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Recent experiments on magnetic nanoparticle hyperthermia show that the heat dissipated by particles must
be considered locally, instead of characterizing it as a global quantity. Here we show theoretically that the
complex energy transfer between nanoparticles interacting via magnetic dipolar fields can lead to negative local
hysteresis loops and does not allow the use of these local hysteresis loops as a temperature measure. Our model
shows that interacting nanoparticles release heat not only when the nanoparticle magnetization switches between
different energy wells, but also in the intrawell motion, when the effective magnetic field is changed because the
magnetization of another particle has switched. The temperature dynamics has a highly nontrivial dependence
on the amount of precession, which is controlled by the magnetic damping. Our results constitute a step forward
in modelling of magnetic nanoparticles for hyperthermia and other heating applications.

I. INTRODUCTION

The ability of magnetic nanoparticles to release heat un-
der varying external electromagnetic fields finds important ap-
plications in chemical catalysis,1 automotive and aeronauti-
cal industries2 and biomedicine.3 One of the most important
examples is magnetic nanoparticle hyperthermia (MNH) - a
promising technique for cancer treatment whereby tumors are
heated a few degrees Celsius to cause cell death. While MNH
has reached clinical application,4 it has not attained its antic-
ipated full potential as a complement/alternative to standard
therapies.5 A major contributing factor to the slow advances
in MNH is the lack of understanding of the physical processes
underlying the heating mechanism.

Typically, the efficiency of nanoparticle systems for MNH
is characterized by measurement of the Specific Absorption
Rate (SAR), which is related to the global increase of tem-
perature over many cycles of the alternating field. On the
other hand, several experiments6–8 stress the importance of
local heat release around the nanoparticle. It was shown, for
example, that the temperature rapidly decreases in less than
10 nm from the nanoparticle surface,7 as illustrated in Fig.1.
In other words, the local temperature around a nanoparticle
is different from that of the surrounded media and may be
more important for understanding the MNH efficiency than
the global heating. Moreover, recent experiments9,10 demon-
strate that effective MNH therapy is possible in the absence
of a global rise in temperature. This clearly demonstrates the
necessity to understand heat as a spatially-dependent quantity.

In addition, interactions between particles must be consid-
ered for the reasons described below. Firstly, substantial dif-
ferences between in-vivo and in-vitro heating properties are
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FIG. 1. Illustration of global vs. local heat in a nanoparticle ensem-
ble: do individual (single-particle) loops represent local heating?

reported in the literature.11,12 One of the important reasons
for this is that within a tumor magnetic nanoparticles can form
aggregated (strongly-interacting) fractal structures,13 whereas
in the lab they are in well-dispersed stable fluid suspensions.
Secondly, the intricately-entwined effects of particle proper-
ties and experimental protocols on MNH heating (even for
homogeneously distributed samples) become further complex
when aggregation occurs. In fact, depending on conditions,
interactions have been reported to be both beneficial and detri-
mental to MNH.14

Experimental evaluation of magnetic hyperthermia perfor-
mance is based on the specific absorption rate measurement
on an ensemble of nanoparticles. In modelling, the released
heat is typically evaluated as proportional to the hystere-
sis loop area.15 A range of different approaches have been
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FIG. 2. Global (dashed area) and local (red for large particle A and blue for small particle B) hysteresis cycles for two interacting nanoparticles,
separated by different distances x along the perpendicular to the field direction. Cases are (a) non-interacting, (b) x = 7.1 nm separation, and
(c) 1.5 nm separation. Schematics of the two particles are drawn below each set of cycles, with their anisotropy axes drawn by dashed lines.

used to evaluate the hysteresis loops of ensembles, includ-
ing kinetic Monte Carlo techniques16,17 and an equivalent
Master equation model,18,19 which are suitable for the typ-
ical timescales of magnetic hyperthermia experiments (tens
to hundreds of kHz). These approaches require an evalua-
tion of reversal probabilities to traverse over energy barriers,
which is not a trivial task in the presence of magnetic inter-
actions even between just two particles20 and involves vari-
ous approximations.21 While the mentioned calculations are
very useful to evaluate magnetic relaxation of an ensemble
of nanoparticles, they are intrinsically statistical approaches
dealing with distribution functions and do not aim to find
local temperature changes. In this article we instead find
the local heat dynamics around individual nanoparticles and
use an entirely different approach that is inspired by recent
experiments6–8 that indicate the importance of this heat dy-
namics for cancer treatment. We also point to the influence of
interactions on not just where the heating occurs in a system of
multiple particles, but also on the temperature dynamics (i.e.
how local temperature evolves in time), an aspect which was
not discussed in the literature until now.

