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The eigenmodes for spinor quantum field theory in global de Sitter space-time

Vasileios A. Letsios*
Department of Mathematics, University of York
Heslington, York, YO10 5DD, United Kingdom
(Dated: January 21, 2021)

The mode solutions of the Dirac equation on N-dimensional de Sitter space-time (dSy) with
(N — 1)-sphere spatial sections are obtained by analytically continuing the spinor eigenfunctions

of the Dirac operator on the N-sphere (S™).

The analogs of flat space-time positive frequency

modes are identified and a vacuum is defined. The transformation properties of the mode solutions
under the de Sitter group double cover (Spin(V,1)) are studied. We reproduce the expression for
the massless spinor Wightman two-point function in closed form using the mode-sum method. By
using this closed-form expression and taking advantage of the maximal symmetry of dSn we find an
analytic expression for the spinor parallel propagator. The latter is used to construct the massive

Wightman two-point function in closed form.

I. INTRODUCTION

The spinor functions that satisfy the eigenvalue equa-
tion of the Dirac operator on SV

Vi =iXy (1.1)

have been studied by Camporesi and Higuchi [1]. More
specifically, the eigenspinors on S¥ have been recursively
constructed in terms of eigenspinors on SNV ~! using sepa-
ration of variables in geodesic polar coordinates and their
eigenvalues have been calculated. The line element for
SN may be written as

ds% = df% + sin® Ondss,_,, (1.2)
where 6y is the geodesic distance from the North Pole
and ds?,_, is the line element of SNV~ Similarly, the
line element of S™ (n =2,3,..., N — 1) can be expressed
as

ds? = df? + sin®0,,ds?_,, (1.3)
while ds? = db3.

The N-dimensional de Sitter space-time is the max-

imally symmetric solution of the vacuum Einstein field
equations with positive cosmological constant A [2]

1
R, — §g,“,R + Agu, = 0. (1.4)
The cosmological constant is given by
(N —2)(N - 1)
A=r————— - 1.5
. (15)

where Z is the de Sitter radius. Throughout this paper
we use units in which Z = 1.

The N-dimensional de Sitter space-time can also be
obtained by an “analytic continuation” of S¥. More
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specifically, by replacing

Oy >z =m/2 —it (1.6)
in the S metric (1.2) we find the line element for dSy
with SN =1 spatial sections (see Eq. (2.2))
ds? = —dt?® + cosh? tds?%, ;. (1.7)
Motivated by the above, one can obtain the mode solu-
tions to the Dirac equation on dSy
Vi — My =0 (1.8)
just by analytically continuing the eigenmodes of (1.1).
The Dirac spinors obtained by analytic continuation can
be used to describe spin-1/2 particles in de Sitter space-
time and they form a representation of Spin(N,1). The
latter has to be unitary to ensure that negative proba-
bilities will not arise. In order to study the unitarity of
the representation we are going to introduce a de Sitter
invariant inner product among the analytically contin-
ued eigenspinors (see Sec. V). Note that this approach
has been previously applied for the divergence-free and
traceless tensor eigenfunctions of the Laplace-Beltrami
operator on S [3], where the restriction of unitarity
gave rise to the forbidden mass range for the spin-2 field
on dSy.

In this paper our main aim is the identification of the
mode functions for the free Dirac field on global dSy with
SN=1 spatial sections. As a consistency check, we repro-
duce the expected form for the massless spinor Wightman
function [4] using the mode-sum method. We also use
this Wightman function to find an analytic expression
for the spinor parallel propagator. To our knowledge,
such an expression is absent from the literature. Solu-
tions of the free Dirac equation on de Sitter space-time
with static charts may be found in Ref. [5], with moving
charts in Refs. [6-8] and with open charts in Ref. [9].

The rest of this paper is organized as follows. In Sec. II
we discuss the global coordinate system that is relevant
to the analytic continuation of SN and we review the
geodesic structure of dSy. In Sec. III we present the ba-



sics about Dirac spinors and Clifford algebras on dSy.
In Sec. IV we begin by reviewing the eigenspinors of the
Dirac operator on SV following Ref. [1]. Then we ob-
tain the mode solutions of the Dirac equation on dSy
by analytically continuing the eigenmodes on S and we
give a criterion for generalized positive frequency modes.
We also construct spinors satisfying the Dirac equation
with the sign of the mass term changed. These spinors
are used in Appendix A for an alternative construction
of the negative frequency modes via charge conjugation.
In Sec. V we define a de Sitter invariant inner prod-
uct among the analytically continued eigenmodes and we
show that the associated norm is positive-definite (i.e.
the representation is unitary). Using this norm we nor-
malize the analytically continued eigenspinors. Then the
transformation properties of the positive frequency solu-
tions under Spin(N,1) are studied using the spinorial Lie
derivative [10]. It is shown that the positive frequency
solution subspace is Spin(V,1) invariant (hence, so is the
corresponding vacuum). In Sec. VII, after presenting
the negative frequency solutions of the Dirac equation,
we perform the canonical quantization procedure for the
free Dirac quantum field. Then we review the coordi-
nate independent construction of Dirac spinor Green’s
functions on dSy following Ref. [4]. We present a closed-
form expression for the massless spinor Wightman two-
point function obtained by the mode-sum method. This
closed-form expression is in agreement with the construc-
tion given in Ref. [4]. Then we find an analytic expres-
sion for the spinor parallel propagator and we use it to
obtain a closed-form expression for the massive Wight-
man two-point function in terms of intrinsic geometric
objects. Our summary and concluding remarks are given
in Sec. VIIIL.

There are six appendices. In Appendix A we construct
the negative frequency solutions of the Dirac equation
on dSy by charge conjugating our analytically continued
eigenspinors. In Appendix F we compare the mode-sum
method for the massive spinor Wightman function with
the construction presented in Ref. [4] and we arrive at a
closed-form conjecture for a series containing the Gauss
hypergeometric function. The rest of the appendices con-
cern technical details. Some minor details omitted in the
main text are presented in Appendices B and C. In Ap-
pendix D we present details about the mode-sum con-
struction of the massless spinor Wightman function. In
Appendix E we demonstrate that our analytic expression
for the spinor parallel propagator satisfies the defining
properties given in Ref. [4].

We use the mostly plus convention for the metric signa-
ture. When it comes to tensors, lower case Greek indices
refer to components with respect to the “coordinate ba-
sis” while Latin ones refer to components with respect
to the vielbein (i.e. orthonormal frame) basis. Spinor
indices (when not suppressed) are denoted with capital
Latin letters. For bitensors (or bispinors) that depend
on two space-time points z, z’, unprimed indices refer to
the tangent space at x while primed ones refer to the

tangent space at z’. Summation over repeated indices is
understood throughout this paper.

II. GEOMETRY OF N-DIMENSIONAL DE
SITTER SPACE-TIME

A. Coordinate system, Christoffel symbols and
spin connection

The N-dimensional de Sitter space-time can be repre-
sented as a hyperboloid embedded in (N +1)-dimensional
Minkowski space. The de Sitter hyperboloid is described
by

nap X X" =1, (2.1)
where 7., = diag(—1,1,1,...,1) (a,b = 0,1, ..., N) is the
flat metric for the embedding space and X%, X1, ..., XV
are the standard Minkowski coordinates. The global co-
ordinates used in this paper are given by

X% = X0, 0) =sinht

X' = X'(t,0) =cosht Z', i=1,..,N, (2.2)
where t € R, 0 = (Ox_1,0N_2,...,01) and the Z%'s are
the spherical coordinates for SN~ in N-dimensional Eu-

clidean space

Z' = sinfy_1 sinfx_s ... sin Oy sin 6,

72 =sinfy_1 sinOy_s ... sin O cos 6y

ZN-1 = sinfn_1 cosOpn_o

ZN = cosOn_1, (2.3)
where 0 < 07 < 27 and 0 < 6; < 7 (i # 1). Using
the coordinates (2.2) we obtain the line element (1.7) for
dSn.

The non-zero Christoffel symbols for the coordinates
(2.2) are

F%ﬂj = coshtsinht gg,e,, Fg;t = tanht gﬁ;‘;,

0 =0
FG?‘%‘ - FG?‘%" (2.4)

where gg. g, , Fz]fej are the metric tensor and the Christof-

fel symbols, respectively, on S™V~1. The vielbein fields

are given by

0; 1 ~0,;

cosht "

el =1, i=1,..,N—1, (2.5)

where &% ; are the vielbein fields on SV ~1. The latter are



given by
é9N71N71 = 17
&% ;= ! j=1,..,N-2
J sin@N_l SinQN_Q... sin0j+1’ T '
(2.6)
The spin connection wepe = Wajpe] = (Wabe — Waeb)/2 is

given by

Wabe = e“a <8;L6)\b + F;}uey b) €xc (27)

and its only non-zero components are

(:)' .
wijk:i, wiok:tanhtéik i,j,kzl,...,N—l,
cosht
(2.8)
where @;;;, are the spin connection components on S N-1
and d;; is the Kronecker delta symbol. (Note that the
sign convention we use for the spin connection is the op-

posite of the one used in most supersymmetry texts.)

B. Geodesics on dSy

Geodesics on dSy are obtained by intersecting the hy-
perboloid (2.1) with two-planes passing through the ori-
gin [11]. Note that, contrary to the case of maximally
symmetric Euclidean spaces (RY, SN, H™), on pseudo-
Riemannian spaces two points cannot always be con-
nected by a geodesic.

Let x,2’ be two points on the de Sitter hyperboloid
(2.1) and p(z,z’') the geodesic distance between them.
Using the scalar product of the ambient space

Z(@,0) = X () X" (2!) (2.9)
one can define the useful quantity
AN 1 a bt
z(z, ") = 5 14+ 1 X*(z) X" (2")). (2.10)

If -1 < Z(xz,2") <1 (i.e. z€[0,1)) the points z,z’ are
spacelike separated (1 € R) and they can be connected by
a spacelike geodesic. (The equality sign corresponds to
antipodal points.) The geodesic distance is then defined
by Z(x,z") = cos (u(x,2')) or equivalently

2 = cos? H. (2.11)
2

If Z(x,2') < —1 (ie. z < 0) the points are space-
like separated but there is no geodesic connecting them.
However, the function u(z,z’) can still be defined by
Eq. (2.10) via analytic continuation [12]. (Let Z be the
antipodal point of x and let ' be any point in the inte-
rior of the past or future light cone of . Then there is no
geodesic connecting z and 2’ [12].) If Z(z,2') =1 (i.e.
z = 1) the geodesic distance is zero and the two points

can be connected by a null geodesic (or they coincide).
If Z(x,2’) > 1 (i.e. z > 1) the two points are timelike
separated (u = ik, k € R) and they can be connected by
a timelike geodesic. The geodesic distance for timelike
separation is given by

I

K
2 = cos® & = cosh? =.

: : (2.12)

In the rest of this paper we suppose that the points under
consideration can be connected by a spacelike geodesic
(unless otherwise stated). The corresponding results for
the timelike case can be obtained just by replacing p —
K.

The unit tangent vectors at x and z’ to the geodesic
connecting the two points are defined by

Ny (LE, ‘r/) = V,Q/,LL(QT, :L’/),
(2.13)

ny (T, x/) = Vupu(z, xl)a

respectively. Since dSy is a maximally symmetric space-
time, the unit tangents satisfy [12]

V= cot gy — npny), (2.14)
1
Vo = ———(gur + ), 2.15
= = o+ 1) (2.15)
Vnguz/’ = tan H(gﬁunlj’ + gHV/nN)7 (2.16)

2

where g, (x) is the metric tensor and g, (z,2’) is the
bivector of parallel transport. The latter is also known as
the vector parallel propagator and it performs the parallel
transport of a vector field V¥’ (2') from 2’ to z along the
geodesic connecting these points [12]

V(@) = ¢", V" (@), (2.17)

where Vl"‘ () is the parallelly transported vector at .

(In this paper by geodesic we mean the shortest geodesic
connecting the two points.) It is worth noting the rela-
tions [12]

Using the coordinates (2.2) we obtain the following
expression for the geodesic distance:

cos (p(z,2")) = —sinhtsinh ¢’ + cosht cosh ¢’ cos Qy_1,

(2.20)
where
cos Q,, =cos b, cosf., +sinb,sinf, cosQ, 1, (2.21)
forn=2,..., N —1 and
cosQq = cos (01 — 07). (2.22)



Then the coordinate basis components of the tangent vec-
tor ny(z,2") = (ng(z,2"), ne, (x,2")) (i =1,..., N — 1) are
given by

1
ny = —— (coshtsinh ' — sinh ¢ cosht’ cos Ay _1),
sin p
(2.23)

= - htcosht’ Qn_ 2.24

ng, S coshtcosht' > i(COS N-1) (2.24)
where

5 N—(i+1)
%(COS On-1) = 7Al;[l sin Oy _, sin 9?\777«)

X (—sin6; cos B + cos0; sin @ cos Q;_1).  (2.25)

The components of n, (z,2’) are given by analogous
expressions with ¢t < ¢/,6; < 6. The vielbein ba-
sis components of the tangent vector at =, n,(z,z') =
et (x)ny(z,2’) (a=0,1,...,N — 1), are given by

ng =ny, (2.26)
sh ¢/
nN_1 = — CSO;N (—sinfy_1cosOy_4
+cosOn_1sinfy_; cosQy_2), (2.27)
N—(b+1)
ht
ny = — CO_S ( H sin Gﬁv_r>
sin p e
X (—sin @y cos 6} + cos Oy sin 6 cos Qp_1),
(2.28)

(b =1,..., N — 2) while the components of ny (z,z") =
e (@ )ny(x,2") (o = 0,1,...,(N — 1)) can be ob-
tained from Egs. (2.26)-(2.28) with ¢ < ¢/, 0, < 0.
(Note that we define cos Qg = 1.)

