This is a repository copy of Infrared problem in the Faddeev-Popov-ghost propagator in
perturbative quantum gravity in de Sitter spacetime.
White Rose Research Online URL for this paper:
https://eprints.whiterose.ac.uk/172034/
Version: Accepted Version
Article:
Gibbons, Jos, Higuchi, Atsushi orcid.org/0000-0002-3703-7021 and Lima, William C. C.
orcid.org/0000-0003-4426-4668 (2021) Infrared problem in the Faddeev-Popov-ghost
propagator in perturbative quantum gravity in de Sitter spacetime. Physical Review D Particles, Fields, Gravitation and Cosmology. 065016. ISSN 1550-2368
https://doi.org/10.1103/PhysRevD.103.065016

Reuse
Items deposited in White Rose Research Online are protected by copyright, with all rights reserved unless
indicated otherwise. They may be downloaded and/or printed for private study, or other acts as permitted by
national copyright laws. The publisher or other rights holders may allow further reproduction and re-use of
the full text version. This is indicated by the licence information on the White Rose Research Online record
for the item.
Takedown
If you consider content in White Rose Research Online to be in breach of UK law, please notify us by
emailing eprints@whiterose.ac.uk including the URL of the record and the reason for the withdrawal request.

eprints@whiterose.ac.uk
https://eprints.whiterose.ac.uk/

Infrared problem in the Faddeev-Popov ghost propagator in perturbative quantum
gravity in de Sitter spacetime
Jos Gibbons,∗ Atsushi Higuchi,† and William C. C. Lima‡
Department of Mathematics, University of York, Heslington, York YO10 5DD, United Kingdom
(Dated: March 21, 2021)
The propagators for the Faddeev-Popov (FP) ghosts in Yang-Mills theory and perturbative gravity in the covariant gauge are infrared (IR) divergent in de Sitter spacetime. An IR cutoff in the
momentum space to regularize these divergences breaks the de Sitter invariance. These IR divergences are due to the spatially constant modes in the Yang-Mills case and the modes proportional
to the Killing vectors in the case of perturbative gravity. It has been proposed that these IR divergences can be removed, with the de Sitter invariance preserved, by first regularizing them with an
additional mass term for the FP ghosts and then taking the massless limit. In the Yang-Mills case,
this procedure has been shown to correspond to requiring that the physical states, and the vacuum
state in particular, be annihilated by some conserved charges in the Landau gauge. In this paper we
show that there are similar conserved charges in perturbative gravity in the covariant Landau gauge
in de Sitter spacetime and that the IR-regularization procedure described above also correspond to
requiring that the vacuum state be annihilated by these charges with a natural definition of the
interacting vacuum state.
PACS numbers: 04.62.+v

I.

INTRODUCTION

Inflationary cosmological models [1–5] have been the
main motivation for theoretical investigation into quantum field theory (QFT) in de Sitter spacetime. The observation consistent with the assumption that the rate of
expansion of our universe is accelerating [6, 7] provides
another motivation for this investigation. QFT in de Sitter spacetime has been investigated also in the context
of dS/CFT correspondence [8]. Perturbative quantum
gravity is not renormalizable, but it is still a theory with
predictive power as an effective theory at each order of
perturbation theory [9].
Perturbative quantum gravity in de Sitter spacetime
has many challenging features. Among them is the fact
that the graviton propagator is infrared (IR) divergent
in the physical gauge, with all gauge degrees of freedom
fixed, natural to the spatially flat (or Poincaré) patch of
this spacetime [10]. The source of the IR divergences is
the similarity of graviton modes in this coordinate patch
to those of massless minimally coupled scalar field [11–
13]. However, it was found that these divergences do not
manifest themselves in the physical quantities studied by
the authors of Ref. [10]. This finding is consistent with
the fact that the IR-divergent part of the propagator can
be written in pure-gauge form [14–16], i.e. that the IRdivergent part of the gravitational perturbation can be
expressed as hµν = ∇µ Aν + ∇ν Aµ . (See Refs. [17, 18]
for an analogous result for single field inflation.) Some
authors have claimed to show that these IR divergences
would lead to breakdown of de Sitter invariance (see,
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e.g. Refs. [19, 20]), but this has not been established in
a gauge-invariant manner.
The pure-gauge nature of the IR divergences in the
sense explained above suggests that the graviton propagator may be IR finite in gauges natural to other coordinate patches. Indeed it is IR finite in the physical gauge
natural to global coordinates of de Sitter spacetime [21].
Moreover, the covariant propagator in global coordinates
is also IR finite [22].
Now, one also needs the Faddeev-Popov (FP)
ghosts [23–25], which are fermionic vector fields, in the
covariant quantization of the gravitational field. Although the graviton propagator is IR finite in global coordinates, the FP-ghost propagator is IR divergent. These
IR divergences for the FP-ghost propagator are due to
the modes proportional to the Killing vectors. However,
the antighost field, c̄µ (x), appear in the Lagrangian density only in the form ∇µ c̄ν + ∇ν c̄µ , and for this reason
the IR-divergent Killing-vector modes do not contribute
to the interaction. It has been proposed that the IRdivergences for the FP ghosts should be first regularized
by the introduction of a small mass and that the massless limit should be taken at the end [26]. The resulting
amplitude will be IR finite, i.e. it does not diverge in the
massless limit, because the interaction terms are such
that the IR divergences are eliminated because of the
form of the interaction terms mentioned above. However, this procedure would appear rather ad hoc and it
needs further justification, in particular, with regards to
its compatibility with the BRST invariance [27, 28].
The FP-ghost propagator is IR divergent also in YangMills theory in de Sitter spacetime because the FP ghosts
are massless minimally coupled scalar field in this theory.
(In fact its propagator is IR divergent in any spacetime
with compact Cauchy surfaces.) These IR divergences
can also be regularized with a small mass term and by

taking the massless limit at the end. The IR divergences
in this case are due to the constant modes, and since only
the derivatives of the antighost field appear in the interaction terms, the resulting amplitude is IR finite [26].

II.

KILLING VECTORS IN DE SITTER
SPACETIME

In this section we discuss the Killing vectors in ndimensional de Sitter spacetime, which cause the IR divergences in the FP-ghost propagator. Consider (n + 1)dimensional Minkowski spacetime with Cartesian coordinates X µ , µ = 0, 1, . . . , n, and the metric

For the Yang-Mills case, the procedure to eliminate
the IR divergences from the FP-ghost sector mentioned
above was shown to corresponds to requiring the vacuum state to be annihilated by certain conserved charges
in the covariant Landau gauge [29]. It was also proposed
that all physical states be annihilated by these charges.
(We note that a similar method has been used to eliminate the IR divergences in massless minimally coupled
scalar field in de Sitter spacetime [30].) These charges
transform among themselves under BRST transformation, and hence this requirement on the vacuum state is
compatible with, i.e. invariant under, the BRST transformation.

n
X

(dX i )2 .

(2.1)

(X i )2 = 1/H 2 ,

(2.2)

ds2M = −(dX 0 )2 +

i=1

Then, the hypersurface defined by
− (X 0 )2 +

n
X
i=1

where H is the Hubble constant, is the n-dimensional
de Sitter spacetime. Let
X 0 = H −1 sinh Ht ,
(2.3a)
i
−1
j
X = H cosh Ht x̂ , 1 ≤ j ≤ n ,
(2.3b)
Pn
where t ∈ (−∞, ∞) and i=1 (x̂j )2 = 1. Thus, the coordinates x̂j parametrize the unit (n − 1)-sphere, S n−1 .
By substituting these formulas into Eq. (2.1) we find the
metric of de Sitter spacetime as

In this paper, we show that this equivalence holds
also for perturbative quantum gravity in global de Sitter
spacetime in the covariant Landau gauge with a natural definition of the interacting vacuum state. That is,
there are similar conserved charges in perturbative quantum gravity in this spacetime and the regularization and
elimination of the IR divergences through a small mass
term corresponds to requiring that the vacuum state be
annihilate by these charges in this gauge. These charges
again transform among themselves under BRST transformation. Hence the requirement on the vacuum state
is compatible with BRST invariance of the theory. Some
of the results we present in the next sections were anticipated in Ref. [31].

ds2 = −dt2 + H −2 cosh2 Ht dΩ2n−1 ,

(2.4)

where dΩ2n−1 is the metric on S n−1 . From now on we let
H = 1 for simplicity.
The n-dimensional de Sitter spacetime has the Killing
symmetries of (n + 1)-dimensional Minkowski spacetime
with the origin fixed, i.e. so(n, 1). There are n(n − 1)/2
Killing vector fields generating the space rotations on
S n−1 . In addition there are n Killing vector fields generating the boosts in n different directions. These Killing
symmetries are closely related to the IR divergences of
the FP-ghost propagator as we find in the next section.
It is useful to remind ourselves of the spherical harmonics on S n−1 . The scalar spherical harmonics Y(ℓσ) (θ),
ℓ = 0, 1, 2, . . ., on S n−1 , where θ denotes the angular
coordinates covering the sphere, satisfy [32]

The remainder of the paper is organized as follows. In
Sec. II we present a brief description of de Sitter spacetime, with emphasis on its Killing vectors. In Sec. III we
describe the IR divergences in the propagator of the FP
ghosts for perturbative gravity in the covariant Landau
gauge using the Euclidean formulation. In Sec. IV we
find the conserved charges which play the central role in
this paper. In Sec. V we identify the conserved charges
found in Sec. IV essentially as the canonical momenta
conjugate to cyclic variables. Then, in Sec. VI we show
that the regularization of the FP-ghost propagator with
a mass term implies that the vacuum state is annihilated
by the conserved charges found in Sec. IV at tree level,
i.e. in the free theory obtained by turning off the interaction. In Sec. VII we discuss our definition of the interacting vacuum state in Hamiltonian perturbation theory.
This definition is combined with the result in the previous section to show that the interacting vacuum state is
also annihilated by these charges. Finally in Sec. VIII we
summarize and discuss our results. The Appendices contain some details omitted in the main text. Throughout
this paper we employ units such that G = ~ = c = 1 and
adopt the signature (− + + · · · +) for the metric.

Di Di Y(ℓσ) (θ) = −ℓ(ℓ + n − 2)Y(ℓσ) (θ) ,

(2.5)

where the label σ distinguishes between the scalar spherical harmonics with the same angular momentum ℓ. Here,
the covariant derivative Di is compatible with the metric
on S n−1 and the indices are lowered and raised by the
metric on S n−1 . We require
Z
∗
(2.6)
dΩ Y(ℓσ)
(θ)Y(ℓ′ σ′ ) (θ) = δℓℓ′ δσσ′ ,
S n−1

where dΩ is the surface element of S n−1 .
The
i
divergence-free vector spherical harmonics Y(ℓσ)
(θ) sati
isfy Di Y(ℓσ)
(θ) = 0 and [32]
i
i
Dk Dk Y(ℓσ)
(θ) = [−ℓ(ℓ + n − 2) + 1]Y(ℓσ)
(θ) .

2

(2.7)

We require
Z

S n−1

The gauge-fixing and FP-ghost Lagrangian densities1 are
given by
∗
dΩ Y(ℓσ)i
(θ)Y(ℓi ′ σ′ ) (θ) = δℓℓ′ δσσ′ ,

(2.8)

Lgf = −∇µ B ν (hµν − kgµν hα α ) ,
(3.2a)
LFP = −i∇µ c̄ν (∇µ cν + ∇ν cµ − 2kgµν ∇α cα

where the spatial index is lowered with the S n−1 metric.
µ
The Killing vectors ξ(σ,R)
on de Sitter spacetime that
generate the rotations are given by
0
ξ(σ,R)
= 0,
i
ξ(σ,R)

=

+£c hµν − kgµν g αβ £c hαβ ),(3.2b)

where £X denotes the Lie derivative in the direction of
the vector X µ . That is,

(2.9a)

i
Y(1σ)

,

£c hµν = cα ∇α hµν + (∇µ cα )hαν + (∇ν cα )hµα .

