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Entanglement is a powerful tool for quantum sensing, and entangled states can greatly boost
the discriminative power of protocols for quantum illumination, quantum metrology, or quantum
reading. However, entangled state protocols generally require the retention of an idler state, to which
the probes are entangled. Storing a quantum state is difficult and so technological limitations can
make protocols requiring quantum memories impracticable. One alternative is idler-free protocols
that utilise non-classical sources but do not require any idler states to be stored. Here we apply
such a protocol to the task of channel position finding. This involves finding a target channel in a
sequence of background channels, and has many applications, including quantum sensing, quantum
spectroscopy, and quantum reading.

I. INTRODUCTION

Channel position finding (CPF) is a little-investigated
but important subcategory of quantum channel discrimi-
nation (QCD). In QCD, we know that an unknown chan-
nel is drawn from a set of possible channels and our goal
is to determine which element of the set it is. In CPF,
we have a sequence of channels, all but one of which are
identical. The dissimilar channel is the target channel,
the remaining channels are background channels, and our
goal is to determine the label of the target channel (i.e.
find its position in the sequence). This can be expressed
as a special case of QCD by considering the entire se-
quence of channels to be a single multi-channel and the
channel sequences given by the different label options to
be the elements in the set of possible multi-channels.
Channel position finding is a far less studied task than

binary channel discrimination. Discrimination between
multiple possible quantum states has been investigated,
resulting in, for instance, the development of the pretty
good measurement (PGM) [1, 2]. However, little research
has been conducted on the error probability for discrim-
inating between multiple possible quantum channels.
Recently, Zhuang and Pirandola. [3] formulated a se-

quence of lower bounds on the error probability of iden-
tifying one channel from a set of possible channels that
hold for any set of possible qudit channels and for the
most general adaptive protocols, based on channel sim-
ulation using PBT. The bounds were simplified for sets
of channels that are jointly teleportation covariant and
hence it was shown that the optimal discrimination pro-
tocol for such a channel set is non-adaptive. This is a
result that was previously only known to hold for binary
discrimination [4].
An important case of CPF is locating a (bosonic)

thermal loss channel with a different transmissivity or
induced noise amongst a sequence of background lossy

channels. This is a task with applications in quantum il-
lumination [5–7], spectroscopy [8, 9], and quantum read-
ing [10, 11]. In quantum illumination, one may know
that a target is present in one of several locations but
not know where. A discrimination protocol could involve
probing the possible locations with light then collecting
and carrying out a measurement on the return states.
The different losses and induced noises experienced by
the probes, depending on whether they encountered the
target or not, could be modelled as different lossy chan-
nels. A similar situation could arise in spectroscopy. In
this scenario, the different channels could represent the
optical absorbance of an unknown substance at different
frequencies. Since different substances have different ab-
sorption spectra, finding the position of an absorption
line could be equivalent to identifying the substance. In
quantum reading, the reflectivity of a memory cell takes
one of two possible values - encoding one of two possi-
ble bit values - and so readout is performed by probing
the cell with signal states and discriminating between
the possible channels. However, one could also consider
a formulation in which bits are instead encoded in the
position of a cell with a higher or lower transmissivity
than the others [12].

Zhuang and Pirandola [12] upper bounded the perfor-
mance of classical CPF protocols (meaning non-adaptive
protocols for which the signal states have a positive P-
representation) and compared them to a specific quan-
tum protocol involving entangled states. This protocol
involves sending the signal modes of two-mode squeezed
vacuum (TMSV) states through the channels and then
measuring them with a proposed new type of receiver
called the generalised conditional nulling (CN) receiver.
They thereby showed that protocols of this type show a
quantum advantage in some regimes.

Despite the advantages of this kind of quantum pro-
tocol, storing the idler modes of the probe states is a
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difficult task. In order to benefit from the use of an idler,
it must be stored in a quantum memory, potentially for
a long time (if the signal states take a significant amount
of time to pass through the channels). Building quantum
memories that simultaneously have a long storage time
and a high memory efficiency is still a challenging area
of research [13–15]. The advantage of idler-free protocols
(i.e. quantum protocols that do not involve idlers) is that
they can be easier to implement. Hence, the idler-free
case is worth investigating, since this will tell us whether
we can still achieve a quantum advantage even in the
technologically limited case in which we do not have a
quantum memory that can store an idler.
GHZ states have been shown to be useful for parameter

estimation in quantum metrology, especially for low loss
scenarios [16]. This suggests that a continuous variable
GHZ state could prove useful for CPF.
In this paper, we start by describing the problem of

idler-free channel position finding. We then present the
output fidelities (the Bures fidelity between the possible
outputs) for the classical and bipartite entangled proto-
cols. We calculate the output fidelity for a protocol using
continuous variable GHZ states as probes, which we call
the idler-free protocol, and then investigate the behaviour
of the various output fidelities, including in the limits of
small differences in transmissivity and of large numbers
of photons in the probe states. We then introduce what
we call the mixed strategy: a protocol that combines as-
pects of the classical protocol and the idler-free protocol
to improve on both (whilst still not requiring an idler).
Finally, we apply our results to position-based quantum
reading.

II. PROBLEM SPECIFICATION

A. General model (quantum pattern recognition)

We are presented with a sequence of m black boxes.
Each of these contains a bosonic quantum channel drawn
from a known ensemble of possible channels. Let us start
by describing the more general problem of quantum pat-
tern recognition, before discussing the specific scenario
of CPF that we will be considering here.
Assume we have a label 0 ≤ i ≤ A − 1 and a single-

box channel ensemble {Ei} spanned by the label (A is
the size of the alphabet). In other words, the label of a
box specifies which of the A possible channels is in that
box. We define a channel pattern over the m boxes as a
sequence i := i0, · · · , im−1, with an associated probabil-
ity πi, labelling a multi-channel Em

i := Ei0 ⊗ · · · ⊗ Eim−1
.