III. DIRAC SPINORS AND CLIFFORD
ALGEBRA ON N-DIMENSIONAL DE SITTER
SPACE-TIME

Dirac spinors are 2[/2l-dimensional column vectors
that appear naturally in Clifford algebra representations,
where [N/2] = N/2if N is even and [N/2] = (N —1)/2if
N is odd. A Clifford algebra representation in (N —1)+1
dimensions is generated by N gamma matrices satisfying
the anti-commutation relations

(77"} = 291,

where 1 is the identity matrix and 7 is the in-
verse of the IN-dimensional Minkowski metric 7., =
diag(—1,+1,...,41). We follow the inductive construc-
tion of Ref. [1] where gamma matrices in (N — 1) + 1
dimensions are expressed in terms of spacelike gamma
matrices in (N — 1) dimensions (7°) as follows:

a,b=0,1,.,N—1, (3.1)

e For N even

o_.(01 i (0 . B
0 _2(1 0/’ Y= _Z",y'z 0 ) Z_la"'uN 17

(3.2)
where the lower-dimensional gamma matrices
satisfy the FEuclidean Clifford algebra anti-
commutation relations

(74,77} =26Y1, i,j=1,..,N—1. (3.3)
e For N odd
0 _ - 1 O N—-1 _ 0 1
" —’<0 -1) 7 T\1o)
S 0 A .
,7.7 :/y] = ~j s J = 17...7N_2. (3~4)
-y 0

The double-tilde is used to denote gamma matrices
in N — 2 dimensions. For N = 1 the only (one-
dimensional) gamma matrix is equal to 1.

Note that the gamma matrices we use here for dSy can be
obtained by the Euclidean gamma matrices on S™V used
in Ref. [1] via the coordinate change (1.6). (Gamma ma-
trices transform as vectors under coordinate transforma-
tions and it can be checked that all Euclidean v*’s remain
the same under (1.6) apart from +"V; the latter transforms
into the timelike gamma matrix: vV — iyN =40))

Spinors transform under 2[V/2l-dimensional spinor rep-
resentations of Spin(N — 1,1) (double cover of SO(N —
1,1)) as

P(x) = S(A(2)) P(2),

where S(A(z)) € Spin(N —1,1) is a spinorial matrix. The
N(N —1)/2 generators of Spin(N —1, 1) are given by the
commutators

1

(3.5)

2 = 20" (3.6)
1 a b 1 ab
=37 = 51", a,b=0,..,N—1 (3.7)

and they satisfy the Spin(N — 1,1) algebra commutation
relations

[Eab ECd] _ nbczad _ nachd + 77adzbc _ nbdzac. (38)
The covariant derivative for a spinor along the vielbein

is

1
vaw = €a¢ - iwabczbcwv (39)



— ol
where e, = e”,0,.
defined as

The Dirac adjoint of a spinor is

P =iply?

with covariant derivative given by

_ 1
Va¢ = 6a¢ + §¢ wabczb (310)

The covariant derivative of the gamma matrices is

1
va’yk = ea’)/k - Wakc'-}/C - iwabc[zbcv ’Yk]

=0. (3.11)

One can show the following properties of the gamma
matrices given by Egs. (3.2) and (3.4):

()T =1 ()T = (-l (312)

(") == () =(DE=DEL, (3.13)
(r=1,..,N —1) and

(YT = 409940, a=0,...,N—1, (3.14)

where the star symbol denotes complex conjugation.
Note that the timelike gamma matrix is anti-hermitian
while the spacelike ones are hermitian.

IV. SOLUTIONS OF THE DIRAC EQUATION
ON N-DIMENSIONAL DE SITTER SPACE-TIME

We first present the basic results from Ref. [1] regard-
ing the eigenmodes of the Dirac operator on SY and then
we perform analytic continuation for the two cases with
N even and N odd.

Case 1: N even. The eigenvalue equation for the Dirac
operator on SV is

Y8 — +i(n+ (4.1)

)’L/):I:nla"
wheren =0,1,...and £ = 0, ..., n are the angular momen-
tum quantum numbers on SV and SN~ respectively.
The index s indicates the two different spin projections
(s = £). The symbol o stands for the angular momen-
tum quantum numbers £y_o > fIny_3> ... >0y > 01 >0
on the lower-dimensional spheres while § stands for the
(N/2 — 1) spin projection indices sy_2,SN—4, ..., S2 On
the lower-dimensional spheres SNV ~2 SN=4 . S? respec-
tively. (Note that there exists one spin projection in-
dex for each lower-dimensional sphere of even dimen-
sion.) For each value of n we have a representation of

Spin(N + 1) on the space of the eigenspinors wffg)g (or

z/)&g’g) ) with dimension [1]

nlo

2NN 4+ —1)!
dn = n(N-1)! (42)

The solutions of the eigenvalue equation for the Dirac
operator on SV (1.1) are found by writing the spinor v
in terms of “upper” (¢4) and “lower” (¢_) components

as follows:
_ [P+
V= <s0> '

By substituting Eq. (4.3) into Eq. (1.1) one obtains two
coupled differential equations for ¢, p_. By eliminating
+ (or ¢_) one finds [1]

(4.3)

cosby .=

0 N -1 2 1 ~2
[(% + 5 cot, 9]\1) +

_)\2@:‘:7

i
sin? 6y sin? O

(4.4)

where Y is the Dirac operator on SV~1. (Equations (4.4)
are equivalent to Vzw = —A%¢.) Then, by separating
variables, the normalized eigenspinors of ¥|g~ are found
to be [1]

( en(ml) [ ne(On)x g, (2n-1)
in/a(é’N,QN 1) = V2 (:tmbne(@N)X eg(QN 1)>

(45)
and

+9) _en(m) ((ibare(On)x ), (v 1)
inéa<oN’QN—1) = (3)
V2 ifi)Mz(@N) 1o (AN_1)
(4.6)
where Qn_1 € SV~! and the normalization factor is
given by

I'n—£+1)T(n+ N+
2N=2ID(N/2 + n)|?

len (nd)]? = (4.7)

The eigenspinors on SN~ ng;g(QN—l)a

eigenvalue equation

satisfy the

N 5
Y&, = +i(t+ T)X;;U. (4.8)
They are normalized by
pre) &) &)
N-— 1X54,,( N— 1) Xoreror (2N 1)
SN 1
= 555’666’600’6§§'a (49)

while the eigenspinors on SV are normalized by

/ ds w:l:nla(ef\UQN 1) ’(/}:‘:n/zl (9N7QN 1)
SN

= 653’6nn’6€€’500’ 555’ ) (410)



where all the 1, eigenspinors are orthogonal to all the ¢
eigenspinors. The functions ¢ne(On), ¥ne(On) are given
in terms of the Gauss hypergeometric function by

0 .0
One(ON) = /i((i)N)(nE) (cos TN)Hl(sm TN)E
x F(n+ N+ £, —n +{; N/2 + ¢;sin” %V)
(4.11)

and

Yre(On)
kY (me) (n+ N/2) On
- N/2+¢ T

Y (sin O o1

2
x F(n+N+€,—n+€;N/2+€+1;sin2%\’),
(4.12)

where

I'(n+ N/2)
(n—L+1T(N/2+4)

K;N)(né) =7 (4.13)

The condition n > £ as well as the quantization of the
eigenvalue of the Dirac operator A\? = (n + N/2)? (n =
0,1,...) arise by requiring that the mode functions are
not singular [1]. The functions ¢, ¥, are related to
each other by

[iﬁ-bcotQ 1 ¢+
dOn 2 N sinoy

= —(n+ 5 a6,

N -1
2

)] @e0)

(4.14)

N -1

-— + cot O + L+ 9

df N 2 sin 6
N
=+(n+ 5)¢ne(9w)-

[+ : ) thee(0)

(4.15)

As mentioned in the Introduction, we can obtain the
Dirac spinors which solve the Dirac equation (y*V, —
M) = 0 on dSy by analytically continuing the eigen-
modes of the Dirac operator on SY. The eigenvalues
on SN will be replaced by the spinor’s mass M. It is
easy to check that under the replacement 0y — w/2 — it
one finds Y|gv — Y|a4s,- Without loss of generality, we
choose to analytically continue the eigenspinors 14 with
the positive sign for the eigenvalue (see Eqgs. (4.5)-(4.6))
by making the replacements

N
Oy — x=m/2—it, n— —iM — 2. (4.16)

The solutions of the Dirac equation on dSy are then

(—.8) _en(MY) ¢M£(t)X(_§ZU(QN71)
Miq (N-1) = V2 (inl(t)X(_gza(QN—l))

(4.17)
and

)

. ; (8)
5\}22) (t, QN—l) — CN (Mé) “/JM[(t)X(_};_)eU(QNfl)
V2 Onre(t)X o (AN 1)
(4.18)
where c¢y(M{) is a normalization factor that will be
determined later (¢ = 0,1,...). (Alternatively, we can
choose to analytically continue the eigenspinors y_ in
order to obtain the solutions (4.17)-(4.18) of the Dirac
equation. In this case we need to make the replacements
Oy — m/2—it,n — iM — N/2 in Eqgs. (4.5)-(4.6) instead
of the replacements (4.16).) The un-normalized functions
that describe the time dependence are

TNb+1, . T\
drre(t) =(cos 5) + (smE)
N N N
X F(G ++iM, 5 +€—iM;§+£;sin2§)
(4.19)
and
—i T NS |
t — —
’(/)Mf() N/2+€(C082) (Sl 2)
N
X F(— +0+iM, — +{ —iM; — + £+ 1;5in® 2),
(4.20)
where
T V2 to ot
cos 5 = T(COSh 3 + isinh 5), (4.21)
2 t t
sing = %(cosh 3~ isinh 5), (4.22)
. 92 1—1isinht
- — 4.23
sin” 3 5 (4.23)

It is clear from Eq. (4.20) that ¥ase(t) vanishes in the
massless limit. Note the analytically continued version
of Egs. (4.14) and (4.15)

d N-1 ) N -1
(%4— 2 tanh? -+ cosht(é + 2 )>¢M6(t)
= -I-M’lb]w((t), (424)
d N-1 1 N -1
(%Jr 2 tanht — cosht(g + 2 ))q/]Me(t)
= —Mone(t). (4.25)
Using the following relation [13]:
Fa,b;c;2) = (1 —2)""F(c—a,c—b;c;z) (4.26)



we can rewrite the functions ¢prp, Yare as

bt =(eos 5) 7 (5 2

x F(iM,—iM; — N —|—€ sin g) (4.27)
and
i TN-N—€42, . T\l4+1
Yae(t) = N/2+£(COS 7) (sm§)

N
,—iM +1; —

x F(iM +1 5

+ £ 4 1;sin? g)
(4.28)
The short wavelength limit (¢ > 1) of these functions can

be found, by noting that the hypergeometric functions
here tend to 1 in this limit, as

d
aqﬁMg(t) ~ —icosht(ng(t), (4.29)
d
ad’Ml&(t) ~ coshthé( )- (4.30)

We see that the time derivative of our mode solutions
(4.17) and (4.18) reproduces locally the positive fre-
quency behaviour of flat space-time. Thus, our modes
can serve as the analogs of the positive frequency modes
and we can use this criterion as well as de Sitter invari-
ance (see Sec. V) in order to define a vacuum.

Note that by making the replacements (4.16) in the
expressions for the spinors ¢_ with the negative sign for
the eigenvalue on SV (see Egs. (4.5)-(4.6)), we obtain the
spinors

(—.9) Dare ()X (1)
Ve (6 Q1) = (—ﬂdee()xéag(fhv_l)> (4.31)

and

) (3
(+ é) t Q _ _ Z'@[JM[(t)X_,’_!?U(QN,]) 432
1/} M@U( yNEN 1) <¢Af@(t)X$gU(QN_1) ) ( )

which are not solutions of the Dirac equation (1.8)
on dSy. However, these spinors satisfy the equation
Y_ar = —M_p and they serve as a tool in the con-
struction of the negative frequency solutions of the Dirac
equation (1.8) using charge conjugation in Appendix A.
(Note that the negative frequency solutions are obtained
in two different ways: by separating variables in Sec. VI
and via charge conjugation in Appendix A.)

Case 2: N odd. For the construction of the eigenmodes
of Eq. (1.1) it is convenient to consider the eigenvalue

equation for the iterated Dirac operator W2¢ = —A\Zy.

The latter may be written as follows [1]:
[ (-2 0 A N —

00N 2

= -\

By separating variables, the spinor eigenfunctions of the
Dirac operator on SV are found to be [1]

en(nf)
V2

x (Bne(On) R (1) £ itne(O0)R5S) (Qn-1)),
(4.34)

1 ~2

COSHN NV
) -
sin“ O

1 2
cot 0 +
N) sin® 0y

(4.33)

Scsfé)o(eNv QN—l) =

where

(s s) 1 . (s,3)
141
\/§< Y )X lo
and the eigenvalues are the same as in Eq. (4.1) (i.e.

A= £ (n+ N/2) with n =0,1,...). The spinors ngé?

(4.35)

and )Zfli? are given by

M) =) (4.36)
and

20 =D (4.37)

Here s is the spin projection index on SN~! and 3 stands
for the rest of the spin projection indices on the lower-
dimensional spheres of even dimensions. The functions
®ne, Yne are given by Egs. (4.11) and (4.12), while the

spinors X(i éo)(Q N—1) are eigenfunctions of the hermitian

operator v W (that commutes with the iterated Dirac
2 e
operator ¥~ ) satisfying [1]

s,8 N-1 ~(s,8
NWXEI:ZU) - (£ + )XEI:&T)

5 (4.38)

As in the even-dimensional case, for each value of

n the eigenspinors wffz)g (or z/J(SnSE)G) form a repre-
sentation of Spin(N + 1) with dimension d, given by
Eq. (4.2). (The dimension is half the dimension for
the case with N even because there is no contribution
from spin projections on SV.) Notice that on S' the
Dirac operator is just d/06; and the eigenspinors are
X+, (01) = exp (£i (¢1 + 1/2)0;) (the normalization con-
stant is (2m)~1/2). The eigenspinors (4.34) are normal-
ized as in the case with N even and the normalization

factors are given again by Eq. (4.7).

