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Abstract

Cluster structures have been established on numerous algebraic varieties. These lec-
tures focus on the Grassmannian variety and explain the cluster structures on it. The
tools include dimer models on surfaces, associated algebras, and the study of associ-
ated module categories.

Keywords Cluster algebras - Cluster categories - Grassmannians - Frieze patterns -
Dimer models - Root systems

Mathematics Subject Classification 13F60 - 16G50 - 82B20 - 14M15

Introduction

These notes are from a course taught at a CIMPA school in Isfahan in April 2019.
The Grassmannian of k-subspaces in an n-dimensional space is a classical object in
algebraic geometry. It has been studied a lot in recent years. This is partly due to the
fact that its coordinate ring is a cluster algebra: In her work [32], Scott proved that the
homogenous coordinate ring of the affine cone over the Grassmannian has a cluster
algebra structure. She used certain Postnikov diagrams in the disk to exhibit clusters
for this. The connection to the combinatorics of Postnikov diagrams has sparked a
lot of interest. In their work [21] on partial flag varieties and preprojective algebras,
the authors equip the coordinate ring of an affine open cell in the Grassmannian with
the structure of a cluster category. Jensen, King, and Su introduced the Grassmannian
cluster categories F , in [25] (see Section 2.2), thus giving a categorification of
Scott’s cluster algebra structure of the homogenous coordinate ring. They provide a
bijection between reachable indecomposable objects of Fi , and cluster variables in
the associated cluster algebra. This correspondence has provided new understanding
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in both directions. In the finite types, both the cluster algebra and the cluster category
are determined. However, in general, the categories F; , are of infinite type and so
far not well understood. In these lectures, we recall the cluster algebras and cluster
categories of the Grassmannian and some of the key ingredients for studying them.

1 Grassmannians

In this section, we recall the main notions and tools needed to study them. We start
with the definition of the Grassmannian, Sect. 1.1. Then, we explain how Gr(2, n)
can be equipped with the structure of a cluster algebra, Sect. 1.2. This is one of the
first examples of a cluster algebra. Since it is related with triangulations of polygons,
we then explain how to obtain a quiver (oriented graph) from a triangulation of a
surface, Sect. 1.3. In the last two parts, Sects. 1.4 and 1.5, we recall Scott’s theorem
on the cluster algebra structure for arbitrary Grassmannians and describe the quiver
of a Postnikov diagram. A key reference for several parts is Section 9 in Marsh’s book
on cluster algebras, [27].

1.1 The Grassmannian as a Projective Variety

We first recall the exterior algebra and the definition of Pliicker coordinates, which we
can use to describe an embedding of the Grassmannian into projective space.

Let V := C", the tensor algebra is definedas T(V) = C& VO (VR V)® (VEH @
..., and the exterior algebra is the quotient:

A(V)=TV)/J,

where J is the ideal of T' (V) generated by {x ® x | x € V}. We write the product in
A(V)as (x,y) — x A y. The elements of A(V) are called alternating tensors.

Lemma 1.1 Forallx,y € V,we havex Ny = —y A X.
Exercise 1.2 Prove Lemma 1.1

The kth exterior power AX(V) is the subspace of A (V) spanned by the products
VIAVLA---AV, v € VVi:

A(V) =P Aafv)
k=0

(this is a finite sum since dim V < o0). Let ¢y, ..., ¢, be the natural basis of V,
(ei)j = 6;j. Then, the ¢;; A --- Ae; with1 < iy < --- < iy < n form a basis of
AK(V) (note that dim AF(V) = (})).

For x € AX(V), we write Di;
basis: x = )
A¥(V) = C.

....ip (x) for the coefficient of x in terms of this
i€y N -+ A e Inparticular, the p;, . ; are linear maps

yeuey

i1 <--<iy Pit....,
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An element x € AF (V) is decomposable or pure if x = v; A --- A vx Where
{v1, ..., vr}is a linearly independent set of vectors in V.

Exercise 1.3 Check that the vectors vy, ..., v; are linearly dependent if and only if
v A Av =0.

Let vy, ..., vt be linearly independent vectors, k < n. We can use them to form a
k x n matrix M = (M;;);; of rank k where M;; = (v;), taking the v; as Tows.

We use the following notation for the minor of M of rows ay, ..., a, and columns
by,...,b. (forl <r <k):

.....

Lemma 1.4 Letx = vi A--- Avg € AX(V) be decomposable, M as above. Then, we
have:

Exercise 1.5 Prove Lemma 1.4. Hint: use the expansion of the v; interms of ey, . . ., e,.

We are now ready to describe the Grassmannian, by defining it first as a set and
then as a projective variety. Let 1 < k < n. The Grassmannian Gr(k, n) is the set of
k-dimensional subspaces of V = C". Take U € Gr(k, n) and {vy, ..., vt} a basis of
U. Consider:

w:=v1A~-~Avk€Ak(V)

(since the v;s are linearly independent, w # 0, a decomposable alternating tensor).

Note that w does not depend on the choice of basis, up to multiplication by a non-
zero scalar. If we associate with w all the coefficients p;, ., (w), we get a well-defined
element (p;,.....i (W), <...<i, of the projective space PV for N = (}) — 1. This gives
us a map:

¢ : Gr(k,n) > PV,

The p;,,...;, are called the Pliicker coordinates. Note that in the definition of ¢, we
have chosen the indices to be strictly increasing.

We want to describe the image of ¢. For this, we extend the definition of the p;, .. ;,
to arbitrary (multi-) sets {i1, ..., it} withi; € [n] = {1,..., n} by setting p;; .. ; =0
if there are r # s, such that i, = iy and by setting p;,, . ;, = sgn(mw)pj,, ... j, in case

the iy, ..., ig are distinct, {iy, ..., ik} = {j1,..., g} With1 < j; < --- < jr <n
and  is the permutation with 7 (ix) = ji for all k. With this notation, we can describe
the relations that the image of Gr(k, n) under ¢ will satisfy.

The Pliicker relations for Gr(k, n) are the relations:

k
D Piric i Py i (L.1)
r=0
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where the sum is taken over all tuples (i, ..., ix—1), (Jo, - - ., jx) satisfying 1 <ij <
c<ip—1<nand1 < jo<--- < jr <n.

Exercise 1.6 Write the Pliicker relations for Gr(2, 5).

Facts 1. x € AF (V) is decomposable <=, the Pliicker relations on x are 0;

2. The image img C P are the elements of PV for which the Pliicker relations are

0;

¢ : Gr(k,n) > P¥ is injective. It is called the Pliicker embedding;

4. img is an irreducible projective variety, so Gr(k, n) is an irreducible projective
variety.

(O8]

For the proofs: (2) follows from (1) and from the definition of ¢. For (1)-(3): [24,
Section 3.4] for (2),(3) [29, Section 14], for (4) W. Fulton, 1997, [19, Sections 8, and
9.]

Example 1.7 For Gr(2, 4), there is a single Pliicker relation:

P12P34 — P13P24 + P14p23.

