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Abstract

A numerical model replicating the stick-slip contact of two elastically similar materials is
presented in this paper. Based on the Coulomb’s law described in the partial-slip theory of
Ciavarella, the model adopts a complementary condition that facilitates the design of a novel
algorithm to separate the stick and slip regions. Via the comparison between simulation results
and analytical solutions, the developed model is validated and applied to study the role played
by the roughness of realistic surfaces in the separation of stick and slip regions. It is found that
a higher root mean square (RMS) gradient leads to smaller contacting area under constant load
while the root mean square (RMS) roughness has insignificant influence if the RMS gradient
is kept constant, which is in line with current literature. Under the effects of the RMS gradient,
the relationship between varying skewness or kurtosis and contacting regions is irregular.
Furthermore, stick regions are found to respond identically to those varying roughness factors.
However, the ratio of stick regions to the total contacting region is revealed to be unaffected
by the surface roughness parameters when a tangential load is applied on the contacting

surfaces following a linear behaviour.

Keywords: Partial slip, Surface roughness, Contact mechanics, Boundary element method

1. Introduction

The problem of the combined normal and tangential loading has always been an area of interest
for determining the frictional behaviour of materials in contact. In this condition, stick and slip
zones may coexist presenting a ‘partial slip’ contact interface. The partial slip phenomenon can
be commonly found in engineering practices such as fretting. The relative movement of
oscillations under alternating dynamic loads is small in amplitude compared to the size of the
contact area under these conditions which eventually leads to surface failure [1, 2]. In addition
to fretting wear, stick-slip analysis plays an essential role when it comes to the study of rubber
friction [3, 4], powder tribology [5-7] and polymer tribology [8]. Pioneering contact analysis
on the stick-slip behaviour was conducted by Cattaneo [9] and Mindlin [10], who

independently proposed the partial slip solution for a generally elliptical or circular contact
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problem. Based on the Cattaneo-Mindlin solution, Johnson [11] developed the closed-form
solution for the sliding (partial or gross) contact between two identical materials under

tangential loading.

Given that the analytical solutions based on proposed assumptions are always subjected to
various limitations including the simplified contact geometries and ideal loading history
(usually constant), a numerical model presents itself as a suitable alternative in this dilemma.
Based on finite element method (FEM) together with the domain decomposition method and
boundary element method (BEM), Kosior et al. [12, 13] developed the numerical model
studying the frictional elastic contact following Coulomb’s law to investigate the effects of
friction on the contact parameters including contact radius and normal pressure. The contact
between an elastic-plastic sphere and a rigid plane in the gross slip or full stick state under the
combined normal and tangential loading was simulated by Brizmer et al. [14, 15] using FEM.
Notably, a large simulation domain is always required in the finite element analysis to
approximate the half-space along with proper addressing of boundary conditions. This causes
an enormous computational burden when analysing the contact of real rough surfaces where

fine spatial discretisation is needed.

On the other hand, BEM is a more efficient method as only the boundary of the bodies needs
to be discretised to characterize the surfaces. Using BEM and the conjugate gradient method
(CGM), Polonsky and Keer [16] proposed a single-loop iterative CGM algorithm to solve the
contact problems of rough surfaces, which served as a good reference tool for many numerical
models developed in the last decade [17]. Pohrt and Li [18] proposed a displacement-controlled
algorithm using CGM and BEM to solve the tangential contact problem. They converted the
contact problem to an algebraic matrix equation relating the surface traction and displacement.
This method identified the nodes within the non-contact region as well as stick and slip regions.
Deformation for the stick nodes was always the prescribed tangential rigid body translation and
shear stress for the slip nodes was always the critical value determined from the Coulomb’s
friction law. However, the normal and tangential contact problems are decoupled in their
model, which makes it only valid for incompressible materials where Poisson’s ratio is 0.5. A
fully coupled model was developed by Chen and Wang using the semi-analytical method
(SAM) [19], in which the algorithm is in a similar form to that of the frictionless normal contact
model developed by Polonsky and Keer [16]. In their algorithm, the estimation of the tangential
rigid body translation relies on analytical equations. However, the static force equilibrium was
not enforced in their case and instead, they adjusted the rigid body translation according to the
difference between the computed tangential force and the prescribed one. Their model was later

extended to investigate the partial slip of an elastic layered half-space [20].

Inspired by the fretting model developed by Spinu and Amarandei [21, 22], a stick-slip contact

model, with the same form of algorithm for both the independent normal and tangential
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components, is advanced in this paper by considering the similarity between the normal contact
and tangential contact problems for two elastically identical materials. With the
implementation of discrete convolution, fast Fourier transform (DC-FFT), the normal contact
model is developed on the basis of the CGM algorithm for contacting elastic rough surfaces by
Keer and Polonsky [16]. Although the literature is continuously evolving in modelling of the stick
and slip of rough surface, the criterion to separate the stick and slip regions is still ambiguous. In
this paper, the Coulomb’s law described in the stick-slip contact theory proposed by Ciavarella
[23-25], which requires the shear traction in the stick region to always be less than the Coulomb
friction, is followed to generate the complementary condition that separates the stick and slip
regions for the individual tangential contact model. It should be noted that the same condition
was also implemented in the partial slip contact modelling by Kosior [12, 13], Gallego [1, 26],
Botto [27], Dong [28] and Bazrafshan [29]. Since a computational node exhibiting the shear
stress equal to the local Coulomb friction can only happen in slip region according to the above-
mentioned theory, a novel adjustment method is introduced in our algorithm of the tangential
contact problem to ensure that the shear stress in the stick region is less than the critical value.
Furthermore, the capability of the model to study the influence of important features of surface
roughness including root mean square roughness (RMS roughness), root mean square gradient
(RMS gradient), skewness and kurtosis on the stick and slip area ratios has been investigated

in this paper.
2. Theory and Algorithm Description

Based on the explicit mathematical relation between the strain and stress for the contacting

bodies, the BEM is implemented to develop the fully deterministic stick-slip contact model.
2.1 Problem Formulation

To start with numerical formulation, the quadratic programming approach [30] is applied to
find the contact pressure and surface deformation via minimising the total complementary
energy using the variational principle. For a normal contact problem of two elastic surfaces,

the total complementary energy V* is expressed as:
v = Up = [ pluso+w)da = Ui - | pigan, Equation 1
Q Q

where Ug is the internal complementary energy of the stressed elastic solids,
(1 is the assumed contacting area where the contact pressure acts, p is the contact pressure, U,
and u}, are the prescribed displacement of the two contacting solids respectively and u} is the

total prescribed displacement of the two contacting solids inside the assumed contact domain.
Therefore, the term ‘fﬂ pu;dQ’ is the work done by the normal force.
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For ideal linear elastic materials, the internal complementary energy Uy is numerically equal
to the elastic strain energy due to the linear relation between the stress and strain as indicated

in Figure 1, which is expressed as:
. 1 1 —
Ug =Ug= Ef_() D (uzo + uz) d2 = ;fg p udf2 Equation 2

where u, is the composite surface displacement inside the contact zone and equals total contact

deformation of two contacting solids (denoted as u,, and u,; correspondingly).

