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LAFFORGUE PSEUDOCHARACTERS AND PARITIES OF LIMITS OF
GALOIS REPRESENTATIONS

TOBIAS BERGER AND ARIEL WEISS

ABSTRACT. Let F be a CM field with totally real subfield F* and let w be a C-algebraic cuspidal
automorphic representation of the unitary group U(a, b)(A g+ ), whose archimedean components
are discrete series or non-degenerate limit of discrete series representations. We attach to 7w a
Galois representation R.: Gal(F/F*) = “U(a, b)(Q,) such that, for any complex conjugation
element ¢, R.(c) is as predicted by the Buzzard—Gee conjecture [BG14]. As a corollary, we
deduce that the Galois representations attached to certain irregular, C-algebraic essentially
conjugate self-dual cuspidal automorphic representations of GL,,(Ar) are odd in the sense of
Bellaiche-Chenevier [BC11].

1. INTRODUCTION

If p: Gal(Q/Q) — GL2(Qy) is the f-adic Galois representation attached to a classical modular
eigenform, then p is odd: for any choice of complex conjugation ¢ € Gal(Q/Q), we have
det(p(c)) = —1. For Galois representations attached to automorphic representations of general
reductive groups, this notion of oddness has been generalised by Buzzard—Gee [BG14], where
it is interpreted as local-global compatibility at the archimedean place of Q.

In this paper, we study the image of complex conjugation for Galois representations attached

to certain irregular automorphic representations of unitary groups. Let F' be a CM field with

totally real subfield F*. Let U(a,b) be the unitary group defined over F* by the Hermitian

matrix <Ia I) and let “U = (GL,, x GL;) x Gal(F/F7) be its C-group in the sense of
—1p

[BG14, Section 5] (see Section 2.3.3). Our main result is the following theorem:

Theorem 1.1 (Theorem 3.16). Let F' be a CM field with totally real subfield F*. Let 7 be a C-
algebraic cuspidal automorphic representation of U(a,b)(Ap+) such that, for each archimedean
place v of FT, m, is either a discrete series or a non-degenerate limit of discrete series repre-
sentation. Let £ be a prime at which 7 is unramified. Then there exists a Galois representation

Ry: Gal(F/FT) = “U(a, b)(Q,)

attached to 7 that satisfies local-global compatibility at unramified primes and such that, for any
complex conjugation element ¢ € Gal(F/F*), Ry(c) = (ge, 1)c, where gt = g., as predicted by
the Buzzard—Gee conjecture [BG14, Conj. 5.3.4].

If 7 is an automorphic representation of U(a,b)(A p+) such that m, is a non-degenerate limit
of discrete series representation, and if £ is a prime at which 7 is unramified, then Goldring—
Koskivirta [GK19, Theorem 10.5.3] have recently attached an f-adic Galois representation

pr: Gal(F/F) = GL,(Q,) — “U(a,b)(Q,)

to m. However, since 7 is an automorphic representation over F'T, its associated Galois rep-
resentation should be a representation of Gal(F/FT). Our contribution is to extend p; to a

representation of Gal(F/F7T) with the correct image on complex conjugation elements.
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1.1. The sign of an essentially conjugate self-dual representation

Fix a complex conjugation element ¢ € Gal(F/F*). For any representation o: Gal(F/F) —
GL,,(Qy) we put 0°(g) := o(cge) and write ¥ for its dual representation.

Definition 1.2. If p: Gal(F/F) — GL,(Q,) is a Galois representation and x: Gal(F/F) —
QZ is a character such that y = x¢, then we say that (p, x) is essentially conjugate self-dual if
p°=p’ @x.

If (p, x) is an essentially conjugate self-dual representation and if p is irreducible, then Bellaiche—
Chenevier [BC11] have introduced the following notion of the sign of (p, x): since p is irreducible,
by Schur’s Lemma, there is a matrix A € GL,,(Q,), unique up to scalar multiplication, such that
p¢ = ApYA~1y. Applying this relation twice, we see that AA~ commutes with p and hence,
by Schur’s Lemma again, that A* = A\A, where A = 1. We call \ the Bellaiche-Chenevier sign
of (p, x) and call (p,x) odd if A = 1.

The representation p, constructed by Goldring—Koskivirta is essentially conjugate self-dual
with respect to y = '™, where ¢ is the f-adic cyclotomic character. We will see in Proposi-
tion 2.20 that (p,,e!™") being odd is equivalent to p lifting to a representation Gal(F/FT) —
U(a,b)(Q,) that satisfies the Buzzard-Gee conjecture on the image of complex conjugation.
Applying Theorem 1.1, we deduce the following theorem for automorphic representations over
GL,(AF), which generalises the main result of [BC11]:

Theorem 1.3 (Theorem 2.24). Let (w,u) be a C-algebraic essentially conjugate self-dual cus-
pidal automorphic representation of GL,(Afr). Here, u: Ay — C* denotes a character such
that m¢ = 7wV @ u. Assume that, for each archimedean place v of F, 7, descends to a C-algebraic
discrete series or non-degenerate limit of discrete series representation of U(a,b). Let ¢ be a
prime at which m is unramified. Then there exists a Galois representation

pr: Gal(F/F) — GL,(Qy)
attached to m such that pt ~ pY @ pusl_”, where p,, is the {-adic Galois character associ-
ated to w. Moreover, there exists a totally odd polarisation of (pﬂ,pwsl*”) (in the sense of
[BLGGT14, Section 2.1]). In particular, if v is an irreducible subrepresentation of pp that
satisfies ¢ ~ r¥ ® puel_" and appears with multiplicity one in the decomposition of pp into
irreducible subrepresentations, then (r, p“zsl*”) s odd.

When 7 is regular, Theorem 1.3 is the main result of [BC11]. For an application of the oddness
of these Galois representations see [Berl18], in particular Remark 2.7.

Since w is cuspidal, the representation p, is conjectured to be irreducible and, hence, the
condition on the multiplicity of r should be vacuously true. When 7 is regular, the uniqueness
of 7 in the decomposition of p, is automatic since p, has distinct Hodge—Tate weights. However,
when 7 is not regular, this multiplicity freeness is an open problem in general.

We note that our method of establishing oddness is different to that of [BC11], who use unitary
eigenvarieties to deform (a form related to) 7 into a p-adic family of automorphic forms with
generically irreducible Galois representations. A key advantage of our argument is that it does
not require any multiplicity freeness considerations for proving Theorem 1.1, which is important
in the irregular setting.



1.2. Our method

When 7 is irregular, [GK19] construct p,, via its corresponding pseudocharacter, as a limit of
Galois representations attached to regular automorphic representations. Although the Galois
representations attached to regular automorphic representations are known to be odd [BC11], it
is not clear that this property should be preserved after taking a limit: oddness is not encoded
in the trace of pr. Moreover, we do not know that p, is irreducible and, hence, a priori, it need
not have a sign at all, nor any lift to a representation valued in “U(a, b)(Q,).

Our solution to these problems is to work with Lafforgue’s pseudocharacters [Lafl8] in place
of Taylor’s classical pseudocharacters [Tay91]. By the work of Goldring—Koskivirta, for each
n € N, the system of Hecke eigenvalues of 7 is congruent modulo " to the system of Hecke
eigenvalues of a mod ¢" cohomological eigenform m,. By [BC11, Theorem 1.2] and Proposi-
tion 2.20, the Galois representation p, attached to m, lifts to a representation R, that is valued
in “U(a,b) with the correct sign. Finally, a computation in invariant theory shows that the
limit of a sequence of “U(a, b)-valued representations is valued in “U(a, b) and that the sign is
preserved in the limit.
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2. PRELIMINARIES

2.1. Notation

For each prime ¢, we fix once and for all an isomorphism Q, = C. For a number field L and
a Hecke character p: A7 — C* we write p,: Gal(L/L) — QEX for the corresponding Galois
character. We let € denote the ¢-adic cyclotomic character.

2.2. Unitary groups

Let F be a CM field with totally real subfield F'™. For x € F, let T denote the image of x under
the non-trivial element of Gal(F/FT). Fix an integer n € N and a matrix J € GL,(F) with
J=Jt

Definition 2.1. The unitary group U(J) is the algebraic group over F'* whose R-points are
U(J)(R) = {g € GL.(R®p+ F) : gJg" = J}
for any F'-algebra R.

