(x) is expanded into a series of the form
E(x) = Mtbu(z), (34)

where )\, is a constant. Substituting (34) into (31), multiplying by ,,(x) and integrating
over z, and then truncating the series transforms the integral equation into a finite matrix
equation. Following Refs. [29] and [25], we choose the basis functions as the Laguerre

polynomials L, (x) weighted by an exponential, so that

x x
w(x) =L, | — - . 35
o) = L (£ ) exp (5 ) (3)
where g is a constant.

In the absence of dc current, the quantities A, B(q), C and D(q) defined by Eqs. (24),
(26), (28) and (30) are equal to zero. They have non-zero values in the presence of dc
current because the functions defining the field profiles of the modes in the waveguides are
not orthogonal to each other. Equations (24) and (28), the first term in Eq. (30), and the
first two terms in Eq. (28) describe contributions due to non-orthogonality between the fields
of plasmons and of the continuum modes. On the other hand, the integrals in Eq. (26) and
Eq. (30) describe contributions due to non-orthogonality of the fields of different continuum
modes. The latter contributions can be expected to be small compared to those involving

plasmons, and we neglected these contributions to simplify further calculations.

B. Full-wave simulations

The other method we developed to study plasmon scattering at interfaces of Fig. 1 is
full-wave simulations. Maxwell’s equations were solved using the finite-element method in a
commercial solver. Two-dimensional channels were modelled using the boundary conditions
Egs. (2) and (3) combined with the equation for the linearized current density Eq. (8). In
the presence of dc current, the wavenumbers and field distributions of plasmons in a 2D
channel are different for the opposite propagation directions, so that the channel becomes a
nonreciprocal waveguide. As a result, we could not rely on such built-in solver techniques as
perfectly-matched layers, and computation of eigenmode fields and of scattering parameters.
We had to design a bespoke computational domain, a method of plasmon excitation, and a

method to extract plasmon transmission and reflection coefficients.
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FIG. 2: (a) Schematic representation of the system used for full-wave simulations to study

plasmon scattering. Plasmons are excited at boundary b; and scatter at boundary by. The

absorbers in regions 1 and 4 prevent plasmon reentry. (b) amplitude of a typical simulated
field distribution along the 2D channels (black line) and the extracted reflected field

(orange line).

The computational domain consisted of four regions as shown in Fig. 2. Regions 2 and
3 were 10 pm-long, lossless 2D channels with different electron densities. Plasmon was
excited at boundary b; and travelled to the right along region 2, reaching the interface
between the 2D channels at boundary by. The plasmon then partially reflected back into
region 2 and partially transmitted through the interface into region 3. The energy of the
reflected and transmitted plasmons had then to be guided away from regions 2 and 3. It was
accomplished by the absorbing terminations in regions 1 and 4, each of which was 20 pym
long. These regions were identical to their neighbors except for the loss in the 2D channels.

The relaxation frequency [see Eq. (5)] varied along regions 1 and 4 as

7(2) = (2 = 20)" (36)

12



where zg is the coordinate of the edge of a region; and vy and « are constants whose values
(70 = 10" s7! and a = 6) were chosen to create slow variation of loss along the distance.
Such a variation prevented plasmons from re-entring regions 2 and 3 while gradually ab-
sorbing their power. The field amplitudes at the ends of regions 1 and 4 were negligible,
and these regions could be terminated with perfectly conducting boundaries. Since plasmon
fields decay exponentially away from the 2D channels, radiation at the interface can be ex-
pected to be negligible?>. The top and bottom of the computation domain could then be
also terminated by perfectly conducting boundaries placed each 100 um away from the 2D
channels.

To excite a plasmon, we first solved the plasmon dispersion relation in the left 2D channel,
taking electron drift into account, and then calculated, using an analytical expression, the
corresponding amplitude of the H, field component. We then imposed this field distribution
at boundary by. The resulting plasmon travelled to the right (into region 2).