A

Stress
o

>

Strain, €

Figure 1 Relation between Uy and U for contact between linear elastic materials without
plastic deformation

To express Ug with Equation 2 in Equation 1, the complementary potential energy for the

normal contact problem is then given by:
* 1 e 2
V= gfg pu,dd — fg puzada, Equation 3

Similarly, the total complementary energy can be minimized for coupled normal and tangential

contact problems in the case of linear elastic materials and is expressed as follows:
1 —
V* = Eff tﬂdXdy — f f tu*dXdy, Equation 4

where t is the complete surface stress vector, u* is the prescribed displacement and % is the
complete surface deformation vector determined by the following equations:
t = qeex + qye, + pey, Equation 5
U = uye, + uye, + u,e, Equation 6
where q,, q, and p are the traction force, uy, u,, and u, are the surface deformation and ey, e,,

and e, are the Cartesian unit basis vectors in x, ¥ and z directions respectively.

After discretisation, the fully coupled relationship between the contact deformation and loading

can be expressed in the following matrix form:
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U,y Cxx ny sz qx
[uy] =[Gx Gy Gy [qy]; Equation 7
U, Cox Cpy Cyy|LP

Z
where C;; is the influence matrix of the deflection in i direction due to the load applied in j
direction (i = x,y,z; ] = x,y,z). The closed-form solutions of these influence coefficient

matrices are provided by Ghanbarzadeh [31] and shown in Appendix A.
To simplify the stick-slip contact model, the following assumptions are made:

e Only the contact between two elastic surfaces with identical material properties is
accounted for within the model. Thus, the composite shear modulus becomes zero and
the Equation 7 relating the surface deformation to the traction force reduces to:

Uy Crx ny 0 |rax
Uy| =|Cyx Cyy, 0 ||dy], Equation 8
Uy 0 0 C,J|LP

The solution of the normal contact problem is then decoupled from that of the tangential contact

problem. However, the normal contact pressure is still required in advance to execute the

algorithm of the tangential contact model as the Coulomb’s law is followed within it to

determine the critical shear traction (local Coulomb friction).

e Only the tangential force in the x-direction is considered within the model. The effect
this has on the deformation in the y-direction is neglected considering the relatively large
difference in the order of magnitude between the two relevant influence coefficient
matrices (Cy, and C,,) shown in Appendix B. Neglecting of the effects of stress in one
specific direction on the deflections in two other directions is a common practice for
many researchers when it comes to the preliminary modelling of tangential contact

problems [18, 19]. Therefore, Equation 8 is further simplified to

Uy Cox 0 0779
Ol=10 0 00} Equation 9
0 0 Cgullp

U,

To minimise the complementary potential energy, the contact problem is to find the contact
stresses and contact deformations correlated by Equation 9 which meet a series of restriction
conditions. It is noteworthy that after transforming continuous functions into piecewise
constant functions that are uniform within the elementary cell of the equally spaced rectangular
established in the contact interface, control points for the set grid are necessary. These points
are the centroids of the elements in the developed model as shown in Figure 2. Therefore, the

shear traction and deformation of each element becomes the focus of the model.
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Figure 2 Discretised elements: ‘X’ is the centroid of each element, and 2a and 2b are the
side lengths of each element in x and y directions respectively

For a discretised normal contact problem, the following contact equations and inequalities

should be satisfied to find those pressure and deformation:

1. Static force equilibrium: The sum of the pressure distribution at the contact interface
should be equal to the applied force (W):

W=4 ) G

4 Equation 10
@@)El:

where 4 is the area of the element in the established mesh and equals 4ab indicated in
Figure 2, I.. is the contact domain and i and j denote the indices of the mesh element (i,j) with

1<i<N; and 1<j<N, (N; and N, are total numbers of elements along x and y directions

respectively).

2. Geometrical condition of deformation: The deformation of the surface in the normal

direction should meet this geometrical condition:
h(i,j) = hi(i,)) + u(i,j) — 8,0, )) € I, Equation 11
where I, denotes the simulation domain and h;, h, and 6 are the gap between

undeformed surfaces, the gap between deformed surfaces and the normal rigid body

displacement respectively as shown in Figure 3.

3. Complementary conditions should be satisfied over the contacting surfaces:

p(i,j) >0&h(i,j)=0,0,j) €l;

p(i,j) = 0&h(i,j) > 0,(,j) €L, — . Equation 12

where I, — I, denotes the non-contact domain.

As illustrated in Figure 3, the gap h for Point 1 in the range of contact radius (a,) is 0 under
the effect of the normal load. As Point 2 outside the contact radius is implying a vanishing

contact pressure, there is a positive surface gap labelled as h2. Thus, the product of the contact
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pressure and surface gap is always zero over the contacting surfaces no matter which position

of the interface is being referred to.

The complementary conditions shown in Equation 12 imply that the adhesion effect (p < 0) is
not considered in this normal contact problem and the contacting surfaces are impenetrable.
Inclusion of adhesion in such scenario will be complex since the introduction of non-
conservative forces makes it difficult to obtain closed-form solutions based on energy
approaches. However, the inclusion of the surface adhesion may become feasible by directly
using the Lennard-Jones potential at the separated computational nodes. Based on a non-
adhesive normal contact algorithm, a deterministic and well-validated normal contact model
with adhesion was recently developed by Ghanbarzadeh [32] via the implementation of
Lennard-Jones potential fields with the incorporation of a new surface integration method. This
problem needs very careful consideration of energy terms as reported by Ciavarella [33, 34]. It

is out of the scope of the current paper and will be the subject of future work.