Remark 1.8 Let Y C IP” be a projective variety, R := C[xg, x1, .. ., x,] a graded ring,
each x; of degree 1. The homogenous ideal J(Y) of Y is the ideal of R generated
by the homogenous elements of R which vanish on Y. The homogenous coordinate
ring of Y is C[Y] := R/J(Y). There is a natural projection:

pr:C N0} > P, (ao,...,ar) > [ag: ... a].
The affine cone C(Y) over Y is the preimage of Y under pr:
C(Y) :=pr ' (Y)U {0}
One can show that C(Y) is an affine variety whose ideal is J (Y) regarded as an ideal
of R without the grading; the coordinate ring of C (Y') coincides with the homogenous
coordinate ring of Y, [23, Exercise 2.10]. From the facts above, we get that the affine
cone of Gr(k, n) can be identified with the decomposable elements of A¥(V) together
with 0. And the coordinate ring of the affine cone of C[Gr(k, n)] is the quotient of

the polynomial ring in generators x;,, . ; with 1 < iy < --- < iy < n by the ideal
generated by the Pliicker relations. For details: [23, Section 2]

1.2 Cluster Algebra Structure for Gr(2, n)
As the first case to study, we fix k = 2, where we can describe the Pliicker relations

more easily. This is a very classical case; it can be described using Ptolemy relations
as we will see. Therefore, let k = 2. Then, the Pliicker relations are:

Di,joPji,j» = Pi,j1 Pjo.ja + Pi,j2 Pjo,j1>
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where 1 <i <n,1 < jy < ji; < j» < n. We can rewrite these as:
PabPecd — PacPbd + PaaPve foralla,b,c,dwithl <a <b<c<d <n.(l2)

Exercise 1.9 Check the above.
Using this and the facts from above, we get the following result:

Lemma 1.10 The homogenous coordinate ring of Gr(2, n) is the quotient of the poly-
nomial ring in variables pup, 1 < a < b < n, subject to the relations:

PabPed — PacPbd + Pad Pbe forall l<a<b<c<d<n.

Remark 1.11 In this case, the Pliicker coordinates can be parametrized by the diag-
onal and edges of a regular polygon P, with vertices 1,2, ...,n, say clockwise:
the coordinate p,p, a < b, corresponds to the diagonal or boundary edge connect-
ing a and b. We can then interpret the relations (1.2) as “Ptolemy relations”, e.g.,
P14P26 = P12P46 + P16P24 in the example (n = 6):

Dis
D56 g P12
P46
D4s D23
P34

1.3 The Quiver of a Triangulation of a Surface

We have seen that triangulations of convex polygons are important for the cluster
algebra structure of Gr(2, n). More generally, triangulations of surfaces give rise to
cluster algebras and to cluster categories. An important notion is the quiver of such a
triangulation. We explain here what we mean by a triangulation of a surface and how
to find its quiver. The main reference for this part is [18].

Let S be a connected, oriented surface with boundary. Let M # (J be a finite set
of marked points in S. The points of M are on the boundary or in the interior of S.
Assume that M contains at least one marked point on each boundary component and
that (S, M) is not one of the following:

sphere with 1, 2 or 3 interior points
monogon with 0 or 1 interior points

digon or triangle with no interior points.
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We now restrict to the case where (S, M) has no punctures. Consider simple non-
contractible arcs in (S, M), with endpoints in M (up to isotopy fixing endpoints). An
ideal triangulation of (S, M) is a maximal collection of (isotopy classes of) such
arcs which pairwise do not cross. Let T’ be an ideal triangulation of (S, M). Then, we
associate with T a quiver Qr as follows.

The vertices of Q7 are the arcs of T and the boundary segments. We draw an arrow
i — jifi and j are arcs of a common triangle of 7 and j is clockwise from i (around
a common endpoint) and if i and j are not both boundary segments. In the example,
the quiver of a triangulation of a hexagon is drawn.

If T is a triangulation of a polygon P,, like below, there are n boundary edges
(i,i + 1). By definition of Q7, there are no arrows between these. We will later
consider quiver with arrows between vertices on the boundary.

5 6 56
45 16
4 1 14
34 12
3 2 23
In these lectures, the surface is always a regular polygon P, and M = {1, 2, ...,n}

the set of vertices of P,. Therefore, for O, the vertices are just the diagonals of
the triangulation and the boundary edges of the polygon (sometimes called “frozen
vertices”).

Theorem 1.12 [20, Proposition 12.6] Let n > 5. Let P, be a convex n-gon. The
homogenous coordinate ring C[Gr(2, n)] of 2-planes in n-space is a cluster algebra:
(pap | 1 < a < b < n)/{Ptolemy relations} ® C = C[Gr(2, n)].

The cluster variables are the Pliicker coordinates p,p, where the (a, b) are the diag-
onals in P, and the coefficients are the Pliicker coordinates p12, p23, ..., Pn—1.n> Pln
(corresponding to the boundary edges of Py).

The seeds are in bijection with the triangulations of P,. The quiver of the seed is
Q7. Cluster mutation corresponds to the quadrilateral flip in a triangulation (and to
the Ptolemy relations (1.2)

By the above result, C[Gr(2, n)] can be regarded as a cluster algebra of type A,_3
with coefficients (cf. [27, Ex 8.2.3]). It is sometimes called Ptolemy cluster algebra.

Exercise 1.13 Find Q7 for the triangulation T given by the diagonals (13), (35), (36),
(16), (17) of an octagon.
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7 8
6N1
5 2

4 3

1.4 Cluster Algebra Structure for Gr(k, n)

In this part, we recall how the Grassmannian Gr(k, n) can be equipped with a cluster
algebra structure. We will assume from now on that £ < % as there is a canonical
isomorphism Gr(k, n) = Gr(n — k, n). To find a cluster algebra structure for arbitrary
k, we will use the notion of a “strand diagram in a disk with n marked points” instead
of a triangulation of a polygon. We write S, for the set of permutations of n. We write
D,, for a disk with n marked points {1, 2, ..., n} on the boundary (going clockwise).

The following definition is due to Postnikov [31].

Definition 1.14 Let 0 € S, be a permutation. An alternating strand diagram or
Postnikov diagram of type o € S, in the disk D,, with vertices 1, . .., nis acollection
of n oriented strands (smooth curves) y1, .. ., ¥, (up to isotopy) in D,, with y; starting
and i and ending at o (i) satisfying:

(a) The y; have no self-intersections;

(b) There are finitely many intersections and they are transversal, of multiplicity 2;

(c) Crossings alternate (following any strand, the strands crossing it alternate between
crossing from the left and crossing from the right);

(d) There are no “unoriented lenses”: if two strands cross, they form an oriented disk.

For an illustration, we refer to Fig. 2. Postnikov diagrams can be simplified under two
types of reductions as in Fig. 1, also called twisting and untwisting moves. The moves
obtained by reflecting the diagrams of Fig. 1 in a horizontal line are also allowed. A
Postnikov diagram is called reduced if it cannot be simplified with untwisting moves.

Remark 1.15 The conditions can be relaxed, i.e., if the surface has interior marked
points or if it has several boundary components (like an annulus). Conditions (a) and
(d) will no longer hold then. Strand diagrams appear as “webs” in [22]. Strand diagrams
for orbifolds are introduced in [10].

Any Postnikov diagram divides the surface into alternating and oriented regions.
We label the alternating regions by i whenever y; is on the right of the region.
Let ok, € Sy, be the permutation i — i 4 k (reducing modulo n).

Proposition 1.16 [31, Proposition 5]
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Fig. 1 Untwisting and twisting moves in a Postnikov diagram

Fig.2 A 03 7 Postnikov diagram
with its labels

(a) Any oy p-diagram in Dy, has k(n — k) + 1 alternating regions, (k—1)(n —k —1)
internal ones, n on the boundary.

(b) Each label is a k-subset of [n].

(c) Every k-subset of [n] appears as a label in a oy ,-diagram on D,,.

Note that if 0 = oy ,, the n boundary alternating regions in (a) above have the
labels [1, k], [2, k + 1], ..., [n, n + k] (reducing modulo n), see Fig. 2.

Example 1.17 Figure 2 shows an example of a Postnikov diagram of type 03 7 in D7.