Definition 2.2. The general unitary group GU(J) is the algebraic group over F* whose R-
points are

GU(J)(R) = {g € GLo(R®p+ F) : g.J' = AJ, A € R*}
for any F*-algebra R.



Typically, we take J = J, = (Ia _ Ib) and write U(a, b) for the corresponding unitary group.
We call (a,b) the signature of U(a,b).
For any F-algebra R, the canonical isomorphism
R®p+ F > RO®R
(r@x)— (re,rT).
allows us to identify U(J),r with GL,, and GU(J),r with GL, x GL.
2.2.1. Root data and the L-group. If B is the upper-triangular Borel of U(a, ) 7 and if T

is the diagonal torus, then the based root datum of U(a, b)/F >~ GL, is given by ¥(B,T) =
(X*, A*, X,, A,) with

tq
o X* = =ttt s a; € 2y
tn
3]
e AN*={E;—FE;i11:i=1,...,n— 1}, where E; denotes the character — t;;
ln
o
o X, =<Kt ca; €4y

ton

A, = {E/— E/,,}, where E/ denotes the cocharacter ¢ — diag(1,...,1,¢,1,...,1) with the
non-trivial part in the i position.

—

The identification of U(a,b) = with GLy identifies the dual group U(a,b) with GLy, however
the action of Galois is different.

Definition 2.3. The L-group of U(a,b) is
Ly =1U(a,b) = GL,, x Gal(F/FT),
where Gal(F/F7) acts, via its quotient Gal(F/F*), by

-1

n o

c-g= (Pngit(I>

where g € GL,, ¢ is the non-trivial element of Gal(F/F*) and ®, is the matrix whose ;"
entry is (—=1)"16; —ji1.

Definition 2.4. The L-group of GU(a,b) is
LQU = £GU(a,b) = (GL, x GL1) x Gal(F/F™),
where Gal(F/F7) acts, via its quotient Gal(F/F*), by
¢ (g,A) = (Png™'®, ", det(g)N),
where (g, \) € GL,, x GL; and c is the non-trivial element of Gal(F/F™).

We note that the L-group of U(a,b) does not depend on the signature (a, b).
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2.3. Algebraic automorphic representations and the C-group

The Langlands conjectures predict a relationship between algebraic automorphic representations
and Galois representations. There are two natural notions of what it means to be algebraic,
which Buzzard—Gee [BG14] call L-algebraic and C-algebraic. When G = GLy,,, there is a simple
method using a twisting element to go from a C-algebraic automorphic representation of G
to an L-algebraic one: if 7 is C-algebraic, then 7 ® | - |(*~1/2 is L-algebraic. However, in
general, and in particular when G = U(a, b), these notions are indeed distinct. As a result, the
Galois representations attached to C-algebraic automorphic representations of U(a, b) will not
be valued in the L-group of U(a,b) but in its C-group, defined in [BG14]. In this subsection,
we recall the notions of L-algebraic and C-algebraic representations and define the C-group of
U(a,b).

2.3.1. Algebraic automorphic representations. Let k be either R or C. Let G be a re-
ductive group over a number field F', with fixed maximal torus 7', Borel B and based root
datum ¥(B,T) = (X*,A* X, A,). To an irreducible admissible complex representation of
G(k), Langlands [Lan89] associates a G(C)-conjugacy class (called L-parameter) of admissible
homomorphisms

r=ry: W, — LG(C),

Cx k=C
Wy, = ,
C*LUjC* k=R

is the Weil group of k; if k = R, then j? = —1 and jzj ! = Z for z € C*.

where

Fix a maximal torus 7 in G equipped with an identification X*(f) = X*(T), and conjugate
r so that r(C*) C T(C). We find that, for z € C*,

r(z) = A2)Ac(2),

where A\, Ae € X,(T) ® C and A — A € X.(T). Let 6 € X,(T) ® C denote half the sum of the
positive roots.

~

Definition 2.5. We say that 7 is L-algebraic if \, A\ € X, (T'). We say that 7 is C-algebraic if
A A €04 X (T).

If 7 is an automorphic representation of G(A ), we say that 7 is L-algebraic (resp. C-algebraic)
if m, is L-algebraic (resp. C-algebraic) for every archimedean place v.

2.3.2. Twisting elements. If half the sum of the positive roots J is itself a root, then the
notions of L-algebraic and C-algebraic coincide. More generally, if X*(T') contains a twisting
element 6, then Buzzard-Gee [BG14, §5.2] give a recipe to go between L-algebraic and C-
algebraic representations, which we now recall.

Definition 2.6 ([BG14, Definition 5.2.1]). An element § € X*(T) is a twisting element if 0 is
Gal(F/F)-stable and (f,a") = 1 € Z for all simple coroots a".

Let S’ denote the maximal split torus quotient of G. If # is a twisting element, then 6 — § €
2X*(8"), and we can define a character |- |*~ of G(F)\G(AF) as the composite

G(Ar) = 8'(Ar) 2% ax B r o S Reg.

|9_5, we can go between L-algebraic and C-algebraic representations:

5
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Proposition 2.7 ([BG14, Proposition 5.2.2]). If 6 is a twisting element, then an automorphic
representation 7 is C-algebraic if and only if 7 ® | - |79 is L-algebraic.

Example 2.8. If G = GL,, and n is even, then ¢§ is not a root. However, the element 6 =
(n—1,n—2,...,1,0) € Z" = X*(T) is a twisting element, and the character |- |[?~9 is equal to
|- |(n—1)/2.

2.3.3. The C-group.

Proposition 2.9. Let G = U(a,b). If n = a+ b is odd, then 6 € X*(T). If n is even, then
X*(T) does not contain a twisting element.

Proof. Identify X*(T') with Z™ in the obvious way. Then § = %(n —-1,n—-3n-5...,—n+

3,—n+1) e X*(T) if and only if n is odd.

Suppose that n is even and that 0 = (a1, ...,a,) is a twisting element. Then, for each each i =

1,...,n—1,since (§, E;—E; ;) = 1, we have a; = a;;1+1. Hence, 6 = (a1,a1—1,...,a1—n+1).

It is clear that no element of this form can be stable under the action of Galois: we have
c-0=n—-1—-a,n—2-ay,...,—ay),

soif ¢-0 =486, then a1 = ”Tfl, which is a root only if n is odd. O

Hence, in general, we cannot go between L-algebraic and C-algebraic automorphic represen-

tations of U(a,b). To solve this problem, Buzzard-Gee construct an extension U(a,b), such
that

1—>Gm—>M)—>U(a,b)—>1

—~—

is exact and U(a, b) contains a twisting element. The C-group of U(a,b) is then defined to be
the L-group of U(a,b).

Lemma 2.10. The group U = “U(a,b) is isomorphic to

—
—~—

U = U(a,b) x Gal(F/FT),

where

U(a,b) = GL, x GL;
and Gal(F /F™T) acts via the quotient Gal(F/F7T): if ¢ is the non-trivial element of Gal(F/F™T)
and (g, 1) € GL,, x GLy, then

¢ (g,m) = (g "', ).

Proof. Following [BG14, Prop 5.3.3], we find that

—
—~—

U 2 U(a, b) x Gal(F/F*),

where

—— GL, x GLy
U(a,b) = ,
((=Ln)"=1, =1))
and Gal(F/FT) acts via the quotient Gal(F/FT): if ¢ is the non-trivial element of Gal(F/F™)

and (g, ) € U(a,b), then

¢ (g, 1) = (Ppg~ '@, ", ).

The map
L, x GL _ _
Cy <((S}I”):_? _11)> x Gal(F/F*) — (GL, x GL;) x Gal(F/F*)

6



given by

(g, 1) = (gn* ™", p?)
and
c— (P, —1)c
defines an isomorphism from the group defined in [BG14, Prop 5.3.3] to the group we have
defined. n

Remark 2.11. Via the above lemma, we see that the group “U is closely related to the
group %, defined in [CHTO08, Section 1]. Indeed, 4, = (GL, x GL1) x Gal(F/FT), but with
c € Gal(F/F*) acting as ¢- (g, 1) = (¢ ', u). We note that the map (g, u) — (g, p'=") defines
an isogeny “U — ¢,. We refer the reader to [BG14, Section 8.3] for further details.

—~—

The map G,, — U(a,b) induces a map d: “U(a,b) — G,,, given by (g, ) — p and ¢ — —1.

e

Let T C U(a, b) be the pullback of the torus T C U(a,b). Let £ € X,(T) be given by

z (1, 2).