= = = . Surface profile before loading

Surface profile after loading

"W
1
\
\ Point 2 !
o Y ! Point 1
u? Y :
2|~ 1
_______ Pj_:.:::—_:_.-::_
Qo Ao

Figure 3 Displacement condition of deformation in the normal direction: h and h; are the
gap between the deformed surface and the initial surface gap respectively, u is the elastic
deformation, é is the rigid body indentation, a, is the contact radius, W is the applied
normal load, and the superscripts 1 and 2 denote the points 1 and 2 being referred
respectively.

Regarding the constraint conditions for the tangential contact problem, the following equations

and inequalities must be satisfied:

1. Static force equilibrium equation:

A ) q@p=F,

Equation 13
(l,]) EIC

where F, is the applied tangential force.

2. Geometrical condition of deformation:
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S(l,]) = ux(l']) - 6x' (l,]) € IC Equation 14

where s is the slip distance and 6§, is the right body displacement in the horizontal

direction.

3. Complementary conditions should be satisfied over the contacting surfaces:

lq(@ DI <up(,)), s@j) =0, (i,)) €l
Equation 15
lg@ DI = pp@ ), IsG DI >0, qG ) s@j) <0, ()€l —I
where p is the coefficient of friction, /; denotes the stick domain and /. — I denotes the

slip domain.

As shown in Figure 4, there is no slip for the interaction region in stick state such as the Point
0. When it comes to the slip region (Point A; and A,), the direction of the slip (s,; and s,,) is

always opposite to that of the applied load (F,, and F,,) as labelled.
zZ

'y I
5.74:‘2 63!‘2
T %

A, e ,
— . | i, H“xz T e

Sx2

5.\:1

’Tl

Figure 4 Displacement condition of deformation in the tangential direction: F, is the
tangential force applied to the contacting body, J, is the rigid body displacement in the
horizontal direction, u, is the elastic deformation in the horizontal direction of the body,
S, is the slip distance of body, and the subscripts 1 and 2 denote the contacting bodies 1
and 2 being referred respectively.

Although the Coulomb’s friction law is universally applied in frictional contact modelling,
there are different complementary conditions applied in the partial slip modelling which result
in the presence of different algorithms as listed in Table 1. For example, some of the recent
literature [19-21, 35] in Table 1 used the following criteria expressed by:
lq@ DI <wp@@. ), s@,j) =0, (i,)) €I
Equation 16

In such case, the shear stress of the node in stick could be equal to the local critical value
‘up(i,j)’ when the node exhibits a vanishing slip distance according to the Equation 16. In

this paper, we have used Equation 15 as the complementary conditions. The reason why the
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equal sign is discarded in the current developed model is related to the design of the relevant

algorithm for the tangential contact problem:

e For the node presenting the shear stress of ‘up(i, j)’, it could be either in stick or slip
following the Equation 16, which depends on the corresponding nodal slip distance;

e However, the slip distance in the CGM algorithm is mathematically the residual of the
linear system deriving from Equation 14, where the estimation of the rigid body
indentation in tangential direction §, needs to be conducted in advance and it requires
the identification of the stick regions;

e The complementary condition (Equation 16) leads to conflict in the algorithm since the
estimation of §, requires the information of the system residual, where the latter is

determined from the former.

This potential conflict derived from Equation 16 would be iterated in the description of the
algorithm for the tangential contact model. To avoid the problem mentioned above, Chen
and Wang [19] estimated §, with the analytical formula (Equation 30). Besides, they
adjusted the rigid body translation with the difference between the computed tangential load

and the prescribed load.

Author Roughness Method Coulomb’s friction law
Guyot et al. [13] No FEM+BEM Equation 15
Chen and Wang [19] No SAM Equation 16
Gallego et al. [1] No SAM Equation 15
Wang et al. [20] No SAM Equation 16
Spinu and Amarandei [21] No SAM Equation 16
Botto et al. [27] No FEM Equation 15
Dong et al. [28] Yes SAM Equation 15
Bazrafshan et al. [29] Yes BEM Equation 15
Alakhramsing et al. [35] Yes FEM+BEM Equation 16

Table 1 List of some of work on the partial slip modelling based on Coulomb’s law
2.2 Algorithm Description

One of the main difficulties in solving contact problems is that neither the contact area nor the
pressure distribution is known in advance. As a result, an iterative approach or the so-called
trial-and-error method is frequently applied, which starts with an assumption of a contact
region and the computation of the pressure distribution and surface displacement based on the
initial guess. If all the constraint conditions (Equation 10-Equation 12 for normal contact

problems, Equation 13-Equation 15 for tangential contact problems) are verified by the
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obtained solution, contact problems are solved. Otherwise, the contact region must be adjusted,
and the new pressure distribution and surface displacement need to be computed again with the
new guess. Hence, a suitable iterative scheme is essential to achieve high computational
efficiency as well as accuracy. Among the potential relaxation methods, CGM was
implemented in the following algorithms considering it has been widely applied to the
numerical modelling of contact problems owing to its superliner rate of convergence and

ensured convergence for quadratic optimization problems [17].

Apart from the iteration, the most time-consuming part during the numerical simulation of
contact problems is the calculation of surface deformation (Equation 9), which always needs
to be executed repeatedly in the iterative approach mentioned above. To explain it
mathematically, for the contact problem discretised with a total number of N nodes, it takes
N? multiplication operations to obtain the surface deformation in each iteration of the contact
model using direct summation (DS) method. Furthermore, several iterations are often necessary
for a converged solution. Therefore, the DS method becomes extremely inefficient when
considering about rough surface contact as a dense grid with a fairly large number of N is
required to characterize the surface roughness. According to a comparative study of numerical
methods to the surface deformation calculation conducted by Wang et al. [36], DC-FFT was
found to be the most efficient tool while providing a comparable numerical accuracy among
the investigated methods including the DS method, DC-FFT and Multi-Level-Multi-
Integration (MLMI) method, where the MLLMI is another well-established technique applied in
the contact solver by Keer and Polonsky [16] and the main alternative to DC-FFT advanced by
Lubrecht [37]. Considering that DC-FFT can be easily implemented from the perspective of
computer programming, it was applied in this model to release the computation burden when

it comes to surface deformation calculation and relevant convolution processing.

The algorithms of developed models with the implementation of CGM and DC-FFT can be
separated into two sections including the normal contact algorithm and the tangential contact
algorithm. To simplify the description, only the tangential part is shown below as the algorithm

for the normal contact is developed referring to the classical model of Polonsky and Keer [16].