An ensemble of possible patterns is then a set of multi-
channels with a corresponding probability distribution,
{πi, Em

i }.
Our input state is an m-system probe, ρ. This gives

rise to an ensemble of possible output states {πi, ρi}
where ρi := Em

i (ρ). Now assume that we probe the
pattern M times with M copies of the input state,

ρ⊗M , so that the generic output takes the form ρ⊗M
i :=

[Em
i (ρ)]

⊗M
. We measure this output using a collec-

tive positive operator-valued measurement, with mea-
surement operators Πj. This defines a specific type of
non-adaptive discrimination protocol. We have the asso-
ciated conditional probabilities

p(j|i) := Tr
(

Πjρ
⊗M
i

)

, (1)

and we may define the success probability

psucc(ρ) :=
∑

i

πip(i|i), (2)

or the equivalent error probability perr(ρ) = 1− psucc(ρ).
We have (a sufficient condition for) quantum advantage

when (an upper bound for) the error probability associ-
ated to a quantum source is less than (a lower bound for)
the error probability associated to a classical source.
For symmetric state discrimination, there are general

bounds from Refs. [17–20]. In particular, for any ensem-

ble of mixed states {πi, ρ
⊗M
i } we may write the following

upper bound [19]

perr ≤
∑

i 6=j

√
πiπjF

M (ρi, ρj), (3)

where we have used the multiplicativity of the fidelity
over tensor products. Eq. (3) is a bound on the perfor-
mance of a PGM [1, 21, 22]. Then, we may write various
lower bounds. In particular, Ref. [23] derived

perr ≥
1

2

∑

i 6=j

πiπjF
2M (ρi, ρj). (4)

These bounds do not depend on the dimension of the
channels,d. Their proofs hold for any finite d and also
for infinite d as long as the states are bona-fide (energy-
constrained) quantum states.
If the probability is uniform over a subset of the pat-

terns with size N (and 0 for all other patterns), then we
can set πi = N−1 for the patterns with non-zero proba-
bility and simplify the bounds using the replacements

∑

i 6=j

√
πiπj → N − 1,

∑

i 6=j

πiπj →
N − 1

N
. (5)

B. Idler-free channel position finding

CPF corresponds to the case in which the single-box
channel ensemble is binary, {Ei} = {EB , ET }, and the
patterns are all permutations of i := T,B, · · · , B with
equal probability 1/m. In other words, all of the chan-
nels are identical background channels except for a sin-
gle target channel, and the task is to locate the target
channel. For CPF, the pattern i can equivalently be
represented by the position of the target, i, so that we



3

can simplify the notation {πi, Em
i } into {πi, Em

i }, where
Em
i := E(0)

B ⊗· · ·⊗E(i)
T ⊗· · ·⊗E(m)

B and 0 ≤ i ≤ m−1. We
denote by hi the hypothesis that our sequence of channels
is the multi-channel Em

i . For the specific CPF scenario
that we consider here, both the target channel and the
background channels are pure-loss channels, albeit with
different transmissivities.
Using the previous notation, we have A = 2 and the

probability is uniform over the subset of the patterns that
have exactly one occurrence of the label i = 1. In this
case, we can use the replacements in Eq. (5) with N = m,
so that

perr ≤ (m− 1)FM (ρi, ρk), (6)

perr ≥
m− 1

2m
F 2M (ρi, ρk). (7)

The protocols we consider send fully symmetric Gaus-
sian states through the sequence of channels. As per the
general model, we use M copies of the input state for
the M probes of the sequence of channels, so that the
output state has tensor product form (with respect to
separate uses of the channel sequence). The input states
that we consider are idler-free, meaning we do not retain
any modes that are entangled with the signal modes be-
fore they are sent through the channels. We allow entan-
glement between the signal states for each channel, but
constrain the total mean number of photons sent through
the channel sequence.

III. OUTPUT FIDELITY CALCULATION

Due to the tensor product form of the probes that we
are using, the key quantity that we must calculate in
order to evaluate our bounds on the error probability is
the fidelity between possible output states for a single use
of the channel sequence (the one-shot output fidelity),
F (ρi, ρk). In fact, if we wish to prove the existence of
a quantum advantage using Eqs. (6) and (7), the sole
determinant of whether we will be able to prove that a
protocol A gives a lower error probability than a protocol
B for some number of probes,M , is whether the condition

FA(ρi, ρk) < F 2
B(ρi, ρk) (8)

holds, where FA(B) is the output fidelity for protocol A
(B). More specifically, let p

A(B)
err be the error probability

for protocol A (B) and let rAB be the ratio between them.
Using the upper bound on pAerr and the lower bound on
pBerr (from Eqs. (6) and (7)), we get

rAB =
pAerr
pBerr

≤ 2m

(

FA
F 2
B

)M

. (9)

We can immediately see that if the condition in Eq. (8)
holds then there exists some value of M beyond which
rAB < 1 and hence that the upper bound on the error

probability of protocol A is less than the lower bound on
the error probability of protocol B.
Note that even if the condition in Eq. (8) does not

hold, if the output fidelity for protocol A is less than
the output fidelity for protocol B, this is an indication
that protocol A may outperform protocol B, since the
output fidelity is a measure of the distinguishability of
the possible outputs.

A. Output fidelity for the classical and bipartite
entangled protocols

There are two protocols that form natural points of
comparison for the idler-free protocol (and for the mixed
strategy): the optimal classical protocol (i.e. the optimal
non-adaptive protocol that uses probes with a positive P-
representation) and a protocol that uses a tensor product
of m individual TMSV states as the input and sends one
mode of a TMSV state through each channel, retaining
the other mode as an idler (which we will call the bi-
partite entangled protocol). If our idler-free protocol is
no better than the best classical protocol, this suggests
that there is little benefit to using a quantum source. If
the bipartite entangled protocol has a performance that
is similar to that of the idler-free protocol, this is an in-
dication that we lose little in terms of performance by
limiting ourselves to idler-free protocols.
Let us start by giving the output fidelity and a lower

bound on the error probability for the optimal classical
protocol (which we will henceforth simply refer to as the
classical protocol), as calculated in Ref. [12]. Lemma 4
of Ref. [12] assumes a global energy constraint of mMNS

mean photons, with M modes irradiated over each of the
m boxes. The minimum output fidelity for a classical,
non-adaptive protocol is