Let 6 = § + 3¢ € X.(T); explicitly,

Then 6 is a twisting element.

2.3.4. Algebraic automorphic representations of U(a,b). In the specific case of an auto-
morphic representation 7 of U(a,b), we now make explicit what it means for m to be C- or
L-algebraic. For z = re? € C with r € R and a € Z we write (2/2)%/? for ',

Lemma 2.12. Consider r: Wr — *U(a, b)(C) such that

(z/z)"
(2/2)*

z2€C*—
(z/2)™
with a; € %Z.
(1) 7 is C-algebraic (i.e. a; € Z+ "“5%) if and only if r(j) = (A®,1)c with A = A"
(2) w is L-algebraic (i.e. a; € Z) if and only if r(j) = (A®,1)c with A = (—1)""LAL
(3) Assume that there existsi € {1,...,n} such that a; # a; for all j # i. Then 7 is C-algebraic.

Proof. Writing r(j) = (A®;,!)c, the semi-direct product relation implies that 7(j2) = (AA~(—1)""1).

Observe that r(—1) = (—1)""! if and only if 7 is C-algebraic and that 7(—1) = 1 if and only if
7 is L-algebraic (if n is odd, then 7 is C-algebraic if and only if it is L-algebraic).

Since j2 = —1, it follows that A = A’ if and only if 7 is C-algebraic and that A = (—1)""1A?
if and only if 7 is L-algebraic.

For (3) we note that the relationship jzj~*

Ar(z) = r(2)A.
7

= 7 implies



Assuming, without loss of generality, that a; # as, it follows that A is of the form

A1 0 *
A= 0 A2 *
* * *
In particular, A cannot satisfy A’ = —A. O

2.4. Galois representations attached to automorphic representations of U(a,b)

Let F' be a CM field—i.e. a totally imaginary quadratic extension of a totally real subfield
F*t—and let m be a cuspidal automorphic representation of U(a,b)(Ag+). In this subsection,
we recall results associating Gal(F'/F)-representations to 7.

Let H = Resp/p+ (GL,). For an automorphic representation m, let x, denote its central char-
acter. For a place v of F'™ at which 7 is unramified and a place w of F above v, define the
base change of 7, to H, denoted BC(7,), and its w-part BC(m,),, as in [HLTT16, Section 1.3].
Write recg,, for the (unramified) local Langlands correspondence, normalized as in [HTO01].

The following theorem is the work of many people; for a reference see, for example, [HLTT16,
Corollary 1.3] or [Skil2] (but we state a version over general CM fields for the regular discrete
series case covered by [Shill], which only requires Labesses restricted base change):

Theorem 2.13 (Clozel, Harris, Taylor, Labessse, Morel, Shin). Let w be a cuspidal automorphic
representation of U(a,b)(Ap+). Let S be the set of primes of F lying above rational primes
at which F and m are ramified. Suppose that, for each archimedean place v of FT, m, is a
reqular discrete series representation. Then there exists a compatible system of (-adic Galois
representations
pr: Gal(F/F) — GL,(Qy)
such that
P pl@e "
and such that -
(prlwp, )™ = recp, (BC(Ty)w @ | - [w” )

forw ¢ S and w | v. These representations are de Rham for primes above £.

For imaginary CM fields (i.e. those containing an imaginary quadratic field), stronger local-
global compatibility statements can be proved [Shal9, Theorem 2.2].

Using Theorem 2.13, Goldring—Koskivirta [GK19] prove the following result (a similar result is
proved by Pilloni-Stroh [PS16]) for certain irregular automorphic representations. We refer the
reader to [GK19, 10.1.2] for the definition of non-degenerate limit of discrete series representa-
tions.

Theorem 2.14 ([GK19, Theorem 10.5.3] ). Let w be a C-algebraic cuspidal automorphic repre-
sentation of U(a,b)(Ap+). Let S be the set of primes of F' lying above rational primes at which
F and 7 are ramified. Suppose that, for each archimedean place v of F*, m, is a discrete series
or a non-degenerate limit of discrete series representation. Then, for each prime £ at which w
is unramified, there exists an £-adic Galois representation
Pr: Gal(F/F) — GLn(QZ)

such that

pr~py@e "
8



and such that X

(Prlwp, )™ = recr, (BCO(mo)w @ - [uw® )
forw ¢ S.
Remark 2.15. Note that the condition that 7 is C-algebraic is often satisfied automatically.
Indeed, by [GK19, Section 10.5.3], non-degenerate limit of discrete series representations corre-
spond to Langlands parameters as in Lemma 2.12, with parameters a; of multiplicity at most

two (whereas discrete series representations have all a;, i = 1,...n distinct). By Lemma 2.12,
these representations are automatically C-algebraic unless each a; has multiplicity exactly two.

2.5. Polarised Galois representations and the Bellaiche-Chenevier sign

In the previous subsection, we recalled the existence of Galois representations
p: Gal(F/F) — GL,(Qy)

attached to automorphic representations 7 of U(a,b). In this subsection, we show how to lift
these representations to representations

R: Gal(F/F*) = “U(Q))

and we relate the image of complex conjugation elements under R to the Bellaiche-Chenevier
sign of p.

2.5.1. Polarised Galois representations. We begin by recalling the notion of a polarised
Galois representation of Gal(F/F). For a more detailed discussion, we refer the reader to
[BLGGT14, Section 2.1].

Definition 2.16. A polarised (-adic Galois representation of Gal(F/F) is a triple (p, X, (-, ")),
where:

e p: Gal(F/F) — GL,(Qy) is a Galois representation;

o x: Gal(F/FT) - Q/ is a Galois character such that x(c) is independent of the choice of
complex conjugation ¢ in Gal(F'/F™).

e (-,-) is a pairing on Q;

such that, for all z,y € QZL:

o (z,y) = —x(c)(y, ).

o (p(g)z, p°(9)y) = x(9){z,y) for all g € Gal(F/F).

If (p,x, (-,-)) is a polarised Galois representation, then there is a matrix A € GL,(Q,), such
that, for all z,y € Q?,

(x,y) = ' A1y,
Since (p(g)x, p°(9)y) = x(g9){x,y) for all g € Gal(F/F), we see that

p°=Ap'A Ty,

so that (p, x) is essentially conjugate self-dual. Moreover, the condition that (z,y) = —x(c){y, x),
where c is the non-trivial element of Gal(F/F71), ensures that 2! A1y = —x(c)z'A~ty. Since
z,y € Q, were arbitrary, we see that A = —y(c)A. We call —x(c) the sign of (p, x, (-,-)). Note
that, under our assumption on Y, the sign is independent of the choice of ¢. If p is irreducible,

then the sign is exactly the Bellaiche-Chenevier sign of (p, x), as recalled in Section 1.1. In our
9



terminology the result of [BC11] is equivalent to saying that (pn,e'™"n/ o (-,-)) is polarised,
where 1/ p+ denotes the quadratic Galois character corresponding to F'/F +.

If (p,x) is essentially conjugate self-dual and if p: Gal(F/F) — GL,(Q,) is irreducible, then
there is a natural way to extend (p, x) to a polarised Galois representation. Indeed, there is a
matrix A, unique up to scalar multiplication, such that p¢ = Ap¥ A~y and such that A = \A?
where A\ = £1. Since x = x¢, x extends to a character of Gal(F/FT), and we choose this
extension so that x(c) = —\. If we define a pairing (-,-) on Q, using A~!, then (p, x, (-,-)) is a
polarised Galois representation.

More generally, suppose that (p, x) is essentially conjugate self-dual, that p is semisimple and
that every irreducible subrepresentation r of p for which ¢ ~ r ® x has sign A. Then there is
still a choice of polarisation for (p, x). Indeed, we can write

o= (@) o (@ueen).
i J

where the r; are essentially conjugate self-dual with sign A. We can define a polarisation on

each r; as before: for each j, if dim(s;) = n;, then the matrix

I,
J
()\In, )
J

defines an invariant pairing on the essentially conjugate self-dual representation s; @ (s;?)vx.
Taking the direct sum of these polarised Galois representations gives a polarisation of p with

the correct sign.