To calculate the plasmon reflection coefficient, we extracted the H,(z) field component
immediately to the left of boundary by, projected in onto the analytical expression for the
corresponding field component of the incident plasmon, Héinc), and normalized the result,
leading to

H,(x) H"da

R =20 (37)

/ [}Iéinc)]2 dr
b1 —0

The plasmon transmission coefficient was found in a similar fashion, by extracting the field

at boundary bs, projecting it onto the analytical expression for the field of the transmitted

trans

plasmon, H@S ), and normalizing, so that

Hy (x)HZStrans)dx

T =2 (38)

/ [Hzgtrans)} 2 dr
b3

To demonstrate that the above approach indeed allows us to excite a single plasmon

incident on the interface and then extract the reflected and transmitted plasmons without
reentry, Fig. 2 also shows an example of the amplitudes of calculated total (black solid line)
and reflected (orange dashed line) H, field components. The transmitted field coincides
with the total field to the right of the interface. In region 2, the total field amplitude has a

standing-wave pattern created by interference of the incident and reflected plasmons. Away

13



from the interface, the transmitted and reflected field amplitudes are constant, showing
propagation of a single wave in each region. However, close to the interface, field amplitudes
vary significantly, indicating excitation of evanescent modes. The length of regions 2 and 3
(10 pm) was chosen specifically to allow the evanescent modes to decay. In regions 1 and 4,

the field amplitudes remain initially almost constant but then quickly fall off.

C. Results

In this section, we compare results of the two models. The main parameters to explore
are the ratio of the electron densities in the two channels, nggr/ngL, and the dc electron
velocities, for which ng,ver, = norvor. In all our calculations made for the interface geometry,
the chosen frequency was 1 THz, the relative dielectric permittivity was 12.4, the effective
electron mass was 0.067mg (corresponding to GaAs), and the electron density in the left
channel was ng = 5 x 10*em™2. The electron density in the right channel varied between
0.5n0r, and 2.5nqr,. The drift velocity in the left channel varied between —3 x 10° and
+3 x 10% cm/s, where negative values correspond to the dc current flowing to the left
(opposite to the direction of plasmon incidence).

As a first step, to validate our two models and to calculate the zero-order transmission and
reflection coefficients needed for the variational approach, we apply our models to plasmon
scattering at the interface in the absence of dc current and compare their results in Fig. 3
with the model of Ref. [19]. All three models give almost identical results for the amplitude
and phase of the reflection, R, and the transmission, T'?, coefficients. The nontrivial
contribution to the phase of the reflection reaches around +0.17 at the extremes of the
density ranges, but the phase of the transmission coefficient is zero. The agreement between
the models suggests that all three capture the essential physical mechanism of plasmon
scattering in the absence of dc current. However, the expressions for plasmon reflection
and transmission coefficients in Ref. [19] cannot be applied directly in the presence of a dc
current in the 2D channels.

We then write the reflection coefficient in the presence of drift in the form

k(O)UOL i0(0)
R=||RY +5RLT elv (39)

Here, 6 R is the change of the reflection coefficient normalized to the ratio of the drift velocity

14
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FIG. 3: Amplitudes, (a) and (c), and phases, (b) and (d), of the reflection and
transmission coefficients for plasmon incident of an interface between 2D channels in the

absence of drift. Results of three models are identical.

to the plasmon phase velocity in the absence of drift (w/ l{:ﬁo)). Once R and R® have been
found from the full-wave simulations and the variational method, Eq. (39) can be used to
find 0R for a particular value of the drift velocity. Both models show that the presence
of drift does not appreciably change the phase of the reflection coefficient, and dR is real
for the whole range of the drift velocities used. Figure 4 shows the values of d R calculated
for different drift velocities and values of ngg; Fig. 4(a) is for the full-wave simulations and

Fig. 4(b) is for the variational solution.

Both models result in the same behaviour of §R. Once the electron densities in the two
channels start to differ, the magnitude of the 0 R becomes nonzero. The change of IR is

more steep for ngy, > ngr. Quantitatively, the variational solution results in slightly higher
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FIG. 4: Normalized changed of the plasmon reflection coefficient 6 R calculated at different
drift velocities by (a) the full-wave simulations and (b) the variational models. The two

models agree well.