(2.9b)

The field hµν is the gravitational perturbation: the full
metric is given by g̃µν = gµν + hµν , where gµν is the
background de Sitter metric. The indices in Eq. (3.2)
are raised and lowered by gµν . The ghost and antighost
fields cµ and c̄µ , respectively, are anticommuting Hermitian fields [33, 34].
The gauge-fixing term would fail to provide a timederivative of h00 if k = 1. This value is excluded for this
reason, and it is often convenient to write

µ
i
i.e. Y(ℓσ)
with ℓ = 1. The Killing vectors ξ(σ,B)
on de Sitter spacetime that generate the boosts are given by
0
ξ(σ,B)
= Y(1σ) ,
i
ξ(σ,B)

(2.10a)
i

= tanh t D Y(1σ) ,

(2.10b)

where the index i is raised by the metric on S n−1 .
The metric (2.4) on de Sitter spacetime (with H = 1)
becomes that of the unit n-sphere (S n ),
dΩ2n = dτ 2 + sin2 τ dΩ2n−1 ,

k =1+

(2.11)

by the following complex coordinate transformation:
τ=

π
+ it .
2

1
.
β

(3.4)

The parameter β will be taken to be real, but outside
the set −s(s + n − 1)/(n − 1), with s = 0, 1, 2, . . . . The
gauge-fixing Lagrangian density Lgf is the α → 0 limit of

(2.12)

(α)

Upon this coordinate transformation, both types of
µ
µ
Killing vectors ξ(σ,R)
and ξ(σ,B)
become, up to constant
µ
normalization factors, the rotation Killing vectors V(1ρ)
,
µ
where V(Lρ) , L = 1, 2, . . ., are the divergence-free vector spherical harmonics on S n , satisfying the eigenvalue
equation,

Lgf =

α µ
B Bµ − ∇µ B ν Hµν ,
2

(3.5)

where we have defined
Hµν ≡ hµν − kgµν h ,

(3.6)

with h ≡ hα α . By defining

µ
µ
∇ν ∇ν V(Lρ)
(τ, θ) = [−L(L + n − 1) + 1]V(Lρ)
(τ, θ) ,
(2.13)
and the normalization condition
Z
µ
∗
(2.14)
dΩ V(Lσ)µ
(τ, θ)V(L
′ ρ′ ) (τ, θ) = δLL′ δρρ′ ,

B̂ µ ≡ B µ +

1
∇ν H µν
α

(3.7)

and neglecting total-divergence terms, we have
(α)

Sn

Lgf =

n

where dΩ is the volume element on S .
III.

(3.3)

α µ
1 ν
B̂ B̂µ −
∇ Hµν ∇λ H µλ .
2
2α

(3.8)

The field B̂ µ can be neglected because it is decoupled
from other fields. The remaining term is the gaugefixing term more commonly used. Note that the EulerLagrange equation from varying B µ in the Lagrangian
density Lgf reads

IR DIVERGENCES IN THE FP-GHOST
PROPAGATOR

In this section we discuss the structure of the IR divergences of the FP-ghost propagator. The Lagrangian
density for perturbative gravity in the covariant Landau
gauge reads
√
√
(3.1)
L = LGR + −gLFP + −gLgf ,

∇ν H µν = 0 .

(3.9)

Thus, in this gauge the gauge condition is a result of a
field equation.

where LGR is the diffeomorphism invariant Lagrangian
density describing the gravitational field and where g
is the determinant of the background metric tensor gµν .

1

3

In this paper
√ the quantity obtained by dividing a Lagrangian
density by −g is also called a Lagrangian density.

(FP)

one finds that the function Gµµ′ (x, x′ ) satisfies

The FP-ghost Lagrangian density (3.2b) was constructed so that Lgf + LFP is BRST invariant, following
the well-known general procedure (see, e.g., Ref. [35]).
The BRST transformation is given as follows:
δB hµν
δB c µ
δB c̄µ
δB B µ

= ∇µ cν + ∇ν cµ + £c hµν ,
= c α ∇α c µ ,
= iB µ ,
= 0,

(FP)

Lµ ν Gνν ′ (x, x′ ) = gµν ′ δ (n) (x, x′ ) ,

where the delta function δ (n) is defined to have the property
Z
p
dn x −g(x) f (x)δ (n) (x, x′ ) = f (x′ ) ,
(3.19)

(3.10a)
(3.10b)
(3.10c)
(3.10d)

for any compactly-supported smooth function f (x). The
differential operator Lµ ν acts on x in Eq. (3.18).
The IR divergences of the FP-ghost propagator in the
Bunch-Davies (or Euclidean) vacuum state [36–39] in the
n-dimensional de Sitter background is best understood
in the Euclidean approach. The Feynman propagator
(FP)
Gµµ′ (x, x′ ) on de Sitter spacetime in the Euclidean vacuum state can be obtained by finding the (unique) solution to Eq. (3.18) on the n-dimensional sphere, S n ,
and then analytically continuing it to de Sitter spacetime by the relation (2.12). Since Eq. (3.18) shows that
(FP)
Gµµ′ (x, x′ ) is the inverse of the differential operator
Lµ ν , it can be expressed in terms of the eigenfunctions
of this differential operator on S n . Any smooth vector
field on S n can be expressed as a linear combination of
µ
the divergence-free vector eigenfunctions V(Lρ)
discussed
in the previous section and the gradient eigenfunctions
∇µ φ(Lρ) , L = 1, 2, 3, . . . of the Laplace-Beltrami operµ
ator ∇ν ∇ν . The vectors V(Lρ)
satisfy Eqs. (2.13) and
(2.14) whereas the functions φ(Lρ) satisfy

where £c hµν is given by Eq. (3.3). The transform δB hµν
can be understood as the Lie derivative with respect to
cµ of the full metric g̃µν = gµν + hµν . Thus, the action
for the gravitational field obtained by integrating LGR
over the spacetime is invariant under this transformation.
It can readily be verified that the BRST transformation
2
given by Eq. (3.10) is nilpotent, i.e. δB
= 0 [34]. Indeed,
we find that
2 µ
δB
c = (δB cα )∇α cµ − cα ∇α δB cµ
= −Rµ αβγ cα cβ cγ
= 0,

(3.11)

where we have defined δB to act from the left so that
δB (Ω1 Ω2 ) = (δB Ω1 )Ω2 − Ω1 δB Ω2 if Ω1 is fermionic. The
2
hµν = 0 follows from
equality δB
£c £c g̃µν = £X g̃µν ,

(3.12)

where X µ ≡ cα ∇α cµ . It can readily be seen that
LFP + Lgf = iδB [(∇µ c̄ν )Hµν ] .

(3.13)

∇ν ∇ν φ(Lρ) = −L(L + n − 1)φ(Lρ) .

The BRST invariance of LFP +Lgf follows from the nilpotency of δB .
Now, let us discuss the IR divergences in the FP-ghost
propagator. The free field equation, i.e. the equation
obtained by dropping the interaction terms, for the ghost
field is
∇ν (∇µ cν + ∇ν cµ − kgµν ∇α cα ) = 0 .

One readily finds


Lµ ν V(Lρ)ν = (L − 1)(L + n) + m2 V(Lσ)µ , (3.22a)

Lµ ν ∇ν φ(Lρ) = −2β −1 L(L + n − 1)

−2(n − 1) + m2 ∇µ φ(Lρ) .
(3.22b)

(3.14)

Hence,

(3.15)

(FP)

Gµµ′ (x, x′ )

where the differential operator Lµ ν is given by
Lµ ν = −δµν ∇α ∇α + ∇ν ∇µ + 2β −1 ∇µ ∇ν
− 2(n − 1)δµν + m2 δµν .

=

(FP)

∞ X
∗
′
X
V(Lσ)µ (x)V(Lσ)µ
′ (x )

L=1 σ
∞
X

(3.16)

−β

We have inserted a mass term m2 δµν as an IR regulator.
By writing the tree-level Feynman propagator as
Gµµ′ (x, x′ ) ≡ −iT h0|cµ (x)c̄µ′ (x′ )|0i ,

(3.20)

It is convenient to normalize these functions as follows:
Z
1
dS φ∗(Lρ) φ(L′ ρ) =
δLL′ δρρ′ . (3.21)
L(L + n − 1)
Sn

From here to the end of this section, the fields cµ and
c̄µ are assumed to satisfy the free field equation. The
free antighost field c̄µ satisfies the same equation. It is
convenient to rewrite Eq. (3.14) by interchanging some
derivatives and using Rµν = (n − 1)gµν as
Lµ ν cν = 0 ,

(3.18)

(L − 1)(L + n) + m2

X

L=1 σ

∇µ φ(Lσ) (x)∇µ′ φ(Lσ)∗ (x′ )
2{L(L + n − 1) + (n − 1)β} − m2

1 X
(FP,reg)
∗
′
= 2
V(1σ)µ (x)V(1σ)µ
(x, x′ ) ,
′ (x ) + Gµµ′
m σ
(3.23)

(3.17)
4

(FP,reg)

∇ν ξAµ = 0 imply that ∇µ (ξAν H µν ) = 0. Hence the
following charges are conserved:
Z
(H)
QA ≡
dΣ nµ ξAν H µν ,
(4.1)

where the function Gµµ′
(x, x′ ) remains finite in the
limit m → 0. (Recall that β > 0.)
Now, as we saw in the previous section, the vectors
µ
V(1σ)
are the Killing vectors on S n . Hence, upon analytic
continuation, one finds that the Feynman propagator for
the FP ghosts takes the form
(FP)

Gµµ′ (x, x′ ) =

1 X
cA ξAµ (x)ξAµ′ (x′ )
m2

A
(FP,reg)
+Gµµ′
(x, x′ ) ,

Σ

µ

where n is the future-pointing unit normal to the
Cauchy surface Σ, i.e. n0 > 0 and nµ nµ = −1, and where
dΣ is the hypersurface element on Σ.
Next, we note that the field equation coming from
varying c̄µ is also the divergence of a symmetric tensor,
i.e.

(3.24)

µ
(x) with A = (σ, R) or (σ, B) are the Killing
where ξA
vectors in de Sitter spacetime and cA are constants. Al(FP)
though the Feynman propagator Gµµ′ (x, x′ ) is IR divergent, i.e. it diverges as m → 0, if one uses the regularized propagator in perturbative calculations, the IR
divergences cancel out. This is because all interaction
terms in LFP involve the factor ∇µ c̄ν + ∇ν c̄µ . Indeed,
from the Killing equation ∇µ ξAν + ∇ν ξAµ = 0, one finds
(FP)

∇µ S µν = 0 ,
where
Sµν = ∇µ cν + ∇ν cµ − 2kgµν ∇α cα
+£c hµν − kgµν g αβ £c hαβ .

(FP,reg)

(FP)

(FP,reg)

(x, x′ ) + ∇ν ′ Gµµ′

(4.3)

Then, ∇µ (ξAν S µν ) = 0. Hence, the charges given by
Z
(c)
QA ≡
dΣ nµ ξAν S µν
(4.4)

∇µ′ Gµν ′ (x, x′ ) + ∇ν ′ Gµµ′ (x, x′ )
= ∇µ′ Gµν ′

(4.2)

Σ

(x, x′ ) , (3.25)

(c)

(H)

are conserved. It is clear that QA = δB QA since Sµν =
δB Hµν .
It is convenient to remove the derivatives on hµν in the
(c)
expression for QA for later purposes. We observe

where the derivative ∇µ′ acts on x′ . Thus, the use of
the regularized FP-ghost propagator will lead to IR-finite
amplitudes.
For this reason, it was proposed in Ref. [26] that one
should use the regularized FP-ghost propagator and take
the massless limit after the calculation, thus preserving
the de Sitter invariance, rather than breaking it by introducing a momentum cutoff. However, since a mass term
breaks the BRST invariance, it was not clear whether
such a procedure leads to a consistent theory. The purpose of this paper is to establish that the use of the regularized FP-ghost propagator corresponds to requiring
that the vacuum state be annihilated by certain conserved charges in a BRST-invariant manner and, hence,
that such a procedure is consistent with the BRST invariance of the theory. This equivalence is an analogue of
that for Yang-Mills theory in de Sitter spacetime demonstrated in Ref. [29].