Given the above fact that the local heating might be more
important than the global temperature rise, the following ques-
tion is posed: how can one calculate the local heat produced
by individual particles in the case of interacting systems?
Classical thermodynamics for an isolated system states that
the released heat is proportional to the hysteresis loop area
(work) for a cyclic magnetic process. Thus, one could be
tempted to directly consider the loop area of each interact-
ing nanoparticle and relate this to a local temperature rise.16,22

This approach, however, is not correct due to the fact that an
individual nanoparticle does not form an isolated system and
does work on its interacting counterpart. Our recent consid-
eration of the thermodynamics of interacting nanoparticles19

showed that also within a statistical approach – rather than a
dynamical approach as described here – one can not evaluate
released heat from individual particle hysteresis loops and an

explicit evaluation of entropy production is necessary.
In this Letter we present a model approach based on the

self-consistent treatment of magnetization and temperature
dynamics,23 which allows one to estimate local heating in
an interacting magnetic nanoparticle system. Our results al-
low us to discuss the conditions for heat release by individual
nanoparticles. Particularly, we show that interacting nanopar-
ticles may dissipate significant heat not only during their inter-
well magnetization switching (flipping from one direction to
another) but also during intra-well dynamics, when a neigh-
boring particle undergoes switching. The total dissipated heat
– plus the time the heat takes to dissipate from the magnetic
degrees of freedom – in these processes depends on the damp-
ing constant as this controls the amount of precession. It is
well-known that work and heat are path-dependent thermody-
namic quantities, and so changes in the degree of precession
change the heating. What is more dramatic is that the distribu-
tion of the heat between different particles is changed strongly
by varying the damping.

II. MODEL AND RESULTS

Our trial example is the simplest one of two immobilized
nanoparticles, as then heat is not produced via Brownian
translations or rotations but only through internal magnetiza-
tion dynamics. The nanoparticles’ switching fields are delib-
erately made to be different in order to separate the switching
events in time. Namely, we consider two particles, A with di-
ameter D = 22 nm and easy axis parallel to the applied field
direction, and B with D = 18 nm, easy axis directed at 30◦

to the field direction. See cartoon balls in Fig. 2, where A is
in red and B is in blue. Both particles have the same uniax-
ial anisotropy constant K = 105 erg/cm3 and saturation mag-
netization MS = 480 emu/cm3 . The magnetic field has the
oscillatory form h = hmax cos(2π f t), where t is time. We use
hmax = 500 Oe and f = 500 kHz. These parameters corre-
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spond to Fe3O4 particles and external field conditions com-
monly used in MNH experiments. The nanoparticles’ centers
are in the plane formed by the applied field and easy axes. The
particles have a surface-to-surface separation x, along the line
perpendicular to the external field. The nanoparticles inter-
act via dipole-dipole interactions, with each particle approxi-
mated as having a single magnetic moment.

The local (individual particle) and global (system average)
hysteresis loops of nanoparticles at 0◦K and with infinitely
slow field variation can be calculated by a direct energy min-
imization technique. The results are presented in Fig. 2 for
three values of separation distance x. The area of the global
hysteresis loops (shaded regions) corresponds to the released
heat and is seen to decrease when the separation distance de-
creases. The area of local loops (corresponding to the magne-
tization change of each nanoparticle, red and blue loops) also
decreases. Furthermore, the smallest considered interparticle
distance (Fig. 2(c) with x = 1.5 nm) produces a so-called “in-
verted loop" for the smaller nanoparticle B. A small part of B’s
loop is also inverted in Fig. 2(b) with x = 7.1 nm, in the first
and third quarters of the hysteresis loop. Such inverted loops
have been measured experimentally in ensembles of inter-
acting superparamagnetic and blocked nanoparticles, and are
typically attributed to the role of magnetic interactions.24,25

The immediate question arises: how do we interpret the lo-
cal inverted loops? The naive interpretation would be that the
nanoparticle cools down the environment instead of heating it.
Note that since the calculations are done at zero Kelvin, this
is thermodynamically impossible and so this naive interpreta-
tion is incorrect. In fact, work is being done on the particle
by the dipolar interaction with the other particle, in addition
to the heat transfer to the environment.

