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Infrared problem in the Faddeev-Popov ghost propagator in perturbative quantum

gravity in de Sitter spacetime

Jos Gibbons[f| Atsushi Higuchiff] and William C. C. Limdf]
Department of Mathematics, University of York, Heslington, York YO10 5DD, United Kingdom
(Dated: March 21, 2021)

The propagators for the Faddeev-Popov (FP) ghosts in Yang-Mills theory and perturbative grav-
ity in the covariant gauge are infrared (IR) divergent in de Sitter spacetime. An IR cutoff in the
momentum space to regularize these divergences breaks the de Sitter invariance. These IR diver-
gences are due to the spatially constant modes in the Yang-Mills case and the modes proportional
to the Killing vectors in the case of perturbative gravity. It has been proposed that these IR diver-
gences can be removed, with the de Sitter invariance preserved, by first regularizing them with an
additional mass term for the FP ghosts and then taking the massless limit. In the Yang-Mills case,
this procedure has been shown to correspond to requiring that the physical states, and the vacuum
state in particular, be annihilated by some conserved charges in the Landau gauge. In this paper we
show that there are similar conserved charges in perturbative gravity in the covariant Landau gauge
in de Sitter spacetime and that the IR-regularization procedure described above also correspond to
requiring that the vacuum state be annihilated by these charges with a natural definition of the

interacting vacuum state.

PACS numbers: 04.62.+v

I. INTRODUCTION

Inflationary cosmological models [IH5] have been the
main motivation for theoretical investigation into quan-
tum field theory (QFT) in de Sitter spacetime. The ob-
servation consistent with the assumption that the rate of
expansion of our universe is accelerating [6] [7] provides
another motivation for this investigation. QFT in de Sit-
ter spacetime has been investigated also in the context
of dS/CFT correspondence [8]. Perturbative quantum
gravity is not renormalizable, but it is still a theory with
predictive power as an effective theory at each order of
perturbation theory [9].

Perturbative quantum gravity in de Sitter spacetime
has many challenging features. Among them is the fact
that the graviton propagator is infrared (IR) divergent
in the physical gauge, with all gauge degrees of freedom
fixed, natural to the spatially flat (or Poincaré) patch of
this spacetime [10]. The source of the IR divergences is
the similarity of graviton modes in this coordinate patch
to those of massless minimally coupled scalar field [I1-
13]. However, it was found that these divergences do not
manifest themselves in the physical quantities studied by
the authors of Ref. [I0]. This finding is consistent with
the fact that the IR-divergent part of the propagator can
be written in pure-gauge form [I4HI6], i.e. that the IR-
divergent part of the gravitational perturbation can be
expressed as hy,, = V,A, +V,A,. (See Refs. [17, [I§]
for an analogous result for single field inflation.) Some
authors have claimed to show that these IR divergences
would lead to breakdown of de Sitter invariance (see,
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e.g. Refs. [19, 20]), but this has not been established in
a gauge-invariant manner.

The pure-gauge nature of the IR divergences in the
sense explained above suggests that the graviton propa-
gator may be IR finite in gauges natural to other coordi-
nate patches. Indeed it is IR finite in the physical gauge
natural to global coordinates of de Sitter spacetime [21].
Moreover, the covariant propagator in global coordinates
is also IR finite [22].

Now, one also needs the Faddeev-Popov (FP)
ghosts [23H25], which are fermionic vector fields, in the
covariant quantization of the gravitational field. Al-
though the graviton propagator is IR finite in global coor-
dinates, the FP-ghost propagator is IR divergent. These
IR divergences for the FP-ghost propagator are due to
the modes proportional to the Killing vectors. However,
the antighost field, ¢#(x), appear in the Lagrangian den-
sity only in the form V,¢, + V,c,, and for this reason
the IR-divergent Killing-vector modes do not contribute
to the interaction. It has been proposed that the IR-
divergences for the FP ghosts should be first regularized
by the introduction of a small mass and that the mass-
less limit should be taken at the end [26]. The resulting
amplitude will be IR finite, i.e. it does not diverge in the
massless limit, because the interaction terms are such
that the IR divergences are eliminated because of the
form of the interaction terms mentioned above. How-
ever, this procedure would appear rather ad hoc and it
needs further justification, in particular, with regards to
its compatibility with the BRST invariance [27] 2§].

The FP-ghost propagator is IR divergent also in Yang-
Mills theory in de Sitter spacetime because the FP ghosts
are massless minimally coupled scalar field in this theory.
(In fact its propagator is IR divergent in any spacetime
with compact Cauchy surfaces.) These IR divergences
can also be regularized with a small mass term and by
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taking the massless limit at the end. The IR divergences
in this case are due to the constant modes, and since only
the derivatives of the antighost field appear in the inter-
action terms, the resulting amplitude is IR finite [26].

For the Yang-Mills case, the procedure to eliminate
the IR divergences from the FP-ghost sector mentioned
above was shown to corresponds to requiring the vac-
uum state to be annihilated by certain conserved charges
in the covariant Landau gauge [29]. It was also proposed
that all physical states be annihilated by these charges.
(We note that a similar method has been used to elim-
inate the IR divergences in massless minimally coupled
scalar field in de Sitter spacetime [30].) These charges
transform among themselves under BRST transforma-
tion, and hence this requirement on the vacuum state is
compatible with, i.e. invariant under, the BRST trans-
formation.

In this paper, we show that this equivalence holds
also for perturbative quantum gravity in global de Sitter
spacetime in the covariant Landau gauge with a natu-
ral definition of the interacting vacuum state. That is,
there are similar conserved charges in perturbative quan-
tum gravity in this spacetime and the regularization and
elimination of the IR divergences through a small mass
term corresponds to requiring that the vacuum state be
annihilate by these charges in this gauge. These charges
again transform among themselves under BRST trans-
formation. Hence the requirement on the vacuum state
is compatible with BRST invariance of the theory. Some
of the results we present in the next sections were antic-
ipated in Ref. [31].

The remainder of the paper is organized as follows. In
Sec. [l we present a brief description of de Sitter space-
time, with emphasis on its Killing vectors. In Sec. [T we
describe the IR divergences in the propagator of the FP
ghosts for perturbative gravity in the covariant Landau
gauge using the Euclidean formulation. In Sec. [[V] we
find the conserved charges which play the central role in
this paper. In Sec. [V] we identify the conserved charges
found in Sec. [[V] essentially as the canonical momenta
conjugate to cyclic variables. Then, in Sec. [VI we show
that the regularization of the FP-ghost propagator with
a mass term implies that the vacuum state is annihilated
by the conserved charges found in Sec. [[V] at tree level,
i.e. in the free theory obtained by turning off the inter-
action. In Sec. [VII] we discuss our definition of the inter-
acting vacuum state in Hamiltonian perturbation theory.
This definition is combined with the result in the previ-
ous section to show that the interacting vacuum state is
also annihilated by these charges. Finally in Sec. [VIII we
summarize and discuss our results. The Appendices con-
tain some details omitted in the main text. Throughout
this paper we employ units such that G = h=c¢ =1 and
adopt the signature (— + 4 - - - +) for the metric.

II. KILLING VECTORS IN DE SITTER
SPACETIME

In this section we discuss the Killing vectors in n-
dimensional de Sitter spacetime, which cause the IR di-
vergences in the FP-ghost propagator. Consider (n + 1)-
dimensional Minkowski spacetime with Cartesian coordi-

nates X*, u=0,1,...,n, and the metric
ds3; = —(dX°)? + f:(dxi)2 : (2.1)
i=1
Then, the hypersurface defined by
— (X2 + i(xi)2 =1/H?, (2.2)

i=1

where H is the Hubble constant, is the n-dimensional
de Sitter spacetime. Let

XY = g~ 'sinh Ht, (2.3a)
X'=H ‘'coshHtz?, 1<j<n, (2.3b)

where ¢t € (—00,00) and Y ;(27)* = 1. Thus, the co-
ordinates 2/ parametrize the unit (n — 1)-sphere, S"~1.
By substituting these formulas into Eq. (2.1]) we find the
metric of de Sitter spacetime as

ds* = —dt* + H™* cosh® Ht Q2

n—1>

(2.4)

where dQ?_, is the metric on S"~!. From now on we let
H =1 for simplicity.

The n-dimensional de Sitter spacetime has the Killing
symmetries of (n + 1)-dimensional Minkowski spacetime
with the origin fixed, i.e. so(n,1). There are n(n — 1)/2
Killing vector fields generating the space rotations on
S7~1. In addition there are n Killing vector fields gener-
ating the boosts in n different directions. These Killing
symmetries are closely related to the IR divergences of
the FP-ghost propagator as we find in the next section.

It is useful to remind ourselves of the spherical harmon-
ics on "', The scalar spherical harmonics ¥{40(0),
¢ =0,1,2,..., on S" ', where @ denotes the angular
coordinates covering the sphere, satisfy [32]

DiD'Y(45)(8) = —L(L + 1 — 2)Y(45(6) (2.5)

where the label o distinguishes between the scalar spheri-
cal harmonics with the same angular momentum ¢. Here,
the covariant derivative D; is compatible with the metric
on S"! and the indices are lowered and raised by the
metric on S”~!. We require

[ Ay 0)Yi0a(6) = b (26)

where df) is the surface element of S"fl. The
divergence-free vector spherical harmonics Y(}U)(H) sat-

isfy D;Y;,(8) =0 and [32]

DiD*Y () (0) = [—0(L+n—2) + 1Y,y (0) . (2.7)



We require

/S Y (O (0) = Swber . (28)

where the spatial index is lowered with the S~ metric.
The Killing vectors fé‘U’R) on de Sitter spacetime that
generate the rotations are given by

ggg,R) = 07

§or) = Y(i0) >

(2.9a)
(2.9b)
ie. Y&a) with £ = 1. The Killing vectors fé‘U,B) on de Sit-
ter spacetime that generate the boosts are given by

(2.10a)
(2.10b)

g?g,B) = }/(10') P
g%U,B) = tanhtDiY(M) 5

where the index i is raised by the metric on S"~1.
The metric (2.4)) on de Sitter spacetime (with H = 1)
becomes that of the unit n-sphere (™),

dQ? = dr? +sin® 7dQ?_ |, (2.11)

by the following complex coordinate transformation:

7T+'t
T=—=+41.
2

(2.12)
Upon this coordinate transformation, both types of
Killing vectors EFU’R) and 5&—,3) become, up to constant

normalization factors, the rotation Killing vectors V(Fl‘p),

where V&p), L = 1,2,..., are the divergence-free vec-
tor spherical harmonics on S", satisfying the eigenvalue
equation,

vuvyvv(lzp) (7—7 9) = [_L(L +n— 1) + 1]‘/(;2@) (Ta 0) 3
(2.13)
and the normalization condition
/ndQ‘/(EU)H(T,e)V(Iz,p,)(T, 0) = §LL’5pp’ , (214)

where dfQ is the volume element on S™.