We choose to analytically continue the 1 eigenmodes.
By making the replacements (4.16) in the expression for
the eigenspinors 1053{2;(0% On_1) (Eq. (4.34)) we obtain
the solutions of the Dirac equation on odd-dimensional



dSn
CN(ME)
V2

x (dare® R Q1) + ivare (XD (Qn-1)),
(4.39)

St Qy-1) =

where the normalization factor will be determined
later. The functions ¢pe(t), ¥are(t) are given again by
Egs. (4.19) and (4.20). Hence, the solutions (4.39) can
be used as positive frequency modes.

As in the even-dimensional case, we can analytically
continue the eigenspinors 1_ to obtain

D (6 Q1)

= (GareXD Qv 1) — ibare ()2 (1)),
(4.40)

which satisfy the Dirac equation (1.8) with M — —M.

V. NORMALIZATION FACTORS AND
TRANSFORMATION PROPERTIES UNDER
SPIN(N,1) OF THE ANALYTICALLY
CONTINUED EIGENSPINORS OF THE DIRAC
OPERATOR ON THE N-SPHERE

For each value of M the set of the analytically con-
tinued eigenspinors of the Dirac operator ¥|gn forms
a representation of the Lie algebra of Spin(/V,1) (which
is also a representation of the group Spin(N,1)). If we
want to use these mode functions to describe spin-1/2
particles on N-dimensional de Sitter space-time, the cor-
responding representation has to be unitary. Unitarity
ensures that no negative probabilities will arise. A rep-
resentation is unitary if there is a positive definite inner
product that is preserved under the action of the group.
In this section we show that the representation formed
by our analytically continued eigenspinors is unitary by
introducing a Spin(V,1) invariant inner product among
the solutions of the Dirac equation and by verifying the
positive-definiteness of the associated norm for our pos-
itive frequency solutions. In addition, we calculate the
normalization factors ¢y (M¢) and we show that the pos-
itive frequency modes transform among themselves under
the action of a boost generator. In view of a mode ex-
pansion of the quantum Dirac field using our analytically
continued modes, the transformation properties thus ob-
tained imply that the corresponding vacuum is de Sitter
invariant.

A. Unitarity of the Spin(N,1) representation and
normalization factors

Let 1 and 1’ be any two Dirac spinors on a globally
hyperbolic spacetime (global hyperbolicity is assumed for

later convenience). The Dirac inner product of ¢, is

then given by

w.0) =i [ S, Ty, (5.1)
b

where the integration is over any Cauchy surface ¥ and
7, is the unit normal to the Cauchy surface with ng > 0.
Below we use this inner product in order to show that our
positive frequency modes on dSy have positive norm.
(The Dirac inner product is also used in Sec. VI in order
to normalize the negative frequency solutions and show
that the positive and negative frequency solution sub-
spaces are orthogonal to each other.)

Now let v,4’ in Eq. (5.1) be positive frequency so-
lutions of the Dirac equation on global dSy with same
mass M (see Egs. (4.17)-(4.18)). Then the Dirac inner
product (5.1) is written as

( g\ffzsg’ JVS[Z’S)/) Zi/d9v 1/JM£a’Y 1/%\;2'50—2 (5.2)
_ 4O /= ¢(5 S)Tw(s 3 (5 3)
V=9 Yyes IVIZ/U” .

where the integration is over the Cauchy surface ¥ =
SN=1 and d@ stands for df,dfs...d0nx_1 . The square
root of the determinant of the de Sitter metric is

V=g = cosh™ 1t sinV20y_1...sin60y = cosh’™ * t\/g,
(5.4)

where § is the determinant of the SV ~! metric. First, we
show that the inner product (5.2) is both time indepen-
dent and Spin(N,1) invariant. Let (1) 4(?) be two an-
alytically continued eigenspinors which satisfy the Dirac
equation (1.8). The Dirac equation and Eq. (3.11) imply
that the vector current

JH = i@(l)’y”d)@)

is covariantly conserved. Hence, the inner product (5.2)
is time independent. As for the invariance under
Spin(N,1), we can show that the change in the inner
product due to infinitesimal Spin(N,1) transformations
vanishes (as in Ref. [3]). Let & be a Killing vector of
dSy satisfying

(5.5)

vufy + Vllgu = 0. (56)

The Lie derivative of J* with respect to the Killing vector

& (ZLeJH) gives the change in J* under the correspond-
ing transformation; that is

§JH = Ll = ¢V, JH — JVV, EH

=V, (§"JH = J¢H),

where we used the fact that both J#, & are divergence

(5.7)



free. Then we find

5J0 — Vy(éu!](]ijuéﬂ) —

1
V=g
(5.8)

where £ = 1,...,N — 1. By integrating Eq. (5.8) over

SN-1 we find

S, @) = /de\/jg 5J°=0.  (5.9)

Below we study the positive-definiteness of the norm as-
sociated with the inner product (5.2) for our positive fre-
quency modes.

Case 1: NN even. Substituting the analytically contin-
ued eigenspinors (4.17) (or (4.18)) into the inner product

(5.2) we find
5,8 s',8 CN MY 2 — *
( 5\/1@37 1(\46’(72) :¥ cosh™ ™! t<¢M£(t)¢Me(t)

+ w}k\u(t)iﬁM@(t)) 0550550000557 5
(5.10)

where the positive-definiteness is obvious (i.e. the repre-
sentation is unitary).

Using Egs. (4.24) and (4.25) one finds

N -1

d
pr [cosh<N71)/2t bare] = — icosh™=3/2 (¢ 4 T)
X dnre + M cosh¥=D/2¢ Ve,
(5.11)

and

N -1

d
7 [cosh(N_l)/2 thare] =+ cosh =372 ¢(p 4 T)

X e — M coshV=1/2¢ Do
(5.12)

respectively. Consequently
cosh™ ™! t(¢}‘w(t>¢m(t) + wxu(t)wm(t)) =K, (5.13)

where K is a positive real constant (since the time deriva-
tive of the left-hand side vanishes). We can determine
the value of K just by letting ¢t = 0 in Eq. (5.13). The
functions (4.19) and (4.20) for t = 0 are

\f 1 L 04061
and
—iv2M 1.¢ L0061
¢Mé(t—0)—m(§) F(6,67, 5 +172)

(5.15)

o, [V—=g (&P JO—J%=£%)],

respectively, where

5:g+€+iM.

Using the following two formulas [14], [15]:

a+b 1 a+b 1

Fla,b,—=53) =V ) 5 nare s
1
B 1)/2)1“(a/2)]’ (5.16)
a+b 1 Q\f a—+b 1
Flab, 22 +1;3) = 7br( 5 +1)[p((b+1)/2)
] 1
“T(a/2) T((a+ 1)/2>F(b/2)]
(5.17)
we find
K = ¢310(0)0nr¢(0) + ¥3s0(0)0114(0)
_ova TG +OP (5.18)

IT(5 + ¢+ iM))2’

where we also used the Legendre duplication formula

I'(22) = %222*1F(Z)r(z +1/2). (5.19)

Since (¢§\Z’2»¢§5[§3) = len(MO)]?K/2, it is straightfor-

ward to calculate the normalization factor as

_o(2-N) IT(5 + 04 iM)?
T+ 0P

len (M) (5.20)

Our positive frequency solutions are now normalized by

(WS USsin)) = OssrBss00000ar. (5.21)
Case 2: N odd. Substituting the analytically continued
eigenspinors (4.39) into the inner product (5.2) we obtain
again Eq. (5.10). Thus, the Spin(N,1) representation
is unitary (due to the positive-definiteness of the norm)
and the normalization is again given by Egs. (5.20) and
(5.21).

B. Transformation properties of the positive
frequency solutions under Spin(N,1)

In this section we use the spinorial Lie derivative [10]
with respect to the Killing vector field £ in order to study
the Spin(N,1) transformations of the analytically contin-
ued modes of Y|gn generated by £. More specifically, we
show that our positive frequency modes transform among
themselves under the action of an infinitesimal boost in
the O_1 direction.



The coordinate expression for the spinorial Lie deriva-
tive of a spinor field 1) with respect to the Killing vector
¢ is [10]

1
LEp =&V + ZVHEW’WAW (5.22)
(We use the superscript s to distinguish the spinorial
Lie derivative from the usual Lie derivative.) We are
interested in the transformation generated by the boost
Killing vector

f:COSHN_lg — tanht sin0N_1m. (5.23)
After a straightforward calculation we find
sinfpn_ _
Ly =61 0,0 + o N % (5.24)

2cosht
=cosOn_10:) — tanhtsinOn_10g,_, ¢

Sin9N,1 _
N 1,7011).

_— 5.25
2cosht ( )

The spinorial Lie derivative with respect to Killing vec-
tors commutes with the Dirac operator [10]. Hence
if ¢ is an analytically continued eigenspinor of ¥|gn
we can express Eq. (5.25) as a linear combination of
other such eigenspinors. In order to proceed, it is use-
ful to introduce the ladder operators for the functions
Saae(t), Yare(t), deey_»(ON-1);%eey_,(On—1) sending the
angular momentum quantum number ¢ to ¢ £ 1. (The
functions ¢ggy_,, Yeey_, are given by Egs. (4.11) and
(4.12) respectively, with N - N —1,n — £ and ¢ —
ln—2.) The ladder operators are given by the following
expressions:

T¢(3+) :% — 0+ %) tanht — #‘Sht, (5.26)
7" :% —(t+ %) tanht + m (5.27)
T(;—> :% +(l+N-— g)tanht + ﬁ (5.28)
T,i_) :% +(L+N - g)tanht - #@, (5.29)
T —ingy_— % + (l+N—3)cosby_y
¢ dfn 1
N—-2
_ ff;;;:g; (5.30)
T —sindy -y dejil + (04N = 2)cosy_y
N—-2
EJ\;E; I g (5.31)
2
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1
—cosOn_1( + 5)

5(0) d
TJ) =sinfy_1 0

dOn_1
In_o+ %

2 (5.32)
2+ 532)
v ) 1
T’(% ) :SlneN_1d9N71 — COS@N_l(é‘F 5)
Ineo 4 N=2
_ MiNj (5.33)
20+ 52)

The corresponding ladder relations are

T fare(t) = K e (1), (5.34)
T fare(t) = k) farea (8), (5.35)
T}+)feeN,2(9N—1) =k ferron o (On-1),  (5.36)
T}’)fMNﬁ(HNfl) =k frrey ,(On-1),  (5.37)

where fare(t) € {onre(t), ¥are(t) }, foon_o(On_1) €
{been_o(ON-1),%0en_,(ON-1)} and

(N/2+ €)% + M?

B — Nl (5.38)
ES) = —i(N/24+0-1), (5.39)
~ _(£+N—1+£N72)(£—£N72+1)

R = +N/2) o (540)
-y (N=1)/24+ - 1)((N—1)/2+0)

) — _ CEDIEY, . (5.41)

The ladder relations (5.34)-(5.37) can be proved using
the raising and lowering operators for the parameters of
the Gauss hypergeometric function given in Appendix B.
Below we describe how to express the spinorial Lie deriva-
tive (5.25) of a mode solution 1/15\2‘;3 as a linear combina-
tion of other solutions with the same M.

Case 1: N even (> 2). Using Eq. (3.2) one finds
- —AN=t 0
AN 170:< ’YO )

Let ¥ be the eigenspinor wﬁéi\_z 5> Where ¢ stands for

quantum numbers other than ¢, ¢x_5. Since the partial

derivatives in Eq. (5.25) refer only to the coordinates

{t,0n_1} we want to extract the ¢ and §y_; dependence

from our analytically continued eigenspinors. By com-

bining Eqgs. (4.17), (4.18) and (4.34) we can express the
+.3)

spinors @Z)EWZ in_y5(tn—1) in terms of eigenspinors on

(5.42)



SN2 ( X@N 2(,(QN 2)) as follows:
en(ME) en (04N —2)
V2 V2
y USJQZZN,Q&(LGN—MQN—Q)
D(:"])WZZN_Q&(LQNflaQNfQ)
(5.43)

Ui s Qnoy) =

(+,5) _en(MA) en—1(£en-2)
1/’MMN zo'(t Qn-1) = V2 V2
" <D$%445N_25(t>0N1>QN2)>

Ufz@e tn_ns(BON-1, QN -2)
(5.44)

where
Uq(:sjbgg]viz 5—(t7 0N717 QN*Q)
=¢me(t) (éﬁéwfz(eN—l)X(sgN 25(n-2)

F ity 2 On-1)X s (Dv2)) (5.45)
and ij)w tn_ 5 18 given by an analogous expression with
One(t) — ihare(t). By substituting Egs. (5.43)-(5.45)
into the expression for the spinorial Lie derivative (5.25)

and making use of Eqs. (5.34)-(5.41) we find after a
lengthy calculation

Y F,5 N F,8 N F,s
gg%(\ua) Rg\/IZ)ZN szeJZm + LS\M)zN,Q 1(\42215
+,5
+ CMZKN_Q 5\4[0')’ (546)

where the coefficients on the right-hand side are given by
the following expressions:

N
RS\/M)ZN 2
_ en(Me)en—1(0ln—2) kO R
CN(Mé + 1) CN_1(€ + 1,@]\]_2) 2(6 + %)
(5.47)
_iv &+ 02+ M2
T+
X /(= Ely_a + 1)l +y_z + N — 1),
(5.48)
N
L§\4£)£N 2
() xen(MO) en—1(Ely—s) KRS
Cen(M, L —1) ey 1 (6 —1,0n—2) 2(0 + ML)
(5.49)
N *
— (R 1) (5.50)
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and

M(n_a+ %)

o) .
200+ X2 (0 + §)

Meln_y —

(5.51)

Notice that in the last term of the linear combination in
Eq. (5.46) the spin projection sign is flipped. We have
checked the validity of the above results by using the
de Sitter invariance of the inner product (5.2). More
specifically, we have verified that (oﬁfgwMg,wM x1) +
(Vnme, LEYmer1) = 0. (Some details regarding the
derivation of Eq. (5.46) can be found in Appendix C
along with the N = 2 case.) It is clear from Eq. (5.46)
that our positive frequency solutions transform to other
positive frequency solutions with the same M under the
transformation generated by £. Based on this observa-
tion we can conclude that the vacuum corresponding to
these positive frequency modes is de Sitter invariant (see,
e.g. Refs. [16] and [17]).