ξAν S µν = ξAν Seµν − (∇α ξAν )cα H µν
+ 2∇α (ξAν c[α H µ]ν ) ,

(4.5)

where
Seµν = (∇µ cν + ∇ν cµ − 2kgµν ∇α cα )(1 + kh)
+ (∇α cµ )Hαν − (∇α cα )Hµν
+ (∇µ cα )Hαν + (∇ν cα )Hαµ

(4.6)

− 2kgµν (∇α cβ )Hαβ .
Then these charges can be expressed as follows:
Z
i
h
(c)
dΣ nµ ξAν Seµν − (∇α ξAν )cα H µν ,
QA =

(4.7)

Σ

because the integral of a vector of the form ∇µ F µν ,
where F µν is an antisymmetric tensor, over any (compact) Cauchy surface vanishes by the generalized Stokes
theorem.
There are also conserved charges arising from the field
equation coming from varying cµ . To show this, it is
convenient to write the sum of the FP and gauge-fixing
Lagrangian densities in the following form:

IV. CONSERVED CHARGES IN
PERTURBATIVE GRAVITY IN THE LANDAU
GAUGE

In this section we find some conserved charges in perturbative gravity in the Landau gauge about a background spacetime satisfying Einstein’s equations with
compact Cauchy surfaces and with Killing symmetries.
Such spacetimes include global de Sitter spacetime. We
also show how these charges are related to one another
by BRST transformation.
First, the field equation ∇ν H µν = 0, where Hµν is
defined by Eq. (3.6), and the Killing equation ∇µ ξAν +

LFP + Lgf
= −i(∇µ c̄ν + ∇ν c̄µ − 2kgµν ∇α c̄α + £c̄ hµν

− kgµν g βγ £c̄ hβγ )∇µ cν − ∇µ B̄ ν Hµν
+ i(1 − 2k)(∇µ c̄ν ∇α cα − ∇α c̄α ∇µ cν )H µν ,

5

(4.8)

(c̄µ , −cµ , B µ ). Hence, for this value of the gauge parameter the action is also invariant under the following antiBRST transformation:

where
B̄ ν ≡ B ν + i[c̄α ∇α cν − (∇α c̄ν )cα ] .

(4.9)

δB̄ hµν
δB̄ c̄µ
δB̄ cµ
δB̄ B̄ µ

Equation (4.8) is derived in Appendix A. Notice that, if
k = 1/2, then this equation will be equal to the negative
of the original one with B µ replaced by −B̄ µ and with
cµ and c̄µ interchanged. The field equation arising from
varying the Lagrangian density (4.8) with respect to cµ
is then
∇ν T

µν

= 0,

(4.10)

Tµν = ∇µ c̄ν + ∇ν c̄µ − 2kgµν ∇α c̄α
+£c̄ hµν − kgµν g βγ £c̄ hβγ

+(2k − 1)(gµν ∇β c̄γ hβγ − hµν ∇α c̄α ) . (4.11)

The contribution from varying cµ through B̄ µ in Eq. (4.9)
has not been included here because it is proportional to
∇ν H µν , which vanishes by a field equation. Then, since
µ
, we have the
∇µ (ξAν T µν ) = 0 for any Killing vector ξA
following conserved charges:
Z
(c̄)
dΣ nµ ξAν T µν .
(4.12)
QA ≡

V.

(H)

The similarity of S µν and T µν allows us to use the
same method to remove the derivative of hµν from these
charges. Thus, by defining

(H)

Teµν = (∇µ c̄ν + ∇ν c̄µ − 2kgµν ∇α c̄ )(1 + kh)
+(∇α c̄µ )Hαν − 2k(∇α c̄α )Hµν

we find

Σ

(c)

(c̄)

(c)

(c̄)

(5.1)

The main aim of this paper is to show that imposing
these conditions on |Ωi corresponds to using the FPghost propagator regularized by a finite mass term and
then taking the massless limit at the end as described in
Sec. III. We shall discuss this equivalence in the Hamiltonian formulation in Sec. VII. For this purpose we need to
identify the components of the fields B µ , cµ and c̄µ that
are proportional to the Killing vectors at each time. The
(H)
(c̄)
(c)
conserved charges QA , QA and QA will be shown to
be (essentially) the canonical conjugate momenta of these
components. This procedure may look rather artificial,
but it is necessary for using the Hamiltonian formalism
to discuss the conditions (5.1).
We first extract the modes proportional to the Killing
µ
vectors ξA
at each time t for V µ = cµ , c̄µ and B µ as
Z
A
dΣV µ ηµA ,
(5.2)
V(0)
(t) =

+(∇µ c̄α )Hαν + (∇ν c̄α )Hαµ − gµν (∇α c̄β )Hαβ ,
(4.13)
h
i
dΣ nµ ξAν Te µν − (∇α ξAν )c̄α H µν .

(c)

QA |Ωi = QA |Ωi = QA |Ωi = 0 .

α

Z

IDENTIFICATION OF THE KILLING
VECTOR MODES

Since the charges QA , QA and QA found in the
previous section are conserved, it is consistent to require
that all physical state, particularly the vacuum state |Ωi,
be annihilated by these charges:

Σ

(c̄)

(4.15a)
(4.15b)
(4.15c)
(4.15d)

Furthermore, Eq. (4.11) shows that for k = 1/2 the tensor Tµν corresponds to the tensor Sµν given in Eq. (4.3)
(H)
(c̄)
with cµ replaced by c̄µ . This implies that QA = δB̄ QA .
Hence, we conclude that the Noether charges associated
with the background spacetime symmetries are the anti(c)
BRST transforms of the charges QA . Thus, the de Donder gauge appears to be a natural one because all conserved charges found in this section can be derived from
(H)
QA by the BRST and anti-BRST transformation in this
gauge.

where

QA =

= ∇µ c̄ν + ∇ν c̄µ + £c̄ hµν ,
= c̄α ∇α c̄µ ,
= −iB̄ µ ,
= 0.

(4.14)
(H)

The BRST transforms of the charges QA = δB QA
2
= 0. However, the BRST transforms
vanish because δB
(c̄)
of the charges QA are nonzero. The conservation of
(c̄)
QA and the BRST invariance of the theory imply that
(c̄)
the charges δB QA are also conserved. We show in Appendix B that these charges are precisely the Noether
(st)
charges QA associated with the spacetime symmetries
µ
generated by the Killing vectors ξA
.
We note in passing that the action is invariant under
the “anti-BRST” transformation if k = 1/2 (the de Donder gauge). (The anti-BRST invariance of Yang-Mills
theory has been found in Refs. [40–42]. The anti-BRST
invariance has also been studied in some formulations
of the gauge sector of general relativity, which appear
different from ours [43–46].) When k = 1/2, the last
term in Eq. (4.8) vanishes, and the Lagrangian density
LFP + Lgf is left unchanged if we replace (cµ , c̄µ , B̄ µ ) by

Σ

where Σ is the hypersurface of constant t, which is an
(n−1)-dimensional sphere of radius cosh t. The covectors
ηµA are chosen to satisfy
Z
µ B
B
ηµ = δA
.
(5.3)
dΣ ξA
Σ

These conditions do not determine ηµA uniquely and there
is some freedom in choosing them. It is natural to choose
6

them for the rotation Killing vectors as

we find, up to a total divergence,

coshn−1 t η(σ,R)0 = 0 ,

(5.4a)

coshn−1 t η(σ,R)i = Y(1σ)i .

(5.4b)

LFP + Lgf

= −∇µ B̌ ν Hµν + iRν βα µ c̄β cα Hµν
− i∇µ c̄ν (∇µ cν + ∇ν cµ − 2kgµν ∇α cα )(1 + kh)
− i[−(∇µ c̄ν )(∇α cα ) + (∇α c̄µ )(∇ν cα )
+(∇α c̄µ )(∇α cν ) + (∇µ c̄α )(∇α cν )]Hµν .
(5.12)

As for the covectors associated with the boost Killing
vectors, a simple choice is
coshn−1 t η(σ,B)0 = Y(1σ) ,
cosh

n−1

t η(σ,B)i = 0 .

(5.5a)
(5.5b)

We present a derivation of this result in Appendix C.
To identify the conserved charges found in the previous
section essentially as the canonical momenta conjugate
to cyclic variables we need to redefine the auxiliary field
further. Hence, let us define

With the help of these definitions, we can then expand
the field V µ as
X
µ
µ
A
V(0)
(t)ξA
(x) + V(+)
(x) .
(5.6)
V µ (x) =

µ α
µ A
)c + ic̄α
B̃ µ ≡ B̌ µ + iθ̄A (∇α ξA
(+) (∇α ξA )θ ,

A

In order to simplify the notation, we also define
θA (t) ≡ cA
(0) (t) ,

(5.7a)

θ̄ (t) ≡

(5.7b)

A

c̄A
(0) (t) .

where θA and θ̄A are the canonical variables multiplying
the Killing vectors in the expansion of cµ and c̄µ , respectively, as defined in Eq. (5.7). Then, after a tedious but
straightforward calculation we find
LFP + Lgf

In the ADM Hamiltonian formalism [47] the metric is
given as follows:
ds2 = −N 2 dt2 + gij (dxi + N i dt)(dxj + N j dt) ,

q
−g̃00 + g̃ ij g̃0i g̃0j ,

N i = g̃ ij g̃0j ,

(5.8)

−gH0ν =

∂Lgf
,
∂ Ḃ ν

µ
In Eq. (5.14), we have defined the Killing vector ξ[A,B]
≡
A
[ξA , ξB ]µ , the variable B(0)
is the coefficient of the Killing
vector mode of the field B µ as defined by Eq. (5.6), and
(+)
A
, θA or θ̄A . The
LFP+gf does not contain variables B(0)
(+)
(+)
tensors Seµν and Teµν are obtained by replacing cµ and
µ
µ
µ
c̄ by c(+) and c̄(+) , which are defined by Eq. (5.6), in
Seµν in Eq. (4.6) and Teµν in Eq. (4.13), respectively. Then
we find

(5.9b)

∂
ν
(LFP + Lgf ) = ξA
H0ν ,
(5.15a)
A
∂ Ḃ(0)
h
i
∂
ν e
ν α
(LFP + Lgf ) = i ξA
S0ν − (∇α ξA
)c H0ν ,
∂ θ̄˙A
(5.15b)
h
i
∂
ν e
ν
(LFP + Lgf ) = −i ξB
T0ν − (∇α ξB
)c̄α H0ν
∂ θ̇B
ν
−iθ̄A ξ[A,B]
Hν0 ,
(5.15c)

(5.10)

with the notation f˙ ≡ ∂t f , if there were no terms containing ḣ0ν in the FP-ghost Lagrangian density LFP . In
fact, the Lagrangian density LFP does contain terms involving ḣ0ν , but they can be removed by redefining the
auxiliary field B µ . Thus, by defining
B̌ µ ≡ B µ − i(∇α c̄µ )cα ,

i j
gij ξA
ξB +

(5.14)

(5.9a)

where g̃ ij is the inverse of the matrix g̃ij . As is well
known, the Lagrangian density for the Einstein-Hilbert
action can be given in terms of g̃ij , N and N i up to a
total divergence, and this Lagrangian density contains
no time derivatives of N or N i . (See, e.g. Appendix E of
Ref. [48].)
Since this Lagrangian density depends on h00 = g̃00 −
g00 and h0i = g̃0i −g0i only through N and N i , it does not
contain any time derivatives of h00 or h0i . This allows us
to identify H0ν as the momentum variables conjugate to
B ν as
√




2 0 0
ξA ξB (1 + kh)
β

µ ν
ν
0 ν
+ (1 − 2k)ξA
ξB H0ν + ξA
ξB Hµν + iθ̄˙A θB ξ[A,B]
H0ν
h
i
ν e(+)
ν α
+ iθ̄˙A ξA
S0ν − (∇α ξA
)c(+) H0ν
h
i
ν e (+)
ν α
A ν
+ i ξA
T0ν − (∇α ξA
)c̄(+) H0ν θ̇A + Ḃ(0)
ξA H0ν .