III. IR DIVERGENCES IN THE FP-GHOST
PROPAGATOR

In this section we discuss the structure of the IR di-
vergences of the FP-ghost propagator. The Lagrangian
density for perturbative gravity in the covariant Landau
gauge reads

L=Ler+V—9Lrp +V—9Lgt,

where Lgr is the diffeomorphism invariant Lagrangian
density describing the gravitational field and where g
is the determinant of the background metric tensor g, .

(3.1)

The gauge-fixing and FP-ghost Lagrangian densitiesﬂ are
given by
[,gf - —V'U‘By(huy - kg;ulh/aa) ’
,CFp = —iV"E”(VNcV + VVC;J, - ngpyvaca
+£Ch,u1/ - kguugaﬁ£chaﬂ)a(3~2b)

(3.2a)

where £ x denotes the Lie derivative in the direction of
the vector X#. That is,

Lehpy = *Vahpy + (Ve how + (Voc*)hpa . (3.3)
The field h,, is the gravitational perturbation: the full
metric is given by §u., = guv + hu, where g, is the
background de Sitter metric. The indices in Eq.
are raised and lowered by g,,,. The ghost and antighost
fields ¢* and ¢*, respectively, are anticommuting Hermi-
tian fields [33] 34].

The gauge-fixing term would fail to provide a time-
derivative of hgg if K = 1. This value is excluded for this
reason, and it is often convenient to write

1

k=13, (3.4)

The parameter § will be taken to be real, but outside
the set —s(s+n—1)/(n—1), with s =0,1,2,.... The
gauge-fixing Lagrangian density Lgf is the o — 0 limit of

£ = %B”BM — VMBH,, (3.5)
where we have defined
H,, =hu — kguh, (3.6)
with h = h®,. By defining
Bt = BF + éVyH’“’ (3.7)
and neglecting total-divergence terms, we have
£ = %B”B# - iV”HWVAH’M. (3.8)

The field B* can be neglected because it is decoupled
from other fields. The remaining term is the gauge-
fixing term more commonly used. Note that the Euler-
Lagrange equation from varying B* in the Lagrangian
density Lgr reads

V,H" =0. (3.9)
Thus, in this gauge the gauge condition is a result of a
field equation.

1 In this paper the quantity obtained by dividing a Lagrangian
density by \/—g is also called a Lagrangian density.



The FP-ghost Lagrangian density was con-
structed so that Lgf + Lrp is BRST invariant, following
the well-known general procedure (see, e.g., Ref. [35]).
The BRST transformation is given as follows:

0Bhu, = Ve, + Ve, + £chy (3.10a)
opct = c*Vyct, (3.10Db)
St = iB" (3.10¢)
S5B" =0, (3.10d)

where £:h,,, is given by Eq. (3.3). The transform ogh,,
can be understood as the Lie derivative with respect to
ct of the full metric g, = guv + huy. Thus, the action
for the gravitational field obtained by integrating Lgr
over the spacetime is invariant under this transformation.
It can readily be verified that the BRST transformation
given by Eq. (3.10) is nilpotent, i.e. 63 = 0 [34]. Indeed,
we find that
5}36“ (0pc*) V' — ¥V yopct
= —RH aﬂvcacﬁcw
=0, (3.11)

where we have defined g to act from the left so that

IB(192) = (0521)Q — Q16505 if Q is fermionic. The
equality 63h,, = 0 follows from
LeeGu = £xGuw (3.12)
where X* = c¢*V,c”. It can readily be seen that
Lrp + Lo = i0g[(VHE")H] - (3.13)

The BRST invariance of Lgp 4 L, follows from the nilpo-
tency of dp.

Now, let us discuss the IR divergences in the FP-ghost
propagator. The free field equation, i.e. the equation
obtained by dropping the interaction terms, for the ghost
field is

V' (Vyuey + Ve, —kguVac®) =0. (3.14)
From here to the end of this section, the fields ¢* and
¢ are assumed to satisfy the free field equation. The
free antighost field ¢* satisfies the same equation. It is
convenient to rewrite Eq. (3.14) by interchanging some

derivatives and using R, = (n — 1)g,. as
L,"c, =0, (3.15)
where the differential operator L,” is given by
L) ==6/VoV*+ V'V, +287'V,V"
g " g g (3.16)

—2(n —1)0, + m?s}, .

We have inserted a mass term m?2§” as an IR regulator.
By writing the tree-level Feynman propagator as

GEN (@,a") = —iT(0le,(2)e

e (2)]0) (3.17)

one finds that the function GS;I,D) (x,2') satisfies

VG(F )(

vy’

2') = g0t (z,2'),

where the delta function §(™ is defined to have the prop-
erty

(3.18)

(3.19)

"z \/~g(@) f(2)6™ (z,2') = f(a'),

for any compactly-supported smooth function f(x). The
differential operator L,” acts on z in Eq. .

The IR divergences of the FP-ghost propagator in the
Bunch-Davies (or Euclidean) vacuum state [36H39] in the
n-dimensional de Sitter background is best understood

in the Euclidean approach. The Feynman propagator

(FP)
GH’M,
uum state can be obtained by finding the (unique) so-
lution to Eq. (3.18)) on the n-dimensional sphere, S™,

and then analytically continuing it to de Sitter space-

time by the relation (2.12). Since Eq. (3.18) shows that

GI(ELP)(;E z') is the inverse of the differential operator
L,”, it can be expressed in terms of the eigenfunctions
of this differential operator on S™. Any smooth vector
field on S™ can be expressed as a linear combination of

the divergence-free vector eigenfunctions V‘ip) discussed
in the previous section and the gradient eigenfunctions

(z,2") on de Sitter spacetime in the Euclidean vac-

Vudwpy, L = 1,2,3,... of the Laplace-Beltrami oper-
ator V,V”. The Vectors V& ) satisfy Eqs. (2.13) and

(2.14) whereas the functions ¢z, satisfy

V”Vyd)(Lp) =—L(L+n-— 1)¢(L/)) . (3.20)

It is convenient to normalize these functions as follows:

. B 1
/Sn A5 P w0 = Tip o n = 1) b O

(3.21)
One readily finds

L. "Vitpyw = [(L=1)(L+n) +m?| V£, ,(3.22a)
L)'V = [-287'L(L+n—1)

—2(n - ].) + m2] V#QS(LP) .

(3.22b)

Hence,

G(FP)(x ')

= Z 2.1 V(L”)“ Loy ()
B L + n) + m?

L=1 o
u¢(LU)( )v ¢)(L0)*( )
ﬂZX{;%{L (L+n—-1)4+(n—-1)8} —m?
= @ > Voo @) Vi (@) + Gl (2,27),

(3.23)




where the function G x,2’) remains finite in the
limit m — 0. (Recall that 5 > 0.)

Now, as we saw in the previous section, the vectors
V(‘{J) are the Killing vectors on S™. Hence, upon analytic
continuation, one finds that the Feynman propagator for
the FP ghosts takes the form

(FP,reg)
pp! (

1
G (2,2') = m2 > cabau(@)éa (@)
A

+Gl(i}/j’reg) (z,2'),

(3.24)
where & (x) with A = (0,R) or (0,B) are the Killing
vectors in de Sitter spacetime and c4 are constants. Al-
though the Feynman propagator Gil?)(:c,:c’ ) is IR di-
vergent, i.e. it diverges as m — 0, if one uses the reg-
ularized propagator in perturbative calculations, the IR
divergences cancel out. This is because all interaction
terms in Lpp involve the factor V,¢, + V,c,. Indeed,
from the Killing equation V4, +V, €4, = 0, one finds

VwGE (2,2') + Y, GEY (2,2')

= VGO (2, 0") + ¥, GE ) (2,27) , (3.25)
where the derivative V,/ acts on z’. Thus, the use of
the regularized FP-ghost propagator will lead to IR-finite
amplitudes.

For this reason, it was proposed in Ref. [26] that one
should use the regularized FP-ghost propagator and take
the massless limit after the calculation, thus preserving
the de Sitter invariance, rather than breaking it by intro-
ducing a momentum cutoff. However, since a mass term
breaks the BRST invariance, it was not clear whether
such a procedure leads to a consistent theory. The pur-
pose of this paper is to establish that the use of the reg-
ularized FP-ghost propagator corresponds to requiring
that the vacuum state be annihilated by certain con-
served charges in a BRST-invariant manner and, hence,
that such a procedure is consistent with the BRST in-
variance of the theory. This equivalence is an analogue of
that for Yang-Mills theory in de Sitter spacetime demon-
strated in Ref. [29].

IV. CONSERVED CHARGES IN
PERTURBATIVE GRAVITY IN THE LANDAU
GAUGE

In this section we find some conserved charges in per-
turbative gravity in the Landau gauge about a back-
ground spacetime satisfying Einstein’s equations with
compact Cauchy surfaces and with Killing symmetries.
Such spacetimes include global de Sitter spacetime. We
also show how these charges are related to one another
by BRST transformation.

First, the field equation V,H*” = 0, where H,, is
defined by Eq. 7 and the Killing equation V&4, +

Viéa, = 0 imply that V,(§a,H") = 0. Hence the
following charges are conserved:

Q' = / A ny €, HY | (4.1)
b

where n* is the future-pointing unit normal to the
Cauchy surface ¥, i.e. n® > 0 and n,n* = —1, and where
dY is the hypersurface element on 3.