Case 2: N odd. Using Eq. (3.4) we find

- 0 -1
()

As in the case with IV even, it is convenient to express the

(5.52)

analytically continued eigenspinors 1/)5\4’“)% L5t QN-1)
(Eq. (4.39)) in terms of eigenspinors on SN2
(¥$), , 5(Qn_2)). By combining Eqgs. (4.35), (4.5) and
(4.6), we can rewrite Eq. (4.39) as

eN(MA) ena(Efn—2) 1
V2 f

% ( (1+Z)¢@€N 2[¢M€+le€ y 20 >
(

—1+d)ithe oy [Drae — ithare] X 25
53

¢§v;é52\,_2 a(tv 6]\7*17 QNfz) =

E\

and
CN(MK) CN_1(€EN_2) 1
i
y (14 d)ithe oy [Drse + itharelX 13 .5
(=14 i)bren_oldrre — itareX SgN o)
(5.54)

WSt st 01, Qo) =

S

Working as in the case with N even, we find after a
lengthy calculation

3 N 3 N .S
Jf w]\:jea) R§\4Z)£N ij\/ql:e—‘zlo' + L§\4Z)£N_2 J(Vfé—)la

(+:5) (5.55)

+ CMMN,Q Mo -

Notice that, unlike the even-dimensional case, the two
spin projections do not mix with each other. As in the
case with NV even, we conclude that the vacuum is de Sit-
ter invariant.



VI. CANONICAL QUANTIZATION

In this section we follow the canonical quantization
procedure and give the mode expansion for the free quan-
tum Dirac field on N-dimensional de Sitter space-time
with (VN — 1)-sphere spatial sections using the analyti-
cally continued spinor modes of ¥|g~. As mentioned ear-
lier, our analytically continued eigenspinors can be used
as the analogs of the flat space-time positive frequency
modes. However, the latter are not the only solutions of
the Dirac equation (1.8) on dSy. New solutions (i.e. the
negative frequency modes) can be obtained by separating
variables. Below we present the negative frequency so-
lutions before proceeding to the canonical quantization.
(Note that the negative frequency solutions can also be
obtained using charge conjugation as demonstrated in
Appendix A.)

A. Negative frequency solutions

Case 1: N even. By making the replacements (4.16) in
the expression for the iterated Dirac operator on SV (4.4)
one finds

1 ~2

cosh? ¢

sinht 5

cosh? ¢

0 N -1 2
[(& + Ttanht)

—M2g0:|:.

}Pi
(6.1)

Then by separating variables (as in Ref. [1]) one finds the
negative frequency solutions

_en(MO) <¢*Me(t)xf},”(ﬂzv1)>
V2 \ivi xS, v
(6.2)

ey (MP) (WTVM( )X zg(QN 1))

Vi, Qnoa)

V(+;) (t, QN—l) —
. V2 \ GaeOx ()
(6.3)
These are normalized using the inner product (5.2) as
VD V)Y = §ywrBss 0000 6.4
( Mo > MZ/J/) 55055000 Og o’ ( . )
and they are orthogonal to the positive frequency solu-
tions, i.e.
(5ti0 Vaien)) = 0. (6.5)
As we can see, the negative frequency modes are given
by the positive frequency solutions (4.17) and (4.18) by
replacing the functions ¢pze(t), ¥are(t) with their com-
plex conjugate functions and by exchanging x+(Q2n_1)
and X+ (Q2n—1). The time derivatives of the spinors (6.2)-
(6.3) reproduce the flat space-time behaviour in the large
¢ limit, i.e. the complex conjugate of Egs. (4.29) and
(4.30).
Case 2: N odd. Working as in the even-dimensional
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case the negative frequency modes are found to be

U Gt

x 52 Q1) + ik (DX (Qn-1))

and they satisfy the conditions (6.4) and (6.5).

Vi (t.Qnoy) =

(6.6)

B. Canonical Quantization

The Lagrangian density for a free spinor field ¥ is

L= \/Tgﬁ(wv# - M)\I/ (6.7)
=g ih0") 5 () (70— MUE),
(6.8)

where we have written out the spinor indices explicitly
in the second line (A4, B,C = 1,...,2[N/2]). The corre-
sponding equation of motion for ¥ is the Dirac equa-
tion (1.8). By the standard canonical quantization pro-
cedure we find

A gt / _ 1 (N-1) _ p\sA

{U(¢,0)", ¥ (t’e)B}_i—g(t,a)a (0 -6
(6.9)

{W(t,0)",0(t,0)°} = {U1(t,0)4, V' (t,0") 5} =0.
(6.10)

The mode expansion for the free Dirac field is

=35 (alied

Lo s,8

G0.0) + 15 VG (1.0)),

(6.11)
where we are summing over all angular momentum quan-
tum numbers and over all the possible spin projections.
(There are [N/2] spin projection indices in total.) Using
the normalization conditions (5.21), (6.4) and the orthog-
onality condition (6. 5) we may express the annihilation

operators, agw’&z and bMZU, as

v(t,0))

aﬁ\zzg - ( ﬁfg(tao)’

= [avguie ot vee @12
and
b = / 6/ —gut(t,0) V{59 (1,9). (6.13)
By combining Egs. (6.12)-(6.13) with the anti-
commutation relations (6.9) and (6.10) we obtain
{ag\jliz’ E\Ze/s /T} - 555’555’555’505 s (6.14)
{b]\f[;o’ bﬁVS[Z’SU’T} = 588 688 6@@’500 y (615)



while all the other anti-commutators are zero. The de Sit-
ter invariant vacuum is defined by

afi 10) = bia 10) =0, (6.16)
for all £, 0, (s,5). Using the mode expansion of the Dirac

field (6.11) we can obtain the mode-sum form for the
Wightman two-point function

W((t.0),(t,6") = (0| ¥(t,O)F(,8)|0)  (6.17)
=33 Ut 00Dt 6).

Lo s,8

(6.18)

The high frequency behaviour of our mode solutions
(4.29)-(4.30) implies that we should adopt the —ie pre-
scription (i.e. the time variable ¢ should be understood to
have an infinitesimal negative imaginary part: t — ¢ — ie,
e > 0).

VII. THE WIGHTMAN TWO-POINT
FUNCTION

In this section we first review the basics about the con-
struction of Dirac spinor Green’s functions on dSy using
intrinsic geometric objects following the work of Miick [4].
(Miick gave the coordinate independent construction of
the spinor Green’s function in terms of intrinsic geomet-
ric objects on maximally symmetric spaces of arbitrary
dimensions using Dirac spinors. An analogous construc-
tion on 4-dimensional maximally symmetric spaces using
two-component spinors was first presented in Ref. [18].)
Then using the mode-sum method (6.18) we obtain a
closed-form expression for the massless spinor Wightman
two-point function on dSy that agrees with the construc-
tion presented in Ref. [4]. Using this massless two-point
function we infer the analytic expression for the spinor
parallel propagator and then obtain the massive spinor
Wightman two-point function in a closed form.

A. The spinor parallel propagator on dSy

Let |¢) be a state invariant under the action
of the de Sitter group. Then two-point functions
(such as (| ¥(z)¥(2')[1)) define maximally symmet-
ric bispinors [12]. These bispinors can be expressed in
terms of the following “preferred geometric objects”: the
geodesic distance (2.11), the unit tangent vectors (2.13)
to the geodesic with endpoints x,z’ and the bispinor of
parallel transport A(z, '), also known as the spinor par-
allel propagator [4, 19, 20]. The spinor parallel propaga-
tor parallel transports a spinor 1 (z’) from z’ to x along
the (shortest) geodesic joining these points, i.e.

Py (@) = Az, 2")A 4 (), (7.1)
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where v (z) is the parallelly transported spinor. The
following relations can be used as the defining properties
of the spinor parallel propagator for arbitrary space-time
dimension [4]:

Az’ x) = [A(z, )], (7.2)
V(@) = Ao 2y (2)g” (2 2)A(w, ), (7.3)
"V, A(z,2") =0,

where the parallel transport equation (7.4) holds along
the geodesic connecting = and z’. Equation (7.3) de-
scribes the parallel transport of gamma matrices. By
contracting Eq. (7.3) with n,(z, 2") and using Egs. (2.18)
and (7.2) we find

[A(SL‘, m/)]_l 7/LA(:L‘,.1‘/) = _7/L/’ (7.5)
where #t = y*(x)n,(z,2') and ' = v (&' )nu(x,2').
Equation (7.5) conveniently describes the parallel trans-
port property of 7. In Appendix E we show that
our result for the spinor parallel propagator (given
by Eq. (7.31)) is consistent with the defining proper-
ties (7.2)-(7.5). On dSy the covariant derivatives of
A(z.x") can be expressed as [4]

VA, o) = — tan(5) ( — m)Aa), (76)

VoA a') = 5 tan(5)A @, )’ —m). (77)

Note that 71> = 1 and (3#)? = 1’, where 1,1’ are the
identity spinor matrices at z and z’, respectively.

B. Constructing spinor Green’s function on dSy
using intrinsic geometric objects

The massive case. The massive spinor Green’s func-
tion Sys(x,2’) on dSy satisfies the inhomogeneous Dirac
equation

SN (z — )

5 .
—g(x) 4

(Y — M)Sn(z,2"))* 4 = (7.8)

The Green’s function Sy (z, 2') can be expressed in terms
of intrinsic geometric objects as follows [4]:

Sy (z,a') = (an (i) + Bar () Az, ),

where ar (@), Bar (1) are scalar functions of the geodesic
distance. By requiring that Sys(z,z’) in Eq. (7.9) sat-
isfies Eq. (7.8) we find the following system of ordinary

(7.9)



differential equations for aps (@), Bar(p):

dOé]V[ N -1 1%

_ Ll - M = 1
d,u D) tan D) (0374 BM 0, (7 0)
d N -1 ol — o’
B + cot & Bar — Many = fa—z) ) (7.11)
dp 2 2 V—g(x)

Using the variable 2z = cos? (1/2) (see Eq. (2.10)) this
system of equations is solved by [4]

|F( +iM)|?

an(z) = —MF(? n 1)(27T)]\,/221\,/2\/E

><F(N iM, N+ZM N+1 2)
(7.12)
and
Bum(z) = 1_Z [\f* N_l]aM(z). (7.13)

dz  2y/z
Using Egs. (7.12) and (B2) we can rewrite Eq. (7.13) as

|F( +iM)|?
Bu(z) = N/2 9N/2
(X 4 1)(2m)N/2 2N/
N _ N N N

(7.14)

(Note that there is a misprint in the corresponding equa-
tion for Ba(z) - equation (29) - in Ref. [4]. Equa-
tion (7.14) of the present paper and equation (29) of
Ref. [4] agree with each other after inserting a miss-
ing prefactor.) The proportionality constant for aps(u)
(and hence for Bpr(p)) has been determined by requir-
ing that the singularity in Eq. (7.12) for g4 — 0 has the
same strength as the singularity of the flat space-time
Green’s function [4]. This ensures that the spinor Green’s
function (7.9) has the desired short-distance behaviour.
(Note that since 9, aps and Sar are known, the only re-
maining step for obtaining an explicit expression for the
two-point function (7.9) is to derive an analytic expres-
sion for the spinor parallel propagator.)

The massless case. Letting M = 0 in Eqgs. (7.12) and
(7.14) we find

ao(z) =0,
I'(N/2) 1
50(2) = 2N/2(27T)N/2 (1 _ Z)(Nfl)/Q’

(7.15)

(7.16)

(2 = cos?(p/2)) where we used Eq. (D30). These are just
the solutions (with the appropriate singularity strength)
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of the decoupled system

dao N — 12
_ = = 1
o 2 tan 5 Q0 0, (7.17)
dBo -1 O(x — ')
cot = fp = —= 7.18
m 2 50 - (7.18)

The massless Green’s function is then given as follows:

So(z,2") = Bo(2)hA(z, z)

T(N/2)
= 5v72(am vz L

(7.19)
— 2)" W=D A (2.
(7.20)

We find that the defining properties of A(z,z’)
(Egs. (7.2)-(7.4)) translate to the following properties for
the massless Green’s function:

[So(z,2")] " Y9h = %%’So(w’,x), (7.21)

[So(z,2")] 7! = Fso(x ,Z), (7.22)
0

(n*V, + N1 cot % )So(z,z") = 0. (7.23)

Note that by combining Egs. (7.21) and (7.22) one ob-
tains

wSo(z, ") = —So(x, 2" ),

which is equivalent to Eq. (7.5).

(7.24)

C. Analytic expressions for the massless and
massive Wightman two-point function and the
spinor parallel propagator

In the massive case the mode-sum approach for the
Wightman function (6.18) leads to complicated series
involving products of hypergeometric functions and it
seems that their corresponding closed-form expressions
do not exist in the literature. Fortunately, the situa-
tion is simpler in the massless case and we can obtain a
closed-form expression for the Wightman two-point func-
tion. This directly results in the knowledge of the spinor
parallel propagator A(z, z") due to Eq. (7.19). The spinor
parallel propagator A(z,2’) in turn can be used to obtain
an analytic expression for the massive spinor Wightman
two-point function via Eq. (7.9).

Below we present the closed-form expression we
have obtained by the mode-sum method for the mass-
less Wightman two-point function in agreement with
Eq. (7.19). We present the details of the lengthy calcula-
tion in Appendix D (as well as the result for the N = 2
case).