Before describing how to correctly find the heat released by
the individual particles, we examine the magnetization rever-
sal processes of the two particle system. Fig. 3 presents the
evolution of (a) the magnetization and (b) the energy of each
nanoparticle corresponding to the case of x = 7.1 nm sepa-
ration, i.e. to Fig. 2(b), calculated either using energy mini-
mization or a dynamical approach (integration of the Landau-
Lifshitz-Gilbert (LLG) equation with high damping value).
Since the timescale of the field change is much slower than
that of the nanoparticle switching, the two approaches give
identical results. However, the dynamical approach allows
one to calculate corresponding changes in temperature23 (see
Fig. 3(c), which will be discussed later) whereas we found that
energy minimization cannot do so. It is worth mentioning that
while for the direct comparison with the energy-minimization
approach it was desirable to have negligible thermal effects,
we found that finite temperature calculations produce essen-
tially the same features just with more noise.

One can distinguish two magnetization variations in Fig. 3:
first, the magnetization of both particles can vary continu-
ously, such as from t = 0 to t = 0.55 µs, in a so-called re-
versible change. It corresponds to work being done by the
changing external field to increase the energy of the system
up to the point of the irreversible transition. Second, an ir-
reversible magnetization variation occurs where there is an
abrupt change ("jump") in both particles’ magnetization and

Ju
m
p	
1	

Ju
m
p	
2	

x=7.1	nm	

FIG. 3. Dynamics of (a) normalized magnetization, (b) total energy
(normalized by the maximum possible stored energy 2Ms2HKVtot =
8KVtot , where Vtot is the system volume and HK = 2K/Ms is the
anisotropy field), and (c) temperature change, ∆T , as computed by
Eq. (1). The blue line corresponds to nanoparticle B and the red line
to nanoparticle A. The nanoparticles are separated by x = 7.1 nm.

total magnetic energy. At each jump, two types of processes
can be distinguished, which we will call inter-well and intra-
well processes. An inter-well process corresponds to a par-
ticle’s magnetic moment switching direction from one en-
ergy minimum to the other. Namely, the switching of small
nanoparticle B (Jump 1 at t = 0.55 µs, blue curve in Fig. 3(a))
and then the switching of large nanoparticle A (Jump 2 at
t = 0.75 µs, red). Simultaneous with these inter-well pro-
cesses are intra-well processes by the other, "non-switching"
nanoparticles. The magnetization changes are much smaller
as the particle stays in the same local energy well. For exam-
ple, at t = 0.55 µs (Jump 1), the magnetization of A actually
increases slightly in magnitude, in a direction opposite to the
applied magnetic field, due to B switching.

The particles are obviously doing work on each other, and
for this reason their individual hysteresis loops cannot be used
to estimate the heat that each produces. Note that only in the
case of non-interacting nanoparticles (Fig. 2(a)) can individ-
ual hysteresis loops be used to compute the heat released by
each nanoparticle and the global heat released, as then there is
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just one interaction with the external field.
If hysteresis loops cannot be used to estimate the heat pro-

duced by A and that produced by B when the particles in-
teract, then another calculation method is needed. We use
a recently-derived self-consistent framework for magnetiza-
tion dynamics in contact with a heat bath.23 Disregarding the
self-heating of nanoparticles (the change of the magnetiza-
tion’s magnitude, which is negligible at low temperatures) ,
the two coupled equations (written for each nanoparticle, so
four equations in total) read:

dm
dt

=−γm×Heff− γα⊥m× (m×Heff), (1a)

dTb

dt
=

γα⊥Ms

Cb
(m×Heff)

