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Abstract

Multiple principle component alloy systems are a new class of alloys that can provide
interesting combinations of functional and mechanical properties. Due to the multiple principle
components, their interactions are complex, and their structural stabilities are often not easily
predicted. Prediction parameter biplots offer a good way to distinguish between structural
stabilities of different compositions. The enthalpy of mixing is one parameter that is often used
in such biplots. Although it does not accurately follow quantum principles, it is nevertheless
this deviation that gives it its predictive power when combined with other parameters in a biplot.
This deviation can be in part attributed to the mechanical strain energy (from large atomic size
difference) that may be present in alloy systems. Such a biplot can leverage on their expected
deviations to provide a prediction scheme. Here, we investigate the predictive efficacy of
enthalpy-of-mixing/strain-energy biplots using cluster analysis. The results are validated
against enthalpy-of-mixing/valence electron concentration biplots. The investigated biplot not
only maintains the ability to distinguish between the intermetallic and solid solutions phases
but offers enhanced ability to distinguish between individual intermetallic phases (Sigma,
Laves, Mu, and B2).

Keywords CCA; HEA; Classification; Cluster analysis; Alloy design
1. Introduction

The history of metallurgy is a significant part of human history, and most of its principles
are well established. The discovery of multiple component alloy systems [1,2] is a new in the
field. These alloy systems may remain in a near-ideal solid solution (these are known as High-
entropy alloys, HEAs), or in multi-phased systems, known as Complex Concentrated Alloys,
CCAs [3]. These alloy systems are characterised by the high number of alloying components
(typically >4) in near-equal molar concentrations (5-30 at.%).

The prediction of stabilities of multiple-component alloy systems is required, as both
CCAs and HEAs possess interesting properties that can be leveraged for different uses. For
very time-efficient calculations, a combination of the Hume-Rothery rules and thermodynamic
parameters may be used with reasonable accuracy. Models based on the classic Hume-
Rothery rules and thermodynamic parameters were initially developed for pure and dilute
metallic systems, though they tend to have some deviations from experimental results [4-9].
Other models have also been developed for more accurate predictive purposes [10-14].

Increased accuracy for the classic rules may be obtained by using data analysis
methods to explore the variations in the important parameters, and reduce these to variables
which can be shown graphically in biplots. Dominguez et al. [15] demonstrated and validated
this through the use of principal component analysis: in this work a biplot of the enthalpy of
mixing, AH and valence electron concentration, VEC was found to predict HEA/CCA stabilities
with increased accuracy, which was further improved if the rule-of-mixture, ROM valence
electron concentration parameter was replaced with ROM electronegativity values. Ye et al.
[16] reported on the importance of shear strain in MCAs. The elastic-strain energy parameter,
AHg was investigated by Andreoli et al. [10] in a biplot against the atomic size difference, the



enthalpy of mixing, and valence electron concentration. They found that a biplot of the elastic-
strain energy parameter against the VEC would lead to better accuracy in predicting HEA
formation.

The origin of the VEC-AH biplot’s ability to discriminate between CCAs and HEAs lies
in the deviation of the Miedema AH from quantum principles [17], where the AH-VEC ratio
deviates between 4 < VEC < 7 [5]. This zone is regarded as the area for complex phase (or
intermetallic) formation [3,5,15,18]; these are compounds with increased directional bonding
and hence less metallic character, and this can provide phenomenological evidence of the
deviation. In the quasi-chemical theory used in classical metallurgy [19] deviations where
larger heats of mixing occur due to large atomic size differences are attributed to the strain
energy.

Our hypothesis is that the partial excess free energy of mixing due to strain energy
contribution leads to the thermodynamic deviations, and that this can also be used to as a
prediction methodology since the source of these errors is the formation of the intermetallic
compounds. In a previous study [5] we analysed the efficacy of ROM electronegativities
(Pauling, Allen and Mulliken) vs. the enthalpy of mixing, AH biplots through cluster analysis
and probability distribution functions. This strategy will be employed in this letter to determine
the efficacy of the strain energy in biplots against the enthalpy of mixing and to test the
hypothesis presented.

