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Abstract 7 

The aim of this paper is to quantify the effect of geometric uncertainty on the structural behaviour of 8 

arches developed using traditional geospatial and remote sensing techniques. Geometric models of 9 

twenty-five dry-jointed, rigid block arch specimens were developed using the proposed “Image2DEM” 10 

framework, encompassing the Structure-from-Motion (SfM) photogrammetry pipeline. Assessment of 11 

the framework was carried out with respective geometric models developed from tape 12 

measurements, in terms of geometry and structural behaviour. The geometric variables investigated 13 

were the: a) joint inclination angle; b) joint mid-point location; c) joint length; d) block volume; and e) 14 

block centroid location. Concerning structural behaviour, experimental testing of the arch specimens 15 

was numerically simulated with the Discrete Element Method (DEM), and the stiffness, load multiplier 16 

and normal forces between joints were obtained. Results showed that even small variations (approx. 17 

8%) between geometric models developed from SfM photogrammetry and tape measurements can 18 

influence the collapse load and stiffness of the arch by more than 10% and 46% respectively. Also, of 19 

the geometric variables investigated, the joint inclination angle was found to influence the collapse 20 

load the most. These findings highlight the importance of developing accurate geometric models, and 21 

subsequent employment of accurate geometric data acquisition techniques, to reliably capture the 22 

structural behaviour of arches. Although an investigation on arch specimens constructed in the 23 

laboratory is demonstrated here, the developed outcomes have important implications for the 24 

broader topic of data-driven masonry diagnostics using SfM photogrammetry and high-level numerical 25 

modelling using micro-modelling strategies such as the DEM.  26 
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1. Introduction 1 

Masonry is a composite material consisting of masonry units bonded together with or without mortar. 2 

Although masonry is very easy to construct, its mechanical behaviour is non-linear and thus complex 3 

to predict. Masonry is weak in tension and strong in compression. In fact, mortar joints act as planes 4 

of weakness in masonry. The need to predict the in-service and load-carrying capacity of masonry has 5 

led to the development of computational strategies which are characterised by different letters of 6 

complexity [1]. These range from considering masonry as an anisotropic continuum (macro-modelling 7 

strategy) to the more detailed ones considering masonry as an assemblage of units and mortar joints 8 

(micro-modelling strategy). Given the importance of the masonry unit-to-mortar interface on the 9 

structural behaviour of aged and historic masonry structures, micro-modelling approaches are better 10 

adopted to simulate their in-service and load-carrying capacity [1, 16]. 11 

However, past research has clearly demonstrated that a vital aspect when modelling masonry 12 

structures based on the micro-modelling approach is the accuracy in which the geometry of the 13 

masonry structure is transferred to the numerical model. According to Heyman [2], geometric changes 14 

in masonry structures can greatly influence their mechanical response. Similar findings have also been 15 

confirmed by other researchers. For example, through parametric studies, [3-7] many researchers 16 

found that the stability of arches will be affected when variations in the inclination angle of arch joints 17 

and the joint length between voussoirs. Another group of researchers have also carried out 18 

probabilistic studies on the effects of geometric uncertainty with the Monte Carlo simulations, such 19 

as the seminal study [8]. This specific approach, subsequently extended to arch vaults [9], arches with 20 

support displacement [10], buttressed arches [11], and dynamically loaded arches [12] suggested 21 

that especially for the case of masonry arches, the effect of geometric uncertainty on the structural 22 

capacity can be particularly pronounced. Furthermore, Szakály et al. [13] and Napolitano et al. [14] 23 

showed that the bonding pattern in masonry wall panels significantly influences the failure mode and 24 

load-carrying capacity of masonry. Also, apart from the bonding pattern, researches [15], [16] have 25 

demonstrated that the size of the blocks will also affect the structural capacity of the masonry 26 

structure. Although the aforementioned studies demonstrate that the micro-geometry (i.e. the size of 27 

the blocks, location and length of mortar joints) in a masonry structure would affect the global 28 

structural capacity of the structure, past studies on numerical modelling of masonry [17-20] neglect 29 

to use detailed geometrical models but rather use simplified, idealized or ad-hoc geometric models 30 

which are easier and faster to obtain. 31 

Over the last two decades, advances in geomatics techniques such as laser scanning and Structure-32 

from-Motion (SfM) photogrammetry have started to drastically change the building industry since 33 

such techniques can rapidly and remotely harvest digital geometric records of objects and features in 34 

a point cloud format [21-23]. SfM photogrammetry is a passive remote sensing method in which, 35 

interest points (IPs) are detected in overlapping images of a structure and used to reconstruct a point 36 

cloud using common feature matching and triangulation [24]. Compared to SfM photogrammetry, 37 

terrestrial laser scanning  (TLS) is an active remote sensing method. Time-of-flight scanners, which are 38 

more relevant to applications of masonry structures, measure distance by timing the emission of a 39 

pulse of laser energy to the detection of the reflected signal [25]. Both SfM photogrammetry and TLS 40 

have been employed with success to accurately and rapidly obtain structural surveying of complex in 41 

geometry masonry structures [26-29].   42 

Given the diffused nature of the Finite Element Method (FEM), a huge scientific intent has been 43 

dedicated to developing geometric models within the macro-modelling strategy from the geometric 44 

data of both TLS and SfM photogrammetry. One such approach is through directly converting a point 45 
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cloud into FEM geometric models pioneered by Hinks [30] and since extended [31-33] for three-1 

dimensional geometric models of rubble masonry. Another approach entails the conversion of a 2 

triangulated mesh directly into a FEM geometric model. For instance, Conde et al. [34] recently 3 

developed a 3D geometric model of a full-scale, multi-span masonry arch bridge, by converting a 4 

triangulated mesh into a FEM geometric model. D'Altri et al. [35] also converted the mesh of a historic 5 

leaning tower into both FEM and finite element limit analysis (FELA) geometric models. Another 6 

approach entails the employment of non-uniform rational basis spline (NURBS) for geometric model 7 

development. Indicatively, Sánchez-Aparicio et al. [36], employed the NURBS to develop FEM geometric 8 

models of a historic masonry church from the data of SfM photogrammetry. The same research group 9 