values of 6 R than the full-wave simulations; for example at ngr = 2.5ngr, the full-wave
simulations give 0 R =~ —0.35 whereas the variational model gives 0 R ~ —0.5. For most of
the range of ngr used, the curves calculated for different drift velocities lie close to each other
for both models, which confirms the assumption that the absolute change of the reflection
coefficient R — R is proportional to the drift velocity. However, at the lower end of the
nor range, the curves for different drift velocities deviate from each other more noticeably.
Because the variational model relies on the assumption that the change of the reflection and
transmission coefficients is proportional to the drift velocity, it cannot be expected to yield
quantitatively correct values of R for values of ngr lower that the minimum value chosen.
The full-wave simulations, however, are free from this assumption. Both models also show
that the absolute change of the plasmon transmission coefficient, |7 — T®| is an order of
magnitude lower than the corresponding values of | R — R®)|, which suggests that dc current

does not appreciably affect the transmission coefficient.

We have defined the plasmon reflection and transmission coefficients based on the mag-
netic field component, see Eq. (17). However, the magnitude of the coefficients may be
different for a different choice of the field component, because the wavenumbers of the
counter-propagating plasmons even in the same waveguide are different in the presence of

drift. This ambiguity may be removed by using power relationships. As mentioned in
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Sec. IIB and discussed in more detail in Ref. [47], the evanescent modes may carry elec-
tromagnetic power in the presence of drift, but do not carry total power (the sum of the
electromagnetic and the kinetic terms is zero). Therefore, a coefficient based on the total
plasmon power, Eq. (13), appears to be an appropriate choice. We define a coefficient based
on the ratio between the power flowing out of the interface, P, , to the power flowing into

ita Pinv as
Pout
P,

where P, is a sum of the powers of the reflected and the transmitted plasmons, and P,

G= (40)

is the power of the incident plasmon. All powers are calculated from Eq. (12) and take
into account both the electromagnetic and the kinetic terms. When G > 1, the total power
flowing out of the interface exceeds the power incident upon it. In this sense, the total ac
power is amplified at the interface. The value of G cannot, however, be interpreted as gain
in resonators aiming to achieve plasmon oscillations (see Sec. IV).

Figure 5 shows the dependence of GG on the drift velocity for four values of ngr/nor,
calculated by both models. In all four cases, the value of G can be both larger and smaller
than unity. When nog/no, < 1, G > 1 for positive values of the drift velocity (the direction
of dc current coincides with the direction of incidence). On the other hand G' < 1 for the
opposite direction of the dc current. The situation reverses for nor/nor, > 1. The effect of
dc current is larger for greater differences between the electron densities in the two channels;

the maximum relative increase of power is around 7%.

D. Reflection from electric contacts

Current is supplied to 2D channels through electric contacts, on which plasmons may
also scatter. Using the full-wave model, we have studied how plasmons reflect from contacts
in the configuration shown in Fig. 6(a). The contact has finite thickness and is assumed to
be perfectly conducting. The electron density in the channel is ng = 5 x 10'em ™2 and the
drift velocity is vy = 3 x 10% ¢cm/s; its direction coincides with the direction of incidence.
We varied the contact thickness between 2.5 nm and 200 pm, and calculated the plasmon
reflection coefficients, in the presence and absence of drift, for three values of frequency, 0.5,
0.75, and 1 THz. Figure 6(b) shows how the normalized change of the reflection coefficient
SR [see Eq. (39)] depends on a normalized contact thickness defined as A = hk(© | where k(©
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FIG. 5: Dependence of the plasmon power coefficient G on the drift velocity for different
values of the carrier densities in the channels: (a) nor/no, = 0.5, (b) nor/noL, = 0.65, (c)

nOR/nOL = 125, (d) nOR/TL()L = 2.5.

is the plasmon wavenumber in the absence of dc current. With an exception of a small dip,
0 R has values around 2 already for A > 1. The value of 0 R = 2 agrees with the analytical
result obtained previously for an infinitely thick contact?”. On the other hand, the values
of 0R are close to 4 for A < 0.1. Therefore, the thin contacts affect the plasmon reflection

coefficient more strongly than thick ones. The behavior is the same for all three frequencies.