1.5 The Quiver of a Postnikov Diagram

Postnikov diagrams of type oy , are instrumental in the cluster algebra structure of the
Grassmannian. Each such diagram gives rise to a cluster, and the quiver of the latter
determines the entire cluster algebra. We now recall how this quiver arises from the
Postnikov diagram.
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Fig.3 Orientation convention A ) ' K
for the quiver Q(D), on the right % 2 \F* 2
for the boundary oLt AR
e — o o —o—— o
7’ Y
¥ N

Fig.4 The quiver of the
Postnikov diagram in Fig. 2

: 567<—\}\
S D
/

A5G —— 156 -

\ //157

6 145 — 147 <—\

345 “ 245 — 124 /
‘\ 3

) 123
234 \_o/'
4

Let D be a oy ,-diagram. Each label of D gives a Pliicker coordinate, so we can
associated with D a collection of Pliicker coordinates, D — p(D) = p(D) UC
where C are the Pliicker coordinates of the boundary alternating regions, i.e., the
Di.i+1....i+k—1 fori =1,..., n. With this, we can associate a quiver Q(D) to D.

This is similar to quiver of a triangulation (use remark on bijection 1.21). The
boundary convention is, however, different as we will see.

Definition 1.18 Let D be a Postnikov diagram. The quiver Q (D) of D has as vertices
the k-subsets of D. Its frozen vertices are the k-subsets of the boundary alternating
regions of D. The arrows of Q(D) are given by the “flow”: whenever two k-subsets
are separated by only two crossing strands, there is an arrow between them, following
the orientation of the strands, see Fig. 3. At the end, we remove all 2-cycles that may
have appeared through this.

Example 1.19 The quiver of the Postnikov diagram from Example 1.17 is in Fig. 4.

Note that the quiver of a Postnikov diagram contains arrows between boundary
vertices, unlike the quiver of a triangulation.

Definition 1.20 To any Postnikov diagram D of type o ,, one can define a cluster
algebra: the initial seed is given by the set {x;} ;¢ 5(p) and the quiver Q (D). The cluster
algebra A(D) := A({x1}1e3py, Q(D)) is the C-subalgebra of C((x;);) generated
by the x; with I € C and by the x;, I € p(D), and all elements obtained from the
latter under arbitrary sequences of mutations.
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Fig.5 Modified version of Scott’s construction. The dotted lines indicate boundary edges

Each oy ,-diagram gives rise to a seed in .A(D). Scott proves [32, Theorem 3] that
there is an isomorphism ¢ : A(D) AN C[Gr(k, n)] sending x; to p; for any k-subset
I € p(D). In other words, C[Gr(k, n)] can be viewed as a cluster algebra where each
Pliicker coordinate is a cluster variable and where the oy ,-diagrams give some of its
seeds.

Note that here we do not invert coefficients (see [27, Section 9]). If we invert the
coefficients, the cluster algebra is the coordinate ring of the Zariski-open subset of
the Grassmannian defined by non-vanishing of the coefficients pj
Pnl,..k—1-

Remark 1.21 (Scott map) Let k = 2 and n > 4. Then, there is a bijection between:

. . 1:1 .
{Triangulations of a convex n-gon} <— {reducedo ,-diagrams}

arising from equipping each triangle in the triangulation with strand segments, as
shown in Fig. 5, with a slight modification of Scott’s definition from [32, Section 3]
in order for strands to end at the boundary vertices.

Exercise 1.22 Draw the o 7-diagram D for the triangulation 7' from Exercise 1.13.
Compare the two quivers Q7 and Q(D).

Remark 1.23 A correspondence as the one given by Scott, see Remark 1.21, is not
known for arbitrary k. The only other cases where a combinatorial construction is
known are oy, diagrams for n = 2m and k = m — 1; these arise from rhombic tilings

[8].

By Remark 1.21, for k = 2, the 03 ,-diagrams correspond to triangulations of poly-
gons and thus in this case, the Postnikov diagrams give all the seeds (Theorem 1.12). If
D is 03 -diagram for n € {6, 7, 8}, then the cluster algebra A(D) of any o3 ,,-diagram
is of finite type, i.e., there are only finitely many cluster variables. However, not all
seeds A(D) arise from o3 ,-diagrams.

In all other cases (with k < %), the cluster algebra .A(D) has infinitely many cluster
variables.

2 Dimer Models on Surfaces and Associated Algebras

By definition, the quiver of a oy ,-diagram is embedded in a disk. It has faces which
are all oriented. This is the motivating example of dimer model with boundary, as we
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will see in Sect. 2.1. Any such dimer model gives rise to an algebra with relations
which is strongly linked to a cluster-tilting object in the category Fi ,, Sect. 2.2.

2.1 Dimer Models with Boundary

Here, we recall the notion of a dimer model with boundary, one of the key tools for the
endomorphism ring result in [7]. While we will only use the special cases of dimers
from oy ,-diagrams, these quivers now appear much more widely.

Definition 2.1 1. A dimer model (with boundary) is a finite quiver Q that embeds
into a surface S, such that each connected component of S\ Q is simply connected
and bounded by an oriented cycle.

2. The cycles bounding the connected components of S\ Q are called the unit cycles.
The arrows of Q are internal if they are contained in two faces and boundary
if they are contained in one face. The vertices incident with boundary arrows are
called boundary vertices.

In the case without boundary, the dimer model has been studied by various authors,
e.g., [9,11,14]. The boundary convention has also been used independently in [6,15,
17].

Example 2.2 The following quiver is an example of a dimer model with boundary, on
a disk with 6 boundary vertices.

Example 2.3 (a) The quiver of any Postnikov diagram is a dimer model in the disk.

(b) Let T be a triangulation of a polygon P,. If we complete the quiver Q7 by
n — 2 clockwise and 2 anticlockwise arrows between the boundary vertices to close
all the cycles involving boundary vertices, we get a dimer model in P,. We denote the
resulting quiver by Q(T).

\
4
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Exercise 2.4 Find a triangulation 7', such that Q(T') as defined in Example 2.3 (b) is
the dimer of Example 2.2.

2.2 Algebras Associated with Dimer Models

We now want to associate algebras to dimer models. Most of the background for this
section can be found in [7] and [25]. To be able to define these algebras, we first
describe relations on paths which are inherited from the structure of the dimer model
as a quiver with faces. If « is an internal arrow of a dimer model with boundary, then
there are exactly two paths o™ back from its head to its tail. For example, in the dimer
model from Example 2.3 (b), for the arrow « : 14 — 15, the two paths back are pg{L :
(15 - 45)0(45 — 14)and p, is (15 — 16) o (16 — 12) o (12 — 13) 0 (13 — 14),
composing arrows left to right:

56

45 15 16

14

Y.

RS
—_
[\S}

34 1

23

Definition 2.5 Let Q be a dimer model with boundary. The dimer algebra Ay of O
is quotient of the path algebra of CQ by the relations p; = p, for every internal
arrow of Q.

We may also take the completed version of this path algebra, see Remark 2.14.
Another way to describe the relations for the definition of the dimer algebra is as
follows. Let W be the (natural) potential associated with Q:

W=w@= >  p- > P

ppos. unit cycle p neg. unit cycle

Then, the relations p} = p, arise from taking all cyclic derivatives (W) of W with
respect to internal arrows.

Observe that A is an infinite-dimensional algebra.

Exercise 2.6 Any two unit cycles at a vertex of a dimer model Q0 commute. Why is
this?
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Remark 2.7 Leti € Qg be a vertex of a dimer model. Let U; be a unit cycle at i. Then,
t =) ico, Ui is a central element of Ag, since any two unit cycles at i commute.
Therefore, we get C[t] € Z(Ap).

