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Abstract—Timely identification of the size and location of loss of 

generation (LoG) events improves the effectiveness of remedial 

actions taken against this type of disturbances. This paper sets 

forth a novel method for LoG localization and size estimation by 
phasor measurements received in the control center within a 

reasonable wait time following the event inception. The bus 

impedance matrix is utilized to obtain a transfer function from 

the LoG location to variations of voltage and current phasors 
following the event. This results in an overdetermined system of 

linear equations whose closed-form solution provides the LoG 

location and size based upon the sum of squared residuals 

concept. The proposed method removes the need for the 
reception of specific measurements in the control center, and/or 

knowing the system inertia. This is in contrast with previous 

methods resorting to the swing equation of the center of inertia. 

The method lends itself to real-time applications for its 
robustness against partial communication network failures and 

losses of the time synchronization signal. Extensive simulations 

conducted on the IEEE 39-bus and 118-bus test systems verify 

the effectiveness and superiority of the proposed method over 
existing ones.  

 
Index Terms—Loss of generation, phasor measurement unit, 

underfrequency load shedding (UFLS), superimposed circuit. 

 

 

I.  INTRODUCTION 

O meet legally-binding decarbonization commitments, 

many countries around the globe have set out ambitious 

targets for shifting towards a mostly-renewable generation 

mix in coming years. The inherent intermittency of renewable 
energies renders some important grid characteristics volatile, 

i.e., to vary within an unprecedently wide range. This 

volatility is making assumptions of traditional operational, 

protection and control practices increasingly invalid. A recent 

outcome of this is the blackout in the UK on 9th August 2019 

that left over one million people without electricity and 

disrupted public transport across the country [1]. This 

disturbance and other recent cascading failures call for 

revisiting current system integrity protection schemes [2]. 

Caused by sudden loss of generation (LoG) events, large 

active-power deficits are essentially counteracted by 
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conducting underfrequency load shedding (UFLS). UFLS 

arrests further frequency decline by regaining the balance 

between generation and consumption in the system [3], [4]. 

This is conventionally accomplished by a trial-and-error 

process based upon a predetermined set of frequency 

thresholds. If local frequency measured by a UFLS relay falls 

below a certain frequency threshold, a prescribed amount of 

load will be shed by that relay [4]. Until the sum of load shed 

becomes sufficient, system frequency keeps declining and 
violating next frequency thresholds, thereby triggering the 

implementation of next steps of load shedding.  

Variants of the conventional UFLS scheme are slow in 

nature and take much longer to deal with large LoG events, 

whilst the system is in more need of prompt remedial actions 

[5]. This is becoming quite problematic in systems with 

increasing renewable generation. The reason is that in contrast 

with conventional synchronous generators, renewable energy 

sources provide little or no inertia to the power system, 

reducing the system’s stiffness against LoG events. This 
means the larger the share of renewable energy sources from 

the total generation is, the smaller the system inertia becomes. 

This may cause maximum frequency deviations to become 

unacceptably large. On the other hand, the volatility of system 

inertia makes it almost impossible to set conventional UFLS 

relays such that they function properly without overshedding 

or undershedding following LoG events under different 
operating conditions [2]. The sooner the size of an LoG event 

is determined, the more promptly the frequency decline can be 

arrested by shedding the same or even less amount of load in 

comparison with the conventional UFLS scheme.  

To overcome the slowness of the conventional UFLS 

scheme, a number of adaptive methods have been proposed so 

far. The knowledge of the aggregate system inertia together 

with the rate of change of frequency (RoCoF) helps to 

estimate the size of the LoG event based on the center-of-

inertia (CoI) concept [5-8]. The underlying assumptions of the 

swing equation model and using RoCoF measurements have 

been scrutinized in [6]. This reference discusses factors 

affecting the frequency response of the power system. With 

the proliferation of renewable energy sources, system inertia 

can hardly be assumed constant. In response, [9-12] estimate 

the system inertia based on phasor measurement unit (PMU) 

measurements. Another line of research in this area is focused 
on difficulties associated with the RoCoF measurement and 

how the measurement algorithm may affect the UFLS scheme 

in terms of demand not supplied [13], [14].  

The wide-area frequency monitoring network, composed of 

a network of GPS-synchronized frequency disturbance 

recorders, uses local frequency measurements for localizing 
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LoG events with an accuracy of 100 miles as well as reporting 

the event inception time [15], [16]. A similar approach is 

presented in [17] based on the arrival times of frequency 

waves recorded by PMUs. To avoid using RoCoF 

measurements, [18] utilizes synchronizing power coefficients 

to relate the change in active power of remaining generators to 

the generation imbalance in the system. Provided that PMUs 

installed at some generator terminals measure and transmit 

their active power outputs to the control center, the location 

and size of LoG events can be identified. Reference [19] 

presents an event location estimating process for power 

systems using PMU data supported by offline zonal analysis.  