F class(ρ0, ρ1) = exp
[

−MNS(
√
ηB −√

ηT )
2
]

, (10)

which has no dependence on the number of channels.
An optimal probe saturating this bound is the tensor-
product state ⊗m

k=1

∣

∣

√
MNS

〉

k
. The error probability for

such a protocol is then lower bounded by

pclasserr (m,M) ≥ m− 1

2m
exp

[

−2MNS(
√
ηB −√

ηT )
2
]

,

(11)
which holds with no restriction on the number of modes
irradiated per box (so long as the energy constraint
holds).
We can also give an achievable upper bound on the

error probability, in order to give a point of comparison
for other protocols. For pure output states (which we
obtain, since all of the channels in our ensemble are pure-
loss channels), we can use the PGM to achieve the error
bound [12, 24]

pclasserr ≤ m− 1

m2
(
√

1 + (m− 1)F class −
√

1− F class)2.

(12)
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Let us consider the bipartite entangled protocol. In
this case, the input state for each channel is the TMSV
state Φµ, with the first mode retained as an idler and the
second mode probing the box. The covariance matrix
(CM) of Φµ (for vacuum noise 1) is

V =

(

µI µ′
Z

µ′
Z µI

)

,
µ = 2NS + 1,

µ′ =
√

µ2 − 1,
(13)

where NS is the mean number of photons sent through
each channel (and is the same for every box) and Z is the
Pauli Z-matrix.
Note that in this (and the classical) case, the possi-

ble output states can all be written as tensor products
of the output states of each channel. Any two possible
outputs (for a single use of the channel sequence), ρi and
ρj (where the subscript, as usual, labels the target posi-
tion), will differ in only two subsystems: the subsystems
corresponding to the individual probes used for the i-th
and j-th channels. Due to the multiplicativity of the fi-
delity with respect to tensor products, the output fidelity
can be calculated taking into account only these two sub-
systems (but including both the signal states and their
respective idlers).
Tracing out the other subsystems, we can write the

reduced output states, ρ′i and ρ′j , as

ρ′i = (11⊗ ET )(11⊗ EB)[Φ⊗2
µ ] = χµ

ET
⊗ χµ

EB
, (14)

ρ′j = (11⊗ EB)(11⊗ EB)[Φ⊗2
µ ] = χµ

EB
⊗ χµ

ET
, (15)

where χµ
E is the finite energy approximation of the Choi

matrix of channel E . We can therefore calculate the out-
put fidelity using

F (ρi, ρj) = F (χµ
ET

, χµ
EB

)2, (16)

where the covariance matrices of χµ
EB

and χµ
ET

are

Vχ
µ
EB

=

(

µI
√
ηBµ

′
Z√

ηBµ
′
Z (ηBµ+ (1− ηB))I

)

, (17)

Vχ
µ
ET

=

(

µI
√
ηTµ

′
Z√

ηTµ
′
Z (ηTµ+ (1− ηT ))I

)

. (18)

The resulting formula for the output fidelity is

F bipartite = (1+NS(1−
√

(1− ηB)(1− ηT )−
√
ηBηT ))

−2,
(19)

which again has no dependence on m.

B. Output fidelity for the idler-free protocol

We now move on to the idler-free protocol. In this case,
our probe, Φm

µ , is anm-partite, fully symmetric Gaussian
state. The mean photon number per channel is NS . The
input state, ρin, has the CM

Vin =













µI Γ . . . Γ

Γ µI
. . . Γ

...
. . .

. . .
...

Γ Γ . . . µI













, Γ := diag(c1, c2), (20)

which has a simple symplectic spectrum, namely the two
eigenvalues [25]

ν− =
√

(µ− c1)(µ− c2) (21)

ν+ =
√

[µ+ (m− 1)c1][µ+ (m− 1)c2] (22)

where ν+ is m− 1 times degenerate. We will henceforth
assume c1 = −c2 := c. From the bona fide condition
ν± ≥ 1 (and V > 0) we can derive

|c| ≤
√

µ2 − 1

m− 1
. (23)

Let us assume maximal correlations:

cmax = (m− 1)−1
√

µ2 − 1. (24)

Note that, for c = cmax, ν+ = 1, but ν− > 1 unless
m = 2. Consequently, Φm

µ is not pure.
The first mode probes the first box, the second probe

probes the second box, etc. Under hypothesis hi, i.e. for
the multiple pure-loss channel

Em
i := E(0)(ηB)⊗· · ·⊗E(i)(ηT )⊗· · ·⊗E(m−1)(ηB), (25)

we have the output CM

Vi =























∆B · · · ΓB ΓT ΓB · · · ΓB

...
. . .

...
...

...
...

ΓB ∆B ΓT ΓB · · · ΓB

ΓT · · · ΓT ∆T ΓT · · · ΓT

ΓB · · · ΓB ΓT ∆B ΓB

...
...

. . .
...

ΓB · · · ΓB ΓT ΓB · · · ∆B























, (26)

where we have defined

∆B := (ηBµ+ (1− ηB))I, ∆T := (ηTµ+ (1− ηT ))I,
(27)

ΓB = ηBcmaxZ, ΓT =
√
ηBηT cmaxZ. (28)

For the binary case (m = 2), our two possible output
CMs are

V0 =

(

∆T ΓT

ΓT ∆B

)

, V1 =

(

∆B ΓT

ΓT ∆T

)

. (29)

Then, applying the formula for the fidelity of a Gaussian
state from Ref. [26], we get

F idler−free,binary =(1 +NS(ηB + ηT − 2ηBηT

− 2
√

ηBηT (1− ηB)(1− ηT )))
−1.

(30)

The output fidelity for the m = 3 case is calculable in a
similar way.
Let us now address the more complicated case of m >

3. Whilst the formulae in Ref. [26] apply for any number
of modes, the calculations involved become much more
difficult for large m. Therefore, it is helpful to reduce the
calculation of the fidelity between two m-mode states to
a far more tractable calculation of the fidelity between
two 3-mode states.