2. (1b)

Here m = M/Ms (T = 0 K) is the reduced magnetization vec-
tor, Heff is the total internal field comprised of the anisotropy,
Zeeman and dipolar contributions, γ is the gyromagnetic fac-
tor, Tb is the local temperature of the particle, Cb = 3.48×106

Jm−3K−1 is the specific heat capacity of magnetite, and α⊥
is the damping parameter. In this simplified case, the first
Eq. (1a) is just the micromagnetic LLG equation and the
second Eq. (1b) is similar to that which is derived from the
Rayleigh function (up to the α2

⊥ terms). The latter approach
was used for example, in Refs..26,27

Eq. (1) clearly shows that the temperature change occurs for
processes in which the magnetization is not parallel to the in-
ternal field Heff. This happens during the inter-well dynamics,
when the magnetization vector switches from one energy min-
imum to another, and also during intrawell (non-switching)
processes, since the interaction field changes when the mag-
netization of the other particle switches. The heat released
in both cases will depend on the damping constant, as it af-
fects the magnetization path. Both the amplitude and duration
of the induced magnetization precession is altered by α⊥. The
key point is that a particle can dissipate heat without switching
its magnetization. Furthermore, whether the particle’s mag-
netic energy increases or decreases is irrelevant as magneti-
zation dynamics is occurring, work is being done, and there-
fore heat will be released. We remark that the heat dissipation
occurs on the timescale of the magnetization dynamics (field-
driven switching in nanoseconds), but the actual heat retained
in the system will depend on the timescale of the consequent
cooling.23

To understand the energy change and heat dissipated of
each nanoparticle during the hysteresis cycles presented in
Fig. 2, we first use large damping parameter α⊥ = 1.0. This
removes most of the precession from the magnetization paths
and makes the dynamical hysteresis loops very close to those
obtained by energy minimization. Note that we found it im-
possible to completely remove the effect of precession in dy-
namical simulations. We checked that local hysteresis loops
and the dynamical approach give the same temperature in-
crease for the non-interacting case. Then we considered inter-
actions. Fig. 3(c) presents the temperature dynamics during
the hysteresis cycle for interacting nanoparticles separated by
x= 7.1 nm. The temperature increases for both particles at ev-
ery jump, emphasising that inverted loops do not correspond

to energy absorption, as discussed earlier.

FIG. 4. A comparison of energy change (work plus heat, solid bars)
and heat released (hashed bars) during the two irreversible magneti-
zation jumps, for the two particles A (red) and B (blue). The energy
changes ∆Emin are evaluated from individual hysteresis loops while
the heat released Q is calculated using Eq. (1) with large damping
α⊥ = 1.0. The results are normalized to the total energy “stored"
in the global hysteresis loop. The nanoparticles are separated by
7.1 nm, as in Fig. 3. The sketches illustrate whether the magneti-
zation of the particle switches, or wobbles within the same energy
well.

Fig. 4 compares the internal energy change (obtained by en-
ergy minimization, solid bars) and the released heat (obtained
by dynamical method Eq. (1), hashed bars) for each particle
A (red) and B (blue). One can see from hysteresis loops that
nanoparticle B (small) experiences an energy decrease during
the switching of nanoparticle A (Jump 2, solid blue bar). As
mentioned earlier, one might interpret this as "cooling" if one
were to ignore the work that the particles do on each other,
however the dynamical approach shows that heat is produced
by the particle and its temperature goes up.