IV. PLASMON GENERATION

Combining plasmon amplification at interfaces with feedback may lead to plasmon gen-
eration. Feedback can be realized by multiple reflectors, such as interfaces and electric

contacts. A basic system is shown in Fig. 7(a). It consists of two sections of 2D channels of
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FIG. 6: (a) Schematic presentation of a plasmon incident on an electric contact in the
presence of drift. (b) Dependence of the normalized change of the reflection coefficient on

the normalized contact thickness for three frequencies.

different lengths and with different carrier densities. DC current is supplied through elec-
tric contacts, which we assumed to be thick. The left channel has an electron density of
nor, = 5 x 10Mem ™2, and the right one a density of ngg = 2.5 x 10'tem 2. The length of the

left section is 1 pm.

Plasmons propagate along the two sections, and they reflect from the contacts as well
as partially transmit through and partially reflect from the interface between the channels.
The acts of reflection and transmission may, depending on the relative directions of incidence
and of dc current, lead to plasmon amplification or de-amplification. In addition, plasmons
are losing their energy while propagating along the lossy channels. In the original study by
Dyakonov and Shur as well as several subsequent studies where analytical expressions for
the plasmon coefficients in terms of plasmon wavenumbers were available, the analysis of

plasmon instability could been done in terms of complex frequency derived from a dispersion
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relation. Assuming time variation of the form exp(iwt), a negative value of the imaginary
part of the frequency implies waves that grow in time. The imaginary part of the frequency
has then the meaning of the instability increment. However, this approach is unsuitable for
our study, because the plasmon coefficients are calculated numerically assuming real-valued
frequency. To demonstrate plasmon instability, therefore, we have used a somewhat different
approach, adopted from analysis of threshold conditions in lasers®. Instability requires two
conditions to be fulfilled. First, the roundtrip change of the plasmon phase should be equal
to a multiple of 27, and second, the magnitude of the roundtrip amplitude gain should
exceed unity.

We have analyzed the configuration of Fig. 7(a) as follows. First, using full-wave sim-
ulations, we found all reflection and transmission coefficients at a frequency of 1 THz and
several values of the drift velocity, vo, = 0, £15, £30 x 10% cm/s. Positive values of the
drift velocity correspond to the current flowing to the right. When a plasmon is incident
on the interface between the section from the left, it will partially reflect back and partially
transmit through the interface. The transmitted plasmon will travel along the right section,
reflect from the right contact and travel back to the interface, where it will undergo further
partial reflection and transmission. The total reflection coefficient from the interface, R,
can then be found using the sum-of-all-paths method??#4%3. The roundtrip gain in the left

section is then given by the following expression
RRlce—i(kL++kL,)lL (41)

where R). is the reflection coefficient of the left contact, and [y, is the length of the left section.
From, Eq. (41), we have determined whether the conditions for plasmon oscillations can be
fulfilled. By varying the length of the right section, we changed the argument of R and,
therefore, the plasmon roundtrip phase. We then found those values of the right-section
length that fulfilled the roundtrip phase condition and calculated the magnitude of the
roundtrip gain to see whether it can exceed unity. Figures 7(b)—(d) show the magnitude of
the roundtrip gain (circles) calculated for different values of the relaxation time. Figure 7(b)
corresponds to lossless channels. When no dc current flows, the roundtrip gain (hollow
circles) is equal to unity, corresponding to a lossless plasmon resonance. When the current
is flowing from the left to the right contacts, the roundtrip gain is less than unity, indicating

a damped resonance. However, for the opposite direction of current, the roundtrip gain
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exceeds unity, indicating instability and plasmon generation. The resonant lengths of the
left section depend on the drift velocity because dc currents affect plasmon wavenumbers
[see Eq. (11)].

As shown in Figs. 7(c) and (d), loss in the channels suppresses gain, and this effect
is stronger for longer sections. For 7 = 50 ps, the roundtrip gain still exceeds unity for
all resonances and the highest drift velocity of vo, = —30 x 10% cm/s. For the smaller
drift velocity of vo, = —15 x 10% cm/s, the roundtrip gain exceeds unity only for the first

resonance. For 7 = 10 ps, the roundtrip gain is less than unity for all resonances.