5

1. Reduction of the output fidelity calculation

F (Vi, Vj) = F (V1, V2) for all i 6= j, so it suffices to
calculate F (V1, V2). Let {âi} be the set of annihilation
operators for all of the modes. We can transform {âi}
via the unitary

U = I1,2 ⊗ U ′ (31)

where I1,2 is the identity on modes 1 and 2 and where U ′

has elements

U ′
jk =

eijkφ√
m− 2

, φ =
2π

m− 2
. (32)

We can verify that U ′ is a valid unitary by writing

(U ′U ′†)jk =
1

m− 2

m−2
∑

l=1

ei(k−j)lφ (33)

= δjk. (34)

U transforms {âi} into {â′i}, where

â′1 = â1, â′2 = â2, (35)

â′3+j =
1√

m− 2

m−3
∑

k=0

eikφâ3+k. (36)

This means that the quadrature operators of the modes,
{qi} and {p̂i}, are transformed into {q′i} and {p̂′i}, where

q̂′1 = q̂1, q̂′2 = q̂2, (37)

p̂′1 = p̂1, p̂′2 = p̂2, (38)

q̂′3+j =
1√

m− 2

m−3
∑

k=0

[cos (jkφ)q̂3+k − sin (jkφ)p̂3+k] ,

(39)

p̂′3+j =
1√

m− 2

m−3
∑

k=0

[sin (jkφ)q̂3+k + cos (jkφ)p̂3+k] .

(40)

These are calculated using the relations q̂ = â + â† and
p̂ = i(â† − â).
This transformation puts both V1 and V2 in block di-

agonal form, such that the resulting CM has a 6 by 6
block and a 2m− 6 by 2m− 6 block, the latter of which
is the same in both cases. We can verify this by calcu-
lating the components of the transformed CMs, V ′

1 and
V ′
2 . In order to demonstrate how this is done, let us ex-

plicitly calculate the value of
〈

p̂′1p̂
′
3+j

〉

for V1. Using the
expression in Eq. (40), we get

〈

p̂′1p̂
′
3+j

〉

=
1√

m− 2

m−3
∑

k=0

[sin (jkφ) 〈p̂1q̂3+k〉

+cos (jkφ) 〈p̂1p̂3+k〉] .
(41)

The covariances 〈p̂1q̂3+k〉 and 〈p̂1p̂3+k〉 are components
of the original covariance matrix, V1, and are given in

Eqs. (26) to (28). First, note that 〈p̂iq̂j〉 = 0 for all i and
j. We now define

dB = ηBµ+ (1− ηB), dT = ηTµ+ (1− ηT ), (42)

γB = ηBcmax, γT =
√
ηBηT cmax. (43)

Hence, we obtain

〈

p̂′1p̂
′
3+j

〉

= − γT√
m− 2

m−3
∑

k=0

cos (jkφ)

= −
√
m− 2γT δ0,j ,

(44)

where δ is the Kronecker delta symbol, and where we
have used the result

x
∑

k=1

cos (jk
2π

x
) = xδ0,j . (45)

Note that this is 0 for j > 0, i.e. for all modes with
labels greater than 3.

〈

q̂′1q̂
′
3+j

〉

is simply −
〈

p̂′1p̂
′
3+j

〉

, and
〈

p̂′2p̂
′
3+j

〉

can be obtained simply by substituting ηBcmax

for
√
ηBηT cmax, giving

〈

p̂′2p̂
′
3+j

〉

= −
√
m− 2γBδ0,j . (46)

Note that for V2, we simply swap
〈

p̂(q̂)′1p̂(q̂)
′
3+j

〉

and
〈

p̂(q̂)′2p̂(q̂)
′
3+j

〉

.
We have now shown that no correlations exist between

modes 1 and 2 and modes 4 to m. In order to show that
the transformation puts the CM in block diagonal form,
we must also show that no correlations exist between
mode 3 and modes 4 to m. To do this, we must calculate
〈

p̂(q̂)′3p̂(q̂)
′
3+j

〉

. Again using Eq. (40), we obtain

〈

p̂′3p̂
′
3+j

〉

=
1

m− 2

m−3
∑

k,l=0

[sin (jkφ) 〈p̂3+lq̂3+k〉

+cos (jkφ) 〈p̂3+lp̂3+k〉] .
(47)

Substituting in Eqs. (42) and (43), we derive

〈

p̂′3p̂
′
3+j

〉

=− γB
m− 2

m−3
∑

k,l=0

cos (jkφ)

+
dB + γB
m− 2

m−3
∑

k=0

cos (jkφ),

(48)

where we have split the expression into contributions
from the on and off-diagonal components of the original
CMs. Simplifying, we get

〈

p̂′3p̂
′
3+j

〉

= (dB − (m− 3)γB)δ0,j , (49)

thus there are no correlations between mode 3 and modes
4 tom. We have therefore carried out a unitary transform
on V1 and V2 such that they are in block diagonal form,
with a 6 by 6 block and a 2m− 6 by 2m− 6 block. Since
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the 2m−6 by 2m−6 block is the same for both V1 and V2,
we can ignore this block (trace over the remaining m −
3 modes) when calculating the fidelity of the two CMs.
This reduces the problem to the analytically solvable case
of finding the fidelity of a pair of three-mode Gaussian
states.
Let V ′

1 be the CM of ρ1 after the unitary U has been
enacted on it, transforming it into block diagonal form.
Then, let V ′′

1 be the CM after the last m− 3 modes have
been discarded. V ′′

1 takes the form

V ′′
1 =





∆T ΓT

√
m− 2ΓT

ΓT ∆B

√
m− 2ΓB√

m− 2ΓT

√
m− 2ΓB ∆B + (m− 3)ΓB



 .

(50)

To obtain V ′′
2 , we simply swap modes 1 and 2.