2. Theory

Following Miedema’s model [20] which is the basis for the majority of the AH values used in
HEA literature, the basic equation for a binary compound is:

AHpe = ey ¢ (=P e (Ap)? + Q(Any)?) (Eq. 1)

here P and Q are empirical constants, ¢» and ccare the concentrations of the metals m and c,
e is the elementary charge, Ag is the change in chemical potential of the resultant mc alloy,
and Anys is the change in electron density at the Wigner-Seitz radius. Miedema argued that
Anysis proportional to the bulk modulus to molar volume ratio, and that A can be correlated
to both the Pauling electronegativity and atomic radius [20]. Anws and A¢g possess radius
components (analogous to the atomic size difference parameter), and it is known that
adherence to Vegard'’s law is the exception and not the norm. The analysis of this equation
supports our hypothesis; furthermore AH and & biplots [21] also show correlation with the
formation of HEA phases, likely due to the deviation from Vegard’s law for CCA compounds.
The equation can be modified for many component systems using the sub-regular solution
model by evaluating each pair interaction [22,23].

Alloying elements (interstitial or substitutional) in solid solution can therefore affect the
enthalpy of mixing. The accuracy to which this can be assessed is dependent on the derivation
of the enthalpy of mixing model and the selection of its radius components. A comparison
between enthalpy of mixing values with calculated dilatational strain values may allow
increased accuracy as other contributing factors are not included (e.g. the contribution of the
valence electrons to elastic parameters is not straightforward, being dependent on other
factors such as shielding, spin-orbit coupling etc.). To facilitate the comparison, a methodology
for calculating the elastic energy must be determined.

Andreoli et al. used an elastic-strain energy criterion to demonstrate a design strategy for
complex concentrated alloys utilising the following equation [10,13]:

_ VN CiKi (Vi=V)?

ber = Li=1—, R (Eq.2)



where ¢;, K, and V; are the concentration, bulk modulus, and volume of the # element
respectively. V is the average volume of alloying additions weighted by their stoichiometry.
The equation is a modified form of the elastic energy of an inclusion in a solid solution under
a uniform hydrostatic pressure [24]; but does not consider the contribution to the elastic energy

from the matrix, from which arises the 3132;:1@ term in Eq. 3. The pairwise interactions

between the alloying elements are not included in this formulation, taking the ROM approach
to give a reasonable approximation of the total energy. Therefore, in order to increase its
accuracy, we modify the equation to account for the shear modulus contribution and pairwise
interactions.

For simplicity, the atomic displacements in A-B mixtures are taken to behave in a linear elastic
manner. The total of the A-B strain energy contributions of a particular composition determined
in this way is used to approximate the dilatational strain. The accuracy of the approximation
can be improved by application of elastic theory by accounting for the influence of the shear
modulus. The equilibrium final radius is obtained by correcting the usual radius used (i.e. here,
metallic radius of an element). The strain energy is estimated through this determination of the
strain energy per atom; in the unstrained matrix this is [19,25]:

2 Gm Kc (Vm_Vc)z
g o= X Eq.
ail ™ 3K +4G, Ve (Eq.3)

where V,,, and V, are the volumes per molecule for the matrix and the cluster respectively,
Ey ., and Ey . are the Young’s modulus for the matrix and the cluster respectively, and v,, and
v, are the Poisson’s ratio for the matrix and the cluster respectively. It is possible to use the
Voigt average [26], (assuming that a homogenous strain is present in the structure) for cubic
structures so that the elastic strain energy, ¢¢:rqin Can be expressed as a function of the
elastic constants Cys, C12, and C4[27]. These elastic constants used in this work are obtained
from first-principle calculations that have been performed by other studies in the literature .
The relevant references are shown in the supplementary information.