Letey, ez, ..., e, be the idempotent elements of A o corresponding to the boundary
vertices of Q and lete :=¢e; + --- + ¢,.

Definition 2.8 Let Q be a dimer model with boundary. The boundary algebra of Q
is the idempotent subalgebra By := eAge.

B has as basis all paths of Q between boundary vertices (up to the relations). Let
t := Uy + --- 4+ U, be the sum of the unit cycles at the boundary vertices. Then,
Clt] € Z(Bp).

Note that there is also a completed version of this, see Remark 2.14

Example 2.9 The boundary algebra from Example 2.2 is given by the following quiver:

One can show that:
Bo=Clx;,yi li=1,.. .,n]/<{xy — yx,x2 — y4}>

and that Z(Bg) = CJ[t].

Note that {xy — yx, x2— y4} is short for the 12 relations x; y; — yi—1Yi—1, Xi Xi+1 —
Yi—1Yi—2Yi—3Yi—a4 foriy, ..., 6 and where the indices are reduced modulo 6.

The boundary algebra By is also an infinite-dimensional algebra; in general, its
global dimension is infinite. Ay and B are not well understood apart from the case
where the surface § is a disk and the dimer models arise from Postnikov diagrams of
type ok » or from the cases where S is a surface and Q arises from a triangulation of
S.

From now on, we restrict to dimer models on disks. As we are interested in the
cluster structure of the Grassmannian, we will also restrict the dimer models: we want
them to correspond to oy ,-diagrams. Recall that any Postnikov diagram D on a disk
determines a quiver Q (D) and that this is a dimer model with boundary. There is
also a way to go from dimer models to Postnikov diagrams [31, Section 14]: for any
arrow in the dimer model, draw two segments of oriented curves, crossing on the
arrow, pointing in the same direction as the arrow, and then connect these; the strands
correspond to zig-zag paths in the disk, cf. [11, Section 5].
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Fig.6 The quiver I,
n-1 Tn

Exercise 2.10 Find the Postnikov diagram for the dimer model above. Determine its
permutation.

Definition 2.11 If Q is a dimer model on a disk, such that the associated Postnikov
diagram is of type oy ,, we call Q a (k, n)-dimer.

Remark 2.12 e The (2, n)-dimers correspond to Qr, T a triangulation of an n-gon.
e (k,n)-dimer exist for any (k, n). Examples of such arise from the rectangular
ox,n-diagrams of Scott [32]

Theorem 2.13 [7] Let Q and Q' be two (k, n)-dimers. Let e = ey + - - - + e, the sum
of the boundary idempotents. Then:

eAge =eAge = ((CFn/<{xy — yx, xk — y”_k}>)"p,

where Ty, is the quiver in Fig. 6 and the relations are with indices as in Example 2.9.

Let B := By, := CI'y/ <{xy — yx, xk — y”‘k}). Then, the boundary algebra of
any (k, n)-dimer model is isomorphic to B.

Remark 2.14 The above theorem is about the completed versions of these algebras.
For A g, the algebra A o is the completion with respect to (U) forU = ), €00 U; and
B is the completion of B with respect to (1), = Y 7_, x;y;. Note that the completion
B of B with respect to () is the same as the completion with respect to the arrow
ideal m, since (ma,)" € (U) € ma and (mp)™? C (1) € mp for some N1, N2,
[25, Section 3]. In particular, we have e@e >~ B. See [7, Section 11].

The centers of B and B are polynomial rings, Z(B) = C[¢] and Z(E) = C[Jz]].

We will from now on work with the completed versions as we want the Krull-
schmidt Theorem to hold in the module categories. To simplify notation, we will write
B and Ag instead of B and Ké to simplify notation.

We consider B-modules which are free over the center and define:

Fin = CM(B) := {M B-module | M is free overZ(B)}
= {M | Exty(M, B) = 0 foralli > 0}.
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Thee categories Fi , have been introduced by Jensen—King—Su. In [25], the authors
prove that Fj , provides an additive categorification of Scott’s cluster algebra structure
on the Grassmannian.

3 Grassmannian Cluster Categories

In this section, we study the Grassmannian cluster categories in more detail. As before,
we always assume k < 7. It is our goal to understand the categories F , better, for
example, by giving a description of (some of) their indecomposable modules. We start
by describing the building blocks for these categories, the so-called rank one modules,
Sect. 3.1. Then, we show how dimer models can be used as an approach to cluster
categories, Sect. 3.2. In general, the category Fj , has infinitely many indecompos-
able objects. In Sect. 3.3, we recall the known results for the finite types. Then, we
concentrate on the infinite types, Sect. 3.4. In the Grassmannian cluster categories, all
objects are periodic under the Auslander—Reiten translate, as we recall in Sect. 3.5.
In the last three parts, we first describe a link to certain root systems, Sect. 3.6, give a
construction of rank 2 modules, Sect. 3.7, and then show how the Pliicker coordinates
or the Grassmannian cluster categories Fy , give rise to friezes, Sect. 3.8.

3.1 Rank 1 Modules

The category Fi_, does not contain the simple B-modules at the vertices as they are
not free over the center. However, there is a class of objects in these categories which is
well understood and whose elements serve as a building blocks for arbitrary modules,
namely the rank 1 modules. The rank of a module M € F , is defined to be %rkzM .
In other words, when restricting M to the center of B, at each vertex of the quiver
of B, the module has a fixed number of copies of Z and this number is the rank of
M. Among the indecomposable modules, the rank 1 modules play a special role as
they appear in filtrations of higher rank modules. As is shown in [25, Section 5],
there is a bijection between indecomposable rank 1 modules in F , and k-subsets of
{1,2, ..., n}. As we know, these are in bijection with Pliicker coordinates and hence
with certain cluster variables, see Sect. 1.4. We write M for the indecomposable rank
1 module with k-subset I of [n].

We first describe how B acts on the rank 1 modules and then show how these modules
can be understood as a lattice diagram with vertices for basis elements and arrows for
the actions of the x;, y;. Note that all modules in F , are infinite-dimensional as they
are free over the center.

Any rank 1 module is given by n copies of the center, U1, . . ., Uy, with U; := C[|¢|].
Consider My, I a k-subset of [n]. The actions of x; and of y; on the U; are as follows:

t ifiel

xi:Ui_1—>Uiactsas{1 ifiel 1 ifigl

¢ ifi gl vi : U; = U;_1 acts as {

We can view this as a lattice diagram on an infinite cylinder. For example, for k = 3
andn =7, 1 = {2, 4, 5}. The arrows x3, x4, x5 and the arrows y;, 3, yg, y7 all act as
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multiplication by 1, the other arrows as multiplication by 7.

U; Uu; Uy Uy Us Usg Us Usg Uy

—
[ ]
[ ]

t NS N N TN
LI TN TN
l2 | |

The rim of a rank 1 module M is formed by the top vertices in its lattice diagram
and by the arrows connecting them. If the rim of M has two successive arrows y;,
xi4+1 for some i, we say that the rim or M; has a peak (at 7).

Remark 3.1 In F, , every indecomposable object is a rank 1 module, i.e., of the form
M, j forsome 1 < i # j < n.The objects Mj; ;1 are the indecomposable projective—
injective objects.

Exercise 3.2 Show that Hom, (M, M ;) = C[|¢]] forall I, J.

Definition 3.3 Let / and J be k-subsets of [n]. We say that I and J cross if the
complete graph Ky on 7\J intersects K j\;.

Note that I and J do not cross if and only if the two k-subsets appear together in
a oy p-diagram. One can prove that the maximal non-crossing collections are exactly
the ones arising from oy _,-diagrams: by [32, Corollary 1], the k-subsets of any o .-
diagram form a maximal non-crossing collection, and by [30, Theorem 7.1], every
such collection arises in this way.