We can also calculate the structure of the traced over
modes, although this does not affect the fidelity calcu-
lation, since it is the same for both V ′

1 and V ′
2 . Let us

calculate
〈

p̂′3+j p̂
′
3+k

〉

for j, k > 0. Considering only the
non-zero components, we get

〈

p̂′3+j p̂
′
3+k

〉

=
1

m− 2

m−3
∑

x,y=0

[sin (jxφ) sin (kyφ) 〈q̂3+xq̂3+y〉

+cos (jxφ) cos (kyφ) 〈p̂3+xp̂3+y〉] .
(51)

We now split this into three terms, by writing

〈

p̂′3+j p̂
′
3+k

〉

=
t1 + t2 + t3

m− 2
, (52)

t1 = γB

m−3
∑

x,y=0

[sin (jxφ) sin (kyφ)− cos (jxφ) cos (kyφ)] ,

(53)

t2 = dB

m−3
∑

x=0

[sin (jxφ) sin (kxφ) + cos (jxφ) cos (kxφ)] ,

(54)

t3 = −γB

m−3
∑

x=0

[sin (jxφ) sin (kxφ)− cos (jxφ) cos (kyφ)] .

(55)

We can then write

t1 = −γB

m−3
∑

x,y=0

cos ((jx+ ky)φ), (56)

t2 = dB

m−3
∑

x=0

cos ((j − k)xφ), (57)

t3 = γB

m−3
∑

x=0

cos ((j + k)xφ), (58)

where we have used

cos (a+ b) = cos (a) cos (b)− sin (a) sin (b). (59)

Since j, k > 0, t1 = 0. t2 is non-zero iff j = k and t3 is
non-zero iff j + k = m− 2. We therefore derive

〈

p̂′3+j p̂
′
3+k

〉

= dBδj,k + γBδj+k,m−2. (60)

Via a similar derivation, we find

〈

q̂′3+j q̂
′
3+k

〉

= dBδj,k − γBδj+k,m−2. (61)

We now have all of the components of the CM of the
traced over modes.
The fidelity F (V1, V2) = F (V ′′

1 , V ′′
2 ) can now be easily

found using the formula from [26].

IV. BEHAVIOUR OF THE OUTPUT FIDELITY

If the fidelity between the possible output states (the
output fidelity) of the idler-free protocol is lower than
that of the classical protocol over some parameter range,
it is an indication that there is a benefit to using the
input state described by Eq. (20), rather than using the
classical protocol. If the output fidelity for the idler-free
protocol is close to that of the entangled state protocol
with idlers, this indicates that the cost to performance of
using an idler-free protocol is small.
Note that this is only an indication, as the fidelity is a

measure of the distinguishability of states, but this does
not necessarily mean that the error probability in dis-
criminating between states is completely determined by
the fidelity. As mentioned previously, in order to prove
an advantage of one protocol over another, we have to
compare upper and lower bounds on the error probabil-
ity. Nonetheless, since our bounds on the error probabil-
ity in Eqs. (6) and (7) depend on the output fidelity, it
makes sense to compare the behaviours of the output fi-
delity functions for the classical, bipartite entangled, and
idler-free cases.

A. Behaviour with respect to the number of
channels in the sequence

Fig. 1 plots the output fidelities for the various proto-
cols against the number of channels in the sequence. In
this plot, ηB = 0.2, ηT = 0.7, and NS = 1. As previously
mentioned, the output fidelities of the classical and the
bipartite entangled protocols do not depend on m. Fig. 1
shows that the output fidelity for the idler-free protocol
increases as m increases, but levels off for large m.
Figs. 1, 2, and 3 also have a curve labelled “idler-

free (reversed)”. This gives the fidelity for the idler-free
protocol when the values of ηB and ηT are swapped. It
is immediate from the tensor product structure of the
outputs that neither the fidelity of the classical protocol
nor that of the bipartite entangled protocol are affected
by swapping ηB and ηT , however this is not the case for
the idler-free protocol (for m > 2). In fact, Figs. 2 and
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FIG. 1: The output fidelity of the classical, bipartite entan-
gled, and idler-free protocols as a function of the total number
of channels in the sequence, m. We set the background trans-
missivity, ηB = 0.2, the transmissivity of the target channel,
ηT = 0.7, and the average number of photons per channel use,
NS = 1. Only the idler-free protocol is affected by changing
m. We see that the output transmissivity increases as m in-
creases, but levels off for large m. As m increases, the effect
on the output fidelity of swapping ηB and ηT decreases.

3 show that there can be a significant difference between
the two fidelities.

Since the output fidelity for the idler-free protocol in-
creases with m, the m = 2 scenario is an important case
to study when comparing the protocols. This output fi-
delity for this scenario is given in Eq. (30).

B. Behaviour with respect to the transmissivities

In Fig. 2, we plot the various output fidelities against
the transmissivity of the target channel, ηT . We fix the
background transmissivity, ηB = 0.95, the number of
channels in the sequence, m = 3, and the average num-
ber of photons sent through each channel per channel
use, NS = 50. We see that there is a region (ηT ' 0.75)
for which the idler-free protocol has a lower fidelity than
the classical protocol. This indicates that the idler-free
protocol could have a use as an intermediate between
the easily implemented classical protocol, based on the
sending of coherent states, and the bipartite entangled
protocol, which gives a lower output fidelity in this range
but could be harder to implement, due to the need for a
quantum memory to preserve the idlers. The idler-free
protocol could be easier to implement, despite the fact
it still requires the generation of a non-classical state,
because it does not require a quantum memory.

We can investigate how sensitive the output fidelity
functions are for small differences in the transmissivities
of the target and background channels by setting ηT = η
and ηB = η + ǫ and then expanding the functions in
terms of ǫ. For the idler-free protocol in the binary case

bipartite entangled

idler-free

idler-free (reversed)

classical
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FIG. 2: The output fidelity of the classical, bipartite entan-
gled, and idler-free protocols as a function of the transmis-
sivity of the target channel, ηT . We set the transmissivity of
the background channels, ηB = 0.95, and impose an energy
constraint so that the average number of photons per channel
use is no more than 50. We also set m = 3, so that there are
two identical background channels and one target channel.
The output fidelity for the idler-free protocol with ηB and ηT
swapped is also shown. Unlike for the classical and bipartite
entangled protocols, this swap affects the output fidelity for
the idler-free protocol. The output fidelities are highest when
ηT is close to ηB and decrease as the difference between the
two transmissivities increases. The idler-free protocol gives a
lower output fidelity than the classical protocol for ηT ' 0.75.