The CGM algorithm for the tangential contact model is integrated with the one for normal
contact model and they have a similar form shown in the flow chart in Figure 5. The highlighted
sections in the flow chart are the ones that need to be modified based on the algorithm for
normal elastic contact model [16]. Especially, those in blue colour are the novel parts of the

developed algorithm. The detailed steps of these modified sections are described as follows:

1. The initialization of the shear stress is based on the input tangential load in x direction:

- Fy
q(i,j) = T Equation 17
A,
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Where I, here denotes the number of nodes in the contacting region determined from

the normal contact algorithm.

. The tangential surface deformation is calculated from Equation 9 with DC-FFT and the

estimation of the rigid body approach is calculated by:

1
5,y = Z (ue (i, ),

NP
(L)€l

Equation 18

where Nj is the number of nodes in the stick region.

. The residual of the linear system and the square Euclidean norm for the set of cells in

the stick domain for the tangential contact problem is calculated as follows:
1.(i,)) = u,(i,j) — 6,,(i,j) € 1., Equation 19

Re= ) (1)),

Equation 20
(l,]) eIS

where mathematically the residual 7, is the slip distance of the node in the contact
region s. The slip distance of the node in the stick region vanishes following the
complementary condition. Therefore, the square Euclidean norm R, should be
approximated to zero when the algorithm converges.

It is noteworthy that the reason why the equal sign in the complementary condition is
discarded is mainly related to the definition of the residual of the linear system. If the
complementary condition in the literature (Equation 16) [19-21, 35] is applied here, the
former estimation of the tangential rigid body approach is challenging to achieve as in
the step 2 the identification of stick nodes is required where the information about slip
distance of the node is necessary. However, it is also the residual of the linear system
being calculated based on the estimated rigid body approach. That is why the designed
algorithm is stated to be conflicting and can be hardly executed when the equal sign is

included.

. Regarding the adjustment for I; and /. — I based on the complementary conditions,

the following operations are conducted:

On one hand, the contact model allows no shear stress over the critical value 'up’.
Consequently, the shear stress of the node in slip state exceeding the value is decreased
to up. On the other hand, if the node in the slip region exhibits a shear stress with the
magnitude of up but the product of the slip distance and the shear stress is positive, it
is moved from the slip region to stick region by recalculating the nodal stress with the
negative term ‘—stp - 1,.(i,j) . This ensures that the stress in a stick region is always
less than the critical value.

As aresult, the shear stress of each cell meeting the conditions above should be adjusted

as follows:
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For I, = {(i,)) € (I, — I,): q(i,j) > up},

o o Equation 21
qi.j)=wup, (@G €]
For I, = {(i,j) € (. — 15): q(i,j) = up, q(i,j) - (i,j) > 0}, )
.. .. .. .. Equation 22
q(,)) =q(,j) —stp-r(i,)), (L)) €L,
The stick domain I should then be modified as follows:
I =1 Ul Equation 23

When any element in the slip region is moved to stick region, a new search of the
descent direction for the node must be conducted from the beginning. This operation
can be achieved by the adjustment of an auxiliary variable 6 in the equation of the

descent direction calculation as follows:

- - - R
di,j) =n(,j) —d(,j) -0 - (R . ): Equation 24
old

where d is the search direction and R,;4 is the square Euclidean norm in the last
iteration.
If I, is empty, @ is set to one. Otherwise, it is set to zero.

5. Given that not only the shear stress of nodes in stick domain but also those in slip
domain is included in the parameter q and the stress of nodes in slip region needs to
remain constant (up) without any modification, a new method is designed to enforce

the static force equilibrium:
q(i,j) = q(Q,j) + fac,(,j) €1, Equation 25

where fac is the adjusting factor determined by the following equation:

E, ..
A~ Zapel q(i,j)

Equation 26
N

fac =
A displacement-controlled algorithm is also developed for the stick-slip elastic contact model
based on the one designed for the normal elastic contact model. The computational complexity
of the two algorithms (load-controlled and displacement-controlled) of the tangential contact
model is O(N;N,log(N;N,)), which is the same with the individual normal contact model as
no additional factor is accounted for in this case. However, they would take more time to
converge compared to the algorithm for the normal elastic contact model due to the additional

integration.
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Figure 5 Flow chart of the load-controlled algorithm for the stick-slip elastic contact
model

3. Model Validations and Results

The developed model was validated by comparing the simulation results with the analytical
solutions. After the validation, the fully deterministic model developed here was used to study

the influence of surface roughness parameters on the stick-slip separation.
3.1 Results and Validation of the Stick-Slip Contact Model

The contact of two elastic bodies made of carbon steel and discretised by 512 X 512 elements
with the relevant parameters shown in Table 2 under the normal load of 100 N and the

tangential load of 20 N was simulated.

Parameter Value Description
R 3500 Radius of the sphere (um)
E, .E, 213 Elastic modulus of two bodies (GPa)
Hr 0.5 Coefficient of friction
V1,Us 0.29 Poisson’s ratio of two bodies
W, 20 Input tangential load
w 100 Input normal load

Table 2 Parameters used in the numerical simulation

The shear stress distribution is shown in Figure 6 (a) with the stick and slip regions labelled. A

three-dimensional (3D) plot of the shear stress distribution is also presented in Figure 6 (b). It
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can be found that the contacting region is separated into a central region and a surrounding slip

annulus in the case of the simplified single-asperity contact.

b.

N @ @
o =1 =3
=] <] <]

Shear stress (MPa)
S
o

o

0 100 200 300 400 500
Position of node in x direction

Figure 6 Simulation result under the specified input: (a) 2-D distribution of shear stress,
(b) 3-D distribution of shear stress

The evolution of the circular stick region to slip region among the contacting area under the
increasing tangential load was modelled as well. The non-linear response of the ratio of the
stick region to the contacting region with respect to the monotonically increasing load is shown
in Figure 7. The following analytical solution exhibiting a good agreement with the numerical

one shown in Figure 7 was reported by Johnson [11] based on Cattaneo’s theory [9]:

3
— = <1 _ & ) Equation 27
Qo ,LlfW
Astick _ mc? _ <1 F, >3 .
Acontact Tal urw Equation 28

where Agic denotes the stick area, A.qntqce denotes the contacting area, ¢ denotes the stick
radius and a, denotes the contact radius that can be determined from the equation [11] as

follows:
1

a, = (34]/';?)3' Equation 29

where E* is the composite elastic modulus of the two contacting surfaces.

As observed from Figure 8 (a)-(e), the central stick region keeps shrinking with the rising

tangential load while the slip annulus responds oppositely.