For an example of two crossing 4-subsets of [8], consider I = {1, 4, 6, 8} and
J=1{2,56,"7}

Crossing subsets are exactly the ones giving rise to non-trivial extensions:
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Proposition 3.4 [25, Proposition 5.6] Ext}; My, My) = 0 ifand only if I and J do
not cross.

One can use this to find cluster-tilting objects in F ,: let Q be a (k, n)-dimer and
let T := ®;co,M;. Then, T is a maximal rigid object in Fy , [7,25].

3.2 Dimer Models as Combinatorial Approach to Cluster Categories

Here, we recall the main result of [7] and sketch its proof. This result tells us that
any oy, gives rise to an endomorphism algebra of a cluster-tilting object and that, in
particular, we can obtain the category F , from this by going to the boundary algebra.
Theorem 2.13 above is a consequence of the following result:

Theorem 3.5 [7, Theorem 10.3] Let Q be a (k, n)-dimer and B as above, e = e +
-+« + ey, the sum of the idempotents for the boundary vertices of Q. Then,

AQ = EndB(T),

and hence, eAge = BP.

Proof (Sketch of proof) We define a map:

Ag % Endp(T) = Homp (@ 1e0,M/. Bre0,M1)
e = idM,
a:l— J— @5 : My — My (“minimal codimension map”)

and extend to T (by 0’s).

(a) One shows that g is an algebra homomorphism.

(b) For the surjectivity of g: to find g~'(¢;), we need a “minimal” path p;; : [ —
-+ — Jin Q (unique in A ). It is difficult to see that this maps to ¢, ;. For this,
we use weights on the arrows of Q, these are subsets of [n], and show that the
minimal path avoids at least one label of [n] (using the proper ordering of strands
around vertices).

(c) For the injectivity of g, we prove a Lemma stating that if p : I — J is a path in
0, then there exists r > 0, such that p = u” o p;; where u is any unit cycle at J.
This yields injectivity: take m € Ag with g(m) = 0. Without loss of generality,
m = ejAgey. By the lemma, m = er=0 Au” pry for some coefficients A,
and so, g(m) = er:O Au"@py = 0. Since the t"¢;; are linearly independent
elements of Homp (M7, M), this implies A, = 0 for all r.

(d) For the statement eAge = B°P, use the isomorphism in the theorem: eAge =
g(e)Endp(T)g(e) = Endp P = B°P where P is the sum of the n indecomposable
projective—injective modules. O

3.3 Grassmannian Cluster Categories of Finite Type

The category F , has of finitely many indecomposables if and only if kK = 2 or
k =3 and n € {6, 7, 8}. To visualize this, we use the Auslander—Reiten quiver of
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Fi.n- It has as vertices the isomorphism classes of indecomposable objects and it
has an arrow for every irreducible map. The dotted lines in the Auslander—Reiten
quiver are the Auslander—Reiten translate, sending an object to its neighbor on the
left. The Auslander—Reiten quiver provides a good understanding of the category,
since the Fj , are Krull-Schmidt, every object can be uniquely written as a direct
sum of indecomposables. In the case k = 2, the category F> , is a cluster category
of type A,,_3 (with projective—injective objects). Its Auslander—Reiten quiver sits on
a Moebius strip. Recall that for F; ,, all the indecomposables are of the form M; ;
(Remark 3.1).

Example 3.6 The Auslander—Reiten quiver of 7, ¢ has the following form:

A
My M M6 M3
S

7

M4

M4 M5 M6 M4

M3 M4 Mis M6 M3
N

N AN/
N4 N/

et
N
A
AN

NN/

et
N\
et
AN

N XN/

A
N
7
N\

There are (g) indecomposable modules, indexed by the 2-subsets of 6. The projective—
injective indecomposables are the M ;4 (reducing modulo 6), drawn in a box in the
quiver.

The Auslander—Reiten quivers of the categories F3 , have been described in [25,
Figures 10,11,12]. We recall them here. Some of the indecomposable objects are rank
1 modules, but there are also rank 2 modules (n = 6, 7, 8) and rank 3 modules (n = 8).

Example 3.7 Auslander—Reiten quiver of F3 ¢. It is formed by 4 slices of shape D4

e—eo—o Dynkin diagram of type D4
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and six additional vertices, corresponding to the projective—injective modules
M i+1,i+2 (reducing indices modulo 6):

N N

M36 M24 Mi356 Mi4s5
. M46 ° M3s .
N 7 ~ AN 7 ~ st
Mi46 Ms6 Mi34 M3s

M34

=
wn
(o))

M4s M346 Mi2s M36

NS ~N S

There are (g) = 20 rank 1 indecomposables and two rank 2 indecomposables, the
latter indicated by a vertex e (the left most and the right most are identified). The
projective—injectives are drawn in boxes.

Example 3.8 The Auslander—Reiten quiver of F3 7 is formed by 7 slices of shape Eg:

o— 9o —0o—0o—0 Dynkin diagram of typeEg
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and 7 additional vertices, corresponding to the projective—injective modules M; ;1 i42
(reducing modulo 7). This figure shows part of it. To complete it, one can continue
along the dotted lines, using the fact that r_z(Mi, Jd) = Mig3 43 43:

124\./ 356\M357/ 457\./ 126\M136/ 137\.
NN NN
RM.%M/ ﬁfhzj XM367 o Wmﬁ \

NN SN N

There are (;) = 35 rank 1 indecomposables and 14 rank 2 indecomposables, indicated
by e.

Example 3.9 The Auslander—Reiten quiver of 73 g is formed by 16 slices of shape Eg:

\
o— 90— 0 —-90—90—90—0 Dynkin diagram of type Eg

and 8 additional vertices, corresponding to the projective—injective modules M; ;1 ;42
(reducing modulo 8), drawn in boxes. Apart from the rank 1 modules, there are rank
2 modules drawn as e and rank 3 modules drawn as B. The rest of the shape of
the Auslander—Reiten quiver can be obtained using the fact that for rank 1 modules,
T2(M k) = Migs, j43.443:
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Mip3g

.
\

N NSNS

/N
\
/
\_/

=
=
9

NP AN N
AN
/N N\

SN NS N

SN NN

N\

£
(3]
W
3

M4

=
[\)
93
[o)}
u.)z
=
=
=
—_
wn
©

There are (g) = 56 rank 1 indecomposables, 56 rank 2 indecomposables, and 24 rank

3 indecomposables.

3.4 Structure of F , in Infinite Types

The aim of the remainder of these notes is to provide more information about the
categories Fi , which have infinitely many indecomposables. We will describe part
of the Auslander—Reiten quiver in the general situation. The main tool in this section
is a result determining Auslander—Reiten sequences.

Remark 3.10 (i) Ift M € Fi , is indecomposable rigid, then it has a filtration M =
My,
by rank 1 modules My, ..., My, and this filtration is unique. The rank of
My,
Misd.
(ii) Note that the rank is additive on Auslander—Reiten sequences.