(+)
= LFP+gf + iθ̄˙A θ̇B

where N and N i are called the lapse function and shift
vector, respectively. They are given in terms of the full
metric components g̃µν as
N=

(5.13)

where the derivatives with respect to θ̄˙A and θ̇B are leftderivatives. The integral of these over a Cauchy surface
of constant time gives the canonical momenta conjugate

(5.11)
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(H)

A
to B(0)
, θ̄A and θB , which will be denoted by pA , ϕA and
ϕ̄B , respectively. They satisfy
 


B
B
= ϕA , θ̄B = ϕ̄A , θB = −iδA
, (5.16)
pA , B(0)

For the bosonic charges QA
we show in Ap(H)
pendix D that the result QA |0i = 0 or, more precisely,
(H)
A
h0|ωQA |0i = 0 for any canonical variable ω except B(0)
,
(H)

which are canonically conjugate to QA , follows automatically in the standard de Sitter-invariant quantization
of linearized gravity in the Landau gauge.

where {ω1 , ω2 } ≡ ω1 ω2 + ω2 ω1 . Equations (4.1), (4.7)
and (4.14) then yield
(H)

pA = Q A ,
ϕA =

(c)
iQA



(5.17a)

,
(c̄)

(H)



ϕ̄A = −i QA + θ̄B Q[B,A] ,
(H)
Q[B,A]

A.

(5.17b)
(5.17c)

To illustrate in what way the regularized propagator
(c)
(c̄)
corresponds to the charges QA and QA annihilating the
vacuum state at linear level in the massless limit, let us
consider a massive Hermitian scalar field φ on de Sitter
spacetime. Expanding this field operator in terms of the
scalar spherical harmonics, Eq. (2.5), we obtain

where the charge
is the bosonic charge of Eq. (4.1)
µ
corresponding to the Killing vector ξ[B,A]
. It is interesting to note that
n
o
(c̄)
(c)
(H)
QA , QB = −iQ[A,B] .
(5.18)

φ(t, θ) =

By applying the BRST transformation and using
(c)
(H)
(st)
(c̄)
(c̄)
δB QA = 0, QA = δB̄ QA and QA = iδB̄ QA , we
find
h
i
(st)
(c)
(c)
QA , QB = Q[A,B] ,
(5.19)

∞ Xh
X
ℓ=0 σ

i
∗
aℓσ fℓ (t)Y(ℓσ) (θ) + a†ℓσ fℓ∗ (t)Y(ℓσ)
(θ) ,

(6.1)
= δ δ , with other commutators
normalized according to the KleinGordon inner product and chosen such that we have the
Bunch-Davies vacuum. The field time evolution is dictated by the Hamiltonian operator


1 π0 (t)π0 (t)
n−1
2
H=
+ m cosh
tφ0 (t)φ0 (t) + H(+) ,
2 coshn−1 t
(6.2)
†
n−1
∗
where φ0 ≡ a00 f0 + a00 f0 , π0 ≡ cosh
t dφ0 /dt, thus
[φ0 , π0 ] = i, and H(+) is the Hamiltonian operator of
the modes with ℓ > 0. We focus on the ℓ = 0 mode,
as it is the one responsible for the IR divergence of the
propagator in this example. The form of f0 in the smallm limit can be found in Ref. [29] and reads
r


VS n−1 1
f0 (t) =
− m[g(t) + b1 + ib0 f (t)] +O(m2 ) ,
2b0
m
(6.3)

where b0 and b1 are constants, VS n−1 ≡ 2π n/2 /Γ n2 is
the volume of the unit S n−1 , and
Z t
dt′
f (t) ≡
,
(6.4a)
′
0 V (t )
Z t′
Z t
dt′
dt′′ V (t′′ ) ,
(6.4b)
g(t) ≡
′)
V
(t
0
0
where [aℓσ , a†ℓ′ σ′ ]
null, and fℓ are

which is the expected action of the spacetime-symmetry
(st)
(c)
charges QA on QB .
The canonical conjugate momenta pA and ϕA are those
A
of cyclic variables B(0)
and θ̄A as can be seen from
Eq. (5.14), and they are indeed time independent, being
proportional to conserved charges. The time derivative
of ϕ̄A can be found from the Lagrangian density (5.14)
as
Z
∂
˙
ϕ̄A =
dΣ (LFP + Lgf )
∂θA Σ
(H)
= −iθ̄˙B Q
,
(5.20)
[B,A]

which agrees with the result obtained by differentiating
Eq. (5.17c) directly and using the conservation of the
(c̄)
(H)
charges QA and Q[B,A] .
VI.

Scalar field zero mode

THE CONDITIONS ON THE VACUUM
STATE AT TREE LEVEL

As we stated before, the main purpose of this paper is
to show that the use of the regularized FP-ghost propagator for perturbative gravity in de Sitter spacetime corre(H)
(c)
(c̄)
sponds to the conditions QA |Ωi = QA |Ωi = QA |Ωi =
0 on the vacuum state |Ωi. In this section, we show that
the use of the regularized FP-ghost propagator implies
that the non-interactive vacuum state |0i is annihilated
by the tree-level charges. From here to the end of this
(H)
(c)
(c̄)
section, the charges QA , QA and QA are the conserved charges in the noninteracting theory with the interactions turned off, which are linear in hµν , cµ and c̄µ ,
respectively.

ℓℓ′

σσ ′

where we have defined V (t) ≡ VS n−1 coshn−1 t. The contribution coming from the zero mode to the propagator
and its time derivatives in the de Sitter invariant vacuum
|0i has the form
h0|φ0 (t)φ0 (t′ )|0i = f0 (t)f0∗ (t′ )

r
VS n−1 1
VS n−1 
=
g(t) + g(t′ )
−
2b0 m2
2b0
+ 2b1 + ib0 [f (t) − f (t′ )] + O(m2 ) ,
(6.5)
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h0|φ0 (t)π0 (t′ )|0i = f0 (t) coshn−1 t′ f˙0∗ (t′ )
V (t′ )[ġ(t′ ) − ib0 f˙(t′ )]
√
=−
+ O(m2 ) ,
2VS n−1 b0
(6.6)

quantum mechanics, we can represent the operators q̂ and
p̂ on L2 (R) as the multiplication by q and the derivative
−id/dq, respectively. We then consider the field state
|Ψi = ψ(q) ⊗ |0(+) i, where ψ(q) is a normalized wave
function and |0(+) i is the vacuum state for the modes
with ℓ > 0, i.e. aℓσ |0(+) i = 0 for all ℓ ≥ 1. It is possible to
show (see, e.g. Refs. [29, 30]) that the state |Ψi is de Sitter
invariant if, and only if, condition (6.8) is satisfied, i.e.
p̂|Ψi = 0. Hence, for |Ψi to be de Sitter invariant we
must have the wave function ψ(q) constant. Again, if φ
is observable or couples through its amplitude, this is a
manifestation of the fact that no such |Ψi exists, since
R +∞
dq|ψ(q)|2 = ∞. However, if our field is unobservable
−∞
and interacts via its derivatives, then, since the zero mode
is spatially constant and its time derivative annihilates
the state, we can simply ignore it by redefining the inner
product of the field space of states. Thus, for two field
states |Ψ1 i = ψ1 (q) ⊗ |α(+)1 i and |Ψ2 i = ψ2 (q) ⊗ |α(+)2 i,
where |α(+)1 i and |α(+)2 i are states in the Fock space
built by applying a†ℓσ on |0(+) i, we define hΨ1 |Ψ2 i ≡
hα(+)1 |α(+)2 i.3 The result of computing the propagator
in the vacuum state annihilated by p̂, with the redefined
inner product, is the scalar counterpart of the use of the
regularized propagator discussed in Sec. III.

and
h0|π0 (t)π0 (t′ )|0i = O(m2 ) .

(6.7)

Hence, in the massless limit one finds h0|π0 (t)π0 (t′ )|0i =
0. This can be stated as h0|ω(t)π0 (t′ )|0i = 0, where ω is
any canonical variable except φ0 .
If one expects the field φ to represent an observable
or to couple with another field through its amplitude,
then Eqs. (6.5) - (6.7) are just a manifestation of the
well-known fact that there is no de Sitter-invariant state
for a massless scalar field [12, 13].2 On the other hand,
if the field φ(t) itself is unobservable and only interacts
via its derivatives, which is precisely the case of the FP
ghosts, then the correlators h0|φ0 (t)φ0 (t′ )|0i → ∞ and
h0|φ0 (t)π0 (t′ )|0i =
6 0 in the limit m → 0 are irrelevant for
observable quantities. Moreover, it is clear from the form
of the Hamiltonian (6.2) that φ0 is a cyclic variable in the
massless limit. Its canonical conjugate momentum π0 is
the conserved charge associated with the conserved current Jµ ≡ ∇µ φ. This allows us to interpret the statement
h0|ω(t)π0 (t′ )|0i = 0 simply as
π0 |0i = 0 .

B.

(6.8)

The condition (6.8) is the requirement that the state |0i
is invariant under φ → φ + constant, which is a gauge
transformation for the massless scalar field.
We can turn the argument above around and show that
the condition (6.8) in the massless theory corresponds to
discarding the contribution of the zero mode to the propagator. From the Hamiltonian (6.2) and the Heisenberg
equation, we have that


d
dφ0
V (t)
= 0.
(6.9)
dt
dt

Ghost fields zero modes in perturbative
quantum gravity

Let us now return to the analysis of the FP-ghost
propagator in perturbative quantum gravity. What
we shall demonstrate at tree level is that, if we regularize the propagator with a small mass and then
(c)
take the massless limit, then h0|QA (t)Λ|0i = 0 and
(c̄)
h0|ωQA (t)|0i = 0 for any canonical variables ω unless
ω = θ̄A for the former and unless ω = θA for the latter. (Note that θ̄A and θA are canonically conjugate to
(c)
(c̄)
QA and QA , respectively, at tree level.) It is sufficient
(c)
(c)
(c̄)
to show that h0|QA (t)QB (t′ )|0i, h0|QA (t)c̄µ(+) (x′ )|0i

Therefore, the zero mode φ0 is analogous to a free quantum particle and we can expand the field operator φ as

(c̄)

and h0|cµ(+) (x)QB (t′ )|0i all vanish in the massless limit.
Some details for the following discussion will be delegated
to Appendix E.
The FP-ghost field equation with mass m at tree level
reads

φ(t, θ) = q̂ + p̂f (t)
∞ Xh
i
X
∗
+
aℓσ fℓ (t)Y(ℓσ) (θ) + a†ℓσ fℓ∗ (t)Y(ℓσ)
(θ) ,
ℓ=1 σ

∇ν (∇ν cµ + ∇µ cν − kg µν ∇α cα ) − m2 cµ = 0 .

(6.10)

where f (t) was defined
√ in Eq. (6.4a) and
√ [q̂, p̂] = i. We
note that φ0 (0) = VS n− q̂ and π0 = VS n− p̂. As in

There are two types of solutions to this equation. By
writing
c µ = V µ + ∇µ Φ ,

2

(6.11)

Interestingly enough, in the Euclidean theory it is possible to
show that a massless free scalar field on S n admits fully symmetric states [49]. The idea is to treat the massless field as a
gauge theory symmetric under φ → φ + constant and add a
gauge-fixing term to the Lagrangian that effectively removes the
zero mode.

3

9

(6.12)

An alternative construction for the Fock space can be found
in Refs. [50, 51], which mirrors the Gupta-Bleuler quantization
method for the electromagnetic field.

where ∇µ V µ = 0, we find

and


β
Φ − 2(n − 1) − m2 Φ = 0 ,
2

Vµ − m2 − (n − 1) Vµ = 0 ,

Vµ(2;1,σ)

(6.13a)
(6.13b)

(1;ℓ,σ)
(1;ℓ,σ)

Vi

= 0,
=

cosh

n−4
2

t

−µℓ
P−
(i sinh t)Y(ℓσ)i ,
1
+λ
2

2

=−

s

1
P−µ1ℓ (i sinh t)Y(ℓσ) ,
n
cosh 2 t − 2 +λ2
ℓ
Cm
=p
ℓ(ℓ + n − 2)[2(n − 1) − m2 ]


× cosh2 t ∂t + (n − 1) sinh t cosh t
1
×
P−µ1ℓ (i sinh t)Di Y(ℓσ) ,
n
cosh 2 t − 2 +λ2

(2;ℓ,σ)

Vi

(6.15a)

≡

Γ ℓ+

n−1
2

s


− λ2 Γ ℓ +
2

2
n+1
− m2 ,
λ2 ≡
2
n−2
µℓ ≡ ℓ +
.
2

n−1
2

+ λ2



,

(I)

(6.15b)
−µℓ
P−
(i sinh t) =
1
+λ

(I)

(cosh t)µℓ

ℓ + n2


n 1 − i sinh t
−
,
;
× 2 F1 b+
,
b
;
ℓ
+
ℓ
ℓ
2
2
(6.22)
2µ ℓ Γ

where we have defined
(6.16b)
b±
ℓ ≡ℓ+

(6.16c)

n−1
± λ2 .
2

(6.23)

The function 2 F1 (a, b; c; z) denotes Gauss’s hypergeometric function.
(c)
The contribution to the conserved charges QA and
(c̄)
QA comes from the modes with ℓ = 1. For ℓ = 1, the
massless limit yields

The function
is the associated Legendre function
of the first kind [52]. Then, we use the covectors (5.4)
and (5.5) to extract the zero-mode part of the vector
modes with ℓ = 1, which yields
1
Cm
−n
=
P− 12 +λ (i sinh t)ξ(σ,R)µ
n
2
2
2
cosh t

2

(6.16a)

P−µ
ν (x)

Vµ(1;1,σ)

(6.19b)

with all other anticommutators among αℓσ and ᾱℓσ and
their Hermitian conjugates vanishing.
The de Sitter invariant tree-level vacuum state |0i is
(I)
(I)
annihilated by the annihilation operators αℓσ and ᾱℓσ ,
I = 1, 2. It is useful to note that [52]

2

s

χi(σ) = Di Y(1,σ) .

