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Two-scale homogenization of hydrodynamic lubrication in a mechanical

seal with isotropic roughness based on the Elrod cavitation algorithm
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! School of Mechanical Engineering, Jiangsu University, Jiangsu, China

2 School of Mechanical Engineering, University of Leeds, Leeds, UK

Abstract

A two-scale homogenization method for modelling the hydrodynamic lubrication of mechanical seals
with isotropic roughness was developed and presents the influence of surface topography coupled into
the lubricating domain. A linearization approach was derived to link the effects of surface topography
across disparate scales. Solutions were calculated in a Polar coordinate system derived based on the
Elrod cavitation algorithm and were determined using homogenization of periodic simulations
describing the lubrication of a series of surface topographical features. Solutions obtained for the
hydrodynamic lubrication regime showed that the two-scale homogenization approach agreed well with
lubrication theory in the case without topography. Varying topography amplitude demonstrated that the
presence of surface topography improved tribological performance for a mechanical seal in terms of
increasing load-carrying capacity and reducing friction coefficient at the radial direction. A Stribeck
curve analysis was conducted which indicated that including surface topography led to an increase in
load carrying capacity and a reduction in friction. A study of macro-scale surface waviness showed that
the micro-scale variations observed were smaller in magnitude but cannot be obtained without the
two-scale method and cause significant changes in the tribological performance.

Keywords: Seals, Hydrodynamic Lubrication, Cavitation, Surface Topography, Numerical Simulation.

1 Introduction

Mechanical face seals are critical components used for rotating shafts to prevent pressurized fluid from
escaping from the housing. They typically consist of a rotor and stator separated using a thin fluid film
to avoid abrasive wear and attain reliable performance. The separation between the rotor and stator is
achieved by fluid pressure under hydrodynamic lubrication (HL) conditions, which is generated by the
rotation of the face and the fluid sealed between the rotor and stator. Seal faces typically have surface
waviness ! due to temperature gradients, drive elements, and exposure to fluid pressures. The existence
of the surface waviness causes divergent regions for the fluid where cavitation may occur. Under the
assumption of an incompressible fluid, hydrodynamic cavitation leads to film rupture and a mixture of
vapor and liquid phases. Considering cavitation in the lubrication analyses of mechanical face seals is
very important because it can determine the accuracy of fluid pressure prediction.

Taking mass conservation into account, one significant contribution to capture rupture and reformation
boundaries was presented by Jakobsson and Floberg 2 and Olsson 3. The Jakobsson-Floberg-Olsson
(JFO) model included both a cavitation region and full film region, this was subsequently implemented
by Elrod and Adams * and developed into the well-established Elrod cavitation algorithm. This
algorithm has been adopted to investigate the lubrication performance of mechanical seals > ©
considering cavitation at the macro-scale. However, these studies assumed that surfaces of the rotor and
stator were perfectly smooth 7.

The recent study of surface topography has drawn more and more attention as it can be of a similar
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scale to film thickness and therefore has a role in determining the system performance. For instance,
Minet et.al 8 pointed out that surface roughness could affect the hydrodynamic force of mechanical seal.
Etsion et.al ° demonstrated that with proper selection of texture size and ratio in mechanical face seals,
artificial surface textures could lead to higher clearance and smaller friction torque. Moreover, the
cavitation at the micro—scale is equally important in lubricated mechanical seals. Hamilton et.al '°
indicated that introducing micro-irregularities to parallel surfaces could result in local cavitation, which
in return could greatly improve the lubrication performance between the surfaces. However, numerical
modelling of surface topography and lubricated contacts simultaneously by deterministic modelling is a
challenging computational problem as it requires a very fine computational mesh due to the separation
of scales between surface topography and the lubricating region '!. Therefore, a significant amount of
recent research has been presented to deal with coupling interactions between disparate scales.

The modified Reynolds equation is an effective tool to assess the lubrication behavior of two-scale
features in lubricated contacts. Pioneering work presented by Patir and Cheng '> '3 developed an
average flow model describing lubrication using flow factors to incorporate the effects of surface
roughness. Based on simulations of surface features with identical statistical properties, flow factors
were calculated to capture the influence of the surface roughness in the lubricant flow. This model has
been widely adopted and has proved to be effective to predict the lubrication performance for a wide
range of tribological applications including journal bearings ', cavitation ', and mechanical face seals
16, Recently, this model was extended by Qiu and Khonsari '® to examine the role of surface roughness
in the load carrying capacity improvement caused by the inclusion of surface textures.

Following Patir and Cheng’s method, numerous authors employed the averaged Reynolds equations
and flow factors were evaluated by various techniques "' A significant contribution to these averaged
approaches was achieved by Almqvist '® who derived mathematical equations to calculate the flow
factors in a local domain with the dimension of the roughness wavelength. Subsequently, the
homogenized Reynolds equations inclusive of surface topography were extensively adopted for

hydrodynamic lubrication. Sahlin et.al 2

proposed a full film lubrication model using the
homogenization technique where the flow factors can be calculated for any deterministic roughness
under a incompressible Newtonian flow conditions. Taking into account cavitation phenomenon,

Bayada et.al 2!

incorporated the Elrod cavitation algorithm describing JFO boundary conditions to the
homogenization approach by considering micro-scale cavitation due to surface roughness and
macro-scale cavitation due to the diverging nature of the lubricating geometry. This research showed
that the proposed method was valid for transverse and longitudinal surface roughness. All of these
techniques are defined as homogenization approaches in which periodicity is imposed on the
micro-scale domain and it is assumed that the homogenization procedure could produce representative
results for the mechanics at both scales. Homogenization methods are applied to problems with
disparate scales, which leads to an average, smooth problem in which the effects of surface roughness
are included 3.

Another set of homogenization methods used are based on the Heterogeneous Multiscale Methods
(HMM) as proposed by Gao and Hewson ?* to analyze the effect of surface texture in lubricating
problems. The approach successfully solved the macro-scale pressure and film thickness for a textured
surface by solving the Navier-Stokes equations together with local elastic deformations at the
micro-scale and coupling micro-scale solutions to the macro-scale model by interpolating the data of
the pressure gradient and mass flow rate relationship calculated at the micro-scale. Considering more

practical conditions including lubricant piezoviscosity, non-Newtonian (shear-thinning) behavior and
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inertial flow de Boer et.al 2* extended the two-scale method using a metamodel describing the data
from the micro- scale for tilted-pad bearings. Subsequently, based on the HMM and metamodeling de

124

Boer et.al “* successfully minimized friction in the contacting region by optimizing surface topography,

% where nonlinearities introduced by piezoviscosity,

and investigated the line contacts problem
compressibility, and contact mechanics were taken into account. More recently, hydrodynamic
cavitation occurring at the scale of topography was incorporated into the HMM 25,

However, the above studies were all under the Cartesian coordinate system. It is intuitively easy to
investigate the lubrication performance of mechanical seals under a Polar coordinate system. Therefore,
it is necessary to extend the formulation of multiscale lubrication analyses to the Polar coordinate
system. Therefore, in the present study, a two-scale hydrodynamic lubrication model capable of
including the influence of surface topography at the micro-scale is proposed based on a
finite-difference derivative-coupling procedure where the partial derivatives function in terms of
lubricant flow associated with the micro-scale solutions is determined using presented linearization
method. The aim of the work is to present a two-scale homogenization method in the polar coordinate
system along with evaluating the influence of surface topography on the tribological performance for
mechanical seals under hydrodynamic lubrication. The governing equations describing the fluid flow at
both scales are derived in a Polar coordinate system. A new approach for coupling the effects of
micro-scale surface topography into the macro-scale lubricating contact is introduced by utilizing mass
flux derivatives and developing a coupling procedure based on finite differencing. The difficulty of this
approach lies in decoupling the two scales of surface topography and the lubricated region. Assuming
periodicity of surface topography, the Reynolds equation including cavitation phenomenon is derived at
the micro-scale where the solutions obtained are employed to calculate the derivatives of macro-scale
mass fluxes. Numerical simulations of this two-scale approach are presented for a range of topography
amplitudes and the Elrod cavitation algorithm is implemented to formulate the problem with these
effects included. This study is limited to an example of a mechanical seal, but can also be applicable to

other engineering applications so long as HMM assumptions are maintained.