Remark 2.17. In general, the converse of this construction fails. Given a polarised Galois
representation (p,x, (-, -)) with sign A, it is not true in general that every essentially conjugate
self-dual subrepresentation of p has Bellaiche-Chenevier sign \. For example, if (r,y) is an
essentially conjugate self-dual Galois representation with sign —1, then we can define two po-
larisations on p = r @ r with different signs. Indeed, if r = BrB~'x with B = —B’, then
let

and

A2 = (B _B>‘

Then (p, x) has sign —1 with respect to the pairing (z,y) = 2*A7 'y, while it has sign 1 with
respect to the pairing (z,y) = ztA5'y.

Nevertheless, given a polarised Galois representation (p, x, (-, -) with sign A\, any subrepresenta-
tion r of p that is essentially conjugate self-dual with respect to x and appears with multiplicity
one in the decomposition of p will have sign A. We record this fact in the following lemma:

Lemma 2.18. Let (p, x,(-,-)) be a polarised Galois representation with sign . Suppose that r
is an irreducible subrepresentation of p that appears with multiplicity one in the decomposition
of p and is such that r° ~ 1" ® x. Then (r,x) has sign .

Proof. Write p = (D, ri) ® (@] 55 ® (s?)vx), where, for each i, (r;, x) is essentially conjugate
self-dual. Write A for the matrix such that (z,y) = 2! A~ly. Then

pc — AP\/A_IX-
10



In particular, A permutes the r;’s and since r has multiplicity one in the decomposition of
p, there must be a submatrix A, of the block diagonal of A such that 7¢ = A,.rVA ly. In
particular, A, = MA%, so (r,x) has sign A. O

2.5.2. Galois representations valued in CU(a, b). Recall that, by Lemma 2.10,
U 2 (GL, x GLy) x Gal(F/F*),

where the action of Galois is given by

1

c (g, ) = (g ", ).

Moreover, recall from Section 2.3.3 that there is a map d: “U — GL; given by
(9:1) € GLp x GLy = i, ¢ —1.

If 7 is a cuspidal automorphic representation of the form considered in Theorem 2.13 and if 7
is C-algebraic (often satisfied by Remark 2.15, e.g. if 7, is a discrete series representation for
all v | 00), then its associated Galois representation should be valued in “U = “U(a, b). In this
subsection, we prove the following theorem, which proves [BG14, Conjecture 5.3.4] for such 7
and primes ¢ at which 7 is unramified:

Theorem 2.19. Let m be a (necessarily C-algebraic) cuspidal automorphic representation of
U(a,b)(Ap+) such that, for each archimedean place v, m, is a discrete series representation.
Then for each prime £ there exists a continuous Galois representation

R.: Gal(F/FT) = “U(Q,)
such that:
(1) The composition of R, with the projection “U(Q,) — Gal(F/F*) is the identity.
(2) The composition of Ry with the map d: U — G, is the cyclotomic character ¢.

(3) Ry satisfies local-global compatibility at unramified primes: for each place v of F' ly-
ing over a rational prime p # £ at which both F and © are unramified, the local repre-
sentation (R,r|WF+ )* is GL,, x GL1-conjugate to the representation sending w € Wp+ to

P, (W)E(|W|Y/2). Here 1, is the local Langlands correspondence normalised as in [BG14,
Section 2.2] and £ is the map C* — (GL,, x GL1)(C) defined in Section 2.5.3.

(4) Ifv is a place diving £, then R is de Rham, i.e. for any faithful representation U — GLy
the resulting N -dimensional representation is de Rham.

(5) For any complex conjugation c, the image Rx(c) is (GL, x GL1)(Q,)-conjugate to (I,,,1)c.!

(6) The representation p, obtained in Theorem 2.13 is the projection onto GL,, of the restriction

Rl ry-

The theorem follows from Theorem 2.13 along with the following proposition, which is essentially
a combination of [CHT08, Lemma 2.1.1] and [BG14, Section 8.3].

Proposition 2.20. Let x: Gal(F/F*) — Q, be a character with x(c) independent of the
choice of c. Let np/p+ be the quadratic character of Gal(F/F™) with kernel Gal(F/F). There
s a bijection between:

ISince R(c) has order 2, it is equal to (g, pt)c, where i = +1 and g* = pug. The content of this statement is
that p = 1, after which, by further conjugation, we can ensure that g = I,.
11



(1) Isomorphism classes of representations
R: Gal(F/F*) = “U(Q,)

taken up to GL, x GLi-conjugacy, such that the composite of R and the projection onto
Gal(F/FT) is the identity and such that do R = x.

(2) Isomorphism classes of polarised Galois representations (p, Xl_”ng/F+, (,+)) as in Defini-
tion 2.16 for

e i Gal(F/F) > GL,(Q)),

o x: Gal(F/F*) - @,

e (-,-) a pairing on Q.
In this bijection, R(c) has a representative of the form (A, —x(c))c, where A € GL, (k) defines
the pairing (-, ).

Remark 2.21. The fact that (p,xl_"nF/F+, (+,+)) is polarised is crucial to this proposition.
For example, an essentially conjugate self-dual representation p such that p ~ p; & po, where
p1 is even and ps is odd, would not lift to a representation valued in CU(QZ).

Proof. For o € Gal(F/F), define:

(1) p(o) = pr(R(o)), where pr is the projection map GL,, x GL; — GLy;

(2) (z,y) = ' A~ 1y, where R(c) = (A, uc)c.

Note that, since R(c)? = (AA7 (ue) ™", u2) = (I, 1), we have p. = +1 and AA™t = p.I,, so
that (p, Xl_”ng/pﬂ (+,+)) has sign .. Finally, since d o R = x, we see that x(¢) = —pe, so
—x(c)*~ "ng/lw( c) = —(—pe)' 7 (—=1)" = pl™™ = p, (since p. = 1 whenever n is odd). Hence,
(p,x* " nF/F+, (-,-)) is polarised, as required.

Conversely, given a polarised representation (p, x* "7k S (-,)), for 0 € Gal(F/F), define
R(o) = (p(0),x(0))o

and

R(c) = (4, —x(c))e.
Note that R(c)? = (AA7 H(—x ()™, x(c)?) = (I,

1-n,n

has sign —x(c) 77F/F+( ) = —x(e)' " (=1)"

, 1), because, by definition, (p, Xl_”ﬁrﬁ/pwa(‘a‘))

( X ()~
O

We deduce Theorem 2.19:

Proof of Theorem 2.19. By Theorem 2.13 and [BC11], there is a polarised Galois representation
(pr, 51*”771@/1;ur7 (+,-)) attached to m. By Proposition 2.20, this representation lifts uniquely to a
representation
R.: Gal(F/F*) — “U(Qy)
such that d o R; = ¢, the projection to Gal(F/F*) is the identity and R(c) = (A, 1)c with
A symmetric and non-singular. If A and B are non-singular symmetric matrices, then by
Sylvester’s law of inertia, A and B are congruent over Q,: there exists h € GL,(Q,) such that
hAh! = B. In particular, since A is symmetric, hAh! = I,, for some h, and conjugating R, (c)
by (h,1), we find that
(I, e = (h,1)(A, 1)e(h™1, 1).
12



Hence, R satisfies conditions (1), (2), (5) and (6). Since de Rham representations are potentially
semistable (and vice versa) property (4) follows directly from Theorem 2.13.

It remains to check local-global compatibility at unramified places. Denote by ®(G) the set
of L-parameters of a reductive group G over a local non-archimedean field k (either F,© or
F,, in the following), given by conjugacy classes of admissible homomorphisms W}, x SU(2) —
LG (k) = G(k) x Wj,. Note that the bijection of Proposition 2.20 is induced from a sequence
of L-homomorphisms (i.e. homomorphisms such that that the induced maps on the dual group
are complex analytic and the induced maps on Wy are trivial): “U(a,b) — LU(a,b) —
L(Resp/p+(GLy)). For places v inert in F/F*, (pr ® <€("_1)/2)’GF+ is conjugate self-dual of

parity 1 in the sense of [Mokl5, (2.2.4) and (2.2.5)], as the sign of (pﬁ,el_"n?/F+,<-,->) is
—e(c) = +1. Therefore, for places w of F' both above inert and split primes, it suffices to com-
pare the L-parameters under the injection ®(U(a,b)) < ®(Resp/p+(GLy)) = ®(GLy ) arising
from base change (as opposed to twisted base change; see [Mok15, Lemma 2.2.1]). By the proof
of Proposition 2.20, R(c) = (px(0),e(c))o for o € Gal(F/F). Hence, this compatibility follows
from that of Theorem 2.13, which asserts that the corresponding L-parameter Wg, — GL,,(C)

1-n
matches the one associated to BC(my)y @ | - 0 - O

Remark 2.22. The arguments of this section break down if we try to work with automorphic
representations of GU(a, b) instead of automorphic representations of U(a,b). On the automor-
phic side, the base change map from automorphic representations of GU(a,b) to automorphic
representations of GL,, x GL; is two-to-one (whereas the base change map from U(a, b) to GL,
is injective). In particular, there should be two distinct lifts of the GL,, valued representation
pr to a “GU-valued representation. An analogous version of Proposition 2.20 indeed gives a
two-to-one map from suitable “GU-valued representations to suitable polarised Galois repre-
sentations which preserves the sign at infinity. However, we are unable to show that either of
the two lifts of p; match up to 7 at all unramified primes. In Section 3.6, we will see that the
invariant theory of GU(a, b) suggests that this question is genuinely difficult.