The vector sector of the antighost field is expanded in the
same way with the annihilation and creation operators,
(I)
(I)†
(I)
(I)†
αℓσ and αℓσ , replaced by ᾱℓσ and ᾱℓσ , respectively.
(I;ℓ,σ)
The mode functions Vµ
are normalized so that these
annihilation and creation operators satisfy
o
n
(I)
(J)†
(6.21)
αℓσ , ᾱℓ′ σ′ = (−1)I+1 iδℓ ℓ′ δσ σ′ δ IJ ,

(6.14b)

where
ℓ
Cm

(6.19a)

I,ℓ,σ

ℓ(ℓ + n − 2) ℓ
C
2(n − 1) − m2 m

×

χ0(σ) = 0 ,

The vector sector of the FP-ghost field can be expanded as
i
X h (I)
(I)†
Vµ =
(6.20)
αℓσ Vµ(I;ℓ,σ) + αℓσ Vµ(I;ℓσ)∗ .

and
(2;ℓ,σ)
V0

(6.18)

where the Killing vectors were given in Eqs. (2.9)
and (2.10) and we have defined the vectors

(6.14a)
ℓ
Cm

1
Cm
n−1
−n
2
P
(i sinh t)ξ(σ,B)µ
n
1
2(n − 1) − m2 cosh 2 t − 2 +λ2

1
Cm
+p
(n − 1)[2(n − 1) − m2 ]


1
d
−n
2
×
(i sinh t) χ(σ)µ ,
P 1
n
dt cosh 2 t − 2 +λ2

where we have defined  ≡ ∇µ ∇µ . The scalar sector
(c)
∇µ Φ contributes to the charge QA at tree level only
2
at order m , as shown in Appendix E. Hence, we do not
(c̄)
need to consider this sector in calculating h0|ωQA |0i and
(c)
h0|QA ω̄|0i at tree level in the m → 0 limit. For positive
β, the field Φ is a scalar field of positive mass, and there
is no divergence from this sector in the limit m → 0. For
β negative, but not in the set −s(s + n − 1)/(n − 1),
with s = 0, 1, 2, . . . , there is also no divergence for the
scalar sector, even though the scalar propagator grows
as the spacetime points become largely separated. We
will return to this point in Sec. VIII.
The mode functions constituting the vector sector, Vµ ,
are given by
V0

=

s

n

1
(i sinh t) =
lim P−µ
− 1 +λ

(6.17)

m→0
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2

2

(cosh t) 2
,
n
2 2 Γ( n+2
2 )

(6.24)

since b−
1 → 0 as m → 0 and 2 F1 (α, 0; γ; z) = 1. Moreover,
in this limit we also obtain
r
Γ(n + 2)
1
Cm ≈
,
(6.25a)
2m2


1
m2
1
p
≈p
1+
.
4(n − 1)
2(n − 1) − m2
2(n − 1)
(6.25b)

and
(c)

Q(σ,B) (t)



m coshn−1 t
1
d
n−1
2
≈
sinh t − sinh t cosh t
1−
√
c0
2
2
dt


Z t
1
(2)
×
coshn+1 τ dτ α1σ + H.c. .
ic0 +
coshn+1 t
0
(6.31)

By substituting Eqs. (6.24) and (6.25) into Eqs. (6.17)
and (6.18) we find that the leading terms for ℓ = 1 are
1
ξ(σ,R)µ ,
2c0 m
1
≈ √
ξ(σ,B)µ .
2 c0 m

Vµ(1;1,σ) ≈ √

(6.26a)

Vµ(2;1,σ)

(6.26b)

By combining these equations with Eq. (6.26) and the
anticommutators (6.21), we find for the rotation Killing
vectors
(c)

h0|Q(σ,R) (t)c̄µ (x′ )|0i


Z t
1
µ
n+1
−1
=
cosh
τ dτ ξ(σ,R)
(x′ ) ,
1 − ic0
2
0

We have used the doubling formula for the Γ-function to
arrive at Eq. (6.26). The constant c0 , whose exact value
is not important, is given by Eq. (D17).
As we have stated before, only the ℓ = 1 modes contribute to the conserved FP-ghost charges at tree level.
(1;1,σ)
(2;1,σ)
By substituting the mode functions Vµ
and Vµ
given by Eqs. (6.17) and (6.18) in Eq. (4.7) at tree level,
and using Eq. (6.25), we find

(6.32)

while for the boost Killing vectors we obtain
(c)

h0|Q(σ,B) (t)c̄µ (x′ )|0i


1
n−1
1
d
n−1
2
= cosh
t 1−
sinh t − sinh t cosh t
2
2
2
dt


Z t
1
µ
×
1 − ic−1
coshn+1 τ dτ ξ(σ,B)
(x′ ) .
0
coshn+1 t
0
(6.33)

(c)

Q(σ,R) (t)



coshn+1 t d
(1)
+ − n + 2 1 − i sinh t
α1σ
;
≈ √
2 F1 b1 , b1 ;
2
2
2c0 m dt
+ H.c. ,
(6.27)

We similarly have
(c̄)

h0|cµ (x)Q(σ,R) (t′ )|0i
!
Z t′
1
µ
coshn+1 τ dτ ξ(σ,R)
(x)
1 + ic−1
=−
0
2
0

(c)

Q(σ,B) (t)



coshn−1 t
n−1
1
d
≈− √
1−
sinh2 t − sinh t cosh t
c0 m
2
2
dt


d
(2)
− n + 2 1 − i sinh t
× 2 F1 b+
α1σ + H.c. ,
;
1 , b1 ;
dt
2
2
(6.28)

(6.34)

and
(c̄)

h0|cµ (x)Q(σ,B) (t′ )|0i


1
1
n−1
n−1 ′
2 ′
′
′ d
= − cosh
t 1−
sinh t − sinh t cosh t ′
2
2
2
dt
!
Z t′
1
µ
−1
coshn+1 τ dτ ξ(σ,B)
(x) .
×
n+1 ′ 1 + ic0
cosh
t
0
(6.35)

where H.c. stands for the Hermitian conjugate of the preceding terms.
The derivative of the hypergeometric function appearing above is evaluated in the small-m limit in Appendix E, and it yields


d
+ − n + 2 1 − i sinh t
;
2 F1 b1 , b1 ;
dt
2
2


Z t
2
m
n+1
ic
+
cosh
τ
dτ
. (6.29)
≈−
0
coshn+1 t
0

These equations imply that
(c)

(c̄)

h0|QA QB |0i = 0 ,

(6.36a)

= 0,

(6.36b)

h0|cµ(+) (x)QA |0i = 0 ,

(6.36c)

(c)
h0|QA c̄µ(+) (x)|0i
(c̄)

Hence, substituting this result in Eqs. (6.27) and (6.28)
yields

which can be summarized as

(c)

Q(σ,R) (t)



m
≈ −√
ic0 +
2c0

Z

t

cosh
0

n+1

τ dτ



(c)

(1)
α1σ

(c̄)

h0|QA ω̄|0i = h0|ωQA |0i = 0 ,

(6.30)
+ H.c.

(6.37)

for any canonical variables except for ω̄ = θ̄A or ω = θA .
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VII.

The interaction Hamiltonian density in theories with
derivative interactions, such as perturbative gravity, is
noncovariant. For this reason Hamiltonian perturbation
theory is not widely used, unlike Lagrangian perturbation
theory in the path-integral framework. The two perturbation schemes are equivalent in quantum electrodynamics (QED) with charged scalar field [53]. This equivalence
is explained in Appendix F. One can demonstrate the
equivalence of the two schemes in a wide class of theories with derivative interactions including perturbative
gravity 4 .
In Hamiltonian perturbation theory in Minkowski
spacetime the expectation value of the time-ordered
product T ω1 (t1 )ω2 (t2 ) · · · ωN (tN ), where ω1 (t1 ), ω2 (t2 ),
..., ωN (tN ) are canonical variables, in the vacuum state
|Ωi can be found in the interaction picture as

HAMILTONIAN PERTURBATION
THEORY

In the previous section we showed that the small-mass
regularization of the FP-ghost propagator corresponds
to the vacuum state |0i being annihilated by the con(c)
(c̄)
served charges QA and QA at tree level in de Sitter
spacetime. The analogous result for the bosonic charge
(H)
QA , i.e. that it annihilates the vacuum state at tree
level in the standard de Sitter-invariant quantization of
linearized gravity in the Landau gauge, can be found in
Appendix D. In this section we show that these charges
annihilate the interacting vacuum state |Ωi to all orders
in Hamiltonian perturbation theory with |Ωi defined in
this framework. That is, we show that the conditions
(X)
QA |0i = 0 for X = H, c, c̄ at tree level are inherited in
(X)
the interacting theory as QA |Ωi = 0.
Let us first elaborate on the meaning of the conditions
(X)
(H)
QA |Ωi = 0 for X = H, c, c̄. Since QA = pA are the
A
A
canonical momenta conjugate to B(0)
, if ΨΩ (B(0)
, · · · ) is
the Schrödinger representation of the state |Ωi, the op(H)
A
erator QA is represented by −i∂/∂B(0)
. Hence, the

T hΩ|ω1 (t1 )ω2 (t2 ) · · · ωN (tN )|Ωi
1
(I)
(I)
= T h0|ω1 (t1 )ω2 (t2 ) · · · ω (I) (tN )
Z

 Z
∞

× exp −i

−∞

HI (t) dt |0i ,

(7.1)
(I)

where HI (t) is the interaction Hamiltonian and ωi (ti ),
i = 1, 2, . . . , N , are the canonical variables ωi (ti ) in the
(I)
interaction picture. Thus, the operators ωi (ti ) satisfy
the free equations. Here, the state |0i is the tree-level
vacuum state and
 Z ∞

Z = T h0| exp −i
HI (t)dt |0i .
(7.2)

(H)

condition QA |Ωi = 0 means that the corresponding
Schrödinger wave function ΨΩ does not depend on the
(H)
A
variables B(0)
. The charge QA are the generators of
A
the translation in the variables B(0)
. Hence, we may in(H)

terpret the conditions QA |Ωi = 0 as the requirement
that the vacuum state |Ωi be invariant under the gauge
A
transformation B(0)
+ constant. These are the natural
conditions because the Hamiltonian is invariant under
A
these gauge transformation, being independent of B(0)
.