There are certain canonical Auslander—Reiten sequences which involve rank 1
modules. If M; is an indecomposable whose rim has s peaks (see Sect. 3.1), then
Q(Mj) is a rank (s — 1) module [2], where Q is the syzygy functor. In particu-
lar, if I = {i,j,j+1,...,j+k—=2}withi+1# jandi —1 # j+k—2,
the rim of M; has two peaks and Q(M;) = My is also a rank 1 module, with
J={i+1,i+2,...,i+k—1,j+k—1},cf. [2, Section 2].
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Theorem3.11 [3] Let3 <k < %andl ={,j,j+1,....j+i—2}and J, such
that Q(M;) = M. Then, there exists an Auslander—Reiten sequence:

M
M; < —% — My
M

Y

with rigid middle term 5% for X = {i+1, j, ..., j+k=3, j+k—1}andY = [UJ\X.
The middle term is indecomposable if and only if j #i +2andif j =i + 2,
M5 =P © Mo ik tivkrny for Pr=Myiivo, itk

Remark3.12 e To prove the rigidness of the middle term, one shows that
dimExt! (Mj, My) = 1 (using the description of extensions between rank 1 mod-
ules from [2]).

e In case k = 3, the theorem above covers all Auslander—Reiten sequences where
both end terms are rank 1 modules.

Remark 3.13 For (k,n) € {(3,9), (4, 8)}, the category Fj , is of infinite type but
tame (i.e., these are the first infinite cases to study). These are tubular categories: their
Auslander—Reiten quiver is formed by tubes. Using Theorem 3.11 and computing
syzygies for rank 2 modules, we are able to determine the tubes with low rank rigid
modules [3]. The tubes for 73 ¢ are of rank 2, 3, 6 and F;4 g of rank 2, 4, 4.

3.5 Periodicity in Fy ,

While the categories Fi , are not well understood in general, we know that all its
objects are periodic under the Auslander—Reiten translate, as we recall now. For any
k-subset I of [n], I = {iy, o, ..., i}, we define I 4 k to be the k-subset {i| + k, i +
k,...,ix + k}. Let T be the Auslander—Reiten translate in Fy .

Example 3.14 Let M be an indecomposable in Fy ,,. Then: Qz(MI) = Mji¢.

Proposition 3.15 Every indecomposable in F , is T-periodic with period a factor of
%lcm(k, n).

The proof of this proposition uses F , =~ CMZn (R ) (graded Morita equivalence)
forthering Ry , := Clx, y]/(xk —y”_k) where x has degree 1 and y has degree —1, cf.
[15, Theorem 3.22]. Alternatively, one can use [26, Theorem 8.3] to find t" (M) = M
for any indecomposable M in Fk.

Remark 3.16 The quivers of the cluster-tilting objects that are given by Scott’s quadri-
lateral arrangements have the following shapes. If we write T = T'® P ® P, ®- - - D P,
where the P; are projective—injective, then the quiver of the endomorphism algebra
of T/, for T’ arising from the quadrilateral arrangement, is as on the left, with k — 1
rows and n — k — 1 columns. It can be mutated to the quiver on the right:
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These quivers are also appear in Keller’s work [26] on the periodicity conjecture. In
terms of these quivers, Fi , has finite representation type if and only if it has a cluster-
tilting object T = T’ & (®; P;), such that the quiver of the endomorphism algebra of
T’ is a linear orientation of A,, or it is formed by 2, 4, or 6 oriented triangles forming
one rectangle with side lengths 2 and 2, 3, or 4.

Remark 3.17 The periodicity is a first approach to the Auslander—Reiten quiver of the
category Fi_ ,. We claim that, in fact, this category is tubular in all infinite types (work
in progress with Bogdanic, Garcia Elsener, and Li), even beyond the tame cases, cf.
Remark 3.13.

3.6 Root Systems Associated with 7 ,

In this part, we describe a link from the category F% , to a certain root system. While

in the finite types, this link is well described, in general, the connection remains

mysterious. The main references for this section are [25, Section 8] and [3, Section 2].
Consider the graph:

n
|
1—2 k—Gk+1 n—1
with nodes 1, 2, ..., n — 1 on the horizontal line and node n branching off from node

k. To this graph, a root system ®y , is associated, each node corresponds to a simple
root, and edges indicate simple roots which can be added. The root system of J ,
has simple roots «; := —e; +¢j+1 fori = 1,...,n—land B = e; + -+ + e
for ey, ..., e, the standard basis vectors of C". Note that if k = 2, J, , is a Dynkin
diagram of type D,,. If k = 3 and n € {6, 7, 8}, the graph J3 ;, is a Dynkin diagram of
type Eg, E7, or Eg, respectively.

Let Z"(k) := {x € Z" | k divides ) ; x;}. The root system ®x , of Ji , can be
identified with Z" (k) via; <> —e; + ej+1,fori <n —land B < e; + --- + ¢.

Define g : Z"(k) — Ztobe q(x) = >0 x? + %(ZL] xi)2.

Then, the roots for Ji , correspond to the vectors a of Z" (k) with g(a) < 2. The
vectors with g (@) = 2 are the real roots, and the vectors with g (a) < 2 are imaginary
roots. The degree of a root y is its coefficient at 8: if y = Z:’;ll mio; + mp,
mi,m € Z, thendegy = m.

In Section 8§, [25] define a map ind Fy , LA @ ». The map ¢ associates with each
indecomposable a positive root of &y ,.

@ Springer



S28 Bulletin of the Iranian Mathematical Society (2021) 47 (Suppl 1):S5-S33

Let M be an indecomposable rank d module. Assume that M has a filtration by

My,

rank 1 modules, M = . for k-subsets /1,..., Iy. Fori = 1,...,n, let a; be the
My,

multiplicity of i in 1 U- - -U ;. We associate with M the vector a(M) = (ay, ..., ay,).

Then, ¢(M) is defined to be the root corresponding to (ay, ..., a,) € Z" (k).

Example 3.18 Let n = 6 and k = 3. Therefore, J3 ¢ is as follows:

B
\
O] — 0 — O3 — 04 — 05

Let I = {1,3,5}and J = {2, 4, 6}.

1. M:=Mj:a=(1,0,1,0,1,0) and p(M) = B + o2 + o3 + 4.
2. Let M = M;/Mj;. Then, a = (1, 1, 1, 1, 1, 1) which corresponds to 28 + a1 +
203 + 303 + 204 4 a5, the highest root for Eg.

Exercise 3.19 Compute ¢ (M) for M = M and for M = M ; /M; from Exercise 3.18.

Remark 3.20 Let M be indecomposable with filtration M = My /My, /... /My,.
Then, one observes that ¢ (M) is a root of degree d.

Question 1 What is the connection between indecomposable rank r-modules in Fy ,
and roots for Ji ,,? What is the connection between rigid indecomposables in F , and
real roots for J; ,?

For r = 1, there is a bijection:
{ indecomposable rank 1-modules}/~ LN {real roots for Ji , of degree 1} .
In finite types, one finds:
{indecomposable rank r-modules}/~ PN {real roots forJ; , of degree r}

asin these types, the higher rank modules “cycle”: letk = 3andn € {6, 7, 8}, and then,
the indecomposables are all of rank < 3. And M = M;/Mj is an indecomposable
rank 2 module if and only if My /M is indecomposable. Furthermore, ¢ (M; /M) =
oMy /My), cf. Exercise 3.19 for n = 6. For the rank 3 modules, n = 8, we have
M, /My /My, is indecomposable if and only if M[; /M /M is indecomposable if and
only if My /M; /M is indecomposable, all with the same root in ®3 g.

The first cases that are not fully understood are the tame cases F3 9 and Fu g, cf.
Remark 3.13. It is known that in these cases, every real root of degree 2 yields exactly
two rigid indecomposable rank 2 modules. However, there exist rigid indecompos-
able rank 2 modules in F4 g with associated imaginary root. See Example 3.21 and
Exercise 3.22.
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Example3.21 Letn =8,k = 4,1 = {2,5,6,8}, and J = {1, 3,4, 7}. The module
M, /M is rigid indecomposable, cf. [25, Figure 13]. The lattice diagram of M; /M ;
is below—uvertices indicated with e correspond to one-dimensional vector spaces and
vertices indicated with ¢ correspond to two-dimensional vector spaces and arrows
=> to maps between two-dimensional vector spaces. The module M is visible as the
submodule on the boxed vertices. One can check that the associated root is imaginary:

PR
YN XN 4N 4N
<& <& ° <& <&
N Z N ¥ N #Z N\ g
o <o <& o |

'Z N ¥ N ¥ N\ ¢ N\
o o 3 o o
! !
I ; : Do

Note that My /M is not indecomposable.