Case 1: N even (N > 2). By letting M = 0 in
Egs. (4.17)-(4.18) we obtain the massless positive fre-



quency modes

(2-N)/2
w(()zés (t,Qn-1) = 27%13(15) (X &;(QN 1))
(7

25)

o) = 2o (o 0 )

0t L 3EN-1) = NG 0¢ XS?@U(QNA) .
(7.26)

Now the function describing the time dependence has the

following form:

(tan £)*
1) = ——=— 7.27
d)Of() (COSQ)N 1 ( )
where cos(x/2) is given in Eq. (4.21) and
1 —¢sinh
tan = = Lﬂt (7.28)

2 cosht

Exploiting the rotational symmetry of SV~! we may
let Oy = Oy_5 = ... = 05 = 0] = 0 in the mode-
sum (6 18). After a long calculation we obtain the fol-
lowing 27V/2-dimensional bispinorial matrix:

WO[(ta 0)7 (t,7 0)}

(Bo()t)ler=o exp|

N—
J

At On_1,t _

— ( 5 )’YO’YN 1]
1

GN—j N—j+1_N—j

x [T e[ N,
o

(7.29)

where

tler=o0

= ’yOnO[(tv 0)7 (tlv 0)] + 'VN_l nN-1 [(tv 0)7 (t/a 0)]

(7.30)

(see Egs. (2.26)-(2.27)).
Eq. (7.19) we find

By comparing Eq. (7.29) with

A((4,0),(¢,0)) = exp| (ng ) 0 N1
X Nl:f exp | MA/N—J'HWN—J‘ .
= 2
(7.31)

The biscalar A(t,0ny_1,t) is defined by the following re-
lations:

A wyng +w_n_  wing + weny_1
cosh — = — = - )
2 2isin(u/2) sin (p/2)
LA wyng —w_n_ wWiNN_1 + wang
h* = 7.32
SIS 2isin (p/2) sin(p/2) (7:32)

[(t, 0)7 (t/7 O)]7 nN-1 = anl[(a 0)7 (t/7 O)}

where ng = nog
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and
t—t On_
w1 (t, 9N717 t/) = sinh N2 ! 5 (733)
t+t On_
wo(t,0n_1,t") = cosh + NQ L (7.34)
w (t,0n—1,t") = i[wi(t, ', 0n_1) £ wa(t,On_1,1")],
(7.35)
n+ =ngo + nN—-1. (736)

(This definition of A is motivated naturally in the mode-
sum construction of the massless Wightman function
given in Appendix D.) It is worth mentioning that the
biscalar functions w, and w_ satisfy w,w_ = sin® (11/2),
ie. Bo(p) o (wiw_)~N=1/2 (see Egs. (2.20) and
(7.16)). We have verified that Egs. (7.32) are consistent
with the relation cosh? (\/2) — sinh® (A/2) = 1.

Tt is natural that the spinor parallel propagator (7.31)
is given by a product of N — 1 matrices € Spin(N —1,1);
these correspond to one boost and N — 2 rotations (see
Appendix D).

As mentioned earlier, we do not follow the mode-sum
method for the construction of the massive Wightman
function. A closed-form expression for the latter can
be found using our result for the spinor parallel prop-
agator (7.31). To be specific, by substituting Eq. (7.31)
into Eq. (7.9) one can straightforwardly obtain an ana-
lytic expression for the massive Wightman function (with

= (t,0) and 2’ = (¥, 0)) in terms of intrinsic geometric
objects. In Appendix F we compare the mode-sum form
of the massive Wightman function with timelike sepa-
rated points, = (¢,0) and 2’ = (¢, 0), with the expres-
sion coming from Eq. (7.9) with u = (¢t — ¢'). Based on
this comparison we make a conjecture for the closed-form
expression of a series containing the Gauss hypergeomet-
ric function. Note that a closed-form expression for the
spinor parallel propagator on anti-de Sitter space-time
(along with the construction of the Feynman Green’s
function for the Dirac field according to Eq. (7.9)) can
be found in Ref. [20].

Case 2: N odd. The massless positive frequency solu-
tions (4.39) are given by

9(2-N)/2
V2

Working as in the even-dimensional case we obtain again
Egs. (7.29) and (7.31) (where 7° is given by Eq. (3.4))
and then we can construct the massive two-point function
using Eq. (7.9).

G0 () X3 (Qn ). (7.37)

VIII. SUMMARY AND CONCLUSIONS

In this paper we analytically continued the eigen-
spinors of the Dirac operator on SV to obtain solutions
to the Dirac equation on dSy that serve as analogs of the
positive frequency modes of flat space-time. Our gener-



alised positive frequency solutions were used to define a
vacuum for the free Dirac field. The negative frequency
solutions were also constructed. The de Sitter invariance
of the vacuum was demonstrated by showing that the
positive frequency solutions transform among themselves
under infinitesimal Spin(N,1) transformations.

In order to check the validity of our mode functions,
the Wightman function for massless spinors was calcu-
lated using the mode-sum method and it was expressed
in a form that is in agreement with the construction
in terms of intrinsic geometric objects (u, 1, A) given in
Ref. [4]. An analytic expression for the spinor parallel
propagator was found. This expression was tested using
the defining properties of the spinor parallel propagator
as presented in Ref. [4] (see Appendix E). Note that it
has been checked that the spinor Green’s functions ex-
pressed in terms of y, 7, A have Minkowskian singularity
strength in the limit 4 — 0 [4]. Thus, the conditions for
the unique vacuum [21] are satisfied by the vacuum for
the free massless Dirac field defined in this paper.

Although we did not obtain a closed-form expression
for the massive spinor Wightman function by the mode-
sum method using our analytically continued eigen-
spinors, we constructed it in terms of intrinsic geomet-
ric objects. Since the short-distance behaviour has been
checked in Ref. [4], the requirements for a preferred vac-
uum are again satisfied. The mode-sum method and the
geometric construction of Ref. [4] should give the same
result for the massive Wightman function. This observa-
tion leads to the series conjecture of Appendix F.
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Appendix A: Charge conjugation and negative
frequency solutions

In this Appendix we demonstrate how the negative fre-
quency solutions given by Egs. (6.2)-(6.3) and (6.6) are
constructed by charge conjugating our analytically con-
tinued eigenspinors. First, let us review charge conjuga-
tion for Dirac spinors on dSy and on spheres following
Ref. [22]. For convenience, our discussion will be based
on the unitary matrices By that relate the gamma ma-
trices to their complex conjugate matrices by similarity
transformations, i.e.

(v")" = B4y BL,

—(v")*=B_~4"B~', (Al
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and not in terms of the conventional charge conjugation
matrices Cy that relate v* to (y%)T. These two ways
of defining charge conjugation are equivalent [22]. From
this point we will refer to the matrices B4 as the charge
conjugation matrices. (We should note that the repre-
sentation we use for the gamma matrices (3.2), (3.4) is
different from the one used in Ref. [22]. Also, note that
charge conjugation matrices are defined up to a phase
factor and that vV = —iy?.)

1. Charge conjugation on N-dimensional de Sitter
space-time and on spheres

For convenience, let us work in d = 7 4+ s dimensions,
with 7 € {0,1} being the number of timelike dimensions
and s being the number of spacelike dimensions.

For d even dimensions there are both B, and B_. For
d odd dimensions we can use one of the matrices from
the (d — 1)-dimensional case [22]. (As it will be clear in
the next subsections, one needs to modify the charge con-
jugation matrix on dS;_1 before using it on dSy. This
is not the case in Ref. [22], because a different repre-
sentation for v*’s is used.) More specifically, on odd-
dimensional spaces with Lorentzian (Euclidean) metric
signature there is only By (B-) for [d/2] odd and only
B_ (By) for [d/2] even. (See Refs. [22] and [23] for more
details.)

Let ¥ be a 2l%2_dimensional Dirac spinor transform-
ing under Spin(s, 7). Its charge conjugated spinor is de-
fined with either one of the following two ways:

0O .= BT or U9 = BTlUt (A2)
Suppose now that W, is an eigenspinor of the Dirac op-

erator with eigenvalue k= ., i.e.
(7,8)?

Virels = n?; 2 (A3)

where V(LN—l) = V|4s, is the Dirac operator on dSy

with Hztl,Nfl) = +M and W(07N_1) = Y~7 is the Dirac
operator on SN~1 with HE%’Nil) = 4i(l+ (N - 1)/2).
The charge conjugated counterparts of the eigenspinors
of the Dirac operator are also eigenspinors. This can be
understood as follows: taking the complex conjugate of

Eq. (A3) and using Egs. (A1) and (A2) we find

c «7,C
W('r,s)q/j;r = J'_(K(ir,s)) \I/j:Jra (A4)
C- « 7,0
W(T,s)\l/i = _(K’(iﬂ,-,s)) \I/i ) (AS)
where we also used (¥%)* = BLX®BI'. Tt is clear

from Eqs. (A4)-(A5) that performing charge conjuga-
tion with B_ changes the sign of the mass term on
dSy. Also, Egs. (A4)-(A5) imply the following relations
for the eigenspinors of the Dirac operator on S™ (with



U, = Xgno and I'i(iom) = +i(l, +n/2)):

( (8) )Cf (&) ( (8)

el (3)
Xtt,o X X1e,0 Xifna) MICS X:pseno: (A6)

where n is arbitrary, o stands for angular momentum
quantum numbers other than ¢, and s represents the
[n/2] spin projection indices that correspond to this
eigenspinor. The label 5’ is no necessarily equal to 3.

Below we use the tilde notation for quantities defined
on SN-1,

2. Negative frequency solutions for N even

Case 1: N/2 even. The charge conjugation matrices
By, satisfying Eq. (A1) on dSy, are given by the follow-
ing products of gamma matrices:

(N 4)/4
H ,y4r 4r+1

N/4

= ,_YO H 747“72747”71.
r=1

On the odd-dimensional spatial part SV~! there is only

By = (AT)

(A8)

B_ since [(N —1)/2] is odd. This is given by
(N-4)/4
B, — ,3/1 H ,3/47",3/47"—&-1. (A9)
r=1

For convenience, we choose to define charge conjugation
using By, which preserves the sign of the mass term in
the Dirac equation. Using the representation (3.2) for
the gamma matrices we can express B, as follows:

0 iB_
By = - .
+ <—iB 0 )

The charge conjugated counterparts of the positive fre-

(A10)

quency solutions ¢§\Zé§) (Eq. (4.17)) can be constructed
using Egs. (A6) and (A10). Then we have (omitting the
normalization factors)

) o —opy (O (Qn-1)-
( M{lo (t7QN_1)) ( ) <¢}k\4£< )(X(SZU(QN—I))CL >
N (iw;u( N eB,mN 1>>.
e (OX (1)
(A11)

After normalizing these modes we find the negative fre-
quency solutions (6.3). Similarly, starting from the pos-

itive frequency solutions v} M&, (Eq. (4.18)) we find the
negative frequency modes (6.2).

Case 2: N/2 odd. The charge conjugation matrices on
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dSy are given by

(N-2)/4

B+ — ,_yO,yl H ,y47‘ 4T+1 (A12)
o s

(A13)

H 747”—2747"—1.
r=1

Since [(V — 1)/2] is even, the only charge conjugation
matrix on SN~! is B,. The matrices B_ and B, are
related to each other as follows:

(N=2)/4

~Ar—2x4r—1 0
H (7 O’Y ,?4r2,?47‘1) (A14)

r=1
_(By 0
~\0 By’

In order to construct the negative frequency solutions it is
convenient to use the charge conjugation matrix B_ that
flips the sign of the mass term in the Dirac equation and
the “negative mass” spinors wg’\?w (Eqgs. (4.31)-(4.32)).
Then, by working as in the case with N/2 even, we ob-
tain the negative frequency solutions (6.2)-(6.3) (with

Vird) = 5000 and Vi = (0 ),)90).

B_:

(Al5)

3. Negative frequency solutions for N odd

Case 1: [N/2] even. The only charge conjugation ma-
trix on dSy is B_, which changes the sign of the mass
term of the Dirac equation. It is given by

N-1)/4

(
H 74r72,y4r71.
r=1

Note that this is the matrix (A8) with N — N —1, where
now 4% is given by Eq. (3.4). Then Eq. (A16) may be
expressed in terms of the charge conjugation matrix on
SN-1 as

(A16)

B_ =iyVNB, = B ipV (A17)

By performing charge conjugation for the spinors 1/1( AA/TM;)

(Eq. (4.40)) we find
(57 (8, 1)
=—i[ghne™ (x5 (n )
vt (R @) @)

where Sy_; represents the spin projection indices
SN_1,SN_3,..-, 84,82 on the lower-dimensional spheres
and the charge conjugated counterparts of the “hat-

ted” spinors can be found using Egs. (4.35)-(4.37) and



Eq. (A6). More specifically, by introducing the propor-

tionality constant ¢, such that (X(fé\(’;l))af = cxfé\(';l)
we find

(BEN_1)\C . (Boq)

(REp ) = e, (A19)

By substituting this equation into Eq. (A18) we obtain
the negative frequency solution (6.6).

Case 2: [IN/2] odd. The only charge conjugation ma-
trix on dSy is By. This is given by

(N-3)/4
B+ :70,}/1 H 74r74r+1’
r=1

:703_ =—-B_4"%

(A20)

(A21)

As in the case with [IN/2] even, we introduce the propor-
(51\771))@_ (3n_1)

tionality constant m, such that (x_°,. =mx_,
and we find
o =Fma (A22)

Then we use the matrix (A21) in order to find the charge
conjugate of the spinors wj(\?gv;l) (Eq. (4.39)) and working
as in the previous case we obtain the negative frequency
solution (6.6).

Appendix B: Some raising and lowering operators
for the parameters of the Gauss hypergeometric
function

The Gauss hypergeometric function F(a,b;c;z) satis-
fies [13]

diF(a,b;c;z):a—bF(a-i-l,b—i—l;C-i-l;Z), (B1)
2 c
(zdi +c—1)F(a,b;c;2) = (¢ —1)F(a,b;c — 1; 2),
2
(B2)
d
(> +a)F(a,bic;z) = al(a +1,b;¢;2). (B3)
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By combining Eq. (B3) with the following relation [24]:

(c=b0)F(a+1,b—1;¢2)+ (b—a—1)(1 —2)
X Fla+1,b;¢;2) = (c—a—1)F(a,b;c; 2),

(B4)
we find
d
(a(b O ta(—btat1)z—(—b+a+1)z(l— z)a)
x F(a,b;c;2z) =a(b—c)F(a+1,b— 1;¢; 2).
(B5)

Using Egs. (B1) and (B2) we can show the ladder rela-
tions (5.34) and (5.35), while using Eq. (B5) we can show
the ladder relations (5.36) and (5.37).