[37] also carried out another structural analysis of a historic masonry structure with geometric model 10 

development carried out with a similar approach. Also, Korumaz et al.  [38] carried out a structural 11 

analysis of a leaning minaret with the FEM with a NURBS-based approach based on TLS data. Finally, 12 

another, less common approach entails developing a geometric model through the employment of a 13 

building information model (BIM). Rolin et al. [39] employed this approach for the structural analysis 14 

of a historical church. 15 

At the same, various investigators have developed geometric models within the micro-modelling 16 

strategy, directly from orthoimages (i.e. orthoimagery). Acary et al. [40] paved the way for this 17 

approach by using an orthorectified image (from conventional photogrammetry) for the structural 18 

analysis of a historic masonry structure. The employed non-smooth-contact-dynamics (NCSD) 19 

numerical method showed a realistic failure mode owing to the actual geometry of a full-scale building 20 

façade. Later on, both LA and FEM geometric models of various multi-span arch bridges were 21 

developed by manually extracting the contours of the arches from the orthoimagery of TLS in [41]. 22 

Based on the effectivity of the latter approach, many more recent investigations followed on cultural 23 

heritage masonry structures [21-23,42] and masonry arch bridges [43-45] employing both SfM 24 

photogrammetry and TLS. For such studies, it was well-understood that geometric models developed 25 

from geomatics techniques are more appropriate in capturing the actual structural behaviour than 26 

respective idealized or ad-hoc, yet a degree of geometric uncertainty remains, according to the 27 

employed technique. However, only a few studies have investigated the effect of this type of 28 

geometric uncertainty. For instance, Morer et al. [44] developed geometric models of masonry arches 29 

from a total station and SfM photogrammetry. An error of the arch span equal to 2.32% was associated 30 

with an error in collapse load and the critical load position of 4% and 6% respectively. Furthermore,  31 

Riveiro et al. [46] found the collapse load and critical load position varied by up to 19% between 32 

geometric models of arches developed by SfM photogrammetry and ground-penetrating radar. De 33 

Arteaga and Morer [47] simulated both idealized and accurate masonry arches developed from a 34 

total station. For all the idealized masonry arches simulated, 81% of the obtained collapse loads were 35 

higher than the accurate.  These studies demonstrate that even when employing geometric models 36 

developed from geomatics techniques, geometric uncertainty exists and can significantly affect the 37 

structural behaviour, especially the collapse load and critical load position (i.e. the ultimate limit 38 

states). However, a lack of comprehensive understanding remains on the effect of geometric 39 

uncertainty for both the serviceability (i.e. in-service loads, stiffness and internal forces) and ultimate 40 

limit states of masonry structures. Moreover, the critical types and quantities of geometric 41 

uncertainty, significantly affecting the structural behaviour of masonry structures, remain unknown.  42 

The aim of this paper is to quantify the effect of geometric uncertainty on the structural behaviour of 43 

25 arch specimens developed from SfM photogrammetry and direct measurements (with a tape). 44 

Geometric models of the arch specimens tested in the laboratory were developed using the structural 45 

analysis software 3DEC based on the Discrete Element Method (DEM). Within DEM, arch specimens 46 
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were represented by rigid blocks, separated by dry joints (i.e. zero thickness interfaces). The variables 1 

of geometric uncertainty investigated were: a) joint inclination angle; b) joint midpoint location; c) 2 

joint length; d) block volume; and e) block centroid location. It should be noted that the determination 3 

of the exact reason behind the variation in geometry exceeds the scope of this paper; which is to 4 

merely document the existing geometric uncertainty and the resulting structural behaviour 5 

uncertainty. Structural behaviour of the arch specimens investigated concerned the: a) stiffness; b) 6 

load multipliers; and c) normal forces between joints at hinges during load application. The paper is 7 

organized as follows: Section 2 describes the experimental testing, employed as a case study; Sections 8 

3, 4, 5 and 6 detail the three-stage, “Image2DEM” framework employed on the case study; Sections 7 9 

reports the results and discussion of the geometric and structural behaviour uncertainty, for the case 10 

study, and Section 8 contains the conclusions.  11 

2. Case study: experimental testing of 25 arch specimens 12 

The experimental test of 25 arch specimens carried out by Stockdale et al. [48] has been used for the 13 

validation of the computational model and case study for application proposed framework (as shown 14 

in Figure 3a-b). The arch specimen had a span of 66.30 cm and a rise of 31.71 cm. The arch thickness 15 

was 5.63 cm and the width was 9.96 cm. Effectively, the experiment consisted of 25 quasi-static 16 

horizontal loading tests of 25 geometrical variations (herein termed arch specimens) to investigate 17 

the limiting mechanism to activate collapse of arches subjected to hinge control. These geometrical 18 

variations were developed by maintaining the same macro-geometry (span, rise, thickness, as shown 19 

in Figure 3e) and altering the micro-geometry (joint location, as shown in Figure 3f). The construction 20 

method of the arch is shown in Figure 1. It's noteworthy that the structural surveying of the arch 21 

specimens was carried out by tape measurements of the blocks and final constructed arch, of which 22 

the measurements are reported in [48]. 23 

  24 

 25 

Figure 1. Experimental testing of 25 arch specimens [48]. Construction of arch specimens: (a) initial arch; (b) 26 

block measurement and denomination; (c) block alignment; and (d) final arch.  27 
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With regard to the structural analysis of masonry arches under both horizontal and vertical loads, 1 

various investigations can be found in the literature. The vast majority of investigators have employed 2 

limit analysis (LA) formulations. For instance, Misseri et al. [49] proposed a novel kinematic LA model 3 

for the collapse load of point masonry arches under quasi-static load which was validated 4 

experimental and numerical results (i.e. DEM models). Another study proposed a method of safety 5 

evaluation of various arches by use of the two limiting equilibrium thrust lines [50]. Nodargi and 6 

Bisegna [51] proposed LA analysis models capable of predicting complex failure models through the 7 

implementation of joints or varying inclination in both arches and buttresses. carried out the 8 

structural analysis of masonry arches with various LA approaches. Galassi et al. [52] demonstrated 9 

the efficacy of the LA-based software, entitled “Brickwork” for the structural analysis of arches and 10 

monumental masonry structures of complex geometry. More recently, some studies have also been 11 

carried out with the FEM [53] and DEM [16,54]. Whilst these approaches are more computationally 12 

demanding, and difficult to implement, they are advantageous in the fact that they provide both the 13 

in-service and collapse behaviour, in comparison to only the collapse behaviour within the LA. The 14 

reasoning for the employment of the DEM was based on this advantage within this study. 15 