(C11,m=C12m—3C4am)(2C11,c+2C12 ) X(Vm_VC)Z (Eq 4)

Pairam,c) = 4C11 m—4C1p m+12Cag m+5C11 c+10C15¢ Ve

Elastic constant datasets for the following calculations are obtained from [28], and the use of
Eq. 4 permits the use of elastic constants from a single source, so that any errors in
calculations are consistent and normalised for each composition, allowing comparison of
results. The total strain in a multicomponent system may be considered as a function of the
sum of the pairwise interactions of all of the alloying components. The equation can therefore
be written as:

ban = %?1;21,13... Cm Cc ¢dil(m,c) (Eq 5)

where C11m, C12m, and Cusmare the elastic constants of the matrix and Cy1., Cirz2c, and Cuqc
are the elastic constants of the centre.

3. Validation of parameters utilising a 212 composition dataset.

A dataset of 212 compositions consisting of a mixture of HEAs and CCAs (FCC, BCC,
Sigma, Laves, B2, Mu, and a mixture of these) from the literature is used to validate the
theoretical calculations presented here. The dataset list with its references is located in the
supplementary information. Included are calculated value for the ROM primary quantum
number, ROM VEC, enthalpy of mixing, dilatational strain, ®qi (Eq. 5), and elastic strain
energy, @q (Eq. 2).



Fig. 1 shows biplots of the Miedema enthalpy of mixing against the strain energies utilising
both methods. The compositions are classified into groups according to phases that they
exhibit, and their centres are determined by minimising the Euclidean distance between each
group following the method used in [5]; the bounding radii are equivalent to the standard
deviations of each group. The separation between the phases along the y-axis is more
significantly spaced in Fig. 1 (b) compared to Fig. 1 (a). It is of note that whilst utilising AHe
values, the strain in a dilated matrix of a solid solution that leads to intermetallic phase stability
is higher than the strain values for solid-solution (FCC & BCC) and mixed phases.
Comparatively, whilst utilising AHq: values (which consider the pairwise interaction as a
function of the strain contributions from both matrix and inclusion) the bounding area for
intermetallic compositions shows an increase in the range of AHq: values. It is generally
acknowledged that a chemical rearrangement (on diffusion/heating) leading to the
nucleation/growth of a secondary phase generally leads to a reduction in the interfacial energy
between these phases. When the intermetallic-forming alloying components are allowed to
find their equilibrium positions with one another, they will possess highly negative AHmixvalues
(due to a preference for dissimilar bonding) and a reduction in mechanical strain (arising from
the resulting chemical rearrangement). This is in good agreement with the idea of interfacial
energy reduction.

The compositions are identified as either BCC, FCC, IM or MIXED. The IM designation means
that they do not show any BCC or FCC structures, while the MIXED designation means that
they were characterised having both the FCC/BCC phase and intermetallic phase.
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Figure 1. Meta-analysis of 212 MCA compositions utilising (a) e [10,13]in a biplot with the
enthalpy of mixing AH; (b) dgias defined in Eq. 5 in a biplot with the Miedema enthalpy of
mixing AH; and (c) the valence electron concentration, VEC for baseline comparison. For
simplicity, the alloy database (cf. Supplementary information) has been classified into the
four groups: BCC, FCC, intermetallic IM, and MIXED phases. Alloys in the BCC, FCC, and

IM groups are included only when they display one identifiable phase from their XRD
patterns. The encapsulating area for each group is determined by obtaining the radius and
centre position of each group through minimising the Euclidean distance [5].

The relative locations of the areas encapsulating the BCC group in both figures are also
observed to be rather different to one another. An investigation of the dataset shows that the
compositions in the BCC group can be generally separated into Al-containing and Zr-
containing compositions which tend to inhabit different areas of the biplot. Al-containing CCAs
are generally alloyed with Ni and/or Co, and these together are known to stabilise the ordered
BCC (B2) structure [29] — and it may be questionable therefore if Al-containing CCAs are truly
of the BCC phase as it has been reported that the BCC B2 phases are generally coherently



present with/within each other. Considering just the Zr-containing compositions would shift the
bounding circle for the AH, biplot in Fig. 1 a to {0.4,15}, which would make the placements of
the bounding regions comparable to the AHq; biplot. The coordinates are shown in Table 1.