Exercise 3.22 Find ¢(M; /M) for I, J as in Example 3.21. Compute g (a(M;/M;)).

3.7 Rank 2 Modules in 7 ,

To describe the category Fy ,, we have as a first tool the rank 1 modules. In the finite
types, we also have examples of rank 2 and rank 3 modules, as seen in Sect. 3.3. Here,
we give a construction for rank 2 modules in general. Let 7 and J be two k-subsets.
Assume that I and J are tightly 3-interlacing, i.e., that |7\ J| = |J\/| = 3 and that the
non-common elements of / and J interlace. We want to define a rank 2 module MI(/, J)

in similar way as rank 1 modules are defined. Let V; := C[|t|]]® C[|¢]],i =1, ..., n.
We will need to say how x;, y; act. For this, define matrices M(c) = (t) i and

N(c) = (5 _tc) with ¢ € C and Dy = <(1)?

rise to factorisations of tid, and we have M (¢)N (c¢) = N(c)M(c) = tid for all c.

= id, Dy = tid. These matrices give

Example3.23 Letk =3,n =6,1 = {2,4,6},and J = {1, 3, 5}. We define M(Z, J)
as follows: the vertices of I',, have the vector spaces V;. The maps x;, y; are:

N(@) ifi =1 M) ifi =1
M) ifi =2 N@) ifi =2
v . NQ) ifi =3 — . MQ2) iti =3
x; : Vi1 — Vj acts as MQ) ifi =4 yi 1 Vi = V;_j acts as NQ) ifi =4
N() ifi =5 M) ifi=5
M(l) ifi=6 NQ) ifi =6.
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We can define a rank 2 module in F% , more generally. Let / and J be tightly 3-
interlacing, write I\ J as {ay, a2, a3} and J\I = {b1, by, b3},sothata; < by < ay <
by < a3 < bs. For the arrows incident with the @; and the b;, we use the construction
from Example 3.23 and extend it using the maps D and D; according to whether an
index belongs to both k-subsets or to none.

Definition 3.24 Let I, J be tightly 3-interlacing k-subsets of [n]. At the vertices of
'y, M(Z, J) has the Vi, ..., V,. We define the maps x;, y; as follows:

M(0) ifi = a N(@©) ifi =ay
NQ) ifi = by M) ifi = by
MQ) ifi =a NQ) ifi =a
xi:Vici—= Vi | NQ) ifi =bp yvi:Vi—=> Vi1 | MQ) ifi =by
acts as MQ@Q) ifi =a3 acts as N() ifi = a3
N(Q©) ifi = b;3 M) ifi = b3
D, ifielInJ D, ifielNnJ
D, ifiel‘NnJ° D, ifi e I°NJ°.

The above construction in fact can be given a bit more generally without specifying
the entries in the upper right corner of the 2 x 2-matrices by taking the six matri-
ces M(cy1), N(c2), M(c3), M(c4q), N(cq), M(cs), N(cg) for the actions of six arrows
Xay» Xby s Xay» Xby s Xa3, Xby and their counterparts for the y-arrows where the 6-tuple
(c1, - .., co) satisfies the conditions 7 { (cp;+1 4+ ¢2;) fori = 0, 1, 2, see [4, Section 3].

Exercise 3.25 Check thatM(/, J) € Fy . For this, check that xy = yx andx¥ = y"~*
at all vertices (hence is a B-module) and that M((/, J) is free over the center.

Question 2 When is M(/, J) indecomposable? First answers are given in [3]. In par-
ticular, it is known that if a rank two module with filtration M(; /M ; is indecomposable,
then 7 and J have to be tightly 3-interlacing.

We show in [4] that the modules arising from Definition 3.24 are indecomposable
(under the assumption that the k-subsets are tightly 3-interlacing). We give a defini-
tion for more general pairs of k-subsets and determine endomorphism rings to find
indecomposability conditions and direct summands in the rank 2 module decomposes.

3.8 Friezes from F ,

In the last part, we recall how the Grassmannian cluster categories give rise to friezes,
certain patterns of numbers on the Auslander—Reiten quivers of the associated category.
The main reference is [5]. Let Fi , be of finite type.

Definition 3.26 A mesh frieze M, , for F , is a collection of positive integers, one
for each indecomposable of Fj , (up to isomorphism), such that M ,(P) = 1 for
every indecomposable projective P and such that all mesh relations evaluate to 1. In
order words: whenever we have an Auslander—Reiten sequence A — @;B; — C
with B; indecomposable, My ,(A) - My ,(C) = [[; My,n(B;) + 1.
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Remark 3.27 A mesh frieze M» , is a Conway—Coxeter frieze, also called SL,-frieze.
Such friezes are in bijection with triangulations of polygons [12,13] and thus arise
from specializing a cluster-tilting object in a cluster category F; , of type A,_3 to 1.

Remark 3.28 The friezes of Dynkin types of [1] correspond to our mesh friezes for
Fi.n intypes A, Dy, Eg, Es.

Definition 3.29 An SLj3-frieze is an array starting and ending with k — 1 rows of Os
and with finitely many rows of positive integers in between, arranged as below, and
such that each 3 x 3 matrix has determinant 1. The width of an SL3-frieze is the
number of rows of positive integers between the two rows of 1s:

0 0 0 0 0

0 0 0 0 0
1 1 1 1 1

* * * * *
* * * * *

* * * * *
1 1 1 1 1

0 0 0 0 0
0 0 0 0 0

Proposition 3.30 Let n € {6, 7, 8}. There is a bijection:

{ mesh friezes for F3 ,} PN {SLs-friezes of width n — 4}.

For n = 6, this is in [28], for n = 7, 8 in [5].

By the above result, to study mesh friezes for 73 ;, it is equivalent to study SL3-
friezes of width n — 4. We will use the two notions interchangeably.

Most of the mesh friezes for k = 3 arise from specializing a cluster-tilting object in
F3 ., to 1, but there are also other mesh friezes M3 ,,, see Remark 3.31. If a mesh frieze
arises from specializing a cluster-tilting object to 1, it is called unitary. Otherwise,
the mesh frieze is non-unitary.

Remark 3.31 The number of mesh friezes for 73, are not known for n = 8:

n 6| 7 8
unitary 51|868|26952 ?
non-unitary| 1| 35| 18727

The non-unitary SL3 frieze of width 2 arises from specializing the non projective—
injective summands of a cluster-tilting object to 2’s. Cuntz—Plamondon prove in an
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appendix to [5] that the number of non-unitary SL3-friezes of width 3 is 35. These arise
from specializing the non projective—injective summands of a cluster-tilting object to
four 2s and two 1s. See Example 3.33.

Remark 3.32 We can use I[yama—Yoshino reduction to show that all known non-unitary
mesh friezes arise from non-unitary friezes of type D4 (i.e., from the non-unitary
mesh frieze for F3 ¢ or from type Dg (these are in [16]) or from specializing the non
projective—injective summands of a cluster-tilting object of F3 g to 3s. See Exam-
ple 3.33.