This paper proposes a different approach to identifying the 

location and size of LoG events using algebraic circuit 
equations. According to the theory of electric machinery, 

synchronous generators can each be modeled by a voltage 

source behind a sub-transient impedance for a few cycles 

following an event [20]. Thanks to the superimposed circuit 

concept detailed in Appendix A, a system of linear equations 

is derived based on sparse synchrophasor measurements to 

relate superimposed voltage and current phasors to the 

problem unknowns. Amongst the outage candidates, the one 

that best matches the collected measurements is identified as 

the true LoG event. The formulation proposed is also extended 

to enable its functioning with unsynchronized input phasors. 

The salient features of the proposed method compared to 

previous research works can be summarized as follows: 

 Leveraging the full potential of available synchrophasors 

without placing any constraints on PMU locations. 

 No need of extensive offline simulation studies. 

 Retaining the ability to localize and estimate the size of 
LoG events with unsynchronized input phasors. 

 Facilitating effective UFLS for being fast and robust 

against communication failures.  

The remainder of this paper is organized as follows. Section 

II proposes a linear formulation for the localization and size 

estimation of LoG events. The proposed formulation is then 

extended to account for temporary losses of the time 

synchronization signal. Performance evaluation is carried out 

in Section III through extensive simulation studies. Finally, 

the paper is concluded in Section IV. 

II.  PROPOSED METHOD AND DERIVATIONS 

The proposed method for localization and size estimation of 

LoG events is detailed in this section. The bus impedance 

matrix of the grid, SCADA measurements of generator 

outputs and their internal impedances, as well as phasor 

measurements provided by PMUs are fed to the proposed 

method as inputs. The superimposed circuit concept, detailed 

in Appendix A, is used to build a linear system of equations 

for possible LoG events. The sum of squared residuals (SoSR) 

resulting from each candidate system of equations is deployed 

for pinpointing the location of the LoG event. The solution to 

the system of equations corresponding to the identified 

location is used to estimate the size of the event. The proposed 

formulation is then extended to be able to function properly 
with phasors that are not synchronized to a common time 

reference. This will be quite advantageous when the time-

synchronization signal is temporarily lost.  

A.  Linear Systems of Equations Associated with LoG Events 

Let us assume the LoG event is the trip of a number of 

generating units connected to bus k. Following this event, the 

current injection at this bus will change from 𝐼𝑘𝑝𝑟𝑒
 to 𝐼𝑘𝑝𝑜𝑠𝑡

 as 

demonstrated in Figs 1(a) and 1(b). Resulting changes in 

voltages and currents of the rest of the power system can be 
associated to a hypothetical superimposed circuit with only 

one current injection at the bus k as shown in Fig. 1(c). The 

value of this current source will be equal to ∆𝐼𝑘 = 𝐼𝑘𝑝𝑜𝑠𝑡 −𝐼𝑘𝑝𝑟𝑒
. Let ∆𝑉𝑖 and ∆𝐽𝑢𝑣  represent the positive-sequence 

superimposed voltage at bus i and sending-end superimposed 

current of line u-v, respectively. As explained in Appendix A, 

one can write for this superimposed circuit 
 

 ,i i k kV Z I    (1) 

 ,uv uv k kJ C I    (2) 
 

where 𝑍𝑖,𝑘  represents the element in the i-th row and k-th 

column of the bus impedance matrix of the positive-sequence 

circuit, denoted by Z. The generating units connected to bus k 

are not taken into account whilst building the bus impedance 

matrix as they are entirely represented by a current source 

injecting different amounts of current before and after the 

LoG inception. Other generators in the system are each 

modeled by a sub-transient reactance in series with a constant 

voltage source. The values of these voltage sources are not 

needed for our calculations as they do not appear in the 

superimposed circuit [21]. The Thevenin-Norton equivalent 

theorem is used to transform this model into a constant current 

source in parallel with the corresponding reactance [22].  

Let us assume n equations can be derived from PMU data 

in the form of (1) or (2), which together result in a system of 

linear equations as follows 
 

 kI  m h ε  (3) 
 

where m is the vector of superimposed measurements and h is 

the coefficient vector. Besides, the vector ε represents 

measurement errors. This system of equations can be readily 

solved using the weighted least-squares (WLS) method. Let R 

denote the covariance matrix of measurement errors, which is 

an n-by-n diagonal matrix whose i-th non-zero entry is the 

variance of the i-th measurement, i.e., 𝜎𝑖2. The closed-form 

solution of (3) can be obtained by the WLS method as below 
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where (. )∗ refers to the conjugate transpose of the argument. 

The hat sign is used to emphasize that the solution would not 

be exactly equal to the true value owing to measurement 
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Fig. 1. (a) Pre-disturbance, (b) post-disturbance, and (c) superimposed 

positive-sequence circuits corresponding to an LoG event at bus k. 
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errors, but will be an estimate. The WLS method 

approximates the solution of the overdetermined system of 

equations by minimizing the sum of the squares of the 

residuals made in the equations [23]. In other words, (4) is the 

outcome of the following minimization problem:  
 

 
* 1Min - -k kSoSR I I

       = m h R m h  (5) 

 

Equation (4) provides the sudden current injection change 

caused by the LoG event based on the available superimposed 
current and voltage measurements provided by PMUs. 