(m = 2), we get

F idler−free,binary ≈ 1− NS

4η(1− η)
ǫ2 +O(ǫ3), (62)

where we have expanded up to the second power in ǫ.
For the classical protocol, we get

F class ≈ 1− NS

4η
ǫ2 +O(ǫ3), (63)

and for the bipartite entangled protocol, we get

F bipartite ≈ 1− NS

4η(1− η)
ǫ2 +O(ǫ3). (64)

Note that the expansion for the idler-free protocol, up
to the ǫ2 term, is the same as for the bipartite entangled
protocol. In fact, the expansions only differ at the ǫ4 term
and above, suggesting that the idler-free protocol may be
a good substitute for the bipartite entangled protocol in
scenarios in which the target and background channels
have similar transmissivities.
Note that the ǫ2 term for the classical protocol has an

extra multiplicative factor of (1− η) compared to the ǫ2

term for the (binary) idler-free and bipartite entangled
protocols, and so these protocols achieve lower output
fidelities than the classical protocol for sufficiently small
ǫ. This also suggests that the relative sensitivities of the
idler-free and bipartite entangled protocols (compared to
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FIG. 3: The output fidelity of the classical, bipartite entan-
gled, and idler-free protocols as a function of the transmis-
sivity of the target channel, ηT . We set the transmissivity of
the background channels, ηB = 0.05, and impose an energy
constraint so that the average number of photons per channel
use is no more than 50. We also set m = 3, so that there are
two identical background channels and one target channel.
The output fidelity for the idler-free protocol with ηB and ηT
swapped is also shown. The plot of the output fidelity of the
bipartite entangled protocol is the mirror image of the same
plot in Fig. 2, but the output fidelity of the classical fidelity
does not exhibit the same symmetry. The classical protocol
has a lower output fidelity than the idler-free protocol across
the entire range of ηT values and has a lower output fidelity
than the bipartite entangled protocol over almost the entire
parameter range (with the only exception being a small range
of ηT values close to ηB).

the classical protocol), for small ǫ, are greater for high η
(i.e. when both the target and the background channels
have high transmissivities).

We expect the idler-free protocol to perform worse
than the classical protocol for low ηB . The reason for
this can be seen by considering the extreme scenario in
which ηB = 0 (and ηT > 0). Then, the background
modes are lost. We are left with the target mode, which
is in a thermal state that has passed through the lossy
channel ET . In other words, the output could be equiv-
alently obtained by sending a tensor product of thermal
states through the channel sequence. Consequently, in
this scenario, the idler-free protocol cannot outperform
the classical protocol.

We can make this notion more concrete by evaluating
the output fidelity functions for the various protocols at
the extreme points: ηB = 0 and ηB = 1. We start by
observing that both F idler−free,binary and F bipartite are un-
changed if we simultaneously carry out the replacements
ηB → 1− ηB and ηT → 1− ηT . Consequently, these pro-
tocols have the same output fidelities for the parameter
values (ηB = 0, ηT = ǫ) as they do for the parameter

values (ηB = 1, ηT = 1− ǫ). We then calculate

F idler−free,binary
ηB=0,ηT=ǫ = F idler−free,binary

ηB=1,ηT=1−ǫ =
1

1 +NSǫ
, (65)

F bipartite
ηB=0,ηT=ǫ = F bipartite

ηB=1,ηT=1−ǫ =
1

(1 +NS(1−
√
1− ǫ))2

.

(66)

These can be expanded (in terms of ǫ) to give

F idler−free,binary
ηB=0(1),ηT=ǫ(1−ǫ) ≈ 1−NSǫ+N2

Sǫ
2 +O(ǫ3), (67)

F bipartite
ηB=0(1),ηT=ǫ(1−ǫ) ≈1−NSǫ+

NS(3NS − 1)

4
ǫ2

+O(ǫ3).

(68)

Then, for the classical case, which does not have the same
symmetry with respect to the transmissivities, we write

F class
ηB=0,ηT=ǫ = e−NSǫ, (69)

F class
ηB=1,ηT=1−ǫ = e−NS(1−

√
1−ǫ)2 . (70)

Our expansions are

F class
ηB=0,ηT=ǫ ≈ 1−NSǫ+

N2
S

2
ǫ2 +O(ǫ3), (71)

F class
ηB=1,ηT=1−ǫ ≈ 1− NS

4
ǫ2 +O(ǫ3). (72)

From these expansions, we can immediately see that
in the high transmissivity (ηB = 1) and small ǫ case, the
output fidelity for the classical protocol is higher than for
the (binary) idler-free and bipartite entangled protocols,
since it does not have a linear term in ǫ. In fact, for
the same reason (and using the condition in Eq. (8)),
there will always be some sufficiently small value of ǫ
for which we will be able to prove a quantum advantage
for some sufficiently large number of probes, M . In the
low transmissivity case (ηB = 0), we have the opposite
situation. We can calculate

F idler−free,binary
ηB=0,ηT=ǫ − F class

ηB=0,ηT=ǫ ≈
N2

S

2
ǫ2 +O(ǫ3), (73)

F bipartite
ηB=0,ηT=ǫ − F class

ηB=0,ηT=ǫ ≈
NS(NS − 1)

4
ǫ2 +O(ǫ3).