2 Theory

2.1 Macro-scale lubrication

To solve the hydrodynamic lubrication and cavitation in a mechanical face seal, the macro-scale model
adopts a homogenization technique, namely the HMM, which can be employed where there is a distinct
separation in scales. The macro-scale geometry of the mechanical face seal is illustrated in Figure 1 and
Figure 2, showing a section of the seal faces with axial-symmetry. The inner radius is R; and the outer
radius is R, the face angle of the periodic section is W,. It is assumed that the upper face rotates with
an angular speed w about the axis and the lower face is stationary. The gap between the two faces is
filled with an isoviscous, incompressible, and Newtonian lubricant, and it is assumed that the two seal
faces are fully separated by fluid film. Additionally, the rotating face is modelled as perfectly smooth
and flat and the lower face includes surface topography. The film thickness functions representing
surface topography for both surfaces can be reduced to a single film thickness function by
superimposing the roughness to one surface. This simplification can still model the problem accurately
under steady-state conditions and does not influence the efficiency of the method presented. The
dynamic case in which there is relative motion both of rough surfaces within the model framework is
yet to be established. Both faces are made of steel, therefore the surface deformation caused by the

pressures observed at macro- and micro-scale is negligible (see Section 3.1). For the macro-scale
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model, lubricant flow between the seal faces is described by the Reynolds equations and JFO
conditions under isothermal operating conditions. Note that the two bounding surfaces are parallel in
Figure 1, but they are in fact with surface profile as shown in Figure 2. A nomenclature is given in
Appendix A in accordance with the terms used throughout this manuscript.

p Sealing
dam Surface topography

| A
= | |
| A
: R, L R —
lf Stator 1,
LR
¥ R Macro geometry Micro feature

Figure 1 Diagram of Mechanical Face Seal

Rotor

waviness

Stator

Figure 2 Macro-scale geometry

2.1.1 Macro-scale variables and geometry
To ensure that the results produced are scalable across parameter regimes all variables have been made
non-dimensional in this work. The non-dimensional variables at the macro-scale are given in (1), and a

full description of the non-dimensional form of the macro-scale model is derived in the following
sub-sections.

R=wr A A-—f  gow =2 g2 Gy
R, ot T T A A -
_ 2Qpy
~ PowHgoRg
5.5, PP = P,P,,P,P. _ 6nwR3
B A%B BHSo

Note that H, is a scaling film thickness used only for non-dimensionalisation, which is different from
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the minimum film thickness Hy. G denotes switch function which is determined by the density ratio
0. The fluid pressure P is subsequently defined by the Elrod model, see Section 2.1.2.

The film thickness between two lubricated seal faces contains a given film separation, and the ideal
surface waviness. The circumferential variation of film thickness is a common assumption for
mechanical seals as addressed in the previous literature ! 7. In this work the non-dimensional equation

of the film thickness is represented as equation (2),
. _ A _ 2
H=H,+ Ecos(nW‘P)
where Hj is the non-dimensional minimum film thickness, A denotes the non-dimensional amplitude
of the waviness at the macro-scale as shown in Figure 2, and n,, represents the number of surface
waves on the circumference of a face seal. Note that while there is no radial variation in macro-scale
film thickness that this is not beyond the capacity of the method or solution procedure described in this

article.

2.1.2 Macro-scale Elrod model
To facilitate the analysis, modelling of the mechanical face seal is naturally carried out using the Polar
coordinates. Two-dimensional fluid flow model including the cavitation phenomenon due to the
convergent-divergent shape is considered at the macro-scale. More complex fluid properties exist such
as pressure-dependent rheology, compressibility, and non-Newtonian viscosity. However, the pressure
is low as described and so piezo-viscosity and compressibility have little effect here but can be
included in the present model. Non-Newtonian flow can also be considered but here a fair first step
assumption for the lubricant in seals is that it is Newtonian and the shear rate is relatively constant
throughout the seal. These effects have been explored using the HMM in lubrication by de Boer, et al.
2 and the two-scale method can be readily adapted to include these phenomena where necessary. By
substituting the non-dimensional variables defined in section 2.1.2 into the macro-scale model,
governing equations are derived from mass continuity under steady-state conditions (equation (3)),

L | 108y ®

R OR R 0¥

and in combination with the definition of the switch function G and fluid pressure P from equations

(4) and (5) respectively,

1 1 4)
o X 0> X
0 0< !
A
| (5)
P=P +G(®-2)
A
the mass fluxes Qg and Qg become (6) and (7),
T 00 (6)
QR - af_{
Qy =2(-c 22, rR @
Qw = R 9%

Substituting these two equations into equation (3) results in the Elrod model for fluid flow at the

macro-scale (equation (8)),



i[——— a@]+%i[ a@] 00 ®)

in the domain Q000 = {Rl <R<1,0<¥< ‘PO}.

In the non-dimensional form, the two variants of equation (8) become equations (9) and (10),

d ﬁrﬁa@ +1 9 o 90 A_a(@H) o 1 9)
R oR|  Ro¥P| oW P T A
d(0H) —0.G=0 (10)
0P

which correspond to the liquid and cavitation regions respectively.

2.1.3 General form of the macro-scale model
Assuming the existence of surface topography, the traditional Reynolds equation and Elrod model are
not applicable. Therefore a general form of two-dimensional fluid flow is instead presented using

equations (11) and (12) to describe mass fluxes in the case of cavitation phenomenon,

o ¢ _ 00 00 iR (11)
Qr = f "OR’ 0P’
_— @a@ 00 LR (12)
Qy = RV

here, Qg and Qg are non-dimensional macro-scale mass fluxes in the radial and angular directions,

;U||®|
-e||®|

respectively, which are functions of the six variables @ ,H,R,¥. The dependency is a result of

the coupling between the macro- and micro-scale models in which homogenized relationship for mass
flux across these parameters is introduced.

Substituting equations (11) and (12) into equation (3) for mass continuity, the partial derivative format

of the governing equation is expressed in terms of the four independent variables ©, —g aT?J H, where
= 00 00 = = = L .
0, R = f(R, V). This yields equation (13),
9(RQr) 90  I(RQn) L IR 9 d(RQg) 0H = Qg 00 (13)
290 0R P (6_@) R OR P (6@) dR 6‘{’ oH OR ' 00 0¥
oR ovY
N 0Qy 9 (00 N aQy 0 L9 Qg oH
P (@) ¥ \oR P (6_@)) P 6‘{’ oH 09
oR oy

in which the partial derivatives are informed by results generated at the micro-scale. A special case of
equation (13) is that the size of the micro-scale domain is zero and surface topography could be
neglected. The Reynolds equation of such a case is obtained from equation (3) and presented in

Appendix B.

2.1.4 Macro-scale boundary conditions
The boundary conditions governing the behavior of fluid flow of the non-dimensional macro-scale

model are prescribed by given pressures at the global inlet and outlet of the seal, i.e. equations (14) and

(15),



P(L¥)=P, PB=0 (14)
Ry =\ - 15
P(R—l,ll’>=P1, P, >0 (15)

since the density ratio is the primary variable of the macro-scale problem when cavitation effect is
introduced, the boundary conditions at the inlet and outlet are expressed as Dirichlet conditions in
equations (16) and (17).

(16)

I |
0L P) =R~ Pt

amn

> =

Ry N\ -
@(R—O,‘P>=P1—PC+

In the angular direction, periodic boundary conditions are adopted due to the periodic physical
geometry of the mechanical seal (18),

0(R,0) = O(R,¥,) (18)
mass conservation in the angular direction can then be applied to keep the balance of mass flux at the

macro-scale boundaries (19),

(0zQg + n$Qe)ro = —(0zQg + neQa)ry, (19
which becomes (20),
_ _ _ _ (20)
NRRo (Qﬁﬁ,o - Qﬁﬁ,wo) + Ngg, (Q‘T’ﬁ,o - Q‘T’ﬁ,\vo) =0
in which the normal coordinate directions of the boundary are given by (21) and (22),
NRRo = (21)
Ngg, = 1 (22)
and results in (23).
Qogy, — Qugy =0 (23)
Substituting equation (7) into equation (23) yields (24),
(24)

( CH36@+@HR> ( CH36@+@H§> -0
R 0¥ R, R ¥ Ro
under the assumption of periodic physical geometry in the circumferential direction of a mechanical

seal, the film thickness at opposite sides are equal in one period of the seal surface, leading to the
following equations (25), (26), (27) and (28),

R(R ¥,) = R(R,0) 25)
HR,¥,) = H(R,0) (26)
G(R ¥, = G(R,0) 27
O(R,¥,) = 6(R,0) (28)

following from this and rearranging leads to (29),
_H300 _H300 o o 29
(G?ﬁl{,% _ (G?ﬁ)m = @Rz, — (BARR @)

which is reduced to (30),
).,
v R, v Ro

to give the final form of the Neumann boundary condition for the density ratio.