B.  LoG Event Localization and Size Estimation 

This paper is aimed at identifying the location and size of 

the LoG event. The formulation derived in the previous 

subsection is applicable only if the LoG event location is 

known a-priori. Nonetheless, this is essentially one of the 

unknowns to be determined. Our assumption here is that the 

nodal current injection and active power injection at bus k 

prior to the event inception, respectively denoted by 𝐼𝑘𝑝𝑟𝑒  and 𝑃𝑘𝑝𝑟𝑒
, are known to the control center by the SCADA system. 

The LoG event size, denoted by ∆P, would be equal to or 

smaller than 𝑃𝑘𝑝𝑟𝑒
, considering the possibility of partial 

outages of generating units connected to bus k. 

Let us assume the system of equations corresponding to the 

true LoG event is built and solved. If measurements are ideal, 

and hence the developed equations are error-free, the SoSR 

obtained will be exactly zero. The SoSR of other candidate 

locations would take non-negligible values since the 

corresponding equations do not hold, as justified in Appendix 

B. In order to localize the LoG event, thus, (3) should be built 

for every candidate LoG location and the corresponding SoSR 

needs to be calculated. The smallest SoSR obtained is taken as 

the indicator of the LoG location. Mathematically speaking, 

this can be expressed in the following format 
 

* 1Min - -q q
q

k Arg SoSR I I




           G

= m h R m h  (6) 

 

where G is the set of all candidate LoG locations. As shown in 

Appendix C, there is a closed-form solution for SoSR at each 

candidate location.  

After the event location is identified, e.g., bus k, the sudden 

current injection change at bus k resulting from this event is 

calculated from (4). Without loss of generality, it is assumed 

that the u parallel generating units connected to bus k are 

identical. The event is assumed to be the outage of some or all 

of the generating units at this location. As will be justified in 

Appendix D, ∆P caused by this LoG event can be estimated 
from the following formula 

 

 ,

1
,

ek k k

k k k

pr
kP

uZ X
P

uZ X 


 


 (7) 

where α is the ratio between |∆𝐼𝑘| and |𝐼𝑘𝑝𝑟𝑒|. The former is 

given by (4) and the latter is assumed to be known thanks to 

the SCADA system. Besides, 𝑋𝑘″ is the reactance of each 

generating unit connected to bus k. In the case of the outage of 

all units, α will be equal to unity, which makes the LoG size 

obtained from (7) equal to  𝑃𝑘𝑝𝑟𝑒
, as expected. A flowchart of 

the proposed method is shown in Fig. 2. It can be seen that the 

real-time calculations are limited to the evaluation of SoSR for 

candidate locations and identification of the event size. Event 

detection in this paper is carried out based on the RoCoF 

exceeding a predetermined threshold, i.e. 0.05 Hz/s.  More 

advanced techniques such as that of [10] can be used, if higher 

accuracy is needed. 

C.  Loss of the Time-Synchronization Signal 

The system of linear equations (3) is built based upon the 

assumption that phasors collected by PMUs are all 

synchronized to a common time reference. Therefore, a 

temporary loss of the time-synchronization signal will render 

this system unsolvable. It should be noted that voltage and 

current phasors calculated by a PMU in a substation will be all 

synchronized to the local time reference of that PMU [24]. 

The phase-angles of phasors associated with a PMU remain 

extremely accurate with respect to each other within the time 

frame of interest to LoG event localization [24], [25]. 

In the case of a temporary loss of the time synchronization 

signal, the measurement vector needs to be modified to 

account for different time references of PMUs. Let us assume 

there are s PMUs in the system and mp1, mp2, … , mps  are 

vectors representing the measurements provided by PMU1 to 

PMUs, respectively. Without loss of generality, let the 

reference phase-angle of bus 1 be taken as the common 
reference for the whole grid. By defining the unknown 

synchronization operators 𝑒𝑗𝛿2 , … . 𝑒𝑗𝛿𝑠  for measurements 

provided by PMU2 to PMUs, (3) changes to 
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 (8) 

 

The system of equations (8) is nonlinear in terms of ∆𝐼𝑘 and 

synchronization angles 𝛿2 , ⋯ , 𝛿s. The solution of (8) demands 

iterative solving processes, which would not only be 

computationally expensive but also prone to divergence and 

the multiplicity of solution.  

To remove the foregoing concerns, the synchronization 

operators 𝑒𝑗𝛿2 , … . 𝑒𝑗𝛿𝑠 are treated as problem unknowns, 

End
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Fig. 2. Flowchart of the proposed method. 
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instead of synchronization angles. This change of variable 

technique helps to maintain the linearity of the equations in 

(8), hence eases the solution process, as below 
 

     
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m
m

m= ε

m

 (9) 

  

The foregoing rearrangement yields a system of linear 

equations for the synchronization operators and superimposed 

current at bus k. This system can be readily solved by the 

WLS method to obtain the values of unknown synchronization 

angles and the superimposed current of the lost generating 

units. The rest of LoG localization and size estimation process 

remains the same as that with synchronized measurements. 