V. COMPARISON WITH OTHER APPROACHES

The effects we have considered here are similar to those discussed in several previous
theoretical studies, starting with the pioneering paper by Dyakonov and Shur®?. Different
types of instabilities have been investigated, but the common idea is to use discontinuities
in 2D channels to realize plasmon amplification in the presence of a dc current, and to use
reflections from the discontinuities to provide feedback needed for oscillations. Such dis-
continuities can be realized by electric contacts3?3347:5° by interfaces between gated and

42,4453 o1 by a variation in the channel geometry3%4143:56  However, phys-

ungated channels
ical interpretation of the effects may differ depending on the approach chosen.

A number of studies??32:33:36:41743.56 have employed quasi one-dimensional approaches that
can be summarised as follows. The properties of plasmons (for example, their dispersion
relation) in a uniform channel are derived taking into account the variation of the relevant
quantities (such the potential in the quasi-static approximation) at the both sides of the
channel. However, plasmon scattering at interfaces is then treated using a one-dimensional
model. Different studies have used different boundary conditions at interfaces, but a common
essential feature is that these boundary conditions can be satisfied solely by the incident and
the scattered plasmons.

The fully-electromagnetic approach we have adopted here differs by requiring that the
field boundary conditions are satisfied across the entire plane of an interface. These bound-
ary conditions do not reduce to the continuity of the potential and current at the channels
because of the different decay rates of the incident, reflected, and transmitted plasmons.

Matching the fields across the entire interface leads to excitation of continuum modes (see
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Fig. 2), in addition to plasmons. One consequence, observed in the absence of drift, is a non-
trivial phase of the reflected plasmons, see Fig. 3(b) and Refs. [18, 21, and 22]. This phase
may not vanish for a junction between a gated and an ungated channel even in the long-
wavelength limit?2. Using a one-dimensional quasi-static approach, Rejaei and Khavasi also
obtained non-trivial reflection phase for plasmons incident on junctions between two un-
gated channels. They suggested that excitation of the evanescent modes at the junction was
responsible for the non-trivial phase, which agrees with the physical interpretation offered
by our model. The continuum modes are also excited at the interface in the presence of drift,
but as we have shown, the drift does not change the reflection phase for the configuration
of Fig. 1. On the other hand, the complexity of the fully-electromagnetic approaches means
that, for example for the three-dimensional structures considered in Refs. [56] and [43], a
variational solution similar to the one developed in Sec. IIT A is unlikely to be practical, and

7

full-wave simulations®” would require significant computational resources.

VI. CONCLUSIONS

Using two rigorous electromagnetic approaches, we showed that plasmons may be ampli-
fied when scattering from interfaces between 2D channels in the presence of a dc current.
For moderate values of the carrier drift velocity and ratio of carrier densities in the two
channels, the change of the magnitude of the plasmon reflection coefficient is proportional
to the drift velocity. However, dc current does not affect considerably the phase of the
reflection coefficient and both the amplitude and the phase of the transmission coefficient.
We further studied plasmon reflection from electric contacts of different thickness. The ef-
fect of dc current on the magnitude of the plasmon reflection coefficient for thin contacts
was shown to be twice as large than for thick ones. Finally, we showed that conditions for
plasmon generation can be met in a resonant system comprising two different channels and
two electric contacts, and we quantified the effects of loss on the roundtrip gain. The results
contribute to the understanding of plasmonic gain in two-dimensional systems, and may aid

design of future plasmon oscillators in the terahertz range.

23



ACKNOWLEDGMENTS

The authors gratefully acknowledge financial support by the EPSRC (grants EP /R004994/1
and EP/R00501X/1).

DATA AVAILABILITY

The data that support the findings of this study are openly available in Imperial College
London Data Research Depository at http://doi.org/10.14469/hpc/8088.

24



REFERENCES

L. Ju, B. Geng, J. Horng, C. Girit, M. Martin, Z. Hao, H. A. Bechtel, X. Liang, A. Zettl,
Y. R. Shen, and F. Wang, “Graphene plasmonics for tunable terahertz metamaterials,”
Nature Nanotech. 6, 630 (2011).

2A. N. Grigorenko, M. Polini, and K. S. Novoselov, “Graphene plasmonics,” Nature Photon.
6, 749-758 (2012).