3. The employed “Image2DEM” framework  16 

In this section, the three-stage “Image2DEM” framework developed in this study is described. This 17 

includes: a) Stage 1 - 3D reconstruction; b) Stage 2 - geometric model development; and c) Stage 3 -18 

structural analysis. A flowchart of the proposed framework is shown in Figure 2 and a detailed 19 

description of the steps at each stage is shown below. The presented case study is used to depict every 20 

step in the flow line. 21 
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  1 

Figure 2 Flowchart of the “Image2DEM” framework. 2 

4. 3D reconstruction with SfM photogrammetry 3 

4.1 Setup 4 

In Step 1, the preparatory planning before employing the SfM photogrammetry pipeline was carried 5 

out. This includes the selection of the image capture equipment, image capture network, ground 6 

control points(GCPs), and carrying out the image capture. The following paragraphs describe each 7 

phase. 8 

4.1.1 Camera sensors employed 9 

Images were captured with the smartphone camera (Sony IMX260 dual-pixel integrated into Samsung 10 

Galaxy S7). The reasoning behind the choice of this equipment was to assess the framework with low-11 

cost equipment, often available to structural engineers, in a real-world scenario. The characteristics 12 

of the camera sensor are shown in Table 1, where VSS is the vertical sensor size, HSS is the horizontal 13 

sensor size and f is the nominal focal length. With the formulas (1) and (2), the horizontal viewing 14 

angle of lens (𝛽ℎ) and vertical viewing angle of lens (𝛽𝑣) can be calculated [29];  15 𝛽𝑣 = 2 ×  tan−1(𝑉𝑆𝑆2×𝑓)                                                                                                                              (1) 16 

𝛽ℎ = 2 × tan−1(𝐻𝑆𝑆2×𝑓)                                                                                                                              (2)                                         17 
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Table 1. Characteristics of the camera sensor. 1 

Camera characteristic Unit Smartphone 

Horizontal sensor size (HSS) mm 6.7 

Vertical sensor size (VSS) mm 5.5 

Nominal focal length f) mm 4.2 

Horizontal pixel number (HN)  Pixels 4032 

Vertical pixel number (VN) Pixels 3024 

Horizontal viewing angle of lens (𝛽ℎ) degrees 68.9 

Vertical viewing angle of lens (𝛽𝑣) degrees 89.0 

4.1.2 Ground control points (GCPs) 2 

For the scaling and orientation of SfM photogrammetry point cloud, control information was 3 

necessary. This was provided through GCPs. A total of 12 black and white targets of a 6 mm diameter 4 

were surveyed with a Leica MS60 total station and employed as GCPs. The total station surveying was 5 

carried out by intersection and the achieved RMSE error was equal to 3 mm. 6 

4.1.3 Image network definition and image capture 7 

Apart from the inherent camera properties, there are image network-dependent parameters such as 8 

the camera tilt angle (𝛼𝑡) and working distance (𝑊𝐷). Here the term, maximum ground sampling 9 

distance (𝐺𝑆𝐷𝑚𝑎𝑥) is introduced, calculated from equation (2) [29]. In remote sensing, the 𝐺𝑆𝐷𝑚𝑎𝑥  10 

equals the distance between the centre of two consecutive pixels on the target surface and is a spatial 11 

resolution used to describe the image quality. The smaller  𝐺𝑆𝐷𝑚𝑎𝑥 , the better the quality of the end-12 

product of the SfM-photogrammetry is. At the same time, the field-of-view (𝐹𝑂𝑉) must also be taken 13 

into consideration while defining the image network, as calculated from (4) [29]. This effectively 14 

defines the quantity of the target surface area captured. The combination of 𝐹𝑂𝑉 and 𝐺𝑆𝐷𝑚𝑎𝑥  will 15 

determine the required image network. 16 𝐺𝑆𝐷𝑚𝑎𝑥 = 𝑊𝐷×𝐻𝑆𝑆×cos( 𝛽𝑣)𝑓×𝐻𝑁×cos(𝛼𝑡+𝛽𝑣/2)                                                                                                                              (3) 17 

𝐹𝑂𝑉 = 𝑊𝐷2×𝐻𝑆𝑆2×𝑓 × ( cos(𝛽𝑣/2)cos(𝛼𝑡−𝛽𝑣/2) + cos(𝛽𝑣/2)cos(𝛼𝑡+𝛽𝑣/2)) × (tan(𝛼𝑡 + 𝛽𝑣/2) + tan(𝛼𝑡 − 𝛽𝑣/2))                     (4)    18 

In this investigation, a 𝐺𝑆𝐷𝑚𝑎𝑥  comparable to the width of the discontinuities of the arch was 19 

desirable (less or equal to 1 mm, substantially smaller than 5 mm used in [22]). Due to the 20 

requirements of the 𝐺𝑆𝐷𝑚𝑎𝑥 , a 𝑊𝐷 of 0.5 m from the face of the arch was calculated from Table 2 21 

as suitable. Finally, due to the given 𝑊𝐷  and resulting 𝐹𝑂𝑉 , image acquisition, image capture 22 

consisted of four vertical and two oblique (-45 and 45 degrees) image capture sets at six different 23 

heights above floor level. 24 

Table 2. The variation of the field of view (𝐹𝑂𝑉) and ground-sampling-distance (𝐺𝑆𝐷𝑚𝑎𝑥) for the variation of 25 

the working distance (𝑊𝐷). 26 𝑊𝐷  

(m) 

𝐹𝑂𝑉  

(m2) 

𝐺𝑆𝐷𝑚𝑎𝑥   
(mm) 

0.50 0.57 0.09 

1.00 2.29 0.19 

1.50 5.16 0.28 
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2.00 9.17 0.38 

2.50 14.33 0.47 

3.00 20.63 0.57 

3.50 28.09 0.66 

4.00 36.68 0.76 

4.50 46.43 0.85 

5.00 57.32 0.95 

 1 

4.2 Point cloud reconstruction  2 

In step 2, the software Agisoft Metashape Professional ® version 1.5.1 [55] was employed for the 3 

reconstruction of the point cloud of the arch specimens with the SfM photogrammetry pipeline. 4 