III.  PERFORMANCE EVALUATION 

The performance of the proposed method for localization 

and size estimation of LoG events is evaluated by conducting 

extensive simulations on the IEEE 39-bus and 118-bus test 

systems [26]. A general performance evaluation with both 

synchronized and unsynchronized measurements is presented 

first. The impact of unsynchronized measurements is studied 

in the next step. The sensitivity of the proposed method to 

topology, line parameter and measurement errors is also 

scrutinized. Then, the impact of different number/locations of 

PMUs is examined. Finally, the performance of the proposed 

method is compared with that of similar methods.  

Simulations are carried out in DIgSILENT PowerFactory 
and voltage and current waveforms recorded are filtered using 

an anti-aliasing Butterworth filter with a cut-off frequency of 

400 Hz. Then, they are sampled with a sampling frequency of 

2 kHz. The discrete Fourier transform (DFT) is used to 

estimate phasors of recorded time-domain waveforms. Any 

other phasor estimation methods that provide more accurate 

phasors could be used to offer more accuracy, if needed. 

Without loss of generality, the variance of all measurements is 

considered to be the same. In regard to the phasor estimation 

process, the estimated size becomes accurate after a full data 

window length passes from the LoG inception [4]. The 

estimated value from this time instant is averaged for one 

power-frequency cycle and is reported as the LoG size. 

A.  General Evaluation of the Proposed Method 

LoG localization and size estimation by the proposed 

method are demonstrated using arbitrarily selected examples. 

As shown in Fig. 3, buses 3, 5, 8, 11, 14, 16, 19, 23, 25, 27, 29 
and 39 are equipped with PMUs in the IEEE 39-bus test 

system [26]. Four generating units are connected to bus 32 

with total active power injection of 650 MW and are tripped at 𝑡 = 0 sec. To normalize the SoSRs of these candidate LoG 

locations, each SoSR at any time instant is divided by the 

maximum SoSR amongst all SoSRs calculated at that time 

instant. The absolute and normalized SoSRs calculated for 

candidate LoG locations at 50 milliseconds following the LoG 

event are listed in Table I. Fig. 4 demonstrates the normalized 

SoSRs for up to 300 milliseconds after the LoG event. As can 

be seen, the smallest SoSR correctly indicates the true LoG 
location with enough distinction from other candidate LoG 

TABLE I 

SOSRS OF CANDIDATE LOCATIONS FOLLOWING THE OUTAGE OF G3  
 

SoSR G1 G2 G3 G4 G5 G6 G7 G8 G9 G10 

Abs. 49.6 53.8 0.01 53.8 54.5 54.7 54.5 54.1 54.5 54.37 

Norm. 0.91 0.98 ~0 0.98 0.99 1 0.99 0.98 0.99 0.99 

 

 
Fig. 4. SoSRs of different candidate LoG locations calculated over time 

following the outage of all generating units connected to bus 32. 
 

 

 
Fig. 5. Estimated size of the LoG event following the outage of different 

numbers of the generating units connected to bus 32. 
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Fig. 3. Single-line diagram of the IEEE 39-bus test system. 
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locations. Extensive simulations conducted confirm that the 

SoSR index proposed for pinpointing the LoG event location 

remains highly reliable for up to one second or even longer 
following the LoG event inception. This guarantees that there 

will be enough time to locate the tripped generator. The 

estimated LoG sizes over time for different LoG events at the 

foregoing location are demonstrated in Fig. 5.  

For a thorough evaluation of the proposed method, different 

LoG events at G1 to G10 are examined. In addition to the 

base-case loading scenario, heavy- and light-loading scenarios 

are also created for the IEEE 39-bus test system by uniformly 

changing the amount of generation/load in the system by 

±50%. This is to study the effect of system loading on the 

performance of the proposed method, as well. Following each 

LoG event, the SoSR is calculated for all candidate LoG 

locations. The smallest SoSR is sought to infer the true LoG 

location and proceed with its size estimation. Event 

localization is successfully carried out for the entire 

simulations in all scenarios. LoG size estimation results for 50 

milliseconds after LoG event are summarized in Table II. As 
can be seen, size estimation errors do not exceed 2% of the 

true LoG size in any of cases. This justifies that loading 

condition has an insignificant impact on the accuracy and 

success rate of the proposed method. Fig. 6. shows the error of 

LoG size estimation at different locations for up to 1 sec 

following the event inception. The size of estimation error 

increases as the time progresses, as expected. Therefore, the 

decision should be made based on the initial data samples 

received if we are to achieve a higher level of accuracy. 

