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Abstract. We investigate the properties of the excited spectra of the even-even isotopes of
krypton using a Generalised Bohr Hamiltonian with three different Skyrme functionals. In
particular, we investigate the evolution of the low-lying 2+1 and 4+1 states and their associated
electromagnetic transitions. The model reproduces quite nicely the energy trends apart from
88Kr, where none of the interactions used here are able to grasp a sudden change in the energy
spectrum. Additionally, we explore the neutron deficient region 72−76Kr which is a proposed
region for shape coexistence. We observe that the model can reproduce the structure of the
experimental spectrum of 72Kr exceedingly well.

1. Introduction

Nuclear Energy Density Functional (NEDF) is the tool of choice to describe properties of atomic
nuclei from light to heavy and from proton to neutron drip-lines [1]. The current functionals have
reached quite high accuracy in reproducing both ground state properties such as masses [2, 3],
as well as some features of the excited spectrum [4, 5, 6].

The NEDF is typically formulated to describe nuclear properties in the intrinsic reference
frame of the nucleus, thus allowing for the possibility of breaking symmetries like angular
momentum or particle number [7]. To compare the prediction of the model with the experimental
measurement, one has to pass from the intrinsic to the laboratory frame where all these
symmetries are restored. A valid alternative to an explicit process of symmetry restoration [1],
is represented by the Generalized Bohr Hamiltonian (GBH) [8] method. Since GBH is a scalar
under rotations and, thus, its eigenstates have good angular momentum.

The GBH has been derived microscopically and linked to an underlying mean-field calculation.
For more extensive reviews see for examples Refs [9, 10, 11]. Although the GBH takes into
account only quadrupole degrees of freedom, it is well suited to describe the rotation-vibration
coupling, which is important to describe the spectra of a large set of nuclei. Compared to other
more sophisticated methods such as the Generator Coordinate Method (GCM) [12], the GBH
has the enormous advantage of being able to use as input any type of functional independently
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on the presence of density dependent terms or not [13] and it is thus free from issues related to
self-interaction or poles.

In this article, following the work done in Ref. [14], we present the GBH method using, as a
microscopic input, the NEDF calculations obtained using a family of Skyrme functionals [15].
In particular, we examine the properties of the low-lying 2+1 and 4+1 states in krypton isotopes
as well as their electromagnetic transitions. These nuclei have received a lot of attention both
theoretically and experimentally [16, 17, 18, 19], due to shape coexistance [20] of oblate and
prolate deformations in their ground states, but also to a possible modification of the N=40
shell gaps around 76Kr.

2. Generalised Bohr Hamiltonian

In order to describe quadrupole collective excitations of nuclei, we use the 5-dimensional
Generalised Bohr Hamiltonian [21]. The GBH is capable of describing mixtures of rotational
and vibrational motions which arise in quadrupole deformed systems. It takes the form

Ĥcoll = T̂vib + T̂rot + V̂ (β, γ) , (1)

where
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4Bk (β, γ)β2 sin2 (γ − 2πk/3)
. (3)

V̂ (β, γ) is the potential energy of the nucleus and Ik denotes the k-component of the angular
momentum in the body-fixed frame of a nucleus. All these quantities are parametrised in terms
of the deformation parameters β and γ and of 6 mass parameters B. In the previous expressions,
we also used the shorthand notations w = BββBγγ −B2

βγ and r = BxByBz.

According to Ref. [14], the potential energy surface V̂ (β, γ) as well as the 6 mass parameters
have been calculated solving the Hartree-Fock-Bogoliubov (HFB) equations for a set of
parameters β, γ. In the present article, we use the HFODD solver [22] in Cartesian coordinates,
to calculate the potential energy surface solving the constrained HFB equations at various β, γ
points. The calculations are performed using a deformed harmonic oscillator basis with 16 major
shells. We have checked that this value is rich enough to adequately converge both the energy
and electromagnetic transitions of excited states. The mass parameters are calculated via the
cranking approximation [23, 24]. To take into account the neglecting of time odd fields in such
approximations, we uniformly rescale the 6 mass parameters by a factor of 1.3 in all following
calculations. For more detailed discussion on the GBH we refer to Ref. [14].

To perform the calculations we make use of 3 Skyrme functionals: UNEDF0 [25],
UNEDF1 [26] and UNEDF1SO [27]. Since these functionals have been adjusted on open shell
nuclei, the parameters of the pairing sector are fixed. Although these functionals belong to the
same family, they have been adjusted using slightly different fitting protocols and, as discussed
below, they provide quite different deformation patterns in Kr isotopes.

3. Results

In Fig. 1, we show the evolution of energies of the 2+1 and 4+1 states along the Kr isotopic
chain obtained for the different functionals. We observe that the trend of the 2+1 is fairly well
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Figure 1. (Colour Online) We represent the evolution of the energies expressed in MeV of
the first excited 2+1 (left panel) and 4+1 (right panel) states across the krypton isotopic chain
for the 3 functionals: UNEDF0 represented by hollow circles; UNEDF1 represented by hollow
squares and UNEDF1SO represented by hollow triangles and compare them to the experimental
results [28] represented by the solid dots. The light blue bands highlight the semi-magic 86Kr
nucleus.
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Figure 2. (Colour Online) Shows the first 2+1 (left panel) and 4+1 (right panel) theoretical
energy states against the corresponding experimentally measured states [28] for all 3 UNEDF
functionals represented by hollow: circles for UNEDF0; squares for UNEDF1 and triangles for
UNEDF1SO. To guide the eye we add errorbars of ±100 keV (inner bound) and ±200 keV (outer
bound). Highlighted in large circles are the semi-magic 86Kr nuclei.

reproduced by all functionals, with an energy increase around the shell closure at N = 50. A
similar good agreement was also shown in Refs [17, 19] also based on similar GBH methods but
using different functionals. The evolution of 4+1 states is also fairly well reproduced in the region
74−84Kr, but beyond the shell closure we observe the presence of a possible staggering in 88Kr
and 92Kr which deviates quite remarkably from the smooth trend predicted by the GBH model.