2.6. Galois representations attached to polarised automorphic representations of
GL,

Let F' be a CM field and let m be a cuspidal automorphic representation of GL,,(Ar). Assume
that 7 is essentially conjugate self-dual, i.e. that there exists a Hecke character p: Ay — C*
such that 7¢ = 7 ® p. Furthermore, assume that there exists a character po: A5, /(F1)* —
C* such that y = pg o Nmp,p+ and jig»(—1) is independent of v | co.

Following [FP19], we say that 7 is weakly regular if all its infinitesimal characters for F,, with v |
oo are of the form a, = (a1, ..., any), where the a;, have multiplicity at most two. Moreover,
we say that 7 is odd if the Asai L-function L(s,, Asai-1)" " "e(mo) ®,ual) has a pole at s = 1. For
precise definitions of this Langlands L-function, the representations Asai®: “Res F/F+ (GL,) —
GL(C™ ® C™) and the sign (o), we refer to [FP19, Section 9.1]. We note here that, since 7 is
cuspidal, the Rankin—Selberg L-function

Lir®@7Y,s) = L(s,m,Asai* ® pg ') L(s,m, Asai™ @ ")
has a simple pole since at s = 1, and neither of the Asai L-values vanishes at s = 1.

In [FP19], Fakhruddin-Pilloni combine the results of [GK19] and [PS16] (see Theorem 2.14)
with Mok’s proof in [Mok15] of the Arthur classification for quasi-split unitary groups to obtain:

Theorem 2.23 ([FP19, Theorem 9.10]). Let F' be a CM field and m be a weakly reqular C-

algebraic odd cuspidal automorphic representation of GL,(Ar), such that ¢ = 7 @ u for
13



p: Ay — C* as above. Then there exists a Galois representation
pr: Gal(F/F) — GL,(Qy)

that is unramified at all finite places w 1 £ at which 7 is unramified, satisfies local-global com-
1—

SS

patibility up to semisimplification—i.e. (pr|wy, )*® = recp, (my @ | - [* ) —at unramified places

w, and is such that p& ~ pY @ p,e'~".

[FP19, Theorem 9.11] also proves a result towards local-global compatibility at places dividing
L.

We now deduce Theorem 1.3 from Theorem 1.1.

Theorem 2.24 (Theorem 1.3). Keep the notation and assumptions of Theorem 2.25. If r is an
irreducible subrepresentation of p, that satisfies r¢ ~rV ® puel_" and appears with multiplicity
one in the decomposition of pr into irreducible subrepresentations, then (r, pufsl_”) s odd.

Proof. As explained in [FP19, Section 9.1.2, Theorem 9.6], there is an algebraic Hecke character
¢: Ap — C* such that mp = 7™ ® ¢ is conjugate self-dual (i.e. 7§ = my), and the results of
[Mok15] imply that a C-algebraic odd representation 7y of GL,,(A ) that is conjugate self-dual
descends to a C-algebraic representation 7y of the quasi-split unitary group U(n)/F* (which
equals U(n/2,n/2) for n even and U(%L, 271) for n odd). The definition of weakly regular
is chosen exactly to ensure that this descent is a non-degenerate limit of discrete series (see

Remark 2.15).

The result for my follows therefore from Theorem 1.1, together with Proposition 2.20 and
Lemma 2.18. The result for 7 is then immediate from [BC11, Lemma 2.1]. U

3. LAFFORGUE PSEUDOCHARACTERS AND INVARIANT THEORY

In this section, we prove that a Galois representation constructed as a limit of pseudocharacters
of odd representations is odd, from which we deduce Theorem 1.1. Our method is to reconstruct
the Galois representations using Lafforgue pseudocharacters in place of Taylor’s pseudocharac-
ters. This method was previously applied in a simpler case by the second author in [Weil8| to
prove that the Galois representations attached to low weight Siegel modular forms are valued
in GSpy,.

Lafforgue pseudocharacters were introduced by Vincent Lafforgue as part of his proof of the
automorphic-to-Galois direction of the geometric Langlands correspondence for general reduc-
tive groups [Lafl8]. Rather than following Lafforgue’s original approach [Lafl8, Section 11|, we
use a categorical approach due to Weidner [Wei20]. Our exposition follows that of the second
author in [Weil9)].

3.1. FFS-algebras

Let FF'S be the category of free, finitely-generated semigroups and let FFG be the category of
free, finitely-generated groups. If I is a finite set, let FS(I) denote the free semigroup generated
by I and let FG(I) denote the free group generated by I.

If I — J is a morphism of sets, then there is a corresponding group homomorphism FS(I) —
FS(J). However, not all morphisms in FFS and FFG are of this form.

Lemma 3.1 ([Wei20, Lemma 3]). Any morphism in FFS is a composition of morphisms of the

following types:
14



e morphisms FS(I) — FS(J) that send generators to generators, i.e. those induced by mor-
phisms I — J of finite sets;

e morphisms

FS({z1,...,zn}) = FSHy1, -, Yn+1})

Yi 1<n
Tq .
YnYn+1 T=T.

Any morphism in FFG is a composition of morphisms of the above two types (with FS replaced
by FG) and morphisms

FG({mh R ,.Z'n}) - FG<{y17 cee 73/71})
Ti > {yl_l Z ="
y b i=n.

Definition 3.2. Let R be a topological ring. An FFS-algebra (resp. FFG-algebra) is a covari-
ant functor from FFS (resp. FFQG) to the category R-alg of topological R-algebras. Morphisms
of FFS-algebras and FFS-algebras are natural transformations of functors.

We will be interested in the following two examples:
Examples 3.3 ([Wei20, Examples 1,2]).

(1) Let T" be a topological group and let A be a topological R-algebra. For a finite set I, let
I'" = Homget (I, T). We define a covariant functor
C(I'*,A): FFG — R-alg

as follows. For each finite set I, let C(I'!, A) denote the R-algebra of continuous set maps
I'" — A. Then there is a natural isomorphism

I'" = Homget (I,T) = Homppg (FG(I),T)
and, hence, the association
FG(I) — C(Homppg (FG(I),T), A) = C(I'}, A)

is well-defined. Moreover, a morphism ¢: FG(I) — FG(J) in FFG induces a morphism of
sets

I/ = Homppg (FG(J),I') 2 Homprpe (FG(I),T) =T,
and therefore a morphism of R-algebras

C(T1, A) — C(I7, A).

Hence, the functor
C(T*, A): FG(I) — C(T, A)
is an FFG-algebra.

(2) Let G, X be affine group schemes over R, and let G act on X compatibly with the group
structure on X. For any finite set I, G acts diagonally on X!, and, hence, G acts on the
coordinate ring R[X] of X1.

For each finite set I, let R[X '] be the R-algebra of fixed points of R[X'] under the action of
G. A morphism ¢: FG(I) — FG(J) in FFG induces a morphism of R-schemes X7/ — X7,
and thus a R-algebra morphism R[X7]¢ — R[X”]%. The corresponding covariant functor

R[X*]%: FS(I) — R[xT)¢
15



is an FFG-algebra.

Note that any FFG-algebra is naturally an FFS-algebra. Hence, we may also consider both
C(T*, A) and R[X*]¢ as FFS-algebras.

3.2. Lafforgue pseudocharacters

Let R be a topological ring and let G be a reductive group over R. Let G° denote the identity
connected component of G, which we assume is split. Then G° acts on G by conjugation, and
we can form the FFS-algebra R[G*]¢".