37. Fei, A. S. Rodin, G. O. Andreev, W. Bao, A. S. McLeod, M. Wagner, L. M. Zhang,
Z. Zhao, M. Thiemens, G. Dominguez, M. M. Fogler, A. H. Castro Neto, C. N. Lau,
F. Keilmann, and D. N. Basov, “Gate-tuning of graphene plasmons revealed by infrared
nano-imaging,” Nature 487, 82-85 (2012).

YH. Yan, T. Low, W. Zhu, Y. Wu, M. Freitag, X. Li, F. Guinea, P. Avouris, and F. Xia,
“Damping pathways of mid-infrared plasmons in graphene nanostructures,” Nature Pho-
ton. 7, 394-399 (2013).

°E. Batke, D. Heitmann, and C. W. Tu, “Plasmon and magnetoplasmon excitation in two-
dimensional electron space-charge layers on GaAs,” Phys. Rev. B 34, 6951-6960 (1986).

6V. M. Muravev, P. A. Gusikhin, I. V. Andreev, and I. V. Kukushkin, “Novel relativistic
plasma excitations in a gated two-dimensional electron system,” Phys. Rev. Lett. 114,
106805 (2015).

7J. B. Wu, A. S. Mayorov, C. D. Wood, D. Mistry, L. H. Li, W. Muchenje, M. C. Rosamond,
L. Chen, E. H. Linfield, A. G. Davies, and J. E. Cunningham, “Excitation, detection, and
electrostatic manipulation of terahertz-frequency range plasmons in a two-dimensional
electron system,” Sci. Rep. (2015).

81. V. Kukushkin, J. H. Smet, S. A. Mikhailov, D. V. Kulakovskii, K. Von Klitzing, and
W. Wegscheider, “Observation of retardation effects in the spectrum of two-dimensional
plasmons,” Phys. Rev. Lett. 90, 156801 (2003).

‘W. F. Andress, H. Yoon, K. Y. M. Yeung, L. Qin, K. West, L. Pfeiffer, and D. Ham, “Ultra-
subwavelength two-dimensional plasmonic circuits,” Nano Lett. 12, 2272-2277 (2012).

105, J. Allen, D. C. Tsui, and R. A. Logan, “Observation of the two-dimensional plasmon

in silicon inversion layers,” Phys. Rev. Lett. 38, 980—983 (1977).

UW. Knap, J. Lusakowski, T. Parenty, S. Bollaert, A. Cappy, V. V. Popov, and M. S. Shur,

“Terahertz emission by plasma waves in 60 nm gate high electron mobility transistors,”

25



Appl. Phys. Lett. 84, 2331-1-3 (2004).

2. Stern, “Polarizability of a two-dimensional electron gas,” Phys. Rev. Lett. 18, 546
(1967).

13M. Nakayama, “Theory of surface waves coupled to surface carriers,” J. Phys. Soc. Jpn.
36, 393-398 (1974).

UT N. Theis, “Plasmons in inversion layers,” Surf. Sci. 98, 515-532 (1980).

15N. J. M. Horing and M. Yildiz, “Magnetic field effects on slab surface plasmons in the
local limit,” Phys. Lett. A 44, 386-388 (1973).

16A. L. Fetter, “Edge magnetoplasmons in a bounded two-dimensional electron fluid,” Phys.
Rev. B 32, 76767684 (1985).

17y, A. Volkov and S. A. Mikhailov, “Edge magnetoplasmons: low frequency weakly damped
excitations in inhomogeneous two-dimensional electron systems,” JETP 67, 1639 (1988).

I8A. Nikitin, T. Low, and L. Martin-Moreno, “Anomalous reflection phase of graphene
plasmons and its influence on resonators,” Phys. Rev. B 90, 041407 (2014).

9B, Rejaei and A. Khavasi, “Scattering of surface plasmons on graphene by a discontinuity
in surface conductivity,” J. Opt. 17, 075002 (2015).

20A. J. Chaves, B. Amorim, Y. Bludov, P. A. D. Goncalves, and N. M. R. Peres, “Scattering
of graphene plasmons at abrupt interfaces: An analytic and numeric study,” Phys. Rev.
B. 97, 035434 (2018).