The proposed method is also tested on the IEEE 118-bus 

test system with 28 PMUs [27]. LoG event localization is 

successfully carried out in all cases. Estimation results 

following the outage of 10 arbitrarily selected generators 

connected to buses 10, 25, 26, 49, 65, 66, 69, 80, 89, and 100 

are summarized in Table III. 
The evaluation of the scalar index SoSR for each candidate 

location will incur a limited number of multiplication and 

addition operations as shown in Appendix C. The 

computation time of the whole procedure for the IEEE 39-bus 

test system with 48 measurements and 10 generators is about 

0.1 ms, on a 2.8 GHz processor with 8 GB of RAM. This for 

the IEEE 118-bus test system with 141 measurements and 19 

generators is around 0.4 ms. For a large power system with 

500 phasor measurements, calculating SoSR for each 

candidate location will take no more than 0.2 ms. This will 

amount to a total of 20 ms for the whole procedure if the 

system has 100 generator buses, which is quite acceptable 

from a practical point of view. More importantly, the 

evaluation of SoSRs are totally independent of each other, and 

if needed, the related process could be highly parallelized on 

both software and hardware levels. On the other hand, the 

LoG identification can be easily limited to the disturbed area 

if the boundaries of that area are observed by PMUs. The 
same approach has been already introduced and successfully 

tested by the authors in [21]. 

B.  Performance with Unsynchronized Input Phasors 

The ability of the proposed method in functioning with 

unsynchronized phasors is examined in this subsection. First, 

all estimated phasors are multiplied by a random number 

accounting for a total vector error (TVE) of 1%, where TVE is 

a measure of the difference between the phasor estimated and 

the true phasor itself [29]. To make these non-ideal phasors 

unsynchronized, voltage and current phasors associated to 

each PMU are multiplied by a random complex number with a 

magnitude of one and a phase-angle between 0 and 2π. 
Results obtained demonstrate that LoG localization and size 

estimation can be successfully accomplished even with 

unsynchronized inputs. As an example, simulations are 

repeated 10,000 times for an LoG event at bus 33. The event 

size is calculated in each case and results obtained are 
summarized in Fig. 7. As can be seen, size estimation is 

successfully accomplished with an average error of 0.15% and 

TABLE II 

LOG SIZE ESTIMATION ERRORS ON THE IEEE 39-BUS TEST SYSTEM 
 

Scenario 
Size Estimation Error (%) 

G1 G2 G3 G4 G5 G6 G7 G8 G9 G10 

Base-case 0.84 0.13 0.24 1.71 0.01 0.12 0.33 0.28 0.11 1.74 

Light-loading 0.12 1.08 0.68 1.59 0.87 0.84 0.69 0.24 0.80 1.93 

Heavy-loading 0.22 0.07 0.24 1.81 0.08 0.52 0.61 0.35 0.10 1.98 

 
TABLE III 

LOG SIZE ESTIMATION ERRORS ON THE IEEE 118-BUS TEST SYSTEM 
 

Size Estimation Error (%) 

G1 G2 G3 G4 G5 G6 G7 G8 G9 G10 

0.04 1.86 3.19 1.78 1.38 1.20 0.20 0.21 3.10 1.59 

 

  
Fig. 6. Size estimation error over time for LoG events at different locations. 

 

 

 
Fig. 7. Estimated LoG size with unsynchronized measurements following the 

outage of all generating units at bus 33. 

 
TABLE IV 

LOG SIZE ESTIMATION WITH UNSYNCHRONIZED PHASORS 
 

Tripped Generator G1 G2 G3 G4 G5 G6 G7 G8 G9 G10 

Ave. Error (%) 0.18 0.93 0.15 0.14 0.56 1.22 0.27 0.15 0.14 0.90 

Max. Error (%) 0.91 1.55 0.86 1.88 1.27 1.77 0.92 0.72 0.72 1.96 
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a standard deviation of 0.2%. To be more inclusive, extensive 

simulations are carried out on the IEEE 39-bus test system in 

the base-case loading scenario for different LoG locations. 

Size estimation using unsynchronized phasors are performed 

and obtained results are summarized in Table IV. It can be 
observed that the accuracy achieved is quite comparable to 

that with synchronized input phasors.  

C.  Impact of Topology, Parameter and Measurement Errors 

In this subsection, the impact of topology, parameter, and 

measurement errors on the success rate of localization and 

accuracy of size estimation is scrutinized. Regarding topology 

errors, a single transmission line/transformer is either 

considered while not actually in service or not considered 

while actually in service. To show how much this could affect 

the accuracy of the proposed method, three transmission 

lines/transformers are considered. Table V demonstrates the 

maximum and average errors caused by these topology 

inaccuracies in LoG size estimation. Simulations show that 

the error of size estimation will not exceed 10% of the true 

LoG size as long as the topology error results from the status 

of one series element. Even in this condition, the event 

location is carried out successfully in all simulated cases. 
Extensive simulations are conducted here to study the effect 

of transmission line and generator parameter errors on the 

success rate of the proposed method. Tables VI and VII 

summarize results obtained when lines/generators are 

considered to have random parameter errors within different 

ranges. Each simulated case is repeated 1,000 times for 

reporting average and maximum size estimation errors. For 

line/generator parameter errors of up to 10%, the proposed 

method remains successful in LoG event localization. As 

expected, the estimation error increases as the variation range 

of parameter errors is widened.   

The success rate of the proposed method is also dependent 

on measurement errors, similar to that of any other methods. 