Definition 3.4. Let I" be a topological group and let A be a topological R-algebra. A continuous
G-pseudocharacter of I' over A is an FFS-algebra morphism

0°: R[G*%" — C(I*, A).
Remarks 3.5.

(1) Unwinding this definition recovers Lafforgue’s original definition [Lafl8, Definition 11.3].
Indeed, Lafforgue defines a continuous pseudocharacter as a collection (0,,),>1 of algebra
maps

0,: R[G"Y — C(I™, A)

that are compatible in the following sense:

(a) If n,m > 1 are integers and (: {1,...,m} — {1,...,n}, then for every f € R[G™]¢"
and v1,...7v, € I', we have

where fc(gl? ce ;gn) = f(gC(1)7 ce 79((m))'

(b) For every integer n > 1, f € R[G™]S" and 71,...7n41 € T, we have

Ons1(/) 15+ nr1) = On(F) (71, - -1, YnInt1),
Where f(g17 st 7gn+1) = f(gl7 e agn—hgngn-i-l)'
By definition, an FFS-algebra morphism R[G*]%° — C(I'*, A) consists of a collection of R-

algebra morphisms ©7: R[G']" — C(I'!, A) such that, for any semigroup homomorphism
¢: FS(I) — FS(J), the following diagram commutes:

RIGTE —91, (11, A)

l |

RIG7)E° 91, (1, A)

Here, the vertical arrows are those induced by ¢. By Lemma 3.1, checking that this diagram
commutes for all morphisms ¢ is equivalent to verifying conditions (a) and (b) above.

(2) Suppose that G is a connected linear algebraic group with a fixed embedding G — GL,
for some r. Let x denote the composition of this embedding with the usual trace function.
Then x € Z[G]¢ and, if ©° is a G-pseudocharacter of T' over A, then

0l(x) € C(T, A)

is a classical pseudocharacter. In fact, we will see in Section 3.4 that when G = GL,, ©°
is completely determined by ©!(x) [Laf18, Remark 11.8]. In particular, the notion of a

G-pseudocharacter is a generalisation of the notion of a classical pseudocharacter.
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3.3. Lafforgue pseudocharacters and G-valued representations

The key motivation for introducing Lafforgue pseudocharacters is their connection to G-valued
representations. From now on, assume that R = Z, so that G is a reductive group over Z with
G° split, and A is a topological ring.

Lemma 3.6 ([BHKT19, Lemma 4.3]). Let p: I' — G(A) be a continuous representation of T.
Define
(Trp)®: Z|G*]¢" — C(I'*, A)
by
(Tr p) (f) (()ier) = F((p())ier)
for each finite set I and for each f € Z]GT]¢".

Then (Trp)® is a continuous G-pseudocharacter of T' over A. Moreover, (Trp)® depends only
on the G°(A)-conjugacy class of p.

In fact, in many cases, the converse of Lemma 3.6 is also true. Let k& be an algebraically closed
field and let p: I' — G(k) be a representation of I". If G = GL,, and p is semisimple, then Taylor
[Tay91] (for char(k) = 0) and Rouquier (for (char(k),n!) = 1, see [Rou96] and [Chel4]) proved
that p can be recovered from its classical pseudocharacter. To state the generalisation of this
fact for G-pseudocharacters, we first define what it means for p to be semisimple in general.

Definition 3.7 ([BHKT19, Definitions 3.3, 3.5]). Let H denote the Zariski closure of p(I").
(1) We say that p is G-irreducible if there is no proper parabolic subgroup of G containing H.

(2) We say that p is semisimple or G-completely reducible if, for any parabolic subgroup P C G
containing H, there exists a Levi subgroup of P containing H.

Theorem 3.8 ([Lafl8, Proposition 11.7], [BHKT19, Theorem 4.5]). Let k be an algebraically
closed field. The assignment p — (Tr p)® defines a bijection between the following two sets:

(1) The set of G°(k)-conjugacy classes of G-completely reducible continuous homomorphisms

p: I'—= G(k);
(2) The set of continuous G-pseudocharacters ©%: Z[G*]" — C(T*, k) of T over k.

Remark 3.9. Note that, by [Wei20, Theorem 5], Theorem 3.8 holds with FFS-algebra mor-
phisms (i.e. natural transformations of functors FFS — R-alg) replaced by FFG-algebra
morphisms (natural transformations of functors FFG — R-alg). In particular, we will often
work with G-pseudocharacters ©® that are, moreover, FFG-algebra morphisms 0°: Z[G*]¢" —
C(I'*, k), rather than just FFS-algebra morphisms.

We finish this subsection by recording a generalisation of [Tay91, Lemma 1], which notes that
we are free to change the R-algebra A. This lemma is valid whether we work with FFS-algebras
or FFG-algebras. Part (i) is part of [BHKT19, Lemma 4.4].

Lemma 3.10. Let A be a topological R-algebra, and let T be a topological group.

(1) Let h: A — A’ be a continuous morphism of R-algebras, and let ©° be a continuous G-
pseudocharacter of T' over A. Then h,(©) = ho©°® is a continuous G-pseudocharacter of T’
over A’.

(2) Let h: A — A’ be a continuous injective morphism of R-algebras. Define a collection of
maps ©°, where, for each finite set I, ©F: RG] — C(T'!, A) is a map of sets.

Suppose that ho®® is a continuous G-pseudocharacter of I' over A’. Then ©° is a continuous

G-pseudocharacter over A.
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3.4. “U-pseudocharacters

Definition 3.11 ([Wei20, Definition 3]). Let A® be an FFS-algebra (resp. FFG-algebra).
Given a subset & C | |; A!, define the FFS- (resp. FFG-) span of ¥ in A® to be the smallest
FFS-subalgebra (resp. FFG-subalgebra) B® of A®, such that ¥ C | |, B. We say that %
generates A°® if the span of ¥ in A® is the whole of A°.

Example 3.12. Suppose that k is a field of characteristic 0. By results of Procesi [Pro76], the
FFS-algebra k[GL?%)S™ is spanned by the elements Tr,det™ € k[GL,]%%. Similarly, as an
FFG-algebra, k[GL,’JGLn is spanned by Tr.? If ©° is any GL,-pseudocharacter of a group T’
over k, then, since k is Z-flat, by [BHKT19, Remark 4.2], the data of a GL,-pseudocharacter
is equivalent to the data of a FFS-algebra homomorphism k[GLS]%» — C(I'*, k). Hence, by
[Wei20, Theorem 5], ©° is completely determined by its classical pseudocharacter ©!(Tr) €
C(T, k).

More generally, if R is any ring, then R[GL®]% is generated as an FFS-algebra by s;,det ™! €
R[GL,)%%, where s; is the i*" coefficient of the characteristic polynomial [DCP17, Theorem
1.10]. In particular, if ©® is any GL,-pseudocharacter, ©° is completely determined by the
maps ©'(s;), 0 (det ™) € C(T, k).

Recall from Lemma 2.10 that €U = U x Gal(F/F1), where U 2 GL, x GL; and Gal(F/F*)
acts via the quotient Gal(F/F™): if ¢ € Gal(F/F*) is the non-trivial element, then c¢- (g, u) =
(g7 tu!=™, ). For the remainder of this section, we work with the quotient

(GL,, x GL1) x Gal(F/F™),

which, abusing notation, we will continue to call “U. Note that if p: Gal(F/FT) — (GL, x GL;)x
Gal(F/F™T) is any representation such that p(c) projects to ¢ € Gal(F/F™), then there is a
unique lift of p to a representation valued in “U such that p(c) projects to o € Gal(F/F*) for
all 0. Hence, we lose nothing in replacing ©U by its quotient.

In the remainder of this subsection, we prove the main technical result of this paper, in which

we compute a generating set for Z[CU°][7 as an FFG-algebra.

Theorem 3.13. As an FFG-algebra, Z[CU'](7 is spanned by the elements

o (9,1) = sm(9) (9. m)c — 0,
o (g,1) — p (9,m)c =0,
e (g.p4) = 0 (9. 0)c = p,
of Z[CU]ﬁ. Here, Sy, m=1,...,n, is the m™ coefficient of the characteristic polynomial.