The use of either parameter appears to have its own merits, as both appear to be able to
distinguish phase formation of the different alloy systems. The key difference between both
parameters are their treatment of the intermetallic group, due to the overlap between the green
IM bounding circle with the MIXED region.

Table 1. Cluster centre coordinates and Standard deviation values for the analysis in Fig. 1

and Fig. 2.
Grouped Phase Differentiation Intermetallic Phase Differentation
. Centre 5td. Dev. Centre Std. Dev.
o 23 x y x y x y x y
,gI:l BCC 3.@5 9.16 5.53 4.95 Laves 15.2 12.67 6.17 5.68
FCC 3.84 3.2 3.93 1.75 B2 7.92 6.77 2.54 @.73
M 17.53 22.41 2.97 8.97 Sigma 18.77 7.89 2.32 2.44
MIXED 8.54 7 5.83 6.89 Mu 3.5 8.22 @.78 @.73
Grouped Phase Differentiation Intermetallic Phase Differentation
. Centre 5td. Dev. Centre Std. Dev.
v 23 x ¥ x ¥ x v x ¥
§ BCC 6.27 5.59 5.53 1.16 Laves 15.82 7.89 6.17 @.86
FCC 3.92 8.21 3.93 B.32 B2 7.8 7.4 2.54 @.34
M 15.41 6.69 2.97 1.28 Sigma 18.71 7.2 2.32 @.52
MIXED .55 7.56 5.83 B.68 Mu 3.66 7.94 @.78 a.14
Grouped Phase Differentiation Intermetallic Phase Differentation
E . Centre Std. Dev. Centre Std. Dev.
E 2z x ¥ x ¥ x ¥ x ¥
‘I:] BCC 4.78 .29 5.53 8.61 Laves 16.5 1a.42 6.17 4,72
FCC 4.89 14.47 3.93 6.82 B2 8.19 13.58 2.54 8.65
IM 14 9.68 2.97 11.78 Sigma 1a.79 14.18 2.32 2.75
MIXED 9.82 13.44 5.63 6.67 Mu 3.18 13.64 @.77 6.91

4. Intermetallic/complex phase differentiation

In the following section, the same methodology is applied to further distinguish the IM and
MIXED phases. The alloys are classified to either the Laves, B2, Sigma, or Mu designations
as long as they display the Laves, B2, Sigma, or Mu phase either singularly, or in combination
with a solid solution phase (i.e. FCC/BCC). If an alloy displays two type of intermetallic phases,
they are not included in the analysis.
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Figure 2. Meta-analysis of 212 MCA compositions utilising (a) de [10,13]in a biplot with the
enthalpy of mixing AH; (b) daias defined in Eq. 5 in a biplot with the Miedema enthalpy of
mixing AH; (c) the valence electron concentration; and d) The overlap fraction, VEC for
baseline comparison. The alloy database (cf. Supplementary information) has been
reclassified to distinguish between four complex phases: Laves, B2, Sigma, and Mu.

Fig. 2 shows the results of the applied methodology. The original bounding circles are shown
in the figure for comparison; the coordinates of the intermetallic bounding circles are displayed
in Table 1. Some degree of overlap can be observed in these plots, although the different
intermetallic phases are generally interspaced between the IM and MIXED clusters, as may
be expected.

The degree of overlap between each phase evaluated in Figs. 1 and 2 was evaluated in Figs.
1 and 2 and is shown in Fig. 2 (d). The results show that the AHe¢ vs. AH plot shows the
greatest overlap when differentiating between the grouped phases (cf. Fig. 1) and the lowest
overlap between the intermetallic phases. In contrast, the AHe vs. VEC plot shows the lowest
overlap when distinguishing between the grouped phases and the largest overlap between



the intermetallic phases. The AHgi vs. AH biplot on the other hand shows an intermediate
degree of overlap when compared to either two biplots.

The results suggest that for alloy design, AHgqi vs. AH biplots may be better for general purpose
use, with the other biplots used depending on the circumstance.
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