The simulations above were done for a large damping pa-
rameter (α⊥ = 1.0), which assured a better comparison and
interpretation in terms of energy/work/heat, since the static
and dynamical loops are practically the same. However,
smaller damping parameters are more realistic for nanopar-
ticles.28 Fig. 5 includes the results of varying α⊥ in the inter-
val from 0.001 to 1. The temperature increase as a function
of time in Fig. 5(a) shows slower heating as α⊥ decreases,
with a very nonlinear behavior of the total dissipated heat. In
Fig. 5(b), the temperature increase ∆T is plotted as a function
of α⊥, for both particles at Jump 1. In Jump 1, nanoparticle
B (blue, open circles) switches while A (open, red squares)
does not. The temperature increases are almost independent
of the damping parameter in the interval α⊥ ∈ (0.001,0.2).
Compared to the large damping case, for smaller damping
the temperature increase is slightly smaller for nanoparticle
B (switching) and slightly larger for nanoparticle A (non-
switching) for Jump 1. This effect is due to the precession.
In fact, both nanoparticles are precessing around their internal
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FIG. 5. (a) Temperature dynamics of both nanoparticles A (red) and
B (blue) for four values of the damping parameter. The temperature
changes of particles A and B as a function of α⊥ at Jump 1 and 2
are shown in (b) and (c), respectively. Again, the nanoparticles are
separated by x = 7.1 nm.

effective fields, which are also dynamically changing. Thus
the switching particle B exerts an additional damping to the
non-switching particle A.

In Fig. 5(c), ∆T is plotted for both particles during Jump
2, as a function of damping. The role of the nanoparticles
are interchanged compared to Jump 1: now particle A (solid,
red squares) switches its magnetization. In the limit of large
damping, particle B has negligible temperature increase indi-
cating that the work done on it all goes to increasing the inter-
nal energy. But the temperature increase of B is non-zero and
increasing for lower values of the damping. Unexpectedly, at
the smallest value for the damping considered (α⊥ = 0.001),
the non-switching small nanoparticle B releases more energy
during Jump 2 than the switching one A. The change in inter-
action energy goes into precession (work) and into heat, in a
way which is not easy to predict. Since realistic nanoparticles
have small damping parameters, the above scenario makes
it impossible to evaluate the heat from individual hysteresis
loops or considerations of internal energy changes. Our dy-
namical approach, on the other hand, distinguishes between
the local heat released by each nanoparticle and the amount of
energy which goes into interactions.

III. CONCLUSIONS

In conclusion, we have shown that interacting magnetic
nanoparticles exhibit a complex scenario of local heat trans-
fer since the particles do work on each other, as well as hav-
ing work done on them by an applied external field, and this
work is highly path-dependent. Of particular note, interacting
nanoparticles produce heat not only when their magnetization
irreversibly switches between two energy wells, but also when
experiencing intra-well magnetization dynamics. In other
words, when one particle switches, another necessarily has a
changed dipolar field and its magnetization therefore has work
done on it which can be converted to heat. The released heat
depends non-trivially on the coupling to the bath, i.e. on the
damping parameter α⊥, since this alters the dynamical mag-
netization path and therefore the work. This complexity does
not allow a simple interpretation of the produced heat in terms
of the local hysteresis loops. When the strength of interactions
increases, local loops may become negative, corresponding to
the fact that a large part of the energy transferred is work done
on/by another particle and only part of it is released into the
environment as heat. Furthermore, our results highlight the
fact that heating occurs at a much faster timescale than the
field frequency (at the nanosecond-timescale of magnetization
reversal).

It is important to reiterate that the work presented here is
not statistical in nature, in contrast to most models that esti-
mate the energy dissipated in magnetic nanoparticle systems.
Once the dissipated energy is estimated for an ensemble of
particles, researchers then need to predict how that heat is
transported away from particles, typically using the so-called
bioheat equation.3,29 This is still the case for our model of
individual particles and is beyond the scope of this article.
However, note that the big advantage here is to predict which
particle is producing heat, in which amount and over which
timescales. Recent experiments point to the fact that this local
heat production is more important than the global temperature
change.6–8

Our method opens the possibility to evaluate local heat dis-
sipation by nanoparticles in complex scenarios, such as in in
vivo aggregates, as a function of distance and time. Our results
strengthen the understanding of magnetic hyperthermia and
will allow optimization of magnetic nanoparticles for its im-
proved performance. Our results bring a fundamentally new
understanding of intrinsic entanglement of heat and magneti-
sation dynamics. The proposed method can serve as theo-
retical background in many other magneto-thermodynamical
applications where spin and temperature dynamics and cou-
pled, such as magnetocaloric and magnetic refrigeration ap-
plications, all-optical magnetization switching or spintronics
based on the spin-Seebeck, spin-Peltier or Nerst effects.
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