2.1.5 Load capacity

Solving equations for the density ratio subject to specified boundary conditions produces the solution
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to the macro-scale problem. The fluid pressure is calculated from the density ratio using equation (5).
The load-carrying capacity for the mechanical seal is subsequently described by (31),
P E3))
L= [ [ PRER®) awar
R1 0

here, P* is an average cell pressure derlved from the micro-scale and quantifies the load per unit area
acting at the macro-scale. The macro-scale load per unit area P*, and pressure P differ as pressure is
not linearly distributed in the micro-scale fluid domain due to the effects of surface topography and
cavitation. At the macro-scale the load carrying capacity of the mechanical seal is determined from the
load per unit P* calculated by equation (32),

I A | (32)

P =P+G (0 -5)
where ©* is a homogenized parameter at the micro-scale, which is different from ® due to the effects

of surface topography, , and G* is determined using equation (33).

1 1 (33)
U
0 @*<1
A

The non-dimensional forms of L, P* and G* are derived from the scaling given in (34).
L _ P G* _ e (34)

E: P*: G [l —
R22B T Y =3

2.1.6 Friction

Fluid transport leads to shear stresses acting in the fluid due to viscosity. The friction force is defined as
the integration of shear stresses acting over the computational domain. The expressions of shear
stresses in the radial and angular directions are given in this section.

For the single-scale case shear stresses in the radial and angular directions are calculated from equation

(35) and (36) at the macro-scale, respectively

_ __00 (3%5)
Tr,, = $AGH =
_ GHo® 1R (36)
To, =735 T30

where the subscripts 1 and 2 refer to the upper and lower surfaces of the macro-scale domain
respectively. The friction force is then derived by integrating the shear stresses over the macro-scale
domain(equation (37)).

L (37)
=ffﬁ¢§§@d%§
& 0

In the two-scale case T;—{’q,l’z are average shear stresses at the micro-scale domain, which are derived
from homogenized equation (68) in Section 2.2.2. The friction coefficient is expressed by the ratio of
the friction force and load carrying capacity, see equation (38).
Fr Wi, Hoo FE}TJLZ (38)
MR¥1, 7L T 2R L

A series of friction coefficients are obtained to present a Stribeck curve by varying the minimum film
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thickness H, and evaluating the effect of surface topography on the performance of mechanical seal.

For the purpose a modified Sommerfeld number S is defined by equation (39).

g Ro+RIRo—Ry) om _ (Hﬁ) (1_&) wn (39
B 2 L R, R,/ 222BL
The non-dimensional forms of Tﬁ_q,l 5 and F‘qul , are obtained from equation (40).
SR, 2P, (40)
B2 7 ABHy, ®¥12 7 ABHgoR,

2.2 Micro-scale lubrication
The micro-scale model shown in Figure 3 considers a subdomain independent of the mechanical face
00

. . . .= . . . 20 . = . .
seal, in which a density ratio 0, density ratio gradients P and pet and film thickness H are inherited

from the macro-scale model to determine the parameters of the micro-scale model. In order to satisfy
the HMM, two assumptions must hold: (i) the size of the micro-scale domain must be at least an order
of magnitude smaller than that of the macro-scale domain; (ii) periodicity in geometry dimensions and
flow parameters is maintained at the boundaries of the micro-scale model.

The geometry of the micro-scale model is shown in Figure 3, and the micro-scale domain is specified

— B _
by Qnicro = {R— <r< R+1—r,‘{’—i Sysvy +;¢}, where T and s are the micro-scale Polar

coordinate directions. The value of each Iz and Iy depends on the value of € defining the separation

of the scales in the problem I, Iy = €(lg,lp), where Ig =1 —i—:,lq, = W, define the size of the

macro-scale domain in each coordinate direction. The value of the separation in scales € must be
selected as at least an order of magnitude or less than the size of the computational domain at the
macro-scale, e.g., € < 1071, This separation in scales satisfies the assumption of the near-parallel
contacting surfaces used in deriving the macro-scale Elrod model. Due to periodicity in the geometry
and flow parameters at the micro-scale, as € tends to zero then the solution to the micro-scale problem
tends to the exact value as described by the Reynolds equation. Conversely, if € increases beyond this
limit then the assumption of near-parallel in contacting surface represented by the HMM breaks down.
Surface topography is assumed isotropic in this study in which a constant geometry of the micro-scale
is considered for each of the macro-scale simulations, variation in the micro-scale geometry within the
macro-scale can be facilitated by HMM so long as the variation is continuously distributed and the

assumptions underpinning the two-scale model are maintained.



Surface
topography

Figure 3 Micro-scale geometry

2.2.1 Micro-scale variables and geometry

At the micro-scale, fluid flow is modelled using the Reynolds equation with cavitation included by the
Elrod model. For the consideration of mass conservation in the lubricant, flow is considered steady,
Newtonian, incompressible, isoviscous, and isothermal as is consistent with the conditions imposed at

the macro-scale. Considering the following non-dimensionalization (equation (41)),

r _ h, h;, A, _ g _ 0 41)
r —_— — h’ h ’A —_— — = o — e e
r Ro t t HOO lIJ lIJ g }\ )\
_ 2y £ = 2RoTry,, ~_ b
ry PowHgoRg "2 ABHygo P 2B

the governing equation for the fluid transport at the micro-scale domain Q... is described by the

non-dimensional form equation (42),
d|__-.006 10| -,00 d(6h 42
[ h3 ] [gh3 ] ( ) 42)

Pl e P T e Tl R T
where 0 is the non-dimensional density ratio at the micro-scale, h is the non-dimensional film
thickness, g is defined as following (equation (43)).

(43)

>

Once solving for the density ratio in (42) the fluid pressure is given by equation (44),
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p=F.+g(0-7) .

and the micro-scale mass fluxes are expressed by equations (45) and (46).

g G (45)
qr = —Agh” =
B _h300 ___ (46)
qy = A (—gTa—_ + Ghr)

The film thickness at the micro-scale is described by macro-scale film thickness and surface
topography, which is represented by equation (47),

h=H+h, (47)
where h, is the periodic function describing surface topography, and H is the film thickness at the
macro-scale. The function describing surface topography must be periodic in the micro-scale film
thickness at the boundaries in order to satisfy the requirement of two-scale theory. Equation (48) is

selected for the purpose of this study,

- A 27t 21y (48)

h; = —cos| =) cos|—=—

2 1.

where A, is the non-dimensional micro-scale topography amplitude. A value of A, = 0 corresponds
to a smooth case, where the problem can be directly described by Reynolds equation at the macro-scale.
In addition, if the length scales of the micro-scale domain diminish to zero, then the topographical
feature vanishes and the solution obtained at the micro-scale is the exact solution to the Reynolds

equation at the macro-scale for the same conditions.

In addition, the micro-scale shear stresses Tr and fq,l , are defined as,

(49)

o gh 00 N 1t (50)
Wi T T 5y T 3h
where the subscripts 1 and 2 refer to the upper and lower surfaces of the micro-scale domain

respectively.

2.2.2 Micro-scale boundary conditions

The solution to equation (42) is achieved by specifying periodic boundary conditions for the density
ratio at the boundaries of the micro-scale subdomain. Both periodic conditions and mass conservation
should be satisfied for each set of boundaries and four corner nodes at the subdomain simultaneously.
Periodic conditions are imposed such that the profiles of density ratio on each set of boundaries are
equal where the magnitudes are shifted by Agr: and Agy in each of the coordinate directions,

respectively. Therefore, equations (51) and (52) are obtained,

VA R N T (51

e(ra—%,w)=9(R+Er,lp>—A@f

AR T N AR 7 (52)
v v

G(R,W—E>ZG<R,LP+?)—A§‘ITJ

where Agr and Agy are determined from the homogenized gradients of the density ratio at the

macro-scale using equations (53) and (54).
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90 (53)
(54)

Subsequently, imposing mass conservation conditions at the subdomain leads to equations (55) and (56)

applicable for opposing sides of this subdomain except for the four corner nodes.

<aé> (aé) iy (55)
or) 1y \OF/ . 1o
R=%¥ R ¥
(aé) (aé) o (56)
/g - —‘T’ 0/ g, 'B
Periodic conditions are applied on the four corner nodes (equations (57), (58), (59) and (60)).
I R 7 S S (57)
9(R—E, —;) = e(R+E,qJ—3 — Ogr
A R YA R (58)
e(R—E,lP—?>—9<R—E,LP+? _Ae.lll
A R o (- 1k _ g (59)
9(R+E,W+?>—9<R—E,lp+? +A9’]—,
S R YA R (60)
9(R+E,W+?>—9<R+E,Lp—? +A9.‘1’

Similarly, four equations derived from mass conservation conditions for the four corner nodes
(equations (61), (62), (63) and (64)).
(61)
) -

() s~ 0] e "
oy §+1§,¢—17‘T’ 0/ leg,le

aé) (63)

(aé) (aé) iy (64)
W/g g,y \OW/glg v

in combination with these conditions, a node constraint for the density ratio, 8(R, ¥) = ©, is imposed

within in the micro-scale domain to close the problem.