(74)

Thus, for ηB = 0 and small ǫ, the output fidelity of the
classical protocol is always lower than the output fidelity
of the idler-free protocol (as expected) and is lower than
the output fidelity of the bipartite entangled protocol if
the mean number of photons sent into each box per chan-
nel use is greater than 1.
This asymmetric behaviour of the output fidelity for

the classical protocol is demonstrated in Fig. 3, where we
use the same parameter values that were used in Fig. 2,
but with the replacement ηB → 1− ηB (i.e. ηB = 0.05).
In this case, we see that the classical fidelity outperforms
(in terms of output fidelities) both the idler-free and the
bipartite entangled protocols over almost the entire range
of ηT values.
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FIG. 4: The output fidelity of the classical, bipartite entan-
gled, and idler-free protocols as a function of the average
number of photons in the signal states, NS . We set the back-
ground transmissivity, ηB = 0.9, the transmissivity of the
target channel, ηT = 0.95, and the number of channels in the
sequence, m = 2. Fidelity is given in decibels. The output
fidelity of the classical protocol gives a straight line because
the scale is logarithmic and the classical output fidelity scales
exponentially. This line crosses the curves representing the
output fidelities for both the idler-free and the bipartite en-
tangled protocols, showing that the classical protocol gives a
lower output fidelity than either of the other protocols over
some parameter ranges.

C. Behaviour with respect to the mean number of
photons probing each channel

Fig. 4 plots the output fidelities against the average
number of photons sent into each channel. We have set
ηB = 0.9, ηT = 0.95, and m = 2; since there are only two
channels in the sequence, switching ηB and ηT does not
result in a different task, and so we do not plot the case
with ηB and ηT switched. The fidelity is given in decibels;
this allows it to be clearly seen that the output fidelity of
the classical protocol scales exponentially with NS , since
the curve is linear in a log scale. In fact, this is evident
from the form of the expression in Eq. (10). On the
other hand, F bipartite is polynomial in NS . Considering
the expression in Eq. (19) for large NS , we see that it
scales as roughly N−2

S . We can see from Fig. 4 that
the scaling of the idler-free output fidelity is also less
than exponential. From Eq. (30), it can be seen that the
output fidelity in the m = 2 case scales as approximately
N−1

S for large NS . Since the output fidelity is lowest in
them = 2 case, the classical protocol will always beat the
idler-free protocol (and the bipartite entangled protocol)
for sufficiently high NS , due to the different scalings.

V. MIXED STRATEGY

The classical protocol uses coherent state probes,
which have non-zero first moments and have the iden-
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FIG. 5: The output fidelity of the classical, bipartite entan-
gled, idler-free, and mixed strategy protocols as a function of
the transmissivity of the target channel, ηT . We set the trans-
missivity of the background channel, ηB = 0.55, and impose
an energy constraint so that the average number of photons
per channel use is no more than 50. We set m = 2, so that
there is only one background channel and one target channel.
The mixed strategy improves on all of the other strategies
(in terms of output fidelity) over almost the entire range of
ηT values. It is able to beat the bipartite entangled proto-
col even in a parameter range in which neither of the two
extremal strategies (the classical protocol and the idler-free
protocol) beat it.

tity matrix for their CMs. The idler-free protocol uses
probe systems that have no non-zero first moments but
that have non-trivial CMs. We will now define what we
call the mixed strategy as a natural combination of these
two strategies. This protocol uses probe states that have
both non-zero first moments and non-trivial CMs. More
specifically, we produce our probe state, ρmixed, by dis-
placing the state used in the idler-free protocol, ρin (with
its CM as defined in Eq. (20)), using the displacement
operator

D(α) = d0(α)⊗ d1(α)⊗ . . . dm−1(α). (75)

In other words, every mode is subject to the same dis-
placement, d(α).
Since the displacement increases the mean photon

numbers of the signal modes, we must divide the avail-
able energy between displacing the states and correlating
the modes (i.e. squeezing) in order to meet the energy
constraint. Each box sees a thermal coherent state [27]
and so we must calculate the mean number of photons ac-
cordingly. For such a state, the mean number of photons
is the sum of the mean number of photons for the corre-
sponding thermal state (the state prior to displacement)
and the mean number of photons for the corresponding
coherent state (the state obtained if the same displace-
ment were applied to a vacuum state). Accordingly, the
energy can simply be divided by some mixing parameter
κ, so that κ is the proportion of the available energy that
is used to entangle the signal modes and (1−κ) is the pro-



10

portion of the energy that is used to displace the states.
Alternatively, κNS is the mean number of photons per
mode before the probe is displaced.
The CM of our new probe state is the CM given in

Eq. (20) but with µ replaced by µ′, where

µ′ = 2κNS + 1 = κ(µ− 1) + 1. (76)

The first moments of the probe state (up to some arbi-
trary phase rotation on each individual mode) are

x = (q0, p0, q1, p1, . . . qm−1, pm−1)
T (77)

= 2
√

(1− κ)NS(1, 0, 1, 0, . . . 1, 0)
T . (78)

We can then choose the value of κ that minimises the
output fidelity (e.g. by numerical minimisation). Note
that if κ = 0, we have the classical protocol and if κ =
1, we have the idler-free protocol, hence we can always
perform at least as well as the best of the two strategies.
Fig. 5 plots the output fidelities of the various proto-

cols, including the mixed strategy, against the transmis-
sivity of the target channel, ηT . We fix the background
transmissivity, ηB = 0.55, the number of channels in the
sequence, m = 2, and the average number of photons
sent through each channel per channel use, NS = 50. In
terms of the output fidelity, the mixed strategy outper-
forms all of the other protocols over almost the entire pa-
rameter range. It is not surprising that it is never worse
than either the classical protocol or the idler-free proto-
col: this is by construction, since we can always choose
κ = 0(1) if the classical (idler-free) protocol is better than
any mixed strategy with κ > 0 (κ < 1). More interesting
is the fact that the mixed strategy often achieves a signif-
icantly better output fidelity than either of the extremal
protocols and is able to beat the bipartite entangled pro-
tocol even for values of ηT for which neither the classical
protocol nor the idler-free protocol do so. In fact, for
ηT ' 0.86, we are even able to prove an advantage in
terms of discrimination error probability (using the con-
dition in Eq. (8)) for the mixed strategy over both the
classical and the idler-free strategies. Recall also that the
mixed strategy does not require an idler and so still has
the benefit of not requiring a quantum memory.