This is studied here by using measurement errors of different 

TVEs, with normal distribution around the true value of 
corresponding phasors. Table VIII reports obtained results 

where the three-sigma criterion is employed for reporting the 

error range. As expected, larger measurement errors result in 

less accuracy in LoG size estimation. From a practical point of 

view, the proposed method proves to have sufficient 

robustness against different sources of inaccuracies. Providing 

the size and the location of the LoG event, it can help system 

operators to take proper remedial actions as fast as possible. 

An accurate impedance matrix is a prerequisite for the 

proposed method to guarantee a highly reliable performance. 

One data sample after the event inception will be enough to 

this end. Next events such as sympathetic tripping of 

Distributed Generators (DGs) will not affect the performance 

of the proposed method, as it takes several power-frequency 

cycles for any component to sense the incident and respond to 

it by disconnecting from the rest of the grid. If prior to the 

LoG event a disturbance changes the network topology, this 
change must be fed to the method, as otherwise, errors in LoG 

localization/size estimation will be inevitable. A special case 

is when a line/transformer trip results in the disconnection of a 

generator from the rest of the system. In this case, the 

proposed method will correctly pinpoint that generator as the 

line/transformer outage and the generator outage seem the 

same from the rest of the system. However, if the line trip is 

somewhere else in the system, this will adversely affect the 

accuracy of the proposed method to some extent. The 

proposed method is based on the approximation of the internal 

reactance of non-tripped generators by their sub-transient 

reactance. This introduces some errors into the estimated LoG 

size over time as shown in Fig. 6. If the surrounding area of 

generators is not covered by PMUs, the LoG size estimation 

might incur larger errors. 

D.  Observability and PMU Coverage 

Observability is not a prerequisite for using the proposed 

method, and the SoSR index is capable of pinpointing the 

event location by the measurements of any two PMUs or more 

as justified in Appendix B. To demonstrate this, the proposed 

method is applied with different numbers of PMUs. For each 

specific number of PMUs, 100 randomly created placements 

TABLE IX 

 SENSITIVITY OF LOG SIZE ESTIMATION TO THE NUMBER OF PMUS 
 

IEEE 39-Bus Test System 

No. of PMUs 12 11 10 9 8 7 6 5 4 

Ave. Err. (%) 0.60 0.66 0.86 0.88 1.02 1.11 1.33 1.47 1.55 

IEEE 118-Bus Test System 

No. of PMUs 28 26 24 22 20 18 16 14 12 

Ave. Err. (%) 1.60 1.62 1.71 1.72 1.79 1.82 1.83 1.93 1.99 

 

TABLE V 

LOG SIZE ESTIMATION SENSITIVITY TO TOPOLOGY ERRORS 
 

Transmission 

Line/Transformer Index 

Size Estimation Error (%) 

Ave. Max. Ave. Max 

Not considered  

while in service 

Considered  

while not in service 

17-18 2.13 9.85 0.68 1.94 

26-28 1.70 10.00 0.52 1.29 

11-12 0.68 1.85 0.95 4.23 

 
TABLE VI 

 LOG SIZE ESTIMATION SENSITIVITY TO LINE PARAMETER ERRORS 
 

Results 
Variation Range of Line Parameter Errors (%) 

±1 ±2 ±3 ±4 ±5 ±6 ±7 ±8 ±9 ±10 

Ave. Err.  0.56 0.57 0.57 0.58 0.60 0.62 0.64 0.65 0.68 0.71 

Max. Err. 2.04 2.19 2.40 2.53 2.72 3.02 3.42 3.42 4.89 4.60 

 
TABLE VII 

LOG SIZE ESTIMATION SENSITIVITY TO GENERATOR PARAMETER ERRORS 
 

Results 
Variation Range of Generator Parameter Errors (%) 

±5 ±10 ±15 ±20 ±25 ±30 ±35 ±40 ±45 ±50 

Ave. Err.  0.46 0.46 0.46 0.47 0.47 0.47 0.47 0.47 0.48 0.48 

Max. Err. 1.74 1.75 1.79 1.83 1.84 1.87 1.90 1.94 1.96 1.98 

 
TABLE VIII 

 SENSITIVITY OF LOG SIZE ESTIMATION TO MEASUREMENT ERRORS 
 

Results 
Variation Range of Measurement Errors (%) 

±1 ±2 ±3 ±4 ±5 ±6 ±7 ±8 ±9 ±10 

Ave. Err. 0.58 0.61 0.67 0.72 0.79 0.85 0.92 0.98 1.07 1.12 

Max. Err. 2.27 2.70 3.20 3.70 4.60 5.18 5.11 5.15 6.70 7.18 
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have been considered. LoG localization has been successfully 

accomplished in all simulations regardless of the number and 

locations of PMUs. The average size estimation errors 

obtained is summarized in Table IX. As can be seen, results 

are all acceptable from a practical point of view, while the 

number and locations of PMUs are not constrained by the 

proposed method. 

The variance of the estimated superimposed current by (4) 

can be obtained from [28]: 
 

 
1

* 1Var ( )kI
    h R h  (10) 

 

This means better accuracy will be achieved with a greater 
number of PMUs. Simulations also suggest that there is a 

correlation between the PMU coverage in the proximity of the 

true LoG event and the SoSR of other candidate locations. The 

more intensely PMUs cover the true LoG location, the bigger 

the SoSRs calculated for other candidate locations are.  