−∞

The interacting vacuum state |Ωi in de Sitter spacetime cannot be defined in the same way as in Minkowski
spacetime since the integral in Eq. (7.1) would be divergent due to the exponential growth of the space to
the future and past. Instead, we propose to define it so
that the time-ordered N -point functions are the analytic
continuation of those in the Euclidean theory obtained
by the coordinate transformation (2.12). Thus, for the
Euclidean time the path-ordered product in the order of
decreasing imaginary part of t to the left is defined by

(H)

Once the conditions QA |Ωi = 0 are imposed, we may
(H)
set pA = QA = 0 in the Hamiltonian for the purpose
of evaluating the expectation values of operators not inA
cluding B(0)
in the vacuum state |Ωi. (We may exclude
A
the variables B(0)
since these are “gauge-dependent vari(H)

ables” breaking the gauge invariance generated by QA .)
Then, Eq. (5.14), which shows that the only undiffer(H)
entiated variables θA is multiplied by QA in the Lagrangian, and Eqs. (5.17b) and (5.17c) imply that, after
(H)
(c)
(c̄)
setting QA = 0, the charges QA and QA are also
effectively the canonical momenta conjugate to the variables θ̄A and θA , respectively. Hence, these fermionic
conserved charges can also be regarded as generating
the gauge transformation of adding constant Grassmann
numbers to θ̄A and θA .
(X)
Since the conditions QA |Ωi = 0 with X = H, c, c̄
enforces the gauge invariance of the Hamiltonian on the
vacuum state, it is natural to expect that these condition
(X)
at tree level, QA |0i = 0, will lead to the same conditions
after including the interaction. We propose a definition
of the vacuum state in Hamiltonian perturbation theory
for which this is indeed the case.

PhΩ|ω1 (t1 )ω2 (t2 ) · · · ωN (tN )|Ωi
1
(I)
(I)
=
Ph0|ω1 (t1 )ω2 (t2 ) · · · ω (I) (tN )
ZPE

 Z π
HI (t) dτ |0i ,
× exp −

(7.3)

0

where
 Z
ZPE = Ph0| exp −

π
0


HI (t)dτ |0i .

(7.4)

The path-ordering of operators such that the imaginary
part of t decreases to the left corresponds to the ordering
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of the quantum linearization stability conditions arising
in linearized gravity quantized with the Dirac quantization method [58–60]. Non-vacuum de Sitter invariant
states have been constructed using “group-averaging” to
implement these conditions in Ref. [61]. We expect that
the same method can be applied for the physical-state
conditions in this paper.
In our analysis, the gauge parameter β takes any real
value not in a certain set of discrete values—see statement below Eq. (3.4). Due to the form of the gaugefixing condition (3.2a), β only affects the scalar sectors
of the graviton and the FP ghost fields. As mentioned
above, for β > 0 the masses of these scalar fields are
positive, making those sectors free of IR problems. For
β < 0, but outside that discrete set, the scalar sectors are free of IR divergences, even though the propagators in the de Sitter-invariant vacuum grow at large
point separations. In principle, this growth can spoil the
convergence in the IR of the Feynman diagrams making the perturbative series of gauge-dependent correlators.5 This problem, however, is avoided in the perturbation theory laid out in Sec. VII, as the diagram vertices are integrated over the Euclidean section of de Sitter
spacetime, the n-sphere. The deformation for the Euclidean contour into the Schwinger-Keldysh contour will
not change this, as long as we keep the initial time finite,
since the Schwinger-Keldysh is causal and the spatial section of de Sitter spacetime is the (n − 1)-sphere. As for
the values of β in the set −s(s + n − 1)/(n − 1), with
s = 0, 1, 2, . . . , the scalar sectors of the graviton and FP
ghosts have IR divergences similar to the massless case
discussed in Sec. VI, and corresponds to the tachyonic
fields of Ref. [62]. Although it could be interesting to
try to accommodate them in the framework we have discussed, these discrete values are not associated with any
particularly relevant gauge condition in four dimensions.
It is interesting to compare our proposal to deal
with the ghost zero modes problem with the approach
of Refs. [63–65]. There, the one-loop effective action
was computed by restricting the FP determinant to the
modes with strictly positive eigenvalues corresponding to
the Euclidean vacuum. In our work, the condition that
(c)
(c̄)
the physical state is annihilated by QA and QA implies,
A
at tree level, that the operators cA
(0) and c̄(0) , defined in
Eq. (5.2), are effectively time-independent when acting
on the state. This condition, however, makes the zeromodes state non-normalizable, and thus the next step is
to change the inner product for the space of states so
it does not involve the zero modes—see Sec. VI. In the
path-integral formalism, the change of the inner product consists in removing the integration over the zero
modes from the functional integral. This is precisely the
method employed in Refs. [63–65]. The advantage of our

such that the variable τ increases to the left. The analytic continuation of the N -point functions in Eq. (7.3)
to the real-time variables is performed by deforming the
time-path as in the usual Schwinger-Keldysh perturbation theory [54, 55] (see, e.g. [56]). This analytic continuation appears to be a concrete realization of the vacuum
state proposed by Jacobson [57] in the context of general
spacetimes with bifurcate Killing horizons, which include
de Sitter spacetime.
The expectation value of the path-ordered product in
Eq. (7.3) can be expressed as an integral of a product
of two-point functions in the interaction picture by using
Wick’s theorem as in Lagrangian perturbation theory.
(X)
Thus, since h0|ωQA |0i = 0, X = H, c, c̄, where ω is
any canonical variable, which is not any of the “gaugeA
dependent variables” B(0)
, θA or θ̄A , at tree level, we have
(X)

hΩ|ΛQA |Ωi = 0 for any string Λ of canonical variables
(X)
A
not including B(0)
θA or θ̄A . That is, QA |Ωi = 0.
VIII.

SUMMARY AND DISCUSSION

In this paper we found that there are conserved charges
associated with the Killing vectors in perturbative gravity in the Landau gauge in spacetimes with compact
Cauchy surfaces. Our particular interest was perturbative quantum gravity in global de Sitter spacetime, where
the de-Sitter-invariant FP-ghost propagator is IR divergent. We propose that the physical states, in particular
the vacuum state, should be annihilated by these charges.
Then we showed, assuming a certain definition of the
vacuum state, that the use of the regularized de-Sitterinvariant FP-ghost propagator corresponds to requiring
that the vacuum state be annihilated by the conserved
charges mentioned above. (We note that this correspondence follows as long as the vacuum state is defined in
such a way that the N -point function in Hamiltonian perturbation theory is obtained as an integral of a sum of
products of the free-field two-point functions.) Since the
graviton propagator in global de Sitter spacetime is IR finite [22] and that our FP-ghost propagator is effectively
IR finite, we have a perturbation theory for quantum
gravity in global de Sitter spacetime which is not plagued
by IR divergences coming from those in the propagators.
We also found that the BRST transforms of the charges
(c̄)
QA are the conserved charges associated with the background spacetime symmetries. (Although the gaugefixing and FP-ghost terms break the general covariance,
the gauge-fixed perturbative gravity action is still invariant under the background symmetries.) Hence, a state
(c̄)
annihilated by QA must be de Sitter invariant in the
case of de Sitter spacetime. The vacuum state is naturally de Sitter invariant, but, since we propose that all
(c̄)
physical states be annihilated by QA (and the other con(c)
(H)
served charges QA and QA ), we must require also that
they be de Sitter invariant. This condition is reminiscent
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On general grounds, we do not expect this to be a problem for
gauge-invariant correlators as they should not depend on gauge
parameters.

proposal is that it allows us to consistently remove the
zero modes beyond the one-loop order, and to show that
their removal is compatible with the BRST symmetry of
the gauge-fixed action, i.e. it does not spoil unitarity.
Our definition of the vacuum state involves imaginary
time but it uses the Hamiltonian rather than the Lagrangian. The Euclidean action obtained as the integral of the Einstein-Hilbert Lagrangian over an Euclidean
section is not bounded from below (the conformal-mode
problem [66, 67]). This problem is usually dealt with via
a “conformal rotation”, which consists of changing the
sign of the kinetic term of the conformal mode. It would
be interesting to investigate how this problem manifests
itself in our definition of the vacuum state in Hamiltonian
perturbation theory. Finally, it would be interesting to
investigate whether our proposal for the physical states in
gauge theory and perturbative gravity gives any insight
into the discrepancy between the unitary and covariant
formulations of these theories in de Sitter spacetime, or
in curved spacetime in general [68–72].

In this Appendix we show that the charge δB QA for
each A is proportional to the Noether charge for the
µ
spacetime symmetry generated by the Killing vector ξA
.
µ
µ
We write ξA simply as ξ , dropping the subscript A, in
the rest of this Appendix.
First, we find the BRST transform of the conserved
current ξν T µν which corresponds to the conserved charge
defined by Eq. (4.12). Let us write

ACKNOWLEDGMENTS

δB (ξ ν Tµν ) = Jµ(B,B) + Jµ(B,c̄c) ,

up to a total divergence, where
Kµν ≡ i∇µ [(∇α c̄ν )cα − c̄α ∇α cν ]
+i(1 − 2k)[∇µ c̄ν ∇α cα − ∇α c̄α ∇µ cν ] . (A4)
Then, we find Eq. (4.8) by adding Lgf = −∇µ B ν Hµν to
the right-hand side of Eq. (A3).

(c̄)

Appendix B: BRST Transform of the Charge QA
(c̄)

(B1)

(B,B)

comes from the BRST transformation of
where Jµ
(B,c̄c)
comes from that of hµν . (Recall that
c̄α whereas Jµ
(B,B)
µ
δB B = 0.) The current Jµ
is obtained by replacing
c̄α by iB α in ξν T µν . It is convenient to write
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Tµν = Tµν + £c̄ Hµν + kTµν h

−gµν ∇α c̄β Hαβ + (1 − 2k)∇α c̄α Hµν , (B2)

where we have defined

Appendix A: Derivation of Eq. (4.8)

Tµν ≡ ∇µ c̄ν + ∇ν c̄µ − 2kgµν ∇α c̄α .

In this Appendix we derive the form of the Lagrangian
density (4.8) convenient for finding the conserved charges
involving the antighost field. It is convenient to consider
the Lagrangian density obtained from LFP by interchanging the roles of the ghost and antighost fields:
LFP ≡ −i(∇µ c̄ν + ∇ν c̄µ − 2kgµν ∇λ c̄λ )∇µ cν
−i£c̄ hµν ∇µ cν + ikg βγ £c̄ hβγ ∇α cα .

Thus,
Jµ(B,B) = iξ ν [(∇µ Bν + ∇ν Bµ − 2kgµν ∇α B α )(1 + kh)
+£B Hµν − gµν ∇α B β Hαβ
+(1 − 2k)Hµν ∇α B α ] .

(A1)

(B4)

To find the part of the current coming from the transformation of hµν we use

We find
LFP − LFP = −i[(∇µ c̄ν )cα − c̄α (∇µ cν )]∇α Hµν
−i[∇µ c̄ν ∇ν cα − ∇ν c̄α ∇µ cν ]Hαµ
+2ik[∇α c̄α ∇µ cν − ∇µ c̄ν ∇α cα ]H µν ,
(A2)

δB Hµν = Sµν ,

(B5a)
α

δB h = 2∇α c + g

αβ

£c hαβ .

(B5b)

We note that there will be an extra minus sign in the
transformation of Tµν in Eq. (B2) because Hµν and h
are to the right of a fermionic variable c̄α . Thus, we find
this part of the current as

Jµ(B,c̄c) = −ξ α c̄β ∇β Sµα + ∇µ c̄β Sβα + ∇α c̄β Sβµ

where we recall that Hµν ≡ hµν − kgµν h. Next, we “integrate by parts” the first term to remove the derivative
∇α on Hµν , and then commute the derivatives ∇µ and
∇α . The terms containing the Riemann tensors arising
from this procedure cancel out. Thus we obtain
LFP = LFP + Kµν H µν ,

(B3)

−gµα ∇β c̄γ Sβγ + (1 − 2k)∇β c̄β Sµα

+kTµα 2∇λ cλ + g βγ £c hβγ .