2.2.3 Homogenization
In order to couple the effects of surface topography at the micro-scale with the macro-scale model,
information is homogenized at the micro-scale and mapped to the numerical simulations at the

macro-scale. The homogenized variables are functions of the six parameters defining the micro-scale

model (@ —,H,R, P). The homogenized density ratio at the macro-scale is the average value of

Wll ]
-EI @I
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non-dimensional density ratio over the micro-scale domain as described by equation (65), resulting in
the deviation of fluid pressure and load per unit area at the macro-scale.
(65)

R4

_ gt er(r ) didr

o 680 00 ART) = R—2 @-7
R )=

f§+ f@

‘JJ
Iy g
qJZ

Ny

t(r, ¢) dydr

(N1

The homogenized mass fluxes Qg and Qg, and shear stress Tﬁl@ in each coordinate direction are

calculated in the subdomain from equations (66) (67) and (68) respectively,

30 Ig (66)
96 00 frp g ar (F =3, 0)db 1 e 1
QR(GITlflﬁlﬁl‘?): 21_ =i f (_]f<f—_F,ITJ>dLIJ
oR 0¥ f¢+7¢_(__l_f _)d lL|17 - 2
- -2 v)de ¥y
=
Rt - Iy R4lE 67)
- ) l?q¢<f¢—i>df R+3
R-I ! 2 _
G (6.5, 2 AR F) =2 N B
Wy ra ;alp; » N §+1§ _ l‘TJ j lF . qll} ) 2
S (B =F)ar
—_ (68)
R+L P+ .
00 00 fﬁ—g fry_ﬁ Ty, (O W) ddr
= 50000 o\ 3
TR‘{’lz (91 a_:a@;H; R; q”) B li — lm
R+L W4 o
o2 2T W) dydr

S S I
where the boundaries [R - l;r, lIJ] and [T,y — ?‘1’] are selected to calculate the homogenized mass flux

L - . _ —
arbitrarily from [R + l;r, lIJ] and [f, ¢y + ?‘1’]. The micro-scale variables Qg and Qg are dependent on

the six macro-scale parameters and are used to determine the derivatives of terms required for the
macro-scale model.

Variation of the density ratio in the micro-scale domain occurs due to the presence of surface
topography, and an average pressure at the micro-scale is derived from a similar equation of which
describe the load per unit area at the macro-scale model and from which the load capacity of the

mechanical seal is calculated as described by equation (31).

2.2.4 Linearization

It is critical for the two-scale homogenization method to determine the partial derivative functions
represented by the macro-scale lubrication model and given in value by corresponding micro-scale
solutions. In this study the derivatives of mass fluxes with respect to the four variables 0,90/ dR,90/
0W,H are approximated through a linearization method based on finite differencing. The mass fluxes

are functions of the six variables ©,00/ R, 0/ 0%, H,R, ¥ at the macro-scale, of which the four

,H=f(R ¥P)). The

:ull ol
-E|| 5]

derivatives needed are functions of the remaining two variables (O,

linearization scheme at each macro-scale node is therefore implemented using central finite difference

of corresponding mass fluxes, i.e. (69), (70), (71).

13



f = f(x;) i=1,...,m (69)
x-=xj(xk) j=1,..,n k=n+1,..,m (70)

j
of f(xi + ij8(j)) — f(xi — ijﬁ(j)) 1

Here, f, is any function of the variables x; = (©,00/ dR, 30/ d%,H,R, ¥), this represents each
macro-scale variable at every location and & is the Dirichlet Delta function. The derivatives of the
function f with respect to the variables x; = (©,00/ dR, 90/ 3P, H) are obtained by assuming a
small perturbation of each variable. This perturbation is small enough to provide the linearized gradient
of the function at that location (equation (72)),

log,, (Ax]-) <logy, (max(xj) - min(xj)) -y (72)

where the ranges of the variables x; are chosen based on the solution to the single-scale problem at the
macro-scale, which also forms the initial guess of the two-scale macro-scale solution procedure (see
Section 3.2). The perturbation y must be small enough to capture the gradient at any location, through
the relaxation of these derivatives non-linearity is introduced at the macro-scale. The solution provided
must be independent of the size of the perturbation. In this study y > 2 is chosen for the stable
convergence of the solutions which represents a less than 1% change over the range of values observed,

a study of the sensitivity of y is carried out accordingly.

3 Methods and materials
3.1 Material properties and operating conditions
The operating conditions and lubricant properties used to implement the numerical simulations
undertaken in this study are defined in Table 1. To simplify the problem, the mechanical seal faces are
made of steel with Young’s modulus E = 210 GPa, Poisson’s ratio v = 0.3 and such that they do
not deform under the pressure experienced such that the longitudinal modulus M is calculated using
equation (73),

B (1- v)E (73)

T (1+v) (1-2v)

The asperity deformation 8 can be approximated as the response to a 1D column of material under

load as defined by equation (74),

5 =kP 74)
with the stiffness k given by equation (75),
t (75)
k=—
M

where t is thickness of the steel surfaces. Then, equation (76) describes the relationship between
asperity deformation and the minimum film thickness. Where if ¢ = 0.1 say, then deformation is less
than 10% of the minimum film thickness, i.e., it can be considered negligible in magnitude.
8 <c H, (76)

In the current work, t = 10 mm, and P is always less than 20 MPa which can be set as an upper
limit. Therefore, a value of Hy . = 6.441 um is obtained for the minimum film thickness which
does not lead to significantly asperity deformation according to the above equations. In the present
work, the minimum film thickness used is greater than or equal to 9 um such that the surface

deformation can be negligible. The same conclusion that low-pressure introduces negligible asperity
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deformation was drawn in by de Boer et al. 2. Surface topography defined at the micro-scale are
assumed to be evenly distributed across the whole face surface at the macro-scale, the roughness

profile can therefore be considered isotropic as it remains constant over the entire contacting region.

Table 1. Operating Conditions and Geometry of a Mechanical Seal

Parameter Value Unit
Outer radius R 123 pum
Inner radius R, 110 um
Section angle ¥, /4 rad
Rotational speed w 1000 rpm
Supply pressure P, 3 MPa
Outlet pressure P, 1 MPa
Cavitation pressure P, 0 MPa
Waviness number n,, 8 -
Minimum film thickness H, 9-15 pum
Scaling film thickness Hy, 10 um
Waviness amplitude A 10 um
Topography amplitude A 2 um
Lubricant density p, 850 kg/m3
Lubricant viscosity 1 0.03 Pa.s

3.2 Macro-scale solution procedure

Macro-scale solutions were calculated using the software Matlab (The MathWorks Inc., USA) in which
the computational domain was discretized with uniform spacing of M mesh nodes in the radial
direction and N in the angular direction. Discretization at the macro-scale is carried out for solving
equation (13) using the finite difference scheme. At the macro-scale the discretization intervals in the

radial and circumferential directions are defined in equation (77).

Ag=Riy15 — Rij = Ryj — Ri_y 77
Ag=Wjj — ¥ =¥ — ¥ij—1
i=1,..,M j=1,..,N

A finite-difference derivative procedure shown in Figure 4 provides a possibility to develop a
numerical partial differential equation (PDE) solver capable of dealing with the coupling of the micro-
and macro- scale. In the first instance, solutions without surface topography were carried out to
determine the initial guess for the case in which surface topography was considered. To do this,
equation (8) including the effect of cavitation phenomenon was solved. The obtained solutions to
density ratio and switch function were used as initial values for equation (13), through which the
density ratio and switch function were updated. The iteration was repeated until convergence criteria of
the density ratio was satisfied. The convergence criteria implemented in this study measured the
difference in the maximum pressure obtained between two consecutive iterations and divided by the
maximum pressure of the previous iteration. All computations were performed on an Intel(R) Core(TM)
15-7400 CPU with 4 Cores operating at 3.00 GHz.
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Figure 4 Flow Chart of the Finite-difference Derivative Procedure

In order to obtain the exact solutions of (13), the density ratio and corresponding gradients at each
mesh node were updated using the Gauss-Seidel iteration scheme until the convergence criterion was
achieved. The unknown variable © at each node was determined explicitly using the available nodal
value of © at the neighboring nodes (equation (78)),

—t — —t-1 (78)

0;; = ®0;; + (1 — P)0;;

i=1,...M ji=1,..,N
0<d<1

where t is the iteration number, i and j denote the radial and angular direction, respectively. The
variable @ is an iteration factor which determines the degree of relaxation of the numerical scheme. A
value of @ = 0.1 was chosen to improve the rate of convergence. The discretization representation of

the equation (13) is described by the finite-difference method (equation (79)). Boundary conditions
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were implemented at the macro-scale using finite differencing, see Appendix C for details.