E.  Comparison with Other LoG Size Estimation Methods 

The most trivial approach to LoG localization is the direct 

monitoring of all generator circuit breakers (GCBs) to detect 

their outages. The size of LoG can be then identified from 

SCADA information from right before the LoG event. 

Nonetheless, this cannot be considered a flawless solution as 

transmitting the corresponding signals is inevitably subject to 

indefinite communication latencies and even complete failure. 

Therefore, there have been several approaches aimed at LoG 

size estimation based on additional useful information offered 

by the wide-area monitoring system [30]. Table X compares 

the proposed method with other existing methods from 
different perspectives. As can be seen, a majority of existing 

methods require synchrophasors and would consequently 

suffer from time-synchronization issues. While the proposed 

method is able to function with any set of data, some other 

methods put demanding constraints on the number and 

locations of PMUs, and might even require extensive offline 

simulation studies raising accuracy and computational burden 

concerns. The developed system of equations is linear, which 

means bad data detection/identification approaches such as the 

normalized residual test can be readily deployed to overcome 

the inclusion of bad data in the measurement set [23].  

A large number of simulations are carried out in this 

subsection to compare the proposed LoG size estimation 

method with the direct GCB monitoring and swing equation-

based methods in terms of speed. According to IEEE Std. 

C37.118.2 [31], system-wide communication latencies are not 

definite. Aggregated communication latencies are supposed to 

have a normal distribution with mean 200 ms and standard 

deviation 50 ms in this study. Besides, it is assumed that all 

buses in the system are equipped with PMUs. A total of 
10,000 Monte Carlo simulations are carried out in order to 

draw solid conclusions from obtained results. While the swing 

equation-based method must wait for the receptions of all 

generator frequencies before proceeding with calculations, the 

proposed method is set to operate once the post-event data of 

five PMUs are received in the control center. The direct GCB 

monitoring method determines the size and location of the 

LoG event upon the reception of the PMU data demonstrating 

that the active power output of the tripped generator has 

dropped to zero. 

Fig. 8 demonstrates the distributions of decision time 

instants by different methods from the event inception to 

determining the LoG size. The average decision time by the 

proposed, direct GCB monitoring and swing equation-based 

methods are 140 ms, 200 ms, 275 ms, respectively. The 

superiority of the proposed method over the swing equation-

based method can be easily verified from this figure. The 
reason for this superiority is that the swing equation-based 

method needs all measurements to be received, contrary to the 

former. Although the direct GCB monitoring method is faster 

than the proposed method in 12.5% of cases, it would need 

more time to function when the measurement associated to the 

tripped generator is delayed. Not being reliant on any specific 

measurements, the proposed method would act upon a limited 

number of measurements received early enough, thus taking 

less time to come up with a decision. Employing the proposed 

method together with direct GCB monitoring could reduce the 

average decision time to 135 ms. 

F.  Applications in Underfrequency Load Shedding 

The proposed method is not a novel UFLS scheme, but a 

method for wide-area monitoring of LoG events with no 

specific constraints over measurement locations/number. 

Centralized UFLS is just used as an example here to show 

how timely identification of LoG events can improve the 
performance of emerging centralized UFLS methods. Indeed, 

fast estimation of the size of LoG events is quite advantageous 

to counteracting their impact by shedding an appropriate 

amount of load at a right time and right locations. In this 

subsection, the performance of the conventional UFLS 

scheme is compared with a UFLS scheme designed based on 

the proposed LoG size estimation method. The conventional 

UFLS scheme is set to shed 7.5% of the total system load each 

time frequency violates the frequency thresholds 49.5, 49.2, 

49, and 48.8 Hz [2]. The proposed UFLS relays are set to shed 

the designated load once frequency measured by the relay 

TABLE X 

LOG LOCALIZATION AND SIZE ESTIMATION BY DIFFERENT METHODS  
 

Reference [8]  
[15] 

[16] 
[17] [18]  [19]  Prop. 

Need offline studies? No No Yes No Yes No 

Specific sensor locations? Yes No Yes Yes Yes No 

Need Time-Synch Signal? Yes Yes Yes Yes Yes No 

Tolerate Sensor Losses? No Yes No Yes Yes Yes 

Estimate both size and location? No Yes No Yes No Yes 

Computational burden: Low Low High High High Low 

 

 
Fig. 8. Comparison between the proposed, direct GCB monitoring and swing 

equation-based LoG size estimation methods in terms of execution time. 
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falls below 49.5 Hz. It is well established that the amount of 

load shed by the conventional UFLS scheme following an 

LoG event is normally smaller than the event size [2]. To offer 

this flexibility, a less-than-unity adjustment coefficient 𝛽 is 
multiplied by the LoG size estimated by the proposed method 

to have UFLS relays compensate for a predefined portion of 

the generation imbalance caused by the LoG event.  