Next, we note that the field equation coming from
varying ¢t is also the divergence of a symmetric tensor,
ie.

V.St =0, (4.2)
where
S = Ve, + Ve, — 2kg, Vac®
+ Ll — kGuwg™? £chag . (4.3)

Then, V,(£4,8*) = 0. Hence, the charges given by

) = / A% n,E 4, S (4.4)
b

are conserved. It is clear that fo) = (5BQE4H) since S,y =
ol
It is convenient to remove the derivatives on h,, in the

expression for fo) for later purposes. We observe

gA:;SlW == §AV§W - (vagAv)CaH#V

+ 2V (Eapel HI) )
where
Suv = (Vuew + Vicy — 2kgu, Vac®) (1 + kh)
+ (VYu)Hay — (Vac®)Hy, (4.6)

+ (Vuc“)Ha,, + (vuca)Hau
— 2k, (V) Hop .

Then these charges can be expressed as follows:
QY = / d>n, [gAygﬂ” — (Valay)c®H™ |, (4.7)
b

because the integral of a vector of the form V,F*,
where F'* is an antisymmetric tensor, over any (com-
pact) Cauchy surface vanishes by the generalized Stokes
theorem.

There are also conserved charges arising from the field
equation coming from varying c*. To show this, it is
convenient to write the sum of the FP and gauge-fixing
Lagrangian densities in the following form:

Lrp + Lgf
= —i(Vut, + Vuiy — 2kgVac® + £Lehy,
— kg9 £chg, ) Vi —VHBYH,,
+i(1 = 2k)(V &, Vac® — Voe®V,c, ) H

(4.8)



where

BY = B” +i[c°Vac” — (Vae”)e?]. (4.9)

Equation is derived in Appendix [A] Notice that, if
k = 1/2, then this equation will be equal to the negative
of the original one with B* replaced by —B* and with
c* and ¢" interchanged. The field equation arising from
varying the Lagrangian density with respect to c*
is then

V., TH =0, (4.10)

where

T = Vut, + V6, — 2kg,, Vac®
+ Ll — kguw g™ £ehpy
+(2k — 1) (9 VP& hgy — b V™) . (4.11)

The contribution from varying ¢* through B* in Eq.
has not been included here because it is proportional to
V., H*" which vanishes by a field equation. Then, since
V. (a, TH) = 0 for any Killing vector &'y, we have the
following conserved charges:

@ = /E AL nu&a, TH (4.12)

The similarity of S*” and T*¥ allows us to use the
same method to remove the derivative of h,, from these
charges. Thus, by defining

Tow = (Vo 4+ Ve — 2kgu, Vac®) (1 + kh)
+(V9eu)Hay — 2k(V o) Hp
+(Vue®)How + (Vo) Hay — guV(VaEﬁ)HaB )
(4.13)

we find
@ :/EdEnu [§AV7~'””—(VQ§A,,)EO‘HW . (4.14)

The BRST transforms of the charges Q(AC) = SBQEL‘H)
vanish because 63 = 0. However, the BRST transforms

of the charges Qf) are nonzero. The conservation of
Q(AC) and the BRST invariance of the theory imply that

the charges 6BQE4C) are also conserved. We show in Ap-
pendix |B| that these charges are precisely the Noether
charges Q(jt) associated with the spacetime symmetries
generated by the Killing vectors 4.

We note in passing that the action is invariant under
the “anti-BRST” transformation if £ = 1/2 (the de Don-
der gauge). (The anti-BRST invariance of Yang-Mills
theory has been found in Refs. [40H42]. The anti-BRST
invariance has also been studied in some formulations
of the gauge sector of general relativity, which appear
different from ours [43H46].) When k = 1/2, the last
term in Eq. vanishes, and the Lagrangian density
Lrp + Lyt is left unchanged if we replace (c¢#, ¢, B*) by

(¢*, —c*, B"). Hence, for this value of the gauge param-
eter the action is also invariant under the following anti-
BRST transformation:

dghu = Vb, + Vi + L£ehy (4.15a)
dgct =V, (4.15b)
Sgct = —iB* (4.15¢)
6gB" =0. (4.15d)

Furthermore, Eq. shows that for k = 1/2 the ten-
sor 7, corresponds to the tensor S,, given in Eq.
with ¢ replaced by ¢*. This implies that Q(AC) = 5@@&{1).
Hence, we conclude that the Noether charges associated
with the background spacetime symmetries are the anti-
BRST transforms of the charges fo). Thus, the de Don-
der gauge appears to be a natural one because all con-
served charges found in this section can be derived from

1) by the BRST and anti-BRST transformation in this
gauge.

V. IDENTIFICATION OF THE KILLING
VECTOR MODES

Since the charges Q(AH), Q(Ac) and fo) found in the
previous section are conserved, it is consistent to require
that all physical state, particularly the vacuum state |€2),
be annihilated by these charges:

QY19 = QY1) = QY0 = 0.

The main aim of this paper is to show that imposing
these conditions on |Q) corresponds to using the FP-
ghost propagator regularized by a finite mass term and
then taking the massless limit at the end as described in
Sec. [[TT] We shall discuss this equivalence in the Hamilto-
nian formulation in Sec.[VII] For this purpose we need to
identify the components of the fields B¥*, ¢* and ¢* that
are proportional to the Killing vectors at each time. The
conserved charges QEL‘H), Q(AC) and fo) will be shown to
be (essentially) the canonical conjugate momenta of these
components. This procedure may look rather artificial,
but it is necessary for using the Hamiltonian formalism
to discuss the conditions (5.1)).

We first extract the modes proportional to the Killing
vectors &4 at each time t for V# = ¢#, ¢ and B* as

(5.1)

Vb6 = [ asveng, (5.2)
where ¥ is the hypersurface of constant ¢, which is an
(n—1)-dimensional sphere of radius cosh ¢. The covectors

77,14 are chosen to satisfy

/EdE ghnft =0k (5.3)

These conditions do not determine 77:? uniquely and there
is some freedom in choosing them. It is natural to choose



them for the rotation Killing vectors as

(5.4a)
cosh™ ™! t0(oR)i = Y(10)i - (5.4b)

cosh™ ! tNor)0 =0,

As for the covectors associated with the boost Killing
vectors, a simple choice is

(5.5a)
(5.5b)

COShn_l t77(a,B)0 = }/(10') )
cosh™ ™1 tn,B)i = 0.

With the help of these definitions, we can then expand
the field V# as

Vi) = S VA 0@ + V@), (56)
A
In order to simplify the notation, we also define
04(t) = CE%) (t), (5.7a)
04 (t) = ¢(g)(t) - (5.7b)

In the ADM Hamiltonian formalism [47] the metric is
given as follows:

ds®> = —N?dt* + g;;(dz" + N'dt)(dx? + N7dt), (5.8)
where N and N? are called the lapse function and shift

vector, respectively. They are given in terms of the full
metric components g,,,, as

N =1/=Goo + §" Goigoj » (5.9a)
N = g go; (5.9b)

where g is the inverse of the matrix g;;. As is well
known, the Lagrangian density for the Einstein-Hilbert
action can be given in terms of g;;, N and N’ up to a
total divergence, and this Lagrangian density contains
no time derivatives of N or N*. (See, e.g. Appendix E of
Ref. [48].)

Since this Lagrangian density depends on hgg = gog —
goo and ho; = §o;—go; only through N and N?, it does not
contain any time derivatives of hgg or hg;. This allows us
to identify Hy, as the momentum variables conjugate to
B” as

DLt

v —gHy, = —
glig OB

, (5.10)

with the notation f = 04 f, if there were no terms con-
taining hg, in the FP-ghost Lagrangian density Lpp. In
fact, the Lagrangian density Lrp does contain terms in-
volving hg,, but they can be removed by redefining the
auxiliary field B*. Thus, by defining

B* = B —i(V,e")c™, (5.11)

we find, up to a total divergence,

Lep + Lt
= —VIBYH,, +iR" 5, c*H,,
—iVHe" (Ve + Ve, — 2kgu, Vac™)(1 + kh)
—i[=(V*&)(Vac®) + (Vo) (V)
+(Ve")(Vac”) + (VHE) (V) Hy .
(5.12)

We present a derivation of this result in Appendix [C]
To identify the conserved charges found in the previous
section essentially as the canonical momenta conjugate
to cyclic variables we need to redefine the auxiliary field
further. Hence, let us define
B = B* 0 (Vo) e +ic(Valh)oh,  (5.13)
where 04 and 64 are the canonical variables multiplying
the Killing vectors in the expansion of ¢# and ¢*, respec-

tively, as defined in Eq. (5.7). Then, after a tedious but
straightforward calculation we find

Lep + Lt

= Lo+ ZHA@B{ [gz’ijEJB + 2

B

+ (1 — 2k)€55 Hou + fﬁfféH/W} +i6467 ¢l py How

g%g%] (1+ kh)

+ 0 [$485 = (Vah)ely Hou |

[ €4TE — (Va€h)ety Hoo |8 + By €4 Ho -
(5.14)

In Eq. 1' we have defined the Killing vector 5{2)3] =
[€4,EB]H, the variable BE‘(‘)) is the coefficient of the Killing
vector mode of the field B* as defined by Eq. (5.6, and

‘C](F‘—;)+gf does not contain variables B{(‘)), 64 or #4. The

tensors g,(;) and ’ﬁ(j ) are obtained by replacing c¢* and

c* by c’(ﬁr) and ééﬁr), which are defined by Eq. (5.6), in

g;w in Eq. (4.6) and 7~7W in Eq. (4.13), respectively. Then

we find

0
—— (Lrp + Lgf) = 4 How

. (5.15a)
A
83(0)
0 ev o AR
&ﬁ(ﬁFP + Lgs) =i {5,4501/ - (Va&)e HOI/i| )
(5.15b)
0

aTB(ﬁFP + Lgg) = —i {55’3761/ - (Vafié)E“HoV}

—i04¢0y g Hoo (5.15¢)
where the derivatives with respect to 94 and 68 are left-
derivatives. The integral of these over a Cauchy surface
of constant time gives the canonical momenta conjugate



to BE?]), 64 and A7, which will be denoted by p4, ¢4 and
P B, respectively. They satisfy

[pa, Bigy] = {94,067} = {94,607} = —id},

where {wy,w2} = wiws + wawr. Equations (4.1)), (4.7)
and (4.14) then yield

(5.16)

pa=Q4Y", (5.17a)
pa=iQY, (5.17b)
ea=—i(Q7 +07Q,) (5.17c)

where the charge QEg)A] is the bosonic charge of Eq. 1}
corresponding to the Killing vector §fj3 Al It is interest-
ing to note that

(e) (c
{ A WB } _ZQ[A B]
By applying the BRST transformation and ubing

(5.18)

o8QY =0, QF = 550" and QY = i65Q, w
find
[057.08] = @l 5. (5.19)

which is the expected action of the spacetime-symmetry
(st) (¢)
charges QA on Q.