The computed tangential rigid body translation from the developed model was compared with

the one derived from the analytical formulas [11] as follows:
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F\23
6x=60[1_< '“fW> ]

[(2 - vl)(l + 171) (2 —v,)(1 + vy) Equation 30
E,

8a,

353  where ¢, is the tangential rigid body translation when the contacting is at gross sliding (F, =
354 peW).

O Numerical solution
— Analytical solution
0.8
2
Lo 08F y=(1-x)3
£
(2
O
Z 04t
0.2
O 1 1 1 1 1 | 1 1 |
0 01 02 03 04 05 06 07 08 09 1
356 Figure 7 Evolution of ratio of the stick region to the contacting area

357  The comparison of the increasing tangential rigid body translation under varying tangential
358 loads deriving from the current model and the analytical formula is shown in Figure 8 (f), where

359  agood agreement is found.
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Figure 8 Results with increasing tangential loads: (a)-(e) simulated separation of stick
and slip regions with increasing tangential load, (f) comparison of the growing tangential
rigid body displacement with increasing tangential load deriving the developed model
and the analytical method

To further validate the stick-slip model, the comparison in terms of shear stress distribution g,

was conducted as well. The analytical formula is shown as follows [11]:

X \? c x\2 .
dx = HfDo 1_<a_0> —H(c—x)-a—0 1—(2) , Equation 31

Additionally, to compare the results of the shear traction derived from the current model with
the one derived from the simplified stick-slip elastic model developed by Chen and Wang [19],
the uy was changed to 0.2 and the result is presented in Figure 9. The analytical and the
numerical solutions shown in Figure 9 exhibit a great match and the similarity between Figure
9 and the plot by Chen and Wang (Fig. 4a) in [19] indicates a good agreement between the two

models.
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Figure 9 Comparison in terms of shear stress distribution between the numerical and
analytical solutions

3.2 Simulation Results of Multi-asperity Contacts

Estimation of the real area of contact plays a central role in the tribological study in terms of
adhesion, friction, lubrication and wear. Although simulation results of the contact between
surfaces with simple geometries presented above are validated against the relevant analytical
solutions, surfaces are always rough and irregular in practical applications. Their stochastic
nature determines the area and geometry of the contacting region and subsequently affects the
stiffness, electrical and thermal conductivity of the interface, friction and wear. Therefore, this
surface study was extended from the single-asperity contact to multi-asperity contact, which

approximates realistic rough surfaces.
3.2.1 Normal Contact of Rough Spheres

The contact between an elastic rough sphere and a smooth plane was first considered. Pastewka
and Robbins [38] proposed an analytical solution that relates the variation of the real contact
area to the normal load for this type of contact problem. Their parameter-free equations were
later investigated by Muser [39] and were reported to have good accuracy in terms of the
prediction of the real contact area (with less than 10% error). An adjusted formula was then
developed for the relative contact area A, by Muser [39] via abandoning the mean-field

approximation and is given as follows:

Ay 1 _exp (—k%P?)
A, = Z = (1 — W) erf(kp) + \/_n—kﬁ Equation 32

where A,, denotes the real contact area, Ay denotes the Hertzian contact area (1ag), k
denotes a constant which turns out close to two for typical engineering surfaces and p denotes
the physical representation of the average contact pressure and is determined by the following

equation:
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3w

p= aRE Ga2 Equation 33
where g is the root mean square gradient of the rough surface that is often denoted as Sdq.
dz(

Assume 7’0 is the slope at a specified location on the surface, then the root mean square slope

of a rough surface is given by:

1ifd .\
9= 7 f (az(x)) dx, Equation 34
0

where L is the sampling length.

To numerically generate the surface of the rough sphere, the smooth sphere and the micro rough
surface are superimposed as shown in Figure 10. It is noted that many surfaces of interest in
practice often have a self-affine fractal feature, for which each asperity has a smaller asperity
on top of it at all scales. Therefore, the statistical properties of the self-affine fractal surfaces

remain with a scale transformation [40, 41].

a. b. C.

Extra rough surface Smooth sphere Rough sphere

3500 3510
5] 3495 | 3500
04 | W, 3490 | 3490
3485 | 3480

3480 .
600

3470
600
600

Figure 10 Generation of a rough sphere: (a) micro rough surface, (b) smooth sphere and
(c) the final produced rough sphere by the combination of (a) and (b)

The micro rough surfaces with the self-affine properties in this study are generated through the

power spectral density (PSD), which has the following power-law relation [42]:
C(q) ~ g2+ Equation 35

where H here is the Hurst exponent related to the fractal dimension Dy (H = 3 — Dy).

Since the surface cannot be self-affine over all length scale in reality, the above relation only
holds in a limited wavevector region (qg < q < q4) resulting in a form shown in Figure 11,
where g, and g, are the short-distance roll-off wavevector and the long-distance cut-off
wavevector respectively and depend on the relevant system. The fractal dimension is
determined by the slope of the log C —loggq plot for the section where g > q,. Besides, the
smallest possible wavevector q; depends on the lateral size L of the surface under
consideration (q; = 2m/L) [40, 42].
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Figure 11 The PSD of a rough surface which is self-affine for q, < q < q4

By using random numbers for the Fourier transform of the height profiles (h(q)), the height

spectrum (the second moment of 2(q) on average) can be defined as [42, 43]:

1 q. < g =qo
C(q) = (|h(@I*) = C(qo) X (q/qo)_2(1+H) Qo <g9=<q Equation 36
0 else

The operator (...) in Equation 36 denotes the average over different random-surface
realization. It should be noted that all the surfaces generated following this method have a mean
of zero in terms of the height profile (h(q)).

By defining related parameters including the root mean square roughness R,, the Hurst

exponent H, the length of topography in x direction L (assuming the length of topography in y
direction is the same with that in x direction), number of nodes in x and y direction

and the roll-off wavevector q,, the artificial randomly rough surfaces could be generated.

As Equation 32 and Equation 33 suggest, the variation of the contact area with the normal load

is affected by the RMS gradient of rough surfaces. Therefore, three extra rough surfaces with
the same g (0.7518) but different R, values were generated as shown in Figure 12 to validate

this relation. The relevant input contact parameters are given in Table 3.

a. b. c.
Extra rough surface 1 (Rq=2 pm) Extra rough surface 2 (Rq= 2.5 um) Extra rough surface 3 (Rq=3.0 pm)
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Figure 12 Generated micro rough surface with the same g but different R, values

Parameter Value Description
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R 3500 Radius of the smooth sphere (um)

E; 18.75 Elastic modulus of the sphere (MPa)

(21 0.5 Poisson’s ratio of the rough sphere

w 0.00015-0.15 Range of applied normal load (N)

L 512 Length of the surface in x and y direction (um)

Table 3 Input parameters in the contact between the rough sphere and the smooth plane

The relation between the relative contact area A, and the reduced contact pressure P was
frequently reported by many tribologists [44, 45], where A, is determined from the ratio of the
real contact area to the Hertzian contact area and P is determined from the following equation:

W /Ay
= E g’ Equation 37

where the term ‘W /Ay’ is known as the macroscopic pressure.