(A3)
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(B6)

Note that the term proportional to YIµ is absent for
ΦI = B µ , cµ or c̄µ because it is proportional to the field
equation for ΦI in these cases. This is not the case for
ΦI = hµν , however, because its field equation comes from
LEH + L, not just from L.
µ
Let us find the part of the current Jst
given by
Eq. (B12) coming from Lgf . Since Lgf depends on ∇µ Bν
and hµν but not on B µ or ∇α hµν , this part of the current
is
i
∂Lgf h µ
(B)µ
Jst
=
δα ξβ + δβµ ξα + δαµ ξ λ hλβ + δβµ ξ λ hλα
∂hαβ

∂Lgf  λ
+
ξ ∇λ Bν − (∇λ ξν )B λ
∂(∇µ Bν )

Next, we construct the conserved current for the spacetime symmetry generated by ξ µ . Consider the diffeomorphism transformation given by
δst hµν = ∇µ (αξν ) + ∇ν (αξµ ) + £αξ hµν

= ∇µ (αξν ) + ∇ν (αξµ ) + αξ λ ∇λ hµν

+∇µ (αξ λ )hλν + ∇ν (αξ λ )hµλ ,
(B7a)
µ
µ
δst ψ = £αξ ψ


= α ξ λ ∇λ ψ µ − (∇λ ξ µ )ψ λ − (∇λ α)ξ µ ψ λ ,
(B7b)
where ψ µ = B µ , cµ or c̄µ and where α is a compactlysupported function on the background spacetime. Let us
represent the transformation (B7) as
δst ΦI = αXI + YIλ ∇λ α ,

+ ξ µ ∇α B β Hαβ

= −(ξα + Hαλ ξ λ + khξα )(∇µ B α + ∇α B µ


− 2kg µα ∇β B β ) − H µν ξ λ ∇λ Bν − (∇λ ξν )B λ

(B8)

where ΦI represents hµν , B µ , cµ or c̄µ depending on the
index I. Let L ≡ LFP + Lgf . Then



∂L
∂L
δst L =
(αXI + YIλ ∇λ α) ,
− ∇µ
∂ΦI
∂(∇µ ΦI )
(B9)

+ ξ µ ∇α B β Hαβ .

(B13)

Then we find
(B)µ

Jst

where we have dropped a total divergence. In this equation the index I is summed over. Since the transformation (B8) with constant α would give the spacetime
symmetry transformation generated by the Killing vector
ξ µ , we have

where J

(B,B)µ

= iJ (B,B)µ + ∇ν F (1)µν ,

(B14)

is given by Eq. (B4) and

F (1)αµ ≡ B µ ξβ H αβ − B α ξβ H µβ ,

(B15)

which is an antisymmetric tensor.
µ
Next, the part of the current Jst
coming from the variation of LFP with respect to c̄ν plus the term −ξ µ LFP
reads

δst L|α=const. = ∇µ (ξ µ L)


∂L
∂L
=
∇µ XI .(B10)
XI +
∂ΦI
∂(∇µ ΦI )

(c̄c,c̄)µ

Jst

= −i(ξ α ∇α c̄β S µ β − ∇α ξ β c̄α S µ β
− ξ µ ∇β c̄γ Sβγ ) ,

By using this equation in Eq. (B9) we obtain


∂L
δst L =
XI − ξ µ L
∂(∇µ ΦI )

 

∂L
∂L
+
YIµ ∇µ α ,(B11)
− ∇λ
∂ΦI
∂(∇λ ΦI )

(B16)

where Sµν is defined by Eq. (4.3). Define
F (2)µν ≡ iξ α (c̄µ S ν α − c̄ν S µ α ) ,

(B17)

which is an antisymmetric tensor. Then, we find, using
the field equation ∇α S αβ = 0 and the antisymmetry of
the tensor ∇α ξβ ,

(c̄c,c̄)µ
Jst
= −i ξ α ∇α c̄β S µ β − ξ µ ∇β c̄γ Sβγ

+ξ β ∇α (c̄α S µ β ) − ξ β ∇α c̄µ S α β ,

with a total divergence
√ dropped.
Now, let LGR = −g LEH be the standard EinsteinHilbert Lagrangian density for gravity. Then, since
LEH + L is the total Lagrangian density, δst LEH + δst L
must be a total divergence if the field equations are satisfied. But δst LEH under the transformation (B7a) is a
total divergence (even if the field equations are not satisfied) since the corresponding Einstein-Hilbert action is
diffeomorphism invariant. Hence, δst L must be a total divergence if the field equations are satisfied. This implies
that the expression inside the curly brackets in Eq. (B11)
must be divergence-free if the field equations are satisfied.
Hence we identify the spacetime-symmetry current as


∂L
µ
XI − ξ µ L
Jst
=
∂(∇µ ΦI )



∂L
∂L
+
YIµ .
(B12)
− ∇λ
∂ΦI
∂(∇λ ΦI )

+∇ν F (2)µν .

(B18)

µ
Jst

The part of
coming from the variation of LFP with
respect to cα reads
(c̄c,c)
J˜st µ = −iTµν (ξ α ∇α cν − ∇α ξ ν cα )

−iTµβ hβν (ξ α ∇α cν − ∇α ξν cα ) ,

(B19)

where Tµν is given by Eq. (B3). The contribution from
varying hµν in 21 T µν cα ∇α hµν is
(c̄c,h1)µ
J˜st
= i∇α (T µν cα )(ξν + ξ β hβν )
i
− T βγ cµ ξ α ∇α hβγ − iT αβ cµ (∇α ξ λ )hλβ .
2
(B20)
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Then we find

Appendix C: Derivation of Eq. (5.12)

(c̄c,c)µ
(c̄c,h1)µ
Jst
+ Jst
= −iT µν ξ α ∇α cν −

What we need to show is that the nonlinear terms in
LFP given by Eq. (3.2b) equals the nonlinear terms in
Eq. (5.12) with B̌ µ = B̌ µ |B α =0 = −i(∇α c̄µ )cα , where
B̌ µ is defined by Eq. (5.11). That is, we need to show
that the part involving hµν in LFP plus ∇µ B̌ ν |B α =0 Hµν
equals the terms involving hµν in Eq. (5.12). The former
reads

iT µβ hβν ξ α ∇α cν

i
− T βγ cµ ξ α ∇α hβγ − iξ ν T µβ cα ∇α hβν
2


+iξν ∇α (T αν + T αβ hβ ν )cµ + ∇ν F (3)µν , (B21)

where the antisymmetric tensor F (3)µν is given by
h
i
F (3)µν ≡ iξλ (T µλ + T µβ hβ λ )cν − (T νλ + T νβ hβ λ )cµ .
(B22)
Next, we note that the field equation obtained by varying
the action with the Lagrangian density L = LFP + Lgf
with respect to cα can be written as
 1

(B23)
∇β T βα + T βν hα ν = T νβ ∇α hβν .
2
(This equation can also be derived from ∇ν T µν = 0 and
∇ν H µν = 0.) By using this equation in Eq. (B21) we
find
(c̄c,c)µ

(h)

LFP = −i∇µ c̄ν [cα ∇α Hµν + ∇µ cα Hαν + ∇ν cα Hαµ
+ k(∇µ cν + ∇ν cµ − 2kgµν ∇α cα )h]
− i∇µ [(∇α c̄ν )cα ]Hµν .
(C1)
The first term contains the time derivative of Hµν . It
can be combined with the last term as
−i(∇µ c̄ν )cα ∇α Hµν − i∇µ [(∇α c̄ν )cα ]Hµν
= −i∇α [(∇µ c̄ν )cα Hµν ] + i∇α [(∇µ c̄ν )cα ]Hµν


−i (∇α c̄ν )∇µ cα + (∇α ∇µ c̄ν )cα − Rν βα µ c̄β cα Hµν .
(C2)

(c̄c,h1)µ

Jst

+ Jst

= −iT µν ξ α ∇α cν − iT µβ hβν ξ α ∇α cν − iξ ν T µβ cα ∇α hβν
+ iξν (T αν + T αβ hβ ν )∇α cµ + ∇ν F (3)µν .

By substituting this formula into Eq. (C1) we find af(h)
ter some simplification that LFP is equal to the terms
involving hµν in Eq. (5.12) up to a total divergence.

(B24)

Finally, the part coming from the variation of hµν in the
term −iT µν ∇ν cα hαν in LFP is
(c̄c,h2)

Jst µ

Appendix D: The Bosonic Condition on the Vacuum
State at Tree Level

= −iξ α (T β α ∇β cµ + Tβµ ∇β cα

+T βγ ∇β cµ hαγ + Tγµ ∇γ cβ hαβ ) .(B25)

Then
(c̄c,ch)µ

Jst

(c̄c,c)µ

The solutions to the field equations for the gravitons at
linearized level have been studied in de Sitter spacetime
in global coordinates in Ref. [22]. The graviton field with
(V )
(S)
(T )
a small mass term is expressed as hµν = hµν +hµν +hµν .
(T )
The tensor sector hµν contains the mode functions composed of the tensor, vector or scalar spherical harmonics
with angular momentum ℓ ≥ 2. This implies, by orthogonality of spherical harmonics with respect to the space
(T )
integral, that hµν does not contribute to the conserved
(H)
(H)
charge QA . The reason for this is that QA is defined by a space integral of the product of hµν and the
µ
Killing vector ξA
composed of the scalar or vector spherical harmonic with ℓ = 1. (Although linearized gravity
was studied only in 4 dimensions in Ref. [22] these facts
hold in n dimensions as well.)
(H)
The conserved bosonic charge QA has no contribution from the scalar sector, either. To show this, we first
(S)
express the scalar sector hµν as [73]

(c̄c,h2)µ

(c̄c,h1)µ

+ Jst
+ Jst
≡ Jst
= −iξ α T µβ (∇α cβ + ∇β cα + £c hαβ )
+∇ν (F (2)µν + F (3)µν ) .

(B26)

The Noether current for the spacetime symmetries generated by the Killing vector ξ µ is
(B)µ

µ
Jst
= Jst

(c̄c,c̄)µ

+ Jst

(c̄c,ch)µ

+ Jst

,

(B27)

where the currents on the right-hand side are given by
Eqs. (B13), (B18) and (B26). By a straightforward calculation we can show that
(c̄c,c̄)µ

(c̄c,ch)µ

= iJ (B,c̄c)µ + ∇ν (F (2)µν + F (3)µν ) .
(B28)
This equation and Eq. (B14), together with Eq. (B1) and
(B27), imply that
Jst

+ Jst

µ
Jst
= iδB (ξν T µν )+∇ν (F (1)µν +F (2)µν +F (3)µν ) . (B29)

h(S)
µν = ∇µ ∇ν Φ + gµν Ψ ,

Thus, by defining the Noether charges for the spacetime
µ
by
symmetries generated by the Killing vector ξA
Z
(st)
µ
dΣ nµ Jst
,
(B30)
QA ≡

where



n−2
αβ Ψ ,
Φ = (n − 1)βΦ − n + (n − 1)β −
2
(D2a)
Ψ = (n − 1)βΨ ,
(D2b)

Σ

µ

µ
ξA
,

(st)

with ξ =
we indeed have QA
generalized Stokes theorem.

(D1)

(c̄)

= iδB QA , by the
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can be obtained by postulating

in the covariant gauge given by the gauge-fixing
term (3.8). We will show that the scalar contribution
(H)
to the charge QA ,
Z


(H,S)
QA
≡
dΣnµ ξAν h(S)µν − kg µν h(S) ,
(D3)

µ
W (σ,R)µ = F (σ,R) (t)ξ(σ,R)
,

and solving Eq. (D9). Here, F (σ,R) (t) is a time-dependent
operator. We find

Σ

vanishes in the Landau-gauge limit α → 0.
By Eqs. (D1) and (D2a) we find

F (σ,R) (t) = αa(σ,R) f1 (t) + b(σ,R) f2 (t) ,

µ
= −(n − 1)ξA
, which
ν
σ
∇ρ ∇µ ξA = Rν µρσ ξA

Then, by using
from the identities
gνρ gµσ − gνσ gµρ , we find

Z t
1
coshn+1 τ dτ ,
coshn+1 t 0
1
,
f˙2 (t) =
coshn+1 t

f˙1 (t) =

readily follows
and Rνµρσ =

n−2 µ
αξA Ψ
2
n−2 µ
µ ν
µ
ν µ
= ∇ν [ξA
∇ Φ − ξA
∇ Φ + (∇ν ξA
)Φ] +
αξA Ψ .(D5)
2

µ
µ
ν
= ξA
∇ν ∇µ Φ − ξ A
∇ν ∇ν Φ + (∇ν ∇ν ξA
)Φ +

B (σ,R)µ = − lim

α→0

(H)
Q(σ,R)

(D6)

Σ

dΣ nµ ξ ν h(σ,R)
= b(σ,R) .
µν

(D14b)

(σ,R)

[a(σ,R) , b(σ′ ,R) ] = iδσσ′ .