Proof. We begin by making some reductions.
Lemma 3.14. Let H = GL,, x GL1 and let r € N. Then
zCv = [ ziE).
2€Gal(F/F+)"
Proof. For an affine scheme Xz, write Z[X] for the Z-algebra such that X = Spec(Z[X]). We
have H = GL,, x GL; = 5 Let
CU" JH := Spec(Z[CU"H),
2If X € GLy,, then det(X) can be expressed as a polynomial in Tr(X?). Hence, as an FFG-algebra, det ™" is

in the FFG-subalgebra generated by Tr.
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where H acts by diagonal conjugation, and let
m: YU = CUT JH
be the quotient map. As a Z-scheme,
CUT‘ — |_| (HT).T,
z€Gal(F/F+)"
where the subsets (H" )z C CU" are closed and pairwise disjoint. Hence,
zvl= ] zZ(HE)a).
2€Gal(F/F+)r

Moreover, the subsets (H")x are stable under the conjugation action of H. Hence, by [Ses77,
Theorem 3], the subsets 7((Hx)") are closed, disjoint subsets of “U” J/H and, since 7 is surjec-
tive, we see that
CUr JH = || =(H")).
w€Gal(F/F+)"
It follows that
zfut = I zi#HED))"
z€Gal(F/F+)T
O

Consider a component (H")z, where x = (¢,...,¢,1,...,1). Recall that (v,v) € GL,, x GL;
——— N——

r1 times 7o times
acts by conjugation on H and as

(g, e = (vgr'v" ', )
on He. Since GL,, x GL1 acts trivially on the GL; component, we have
Z[HJ" = Z|GL] ® Z[GL,)",
where the action of H on GL, is given by (y,v) - g = ygy'v" L. In particular, we see that
(3.1) Z[(H")z]" C Z|GLY] ® Z[GL x GL2]Ckn,

where the action of GL,, on the first 71 copies of GL,, is by v - g = vg7* and the action on the
second ro copies is by conjugation.

In what follows, we compute a generating set for Z[GL}] ® Z[GL"! x GL72]%%n | Tt will turn out
that these generators are all elements of Z[(H")x]", from which it follows that the inclusion in
(3.1) is an equality.

Now, the map GL,, < M, x M,, that sends g — (g,g~!) is a closed embedding. Hence, by

[Ses77, Theorem 3], the restriction map

(3.2) Z[MTH x Mt x MT2 x M72)9En 5 ZIGLT x GL72|Gbn

is a surjection.

Consider Z[M;! x M7t x M72 x MZQ]GL". Here, v € GL,, acts on an element
(Al, oy Ar, B, .., By Oyl CQrg) S Mir1+2r2

by taking it to

(7A17t, .. ,yArlfyt, 'y_tBly_l, . ,y_tBh'y_l,VC’lv_l, ... ,7027»2/7_1).

For the remainder of the proof, we will denote matrices in M,, by A, B or C depending on how
GL,, acts as above.
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Lemma 3.15. The ring Z[M"! x M"t x M272]GLn s spanned by
{(Ala---;Arlthu-7B7‘1;Cl;---702r2) i—)Sm(M) tm = 1,...,n},

where s, is the m™ coefficient of the characteristic polynomial and M varies over the free
semigroup generated by

{Cy, AiN'B;, AiN'B;, AIN'BS, AIN'BS : 1 <i,j <r1,1 <k <2rp}
where N is in the free semigroup generated by {C; : 1 < i < 2rg}.

Proof. If k is an arbitrary infinite field, then by [Zub99, Theorem 2.1], the ring k[M7! x Mt x M2"2]GLn
is generated by the maps

{(Al,...,Arl,Bl,...,Brl,Cl,...,C’Qm) — Sm(M) tm = 1,...,TL},
where s,, is the m'" coefficient of the characteristic polynomial and M varies over the free
semigroup generated by

{Cy, AiN'B;, AiN'B;, AIN'BS, AIN'BS : 1 <, j <r1,1 <k <2y},
where N is in the free semigroup generated by {C; : 1 < i < 2rg}.

Note that, although Zubkov’s result is stated only in the case that r; = 1, the proof works in
general.

To deduce the result over Z, we use an argument similar to that in [DCP17, 15.2.1]. To ease
notation, for any ring R, we will write R[M"] instead of R[M"! x M"! x M2™2] and we will write
R[smm(M)] for the subring of R[M] ] generated by the elements in the statement of the Lemma.

Suppose for contradiction that Z[s,,(M)] € Z[M~]%n. For each prime ¢, let Zy denote the
localisation of Z at £. By [Ses77, Lemma 2|, for every /,

Z|M) D) @5 Z gy = Ly M) 20,
Since localisation is exact and Z[s,, (M)] € Z[M~]%%» there exists some £ such that Zplsm(M)] S
Z )M},
Note that GL,(Z(y)) is Zariski dense in GL,(Q). Hence,
QUM O = QAo ().

Moreover, we have
Z oy [ Z0) = QM 0 Z) M7

For each prime /¢, from the exact sequence
1
0= Z[M}] == Zgy [M},] — F[M7)]
we obtain an exact sequence
0 = Zp M 51 2000 25 7, [ 51 0] 5 T M O ().

Here, we are using the fact that GL,(Z)) — GL,(F) is a surjection. Hence, we have an
injective map
Zp ML) @ Fy < F[M;,] 50,

Now, Zy[sm(M)] is a subring of Z,[M}]%" and the two rings coincide over Q. Suppose for
contradiction that

Zoy[sm (M)] © Zg) [M7,] 5.
Then there exists some degree d = (dy, . ..,d,) such that there is a strict inclusion

Zpy[sm(M)]a S Zgy [M7]G™"
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of multihomogeneous components of degree d. Note that both Z)[sm(M)]g and Z [M;]dGL"

are finitely generated Z-modules. Hence, by Nakayama’s lemma, the map
Z (o) [sm(M))a ® Fe = Zio M;IG™" @ Fy = Fy M5

is not surjective. Since, by definition, this map factors through Fy[s,,(M)]4, we find that
Fylsm(M)]g C Fo[M5)G5. Tt follows that, Fy[s,,(M)] C Fg[M:]Gn,

Now, if k is any infinite field of characteristic £, then, by [Ses77, Lemma 2], F,[M7]% @p, k =
k[M" ]S Since field extensions are faithfully flat, we obtain a strict inclusion

klsm(M)] S KM )0,

contradicting Zubkov’s above result. The result follows. U

Unwinding Lemma 3.15 via (3.2), we see that the ring of invariants Z[GL"! x GL2]G» is
spanned by

{(g1y -+ s Griy Pryt1s e oy Ppygry) > S(M) :m =1,....,n},
where M is in the free group generated by

{ s giN' T giN'g 1 < i S+ 1S k<
where N is in the free group generated by {h; : 71 +1 <i <7y +ro}.

Note that all these generators are further invariant under the action of GL,, x GL; on GL, by
(7,v) - g = vgy'v™ 1. In particular, the inclusion of (3.1) is an equality.

Now, Z[GL]] is generated by functions mapping (j1, .. ., tt) to an element of the free semigroup
generated by {ui,,ui_l : 1 <i < r}. Hence, using (3.1), we see that, for z = (¢,...,¢,1,...,1),
——— ——

r1 times 7o times
the ring of invariants Z[H"z] is generated by maps

{((gl, Ml)cv SRR (gﬁnu’m)cv (hh+1’ MT1+1)7 SRR (hrl+7‘27 :u7“1+7‘2)) = Ari=1,... ,TL} )
where A falls into one of the following two cases:

o \ = 5, (M) for some m =1,...,n and M is in the free group generated by
{ s giN' T giNYg 1 < i S+ TSRS+
where N is in the free group generated by {h; : 71 +1 < i <7y +ra}.
e )\ is in the free group generated by {u; : 1 <i <r; +ra}.
Finally, observe that if (g;, pii)c, (95, 1tj)c € He and (N, ) € H, then
I

(gi pi)e - (N, )~ (g5, mj)e = (giN'g; (™)' " papgn™') € H

and
n

(gis pa)e - (N, @)™ (g7, 5)e) ™" = (N g5 ™™t e ') € HL

We see, for example, that the invariant
F (90> mi)es (95, mi)e) = Tr(gig; ")
in Z[“U% is equal to the product of the map (gj, j1;)c u;-‘_l € Z[°UJf with the map

(9, 1) = Tr(g)

applied to the product of (g;, pi)c and (gj, ptj)c. Thus, f is in the FFG-algebra span of the two

elements (g, i) — Tr(g) and (g, p)c — p of Z[CUJH.
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Similarly, by repeatedly applying the above relations along with Lemma 3.1, we see that the
elements s,,(M), where M is in the free group generated by

{hk7githj_1agithj_t l1<i,j<r,n+l1<k< 7’1+?"2},

are already in the FFG-algebra span of the elements

e (g,p) — sm(9) (g, ) — 0, m=1,...,n

o (g.p) = p (9,p)c = 0,

e (g,1) = 0 (g, e = p,

from which Theorem 3.13 follows. (]

3.5. Oddness in low weight

We can now prove Theorem 1.1. The precise statement is as follows:

Theorem 3.16 (Theorem 1.1). Let F be a CM field with totally real subfield F*. Let 7 be a C-
algebraic cuspidal automorphic representation of U(a,b)(Ap+) such that, for each archimedean
place v of FT, m, is a discrete series or a non-degenerate limit of discrete series representation.
Then, for each prime € at which 7 is unramified, there exists a continuous, semisimple (in the
sense of Definition 3.7) Galois representation

Rr: Gal(F/FT) = “U(Q,)
such that:
(1) The composition of R, with the projection “U(Q,) — Gal(F/F*) is the identity.
(2) The composition of Ry with the map d: U — G, is the cyclotomic character ¢.