. t t (79)
d(RQg) Oipyj — Oiy d(RQg) Oipyj =205+ 05y N d(RQg)
— — = > s
R/, %)l
_ _ _ _ — ot — —
Ot ~Oirgj1 — Oigjrr + Oigj N 0Qg| Oij+1 — O
40zAg 20 | 2Ay
ij
t t
362 _6i+1,j+1 _6i+1,j—1 —61—1,j+1 + 61—1,]'—1 4 662
N e (%
GRYA v/l
ij 1)
— - — = — — it
0341 =204 + 0454 + d(RQg) Hiyyy —Hiogy  0Qg
A% oH | 205 oH | .
ij 1)
_Hi,j+1 —Hij — 0
20
i=2,.,M-1 j=2,.,N—1

In equation (79) the derivatives of mass fluxes in the two directions were functions of six parameters

st oast
t 99" 00 R;;, Wi; (equation (80)).

i_jrﬁ i ' 9P i » Mg

It It It * (80)

S t —_— —_— —_— t — |t —_ —_ — gt
d(RQp)| 9(RQg)| OA(RQg)| 9(RQg)| 0Qy| Qg Qg | 9Qy

00 ij 6(3—%) ) a(?%) ) oH ij 00 ij 6(2—8) ) 6(3—%) ) oH ij

) L) 1) 1)

_ 00| o0 _ _ _
=f Gi’j’ﬁ”’ﬁij’Hi'j’Ri'j,qu'j

i=1,.,M ji=1,..,N
A sparse matrix was constructed using this process and consisted of coefficients determined by
derivatives of mass fluxes derived at the micro-scale. The resulting system of equation was then solved
using the iterative Gauss-Seidel method. In each iteration, the unknown variables ©® and G at each
node were updated based on previous estimations as described by equation (32) and (33). Subsequently,
gradients of density ratio at each node were updated based on the current estimation of the density ratio.
The current gradients of the density ratio were calculated by using a central difference for internal
nodes, a forward difference for bottom and right sides and a backward difference method for top and

left sides of the subdomain. As the iteration number increases, ©f; tendsto ©f;", i.e. (81),

_ — 81
lim (m_z;lx|®itj - @f]'1|> <1073 (81)
o\ maxisy, ,

where 107 is the tolerance of the macro-scale solver. See Appendix C for more details of the

macro-scale finite differencing solution procedure

3.3 Micro-scale solution procedure

Micro-scale solutions included in the macro-scale solution were parameterized by the variables of the

17



macro-scale model (©,30/0R,00/0¥,H,R,¥). For solving equation (42), discretization at the
micro-scale is presented in this section. First, the finite difference form of equation (42) is given, and
subsequently the boundary conditions are developed for each boundary of the domain. Then the

iterative equations which are written in the difference form for each micro-scale node are outlined. The

micro-scale solution procedure is illustrated in Figure 5.
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Figure 5 Flow Chart of Micro-scale Solution
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At the micro-scale, the discretization intervals at the radial and circumferential direction were defined
using uniform spacing, where there were m total mesh nodes in the radial direction and n in the

circumferential direction (equation (82)),

Ar=Tjyq5 — Tjj = Tjj — Ti_q (82)
ALTJZ llJi,j+1 - ‘lJi,j = Ll’i,j - LPi,j—1
i=1,..,m ji=1,..,n

the density ratio was solved using a Gauss-Seidel iteration method with the similar convergence criteria
as the macro-scale solver. The micro-scale density ratio ® was updated at each iteration (t) of the

micro-scale solution procedure according to equation (83),

_t — —t-1 (83)
0i5 = 9855 + (1 — @)6;;
i=1,..,m ji=1,..,n
0<ep<1

where @ is an additional iteration factor which determines the degree of relaxation of the numerical
scheme at the micro-scale, a value of ¢ = 0.1 was chosen for this study for stability purposes. The
discretized finite difference of equation (42) was written as equation (84),

_3 —3 (84)

_t Tiy1/2jhir1/2; _t Tic1yzhicaz)

§i+1,j gi,j AZ + éi—l,j gi,j Az
r r
-3
- _t Dijray2 —t\ ¢
04| 8= Az T(1—28;;) hijus
i ToA j
ri’j m
-3
- _t hijoqy2 —t\ ¢
8o | Byt (1-2g],) By
1) ll,
_ —3 _ -3 —3 —3
==t Tir1/2i0is1/2) + Ticyzihiceyzg e Dijez T hijoaye
i | 8 2 Y
L) Af L) ri,jAm
81 1ahy 41 — By 4B
—t 4=t = pj+1tj+1 — Yij-1tj-1
+(1-28,) 2k, | =281y 7.
i=2,...,m—1 j=2,..,n—1

where the discrete form of the micro-scale switch function gitj was defined at each solution time by

(85). Boundary conditions, constraints, were implemented at the micro-scale by finite differencing as

detailed in Appendix D.
1 1 (85)
_t _ X ei‘j > X
8ij & 1
0 ei,j S X
i=1,..,m j=1,..,n

Subsequently, the calculation of the micro-scale mass fluxes in each of the coordinate directions was
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undertaken such that the homogenized mass fluxes were determined to obtain its corresponding
derivatives. As the iteration number increased, 8f; tended to 677, i.e. equation (86),

_ = 86

lim (max|9itj - 9}1‘1|) <1073 (86)
t-o0 1,j g !

where 107 is the tolerance of the micro-scale solver. The assessments of gradient and integral quantities
at the micro-scale were also achieved using finite differencing, see Appendix D for the micro-scale

finite differencing solution procedure.

4 Results and discussion

4.1 Model validation

Model validation for the two-scale method derived was carried out through parameter sensitivity and
mesh convergence of simulations at both scales. The parameters affecting the accuracy and
convergence of the simulation process for the given operating conditions were the bulk modulus 3, the

linearization factor vy, and the mesh size.

4.1.1 Sensitivity analysis
All macro-scale objectives in this study are presented in terms of the fluid bulk modulus 3 and
linearization parameter Yy, hence the evaluation of the sensitivity of the accuracy of the model solutions

to these parameters is needed. For this purpose, a sensitivity study was performed by varying 3 and y

and assessing the tolerance error, Error = max|0}; — 05*|/max(®Y,), for fixed separation of scales
1ax]o;, , 1ax(o;

€=1/2"* and A, = 0.2.

The possibility of numerical instabilities for particular values of 3 was reported by Elrod and Adams
7. The stability of the solution presented is shown in Figure 6 where all three cases investigated
converged to the same value. The corresponding values of load carrying capacity obtained are listed in
Table 2. Varying the value of B from 1 to 100 GPa only slightly changed the values of the load
carrying capacity such that the value of  used did not affect the accuracy of predictions. For the
consideration of stability of solutions, a value of B =1 GPa was adopted in the remainder of the

investigation.

Table 2. Load Carrying Capacity for Different Values of Bulk modulus

Non-dimensional parameter Non-dimensional
Bulk modulus 3 (GPa) . L=
A load carrying capacity L

B=1 A =1.426 L=1378x107*

B=10 A =0.1426 L=1361x10"*

B =100 A =0.01426 L=1360x10"*
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Figure 6 Sensitivity Analysis of  for y =2

The influence of y on the accuracy of simulations is shown in Figure 7 where three cases were
considered. The value of B adopted was obtained from the previous study to ensure the stable
convergence for different operating conditions. A high accuracy where the tolerance error converged to
a lower value was observed when y = 2. A high value up to y =4 does not present any additional
accuracy benefit since the size of the error produced was very low (~10 compared to ~10*#). Therefore,

a value of y = 2 was used in the remainder of this study.
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10° |
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Figure 7 Sensitivity Analysis of y for § =1 GPa
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4.1.2 Mesh convergence at both scales

The mesh number, which is the level of geometrical discretization specified in the coordinate directions,
is of high importance due to the precision of numerical simulations relying on the number of mesh
elements. A mesh convergence for both micro and macro-scale simulations was therefore performed to
choose an appropriate discretization. In order to ensure convergence, f =1 GPa and y = 2 were
used as mentioned in previous section.

The mesh number required for the micro-scale model was determined based on homogenized
pressure (load per unit area) produced in these simulations. The relative percentage error in the
homogenized pressure against the homogenized pressure with the largest number of mesh nodes (80 X
80) epr = |Pyxn — Pooxsol/Paoxso X 100% was plotted in Figure 8 for the separation of scale € =
27*, and the non-dimensional topography amplitude A, = 0.2. In this simulation, the following
macro-scale values were assigned: density ratio ® = 0.7099, the density ratio gradients d®/dR =
0.0053, dO/dy = —0.0041, and film thickness H = 0.7006. It was shown that the change in the
percentage error was reduced as the mesh number increased describing convergence of the solution. In
this study 30 X 30 was chosen because it could accurately capture the micro-scale phenomenon at
moderate computational cost.