Agisoft Metashape is a low-cost, commercial SfM photogrammetry software which has been used in 5 

past research carried out on the 3D reconstruction of masonry structures [27,29,56]. The first phase 6 

of the SfM photogrammetry pipeline consisted of the image alignment, resulting in a sparse point 7 

cloud and tie points (camera locations). Agisoft Metashape provides multiple settings for image 8 

alignment of which the highest alignment setting was chosen. The final pixel error of this alignment 9 

was maintained below or equal to one pixel. After the image alignment, the second phase was 10 

georeferencing the sparse point cloud by introducing the surveyed GCPs of Section 4.1.2. The GCP 11 

coordinates were provided to the software in a text format, directly provided by the total station. The 12 

final phase of the SfM photogrammetry pipeline was the reconstruction of the dense point cloud (as 13 

shown in Figure 3a). From the options of smoothness and detail within Agisoft Metashape, the high-14 

quality point cloud reconstruction setting was used in conjunction with the aggressive smoothness 15 

level.  16 

At this point it should be noted that even though internal precision of the SfM photogrammetry 17 

pipeline can be identified via a repeatability control, this was not explicitly carried out since the focus 18 

of the study was mostly on developing an end-to-end framework. However, based on past evidence 19 

of application other than masonry structures [57], various parameters of the current framework were 20 

controlled, that can affect the repeatability of the outcomes. One such parameter that significantly 21 

affects the SfM output accuracy is the precision of GCPs (which are translated as marker accuracies in 22 

Agisoft). Specifically, tests of a previous study [57] have demonstrated that the variability of different 23 

values of GCP’s measurement precision can adversely affect the internal precision of SfM processing. 24 

To minimise the effect of this parameter in the present study, the GCPs were surveyed with a total 25 

station, achieving a mm-level measurement precision.  Another important parameter is the tie point 26 

accuracy, which has also been found to affect the internal precision of SfM processing [57]. To mitigate 27 

the effect of this parameter, tie points of a high error magnitude were removed within an internal 28 

process (i.e. the gradual selection tool), following the aforementioned study [57]. A final parameter is 29 

the camera model which has also been found to affect the precision of the SfM photogrammetry’s 30 

outcomes.  Specifically, it has been shown that either too few or too many camera parameters within 31 

the optimization process can affect the internal precision [57]. Based on this study, an according 32 

camera model for the smartphone was chosen with their values estimated in Agisoft Metashape as 33 

seen in Table 3; where: 𝑓 is the focal length; 𝐶𝑥  and 𝐶𝑦 are the principle point’s position on the x and 34 

y-axis respectively; 𝐵1  is the affinity; 𝐵2  is the non-orthogonality; 𝐾1 ,  𝐾2  and 𝐾3  are the radial 35 

distortion parameters; and 𝑃1 and 𝑃2 are the decentring distortion parameters. 36 
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Table 3. Self-calibration properties of smartphone sensor from Metashape (pixels). 1 

It is also important to note that, concerning the sensitivity of the framework to different noise levels 2 

in the SfM photogrammetry model, various types of noise can be referred to. One type of noise comes 3 

from the unresolved lens distortion of the SfM bundle adjustment in Metashape, which is particularly 4 

relevant in the case of low-cost cameras [58] such as smartphones. The employment of GCPs helped 5 

to reduce any unresolved distortions in the present study. It is also noteworthy that the strategic 6 

configuration of the GCP (i.e. well-distributed GCPs across the scene and each GCP visible in many 7 

images) was also crucial for this, as indicated in multiple previous investigations [59-62]. Another type 8 

of noise is related to the imaging configuration which may cause systematic errors. A high image 9 

overlap alongside depth variation within the scene is an important consideration to ensure that 10 

systematic errors will be removed from SfM outputs. In the present study, the number of optical rays 11 

per tie point of Table 4 shows a relatively strong and sufficient imaging configuration. Additionally, 12 

another equally important parameter of Table 4 is the ground sampling distance (𝐺𝑆𝐷𝑚𝑎𝑥) which has 13 

also been found to cause noise, when displaying large values [63].In the study, the 𝐺𝑆𝐷𝑚𝑎𝑥  was 14 

relatively small (i.e. less than the width of the joints, c. 0.1 mm), as calculated from (3). 15 

Table 4. Processing details of Metashape project using the smartphone sensor. 16 

4.3 Orthomosaic development 17 

In Step 3, an orthomosaic of the arch was developed with Agisoft Metashape, as shown in Figure 3b. 18 

Orthomosaics for geometric model development has been successfully used in past research on 19 

masonry structures [64,65].  In Agisoft Metashape, a mesh must be developed from the dense point 20 

cloud, and then orthomosaic development follows with a user-defined resolution, termed 𝑅𝑒𝑠𝑜𝑟𝑡ℎ.. In 21 

this investigation, the mesh with 30,000 faces developed and the resolution of the orthomosaic was 22 

equal to 0.1 mm. Due to the small scale of the experiment and dry joints, an exceptionally small 23 

orthomosaic resolution was necessary to enable the definition of the discontinuities of the structure 24 

in the orthomosaic. It is anticipated that, for a large-scale structure, blocks have either wider 25 

discontinuities or higher colour contrasts between blocks which facilitates discontinuity definition. 26 

This means that in a real-life scenario, more reasonable values of 𝑅𝑒𝑠𝑜𝑟𝑡ℎ. in the vicinity of 5 mm (as 27 

employed in [22]) would be adequate. 28 

5. Geometric model development 29 

5.1 Block segmentation  30 

In Step 4, block segmentation was carried out. This consisted of inserting the orthomosaic into 31 

AutoCAD 2019 ® version  23.0 [66], tracing and manually marking the boundaries of each block, as 32 

shown in Figure 3c. Though this manual process is recommended for masonry structures of few blocks 33 

(e.g. less than one hundred blocks), it could have become tedious to be implemented in a full-scale 34 

 𝑓  𝐶𝑥  𝐶𝑦  𝐵1  𝐵2  𝐾1  𝐾2  𝐾3  𝑃1  𝑃2  

Value 3.1 ×103 -15.51 68.57 -0.15 2.25 -0.07 0.54 -2.08 2.57 2.1×10-3 

Error 0.68 0.44 0.54 0.64 0.38 0.00 0.01 0.03 0.03 4.7×10-5 

Predefined 𝑊𝐷 (m) 

No of images 

of the region 

of interest 

Estimated 𝐺𝑆𝐷𝑚𝑎𝑥 

(mm/pix) 

Optical rays per 

point 

0.5 166 0.1 3.2 
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masonry structure such as masonry arch bridge. The result of block segmentation was the so-called 1 