The canonical conjugate momenta p4 and ¢4 are those
of cyclic variables B( and 64 as can be seen from
Eq. (5.14] -, and they are indeed time independent, being
proportional to conserved charges. The time derivative
of ¢4 can be found from the Lagrangian density ([5.14)
as

Pa= BeA/dE (Lep + Lgr)

nB
= —i0 Q[B Al

which agrees with the result obtained by differentiating
Eq. (5.17¢) directly and using the conservation of the

and Q'

(5.20)

charges Q( (BLA]

VI. THE CONDITIONS ON THE VACUUM
STATE AT TREE LEVEL

As we stated before, the main purpose of this paper is
to show that the use of the regularized FP-ghost propaga-
tor for perturbative gravity in de Sitter spacetime corre-
sponds to the conditions QEL‘H)|Q> = QS)|Q> = QEL‘C) |Q) =
0 on the vacuum state |2). In this section, we show that
the use of the regularized FP-ghost propagator implies
that the non-interactive vacuum state |0) is annihilated
by the tree-level charges. From here to the end of this

section, the charges Q(H), 54 and Qy © are the con-
served charges in the noninteracting theory with the in-
teractions turned off, which are linear in h,,, ¢* and ¢*,

respectively.

nys

For the bosonic charges QELXH) we show in Ap-

pendix |D| that the result Q(AH)|O> = 0 or, more precisely,
<O\wQE4H |0) = 0 for any canonical variable w except B{(‘)),

which are canonically conjugate to Q;H), follows auto-
matically in the standard de Sitter-invariant quantization
of linearized gravity in the Landau gauge.

A. Scalar field zero mode

To illustrate in what way the regularized propagator
corresponds to the charges Q(Ac) and fo) annihilating the
vacuum state at linear level in the massless limit, let us
consider a massive Hermitian scalar field ¢ on de Sitter
spacetime. Expanding this field operator in terms of the
scalar spherical harmonics, Eq. (2.5| , we obtain

ZZ[azafe

(=0 o

00)(8) + al, £ ()Y (i) (6)]

(6.1)
where [ag(,,az,a,] = 0pp0ser, With other commutators
null, and f, are normalized according to the Klein-
Gordon inner product and chosen such that we have the
Bunch-Davies vacuum. The field time evolution is dic-
tated by the Hamiltonian operator

1 {mo(t)mo(t
1= 3| PO | 2 ot t%(t)%(t)] L H.
(6.2)
where ¢g = agofo + agof{{, Ty = cosh"_ltd(bo/dt, thus
[0, mo] = i, and H(y is the Hamiltonian operator of

the modes with ¢/ > 0. We focus on the ¢/ = 0 mode,
as it is the one responsible for the IR divergence of the
propagator in this example. The form of fj in the small-
m limit can be found in Ref. [29] and reads

B Ll nlg(0) + b+ o ()} + O

fo(t) = %),
(6.3)
where by and b; are constants, Vgn-1 = 27r”/2/F(g)
the volume of the unit S»~1, and

f(t) = ; Vfi(il,), (6.4a)
g(t);/O Vd(i;)/o dt"v(t"), (6.4b)

where we have defined V(t) = Vgn-1 cosh™ ' t. The con-
tribution coming from the zero mode to the propagator
and its time derivatives in the de Sitter invariant vacuum

|0) has the form

(0160(t)o(¢)10) = Fot) i (¢)
s =T ot + 9()

+2by + ibo[f(£) — F(¢)]} + O(m?)

(6.5)



{Olgo(t)mo(')]0) = fo(t) cosh™ ¢/ fi'(t')
V() G(t') — ibof()]

- \/m + O(mz) )
(6.6)
and
(0lmo(t)mo (£)|0) = O(m?). (6.7)

Hence, in the massless limit one finds (0|mo (¢)mo(t')]|0) =
0. This can be stated as (0|w(¢)mo(t')|0) = 0, where w is
any canonical variable except ¢g.

If one expects the field ¢ to represent an observable
or to couple with another field through its amplitude,
then Egs. - are just a manifestation of the
well-known fact that there is no de Sitter-invariant state
for a massless scalar field [12] 13]E| On the other hand,
if the field ¢(t) itself is unobservable and only interacts
via its derivatives, which is precisely the case of the FP
ghosts, then the correlators (0]¢g(t)po(t')|0) — oo and
(0]¢po(t)mo(t')]0) # 0 in the limit m — 0 are irrelevant for
observable quantities. Moreover, it is clear from the form
of the Hamiltonian that ¢g is a cyclic variable in the
massless limit. Its canonical conjugate momentum 7 is
the conserved charge associated with the conserved cur-
rent J, = V,,¢. This allows us to interpret the statement
(O|lw(t)mo(t')]0) = 0 simply as

70/0) = 0. (6.8)

The condition is the requirement that the state |0)
is invariant under ¢ — ¢ + constant, which is a gauge
transformation for the massless scalar field.

We can turn the argument above around and show that
the condition in the massless theory corresponds to
discarding the contribution of the zero mode to the prop-
agator. From the Hamiltonian and the Heisenberg
equation, we have that

d [V(t)cwo} =0. (6.9)

dt dt

Therefore, the zero mode ¢q is analogous to a free quan-
tum particle and we can expand the field operator ¢ as

o(t,0) = 4+ pf(t)

+ 30 [aue F (8 (0) + al, £7 (DY (i 0)]

=1 o

(6.10)

where f(t) was defined in Eq. (6.4a)) and [¢,p] = i. We
note that ¢¢(0) = v/Vgn-G and myp = /Vgn-p. As in

2 Interestingly enough, in the Euclidean theory it is possible to
show that a massless free scalar field on S™ admits fully sym-
metric states [49]. The idea is to treat the massless field as a
gauge theory symmetric under ¢ — ¢ + constant and add a
gauge-fixing term to the Lagrangian that effectively removes the
zero mode.

quantum mechanics, we can represent the operators ¢ and
p on L?(R) as the multiplication by ¢ and the derivative
—id/dq, respectively. We then consider the field state
|¥) = (q) ® |0¢4)), where ¥(q) is a normalized wave
function and [04)) is the vacuum state for the modes
with £ > 0, i.e. ags|0(4)) = 0 forall £ > 1. It is possible to
show (see, e.g. Refs. [29,[30]) that the state |¥) is de Sitter
invariant if, and only if, condition is satisfied, i.e.
p|¥) = 0. Hence, for |T) to be de Sitter invariant we
must have the wave function 1(q) constant. Again, if ¢
is observable or couples through its amplitude, this is a
manifestation of the fact that no such |¥) exists, since

j;o dq|y(q)|* = co. However, if our field is unobservable
and interacts via its derivatives, then, since the zero mode
is spatially constant and its time derivative annihilates
the state, we can simply ignore it by redefining the inner
product of the field space of states. Thus, for two field
states |V1) = ¥1(q) ®@ o)1) and [Pa) = ¢2(q) ® |ov(4)2),
where |a(y)1) and |o4y2) are states in the Fock space
built by applying aza on [0¢y)), we define (¥;|Ws) =
(a(ﬂl\a(HQ)E The result of computing the propagator
in the vacuum state annihilated by p, with the redefined
inner product, is the scalar counterpart of the use of the
regularized propagator discussed in Sec. [[TI}

B. Ghost fields zero modes in perturbative
quantum gravity

Let us now return to the analysis of the FP-ghost
propagator in perturbative quantum gravity. What
we shall demonstrate at tree level is that, if we reg-
ularize the propagator with a small mass and then
take the massless limit, then <O|Q(AC)(t)A\O> = 0 and
<0\waf) (t)]0) = 0 for any canonical variables w unless
w = 64 for the former and unless w = A4 for the lat-
ter. (Note that §4 and #4 are canonically conjugate to

Q(:) and Qf), respectively, at tree level.) Tt is sufficient
to show that (0]Q'Y(1)Q% (#)[0), (01QY ()&, (x")[0)
and <O|cé‘+)(x) g) (t")]0) all vanish in the massless limit.
Some details for the following discussion will be delegated
to Appendix [E]

The FP-ghost field equation with mass m at tree level
reads

V, (VY + Vi — kg"'Vac®) —mPc =0.  (6.11)
There are two types of solutions to this equation. By
writing

At =VH 4 VI, (6.12)

3 An alternative construction for the Fock space can be found
in Refs. [50, [5I], which mirrors the Gupta-Bleuler quantization
method for the electromagnetic field.



where V,V# = 0, we find

O® — g[Q(n— 1) -m?|® =0, (6.13a)
Ov, — [m?* - (n—1)]V, =0, (6.13b)

where we have defined O = V#V,.