In order to show the influence of the micro-roughness added to the smooth sphere, the
comparison between the Hertzian contact region and the real contact region for the rough
sphere (with extra rough surface 1) under the increasing reduced pressure P is presented in
Figure 13. It can be observed that there exists contacting spots outside the perimeter of the
Hertzian contacting area. The reason for it is that usually only the tip of the smooth sphere
comes into contact while the added roughness allows other zones out of the Hertzian area to

interact with the opposite plane.

a. b.
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Figure 13 Comparison between the Hertzian contact area (area bounded by the solid
black line) and the real contact area (grey dots) for the contact of the rough sphere
(integration of the smooth sphere and the extra rough surface 1) against a smooth plane
under increasing reduced pressure

The variation of the relative contact area A, with the reduced pressure P is shown in Figure 14
for those three different rough surfaces with identical RMS gradient. The numerical solutions
of the three rough sphere contacts were compared against Muser’s solution derived from
Equation 32 and Equation 33 [39] and a good agreement can be found. This shows that our
numerical prediction is close to the solution proposed by Muser for the real contact area in

rough surface contact and suggests that RMS roughness has minimal effect in this case.

——Muser's Theory
¢ Roughness 1

10 © Roughness 2 i
o Roughness 3 ﬁﬁ’

1072 107

P

Figure 14 log-log plot of the variation of A, with P
3.2.2 Influence of Roughness Parameters

The surface topography affects the real area of contact, which consists of both the stick and
slip regions in the partial slip contact problem. To investigate the effects of the surface

roughness on the separation of the stick and slip regions, the roughness parameters need to be
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461  investigated systematically. Since the RMS roughness is one of the commonly quoted measures
462  of surface roughness and there are numerous studies and theories reflecting on the effect of the
463  RMS roughness on the area of contact [46, 47], adhesion [32, 48], friction [29, 49, 50] and
464  wear [51], it was first taken into account in this paper. Besides, the role of the RMS gradient g
465  was analysed considering its importance in determining the real contact area according to the
466  previous studies and the analytical solutions proposed by Pastewka and Robbins [38] and
467  Muser [39]. To increase the range of investigated surface roughness parameters, the skewness
468 Ry and kurtosis Ry, of rough surfaces were considered as well, where the former provides a
469  measure of surface asymmetry and can be determined from Equation 38 while the latter offers

470  ameasure of sharpness of profile peak and can be calculated from Equation 39.

11 (t 3 .
Ry = =57 | z(x)’dx Equation 38
Rq L J,
Ripy = —o j ()*d Equation 39
—_—— z(x)*dx uation
471
g =1.3658 Rq= 0.1 pm
(a) (g)
Rough surface 1 (Rq= 1pm) Rough surface 7 (Sdg= 0.1366)
500 —' Vn 5 500 0.5
400 . - ﬁ , 400 04
300 [N A & 3 300 0.3
200 2 200 | 0.2
100 1 100 01
0 : 0 0 0
0 100 200 300 400 500
(b) (h)
Rough surface 2 (Rq= 0.8um)
500 0.7
4
400 400 -
0.5
3 g
300 300 b
200 2 200 0.3
0.2
100 1 100
0.1

i : 0 o=
0 100 200 300 400 500 0 100 200 300 400 500

(c) (@)



Rough surface 3 (Rq= 0.6m)

23

0.8

0.7

0.6

0.5

0.4

0.3

0.2

0.1

0.8

0.7

0.6

0.5

0.4

0.3

0.2

0.1

0.8

0.7

0.6

0.5

0.4

0.3

0.2

0.1



472
473

474

475
476
477
478
479
480
481
482
483
484

485

24

Rough surface 6 (Rq= 0.08.:m) Rough surface 12 (Sdqg= 2.2491)
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Figure 15 Generated nominally flat rough surface: (a)-(f) rough surfaces with different
R, value but the same g (1.3658) and (g)-(I) rough surfaces with different g values but

the same R, (0.1 pm)

Starting with the study of effects of RMS roughness, six nominally flat rough surfaces with
different R, values but same g as shown in Figure 15 (a)-(f) were generated. The relevant
material properties and input load are shown in Table 4. The ratios of the stick and contact
regions to the whole simulation domain for these contact problems under the specified inputs
are shown in Figure 16 (a), where the nodes in stick or contact state are found to fluctuate
around a corresponding certain value with increasing RMS roughness. Likewise, the ratio of
the nodes in stick to the nodes in contact under the input RMS roughness fluctuates around 0.5
according to Figure 16 (b). Compared with that in the former case of smooth sphere contact
(dash line), the proportion of the contacting region in stick decreases slightly within the range
of R, as shown in Figure 16 (b).

Parameter Value Description
L 100 Length of surface in x and y direction (um)
E 18.75 Elastic modulus of the rough surface (MPa)
v 0.5 Poisson’s ratio
Hr 0.2 Coefficient of friction
w 0.0003 Applied normal load (N)
F, 0.5u,W Applied tangential load (N)

Table 4 Specified material properties and input load

a. b.
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Figure 16 Simulation results under the specified R: (a) ratios of nodes in contact and stick
regions to the whole simulation domain and (b) ratio of nodes in stick to nodes in contact

To investigate the influence of RMS gradient, six rough surfaces with different g values but
the same R, were generated as shown in Figure 15 (g)-(I). The same material properties and
input load given in Table 4 were used for these rough contact problems. The ratios of the stick
and contact regions to the whole simulation domain were both found to decrease significantly
with increasing RMS gradient as shown in Figure 17 (a). The relationship between the
logarithm of RMS gradient and the logarithm of the two ratios under the constant load is found
to be quadratic as indicated in Figure 17 (a), where the trend lines using quadratic fit perfectly
match the plotted data according to the theory of least-square regression (R? = 1). Notably,
the decline of the contacting region with higher RMS gradient under the certain load agrees
with that conclusion of the study conducted by McGhee et al. with similar surface roughness
features [52]. Concerning the ratio of the nodes in stick to the nodes in contact, it fluctuates
around 0.5 as shown in Figure 17 (b) and the proportion is lower than the one in the smooth
sphere contact (dash line), which has similar trend as predicted by the former test with varying
RMS roughness.