“block array”, consisting of the vertices of each block organized by block and in clockwise order. The 2 

blocks of the block array were unscaled. The actual size of the blocks was obtained by multiplying the 3 

block array by the orthomosaic resolution, 𝑅𝑒𝑠𝑜𝑟𝑡ℎ. The blocks of the 𝑏𝑙𝑜𝑐𝑘 𝑎𝑟𝑟𝑎𝑦𝑠𝑐𝑎𝑙𝑒𝑑, found in (5) 4 

have their actual dimensions. 5 𝑏𝑙𝑜𝑐𝑘 𝑎𝑟𝑟𝑎𝑦𝑠𝑐𝑎𝑙𝑒𝑑  = (𝑏𝑙𝑜𝑐𝑘 𝑎𝑟𝑟𝑎𝑦) × 𝑅𝑒𝑠𝑜𝑟𝑡ℎ.                                                                                                          (5)    6 

5.2 Development of geometric models from SfM photogrammetry 7 

In Step 5, the geometric model from SfM photogrammetry was developed in a suitable format for the 8 

structural analysis, according to the numerical method employed (e.g. LA, FEM, DEM etc.). In this 9 

investigation, a geometric model of the arch specimens tested in the laboratory developed in the DEM 10 

software 3DEC (see Figure 3d), though the framework could have been employed for other numerical 11 

methods of structural analysis. Blocks were developed adopting the polyhedron command format of 12 

the discrete element method software 3DEC ® version 5.2  [67], using the vertices of the block array 13 

in a script in Matlab 2019 ® version R2019b [68]. To be able to perform the geometrical assessment 14 

of the following paragraph, the geometric models of the SfM photogrammetry and tape 15 

measurements needed alignment. A reference point was used, as shown in Figure 3c-d and alignment 16 

was by carried out by translating all the coordinates of the 𝑏𝑙𝑜𝑐𝑘 𝑎𝑟𝑟𝑎𝑦𝑠𝑐𝑎𝑙𝑒𝑑  in the x and z-axis 17 

direction (the axis common convention is shown in Figure 3c), equal to 𝑑𝑥𝑎𝑙𝑖𝑔𝑛  𝑑𝑧𝑎𝑙𝑖𝑔𝑛 , from 18 

equations (6) and (7) below. It was anticipated that the orientation of the orthomosaic was carried 19 

out during the SfM pipeline and thus only translation was necessary to align the geometric models. 20 

The blocks of the 𝑏𝑙𝑜𝑐𝑘 𝑎𝑟𝑟𝑎𝑦𝑎𝑙𝑖𝑔𝑛𝑒𝑑, found in (8), are aligned.  21 𝑑𝑥𝑎𝑙𝑖𝑔𝑛 = 𝑥𝑜𝑟𝑡ℎ. − 𝑥𝑔𝑒𝑜𝑚.  𝑚𝑜𝑑𝑒𝑙.                                                                                                                   (6)         22 𝑑𝑧𝑎𝑙𝑖𝑔𝑛 = 𝑧𝑜𝑟𝑡ℎ. − 𝑧𝑔𝑒𝑜𝑚.  𝑚𝑜𝑑𝑒𝑙.                                                                                                                                       (7)   23 

⌊𝑏𝑙𝑜𝑐𝑘 𝑎𝑟𝑟𝑎𝑦𝑎𝑙𝑖𝑔𝑛𝑒𝑑(: ,1)𝑏𝑙𝑜𝑐𝑘 𝑎𝑟𝑟𝑎𝑦𝑎𝑙𝑖𝑔𝑛𝑒𝑑(: ,2)⌋ = ⌊𝑏𝑙𝑜𝑐𝑘 𝑎𝑟𝑟𝑎𝑦𝑠𝑐𝑎𝑙𝑒𝑑(: ,1) − 𝑑𝑥𝑎𝑙𝑖𝑔𝑛𝑏𝑙𝑜𝑐𝑘 𝑎𝑟𝑟𝑎𝑦𝑠𝑐𝑎𝑙𝑒𝑑(: ,2) − 𝑑𝑧𝑎𝑙𝑖𝑔𝑛 ⌋                                                           (8)         24 

5.3 Development of geometric models from tape measurement and geometrical assessment 25 

In Step 6, the geometric models from tape measurements were developed, and their geometrical 26 

uncertainty was measured. Geometric models were developed with block vertices taken from the 27 

experimental testing [48], following the same framework of section 5.2. Two types of geometrical 28 

properties were employed to carry out the geometrical assessment. These were: a) the geometrical 29 

properties which were arch specimens’ span and rise (as shown in Figure 3e.) which were fixed or 30 

otherwise invariable parameters due to the method of construction of the arch in the experiment; 31 

and b) the variable geometrical properties such as the joint length, joint midpoint location, joint dip 32 

(joint inclination angle), the block volume and the block centroid location (as shown in Figure 3f). It is 33 

important to note that only the block and joint vertices of the initial arch (i.e. the arch made of free 34 

moving blocks of Figure 1a) were measured with both tape measurements and SfM photogrammetry. 35 

The properties each of the arch specimens (i.e. block volume, block centroid, joint dip, joint length 36 

and joint midpoint) were subsequently calculated as a function of the measured vertices.  To estimate 37 

the geometric uncertainty, the normalized uncertainty (𝑁𝑈) was used, calculated using the following 38 

formula (9):                                                                                                                                                                                              39 𝑁𝑈 =  (𝑥𝑟𝑒𝑓 − 𝑥)/max (𝑥𝑟𝑒𝑓) %                                                                                                             (9)                                     40 
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Where 𝑥𝑟𝑒𝑓and 𝑥 are geometrical properties of the geometric model from SfM photogrammetry and 1 

tape measurements. Additionally, max (𝑥𝑟𝑒𝑓) refers to the maximum value of the property group 2 