V@ contributes to the charge Q( ) at tree level only
at order m?, as shown in Appendix Hence, we do not

need to consider this sector in calculating <0|wQE§) |0) and

<0|QE4C)(I)|O> at tree level in the m — 0 limit. For positive
B, the field @ is a scalar field of positive mass, and there
is no divergence from this sector in the limit m — 0. For
B negative, but not in the set —s(s +n —1)/(n — 1),
with s = 0,1,2,..., there is also no divergence for the
scalar sector, even though the scalar propagator grows
as the spacetime points become largely separated. We
will return to this point in Sec. [VIII]

The mode functions constituting the vector sector, V,,,
are given by

The scalar sector

vt — g, (6.14a)
o Cz .
ybo) = 710 i, (isinh )Y, (6.14D)
and
y(&bo) _ ((l+n—2) ot
0 2(n—1)—m2 ™
1
e e
X T 7%’“\2 (isinh )Yy, (6.15a)
y o) _ Cr,
VI +n—2)2(n — 1) —m?]
[cosh t8; + (n — 1)sinht cosht]
1
X ————P 1 (isinht)D;Y,,, (6.15b
cosh® ¢ —2tXe ( PYoy, )
where
L0422+
E\/ )(+2+2), (6.16a)
,/ (6.16b)
— 2
=¢4 2 . (6.16¢)

The function P, #(z) is the associated Legendre function

of the first kind [52]. Then, we use the covectors ([5.4))
and (5.5) to extract the zero-mode part of the vector
modes with ¢ = 1, which yields

Cl
cosh? ¢

Vpsm,o) _ P §+>\2 (isinh )5 R (6.17)
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and
1
(2;1,0) — n—1 Cm -2 ..
Vi 2(n — 1) —m?2 cosh® tP PR (Fsinh )05
Cl
+ m
V(n=1)2(n—1) —m?]
d 1 -z o
X = Loshg 7513_%4_)\2 (i 51nht)} X(o)p s
(6.18)

where the Killing vectors were given in Egs.
and (2.10) and we have defined the vectors

(2.9)

(6.19a)
(6.19b)

XOU) O

(
XEU) D' }/(1 o)+

The vector sector of the FP-ghost field can be ex-
panded as

VM _ Z [aeg)v I;4,0) +OZ(I)TV(I&T :| )
I.4,0

(6.20)

The vector sector of the antighost field is expanded in the

same way with the annihilation and creation operators,

(1 (I)T (Dt

oy, and a, "', replaced by 072? and a, ',

(I;4,0)

respectively.
The mode functlonb Vi are normalized so that these

annihilation and creation operators satisfy

{Oéa)v@y)j} (— )I+115M/5ag/5u, (6.21)

with all other anticommutators among a( ) and & ‘(I) and

their Hermitian conjugates vanishing.

The de Sitter invariant tree-level vacuum state |0) is
(I) (I )

annihilated by the annihilation operators a,’ and &,
I =1,2. Tt is useful to note that [52]
cosh ¢)H
P~Ht | (isinht) = (7n
AN 2T (0 + )
_ n 1 —isinht
oy (bz_,bg 0+ 5 2> )
(6.22)
where we have defined
bE = (6.23)

The function 5 F} (a, b; ¢; z) denotes Gauss’s hypergeomet-
ric function.
The contribution to the conserved charges QE:) and

Qf) comes from the modes with ¢ = 1. For £ = 1, the
massless limit yields

lim P74

lim P74 (isinht) =

(6.24)



since by — 0asm — 0 and 2 F3 (v, 0;; 2) = 1. Moreover,
in this limit we also obtain

I'(n+2)

Cl ~ 52 (6.25a)
1 - 1 [1 N m? ]
V2 -1 —m?  2m-1l  4n-1]
(6.25b)

By substituting Egs. ( and into Egs. (6.17)
and ( - we find that the leadlng terms for £ =1 are

V(Llo) o 1

~ 6.26
m 2C0 €(U7R)M ) ( a‘)
1
‘/ (2;110') ~ . .2
p 2\/%1715(07]3)“ (6.26b)

We have used the doubling formula for the I'-function to
arrive at Eq. (| - The constant ¢y, whose exact value
is not important, is given by Eq. m

As we have stated before, only the £ = 1 modes con-
tribute to the conserved FP—ghost charges at tree level.

By substituting the mode functlons Vl(l;l,a) nd \/(2'1 o)

given by Eqgs. (6.17) and (6.18)) in Eq. at tree level
and using Eq. (6.25)), we ﬁnd

Q1 (®
cosh" ¢ d 4+ ,- n+2 1—isinht\ ()
N e ait i\ T T lo

+ H.c.,

(6.27)
QE?,B)(t)
Lt -1 1

~ _ o8 ¢ 1-— n sinh?¢ — fsinhtcoshtd—
Jaom 2 2 dt

d i n+2 1—1isinht (2)
X %2}7‘1 (b bl T ) 5 > + H.c.
(6.28)

where H.c. stands for the Hermitian conjugate of the pre-
ceding terms.

The derivative of the hypergeometric function ap-
pearing above is evaluated in the small-m limit in Ap-
pendix [E] and it yields

d
dt2F1 <b1 7b1 )

n+2 1 —isinht
2 2
2

t
N Ty (ico —l—/o cosh™ ! TdT) . (6.29)

Hence, substituting this result in Eqs. and (6.28)
yields

Qo) (®)

¢ (6.30)
\/ZLTO (ico + /0 cosh™t! 7 dT) agla) + H.c.
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and
Q5 ()

h" it -1 1 d
~ 08 1-— n sinh?¢ — = sinh t cosh t —
1/ Co 2 2 dt

1 t 2
X ——— | ico + cosh™*! TdT) ol +He..

cosh™ 11t ( 0 /o lo

(6.31)
By combining these equations with Eq. (6.26) and the

anticommutators (6.21)), we find for the rotation Killing
vectors

(01Q( s, (& (2)[0)
1 [t N
=3 (1 —icy ! /0 cosh™ 1 TdT) f(“mR) (x'),

while for the boost Killing vectors we obtain
(01Qy, (" (2)|0)

1
=3 cosh™* t(l —

(6.32)

-1 1 d
sinh? ¢ — 3 sinh ¢ cosh tdt)

1 . —1 ! n+1 M 4
X o (1 —icg /0 cosh" ™" rdr E(J’B)(I' ).
(6.33)

We similarly have

(Ol ()QL s, (#)[0)

1 L t - . (6.34)
-5 1+ / cosh" ™" rdr §(J’R)(x)

0

and
(0]c# (2)Q( 5 (#)]0)

1
n—1 t/ 1
= —*2 cosh ( —

1 . 1 g n+1 M
X PRy (1 + icy /0 cosh™ " rdr §(U7B)(m) .

-1 1 d
sinh? ¢ — 3 sinh t’ cosh ¢/ dt’)

(6.35)
These equations imply that
<0|Q(X)Q(§)I0> =0, (6.36a)
(01Q2, (x)]0) = 0, (6.36b)
Olc}yy (@)QPI0) =0, (6.36¢)
which can be summarized as
(01QY®[0) = (0wQI0) =0, (6.37)

for any canonical variables except for @ = 04 or w = #4.



VII. HAMILTONIAN PERTURBATION

THEORY

In the previous section we showed that the small-mass
regularization of the FP-ghost propagator corresponds
to the vacuum state |0) being annihilated by the con-

served charges fo) and fo) at tree level in de Sitter
spacetime. The analogous result for the bosonic charge

EqH), i.e. that it annihilates the vacuum state at tree
level in the standard de Sitter-invariant quantization of
linearized gravity in the Landau gauge, can be found in
Appendix In this section we show that these charges
annihilate the interacting vacuum state |[Q2) to all orders
in Hamiltonian perturbation theory with Q) defined in
this framework. That is, we show that the conditions

(X)|O> =0 for X = H, ¢, at tree level are inherited in

the interacting theory as Q' “ )|Q> =
Let us first elaborate on the meaning of the conditions

(X)|Q) =0 for X = H,c¢,¢. Since QA = pa are the
canonical momenta conjugate to B(o)’ if \I/Q(BE%), <o) s

the Schrédinger representation of the state |Q2), the op-
erator QEL‘H) is represented by —i@/aB{(‘)) Hence, the
condition Q(AH)|Q) = 0 means that the corresponding
Schrodinger wave function Vg does not depend on the
The charge Q;H)

the translation in the variables BE%). Hence, we may in-

variables BE‘(‘)). are the generators of

terpret the conditions Q(AH)|Q> = 0 as the requirement
that the vacuum state |Q2) be invariant under the gauge
transformation B‘(‘)) + constant. These are the natural
conditions because the Hamiltonian is invariant under
these gauge transformation, being independent of BE%).

Once the conditions QEL‘H) |2) = 0 are imposed, we may

set pa = QE4H) = 0 in the Hamiltonian for the purpose
of evaluating the expectation values of operators not in-
cluding B{(‘)) in the vacuum state |2). (We may exclude

the variables B{(‘)) since these are “gauge-dependent vari-

ables” breaking the gauge invariance generated by quH) 2
Then, Eq. (5.14)), which shows that the only undiffer-

entiated variables 4 is multiplied by @ AH in the La-

grangian, and Egs. (5.17b) and (5.17¢) imply that, after

setting Ql u = 0, the charges Q 4 and @ A) are also
effectively the canonlcal momenta conjugate to the vari-
ables A4 and 64, respectively. Hence, these fermionic
conserved charges can also be regarded as generating
the gauge transformation of adding constant Grassmann
numbers to #4 and 6.

Since the conditions QSL‘X)|Q> = 0 with X = H,c¢, ¢
enforces the gauge invariance of the Hamiltonian on the
vacuum state, it is natural to expect that these condition
at tree level, QS4X) |0y = 0, will lead to the same conditions
after including the interaction. We propose a definition
of the vacuum state in Hamiltonian perturbation theory
for which this is indeed the case.
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The interaction Hamiltonian density in theories with
derivative interactions, such as perturbative gravity, is
noncovariant. For this reason Hamiltonian perturbation
theory is not widely used, unlike Lagrangian perturbation
theory in the path-integral framework. The two pertur-
bation schemes are equivalent in quantum electrodynam-
ics (QED) with charged scalar field [53]. This equivalence
is explained in Appendix [F] One can demonstrate the
equivalence of the two schemes in a wide class of the-
ories with derivative interactions including perturbative
gravity El

In Hamiltonian perturbation theory in Minkowski
spacetime the expectation value of the time-ordered
product Twy(t1)wa(ts) - wn(tn), where wi(ty), wa(tsa),
..., wn(ty) are canonical variables, in the vacuum state
|2) can be found in the interaction picture as

T(Qwr (t)wa(t2) - - -wn (tN)[2)
—T(0)wi” (t1)ws" (t2) - - w D (t)

X exp (—z’ /_ D:o Hi(t) dt> 0),

where H(t) is the interaction Hamiltonian and ng)(ti),
1 =1,2,..., N, are the canonical variables w;(¢;) in the

interaction picture. Thus, the operators wlm (t;) satisfy
the free equations. Here, the state |0) is the tree-level
vacuum state and

Z = T{0] exp <z /Z H,(t)dt) 10).