210. Sydoruk, K. Choonee, and G. Dyer, “Transmission and reflection of terahertz plasmons
in two-dimensional plasmonic devices,” IEEE Trans. Terahertz Sci. Technol. 5, 486-496
(2015).

228, Siaber, S. Zonetti, J. E. Cunningham, and O. Sydoruk, “Terahertz plasmon resonances
in two-dimensional electron systems: Modeling approaches,” Phys. Rev. Appl. 11, 064067
(2019).

BG. R. Aizin and G. C. Dyer, “Transmission line theory of collective plasma excitations in
periodic two-dimensional electron systems: Finite plasmonic crystals and Tamm states,”
Phys. Rev. B 86, 235316 (2012).

24V, Semenenko, M. Liu, and V. Perebeinos, “Scattering of quasistatic plasmons from one-

dimensional junctions of graphene: Transfer matrices, Fresnel relations, and nonlocality,”

Phys. Rev. Appl. 14, 024049 (2020).

26



258, Siaber, S. Zonetti, and O. Sydoruk, “Junctions between two-dimensional plasmonic
waveguides in the presence of retardation,” J. Opt. 21, 105002 (2019).

26R. Mittra and S. W. Lee, Analytical Techniques in the Theory of Guided Waves (Collier
Crowell Macmillan, New York, 1972).

2'D. Marcuse, Light Transmission Optics (Van Nostrand Reinhold, New York, 1982).

2R. E. Collin, Field Theory of Guided Waves (Wiley-Interscience-IEEE, New York, 1991).

29T. Rozzi and M. Mongiardo, Open Electromagnetic Waveguides (IET, London, 1997).

30G. C. Dyer, G. R. Aizin, S. J. Allen, A. D. Grine, D. Bethke, J. L. Reno, and E. A.
Shaner, “Induced transparency by coupling of Tamm and defect states in tunable terahertz
plasmonic crystals,” Nat. Photon. 7, 925-930 (2013).

31p. Alonso-Gonzalez, A. N. Nikitin, F. Golmar, A. Centeno, A. Pesquera, S. Vélez, J. Chen,
G. Navickaite, F. Koppens, A. Zurutuza, F. Casanova, L. Hueso, and R. Hillenbrand,
“Controlling graphene plasmons with resonant metal antennas and spatial conductivity
patterns,” Science 344, 1369-1373 (2014).

32M. Dyakonov and M. Shur, “Shallow water analogy for a ballistic field-effect transistor:
new mechanism of plasma wave generation by a dc current,” Phys. Rev. Lett. 71, 2465—
2468 (1993).

3F. J. Crowne, “Contact boundary conditions and the Dyakonov-Shur instability in high
electron mobility transistors,” J. Appl. Phys. 82, 1242-1254 (1997).

34M. V. Cheremisin and G. G. Samsonidze, “D’yakonov-Shur instability in a ballistic field-
effect transistor with a spatially nonuniform channel,” Semiconductors 33, 578-585 (1999).

35M. Dyakonov and M. S. Shur, “Current instability and plasma waves generation in ungated
two-dimensional electron layers,” Appl. Phys. Lett. 87, 111501 (2005).
360. Sydoruk, R. R. A. Syms, and L. Solymar, “Plasma oscillations and terahertz instability
in field-effect transistors with Corbino geometry,” Appl. Phys. Lett. 97, 263504 (2010).
3TD. C. Tsui, E. Gornik, and R. A. Logan, “Far infrared emission from plasma oscillations
of Si inversion layers,” Solid State Commun. 35, 875-877 (1980).

¥R. E. Tyson, R. J. Stuart, H. P. Hughes, J. E. F. Frost, D. A. Ritchie, G. A. C. Jones,
and C. Shearwood, “Non-linear doppler shift of the plasmon resonance in a grating-coupled
drifting 2deg,” Int. J. Infrared Milli 14, 1237-1249 (1993).

39]. Lusakowski, W. Knap, N. Dyakonova, L. Varani, J. Mateos, T. Gonzalez, Y. Roelens,

S. Bollaert, A. Cappy, and K. Karpierz, “Voltage tuneable terahertz emission from a

27



ballistic nanometer InGaAs/InAlAs transistor,” J. Appl. Phys. 97, 064307—-1-7 (2005).