(D15)

Now, the de Sitter-invariant Bunch-Davies vacuum
state |0i is annihilated by the operator A(σ,R) , i.e. we
have A(σ,R) |0i = 0, where A(σ,R) is a linear combination
of a(σ,R) and b(σ,R) . The operator F (σ,R) (t) in Eq. (D12)
is then expressed as

(D7)

F (σ,R) (t) = [f1 (t) + ic0 f2 (t)]A(σ,R)
+[f1 (t) − ic0 f2 (t)]A†(σ,R) .

(D16)

That is, the function f1 (t) + ic0 f2 (t) corresponds to the
positive-frequency mode for the Bunch-Davies vacuum
state |0i. The constant c0 can be found as in Ref. [22],
and it reads
√
πΓ( n+2
2 )
.
(D17)
c0 =
2Γ( n+3
2 )

(D8)

(V )α

(D9)

where ξν is a Killing vector.
(V )
(H)
The part of the field hµν relevant to the charge Q(σ,R)
µ
corresponding to the rotation Killing vector ξ(σ,R) (2.9),
which will be given as
h(σ,R)
= ∇µ Wν(σ,R) + ∇ν Wµ(σ,R) ,
µν

α→0

mentum conjugate to B(0) . That is,

because hα
= 2∇α V α = 0. Notice that this equation is independent of the gauge parameter α. It can be
written as
)
∇ρ h(V
νρ ∝ ξν ,

= lim

Z

1
µ
∇ν h(σ,R)µν = a(σ,R) ξ(σ,R)
,
α
(D14a)

(σ,R)

where ∇ρ Vρ = 0. Since the linearized Einstein-Hilbert
action is invariant under linearized gauge transformations, hµν → hµν + ∇µ Λν + ∇ν Λµ , the field equation
for the vector sector of the linearized gravity comes only
from the gauge-fixing term (3.8). This equation reads
)
ρ (V )
∇µ ∇ρ h(V
νρ + ∇ν ∇ hµρ = 0 ,

(D13b)

Thus, from Eq. (5.6) we find a(σ,R) = B(0) , while
Eq. (5.17a) leads to b(σ,R) = p(σ,R) , the canonical mo-

after using the generalized Stokes theorem.
Thus,
(H,S)
→ 0 in the Landau-gauge limit α → 0. [The
QA
scalar field Ψ, which satisfies the massive Klein-Gordon
equation (D2b), has a finite limit as α → 0.] Therefore,
only the vector sector contributes to the conserved charge
(H)
QA at tree level.
The vector sector of the graviton field can be expressed
as
)
h(V
µν = ∇µ Vν + ∇ν Vµ ,

(D13a)

with f˙i (t) = dfi (t)/dt, i = 1, 2.6
Recalling that B µ = −α−1 ∇ν H µν , the α → 0 limit
yields

ξAν (h(S)µν − kg µν h(S) )

Substituting this formula into Eq. (D3) yields
Z
n−2
(H,S)
µ
dΣ nµ ξA
Ψ,
α
QA
=
2
Σ

(D12)

where a(σ,R) and b(σ,R) are constant Hermitian operators,

(S)
h(S)
= ∇µ ∇ν Φ − gµν ( + n − 1)Φ
µν − kgµν h
n−2
αΨ .
(D4)
+gµν
2
µ
ξA

(D11)

6

The α-dependence of Eq. (D12) was chosen so that the commutator (D15) found from the symplectic product between the
µ
µ
and f2 (t)ξ(σ,R)
is α-independent. The operamodes f1 (t)ξ(σ,R)
tor F (σ,R) (t) is defined only up to addition of a constant operator. Note that addition of a constant to F (σ,R) (t) does not alter
(σ,R)
the field hµν .

(D10)
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The exact value of this constant is not important; what
matters is that Eq. (D16) is independent of α.
Finally, the comparison between Eqs. (D12) and (D16)
shows that

1
(σ,R)
B(0) =
(D18a)
A(σ,R) + A†(σ,R) ,
α 

(H)

Q(σ,R) = ic0 A(σ,R) − A†(σ,R) ,

and

h

Thus, we find
(H)

(H)

In this section we provide some details of the calculations in Sec. VI, where it is shown that the linearized
(c)
(c̄)
ghost charges QA and QA annihilate the tree-level vacuum state. We show first that the scalar sectors of the
FP ghosts do not contribute to the tree-level charges.
The scalar sector of the field cµ is given, at tree level,
by ∇µ Φ, where the field Φ satisfies Eq. (6.13a). Then
the contribution of this sector to the charge is

(D18b)

i
α
.
A(σ,R) , A†(σ,R) = −
2c0

h0|Q(σ,R) Q(σ′ ,R) |0i = −

Appendix E: Some Details of the Calculations for
the Ghost Fields in Sec. VI

(D19)

αc0
→ 0 as α → 0 .
2

(D20)

(c,S)
QA

(H)

That is, h0|ωQ(σ,R) |0i = 0 for all canonical variables ω

except for ω =

(H)

(σ,B)

Wi

= F (σ,B) (t)Y(1σ) ,
cosh2 t h (σ,B)
Ḟ
(t)
=−
n−1

i
+(n − 1) tanh tF (σ,B) (t) Di Y(1σ) (. D22b)



d
+ − n + 2 1 − i sinh t
;
2 F1 b1 , b1 ;
dt
2
2


+ −
b1 b1
n + 4 1 − i sinh t
+
−
= −i
cosh t 2 F1 b1 + 1, b1 + 1;
;
n+2
2
2


i
cosh
t
1
−
i
sinh
t
n
+
4
≈ −m2
,
;
2 F1 n + 2, 1;
n+2
2
2
(E2)

The operator F (σ,B) (t) is again given as

(D23)

where f1 (t) and f2 (t) are given by Eqs. (D13a) and
(D13b), respectively, and a(σ,B) and b(σ,B) are constant
operators.
Following the same procedure as in the case for the
(σ,B)
rotation Killing vector, we find a(σ,B) = B(0)
and
(H)

b(σ,B) = −Q(σ,B) /2 in the Landau-gauge limit.

The
for small m. Then the formula [52]

(σ,B)

operator F
(t) is expressed in terms of the annihilation and creation operators, A(σ,B) and A†(σ,B) , with
A(σ,B) |0i = 0, in exactly the same way as in Eq. (D16).
Hence, we find

1
(σ,B)
(D24a)
B(0) =
A(σ,B) + A†(σ,B) ,
α


(H)

and

Q(σ,B) = −2ic0 A(σ,B) − A†(σ,B) ,

(D24b)

i
α
A(σ,B) , A†(σ,B) =
.
c0

(D25)

h

(H)
(H)
Then, we again have h0|Q(σ,B) Q(σ′ ,B) |0i
(H)
Landau-gauge limit. Thus, h0|ωQ(σ,B) |0i
(σ,B)
canonical variable ω except for ω = B(0) .



1
∇ µ ∇ν Φ − 1 +
gµν Φ
β

µ
where we have used Eq. (6.13a), the equation ξA
=
µ
−(n − 1)ξA and the generalized Stokes theorem. Hence
the contribution of the scalar sector to the conserved FPghost charge at tree level vanishes in the limit m → 0.
Next we derive Eq. (6.29). First we note, using
(d/dz)F (a, b; c; z) = (ab/c)F (a + 1, b + 1; c + 1; z), that

(D22a)

F (σ,B) (t) = αa(σ,B) f1 (t) + b(σ,B) f2 (t) ,



Σ

(D21)

where
(σ,B)



Σ

We now turn to the conserved charge Q(σ,B) associated
with the boost Killing vectors (2.10). The relevant part
(V )
(σ,B)
of hµν to this charge is denoted by hµν and reads

W0

ZΣ

ν
dΣ nµ ξA

µ ν
µ
ν µ
dΣ nµ ∇ν [ξA
∇ Φ − ξA
∇ Φ + (∇ν ξA
)Φ]
Z
µ
+m2
dΣ nµ ξA
Φ
Σ
Z
µ
Φ,
(E1)
dΣ nµ ξA
= m2

=2

(σ,R)
B(0) .

h(σ,B)
= ∇µ Wν(σ,B) + ∇ν Wµ(σ,B) ,
µν

=2

Z

√ 
1 1− z
2 F1 2a, 2b; a + b + ;
2
2




√
1
1 3
1
= A2 F1 a, b; ; z + B z 2 F1 a + , b + ; ; z ,
2
2
2 2
(E3)


with the constants

πΓ a + b + 12

,
A=
Γ a + 21 Γ b + 12

√
2 πΓ a + b + 12
,
B=−
Γ(a)Γ(b)
√

= 0 in the
= 0 for all
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(E4a)
(E4b)

In both Lagrangian and Hamiltonian perturbation theories in the interaction picture, the field operators satisfy
the free-field equations. Thus, we have π = φ̇. This
allows a direct comparison between the interaction Lagrangian and Hamiltonian densities as

allows us to write


d
+ − n + 2 1 − i sinh t
;
2 F1 b1 , b1 ;
dt
2
2


n
+
2
1 1
2
2
≈ −ic0 m cosh t 2 F1
, ; ; − sinh t
2
2 2


3
n
+
3
2
2
, 1; ; − sinh t
−m cosh t sinh t 2 F1
2
2


Z t
m2
n+1
=−
cosh
τ
dτ
,
(E5)
ic
+
0
coshn+1 t
0

LI = −HI − e2 A0 A0 φ† φ .

Thus, LI 6= −HI .
The difference between LI and −HI is accounted for
by the fact that in Lagrangian perturbation theory the
time derivatives are applied to the propagator as follows
[with x = (t, x) and x′ = (t′ , x′ )]:

where the constant c0 is given by Eq. (D17). We have
used
2 F1 (a, b; c; z)

to find



= (1 − z)c−a−b 2 F1 (c − a, c − b; c; z) , (E6)

∂t ∂t′ T h0|φ(x)φ† (x′ )|0i



3
n+3
, 1; ; − sinh2 t
2 F1
2
2
Z t
1
(cosh τ )n+1 dτ .
=
sinh t(cosh t)n+2 0



= T h0|φ̇(x)φ̇† (x′ )|0i + δ(t − t′ )h0| φ(x), φ† (x′ ) |0i

= h0|π(x)π † (x′ )|0i + iδ (4) (x − x′ ) .

(F6)

(E7)
Thus, in Lagrangian perturbation theory there is an extra interaction term −e2 A0 A0 φ† φ and the field π = φ̇ is
replaced by π + γ, where γ has the propagator

Appendix F: Equivalence of Hamiltonian and
Lagrangian Perturbation Theories for Scalar QED

T h0|γ(x)γ † (x′ )|0i = iδ (4) (x − x′ ) .

The Lagrangian density for QED with charged scalar
field φ in Minkowski spacetime is

(F7)

Integrating out the fictitious field γ(x) generates the following effective interaction term:

L = −(∂ µ φ† + ieAµ φ† )(∂µ φ − ieAµ φ) − m2 φ† φ
1
1
(∂µ Aµ )2 ,
(F1)
− Fµν F µν −
4
2α

Z
∆LI = −i d4 x′ eA0 (x)φ† (x)T h0|γ(x)γ † (x′ )|0i


× −eφ(x′ )A0 (x′ )

where Aµ is the gauge potential and Fµν = ∂µ Aν −∂ν Aµ .
The interaction Lagrangian density consists of the nonquadratic terms in the Lagrangian density:
LI = ieAµ (φ∂µ φ† − φ† ∂µ φ) − e2 Aµ Aµ φ† φ .

(F5)

= e2 A0 (x)A0 (x)φ† (x)φ(x) .

(F2)

(F8)

The canonical momentum density conjugate to φ† is
π = φ̇ − ieA0 φ ,

Thus, we have

(F3)

and the canonical momentum density conjugate to φ is
π † . The interaction Hamiltonian density, i.e. the nonquadratic part of the Hamiltonian density is,

L + ∆LI = −HI ,

(F9)

HI = −ieA0 (φπ † − φ† π) − ieAi (φ∂i φ† − φ† ∂i φ)
+e2 Ai Ai φ† φ .
(F4)

which shows that Lagrangian and Hamiltonian perturbation theories are equivalent in QED with charged scalar
field.
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