The interacting vacuum state |Q2) in de Sitter space-
time cannot be defined in the same way as in Minkowski
spacetime since the integral in Eq. (7.1) would be di-
vergent due to the exponential growth of the space to
the future and past. Instead, we propose to define it so
that the time-ordered N-point functions are the analytic
continuation of those in the Euclidean theory obtained
by the coordinate transformation . Thus, for the
Euclidean time the path-ordered product in the order of
decreasing imaginary part of ¢ to the left is defined by

P(Qwr (t1)ws(t2) -+ wn (tn)]€2)
= POl (1)l () oD e)
PE

X exp (_ /Oﬂ Hi(t) dT) 0),
T exp<— /OW H,(t)dr) 10).

The path-ordering of operators such that the imaginary
part of ¢ decreases to the left corresponds to the ordering

(7.1)

(7.2)

(7.3)
where

(7.4)

4 A. Higuchi and W. C. C. Lima, in preparation.



such that the variable 7 increases to the left. The ana-
lytic continuation of the N-point functions in Eq. (7.3
to the real-time variables is performed by deforming the
time-path as in the usual Schwinger-Keldysh perturba-
tion theory [54], 55] (see, e.g. [56]). This analytic contin-
uation appears to be a concrete realization of the vacuum
state proposed by Jacobson [57] in the context of general
spacetimes with bifurcate Killing horizons, which include
de Sitter spacetime.

The expectation value of the path-ordered product in
Eq. can be expressed as an integral of a product
of two-point functions in the interaction picture by using
Wick’s theorem as in Lagrangian perturbation theory.
Thus, since <0|wQE4X)|O> =0, X = H,c,¢, where w is
any canonical variable, which is not any of the “gauge-

dependent variables” B{(‘J), 04 or 64, at tree level, we have

<Q|AQE4X) |€2) = 0 for any string A of canonical variables
not including B{(‘J) 64 or 0. That is, Q;X)|Q> =0.

VIII. SUMMARY AND DISCUSSION

In this paper we found that there are conserved charges
associated with the Killing vectors in perturbative grav-
ity in the Landau gauge in spacetimes with compact
Cauchy surfaces. Our particular interest was perturba-
tive quantum gravity in global de Sitter spacetime, where
the de-Sitter-invariant FP-ghost propagator is IR diver-
gent. We propose that the physical states, in particular
the vacuum state, should be annihilated by these charges.
Then we showed, assuming a certain definition of the
vacuum state, that the use of the regularized de-Sitter-
invariant FP-ghost propagator corresponds to requiring
that the vacuum state be annihilated by the conserved
charges mentioned above. (We note that this correspon-
dence follows as long as the vacuum state is defined in
such a way that the N-point function in Hamiltonian per-
turbation theory is obtained as an integral of a sum of
products of the free-field two-point functions.) Since the
graviton propagator in global de Sitter spacetime is IR fi-
nite [22] and that our FP-ghost propagator is effectively
IR finite, we have a perturbation theory for quantum
gravity in global de Sitter spacetime which is not plagued
by IR divergences coming from those in the propagators.

We also found that the BRST transforms of the charges

Q(AC) are the conserved charges associated with the back-
ground spacetime symmetries. (Although the gauge-
fixing and FP-ghost terms break the general covariance,
the gauge-fixed perturbative gravity action is still invari-
ant under the background symmetries.) Hence, a state

annihilated by QEAC) must be de Sitter invariant in the
case of de Sitter spacetime. The vacuum state is natu-
rally de Sitter invariant, but, since we propose that all
physical states be annihilated by Q(Ac) (and the other con-
served charges fo) and QEL‘H)), we must require also that
they be de Sitter invariant. This condition is reminiscent
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of the quantum linearization stability conditions arising
in linearized gravity quantized with the Dirac quantiza-
tion method [68-H60]. Non-vacuum de Sitter invariant
states have been constructed using “group-averaging” to
implement these conditions in Ref. [61]. We expect that
the same method can be applied for the physical-state
conditions in this paper.

In our analysis, the gauge parameter 5 takes any real
value not in a certain set of discrete values—see state-
ment below Eq. (3.4). Due to the form of the gauge-
fixing condition (3.2a)), 8 only affects the scalar sectors
of the graviton and the FP ghost fields. As mentioned
above, for 8 > 0 the masses of these scalar fields are
positive, making those sectors free of IR problems. For
B < 0, but outside that discrete set, the scalar sec-
tors are free of IR divergences, even though the prop-
agators in the de Sitter-invariant vacuum grow at large
point separations. In principle, this growth can spoil the
convergence in the IR of the Feynman diagrams mak-
ing the perturbative series of gauge-dependent correla-
torsﬂ This problem, however, is avoided in the pertur-
bation theory laid out in Sec. [VII} as the diagram ver-
tices are integrated over the Euclidean section of de Sitter
spacetime, the n-sphere. The deformation for the Eu-
clidean contour into the Schwinger-Keldysh contour will
not change this, as long as we keep the initial time finite,
since the Schwinger-Keldysh is causal and the spatial sec-
tion of de Sitter spacetime is the (n — 1)-sphere. As for
the values of 8 in the set —s(s +n — 1)/(n — 1), with
s =0,1,2,..., the scalar sectors of the graviton and FP
ghosts have IR divergences similar to the massless case
discussed in Sec. [VI} and corresponds to the tachyonic
fields of Ref. [62]. Although it could be interesting to
try to accommodate them in the framework we have dis-
cussed, these discrete values are not associated with any
particularly relevant gauge condition in four dimensions.

It is interesting to compare our proposal to deal
with the ghost zero modes problem with the approach
of Refs. [63H65]. There, the one-loop effective action
was computed by restricting the FP determinant to the
modes with strictly positive eigenvalues corresponding to
the Euclidean vacuum. In our work, the condition that
the physical state is annihilated by QE:) and fo) implies,
at tree level, that the operators CZ%) and EE%), defined in
Eq. , are effectively time-independent when acting
on the state. This condition, however, makes the zero-
modes state non-normalizable, and thus the next step is
to change the inner product for the space of states so
it does not involve the zero modes—see Sec. [VIl In the
path-integral formalism, the change of the inner prod-
uct consists in removing the integration over the zero
modes from the functional integral. This is precisely the
method employed in Refs. [63H65]. The advantage of our

5 On general grounds, we do not expect this to be a problem for
gauge-invariant correlators as they should not depend on gauge
parameters.



proposal is that it allows us to consistently remove the
zero modes beyond the one-loop order, and to show that
their removal is compatible with the BRST symmetry of
the gauge-fixed action, i.e. it does not spoil unitarity.

Our definition of the vacuum state involves imaginary
time but it uses the Hamiltonian rather than the La-
grangian. The Euclidean action obtained as the inte-
gral of the Einstein-Hilbert Lagrangian over an Euclidean
section is not bounded from below (the conformal-mode
problem [66] [67]). This problem is usually dealt with via
a “conformal rotation”, which consists of changing the
sign of the kinetic term of the conformal mode. It would
be interesting to investigate how this problem manifests
itself in our definition of the vacuum state in Hamiltonian
perturbation theory. Finally, it would be interesting to
investigate whether our proposal for the physical states in
gauge theory and perturbative gravity gives any insight
into the discrepancy between the unitary and covariant
formulations of these theories in de Sitter spacetime, or
in curved spacetime in general [68H72].
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Appendix A: Derivation of Eq. (4.8)

In this Appendix we derive the form of the Lagrangian
density convenient for finding the conserved charges
involving the antighost field. It is convenient to consider
the Lagrangian density obtained from Lgp by interchang-
ing the roles of the ghost and antighost fields:

Lep = —1(Vué, + V¢, — 2k:gu,,V,\E>‘)V“c”

—iLeh,, VI + kg £:hg, Vac™ .  (Al)

We find

Lep — Ly = —i[(VF")c® — e (V* ")V Hy
—i[VFE'V, ¢ = V,e*V* | Hyy
20KV 0V ey — V48, Vo™ | HM |

(A2)

where we recall that H,,, = h,, — kgu,h. Next, we “in-
tegrate by parts” the first term to remove the derivative
V4 on Hy,y, and then commute the derivatives V# and
V. The terms containing the Riemann tensors arising
from this procedure cancel out. Thus we obtain

Lrp = £ﬁ+ KIU,HW/, (A?))
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up to a total divergence, where

K =1V, [(Vaty)e® — E*Vacy|

+i(1 = 2k)[V,6,Vac® — Val*Vye]. (Ad)
Then, we find Eq. (4.8) by adding Ly = —V#*BYH,,, to
the right-hand side of Eq. (A3)).

Appendix B: BRST Transform of the Charge Qf)

In this Appendix we show that the charge 6BQE40) for
each A is proportional to the Noether charge for the
spacetime symmetry generated by the Killing vector &/;.
We write ¢/ simply as £#, dropping the subscript A, in
the rest of this Appendix.

First, we find the BRST transform of the conserved
current &, 7" which corresponds to the conserved charge

defined by Eq. (4.12)). Let us write

5B(£U7;u/) — JL(LB,B) +J£LB,EC)7 (Bl)
where J,SB’B) comes from the BRST transformation of
c® whereas J,SB’CC) comes from that of h,,. (Recall that
dpB* = 0.) The current J&B’B) is obtained by replacing
¢“ by iB% in &, T*¥. It is convenient to write

Tow =T + £eHpyw + KT b

9wV Huyp + (1 — 2k)Voc"H,, , (B2)
where we have defined
Ty =Vuey + Vi — 2kgu Vac® . (B3)

Thus,

JBB) = ie"((VuB, + VB, — 2kgu,VoB®)(1 + kh)
+£pH,u — 9,V B Hyp

+(1 = 2k)H,,, Vo B°]. (B4)

To find the part of the current coming from the transfor-
mation of h,, we use

6BHHV = 8;,“/ ’

dph = 2V0c® + g*P £ohag .