40T Otsuji, Y. M. Meziani, T. Nishimura, T. Suemitsu, W. Knap, E. Sano, T. Asano, and
V. V. Popov, “Emission of terahertz radiation from dual grating gate plasmon-resonant
emitters fabricated with InGaP/InGaAs/GaAs material systems,” J. Phys.: Condens.
Matter 20, 384206-1-11 (2008).

4G, R. Aizin, J. Mikalopas, and M. Shur, “Current-driven plasmonic boom instability in
three-dimensional gated periodic ballistic nanostructures,” Phys. Rev. B 93 (2016).

42A. S. Petrov, D. Svintsov, V. Ryzhii, and M. S. Shur, “Amplified-reflection plasmon
instabilities in grating-gate plasmonic crystals,” Phys. Rev. B 95 (2017).

43G. Aizin, J. Mikalopas, and M. Shur, “Plasmonic instabilities in two-dimensional electron
channels of variable width,” Phys. Rev. B 101, 245404 (2020).

40. Sydoruk, R. R. A. Syms, and L. Solymar, “Distributed gain in plasmonic reflectors
and its use for terahertz generation,” Opt. Express 20, 19618-19627 (2012).

45M. Khorrami, S. El-Ghazaly, H. Naseem, and S.-Q. Yu, “Global modeling of active tera-
hertz plasmonic devices,” EEE Trans. Terahertz Sci. Technol. 4, 101-109 (2014).

46F Daneshmandian, A. Abdipour, and A. N. Askarpour, “Full wave analysis of terahertz
dispersive and lossy plasmonic HEMT using hydrodynamic model,” J. Opt. Soc. Am. B
36, 1138-1143 (2019).

470. Sydoruk, “Drifting plasmons in open two-dimensional channels: modal analysis,” J.
Phys. D: Appl. Phys. 46, 135103-1-8 (2013).

A, K. Geim and K. S. Novoselov, “The rise of graphene,” Nature Mater. 6, 183-191 (2007).

9H. Liu, Y. Liu, and D. Zhu, “Chemical doping of graphene,” J. Mater. Chem. 21, 3335
3345 (2011).

0B, Anis, A. Abouelsayed, W. El hotaby, A. M. Sawy, and A. S. G. Khalil, “Tuning the
plasmon resonance and work function of laser-scribed chemically doped graphene,” Carbon
120, 44-53 (2017).

°1pP J. A. Sazio, J. H. Thompson, G. A. C. Jones, E. H. Linfield, D. A. Ritchie, M. Houlton,
and G. W. Smith, “Dopant patterning in three dimensions during molecular beam epitaxial
growth using an in-situ focused ion gun,” Superlattices and Microstructures 20, 535-544
(1996).

52S. J. Park, S. Zonetti, R. S. Parker-Jervis, J. B. Wu, C. D. Wood, L. H. Li, A. G. Davies,
E. H. Linfield, O. Sydoruk, and J. E. Cunningham, “Terahertz magnetoplasmon reso-

28



nances in coupled cavities formed in a gated two-dimensional electron gas,” Opt. Express
29, 12958-12966 (2021).

0. Sydoruk, R. R. A. Syms, and L. Solymar, “Amplifying mirrors for terahertz plasmons,”
J. Appl. Phys. 112, 104512 (2012).

SIW. T. Silfvast, Laser Fundamentals (Cambridge University Press, Cambridge, U.K., 2004).

V. V. Popov, G. M. Tsymbalov, and M. S. Shur, “Plasma wave instability and amplifica-
tion of terahertz radiation in field-effect-transistor arrays,” J. Phys. Condens. Matter 20,
384208-1-6 (2008).

%G. R. Aizin, J. Mikalopas, and M. Shur, “Current-driven Dyakonov-Shur instability in
ballistic nanostructures with a stub,” Phys. Rev. Appl. 10, 064018 (2018).

°TA. Dawood, J. B. Wu, C. D. Wood, L. H. Li, E. H. Linfield, A. G. Davies, J. E. Cun-
ningham, and O. Sydoruk, “Full-wave modelling of terahertz frequency plasmons in two-

dimensional electron systems,” J. Phys. D: Appl. Phys. 52, 215101 (2019).

29