(e.g. a value close to that of the arch rise for the normalized uncertainty of the joint midpoint z-axis 3 

properties) 4 

                                                                                                                         5 

 6 

Figure 3. Dry-jointed arch: (a) dense point cloud; (b) orthomosaic; (c) manual block segmentation; and (d) 7 

geometric model. Arch specimen number one: (e) invariable geometrical properties; and (f) variable 8 

geometrical properties.  9 

6. Structural behaviour with the discrete element method  10 

6.1 Element type and contact behaviour definition  11 

The DEM is an approach that has been widely used to simulate the static and dynamic behaviour of 12 

blocky structures. 3DEC is a computational software used to simulate the static and dynamic 13 

behaviour of masonry and is based on the DEM. Within the DEM, masonry units (i.e. blocks) are 14 

represented as rigid or deformable blocks, which may form any arbitrary geometry. Mortar joints are 15 

represented by zero thickness interfaces and governed by appropriate stress-displacement 16 

constitutive laws at point contacts between blocks [67]. At all contacts on all blocks, calculations are 17 
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made using the force-displacement law and Newton’s second law of motion. From known 1 

displacements, the force-displacement law is used to find contact forces. Motion of the blocks is 2 

calculated using Newton’s second law. Block contacts can be face-to-face, vertex-to-face or edge-to-3 

edge type. Finite displacements of the discrete bodies and rotations are allowed which includes the 4 

complete detachment of blocks and new contact generation as the calculation proceeds. Forces are 5 

considered as linear functions of the actual penetration in the shear and normal directions [69].  6 

The inelastic material properties used within these models were the joint cohesive strength (𝑐), the 7 

joint tensile strength (𝑇), and the joint friction angle (𝜑). According to the adopted joint constitutive 8 

model, the structure’s behaviour was governed by the joint normal and shear stiffnesses, 𝐾𝑛  and 𝐾𝑠  9 

in the elastic range. Failure at the joints was either due to tensile or shear failure. The default residual 10 

values of the adopted joint constitutive model were a residual cohesive and tensile strength equal to 11 

zero. As a residual friction value was not provided, the residual friction was equal to the default. For 12 

undamaged joints, the tensile normal force was limited to 𝑇𝑚𝑎𝑥 and the shear force was limited to 13 𝐹𝑚𝑎𝑥𝑠 . The two are found in equations (10) and (11), where 𝑇 is the joint tensile strength, 𝐴𝑐  is the sub-14 

contact area, 𝑐 is joint cohesive strength and 𝜑 is the joint friction angle.  15 𝑇𝑚𝑎𝑥 = −𝑇 × 𝐴𝑐                                                                                                                                                 (10)         16 𝐹𝑚𝑎𝑥𝑠 = 𝑐 × 𝐴𝑐 + 𝐹𝑛 × 𝑡𝑎𝑛 𝜑                                                                                                                          (11) 17 

6.2 Boundary conditions and loading protocol 18 

As previously defined, the geometric model is only a geometrical entity. The geometric model, once 19 

employed by a numerical method and assigned numerical properties (e.g. material properties, 20 

boundary conditions etc.) shall herein be termed, numerical model. The base blocks of the numerical 21 

models were fixed, as in the experiment. This was ensured by applying a zero velocity to their centroid 22 

(i.e. limiting all degrees of freedom parallel to the x, y and z-axis) within 3DEC. The loading of the arch 23 

was according to the experimental applied tilt-table approach [70]. According to this method, a 24 

rotation of the tilting plane equal to  𝜃𝑡 , is equivalent to applying a horizontal acceleration of a 25 

magnitude 𝜆·g. The load multiplier 𝜆 found in the equation (12) below is herein used in all simulations 26 

to make results comparable.  As will be detailed in Section 6.4.1, the values of the load multipliers 27 

were recorded at each hinge formation during the loading phase.  28 𝜆 = tan( 𝜃𝑡)                                                                                                                                     (12) 29 

6.3 Material properties assigned in the numerical model 30 

Table 5 shows the material properties used for the development of the numerical models. These 31 

properties result from calibrating: a) the collapse load (also termed 4th load multiplier in section 6.4.1); 32 

and b) the failure mode. Table 6 compares the experimental against the numerical collapse loads for 33 

the first 10 arch specimens. In Figure 4a-b, a comparison between the experimental and numerical 34 

failure mode of arch specimen No. 6 is shown. A similar failure mode was observed for the rest of the 35 

arch specimens (i.e. a four-hinge mechanism).   36 

Table 5. Material properties used in the numerical models. 37 

Mechanical property Symbol Unit Model 

Density ρ Kg/m3 500 

Joint normal stiffness  Kn GPa/m 0.15 

Joint normal stiffness  Ks  GPa/m Kn /2.38 



13 

 

Joint cohesive strength c MPa 0.0 

Joint tensile strength T  MPa 0.0 

Joint friction φ ° 25.0 

 1 

Table 6. Comparison of experimental [48] and numerical collapse loads (with the geometric models from tape 2 

measurement). 3 

Arch specimen 

number 

Experimental  Numerical   % Error 

1 0.32 0.29 9.38 

2 0.32 0.29 9.38 

3 0.32 0.28 12.50 

4 0.32 0.30 6.25 

5 0.31 0.31 0.00 

6 0.43 0.41 4.65 

7 0.42 0.41 2.38 

8 0.42 0.39 7.14 

9 0.42 0.39 7.14 

10 0.40 0.39 2.50 

 4 

 5 

Figure 4. Calibration of: (a) experimental; and (b) numerical failure modes of arch specimen number six. 6 

  7 



14 

 

6.4 Structural analysis  1 

6.4.1 Structural behaviour indices 2 

In Step 10, structural analysis was carried out. Various metrics were employed for assessing the in-3 

service and collapse behaviour of the arch specimens, herein termed structural behaviour indices. To 4 

assess the load at which hinge formation occurred, load multipliers were calculated at each hinge 5 

formation, symbolized 𝜆ℎ1 , 𝜆ℎ2 , 𝜆ℎ3 and 𝜆ℎ4 respectively (see Figure 5a-d). Hinge formation was 6 

detected by recording displacement histories of the joints with a FISH routine in 3DEC. During the 7 

loading of the arch, damage of the 1st, 2nd and 3rd load multipliers (𝜆ℎ1, 𝜆ℎ2, 𝜆ℎ3) was obtained (i.e. 8 

removal of load results in the initial undamaged state). These load multipliers give information about 9 

the behaviour of the structure at the in-service behaviour (i.e. serviceability limit states). Moreover, 10 

the horizontal stiffness of the arch specimens at the first crack (herein termed stiffness) was calculated 11 

by calculating the ratio of the 1st load multiplier (𝜆ℎ1) toward the horizontal displacement of the block 12 