Mesh convergence at the macro-scale was undertaken to determine the number of mesh nodes
required for predicting accurate results. The relative percentage error in the non-dimensional
load-carrying capacity L against the non-dimensional load—carrying capacity with the largest number
of mesh nodes (er = |Lyxn — Lgoxsol/Lgoxso X 100%) was evaluated by varying the number of mesh
nodes used. As example simulations, the non-dimensional minimum film thickness was taken as unit
(Hp = 1). The convergence of mesh at the macro-scale was achieved when mesh number 50 X 50
was used (Figure 9). In this study, the mesh number of 40 X 40 was used for all macro-scale
simulations as the computational cost was greatly reduced compared to more refined meshes and this

resolution maintained accurate results independent of the level of discretization.
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Figure 8 Mesh Convergence at Micro-scale
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4.1.3 Validation of scale separation

The general form of macro-scale model based on mass-flux derivatives was validated by comparing the
non-dimensional load carrying capacity predicted by the two-scale model and that by the single-scale
Elrod model for a case without surface topography (A, = 0) at the micro-scale. To achieve this, the
mesh size at the macro-scale was varied until results converged for the separation of scales € = 1/2% .
The difference between the results predicted by the two-scale model and the single model was very
small as shown in Figure 10. The relative percentage error in the non-dimensional load carrying
capacity predicted by the two models was < 5% for all cases, and the same percentage error (to
within 3 significant figures) was obtained when the mesh number 50 X 50 was adopted. Therefore the
two-scale model is justified as a valid approach for capturing the effects of surface topography on the
mechanical seal since in the case without topography the model predictions are identical to that of the
single-scale model. When surface topography is included, deviation from the single-scale solution is
described in the two-scale model by variance in mass flux derivatives using homogenized micro-scale

data compared to that given by the single-scale derivatives.
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4.2 Micro-scale solutions

Micro-scale distributions of the film thickness (h) density ratio (8) and distribution of fluid pressure are
given in Figure 11, Figure 12, and Figure 13 and respectively. In this section, figures are presented
under the Cartesian coordinates (X,y) which the micro-scale Polar coordinates (T, ) are transformed
to for visualization purposes only. These distributions corresponded to a micro-scale solution where the
cell density ratio 8 = 0.7013, the density ratio gradients d/dr = 2.0, d6/dy = 0, film thickness
H = 0.9996, and the topography amplitude A, = 0.2. All results obtained here corresponded to the
scale separation of € = 27%.

Figure 11 showed the variation and contour of film thickness modeled by equation (48) where
periodicity on opposing boundaries existed so as to satisfy the requirement of two-scale method. From
Figure 12 it was seen that density ratio in the micro-scale domain was not constant through the film out
the domain due to the existence of surface topography and use of lubrication theory to describe fluid
flow which was driven through the film= by entrainment from the moving surface and the pressure
boundary conditions. Fluid pressure shown in Figure 13 was calculated using equation (44).
Near-periodicity of fluid pressure and density ratio on the opposing boundaries were obtained due to
the constant shift in magnitude applied between the boundaries of the micro-scale domain. The
homogenized mass fluxes were calculated from these solutions obtained at the micro-scale and were

represented at the macro-scale using the corresponding mass flux derivatives.
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4.3 Macro-scale solutions

4.3.1 Effect of the micro-scale topography amplitude A,

In this section results of both the single- and two-scale models are presented to show the difference
introduced by surface topography in the lubricated domain. Macro-scale Polar coordinates (R, V)
were transformed to Cartesian coordinates in the following analysis (X,Y) for visualization purposes
only. Figure 14 illustrates contours of fluid pressure obtained using single-scale model. Figure 15
shows contours of the difference in pressure derived between single-scale and two-scale model for € =
27*, A, = 0.2. Fluid pressure was produced through the domain by entrainment from the moving seal
face and the pressure jump in the radial direction. However there were differences in the pressure

distributions at the macro-scale when surface topographies were considered.
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Figure 15 Contour of Pressure Difference Derived between Single-scale and Two-scale, Py, is
Fluid Pressure Obtained Using Two-scale Homogenization Method

To demonstrate the tribological performance of a mechanical seal, a range of topography amplitudes
were specified and the resulting load-carrying capacity, friction force and friction coefficient were
evaluated. A series of numerical simulations were presented by incrementing the topography amplitude
in steps of 0.05 from A, =0 to A, = 0.25 to investigate the change in performance of a mechanical
seal. For each value of the topography amplitude the micro-scale problem was solved and then coupled
into the macro-scale model. The value of H, was specified to 1 and the fixed scale separation was
specified as € = 274,

Figure 16 shows the percentage change in non-dimensional macro-scale load-carrying capacity against
the case where topography amplitude was zero, i.e., Cp = |Egt — Lz, |/ Lz,_, X 100%, indicating that
increasing the size of surface topography corresponded to an increase in non-dimensional macro-scale
load-carrying capacity. Figure 17 presented the variation of percentage error in friction coefficient
against the case where topography amplitude was zero, i.e., C, = |u,§t — ugt=0|/|ugt=0| X 100%,
describing the magnitude of friction coefficient of both rotor and stator faces. It was seen that
increasing the value of topography amplitude tended to reduce the magnitude of friction coefficient of
both the stator and rotor faces in the radial direction but also led to an increase in the magnitude of
friction coefficient of both stator and rotor face in the angular direction. Compared to the smooth
assumption where A, = 0, the presence of surface topography indeed could improve tribological
performance for a mechanical seal in terms of increasing load-carrying capacity and reducing friction

coefficient in the radial direction.
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Figure 16 Effect of Topography Amplitude on the Load Carrying Capacity
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4.3.2 Effect of the separation of scales €

If the separation of scales is small enough, the two-scale solution gives the exact same result (87)
as the smooth case without topography. To assess the validation of the macro-scale model,

the effect of the scale separation € on the non-dimensional load—carrying capacity was

investigated for topography amplitude A, = 0.2 using the percentage error e defined as

€

. ILe-L_,—6l
equation/ (87).e = — X 100%
e=2"6

Figure 18 shows that the percentage difference of non-dimensional load-carrying capacity obtained
using the two-scale method converged to the value of smooth case when the scale separation tended
toward zero. The curve presented was similar to that obtained by Almqvist '® thus justifying the result
of the model prediction again. The trend shown also indicated that increasing the separation of scales
also increased the load carried within the contact for the same operating conditions. The variation of
percentage change in friction coefficient against the largest friction coefficient with scale separation
€ =1/27% were presented in Figure 19, showing that reducing the separation of scales increased the
friction coefficient of both the rotor and stator faces simultaneously. It can be inferred from both
figures that a larger size of surface topography is beneficial to improving tribological performance

within the parameter bounds investigated.
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4.3.3 Stribeck curve analysis

To investigate the hydrodynamic influence predicted by the two-scale homogenization method in the
fluid film, the modified Sommerfeld number S was varied to obtain a Stribeck curve for the seal. The
value of S shown in Figure 20 was produced by varying film thickness from 9 um to 15pm with
and without surface topography. The friction coefficient obtained at the macro-scale was subsequently
plotted as a function of S as shown in Figure 21 where both cases were considered, i.e., (1) with

surface topography, (2) without surface topography.
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Figure 21 Stribeck Curve with and without Surface Topography, (a) Variation of Friction

Coefficient pg,, (b) Variation of Friction Coefficient py;, My,

This type of illustration showed an overall view of the variation of friction coefficient for the range of
the hydrodynamic lubrication regime. Within this regime, the hydrodynamic lift was large enough to
separate the two lubricated surfaces and the friction coefficient of the stator face in the radial direction
increased as the parameter S also increased, see Figure 21(a). The trends of friction coefficients in the
angular direction were illustrated in Figure 21(b). The result presented by multi-scale model resulted in
a prediction of the friction coefficient value with a satisfactory accuracy. The general shape of the
friction coefficient curves from the stator face at the radial direction obtained were well reproduced in
this study compared to the well-established single-scale solution [add citation here]. Overall, the result
of the Stribeck analysis is clear. For the hydrodynamic regime, when surface topography is included the
load carrying capacity is increased and the frictional forces are reduced for the same operating

conditions.