VI. APPLICATION TO POSITION-BASED
QUANTUM READING

We now combine the various fidelities with the error
bounds in Eqs. (6) and (7) in order to demonstrate the re-
gions in which we are able to show a quantum advantage
for the idler-free protocol and the mixed strategy. As an
example, we consider the position-based quantum read-
ing model used in Ref. [12], in which memory cells have
one of two possible reflectivities (determined by whether
the cell is a target or a background cell), and classical in-
formation is stored in the position of a target cell amongst
background cells.
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FIG. 6: The region in which we can demonstrate quantum
advantage for quantum reading of a bit encoded in m = 2
memory cells when probing M = 20 times with NS = 20
photons per channel per probe. The advantage is expressed
as the log (base 10) of the ratio between the upper bound
on the error probability for the idler-free protocol and the
lower bound on the error probability for the classical protocol,
with each contour line representing a change of 1 and the
outermost line representing 0. We are able to prove quantum
advantage for high transmissivities of both the target and the
background. Note the symmetry about the line ηB = ηT .

Zhuang and Pirandola generally considered high values
of m ( 100), however, for the idler-free protocol, this is
not practicable because output fidelity increases with m,
removing any quantum advantage for large m. Instead,
we consider scenarios with 2 or 3 cells.

We start by considering a scenario with m = 2 cells,
probed using NS = 20 photons per channel use and with
a total of M = 20 uses of the channel sequence (see
Fig. 6). Here we can see that we get quantum advantage
when the transmissivities of both the target and the back-
ground channels are high but are not too similar. For the
ideal case, in which the transmissivity of the background
channel is 1, we can prove a quantum advantage for any
ηT ' 0.59.

Next, we consider a scenario with m = 2 cells, again
probed using NS = 20 photons per channel use, and com-
pare the performance of the various strategies. Specifi-
cally, in Fig. 7, we plot the regions in which we can show
a quantum advantage, for some number of probes, for
the idler-free, bipartite entangled, and mixed strategies.
These regions are defined using Eq. (8); we therefore do
not set M as we are simply determining whether there
exists M such that we can prove a quantum advantage.
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FIG. 7: The region in which we can demonstrate quantum ad-
vantage for quantum reading of a bit encoded in m = 2 mem-
ory cells, for some number of probes, using various strategies,
with NS = 20 photons per channel per probe. The protocols
considered are the idler-free protocol, the bipartite entangled
protocol, and the mixed strategy. We plot the regions in
which each strategy is able to achieve a quantum advantage
over the best classical strategy.

We see that, in this regime, the mixed strategy is able
to show a quantum advantage over a range of parameter
values for which the bipartite entangled protocol cannot.
The idler-free strategy is the least powerful, in this sense,
but is still able to show a quantum advantage when the
transmissivities of the target and background channels
are high.
Note that we are always comparing the upper bound

on the error probability of the quantum strategy to the
lower bound on the error probability of the classical strat-
egy. In fact, there may be some specific receiver design
(measurement) that allows a quantum protocol to achieve
a lower error rate than is given by the upper bound in
Eq. (6). For the bipartite entangled protocol, such a re-
ceiver design is known: the CN receiver of Ref. [9, 12].
Over some parameter ranges, the error probability given
by the CN receiver is smaller than the one given by
Eq. (6) (based on the PGM).
Finally, we consider the ideal scenario in which the

background channel has a transmissivity of ηB = 1. In
this case, we constrain the total number of photons used
for probing by fixing MNS = 600. Then, as is done in
Ref. [12], we plot the quantum advantage as a function of
ηT and NS (see Fig. 8). We set m = 3 and observe that
the range of values over which we can prove a quantum
advantage is much smaller than for m = 2. In fact, we
only see a quantum advantage for ηT close to 1 and for
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FIG. 8: The region in which we can demonstrate quantum
advantage for quantum reading of a bit encoded in m = 3
memory cells when probing with mMNS = 1800 photons in
total. The advantage is expressed as the log (base 10) of the
ratio between the upper bound on the error probability for
the idler-free protocol and the lower bound on the error prob-
ability for the classical protocol, with each contour line rep-
resenting a change of 0.2 and the outermost line representing
0. We are able to prove quantum advantage for target trans-
missivities between 0.83 and 0.97 and numbers of photons
per channel use greater than about 6.

a large number of photons per channel use.
It is to be noted that not being able to prove a quan-

tum advantage is not a proof that there is no quantum
advantage. Unless we can prove an advantage the other
way (using the condition in Eq. (8), for example), we
may still have an advantage with some strategy paired
with a particular choice of receiver. As mentioned previ-
ously, the CN receiver gives an error probability for the
bipartite entangled case that is much tighter than the
upper boundon the error from Eq. (6), and there could
be some measurement for the idler-free protocol or the
mixed strategy that offers a similar improvement in the
upper bound on the error probability. This could be a
avenue for future research.

VII. CONCLUSION

We have presented a type of protocol for channel po-
sition finding that does not involve idlers and so does
not require a quantum memory in order to work. The
source used remains non-classical and shows an advan-
tage over classical protocols for channel position finding
on a sequence of pure loss channels over a range of param-
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eter values and especially for high transmissivities. We
have investigated the behaviour of the output fidelities
of the various types of protocols over different transmis-
sivities, numbers of channels, and numbers of photons.
We then developed an intermediate between the idler-
free and classical protocols, which we called the mixed
strategy. This new protocol is, by design, always at least
as good (in the sense of having a low error probability)
as the best of the two constituent protocols and, in fact,
is often significantly better than either. The protocols
were then applied to position-based quantum reading,
and their performances were investigated.
Future research could focus on finding specific receivers

for the idler-free protocol and the mixed strategy, in or-
der to improve their error probabilities. The probe used
for the idler-free protocol (and the mixed strategy) is
not pure (for m > 2). Another open question is whether
there exists some pure state that could offer a better
performance than a probe with its CM as defined in
Eq. (20). Giving the idler-free probe non-zero first mo-

ments greatly boosted its performance. Since the bipar-
tite entangled protocol outperformed the idler-free pro-
tocol, it is possible that a displaced TMSV state could
perform even better than the mixed strategy that we have
presented (whilst no longer being idler-free).
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