B2 (𝑈𝑥,𝐵2), as shown in formula (13) which also regards the serviceability limit states. Finally, the 4th 13 

load multiplier (𝜆ℎ4) is synonymous with the collapse load and regards the ultimate limit state (i.e. 14 

collapse behaviour) of the arch specimens.  15 𝑆𝑡𝑖𝑓𝑓𝑛𝑒𝑠𝑠 =  (𝜆ℎ1)𝑈𝑥,𝐵2                                                                                                                                          (13)    16 

To assess the internal forces of the arch specimens at each hinge formation, the joint forces (maximum 17 

normal sub-contact forces 𝐹1𝑛, 𝐹2𝑛, 𝐹3𝑛, 𝐹4𝑛) at each joint were calculated (see Figure 5e.). All the above 18 

metrics were calculated with automated processes introduced into 3DEC with a FISH routine. It is 19 

important to note that within 3DEC, for rigid blocks, all deformability of the system is theoretically 20 

lumped at the joints. However, due to the fact of overlapping of contacts, a small amount of 21 

interpenetration can be observed. As a consequence of this, the observed structural failure was 22 

sequential (i.e. one joint per time, and without activation of the mechanism, until collapse load 23 

multiplier 𝜆ℎ4 is reached). It is also noteworthy that this sequential failure was governed by the joint 24 

stiffnesses Kn ,Ks (and the calibration procedure as a consequence). 25 

6.4.2 Structural behaviour uncertainty 26 

To calculate the uncertainty in the structural behaviour of arch specimens, the normalized uncertainty 27 (𝑁𝑈) was employed and calculated using the equation (14): 28 𝑁𝑈 =  (𝑦𝑟𝑒𝑓 − 𝑦)/max (𝑦𝑟𝑒𝑓) %                                                                                                      (14)                             29 

,where 𝑦ref and 𝑦 are structural behaviour indices of the geometric model from SfM photogrammetry 30 

and tape measurements accordingly. It is notable that max (𝑦𝑟𝑒𝑓) refers to the maximum value of the 31 

property type, in order to normalize the uncertainty (e.g. the collapse load multiplier of arch specimen 32 

number 25 for the case of load multipliers). 33 

.  34 
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 1 

 Figure 5. Structural behaviour indices. The load multiplier at each hinge formation: (a) 1st load multiplier (𝜆ℎ1); 2 

(b) 2nd load multiplier (𝜆ℎ2); (c) 3rd load multiplier (𝜆ℎ3); and (d) 4th load multiplier (𝜆ℎ4) (collapse load); (e) 3 

forces 𝐹1𝑛, 𝐹2𝑛, 𝐹3𝑛, 𝐹4𝑛 at joints J1, J2, J3 and J4 . 4 

6.4.3 Correlation of geometric and structural behaviour uncertainty 5 

To investigate the correlation between geometric and structural behaviour uncertainty, the well-6 

known Pearson correlation coefficient was calculated using the formula (15), where 𝑥 and 𝑦 are any 7 

given uncertainty of the geometric model and structural capacity respectively. To avoid the 8 

misinterpretation of casual correlations, only values of correlation coefficient (𝑟) larger than 0.8 were 9 

treated as valid. 10 𝑟 =  (𝑛×∑(𝑥𝑦) −(∑ 𝑥)×(∑ 𝑦))√[𝑛×∑ 𝑥2−(∑ 𝑥)2]−[𝑛×∑ 𝑦2−(∑ 𝑦)2]                                                                                                                  (15) 11 

7. Results and discussion 12 

The following subsections present the development and simulation of the 25 geometric models from 13 

SfM photogrammetry and tape measurements. First, the geometric uncertainty of the 25 geometric 14 

models is reported. Concerning geometric uncertainty, the variables investigated were: a) the joint 15 
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midpoint location (x-axis and z-axis), b) joint length and c) joint inclination angle; as well as d) the block 1 

volume and e) block centroid location (x-axis and z-axis). Then, the structural behaviour uncertainty 2 

was investigated due to geometric uncertainty. The effect of geometric uncertainty was investigated 3 

on the: a) load multipliers at each hinge formation; b) stiffness (at the first hinge formation); and c) 4 

joint forces at each hinge formation. Finally, a correlation between structural behaviour and geometric 5 

uncertainty was investigated. 6 

7.1 Geometric uncertainty  7 

For all the arch specimens, the span and rise normalized uncertainties were equal to 0.6 and 1.5% 8 

respectively between the tape measurements and SfM photogrammetry. It is well-understood that 9 

span and rise affect the structural behaviour, yet since these variables remain constant, the geometric 10 

uncertainty of the blocks and joints is only of concern in this investigation. In Figure 6a-d and Figure 11 

7a-d, the normalized geometric uncertainty of the blocks and joints between the tape measurements 12 

and SfM photogrammetry is plotted. From Figure 6a-d and Figure 7a-d, the quantity of the geometric 13 

uncertainty was: a) existent and significant for all the joints and block properties; and b) most 14 

significant for the joint length and block volume with minima-maxima intervals of -4% to 7% and 4% 15 

to 8% accordingly. Furthermore, from Figure 7a-d, the geometric models of the tape measurements 16 

were slightly larger, compared to those of SfM photogrammetry. The cause of geometric uncertainty 17 

may have been due to: a) gross errors of tape measurement; b) errors of SfM photogrammetry 18 

measurement; and c) errors in alignment (scaling and orientation) of the geometric models. 19 

Concerning the consistency of joints errors of Figure 6a-d, this is given to that, during the experimental 20 

testing, only the block and joint vertices of the initial arch assembly were measured, as 21 

aforementioned (and not the 25 arch specimens per se). Since each arch specimen was a four-block 22 

assembly composed of the blocks and joints of the initial arch, multiple arch specimens shared 23 

common joints, leading to consistency in some of the joint errors. 24 
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 1 

Figure 6. Normalized geometric uncertainty of: (a) joint dip; (b) joint length; (c) joint midpoint x; and (d) joint 2 

midpoint z (note the difference in scale). 3 
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 1 

Figure 7. Normalized geometric uncertainty of: (a) block volume; (b) block centroid x; and (c) block centroid z 2 

(note the difference in scale). 3 

7.2 Influence of geometrical uncertainty on the load multipliers and stiffness  4 

Figure 8a-e shows the magnitude and distribution of all the load multipliers and the stiffness of the 5 

geometric models from SfM photogrammetry and tape measurements. In Figure 8f, the normalized 6 

uncertainty of all the load multipliers and stiffness is plotted to illustrate the variance between the 7 

curves of Figure 8a-e. Figure 8a-f suggests that the effect of the geometric uncertainty was: a) existent 8 

and accumulative for all the load multipliers; b) most significant on the 4th load multiplier (collapse 9 

load), i.e. the ultimate limit states, with a minima-maxima interval ranging from -1% to 10%. From 10 