The skewness (R, ) and kurtosis (Ry,) of the generated surfaces shown in Figure 15 were
calculated to study their effects on the separation of stick and slip regions in the contact area.
As shown in Figure 18 (a) and Figure 19 (a), the relationship between the ratio of the stick or
contacting regions to the whole computational domain and the skewness (R, ) or kurtosis (R, )
seems to be not following any trend as expected. Besides, the ratio of the stick area to the
contacting area tends to remain around 0.5 regardless of the change of these two parameters
shown in Figure 18 (b) and Figure 19 (b).
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Figure 19 Simulation results with varying R, : (a) ratios of nodes in contact and stick regions
to the whole simulation domain and (b) ratio of nodes in stick to nodes in contact

To explain the effect of the RMS roughness on the separation of the stick and slip regions, the
simulation results of the rough surfaces 1 and 5 with RMS roughness of 1um and 0.2pm
respectively were compared and results are presented in Figure 20 and Figure 21
correspondingly. It was observed clearly that the contacting patches become smaller and more
widely distributed with decreasing R, from the amplified figures. This results from the fact
that only the highest asperities have the capacity to interact with the opposite plane for the
rough surface contact under small loads, which could be corresponded to the relevant rough
surface profile. To achieve the same RMS gradient value for the two surfaces, the short cut-off
wavevector of the rough surface 5 was adjusted to a high value bringing about the surface
profile with small-size and wide-distributed asperities. Although it leads to more contacting
asperities, the size of each asperity becomes smaller. As a result, the size of the total contacting
region remains almost constant due to the balancing of these effects. Therefore, it can be drawn
that what affects the contacting/stick region is the synergy of the short cut-off wavevector and
the RMS roughness rather than RMS roughness itself, which was also highlighted in some

recent theoretical work by Ciavarella et al. [48] and Violano et al. [53].
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Figure 20 Simulation results of the rough surface 1 with R, of 1pm
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Figure 21 Simulation results of the rough surface 5 with R, of 0. 2pm

Regarding the role played by the RMS gradient, the surface asperities were found to become
smaller and were distributed more intensively when the gradient increases through the
comparison between the simulation results of rough surfaces 7 and 10 shown in Figure 22 and
Figure 23 respectively. With the increased RMS gradient, it was found that there tend to be
more individual contact spots for surface 10 as shown in Figure 23 compared to the relatively
large contact islands for the surface 7 with smaller RMS gradient shown in Figure 22. However,
the height of asperities in rough surface 10 was observed to become higher according to the
colour bars of the two rough surface profiles, which causes a decline in the number of asperities
coming into contact. Under the significant effects of the RMS gradient, there is no clear relation
between the contact/stick regions and the skewness/kurtosis of the rough surface shown in
Figure 18 (a) and Figure 19 (b) since the RMS gradient of these rough surfaces with increasing

skewness/kurtosis changes in an irregular way.

Regardless of the response of the contacting and the stick regions to the variation of the four
investigated surface roughness parameters, the ratio of the stick region to contacting region
fluctuates around 0.5. Besides, the distribution of the stick and slip areas within the contact
zone was found to always follow this similar pattern that for each contact spot, the slip region
exists around the stick region as observed from the amplified figures shown in Figure 20-Figure
23. Inspired by the same value shared by the ratio of stick region to contact region and the ratio
of the input tangential force to the friction force (usW), it is deduced that the input tangential
load plays a dominant role in terms of the varying ratio of the stick region to contacting region
for rough surface contacts irrespective of the surface roughness. To validate this opinion, the
following study about the evolution of contacting region in stick with increasing tangential load

was conducted.
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Figure 23 Simulation results of the rough surface 10 with g of 1.0671
3.2.3 Evolution of Stick Regions of Rough Surfaces

The contact between the rough surface 1 shown in Figure 15 (a) against a smooth plane under
the specified material properties shown in Table 4 was first simulated while the input normal
load was adjusted to 0.0025N. To study the effects of increasing tangential load on the
separation of stick and slip regions for the contacting rough surfaces, the tangential load was
specified to vary from 0 to 1.0u¢W with a constant interval of 0.1usW. The separation of the
stick and slip region under the tangential force of 0.2u¢W is shown in Figure 24 (b), where the



569
570
571
572
573
574
575
576

30

contact regions consisting of the stick and slip regions increase due to the higher normal load

compared with Figure 20. The slip regions appear at the border of the stick regions as expected

and are shown in the amplified Figure 24 (d) of the selected asperities, which is consistent with

findings in the case of the single-asperity tangential contact and multi-asperity studies discussed in

subsections 3.1 and 3.2.2. This common phenomenon suggests that the stick-slip contact problem

between a rough surface against a plane can be treated as that for numerous individual asperities

against a rigid plane. As a result, for each asperity in the contact state, there is a separation between

the stick region and slip region, where the latter is always around the periphery of the former.
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Figure 24: (a) Generate rough surface 1, (b) Simulation result under the tangential force of
0.2u;W and (c)-(h) Separations of the stick and slip regions for the amplified sections

under the increasing tangential loads

When the input tangential load increases, the separation of the stick and slip regions within the
contacting area changes. The transition of the stick region to the slip region with increasing
tangential load for the selected asperities was observed in those amplified figures (Figure 24
(c)-(h)). The evolution of the ratio of the nodes in stick to the nodes in contact with increasing
tangential load is shown in Figure 25, where the stick region was found to decrease with

increasing tangential load for this specified range. The decline was found to be linear according
Fy
urw

to the trend line using linear fitting (% =1- ). For the purpose of robustness, the rough

surface 3, 7 and 9 were also investigated to check if they have the same response where the
input normal loads for these studies were modified to 0.0015N, 0.0003N and 0.0002N
respectively to obtain different contacting areas. A good agreement between the simulation
results of the four conducted cases could be observed from Figure 26. Besides, the ratio of the
stick region to contacting region for the rough surface contacts was found to be always lower
than the one for the smooth sphere contact as the relationship between the ratio and the applied

tangential load changes from non-linear (smooth) to linear (rough) as shown in Figure 26. This
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explains the former finding of the decreased ratio of the stick regions to contact regions for the

rough surface contact compared to the smooth sphere contact in the subsection 3.2.2.