Appendix C: Transformation properties of the positive frequency solutions under Spin(N,1)

1. Transformation properties for N > 2; some details for the derivation of Eq. (5.46)

Here, we present some details for the derivation of Eq. (5.46) that expresses the spinorial Lie derivative (5.25) of
the analytically continued eigenspinors (4.17)-(4.18) as a linear combination of solutions of the Dirac equation. The
case with N odd (i.e. Eq. (5.55)) can be proved similarly and its derivation is not presented.
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In order to obtain Eq. (5.46) it is useful to introduce the following relations (where 8 = 0y _1):

Oueld) 00 __ 1 () o ) _ =) ) -
eoatt 10 Vetn-2(0) =gy (T % T = T < T3 )dnan(Ddien a0
M(n— 2+N 2)

200+ J)(e + 252)

&0 (dr1e(t)been_,(0)) + i

wM@( )éé@}vfz(a)v (Cl)

one(0) .- 1 () o ) _ (=) o ) i
_22cosht8m9¢“’“2(9):WNTA)(% Ty =Ty ' xTy )¢M€(t)'¢€€1\/72(6>

L M(n—2+ 552
200+ J)(e + 252)

&0, (drre(t)heey_,(0))

Ut ey, (0), (C2)

gl‘aﬂ(lﬁMg(f)l/;ggN72(9)) + ’L;’Z)é\ii(}fi Sin@(;;ggN72(9) 2(@-}-11\[_1) (Tll(J+) X Té}"‘) _ Té}_) X Tzf")_))1/)M€(t)J)€€N72 (9)
M -
e s o0, 0) (©3)
2
&0, (Wrre®er 2 0) — 122 G005,y (0) = (16 < T — TS T ) are (e 0)
12 Me fZN72 2 cos ht ZZN72 2((4_%) w ¢ »¢) ¢ M¢ ZZN72
M(On_ N=2 ~
- S R w04 (0) (c)
2 2

We can prove relation (C1) as follows: We express Q;MNJ“ on the left-hand side in terms of g?)gngz, doe tn_oa/dON_1
using Eq. (4.14). As for the right-hand side, we expand Téi), T(z(;i) using Egs. (5.34)-(5.37) and then we express ¢pre

in terms of ¢pre, ddare/dt using Eq. (4.24). Then it is straightforward to show that the two sides are equal. Relations
(C2), (C3) and (C4) can be proved in the same way.

Let us now derive Eq. (5.46) for the negative spin projection solution (the positive spin projection case can be
treated in the same way). Substituting Egs. (5.42) and (5.43) into Eq. (5.25) we find

(-5 g'u@,uU](\;)lZNfgﬁ - Qilons}elti/N 1U1(V81)35N 20
$§S¢Mé2N,25 = (C1Cy , (05)

m sind ~N-—17m(3)
§1o DMMN 26 T Tcosnt ) DMMN 2 &

where C; = en(M0)/v/2 and Cy = cy_1(£€n_2)/+/2. Then, using

AV L a(On) = >~<$2N L5 (Qv—2)
(see Eq. (4.37)) and Eq. (5.45), it is straightforward to find
(—,8
g& ,IZ]MZZN 2 T
= C1C;

XSN L5 (81 0u[drredeen o] +i522 drrethegy_,) — ZXHN L5 (81 0u[dreteey_y) — i3Sm0 brredeey )

ix") 2o (6 0ure B0y o) — i55 e netbi ey ) +X5rgN L5 (E10u[nteteen o) + 552 nredeey )
(C6)
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At this point we can use relations (C1)-(C4) to find

s,0,(—:3)
Ze #’MZZN,Q &

=010y
(+)
1 T, " onme (3) = (+ (s) 5 (4) 7
armmy (e ) (o B = 0, 07600
1 T %o\ 1259 ()~ (D a T

Mitx2+ 52) (ivn [0
st T o) o s + 80 ad] ) e

Then using Eqgs. (5.43) and (5.45) as well as the ladder relations (5.34)-(5.37) we obtain Eq. (5.46).

2. Transformation properties for N = 2.

The massive positive frequency solutions (4.17)-(4.18) for N = 2 are given by

ie0) = B () e, (©3)
SURES vl ) B (©9)

where 0 < ¢ =67 < 27 and £ = 0,1, .... By calculating the spinorial Lie derivative with respect to the boost Killing
vector (5.23) we arrive again at Eq. (5.25), where 81#5@) JO0p = +i(L+ %)wﬁe) By expressing cos ¢ and sin ¢ in terms
of exp (Fip) and using the ladder operators (5.34), (5.35) with N = 2 it is straightforward to find

(+) (=)
s (£) _Fk co(ME) k (MO (4 .
$§¢M€ D) o (M, €+1)¢MZ+1 2 (M, 0—1) M -1 (C10)
= — SO+ 1= MY, — S (MY . (C11)

By using Eq. (C11) we have verified that (,,ngwMg, Ware+1) + (wMg,,fgsz ¢+1) = 0, in agreement with the de Sitter
invariance of the inner product (5.2).

Appendix D: Derivation of the massless Wightman two-point function using the mode-sum method

In this Appendix we present the derivation of the massless Wightman two-point function using the mode-sum
method (6.18) for N even. The derivation of the two-point function for N odd has many similarities with the
even-dimensional case and therefore is just briefly discussed. The case with IV = 2 is presented separately at the end.

Let us first introduce the notation and some useful relations used in the calculations. The functions (4.11)-(4.12)
used in the recursive construction of the eigenspinors of the Dirac operator on SV~ (N —r = 1,2,..., N — 2) are
denoted as

7 T(N—r " (N—r
QSZN—TZN—r—l(aN*T) = d)éN,er,T,lv wéN—rfN—r—l(oN*T’) weN 13)N r—1’ (Dl)

with ¢¥ " = cos (Oy_,/2) and §§§ " = sin(8y_,/2) (sce Egs. (D13) and (D14) below). We let Oy_, =
(ON—r,ON_r_1,...,01). The dimension of the Spin(N — 1,1) representation is denoted as D = 2V/2. Also, let
SN—2 represent the spin projection indices (Sy_2,SN—4, ..., S4,52), SN—4a represent (Sy_4,...,S4,52) and so forth.
Similarly, on_, represents the angular momentum quantum numbers ({x_,,{N_r_1,...,f2,¢1) etc. Note that for
Oy_1 =0y_s=...=0] =0 we have

€os [t|g'—o = —sinh tsinh ¢’ + cosht cosht’ cos Oy _1, (D2)
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(see Eq. (2.20)) while the only non-zero (vielbein basis) components of the tangent vector ngler—o (see
Egs. (2.26)—(2.28)) are given by

1
noler—o = Slnﬂ(coshtsinh t' —sinht cosht' cos Oy _1), (D3)
cosht’ | 1
nN-1ler=o = inp sinfy 1 = coshtneNfl“":O' (D4)

(For brevity we will denote nglg:=0, nn—1]¢’=0, and i|er=0 by no,nn_1 and 9 respectively.) Also, notice that
Spin(N — 1, 1) transformation matrices can be expressed as

exp (a X%) = exp (g )y =1 coshg + 7%47 sinh g, (D5)
, b . b ; b
exp (bXF) = exp (5 *49) = 1 cos 5t A*d sin 3 (D6)
(with k # j and k,j = 1,2,..., N — 1) where a,b are the transformation parameters. The corresponding generators
are given by Eq. (3 ) Also many of the followmg calculations involve the variables x = /2 — it, 2/ = w/2 — it’ (see

Eq. (1.6)).
We can now start deriving the massless Wightman two-point function for N even. By expanding the summation
over the spin projections (s = +) Eq. (6.18) becomes

SN—2) +,5N—2 BSN_2 SN —2
Wo((t,0x-1) Yy Y (U605 2 (0 )Pt (,0) + 7 2 (. O 1) Bian” (¢,0)] - (DT)

l=00N_28N—2

Then using Eqgs. (7.25)-(7.26) we find

Wo ((t,0n-1), ( ——’CN _O‘ZZ%Z (t) oo (t’

{=00N-2

DIP ! S (Y S Ol
(sn—2,5N— 4)(0 _ ) (sN—2,8N— 4)(O)T 0 5

Snv_asn_o \Xtbon_» VX ton_o
(D8)

where xiqé\[’,:fj\"“ are the eigenspinors on SV ~!. In order to proceed we need to express the eigenspinors on S™V=7,

with N — r odd, in terms of eigenspinors on SN~"=2. Therefore, using Eqs. (4.34), (4.5) and (4.6) we derive the
following two recursive relations:

CN—r(éN—r éN—r—l) CN—T—l(éN—T‘—l KN—T‘—Q) 1

(=8n-r-3) (g _ _—
Xibn s on oy (ON=r) /2 V2 V2

(N—r—1) (N—r (N—r
(1 +z)¢2N r— 1ZN r— 2[¢ZN er r—1 :t“pEN T‘ZN 7‘—1] s )
X X_SN_T_g o 0 —Tr— ?
1+ ) O=r=1 (N—r) . =(N—r) v-r-2, N’*’B( N-r-2)
_( + Z)wfzvaq IN—r—2 [(ZSZN—T‘ IN—r—1 + Z'l’Z][N—T ZNfrfl]
(D9)
(hin-r—s) (g y_ eN—r(EN—r IN—r-1) CN—r—1({N—r—1 {N—r—2) 1
N ON—r—1 r \/§ \/ﬁ \/E
(N r—1) T(N—7) . 7(N—r)
( L+ Z)i/) —1dN—r—2 [(ZSZN—T‘ IN—r—1 + Z'l’Z][N—T ZNfrfl] (s )
. (N -1) (N—7) T(N—1) X+éVN T, d2,0N r— 3(0N_T'_2)
( 1 + Z)¢ —1 ZN r—2 [QSZN g ZN r—1 :F i/ll}‘eNf'r eN*T’—l]
(D10)

(for 7 odd and N —3 > r > 1). Since 1/)(N i (0) = 0 and qZ)(N v +_._,(0) is non-zero only for {y_, 1 = 0,

rdN—r—1
it is clear from the recursive relations (D9) (DlO) that the only non- vanlshlng terms in Eq. (D8) are the ones with
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In_o=4fNn_3=..=1¥l =1L =0. Thus, only the summation over £5_1 = £ survives in the mode-sum. Substituting
Egs. (D9) and (D10) (with » = 1) into Eq. (D8) one obtains (after some calculations)

CN_ 1(60)‘ ’cN,g(OO) ‘2

Wo((t 0x-1), (t',0)) —]CN \Zasoe )oilt) |75 N

x 3o D (0) [i90 ) On-1) 1 + B0 On-1) V]

FN-2) =)

I ® QN 2 GN-2) ®Ip/a
—o

< Le Y X6 On XS0 0 —_ , (D11)
= 0 X oo (On-a)xy (0

where I is the identity matrix of dimension d. Also, we are going to use the following results:

D¢+ 1)+ N —1)

len—1(¢0)[? ——, (D12)
NSO+ TP
b D (On—1) = &YV (00) cos tL)N‘lF(e +N -1, N2 L gin2 9N2‘1 ), (D13)
~(N—1) (N=1), o £+ (N =1)/2) . On_y N+1 508
Py (On-1) = lid) (€0) =12 sin — Fl+N-1,-¢ 5 s — ), (D14)
where
_ (¢ + M)
(N-1) _ 2
N (00) = AT (D15)

(see Eqs. (4.7) and (4.11)—(4.13)).

We complete the derivation of the massless two-point function in three steps: 1) we calculate the proportionality
constant (and we show that it agrees with the proportionality constant in Eq. (7.20); 2) we obtain a closed-form result
for the infinite sum over ¢ and we determine the dependence on {t,0x_1,t' }; 3) we obtain analytic expressions for
the terms of the two-point function that depend only on the angular variables 5_o,0n_3,...,01. We call the latter
the “angular part” of the two-point function and we denote it as follows:

N2 v
I ® w(()N 2) ¢(N 2) | @lIpsa

(5n—4a) (5n—4) +
X o0 (On—3)X_go ' (0) 0
x |Ia® § ( 00 00 (§n—4) (§N74)(0)‘|‘ : (D16)

Wo(Qy_2) = ]i:f ‘CNJ\/éOO)’_Q

0 X 00 (ON—3)X_|:00

After completing these steps it will be clear that the obtained two-point function is of the form (7.19) (i.e. it agrees
with the construction presented in Ref. [4]).

1. The proportionality constant

The proportionality constant for the massless two-point function arises from the normalization factors in Eq. (D11).
(Note that apart from ¢y (M = 0) and c¢y—_1(€0) there are N — 2 additional normalization factors; one for each lower-
dimensional sphere.) The overall contribution from the normalization factors is given by the following product:

‘CN(]\\ji: 0) ’2 ‘CNEEO) K;Nil)(ZO)‘Q Nl:f ‘CN\}éOO) ‘2 (D17)

:% cN(J\\/%: 0) ‘2 ’cN\lfQ(ZO) H;N_1)(£O)‘2NH2 ‘Mf (D18)
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where c¢1(00) = 1/+/7 is the normalization factor for eigenspinors on S!, while the normalization factors for eigenspinors

on higher-dimensional spheres are given by Eq. (4.7). Using Egs. (D12) and (D15) we observe that
2(N-=1)

s

where (N — 1), =T'(N — 1+ ¢)/T'(N — 1) is the Pochhamer symbol for the rising factorial. Using Eq. (D19) we may
rewrite Eq. (D17) as

‘CN 1(£0) £V (50)‘2= ‘cN,l(oo (D19)

1 Y5 (V-3 (-1,

TIN9QN -2 et |F(¥)|22N—j—2 Vil
['(N/2) (N =1

~ 2N/2 (2m)N/2 T (D20)

where we also used Egs. (4.7), (5.20) and the Legendre duplication formula (5.19). Equation (D20) clearly gives the
desired form for the proportionality constant (see Eq. (7.20)). The ¢-dependence in Eq. (D20) will be discussed later
(it will be used in the summation over ¢).