Figure 8a-f, the effect of the geometric uncertainty was and even more significant on the stiffness 11 

than the load multipliers, with a minima-maxima interval ranging from 2% to 46%. These findings are 12 

similar to past research [44,46] in which it was found that geometric uncertainty significantly affects 13 

not only the ultimate limit states (i.e. collapse load 𝜆ℎ4) but also has a significant influence on the 14 

serviceability limit states (i.e. 𝜆ℎ1, 𝜆ℎ2, 𝜆ℎ3and stiffness). It is important to note that the values of 15 

Figure 8f which refer to the normalized uncertainty may have negative values, however, as is evident 16 

from Figure 8a-d, the load multipliers are always positive. 17 

 18 
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 1 

Figure 8. Influence of geometric uncertainty on: (a-d) load multipliers 𝜆ℎ1, 𝜆ℎ2, 𝜆ℎ3and 𝜆ℎ4; (e) stiffness of the 2 

arch; and (f) normalized uncertainty of load multipliers and stiffness. 3 

7.3 Influence of geometrical uncertainty on the joint forces   4 

Figure 9a-d shows the magnitude and distribution of the structural behaviour uncertainty for the joint 5 

forces at each hinge formation per arch specimen. From Figure 9a-d, the effect of geometric 6 

uncertainty: a) was significant on the joint forces and disproportionate to the geometric uncertainty, 7 

with a minima-maxima interval of normalized uncertainty calculated at -15% to 22% at each hinge 8 

formation; and b) remained quasi-constant and present for the all the loading phase. Thus, from the 9 
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above, geometrical uncertainty significantly influences the serviceability and ultimate limit state 1 

behaviour of arch specimens. 2 

 3 

Figure 9. Influence of geometric uncertainty on joint forces: (a) first hinge formation  (𝜆 = 𝜆ℎ1); (b) second 4 

hinge formation  (𝜆 = 𝜆ℎ2); (c) third hinge formation  (𝜆 = 𝜆ℎ3); and (d) fourth hinge formation  (𝜆 = 𝜆ℎ4) 5 

7.4 Correlation of geometric and structural behaviour uncertainty  6 

A correlation coefficient equal to -0.84 was found for the normalized uncertainty of the joint 7 

inclination angle of the first joint, (i.e. joint dip J1) and the normalized uncertainty of the 4th load 8 

multiplier 𝜆ℎ4  (i.e. collapse load). From Figure 10, a linear trend is visible between the two 9 

uncertainties. Namely, as the normalized uncertainty of joint dip J1 decreases from zero, the 10 

normalized uncertainty of the 4th load multiplier 𝜆ℎ4 increases. Though other causes of structural 11 

behaviour uncertainty cannot be ruled out, this suggests that the most probable cause of load 12 

multiplier at the formation of the fourth hinge, uncertainty was the joint dip. This is in agreement with 13 

previous investigation [3-5]  that stereotomy significantly influences the collapse load of arches. This 14 

finding suggests that, while developing the geometric model, particular care must be taken to obtain 15 

the accurate joint and block (especially joint inclination angle) to ascertain reliability on the predicted 16 

collapse load. 17 
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 1 

Figure 10. Correlation between geometric and structural behaviour uncertainty:  Joint dip J1 - load multiplier λh4
 2 

(collapse load) correlation matrix. 3 

8. Conclusions 4 

This paper quantified the effect of geometric uncertainty on the structural behaviour of twenty-five 5 

arch specimens developed from SfM photogrammetry and tape measurements. The potential of the 6 

proposed “Image2DEM” framework was demonstrated for the geometrically accurate structural 7 

analysis with high-level numerical methods. In specific, a tilt-plane analysis numerically simulated with 8 

the DEM demonstrated that the stiffnesses (at the first hinge formation), loads multipliers, and normal 9 

forces (i.e. between joints) obtained with the proposed “Image2DEM” framework varied significantly, 10 

from those of traditional geospatial techniques (i.e. direct measurement with a tape). 11 

Due to given differences between the geometric model derived from SfM photogrammetry and tape 12 

measurements (-4% to 9%), significant differences in: a) collapse load ( -1% to 10%); b) stiffness (-2, 13 

46%); and c) normal forces (-15, 22%) were found. Further than demonstrating the potential of the 14 

proposed “Image2DEM” framework,  these findings suggest that the employment of accurate 15 

geometric models (and subsequent geometric data acquisition techniques) is generally important to 16 

obtain accuracy in the structural behaviour of masonry and in-turn increase the reliability of the 17 

structural analysis.  Furthermore, the geometrical uncertainty of the joints, and in specific, the joint 18 

inclination angle (i.e. joint dip) was found to directly influence the 4th load multiplier (i.e. collapse 19 

load), with a linear trend. Thus, while developing the geometric model, particular care must be taken 20 

to obtain the accurate geometrical properties of the joints as well.  21 

Future research is planned to examine the validity of these finding on large-scale structures, yet this 22 

contribution paves the way for reliable and methodical structural analysis. Extrapolating the results to 23 

different geometries and different load configurations would require additional numerical and 24 

experimental investigations. While this work presented a deterministic quantification of the effect of 25 
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geometric uncertainty, a future investigation is recommended to either combine or compare its 1 

approach with that of a probabilistic framework, such as developed by Cavalagli et al. [8]. Thereafter, 2 

an inherent limitation of employing orthoimages for developing geometric models is also made 3 

apparent here. Specifically, the description of the structure limited to two-dimensions, since two-4 

dimensional metric information is employed. Future research is recommended to overcome the 5 

aforementioned limitations through both geometrical modifications within the DEM software (i.e. 6 

splitting the geometric model along the transverse axis) and the employment of orthoimagery 7 

containing transverse axis data (i.e. such as digital elevation models). Additionally, future study should 8 

be carried out to explicitly examine the internal precision of the SfM photogrammetry pipeline on 9 

masonry structures, in a common spirit with the aforementioned geomorphological studies (i.e. [57]). 10 

Finally, a recommendation is also made to automate the proposed framework, by augmenting the 11 

process of block segmentation. Machine learning techniques, as in [71], have been identified as 12 

candidates for automated block segmentation. 13 
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