4.3.4 Effect of the macro-scale surface waviness A

To demonstrate the effect of the macro-scale variation in surface profile, the non-dimensional
macro-scale surface waviness A is varied over a range of 0.3 to 0.5, with the results in the remainder
of Section 4.3 being at a value of A = 1. Figure 22 and Figure 23 respectively show the effect of
varying the non-dimensional topography amplitude A, and separation of scales € along with the
surface waviness on the total load carried by the mechanical seal. Both figures show that the change in
load caused by variation in the macro-scale surface waviness the macro-scale variation in surface
profile, the non-dimensional macro-scale surface waviness A is significantly larger than the change
caused by increasing the micro-scale variables A, and €. The deviation generated by including the
two-scale model cannot be described by the variation in the macro-scale profile alone without reaching
a computational limit on the resolution of the discrete domain. Results obtained inclusive of the
micro-scale cannot be obtained in any other way and cause significant changes in the tribological

performance of the mechanical seal in terms of both load and friction.
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Figure 22 The influence of the non-dimensional macro-scale amplitude A on the percentage
error of the non-dimensional load carrying capacity Ef = (Lz — Lz_03)/Lz-03 X 100% for
different non-dimensional topography amplitude A,

(Lg —Lz-03)/Lza-03

5 Conclusion

Surface topography may contribute to an increase in pressure where hydrodynamic lubrication prevails
thus improving load-carrying capacity and reducing friction. From an engineering application prospect,
it is of interest to improve the tribological performance by altering the configurations of surface
topography. Evaluation of the influence of surface topography addresses a problem associated with
computational cost as fine meshes over the discrete domain are required to accurately describe the
configuration of surface features in numerical simulations. Moreover, earlier studies towards such goals
were restricted to Cartesian coordinate systems, which are not applicable for some rotational devices
and model need adapting accordingly.

The scope of this research was to develop a two-scale model for hydrodynamic lubrication in relation
to mechanical seals in which the effects of surface topography are included. This work furthers the
homogenization approach developed for two-scale lubrication based on the HMM published over the
last few years [2]. The model implements the Elrod cavitation algorithm [3] over two disparate scales
for the first time, includes a new derivative-coupling procedure for linking simulations at different
scales, includes the development of a novel solution procedure and solver based on finite-differencing,
and is implemented using a cylindrical Polar coordinate system.

In the present study a novel finite-difference derivative scheme was presented and applied to
mechanical seals using a Polar coordinate system, in which micro-scale solutions were calculated and
coupled into the macro-scale by use of these derivative terms. Finite difference formulations were
developed to implement solutions to the problems at both scales with appropriate boundary conditions
included. A demonstration of this novel scheme was carried out throughout two key problems. The first
problem addressed the calculation of the derivatives of mass flux by the linearization method at the
macro-scale derived from the homogenization of results at the micro-scale. The second addressed the
homogenization of micro-scale solutions where periodic boundary conditions were applied to the
domain to maintain the requirements of the HMM used in deriving the model.

Mesh convergence and model validation indicated that micro-scale effects were accurately captured
and described at the macro-scale. Macro-scale results showed that the two-scale method agreed well
with the lubrication theory in the case without topography. Micro-scale solutions showed the
distribution of density ratio and resulting micro-scale cavitation occurring due to the presence of
surface topography. Two parameters describing the geometry of surface topography are investigated in
the present work to evaluate the influence of surface topography on the tribological performance, i.e.,
the amplitude and separation scale of surface topography. Variations of load-carrying capacity and
friction coefficient predicted by the two-scale method were evaluated at the macro-scale by varying the
amplitude of surface topography, indicating that increasing the amplitude of surface topography
increased the load-carrying capacity and reduced the friction coefficient. In the current cases varying

the values of separation scales shows that the decrease of separation scale leads to the decrease of load
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carrying capacity. The effect of surface topography was also presented in terms of a Stribeck analysis,
showing that the general shape of friction coefficient response was well reproduced compared to the
established literature and that the magnitudes of friction coefficient obtained with surface topography
were smaller than that without. A further study of the macro-scale surface waviness showed that any
variation in the load caused by the micro-scale were smaller than the variation caused by surface
waviness. This micro-scale variation cannot be obtained without the two-scale method and causes
significant deviation in the tribological performance.

The presented finite-difference derivative scheme indicates a novel direction in computational
engineering applications which delivers a homogenized macro-scale response including surface
topography. However, further investigation should be implemented. Expanding the study to include
surface deformation at both the micro- and macro-scales would allow more engineering applications to
be explored. Parameterization analysis would facilitate more representative surface topographies to be
investigated, and potentially carry out comparison of the influence of different topographies on the
tribological performance beyond the hydrodynamic lubrication regime. Temporal terms should be
considered to evaluate the two-scale model in dynamic flow problems in the future, and validation

should be performed with machined textured components using experimental measurements.
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Appendix A: Nomenclature

Symbol Symbol
(dimensional) (non-dimensional) ~ Description
A A macro-scale surface waviness
A A, micro-scale topography amplitude
c deformation — film thickness scale factor
e percentage error
E Young’s modulus
Fro,, Fﬁ,tﬁl_z macro-scale friction force in the radial or angular
direction (upper/lower surface)
g g switch function at the micro-scale
G G switch function at the macro-scale
G* G* homogenized switch function at the macro-scale
h film thickness at the micro-scale
h, h, surface topography
H film thickness at the macro-scale
H, H, minimum film thickness at the macro-scale
Hoo scaling film thickness parameter
k material column stiffness
1. Iz length of subdomain in the radial direction
Iy Iy length of subdomain in the angular direction
L L load carrying capacity
longitudinal modulus
n,, number of surface waviness on the seal face
P P fluid pressure at the macro-scale
P, P, inlet pressure
P, P outlet pressure
P, P, cavitation pressure
p* P* homogenized pressure (load per unit)
dr Jr radial mass flux at the micro-scale
Ay qy angular mass flux at the micro-scale
Qg Qr mass flux in the radial direction
Qu Qy mass flux in the angular direction
r r radial coordinate in the micro-scale polar system
R R radial coordinate in the polar system
R, R, outer radius
R, R, inner radius
S modified Sommerfeld number
t thickness steel surfaces
TR,‘PLZ TE,\TJ 12 macro-scale shear stress in the radial or angular

direction (upper/lower surface)
B bulk modulus

linearization factor
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Qmacro

Qmicro

micro-scale asperity deformation

radial gradient of density ratio over the whole
subdomain

angular gradient of density ratio over the whole
subdomain

scale separation

lubricant viscosity

density ratio at the micro-scale

density ratio at the macro-scale

homogenized density ratio

non-dimensional parameter

friction coefficient in the radial or angular direction
(upper/lower surface)

Poisson’s ratio

fluid density at cavitation pressure

fluid density

micro-scale shear stress in the radial or angular
direction (upper/lower surface)

relaxation factor (micro-scale)

relaxation factor (macro-scale)

angular coordinate in the micro-scale polar system
angular coordinate in the polar system

angular velocity

macro-scale computational domain

micro-scale computational domain

Appendix B: Mass flux derivatives assuming single-scale lubrication

To solve equation (13), the derivatives of mass fluxes at the macro-scale need to be defined. Two cases

are considered, i.e., with and without topography. For the case without topography, derivatives are

directly derived from the Reynolds equation (equation (8)). For the case including surface topography,

derivatives are represented using the linearization method where mass fluxes are obtained from

micro-scale. Assuming the lubricated surface is without topography, a single-scale model is employed

to predict fluid behavior in the mechanical seal. The non-dimensional mass fluxes at the macro-scale

are defined as (B1) and (B2),

8 (B1)
Qr = —AGH® —
_H3e0 ___ (B2)
le A(-G?ﬁ + @HR)

following this the derivatives of mass fluxes with respect to ©,00/9R,00/0%,H are derived as (B3),

(B4), (BS), (B6), (B7) and (BS),

d(RQr) _ d(RQp) _ Qg _ (B3)

00 00 00
? (ﬁ) 9 (ﬁ)
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substitution of these expressions into equation (13) results in equation (8) which is the single-scale
form of the Elrod model. These are also used as the initial solutions to the micro-scale derivatives

required when carrying out the two-scale solution procedure.

Appendix C: Finite difference discretization of the macro-scale model
To improve the solver stability at the macro-scale, equation (75) was rewritten as equation (C1), which
is suitable for an iterative solution based on the Gauss-Seidel method.

— — — — — — — (1)
A © i+1j+1 A2 © i+1j-1 Az © i—1,j+1 +4,0 i-1,j-1 +A;© i+1,j + A ® i—1,j +4;,0 ij+1

+A8®i,j—1_A9®i,j =B

i=2.,M-1 ji=2,.,N=-1
where A; — Ay and B indicate the values from the previous time step which are given by equations
(C2), (€3), (C4), (C5), (Co), (CT), (C8), (CI), (C10), and (C11).
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Equation (C1) was treated as systems of linear equations with boundary conditions defined using

equations (16) (17) (18), and (30). The discretization of these was equations (C12), (C13), (C14) and
(C15).