Example 3.33 The mesh frieze for F3 ¢ arises from (two ways of) specializing a cluster-
tilting object to 2s. The quiver of the endomorphism algebras (of the non projective—
injective summands) of these two ways are below. For F3 g, we obtain 4 non-unitary
mesh friezes by specializing (the non projective—injective summands of) a cluster-
tilting object to 3s. The quiver of the endomorphism algebra is on the right. In these
mesh friezes, all entries are > 1:

—

2
4
2

N <—1
N — N
N =N
W <— W
W —= W

J

-

Acknowledgements The author would like to thank the referees for careful reading and very helpful
comments. She is supported by a Wolfson Fellowship of the Royal Society, RSWF\R1\180004.

OpenAccess Thisarticleis licensed under a Creative Commons Attribution 4.0 International License, which
permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as you give
appropriate credit to the original author(s) and the source, provide a link to the Creative Commons licence,
and indicate if changes were made. The images or other third party material in this article are included
in the article’s Creative Commons licence, unless indicated otherwise in a credit line to the material. If
material is not included in the article’s Creative Commons licence and your intended use is not permitted
by statutory regulation or exceeds the permitted use, you will need to obtain permission directly from the
copyright holder. To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

References

1. Assem, L., Reutenauer, C., Smith, D.: Friezes. Adv. Math. 225(6), 3134-3165 (2010)
2. Baur, K., Bogdanic, D.: Extensions between Cohen—Macaulay modules of Grassmannian cluster cat-
egories. J. Algebraic Combin. 45(4), 965-1000 (2017)
3. Baur, K., Bogdanic, D., Garcia Elsener, A.: Cluster categories from Grassmannians and root combi-
natorics. Nagoya Math. J., 240, 322-354. (2020). https://doi.org/10.1017/nmj.2019.14
4. Baur, K., Bogdanic, D., Li, J.-R.: Construction of rank 2 indecomposable modules in Grassmannian
cluster categories. (2020). arXiv:2011.14176 [math.RT]
5. Baur, K., Faber, E., Gratz, S., Serhiyenko, K., Todorov, G.: Friezes satisfying higher SL-determinants.
Algebra Number Theory (2021)
6. Buan, A.B., Iyama, O., Reiten, I., Smith, D.: Mutation of cluster-tilting objects and potentials. Am. J.
Math. 133(4), 835-887 (2011)
7. Baur, K., King, A.D., Marsh, B.R.: Dimer models and cluster categories of Grassmannians. Proc. Lond.
Math. Soc. (3) 113(2), 213-260 (2016)
8. Baur, K., Martin, P.P.: Rhombic tilings of zonogons. Work in progress (2020)
9. Bocklandt, R.: Consistency conditions for dimer models. Glasg. Math. J. 54(2), 429-447 (2012)
10. Baur, K., Pasquali, A., Velasco, D.E.: Orbifold diagrams. (2020). arXiv:2010.13812 [math.RT]

@ Springer


http://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1017/nmj.2019.14
http://arxiv.org/abs/2011.14176
http://arxiv.org/abs/2010.13812

Bulletin of the Iranian Mathematical Society (2021) 47 (Suppl 1):S5-S33 S33

11.

12.

13.

14.
15.

16.

17.

18.

19.

20.

21.

22.

23.

24.
25.

26.

217.

28.

29.

30.

31.
32.

Broomhead, N: Dimer models and Calabi—Yau algebras. Mem. Am. Math. Soc. 215(1011), viii+86
(2012)

Conway, J.H., Coxeter, H.S.M.: Triangulated polygons and frieze patterns. Math. Gaz. 57(400), 87-94
(1973)

Conway, J.H., Coxeter, H.S.M.: Triangulated polygons and frieze patterns. Math. Gaz 57(401), 175—
183 (1973)

Davison, B.: Consistency conditions for brane tilings. J. Algebra 338, 1-23 (2011)

Demonet, L., Luo, X.: Ice quivers with potential associated with triangulations and Cohen-Macaulay
modules over orders. Trans. Am. Math. Soc. 368(6), 4257-4293 (2016)

Fontaine, B., Plamondon, P.-G.: Counting friezes in type D,. J. Algebraic Combin. 44(2), 433—445
(2016)

Franco, S.: Bipartite field theories: from D-brane probes to scattering amplitudes. J. High Energy Phys.
141(11), front matter + 48 (2012)

Fomin, S., Shapiro, M., Thurston, D.: Cluster algebras and triangulated surfaces. I. Cluster complexes.
Acta Math. 201(1), 83-146 (2008)

Fulton, W.: Young tableaux, vol. 35 of London mathematical society student texts, with applications
to representation theory and geometry. Cambridge University Press, Cambridge (1997)

Fomin, S., Zelevinsky, A.: Cluster algebras. II. Finite type classification. Invent. Math. 154(1), 63—121
(2003)

Geiss, C., Leclerc, B., Schroer, J.: Partial flag varieties and preprojective algebras. Ann. Inst. Fourier
(Grenoble) 58(3), 825-876 (2008)

Goncharov, A.B.: Ideal webs, moduli spaces of local systems, and 3d Calabi-Yau categories. In: Alge-
bra, geometry, and physics in the 21st century, vol. 324 of Progr. Math., pp. 31-97. Birkhauser/Springer,
Cham (2017)

Hartshorne, R.: Algebraic geometry. Graduate Texts in Mathematics, No. 52. Springer, New York,
Heidelberg (1977)

Jacobson, N.: Finite-dimensional division algebras over fields. Springer, Berlin (1996)

Jensen, B.T., King, A.D., Su, X.: A categorification of Grassmannian cluster algebras. Proc. Lond.
Math. Soc. (3) 113(2), 185-212 (2016)

Keller, B.: The periodicity conjecture for pairs of Dynkin diagrams. Ann. Math. (2) 177(1), 111-170
(2013)

Marsh, B.R.: Lecture notes on cluster algebras. Zurich Lectures in Advanced Mathematics. European
Mathematical Society (EMS), Zurich (2013)

Morier-Genoud, S.: Coxeter’s frieze patterns at the crossroads of algebra, geometry and combinatorics.
Bull. Lond. Math. Soc. 47(6), 895-938 (2015)

Miller, E., Sturmfels, B.: Combinatorial commutative algebra. Graduate Texts in Mathematics, vol.
227. Springer, New York (2005)

Oh, S., Postnikov, A., Speyer, D.E.: Weak separation and plabic graphs. Proc. Lond. Math. Soc. (3)
110(3), 721-754 (2015)

Postnikov, A.: Total positivity, Grassmannians, and networks. Mathematics (2006)

Scott, J.: Grassmannians and cluster algebras. Proc. Lond. Math. Soc. (3) 92(2), 345-380 (2006)

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps
and institutional affiliations.

@ Springer



	Grassmannians and Cluster Structures
	Abstract
	Introduction
	1 Grassmannians
	1.1 The Grassmannian as a Projective Variety
	1.2 Cluster Algebra Structure for Gr(2,n)
	1.3 The Quiver of a Triangulation of a Surface
	1.4 Cluster Algebra Structure for Gr(k,n)
	1.5 The Quiver of a Postnikov Diagram

	2 Dimer Models on Surfaces and Associated Algebras
	2.1 Dimer Models with Boundary
	2.2 Algebras Associated with Dimer Models

	3 Grassmannian Cluster Categories
	3.1 Rank 1 Modules
	3.2 Dimer Models as Combinatorial Approach to Cluster Categories
	3.3 Grassmannian Cluster Categories of Finite Type
	3.4 Structure of mathcalFk,n in Infinite Types
	3.5 Periodicity in mathcalFk,n
	3.6 Root Systems Associated with mathcalFk,n
	3.7 Rank 2 Modules in mathcalFk,n
	3.8 Friezes from mathcalFk,n

	Acknowledgements
	References