2. Obtaining a closed-form expression for the series

Using Egs. (D11), (D13), (D14) and (D20) we collect all the ¢-dependent terms of the two-point function. Then
the mode-sum expression (D11) can be written as

L(N/2)

VVO((t7 0N71> (t 0)) W[’LA’YO + B’}/N_l] WO(QN72); (D21)
where
A= cos P (N; D2 gurtyne ) P+ N — 1,6 L2 01 (D22)
£=0 ’
2sm9N1 > N1 i N+1 50N
Jboe ()85, (') F(L+ N = 1, —; ——;sin® =), (D23)
=0
Using Eq. (7.27) for ¢oe(t), ¢5,(t") we find
cos (On—1/2) ¢ N—-1  ,0n
A= Fl+N—-1,-¢ ; D24
(cos(z/2) [cos(a’ /2)]" )N -1 Z L)) Fl+ Th Ty T ) (D24)
2 sin (On_1/2) (N —1), N -1 Y N+1 . ,0n
B = 14 t,t)) F({+ N —1,—¢; ; .
N — 1 (cos(z/2) [cos(z' /2)] )N 1 ; a5 ) Flet ol s =)
(D25)
where
, x 2’1" (1 —isinht)(1 + isinht’)
= tan - - = : D2
plt, 1) = tan 2 [tan 2 ] cosht cosht’ (D26)
Let us first find the infinite sum in A. By using the formula [25]
= (a)x kg a a+1 —4t
— —k icz)=(1—t) F(=, —;¢—— 1 D2
> Pk at kiz) = (1= ) F(5, 5 e ) I < (D27)

k=0
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Eq. (D24) can be written as

cos (On_1/2) N—-1 N N—-1 —4p(tt) 5 9N,1)

A= a2 feos (w21 L~ PO T (= i T (D28)
_ cos (fx—1/2) (L= p(t, )N (L= plt, )2V (D29)
(cos (w/2) [cos (&' /2)] )N =1 [(1 = p(t,t))2 + 4p(t, ') sin® (22521 ]N/2
where we also used
F(a,b;b;2) = a _12)a (D30)

(Note that since |p(t,t')] = 1 the series in Eq. (D24) diverges. Therefore, we make the replacement ¢ — ¢ — ie with
€ > 0 before applying (D27) and then we let € — 0.) By expressing z, 2’ and p(t,t’) in terms of ¢ and ¢’ we can write
Eq. (D29) as
t—t On—
A =isinh 5 cos %(sin2 g)

= iws (t,0n_1,t") (sin? 2) N/Z, (D32)

—N/2 (D31)

(The biscalar function w; is given in Eq. (7.33), while sin? (1/2) can be found by Eq. (D2)).
Let us now find the infinite sum in B. We can rewrite Eq. (D25) as

B 2 sin (On—1/2)
N —1 (cos(x/2) [cos(z’/2)]")N -1
0 N-1
% (’037) Tty )
xi(N Je o' F(l+ N —1, zN;LI bmﬁf\;‘l)), (D33)

where t should be understood as ¢ — ie (¢ > 0) in order to achieve convergence in this series. (We take the limit ¢ — 0
at the end of the calculation.) At this point we use again the formula (D27) and then we introduce the variable

_4[) .9 On—1

X = D34
T=PE sin” —3 (D34)
After some calculations we can rewrite B as follows:
2 sin (On—_1/2) 1+p
N —1(cos(x/2) [cos(z'/2)] )N=1 (1 — p)N
0 N -1 N—-1 N N+1

where we notice the appearance of the raising operator for the first parameter of the hypergeometric function (B3).
Then using Eq. (D30) we obtain

. sin (Oy_1/2) 1+ p(t,t) (= p(t, 1)) (D36)

(cos (z/2) [cos (' /2)]")N=L[(1 — p(t, )2 + 4p(t, t') sin (9’\’ vz (1= p(t )N

After a straightforward calculation Eq. (D36) can be written as
/
B =cosh e sin On-r (sin? E)_N/Q (D37)
2 2 2
= ws(t, O _1,t')(sin? g)—N/Q. (D38)

(The biscalar function ws is given in Eq. (7.34).)
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By combining Eqs. (D32) and (D38), the two-point function (D21) can be written in the following form:

Wol(t,0x1), (#,0)) = —22)_[ 20 4y V1] T (), (D39)

sin (11/2)

where Bo(u) is given by Eq. (7.16). We can simplify this expression by using #° = 1 and observing that

%[7101’)/0 + woyN 7 = (w1 ng + wany_1)1 4 (wo ng + wy ny 1)y ! (D40)
A A
= sing (1 cosh 3 + 424N =1 sinh 5) (D41)
A
= sin g exp (57" ), (D42)

where in the last line we used Eq. (D5). (For the definition of A see Eq. (7.32).) Substituting Eq. (D42) into the
expression (D39) of the two-point function we find

Wo (0 1), (,0)) = foluh exp (577 ) Wo( ).

The bispinor exp (57°vV 1) Wo(Sy_s) is the spinor parallel propagator (see Eq. (7.31)).

3. Determining the “angular part” of the two-point function

In this section of the Appendix we show that the “angular part” WO(Q ~N—2) (which is defined in Eq. (D16)) can be
written as a product of N — 2 rotation matrices € Spin(N — 1,1) (see Eq. (D6)). As is well known, these rotation
matrices can be constructed by exponentiating the generators (3.6).

It is convenient to express the 2/¥/2-dimensional gamma matrices (3.2) using the tensor-product notation as follows:

’}/0 =io? ® Iynyo-1,

[r/2]+1
ny_T = [ ® 0'1] X 0'3 & I[Q(N*?’*T)/z?
i=1
[r/2]4+1
AN=r=1 = | ® o'l ©0® @lhw-s-ns2, rodd, 1<r<N-3,
=1
N/2

71 = ®017 (D43)
i=1

where the Pauli matrices are given by

ol = (g 8) o? = ((1) é) ol = ((1) _01). (D44)

Note that they satisfy o’c? = §7 +4 Yok €7k gk where €% is the totally antisymmetric tensor (the latter equals +1
if (¢,7,k) is an even permutation of (1,2,3) and —1 if it is an odd permutation). The form of the Pauli matrices we
use here is related to their conventional form as follows: o1 = 02,09 = —o', 03 = 03, where lower indices are used
to label the conventional Pauli matrices. For later convenience, consider the rotation generators ¥ ~"+1yN="/2 and
AN=ryN=r=1/9 (r odd) of Spin(N — 1,1) (see Eq. (3.6)). Using Eqgs. (D43) for the gamma matrices the generators
can be written as

1 . . ' _

2,7N—7+1,YN—7 = Ly @ (_%Js) ® 0% @Iyn_s—rms2, rodd, N—3>r>3, (D45)
) .

: Nfr,}/Nf'r‘fl = Ly @ ® (_%Ul) ®lyw—s-rys2, rodd, N—-3>r>1 (D46)
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and the corresponding rotation matrices with parameters 0y _,., 0y _,_1 are respectively found to be

exp [GNQ;T’YNfTH’YNir} = Dypr/2) ® exp[— %03 ® 03] @ Iynv-3-ry2, rodd, N—3>r>3 (D47)
and
exp [%VN_T’YN_TA] =i/ @ exp [I2 ® (—wN%_lol)] ® Iyn-3-ry2, rodd, N—3>r>1. (D48)
Similarly, one can show that
eXp[%lvzvl] =Ty(n—2/2 @ exp (4%03). (D49)

Our goal is to express the “angular part” of the two-point function (D16) as a product consisting of rotation matrices
such as (D47), (D48) and (D49). By using Eq. (D48) we can write the “angular part” (D16) of the two point function

as follows:
xWN=3
I ® - _ , D50
2 ( 0 X-(i-N 3) ( )

where we also used qz(()]g_z) = cos (On_2/2), ~[()](\)[_2) = sin (An—_2/2) (see Egs. (D13)-(D14)) and we defined

(Nr H‘CNJOO’

—~ On_ _ _
Wo(Qy-2) = exp [=527 19V

< | ST ST Gt @y xS (), rodd, N—32>0 >3, (D51)

SN—r—3 SN—r—1

with X(il) = exp [+i601/2]. In order to proceed we use the recursive relations (D9)-(D10) to find the following recursive
relation:

(N—r N—r T(N—r—1 ~“(N—r—1
(N—r) (¢00 (et 7//( )) 0 ¢éo )1 ¢60 )1
T(N-7) (N—r (N—r—1) T(N—r—1
0 (d0 " Figo )L\~ "1 45 1
X(_N—T—Q) 0
X
(N—r-2)
0 X1
exp (£i75) 0 cos PNr=t  gip INore
- ® Iyn—s—ry2
0 exp (Fi 91\’2 o) —sin 9N—2r_1 oS 0N—2r—1
X(_N—T—Q) 0
X , rodd, N—3>r>3, (D52)

(N—r—2)
0o x{

where we expanded the summation over the spin projection index sy_,—1 in Eq. (D51) and we used (58”0) =
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cos (0,,/2), z/;(()%) = sin (0,,/2). Then, by combining Eqs. (D47), (D48) and (D52), we can show that

(N=r)
X2 0 On ON_r—1
]I2[T/2] ® =exp [T_T,YNferl,YNfr] exp [—TT—,YNfr,YNfrfl]
0 X_(FN_T)
X (N-(r+2) 0
X | gierr2)/2) @ , rodd, N-3>r>3.  (D53)
(N—(r+2))
0o x|

We can now sequentially apply the recursive relation (D53) for r = 3,5, ..., N — 3 in the expression for the “angular
part” of the two-point function (D50). It is straightforward to find

—~ On— 1 N— On— o N_ 0 0
Wo(n—2) =exp [%’yN AN=2] exp [%WN ZyN=3] L exp [527372] exp [517271] (D54)
N-1 On .
= [L exp [F572N 77V ), (D55)
j=2

4. Massless Wightman two-point function for N odd

The derivation for N odd shares many similarities with the case with N even. Therefore, we just outline the steps
involved in the calculation.

Substituting the massless positive frequency modes (7.37) into the mode-sum expression (6.18) and working as in
the case with N even it is straightforward to derive Eq. (D21) (where A, B and the proportionality constant are
calculated in the same way as for N even). The “angular part” of the two-point function is given by

N-1 — (3n-3) (5n-3)

—~ cn—(00)—2 V=3 (On _9) xS 0)f 0

Wo@n-2) = | [] ’\}é)‘ o3 (o b ) (D36)
j=2 Sn_3 0 Xioo (ON-2)Xio0 ~(0)

The gamma matrices (3.4) have dimension D = 2[¥/2 and can be expressed in terms of Pauli matrices as follows:

")/O =ig> X ]IQ[N/Q]—I,

’7N71 = o2 ® ]IQ[N/Q]—17

[r/2]+1
AN = | ® o'l ® 0® @ Iyv-a-ry2,
i=1
[r/2]+1
W72 = Q) 0'1®0°@Lyw-i-np, r=odd, 1<r <N -4 (D57)
i=1
(N/2]

= ® ol (D58)
i=1

Then, as in the case with N even, we can obtain Eqgs. (D47), (D48) and (D53) with N - N — 1 and r odd, 1 <r <
N —4. The recursive relation (D53) (with N — N — 1) can be sequentially applied for r = 1,3, ..., N — 4 in Eq. (D56).
Then one obtains the final expression (D54) for the “angular part” .

5. Massless Wightman two-point function on dS>

In this subsection we derive the massless spinor Wightman two-point function on dS: using the mode-sum
method (6.18) and we show that it agrees with Eq. (7.19). The derivation is slightly different but simpler than
the case with N > 2. Note that in this subsection we use the same (bi)scalar functions that we introduced for the
case with N > 2, with Oy_1 — ¢ — ¢’ and 0 < ¢, ¢’ < 27. (See Egs. (7.32)-(7.36).) The geodesic distance and the
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tangent vector components are

cos u = —sinh ¢sinh ¢’ + cosh ¢ cosh ' cos(p — ¢'), (D59)
1
ng = —— (coshtsinh ' — sinh ¢ cosh t’ cos (¢ — ¢')), (D60)
sin p
ny = —— cosh t'sin (¢ — ¢’), (D61)
sin p

where ny = n,/ cosht. (Note that by letting ¢ — ¢’ — 6x_1 in these expressions we obtain Egs. (D3) and (D4). This
makes many steps of the calculation the same as in the case with N > 2.) The massless positive frequency solutions
(7.25)-(7.26) for N = 2 are given by

000 = o (P e, (D2)
(+) _ 1 0 i
o (8 ) = NG (%Z(t)) e Hier1/2)e, (D63)

where ¢oe(t) is given as function of x = /2 — it by Eq. (7.27) (¢ = 0,1,...). After a straightforward calculation the
mode-sum method (6.18) gives the following expression for the Wightman two-point function:

Wol(t, ¢), (', ¢")] = —icos @) [ios @ <J\2+ z\g) : (D64)

where

[e%S) 7 14
My = eile=¢")/2 Z (tan; {tan zg} eii“p“’/))
£=0

. -1
= eFile—¢')/2 (1 - tang [tan 9;,] ei"(‘ﬁ_“"/)> . (D65)

Since ‘tan% [tan %l} eii(“’_w/)‘ =1welett—t—ie(i.e. x = x —¢, where € > 0) in order for the series to converge

and then we let € — 0. By expressing z, z’ in terms of ¢,t’ we can show the following relations:

My = — (D66)
Wx
N sinz(,u/Q)’ (D67)

where in the second line we used the identity wyw_ = sin?(u/2). By substituting Eq. (D67) into the two-point
function (D64) it is straightforward to find

Wal(t ), (¢)] = o0+ wa']. (D63)

By repeating the same calculation that resulted in Eq. (D42) we find

Wol(t, ), (/)] = ol exp (3171, (D69)

where the exponential is the spinor parallel propagator (7.31) for dSs.