(3) Ry satisfies local-global compatibility at unramified primes: for each place v of F' ly-
ing over a rational prime p # £ at which both F and © are unramified, the local repre-
sentation (R7r|WF+ )% is GLy x GL1-conjugate to the representation sending w € Wi+ to

T, (W)E(|W|Y2), where ry, is the local Langlands correspondence normalised as in [BG14,
Section 2.2] and £ is the map C* — (GL,, x GL1)(C), defined in Section 2.3.3.

(4) For any complex conjugation c the image R(c) is (GL, x GL1)(Qy)-conjugate to (I, 1)c.

Proof of Theorem 8.16. The result follows by replacing Taylor’s pseudocharacters with Laf-
forgue’s pseudocharacters in the proof of [GK19, Theorem 10.5.3]. Let T be the abstract Hecke
algebra generated by the Hecke operators of U(a,b)(Ar+) away from the conductor of m, the
discriminant of F'/Q and ¢. Let E be the finite extension of Q, generated by the Hecke param-
eters of 7, and let #: T — Opg be the Hecke map associated to m. Then [GK19] consider the
reductions of # modulo ™ for m > 1, which correspond to eigenclasses in coherent cohomology
of the reduction of the Shimura variety corresponding to U(a,b) modulo ¢™.

In [GK19, Theorem 10.4.1], they associate Galois representations to such torsion classes by
proving that these Hecke maps factor through a Hecke algebra T, acting on cuspidal automor-
phic representations of U(a,b)(Ap+) with regular discrete series. In particular, they produce
(see [GK19, (10.6.2)]) a sequence of Galois representations

pm: Gal(F/F) — GLy(Ty ® Q)

such that:
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e T, is the Hecke algebra (which [GK19] denote by H*T (v + akn,), with a,k depending on
m) parametrising automorphic representations of U(a,b)(Ap+) of a certain regular weight
depending on m. In particular, T, ® Z, is reduced and flat as a Zg-algebra (which follows
e.g. from [HLTT16, Lemma 5.11]).

e For each m, the map 6: T — O — Opg/{™ factors through a map r,,: T,, — Og/¢™. In
other words, the Hecke eigenvalues of m are congruent modulo ¢™ to the eigenvalues of a
regular form 7, of U(a,b)(Ap+).

By Theorem 2.19 the Galois representation p,, lifts to a representation
Rp: Gal(F/F') = “U(T,, @ Q)

such that R (c) is conjugate to (In,1)c. Let ©F, be the CU-pseudocharacter of Gal(F/F™)
over T, ® Q, attached to R,, by Theorem 3.8. By Remark 3.9, we may consider ©7, as an
FFG-algebra morphism. Hence, by Theorem 3.13, ©7, is completely determined by

Om(f): Gal(F/F") = T @ Qy,

where f varies over the elements

o (g,1) — si(9) (g, p)c = 0, i=1,...,n
o (g,p) = p (g,pm)c = 0,
o (g,u) = 0 (9, m)c — p,

of Z[°UJY. Note that, since T,, ® Z; is flat, T,, ® Z; — T,, ® Q,. Since the characteristic
polynomial of p,, has coefficients in T,, ® Z; and since d o R, = ¢, it follows that, for each
such f, ©,,(f) factors through T,, ® Z,;. Thus, by Lemma 3.10, ©%, is a ©“U-pseudocharacter of
Gal(F/F7*) over T,, ®Z,. In particular, this argument promotes the Taylor pseudocharacter of
[GK19, (10.6.3)] to a Lafforgue pseudocharacter, thereby strengthening [GK19, Theorem 10.4.1].
Hence, composing ©?, with the map r,,, we obtain a C'U-pseudorepresentation of Gal(F/F™)
over Og /™. Moreover, if m’ > m, then

(rm 0 Om)® = (rpy ©Opy)®  (mod £M).
Hence, we can form a ©U-pseudocharacter

©* = lim(ry, 0 On)°

m

of Gal(F/FT) over Og. Viewing Og as a subalgebra of Q, and applying Theorem 3.8, we
obtain the Galois representation

R: Gal(F/FT) = “U(Q,).

That R;(c) is conjugate to (I, 1)c follows from the fact that ©(f) is the limit of ©,,(f) when
f is the map

(g,p) = 0 (g,p)c = p

The fact that R, satisfies local-global compatibility at unramified primes follows from the fact
that ©(f) is the limit of ©,,(f), where f is one of the elements

e (9,1) = si(g) (g, m)c = 0,
e (g,p) = p (g, p)c — 0.
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3.6. GU(a, b)-representations

We conclude by highlighting a constraint to our approach and why it cannot be used to prove
an analogous result for automorphic representations of GU(a, b).

The key input to the above proof is Theorem 3.13, which shows that Z[CU']ﬁ is spanned by
elements of Z[CU]U and, therefore, that any “U-pseudocharacter ©° is completely determined
by its action on elements of Z[CU]U. This input is crucial in proving that the pseudocharacters

©?., which were a priori defined over T ® Q,, are actually defined over T ® Z,. Indeed, it is

m?

only the elements f € Z[CU]I7 for which the map ©,,(f): Gal(F/FT) — T ® Q, can be related
to automorphic data by viewing its action on Frobenius elements.

On the other hand, this key input does not hold for the C-group of GU(a,b) when n = a + b is
even. By [BG14, Prop 5.3.3], we have

GLn X GL1 X GL1
<((_[n)n—17 17 _1)>

where ¢ € Gal(F/F1) acts on (g, \, i) € % by

¢ (g A ) = (Png '@, det(g)A, ).
Similarly to the case of SOg, (c.f. [Wei20, Lemma 18]), the full polarisation pl of the Pfaffian
function (g, A\, p)c = A - pf(g®up — (g®np)?) is an element of Z[CGU"|SY that cannot be

generated by elements of Z[CGU}@. We see that, when a + b is even, the FFG algebra
Z[CGU']ﬁ is not generated by elements of Z[CGU]GTJ.

QU

x Gal(F/F*)

The failure of Theorem 3.13 for  GU is closely related to the fact that “GU is not an acceptable
group (c.f. [Lar94] and [Wei20, Theorem 19]): there exist © GU-valued representations that are
everywhere locally conjugate but not globally conjugate.® In particular, if ©° is pseudocharacter
attached to a GU-valued representation, then the actions of ©(f) on Frobenius elements for

fe Z[CGU]E;IVJ are not enough to uniquely determine ©°.

For example, when n = a + b is a multiple of 4, the two representations

Ry, Ry: (Z/AZ)* — ©GU(Qy)
defined by

Rui: (0,1) = <<Im ¢m> <1>n,1,1> G (1,0) <<‘Dm Im> <1>n,1,1> c

Ro: (0,1) — <(<"Im o )@n,1,1> G (1,0) - ((C"‘pm o >c1>n,1,1> ‘.

th

and

where (, is a primitive n** root of unity, are everywhere locally conjugate, but are not globally

conjugate.

3Two representations p1,p2: I' — G(k) are everywhere locally conjugate if, for every v € T, there exists
g € G(k) such that pi(v) = gp2(7)g~'. They are globally conjugate if g can be chosen independently of ~.
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