It is noteworthy that the linearity between the ratio of the stick region to the contacting region
and the tangential force for multi-asperity contacts was also found and validated by Paggi et
al. [54] through their analytical analysis based on the Greenwood and Williamson model and
the numerical simulation developed by Pohrt and Li [18]. Instead of the four investigated
roughness parameters in the paper, the Hurst exponent of the rough surface was varied in their
study. However, there was no physical interpretation presented about this transition (from non-
linear to linear) for the relationship between the ratio of the stick region to contacting region

and the tangential load.
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Figure 25 Evolution of the ratio of nodes in stick to nodes in contact with increasing
tangential load
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Figure 26 Evolution of the ratio of nodes in stick to nodes in contact with increasing
tangential load for different rough surfaces under different normal loads

It must be noted that although the developed stick-slip model that follows the local Coulomb’s
friction law to determine the critical shear stress could provide valid simulation results, there
exist several drawbacks of the principle. According to Chen and Wang [49], the tangential
traction exceeding the shear strength of the material is unrealistic in practical problem. Besides,
the constant coefficient of friction in the applied Coulomb’s law fails to explain the variation
trend of pf with the normal load and the surface roughness such as the Euler’s interlocking
asperity theory stating that the friction increases with the gradient of the surface asperity. As
Chen and Wang suggested [49], the local shear stress deriving from the Tabor equation could
be used as the alternative cut-off limit of the shear traction and this step would be taken in the

future.

In addition, the validation of the developed model is all based on the well-established analytical
solutions. The single-asperity contact was validated by the Hertzian-type (sphere-contact)
stick-slip solutions. As to its reliability for multi-asperity contact problems, only the normal
contact component of the model was validated by Muser’s solution to rough sphere contact
problems for lack of any analytical solutions and available experimental data for this type of
partial slip contact problems. Although theoretically there should be no restrictions on the
shape or configuration of contacting bodies, the validation work needs to be extended to
consider different contact configuration such as cylinder contact and include several

experimental work in the future to verify the capability of the model strictly.

Another future work is to further the developed stick-slip model from purely elastic contact to
viscoelastic contact considering that viscoelastic materials have been extensively used in many
engineering fields. When it comes to viscoelastic contact problems, the adhesive force plays a
non-trivial role owing to the low contact compliance and soft feature of viscoelastic materials.
Therefore, the effects of adhesion must be taken into consideration during the viscoelastic
contact modelling. A viscoelastic normal contact model has been already developed by
following the elastic-viscoelastic correspondence principle and validated by relevant analytical
solutions. Its extension to a viscoelastic partial slip problem is the subject of current ongoing

work.

4. Conclusion

In this work, a numerical model without any dependence on analytical contact formulas was
developed to simulate the stick-slip contact of two elastically similar surfaces. By following
the Coulomb’s law described in the stick-slip theory of Ciavarella, a new algorithm to

accommodate the complementary condition was developed to identify the stick and slip regions
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within the contacting area. Although only results of the load-controlled algorithm are presented
in the paper, it is quite convenient to achieve the displacement-controlled ones for rough
surface contact problems. Owing to the application of well-estimated computational techniques
including DC-FFT and CGM, this model can provide valid solutions to the stick-slip contact
problems in a short time (normally 40 seconds for smooth sphere contact problems and 140
seconds for rough surface contact problems with 512x512 nodes using a desktop PC).

Regarding the study of rough surfaces based on the developed partial slip model, the following

conclusions are drawn:

e The contacting region and the stick region are unaffected by the RMS roughness of
rough surfaces under certain loads (normal and tangential) while the RMS gradient is
kept constant. This can be achieved by altering the short cut-off wavevector and RMS
roughness simultaneously;

e Unlike the role of the RMS roughness, the RMS gradient evidently affects the contact
region and stick region such that a higher RMS gradient leads to the decline of the
contact area and the stick regions under constant load; an equation is proposed to
identify the region of stick and the region of total contact with respect to RMS slope.

e Under the significant effects of the RMS gradient, the relationship between the
skewness or kurtosis and the contacting/stick region is irregular;

e The ratio of the stick area to the total contacting area depends on the applied tangential
load and is insensitive to the four roughness parameters (RMS roughness, RMS slope,
skewness and kurtosis). Instead of the non-linear trend in the smooth Hertzian-type
partial slip contact, the relationship between the ratio of the stick to contacting regions
and the tangential load becomes linear when it comes to rough surface contacts. This is
an important finding since identifying the ratio of stick and slip is important in

determining friction and wear in many engineering applications.
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Appendix A

The influence coefficient matrix was obtained via the full solution of the Boussinesq. The
discretized form of solutions was achieved through integrating over the small rectangular mesh

area of 2a X 2b as follows:

2z _ 1=V (y+b)+/ (y+b)2+(x+a)? (x+b)++/ (y+b)2+(x+a)?
= 271G {(x + a)In[(y—b)+ (y—b)2+(x+a)2] + (y + b>[n[(x—a)+ (y+b)2+(x—a)2]
(y=b)+J(y-b)2+(x-a)? _ (x=a)+/(y-b)2+(x-a)?,,
a)In[y+b)+ (y+b)2+(x—a)2] + (y b)ln[(x+a)+ (y—b)2+(x+a)2]}’

+(x -




679
680

681
682

683
684

685

686
687

688

689
690

691

692

693
694

695

696

697

698

35

(y+b)+/ (y+b)2+(x+a)? (x+b)++/ (y+b)2+(x+a)?
Yy — —_ — —
¢ {(X + a)ln[ b)+1/(y b)2+(x+a)2] (1 V)(y + b)I [(x—a)+1/(y+b)2+(x—a)2] + (x
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= {(1 V)(x +a)in [ b)+ (y- b)2+(x+a)2] + (y+b)1n[(x—a)+ (y+b)2+(x—a)2] +{
(y—b)+y(y-b)2+(x-a) (x—a)+y(y—b)2+(x—a)?

V+b)+y (y+b)2+(x— a)z:| + (y b)ln[(x+a)+1/(y b)2+(x+a)2]}
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Appendix B

The material properties including the elastic modulus and Poisson’s ratio given in Table 2 were
used to determine the influence matrix Cy, and C,,,. The relatively large difference in the order

of magnitude between these two is shown in Figure 27.

a. b.

12 o 0.4
03
0.2

0.1

Figure 27 Comparison of the influence matrices: (a) C,, and (b) C,,
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