Appendix E: Testing our result for the spinor parallel propagator

In this Appendix we show that our result for the spinor parallel propagator (i.e. Eq. (7.31)) satisfies the defining
properties (7.2)— (7.4), as introduced in Ref. [4].
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1. Parallel transport equation

Our result for the spinor parallel propagator (7.31) has to satisfy the parallel transport equation (7.4). Starting
from Eq. (7.4) and expressing the spinor parallel propagator in terms of the massless Wightman function (using
Eq. (7.19)) one can obtain Eq. (7.23). For convenience, we use Eq. (7.23) rather than Eq. (7.4) in order to test the
parallel transport-property of the spinor parallel propagator. Let us express our two-point function in the form (D39).
Since no derivatives act on the “angular part” it is straightforward to write Eq. (7.23) as follows:

N -1
(D(t,HNfl,tl) +

cot %) [sin™V % (—wi(t,0n—1,t")y° + walt,On_1,t") 'yN_l)} =0, (E1)

where the differential operator D(¢,0n_1,t') is defined as

sinh ¢ _
— """ oo (E2)

D(t,0n_1,t') = [n'0; + nO¥-10y,_, —nfN1
(The tangent vectors for 8’ = 0 are given by Egs. (D3)-(D4).) Now our initial problem has reduced to a partial
differential equation involving only the coordinates t,0y_; and #'. This is expected because geodesics on S™V—1!
lie along the line (n_2,...,02,61) = (O _o,....,05,07) = (0,...,0,0). In the rest of this Appendix we implicitly let
6’ = 0 in all relevant quantities unless otherwise stated (and hence n#d,, will stand for [ntd; +n?¥-10y, ,]e'—0). The
parallel transport equation (E1) gives rise to partial differential equations involving just the biscalars wq (¢, 0y _1,t")
and wo(t,0n_1,t") (see Eqs. (7.33)-(7.34)). Below we derive these differential equations. Their validity has been
tested using Mathematica 11.2.

Case 1: N even. Using the expressions for the v%’s (3.2) we find

0 0 w_- O
-1 _ 1 0 0 0 w
——— (—wi(t,0n_1, )" + tON_1, )YV ) = ——— + E3
sinN(u/Z)( wy(t,O0n—1,t") wa(t,On—1,t") ) sinN(u/2) wy 0 0 0 (E3)
0 w_ 0 O
0 W
z(% 01), (B4)

where W, and W represent 2V/2~1-dimensional matrices and their matrix elements can be read from above. Here 0
stands for the matrix having all entries zero. Then Eq. (E1) can be expanded in matrix-component form as follows:

1[n"0, + &=L cot (p/2)] — Anf~-1sinh t 4V -1 0 0 W

0 1[n#0, + Y51 cot (1/2) ] + dnf—1sinh t N1 ) \W2 0

_ (8 8) . (E5)

After a straightforward calculation we obtain the following two equations for the biscalar functions w; and wo:

N -1 " w1 nonv-1 w2
n*d, + cot — = — sinh ¢ ,
"0+ 7 2) S (uf2) 2 sin™ (11/2)
N-1 _pu wo nfn-1 wy
n*o, + cot — =— sinh ¢ . E6
"0+ =3 2) S (u/2) 2 sin™ (11/2) (6)

Then we use Oyt = 1, in order to simplify Egs. (E6). Thus, we obtain the following system of differential equations
for wy and wa:

1 On_1
(n'dy +n¥-109p, Jwy — yun = —ws n sinh ¢,
sin p
1+ cos non-1
(ntd +n¥-19,, Jwy — 7uw2 = —wn sinh ¢, (E7)

2sin p
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where we also used n*n,, = 1, cot (11/2) = (14-cos i)/ sin u. These equations are expressed in a particularly convenient
form since there is a factor of 1/sinpu (which can be cancelled) in each term (see Egs. (2.23) and (D3)). We have
verified that the formulas we have derived for wq, ws (given by Eqgs. (7.33) and (7.34)) satisfy the differential equations
(E7) using Mathematica 11.2. Thus, our result for the spinor parallel propagator (7.31) satisfies the parallel transport
equation (7.4).

Case 2: N odd. Using the gamma matrices (3.4) we find

0 N-1 —iwnl - wel 0_N—1 0
—wiy Fwpy T = A (Z-l 0>- (E8)
11)21 zwll

Then, as in the case with N even, we substitute these into Eq. (E1) and we obtain the system (E7). The latter can
be solved by our results for wy, wy (Egs. (7.33) and (7.34)). Thus, our result for the spinor parallel propagator (7.31)
satisfies the parallel transport equation, as required.

2. Parallel-transport property of 7

In this subsection we show that our result for the spinor parallel propagator (7.31) satisfies Eq. (7.5) describing the
parallel-transport property of 9. Let L and R denote the left- and right-hand sides of Eq. (7.5) respectively, i.e.

L= (M0, (1,0)]) " 1% nalor=o Al(1,6), (1, 0)] (E9)
= —'ya/na/ |9/=07 (EIO)

where the inverse of the spinor parallel propagator can be readily found using Eq. (7.31). The components of 14]g/—o
are given in Eq. (D3), while the components of n,/|g'—o are found to be (see the paragraph below Egs. (2.26)- (2.28))

1
nor|gr—o0 = S (cosht’sinht — sinh ' coshtcosOxn_1),

cosht

n(N_1)1|9/:0 = " sin 0N—1 COS QN_Q,
sin
cosht . .
n(N_Q)'|9/=0 = — S 9N—1 sin 91\/_2 COS 91\/_3,
sin
N—2
cosht .
narler—o = —— (H sinfy_;) cos b,
sin g - -
i=1
N—1
cosht .
nilgr=0 = —— sinOn_;. (E11)
sing o5
1=

We will show that the two sides of Eq. (7.5) are equal by rearranging the terms in L. Substituting Eqgs. (7.30) and
(7.31) into Eq. (E9) we find

L= e 377 .e_GNT_Q“’Nfl'VNfQ6_370”1\[71 (V010 + vV tnn_1]e—o
v 6%707N71 691\7{2 ,YN—IWN—Q.“ 69717271
= 7"n0|g/=0 (67%7271... e*GNT%VN_lVN_Q) eMOVN_l( A A 6%7271) + Ny _1]er=o
X (6—971“1271...e—eNT*?’vN’ZWNJ’)eJFQNT*Q Moy e’\"’%N?l(662%777271\[71"”72 ~~-6071W271)7 (E12)

where we used the fact that if two matrices A, B anti-commute exp (—A)B = Bexp (A). Our goal is to express L as
a sum of N terms, where each term will be of the form: v®x (scalar) like Eq. (E10). In order to simplify Eq. (E12)
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we use exp (AyyN 1) = 1cosh A +4%yN =1 sinh A and find

L =[ngcosh A — ny_q sinh )\]9/:070 + [—nosinh A + ny_1 cosh )\]g/zo'nyl
[ ON—3 N-2_ N-3 N—-1_N-— ON—3 N-2_ N-3 4
X (6771’Y271 e 3')e(”v—” A (emz 7 A ...67172“’1). (E13)

Similarly, by expanding exp (0y_27V 19V ~2) (and then all the other exponentials of the form exp (8;49749) that

will appear, with j = N —3,...,2,1) we find

L = [ngcosh A — ny_1 sinh /\}9/:070 — [-ngsinh A + ny_1 cosh AJg:—o
cosht | _ B B
x ( snp S0 On—1) v YN T ey N TP+ 4 e + ey er—o, (E14)

where we also used Eq. (E11). We have verified using Mathematica 11.2 that

[ng cosh A — npy_1 sinh AJg:—g = —ng/, (E15)
ht
[—ngsinh A 4+ ny_1 cosh N|gr—g = Cs(i)rslu sinfn_1, (E16)

where cosh A and sinh A can be found by Egs. (7.32). By substituting these formulas into Eq. (E14) we find that
L = R, i.e. our expression for the spinor parallel propagator (7.31) satisfies Eq. (7.5).

3. The inverse of the spinor parallel propagator

Finally, we show that our result for the spinor parallel propagator (7.31) satisfies the defining property given by
Eq. (7.2). First, let us derive an expression for the two-point function with interchanged points, i.e. Wy(z',z) =
Wol[(¥,0), (t,0)]. This can be found by the following relation:

WO(,I,,.’,E) = _’YOWO(Iax/)TVO7 (E17)

(see Eq. (6.18)). Combining this equation with Eq. (7.29) and using #t' = 7%%~° and 7°A(z,2")170 = —[A(z, ')~
(this can be verified using Eq. (7.31)) we find

Wol(#.0). (.8)] = ~6o(1n) (AL(£.0). (2. 0)]) " lor—o (E15)
= (i) oo (A[(4,0). (,0)]) (19)

where in the last line we used Eq. (7.5). Equation (7.19) implies that the massless spinor Green’s function with

interchanged points, = <> 2/, has the following form: So(z',x) = Bo(u)#t’ A(2’,z). Thus, we conclude that our
-1
expression for the spinor parallel propagator satisfies: (A[(t, 0),(t, 0)]) = A[(¢',0), (t,0)] in agreement with the

defining property (7.2).

Appendix F: A conjecture for the closed-form expression of a series containing the Gauss hypergeometric
function

In Sec. VIIC and in Appendix D we showed that the mode-sum approach (6.18) for the massless Wightman two-
point function reproduces the result of Ref. [4] (i.e. Eq. (7.19)). Motivated by this result, we compare the mode-sum
method for the massive Wightman two-point function (6.18) with Eq. (7.9) and we make a conjecture regarding
the closed-form expression of a series containing the Gauss hypergeometric function for N even. For simplicity, we
specialize to timelike separated points with @ = 68’ = 0. For brevity, we represent the Gauss hypergeometric function
as follows:

F(a’b)(z) = F(a,b;c; 2). (F1)

We first present our conjecture and then we give some details for the reasoning for this conjecture.
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The conjecture is

(a,b) 9 = (a)e (N — 1) scosh® ¢t (atto+0) L —isinhty _aippye), 1 —isinht
F(CH) COSh ZZ: c)e(c + 1 Y] ( 4 ) F(CM) ( 9 ) (c+1+0) ( 9 )7 (F2)
where
N N N
= — ) = — — ) = —. F

a= +iM, b 5 iM, ¢ 5 (F3)

By introducing the variable w = (1 — isinh¢)/2 we may rewrite the conjecture as follows:
plab) (dw(1 — - i a)e (N —1), (w(1 - ))ZF(a+£,b+Z)< )F(a+e b+Z)( ) (F4)

(c+n) A3 B c)e c+ 1 £ v v (ct6) (c+1+0) W)

Z:O

where 4w(1 — w) = 4|w|? = cosh?¢. The time variable should be understood as t — ie with € > 0 (see the paragraph
below Eq. (6.18)). This way, the branch cut of the hypergeometric function F(A, B;C; X) along the real axis for
X > 1 is avoided.

Below we describe the calculations that lead to the conjecture (F2). For later convenience let Cp; be the propor-
tionality constant of the two-point function that appears in Eq. (7.9), i.e

|F( +iM)|?

= . F5
M P& 1) (am)N2 ()
For § = 6’ =0 Eq. (7.9) gives the following expression for the two-point function:

where = i(t —t'), 1p = i7® and A = 1. The first term in Eq. (F6) is diagonal while the second is off-diagonal. On
the other hand, the mode-sum (6.18) for massive spinors gives the following expression:

) en (MO) 2 ine(t) V(') —Onre(t) Pl (t)
Warl(t,0), (,0)] = > |~ ® (X—m (0)X—em (0))
" %‘ el () — s (D)t e

—ipare(O)03se(t) —Urre(®Vize(t)
+ ® (Crom(0)x+0m (0)1)]. (F7)
—Pre()Pare (') idnre(t) i (t)

where the functions ¢y and ¥y, are given by Egs. (4.19) and (4.20) and m stands for the angular momentum
quantum numbers and spin projection indices on the lower-dimensional spheres. Using relations (D20) and (D53) the
two-point function (F7) can be written as

Warl(1,0), (¢, 0)] =CuT(5r(y +1)

N (N — 1) [ (5 +iM)g 2 , N
2 ‘ 13(% vy ‘ [Mg(t,t )1+ No(t, t )WO}, (F8)
where Mp(t,t"), No(t,t') are given by
My(t,t") = =i( = pare(t) s (') + Vrre(t)dise(t)), (F9)

Ne(t,t') = Onre(t)Phre(t') + Yare(t)hase(t)- (F10)
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By equating Eqs. (F6) and (F8) we find the following conjectured equalities:

(N = 1)y (5 +iM)e 2 o an(t—t)
; i L5 +0) | ot = CuT(5T(5 +1) (F11)
N (N = 1) | (5 +iM) 2 o Bt — 1)
; ! ‘ F(% +9) ‘ Ne(t,1') = CMF(%)F(% + 1)’ (F12)

where the first relation is obtained by comparing the diagonal parts of Egs. (F6) and (F8), while the second is
obtained by comparing the off-diagonal parts. Equations (F11) and (F12) are the most general series conjectures we
can find for the time-like case with u = (¢t — ¢'). (We have checked that these conjectures are true for t' = in/2
with ¢},,(t" = im/2) = dg0 and ¢}, (' = im/2) = 0.) By substituting Egs. (4.19), (4.20) and (7.12) into Eq. (F11)

and letting ¢ = —t we find our conjecture (F4). We also made use of the following relation: cos(z/2) [sin(z'/2)]
(see Egs. (4.21)-(4.22)).

*

L(cosh 55 + isinh B8 = [sin(z/2) [cos(z'/2)]"]

*

In this Appendix, we made a series conjecture by letting ¢ = —t in Eq. (F11). One can make additional series
conjectures from Egs. (F11) and (F12) by giving various values to ' (or t) or by just leaving it arbitrary.
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