(Bba)
(B5b)
We note that there will be an extra minus sign in the
transformation of 7,, in Eq. (B2) because H,, and h

are to the right of a fermionic variable ¢®. Thus, we find
this part of the current as

JE) = 2 [PV S0 + Ve Spa + Vad®Sa,
_ngﬁwsm + (1 - 2Ic)VgéﬁSW

+kT 0 (2V At + g7V £.chgy )] (B6)



Next, we construct the conserved current for the space-
time symmetry generated by £*. Consider the diffeomor-
phism transformation given by

Osthuw = V() + V(o) + Lachuy
= v#(a&/) + VU(O‘&L) + aﬁAV)\h#,,
+V, (@M, + Vo (a€ )y,
Ssptht = Logt
= a[EVaF — (VA = (Vaa)ghy?,
(B7b)

(B7a)

where Y* = B c¢* or ¢* and where « is a compactly-
supported function on the background spacetime. Let us
represent the transformation (B7) as

6 ®r = aX; + Y 'Vaa, (BS)

where ®; represents h,,, B, ¢/ or ¢* depending on the
index I. Let £ = Lpp + Lgr. Then

oL oL

bl = | -V, [ =
- {&b,

ﬂ (aX; + Y Vya),
(B9)

Vi <6(WI>I>

where we have dropped a total divergence. In this equa-
tion the index I is summed over. Since the transfor-
mation with constant o would give the spacetime
symmetry transformation generated by the Killing vector
&H we have

5st£ ‘ a=const. — V,u (5“‘6)

oL oL
—_— _— (B1
aq)IX[ + (3(VH(I)[)>V#XI (B 0)

By using this equation in Eq. we obtain

Y )
Dk = {<a<vu@f>>xf —eL

oL oL
+l=— Vil z7=——
|:(9‘D1 (8(VA<I>I)

with a total divergence dropped.

Now, let Lor = v/—9g Leu be the standard Einstein-
Hilbert Lagrangian density for gravity. Then, since
Lry + L is the total Lagrangian density, dst Lrg + 05t £
must be a total divergence if the field equations are sat-
isfied. But 04t Lgm under the transformation is a
total divergence (even if the field equations are not sat-
isfied) since the corresponding Einstein-Hilbert action is
diffeomorphism invariant. Hence, ds £ must be a total di-
vergence if the field equations are satisfied. This implies
that the expression inside the curly brackets in Eq.
must be divergence-free if the field equations are satisfied.

Hence we identify the spacetime-symmetry current as

)|t} )

oL
7= (g )0
oLr oc
[ e (Ve e
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Note that the term proportional to Y/* is absent for
®; = B*, ¢* or ¢* because it is proportional to the field
equation for ®; in these cases. This is not the case for
®; = h,u, however, because its field equation comes from
Ly + £, not just from L.

Let us find the part of the current J& given by
Eq. coming from Lgf. Since Ly depends on VB,
and hy,, but not on B* or V,h,,,, this part of the current
is

(B _ OLgt A A
TN = GO + 03 + B4 as + 05€ ol

0Ly
o(V,B,)
+&"V B  Hop
= _(504 + How\g)\ + khfa)(vﬂBa + VeB#
_ nguavﬁBﬁ) _ gHV [@VAB,, _ (V,\ﬁ,,)BA]

+ [AVAB, — (V&) B

+ VOB H,p .
(B13)
Then we find
JPH = ig®Bm g, pOm (B14)
where JB B is given by Eq. (B4) and
Flon = Brgg P — BoggHM (B15)

which is an antisymmetric tensor.

Next, the part of the current J% coming from the vari-
ation of Lpp with respect to ¢, plus the term —&*Lgp
reads

TN = —i(€9V 0" SM g — Vbl Sty

(B16)
_ fl‘VﬁEVqu,) ,
where S, is defined by Eq. (4.3). Define
FOm = jex(@tsv, —SH,), (B17)

which is an antisymmetric tensor. Then, we find, using
the field equation V,S8*® = 0 and the antisymmetry of
the tensor V,&ga,

e =g

[€2V eS8t s — ErVPE1 S,
+E60V o (78" ) — PV 02"S%5]
+V, F@n (B18)

The part of J! coming from the variation of Lgp with
respect to ¢ reads

77;T/w(§avacu - vafuca)
—Z'Tuﬁhﬁu(gavacu = Vaéuc®), (B19)

where T),, is given by Eq. (B3). The contribution from
varying h,, in %T‘“’co‘vahw is

= iva(leca)(fu + fﬁhﬁu)
—%Tﬂvcﬂgavahm — TP (V0 s
(B20)

j(éc,c) _

st

F(ce,hl
Js(t )T



Then we find
J(cc JC) + J(cc hl)p

= —iT* €V oe, — T b, £2V ac”
—%Tﬂvcﬂgavahﬁ7 — i€V TPB Y yhg,

i€, Vo [(T* + TP hg")e"] + vV, FO#  (B21)

where the antisymmetric tensor F(®)# is given by

FOW =iy [(T + T hg)e” — (T + T hy)e]

(B22)
Next, we note that the field equation obtained by varying
the action with the Lagrangian density £ = Lpp + Lyt
with respect to ¢ can be written as

1
Vp[TP* +The, ] = STV g, (B23)

(This equation can also be derived from V,T#" = 0 and
V,H" = 0.) By using this equation in Eq. (B21) we
find

JS(tEc,c)p, + Js(téc,hl)u
= —iTMEN ye, — iTHP hg £V oc” — i€V TPV o hg,
+ i€, (T + TP hg")\Vack + V,FOH
(B24)

Finally, the part coming from the variation of h,, in the
term —iTH*"V ,c%hy, in Lrp is

TR = i (TP Y ge, + TpuVPeq
+TPV gephay + Tyu VP hog) .(B25)
Then
Js(téc,ch);t — J(cc e +J(cc hl),u_’_J(cc h2) 1

= —i€2TH(Voep + Vaco + Lohag)
+V, (FOm 4 pGuvy (B26)

The Noether current for the spacetime symmetries gen-
erated by the Killing vector &* is

T = g g o g g e (B21)

where the currents on the right-hand side are given by

Egs. (B13)), (B18)) and (B26|). By a straightforward cal-
culation we can show that

= jJBn | VV(F(Z)’“’ + F(3)W) )

(B28)
This equation and Eq. , together with Eq. and
, imply that

Jh = i0s(&, T )+ V, (FUW# 4 FEIw 4 pO1vy - (B29)

S

ze,& ge,ch
S g

Thus, by defining the Noether charges for the spacetime
symmetries generated by the Killing vector &} by

(St /clEnH ol

with &# = &, we indeed have Q) 6t iéBQ(X‘), by the
generalized Stokes theorem.

(B30)
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Appendix C: Derivation of Eq. (5.12]

What we need to show is that the nonlinear terms in
Lrp given by Eq. - 3.2b)) equals the nonlinear terms in
Eq. (5.12) with B = BHt|ga—g = —i(Vae")c®, where
B" is defined by Eq. (]E . That is, we need to show
that the part involving h,, in Lrp plus V“B”|BQ_OHW
equals the terms involving h,, in Eq. ( - The former
reads

L) = iV [V o Hyy + YV Hoy + Ve Hoy,
+ k(Vyue, + Ve, — 2kgu,Vac®)h]
—iVH[(Va€ ) Hy, .
(C1)
The first term contains the time derivative of H,,. It
can be combined with the last term as
—i(VHE")e Vo Hy — iVH[(Vae ) H
= —iV,o[(V*&")c H ), + iV [(VHE ) H
—i{[(Val)VHe* + (Vo VHE )™ — RV 5" c| } H -
(C2)

By substituting this formula into Eq. (C1) we find af-

ter some 51mp11ﬁcat10n that E ) is equal to the terms
involving h,, in Eq. (| up to a total divergence.

Appendix D: The Bosonic Condition on the Vacuum
State at Tree Level

The solutions to the field equations for the gravitons at
linearized level have been studied in de Sitter spacetime
in global coordinates in Ref. [22]. The graviton field with

a small mass term is expressed as h,, = h(T) +h(V)+h(S)

The tensor sector hfw contains the mode functions com-
posed of the tensor, vector or scalar spherical harmonics
with angular momentum ¢ > 2. This implies, by orthog-
onality of spherical harmonics with respect to the space
integral, that hLTJ does not contribute to the conserved
charge Q;H) The reason for this is that Q;H) is de-
fined by a space integral of the product of h,, and the
Killing vector &4 composed of the scalar or vector spher-
ical harmonic with ¢ = 1. (Although linearized gravity
was studied only in 4 dimensions in Ref. [22] these facts
hold in n dimensions as well.)

The conserved bosonic charge Q;H) has no contribu-
tion from the scalar sector, either. To show this, we first

express the scalar sector hE[?,) as [73]

W) =V, V, 0+ g, T, (D1)
where
O00=(n—-1)2— |n+(n-—1)
(D2a)
OV =(n-1)87, (D2b)



in the covariant gauge given by the gauge-fixing
term (3.8). We will show that the scalar contribution
to the charge QEL‘H),

#S) = /Z asnyéa, (B — kg ), (D3)

vanishes in the Landau-gauge limit o« — 0.
By Egs. (D1)) and (D2a)) we find
W) —kguh™ =V, V,® - g,,(O+n—1)2
n—2
+QWT04\I’ .