To better quantify the agreement between theory and experiment, we have plotted in Fig.2 the
theoretical energies of the 2+1 (left panel) and 4+1 (right panel) as a function of the experimental
ones. In the case of perfect match theory/experiment the points should lie on the diagonal line.
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As already seen in Fig. 1, the energies of the 2+1 are fairly well reproduced by UNEDF0 and
UNEDF1, with most of the points falling within ±200 keV from the experimental value. This
value has not been obtained by any rigorous error analysis [29] and it should be considered
only as a visual help for the reader to estimate the scattering of the data. The results obtained
with UNEDF1SO manifest somehow larger discrepancies, in particular it has the tendency to
systematically underestimate the energy of the 2+1 state. Similar conclusion holds for the 4+1 ,
we observe that the UNEDF0 data are most of the time quite close to the experimental data.
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Figure 3. (Colour Online) Shows the B
(

E2 : 2+1 → 0+1
)

(left panel) and B
(

E2 : 4+1 → 2+1
)

(right panel) transition probabilities [28] across the Krypton isotopic chain for the 3 UNEDF
functionals represented by hollow: circles for UNEDF0; squares for UNEDF1 and triangles for
UNEDF1SO.

Having validated the overall quality of GBH methods based on Skyrme functionals, we now
discuss in more detail the structure of neutron deficient Kr isotopes. In Fig. 4, we show the
potential energy surfaces (PES) as obtained by solving constrained HFB equations at various
points in the β, γ plane. The absolute energy minimum is indicated by a dot. UNEDF0 predicts
the 72Kr to be slightly oblate and the two other isotopes 74−76Kr spherical. It is important
to notice here that the PES is quite flat along the γ direction and we observe the appearance
of secondary energy minima at prolate configurations at β ≈ 0.4. For UNEDF1, we observe a
more clear oblate minimum at β ≈ 0.3 in 72Kr, that reduces to β ≈ 0.1 in 74Kr and becoming
spherical in 76Kr. As seen for the UNEDF0 functional, also in this case we observe a well
marked secondary minimum at β ≈ 0.45 for all three nuclei. The case of UNEDF1SO is quite
different, since the energy minimum on the PES is always on the prolate side for all 3 nuclei
with β ≈ 0.45. In 72Kr we observe a secondary minimum in the oblate region. In all cases,
all functionals provide some softness toward triaxial configurations, although there are no real
triaxial minima.

It is interesting to compare these PES with the one produced in Ref [17]. In this case the
authors have used the Gogny D1S interaction [30]. A clear triaxial secondary minimum is
observed in 72Kr, while here none of the used UNEDF functionals provide such a configuration.
The experimental spectrum of 72Kr Fig. 5 is reproduced almost perfectly using the UNEDF1
functional, apart from a small deviation of 0.19 MeV of the second 0+2 compared to experimental
findings. The UNEDF0 and UNEDF1SO functionals give a slightly low (high) level density of
the excited states. Compared to the Gogny spectrum reported in Ref. [17], we observe that the
UNEDF functionals give on average a better description of the position of the energy states,
although the B (E2) are not well reproduced for the B

(

E2 : 2+1 → 0+1
)

transition however are

reproduced much better for the B
(

E2 : 4+1 → 2+1
)

as illustrated by Fig 3.
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Figure 4. (Colour Online) Potential energy surfaces for 72Kr, 74Kr and 76Kr obtained using
UNEDF0, UNEDF1 and UNEDF1SO functionals.
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Figure 5. (Colour Online) Shows the energy spectra for a number of low-lying states and their
associated B (E2) transition probabilities for 72Kr where we show the experimental results [28]
(far left panel), UNEDF0 (left centre panel), UNEDF1 (right centre panel) and UNEDF1SO (far
right panel).
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4. Conclusion and Discussion

We have analysed the evolution of the low-lying 2+1 and 4+1 states in the Kr isotopes using the
Generalised Bohr Hamiltonian formalism. By using 3 different Skyrme functionals, we have
observed that the UNEDF0 and UNEDF1 functionals are able to provide, on average, quite
a good description of both energy states and electromagnetic transitions. We have studied
in more detail 3 neutron deficient Kr isotopes, namely 72−76Kr. We have investigated the
structure of their PES obtained with the various functionals and we have observed some softness
against triaxial deformation in 72Kr, although we see no clear energy minimum as in the Gogny
case. By comparing the detailed structure of the full energy spectrum of 72Kr with the current
experimental data, we have found that UNEDF1 gives a very nice reproduction of the spectrum.
In general we have observed that both UNEDF0 and UNEDF1 seem to provide a fairly good
description of Kr isotopes. Similar conclusions were also found in Ref. [14] for the Xe isotopes.
These results provide the motivation for a more systematic analysis of nuclear spectra using
GBH together with these functionals to assess their quality in reproducing the data.
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