— _ 1
5 —F_B+t (C12)
ij A
1= M ]= 1; JN
T | (C13)
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1j iN
i=2.,M-1 j=1
-6 40 -0 = (€15)
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In the case of including surface topography, derivatives of mass fluxes at the macro-scale, which need
to be obtained for solving equation (C1) using the linearization method described in Section 2.2.3, were
equations (C16), (C17), (C18), (C19), (C20), (C21), (C22) and (C23),
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here, micro-scale results required at each i,j for every iteration time are functions of variables
®,0 ®/6§,6 ®/6‘l’,ﬁ,§, W from the macro-scale, which are homogenized equations (66) —(68).

Each term used to calculate the derivatives are listed here in equations (C24), (C25), (C26), (C27),
(C28), (C29), (C30) and (C31),
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where the variables A, A 'TL A 907 Ag were obtained according to equation (72).

R guw
After the convergence of macro-scale solution was achieved with the iteration number t, micro-scale
results at each macro-scale node were obtained, defining the mass flux (equation (C32)), homogenized

density ratio (equation (C33)), shear stress (equation (C34)) at each macro-scale node,

. - (C32)
W %'ﬁ_.'a_a i Ty
ij ij
[ — agt 36 w o
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WOR| gw s
ij ij
- agt 06 B (C34)

ij ij
gradients and integral quantities are also obtained by finite differencing at the macro-scale.

At each solution time in the macro-scale model, the values of the gradients of © at each location are
updated with the current solutions to @, corresponding gradients, and the previous known © values.
The following equations describe the finite difference form of these gradients at each solution time

across the entire macro-scale domain (C35), (C36), (C37), (C38) and (C39).
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= =o—=| +1-o)——4
oRl,, ORI, 20y
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00 00 — 0y

i =b—
ovY i v

ij
i=2.,M—-1 j=N

The non-dimensional load-carrying capacity and friction forces are derived using the trapezoid rule to
numerically discretize equations (31) and (37), resulting in (C40) and (C41),

Ap NN (C40)
' ﬁ “TJ D D D * D * D* D *
L= 8 Z Z (Ri.j + Ri+1.j)(pi,j + pi+1,j + pi,j+1 + Pi+1,j+1)
i=1  j=1
Ap M (C41)
5 _ _ BRrAw = = o .
FR'WLZ 8 = (R” * RIHj) (TRWlZU 1 1241, *Tre, Zij+1

+T§_q;12. . )
2it1,j+1

where the nodal values of the load per unit area E*] are obtained in relation to the homogenized switch

function Ei_j and homogenized density ratio 0] j- The discrete forms of these relations are given by

(C42) and (C43).

1 1 (C42)
— X 0;; > X
Gi'j - p— 1
0 Gi,j < X
1= 1, ) ] - 11 LA N
1 (C43)
Pi,j = PC + Gi,j (Gi,j - X)
1= 1, Il M ] - 1! ’ N

Appendix D: Finite difference discretization of the micro-scale model

At the micro-scale and in satisfying gi‘j = %, equation (80) was converted into equation (D1),
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—3 —3 —3 —3 (D1)

- Tiy1/2,i0i01/2; nr Ti_1 /25012, o hiji1/2 s hijj_1/,
i+1j A? i-1,j A2 Pj+1\ 7. AZ ij-1\ 7..AZ
T T 1) 1)
I I
_ -3 _ -3 -3 -3
Tip1/2Riv1/25 + Tic1/25hic1)2; + hiji1/2 + hijq2
ij A2 T AL
T 1) ¥
—t—1 _ —t—1 _
0 ... — 0 ..
— AT i.j+1hl'l+1 i.j—lh”‘l
- ij _
2A "

i=2,..,n—1 j=2,..,n—1
To do this, equation (42) was discretized using the finite-difference method for the density ratio to
obtain micro-scale mass fluxes in each coordinate direction using equations (45) and (46). In satisfying

—t

8= %, the discretized expression was described as equation (D2),
0 0 0 0 0 ®2)
ap ¥y tal gy tagt Fa b, —ast = b
i=2,...,m—1 j=2,..,n—1

in which a; —as and b are known values from previous time step (D3), (D4), (D5), (D6), (D7) and
(DS).

I (D3)
_ Tit1/20i01/2,
r
_ =3 (D4)
_ ri—1/z,jhi—1/z,j
r
_3 (D5)
e = hiji1/2
I =
ri,jAI
_3 (D6)
a4 = hij_1/2
+= | T A2
ri,jAI
_ —3 _ —3 —3 —3 D7)
Al = Tip1/2i0ic1/25 + Tica 2 hio1)2; +hi,j+1/2 +hij_1,2
5= 2 — AZ
Ag ri,jAE
—t-1 —t-1 (D8)
b _ )\ f i,j+1hi‘j+1 - e i,j—lhi‘j_l
- ij _
24,

The following relations were also defined using finite difference schemes (equations (D9), (D10),
(DI11)).

_ _ Tigqj T (D9)
Tit1/2j = 2

_ Bisr + i (D10)
hii1/2,j = —2
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hij1 +hy (D11

In satisfying gf] = 0, equation (80) was converted into equation (D12),

Sy I - — (D12)
hi,j+1 Li+1 + hi,j—l 0 ij—1 - Zhi.j 0 i = 0
i=2,..m—1 j=2,.,n—1
and the discrete form of the node constraint at the micro-scale was equation (D13),
— — D1
B =0 (D13)
ij
i=m/2 j=n/2

m2c>d(m, n)=0

which was added to the system of equations as an additional degree of freedom. Boundary conditions
and corner node constraints were rewritten in the finite difference form using equations (D14), (D15),
(D16), (D17), (D18), (D19), (D20) and (D21).

F —F - A (D14)
ij m,j 0,F
i=1 j=2,..,n—1
- = (D15)
91]_ei,n__AFE
i=2,.,m—-1 j=1
040 0 40 = (D16)
- 1]+ 1—1]_ 1.j+ 2]_0
i=m j=2,..,n—1
040 —0 40 = 1D
- 1]+ 1]—1_ i,1+ 12_0
i=2,..,m—1 j=n
- = = (D18)
Zeij_emj_ei,n__A?f_A?F
i=1 j=1
- = = (D19)
Zeij_ely_ei,l_A?f-FA?E
i=m j=n
D20
— (1 1 — 1 — 1 — 1 — 1 — 1 — 1 (D20)
0 —t—] - —_ 0 —4+ 06 ——=9 _—— —=0
1 AF AE 1—1]Af ZJAf 1]Af ij+1 A— in A— 1n—1AE
i=m ji=1
D21
— (1 1 — 1 — 1 — 1 — 1 — 1 — 1 (D21)
0 [Z4—)+0  ——0 —4+0 40 ——0
ij AF AE 1+1,]Af m]Af m—1,]A1__ ij-1 A— i2 A— 11AI
=0
i=1 j=n

At the micro-scale, gradients of 0 are determined at each solution time according to the finite
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difference scheme outlined by (D22), (D23), (D24), (D25) and (D26), which is similar in format to the

gradient calculation at the macro-scale.

_t 1 _ _ (D22)
a8 o2 La- Bis1j — 0i-1;
Jr i ar ij ZAF
90 ae|
a__ — (Pa_— + (1 ) 1,]+12A7 1j—1
i=2,...m—1 j=2,..,n—1
a0 a0 0 ) (P23)
i+1,j = Yij
—=| =¢= +(1-) -
ar i i Af
—t -1
a0 a0
a__| =05y T T
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—t — - - (D24)
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g ao|
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1] 1]
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lIJ i’j lIJ i’j w
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| ~9a| TA-eO—n
1) 1)
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oy i ay ij Ay
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The homogenized mass fluxes are obtained by application of the trapezoid rule which yields (D27) and
(D28),

R (D27)
_ Ay B B
Qi = % Z (qfi,j + qfi,j+1)

j=1

i=1m
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qu] = _)\gi,j ij E N
ij
i=1,..,m j=1,..,n
3 _—t D30
_ _¢ hj; 00 — (B30)
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Additionally, the homogenized density ratio ©* and shear stresses Tz at the micro-scale are also
defined by application of the trapezoid rule as (D31) and (D32),

i=m-1j=n-1
AzA

(D31)
-, FAg _ _ — — — —
0" == Z Z (ri,j+ri+1,j)(ei,j + 0415 +6ij41 +ei+1,j+1)
BILIgR Ly
i=1 j=1
Ay Emen (D32)
= oy -, = _ _ _
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where the discrete form of the micro-scale shear stresses are given by (D33) and (D34).

(D33)
_ —t = ae
Tf1 Zi,j = igi,jhi'jﬁ B
ij
i=1,..,m j=1,..,n
— D34
g,hij 00| LT 034)
To = — —_——
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i=1,..,m j=1,..,n
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