Then, by using (¢ = —(n — 1)¢
from the identities V,V {4 =
Jvp9uo — GuoGup, W€ find

Eav (WM — kg h%)

(D4)

which readily follows

m
A

17 g p—
RY 5084 and Rype =

—2
= &4V, VI — ¢4V, VD + (V, V7D + ”Tagf;q/
n—
2
Substituting this formula into Eq. (D3)) yields

=V, [E4VED — EAVVD 4 (VVER)B] + 1 2agh b (D5)

-2
(s — ”Ta/ dSn, 80, (D6)
b
after using the generalized Stokes theorem.  Thus,
EqH’S) — 0 in the Landau-gauge limit @« — 0. [The

scalar field ¥, which satisfies the massive Klein-Gordon
equation , has a finite limit as @ — 0.] Therefore,
only the vector sector contributes to the conserved charge
(AH) at tree level.
The vector sector of the graviton field can be expressed
as

WY) =V.V, +V,V,, (D7)
where V?V,, = 0. Since the linearized Einstein-Hilbert
action is invariant under linearized gauge transforma-
tions, hu — huw + VA, + VA, the field equation
for the vector sector of the linearized gravity comes only
from the gauge-fixing term . This equation reads

V. VPh() +V, VPR =0, (D8)

because h((lv)a = 2V,V® = 0. Notice that this equa-
tion is independent of the gauge parameter . It can be
written as

VPR o &, (D9)

where &, is a Killing vector.

The part of the field hf},f) relevant to the charge Q(U’%{)
corresponding to the rotation Killing vector 5&3) ,
which will be given as

BER = W L v, wen | (D)
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can be obtained by postulating

weRu — ploR) (t)et

‘R (D11)

and solving Eq. . Here, F(*R) () is a time-dependent
operator. We find
FOR(t) = aagor) f1(t) + bor) f2(1) (D12)

where a(; r) and b(, ) are constant Hermitian operators,

. 1 t

i) = m/o cosh"t' rdr,  (D13a)
: 1

fa(t) = PN (D13b)

with fi(t) = df;(t)/dt, i = 1,2[]
Recalling that B* = —a~'V,H*", the a — 0 limit

yields
1
R _ . o R)urv __
B = — lim ~V,hM = ag €l )
(D14a)
(H) “EYRiTR) =
Q%) = lim EdEn 0% biory- (D14b)

Thus, from Eq. (5.6) we find a,r) = B((g)’R), while

Eq. (5.17a) leads to b(s,r) = P(s,r), the canonical mo-

mentum conjugate to B((g)’R). That is,

[a(U,R)7 b(a'/,R)] = i0gq - (D15)

Now, the de Sitter-invariant Bunch-Davies vacuum
state |0) is annihilated by the operator A, gy, i.e. we
have A, r)|0) = 0, where A, gy is a linear combination

of a(,ry and b, r). The operator F@R) (t) in Eq. (D12)
is then expressed as

FEOR (@) = [f1(t) +ico f2(t)] A r)
+[f1(t) —icofo (t)]AZg,R) '

That is, the function fi(t) + icof2(t) corresponds to the
positive-frequency mode for the Bunch-Davies vacuum
state |0). The constant ¢y can be found as in Ref. [22],
and it reads

(D16)

(D17)

6 The a-dependence of Eq. (D12) was chosen so that the com-

mutator (D15) found from the symplectic product between the
modes f1 (t)§<a R) and fo (t){é‘a R) is a-independent. The opera-

tor F(7R) (1) is defined only up to addition of a constant opera-
tor. Note that addition of a constant to F(?®)(¢) does not alter

the field h{3™.



The exact value of thls constant is not important; what
matters is that Eq. (| is independent of a.

Finally, the comparlson between Egs. (D12)) and m
shows that

(@R) _ t
B(O) (A(U,R) + A(O’,R,)) , (D18a)
: t
Q) =ico(Awry = Al ), (DI8H)
and
.1. _ a
|:A(O',R)7 A(U,R)i| — 72700 . (Dlg)
Thus, we find
0[QU, QU 10) = —% 50 as a—0. (D20)
That is, <O|wQEf£)|O> = 0 for all canonical variables w
except for w = BR),

(0)
We now turn to the conserved charge ngg) associated
with the boost Killing vectors The relevant part

of hﬁw) to this charge is denoted by h(g’ and reads
WoB = v, wioB + v, wieB) (D21)
where
WP = FEOR ()Y, (D22a)
2
(6,B) _ cosh”t [F(U B)
(@B) o 2% | feB)y
W, o

+(n — 1) tanh tF@”B)(t)} D;¥(1, (D22b)
The operator F(?B)(t) is again given as

FOPN(t) = aaep) f1(t) + bop) f2(t) (D23)

where fi(t) and fo(t) are given by Egs. (D13a)) and
(D13b)), respectively, and a(,p) and b, p) are constant
operators.

Following the same procedure as in the case for the
= B”
0

/2 in the Landau-gauge limit.

rotation Killing vector, we find a, ) = and
(H)

(U B) The
)(t) is expressed in terms of the annihi-

lation and creation operators, A, p) and A ) with

A(8)|0) = 0, in exactly the same way as in Eq (D16]).
Hence, we find

bop) =
operator F(

(0.B) _ 1 i
B = ~(Am) + Al,p)) (D24a)
ngfg) —2icg (A(U,B) - A&,B)) . (D24b)
and
t o (0%
[A((,VB),A((LB)] = (D25)
Then, we again have <O|Q(H) Ef,)B)|O> = 0 in the
Landau-gauge limit. Thus, <0|wQ(H) [0) = 0 for all
canonical variable w except for w = B(a B),

(0)
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Appendix E: Some Details of the Calculations for
the Ghost Fields in Sec. [V1]

In this section we provide some details of the calcu-
lations in Sec. [VI, where it is shown that the linearized
ghost charges fo) and fo) annihilate the tree-level vac-
uum state. We show first that the scalar sectors of the
FP ghosts do not contribute to the tree-level charges.

The scalar sector of the field ¢* is given, at tree level,
by V#®, where the field ® satisfies Eq. (6.13a). Then
the contribution of this sector to the charge is

Q'Y = /dEn”ﬁA [v V,d — (1+ ;)Q,WD‘I’]

:2/ dSn,V, [E4VFP — hVY D + (VVER) D
b))
—|—m2/ d¥n,ho
3

=m? / d¥n,h® (E1)
z

where we have used Eq. , the equation 1§ =
—(n —1)¢} and the generalized Stokes theorem. Hence
the contribution of the scalar sector to the conserved FP-
ghost charge at tree level vanishes in the limit m — 0.

(6.29). First we note, using
(ab/c)F(a+1,b+ 1;¢+ 1; 2), that

Next we derive Eq.
(d/dz)F(a,b;c;z) =

n—|—2 1 —¢sinht
2F1( b17 ) 2 )
biby n+4 1—isinht
by +
= htoFy (b 1,07 +1; ;
zn+2cos 2 1( + + 5 5 )
5tcosht n+4 1 —4sinht
A — F 2,1;
nt2’ 1<n+ 2 2 ’

(E2)

for small m. Then the formula [52]

11—
2F1 <2a,2b;a+b—|— > 2\/;)

1 1 13
—A2F1<a,b,2,z> +Bﬁ2F1<(l+2,b+ 2,272),

(E3)
with the constants
_ Val(a+b+ 1) (Fda)
T(a+3H)T(b+1)’
1
B:_2ﬁr(a+b+2) (E4b)

T(a)(b)



allows us to write

d _n+2 1—isinht
dt2F1(b;r,bl; 5 5 >
211
~ —icom? cosht o Fy (n;— i sinh? t>
3.3
—mQCOShtSinthFl(n;— ,1;2;—Sinh2t>

m2 t 1
- (ico +/O cosh™" TdT) ) (Eb)

where the constant cg is given by Eq. (D17)). We have
used

o1 (a,b;¢;2) = (1 — 2) P F(c —a,c — b;c; 2) , (E6)

to find

3.3
o Fy (n—;—’ 1; 5; — sinh? t)

1 ! n
= b f(cosh )72 /0 (cosh )" dr. (E7)

Appendix F: Equivalence of Hamiltonian and
Lagrangian Perturbation Theories for Scalar QED

The Lagrangian density for QED with charged scalar
field ¢ in Minkowski spacetime is

L=—(0"p" +ieAr o) (0, — ieA, ) —m>¢pl¢
1 1
—- (O A*)?
4 20 (0, 4%)7,
where A,, is the gauge potential and F},,, = 9,4, —0,A,,.

The interaction Lagrangian density consists of the non-
quadratic terms in the Lagrangian density:

F FH — (F1)

L= ieA”(ﬁbaMbT - ¢Tau¢) - €2ANA;L¢T¢' (F2)

The canonical momentum density conjugate to ¢! is

T =¢—ieA9, (F3)

and the canonical momentum density conjugate to ¢ is
nt. The interaction Hamiltonian density, i.e. the non-
quadratic part of the Hamiltonian density is,

Hy = —ieA(¢pnl — ¢Tn) —ie AN (0,0 — pTDi0)

+e2 At Aot g (F4)

In both Lagrangian and Hamiltonian perturbation theo-
ries in the interaction picture, the field operators satisfy
the free-field equations. Thus, we have m = ¢. This
allows a direct comparison between the interaction La-
grangian and Hamiltonian densities as

Lr=—H;—e?A%AppTo. (F5)

ThU.S, ﬁ[ 75 —H].

The difference between £; and —H is accounted for
by the fact that in Lagrangian perturbation theory the
time derivatives are applied to the propagator as follows
[with z = (¢,x) and 2’ = (¢/,x')]:

8t6t/T<QI¢(s§)¢*(:c’)IO>
= T(0[¢(x)$" (z")|0) + (¢t — ')(0] [$(x), ¢ (2")]|0)
= 0|z (z)n (2)]0) + i6™ (z — ') (F6)

Thus, in Lagrangian perturbation theory there is an ex-
tra interaction term —e?A%Ag¢f¢ and the field 7 = ¢ is
replaced by 7 4+ 7, where v has the propagator

T(0ly(2)y" («")[0) = i8 (x — a). (F7)

Integrating out the fictitious field y(x) generates the fol-
lowing effective interaction term:

AL = —i / d'z’ eA°(2)o' ()T (0| (x)y' (a')[0)
x [—ep(z')A%(2')]

= 2 A%(2) Ao (2)¢' (2) () - (F8)

Thus, we have
L+AL;=—-Hj,

(F9)

which shows that Lagrangian and Hamiltonian perturba-
tion theories are equivalent in QED with charged scalar
field.
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