Fig. 9 shows the frequency response of the center of inertia 

of the system following a 1600-MW LoG event whilst the 

total system inertia is reduced to 2.6 sec. The conventional 

scheme sheds 64% of the event size. By setting 𝛽=0.64 pu, the 

proposed UFLS scheme will also shed the same amount of 

load while reducing the maximum frequency deviation by 0.2 

Hz compared to the former. The same maximum frequency 

deviation will be achieved by both schemes if 𝛽 is set to 0.47 

pu. Nonetheless, the load shed by the proposed scheme will be 

only 74% of that by the conventional scheme. For 𝛽=1 pu, the 

proposed scheme sheds an amount of load equal to the LoG 

size, which reduces the maximum frequency deviation by 0.35 
Hz compared to that by the conventional UFLS scheme. These 

responses demonstrate the flexibility that can be gained by the 

fast estimation of the LoG size using the proposed method. 

If the monitoring of GCBs is the only tool deployed for 

LoG detection, we will be left with no alternative measures in 

the case of failure of the corresponding measurement 

device/communication channel, or even unacceptably long 

delays of system-wide communication [31]. This does not 

apply to the proposed method as it is not reliant on any single 

measurement. Besides, the 200 ms improvement offered by 

the method will be extremely beneficial to the remedial 

actions taken against LoG events with large RoCoFs, e.g. 

greater than 1 Hz/s. The extra computation burden can be seen 

as the price paid for improving frequency performance by 

leveraging the data of PMUs already installed in the system.  

IV.  CONCLUSION 

This paper proposes a new approach for localization and 

size estimation of loss of generation (LoG) events, based upon 

a limited number of phasor measurements recorded within a 

few power-frequency cycles following the event inception. 

Taking advantage of the bus impedance matrix, delayed or 

missing data of any PMU would be tolerable without affecting 

the method’s performance. This is the case while existing 
methods require a predetermined set of measurements in order 

to function properly, which is a major drawback knowing that 
the latency of system-wide communication is neither definite 

nor predictable. On the other hand, the proposed method does 

not require any offline simulation studies, which makes its 

deployment relatively straightforward. The input phasors to 

the proposed method do not need to be necessarily 

synchronized, guaranteeing the robustness against temporary 

losses of the time synchronization signal.  

Employing the proposed method in parallel with the direct 

monitoring of generator circuit breakers can effectively limit 

the decision time to a couple of hundreds of milliseconds 

following the LoG event inception. The linearity of the 

formulation developed makes the corresponding solving 

process much faster than that of existing formulations 

requiring iterative solving processes. Thanks to its robustness 

against the foregoing technical challenges, the proposed 

method lends itself to effective underfrequency load shedding 
in modern power systems with highly reduced inertia. The 

proposed method can also be employed for monitoring the 

sudden addition or disconnection of shunt elements (e.g. 

loads) to/from the system. 

APPENDIX A: SUPERIMPOSED CIRCUIT DERIVATIONS 

The disturbance of interest is defined as sudden changes in 

nodal current injections in the circuit. Figs A1(a) and A1(b) 
show the corresponding pre- and post-disturbance circuits 

with the same topology, but with nodal current sources of 

different values. Possessing the same topology and elements, 

these two circuits have the same bus impedance matrix 

denoted by Z . The circuit nodes in Fig. A1 are indexed 1 to 

N. If V
pre

and V
post

 denote the vector of node voltages 

respectively before and after the disturbance, the nodal 

equations for the two circuits can be written as [22]: 
 

 pre preV ZI  (A-1) 

 post postV ZI  (A-2) 

where, 𝑰𝑝𝑟𝑒  and 𝑰𝑝𝑜𝑠𝑡  are the vectors of nodal currents, before 

and after the disturbance, respectively. By subtracting (A-1) 

from (A-2) one obtains  

 V Z I    (A-3) 
 

Equation (A-3) resembles the nodal equations of a circuit 

and can be attributed to a hypothetical, so-called 

superimposed circuit (see Fig. A1(c)). Node voltages, branch 

currents and nodal currents of the superimposed circuit are 

equal to the differences between their corresponding 
quantities before and after the disturbance. This explains why 

N
Pre-Disturbance 

Circuit

pre
NI

1

1
pre

I

(a)

N
Superimposed Circuit

NI

1

1I

(c)

1
pre

V
pre

NV

N
Post-Disturbance 

Circuit1

1
post

I
1
post

V
post

NV
post
NI

1V
NV

(b)

Fig. A1. (a) Pre-disturbance, (b) Post-disturbance and (c) Superimposed 

circuits for a disturbance which is sudden changes of nodal current injections. 

 

 
Fig. 9. Frequency response after UFLS with different adjustment coefficients. 
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voltage and current quantities in the superimposed circuit are 

all indicated by the Δ symbol.  
The letters I and J are used in this paper to denote nodal 

current injections and branch currents, respectively. Let Zi,j 

denote the element in the i-th row and j-th column of the bus 

impedance matrix of a superimposed circuit with N nodes. If ∆𝐼𝑗 refers to the superimposed nodal injection at a node j, the 

superimposed voltage at any node i can be obtained from  
 

 ,

1

, 1
N

i i j j

j

V Z I i N


       (A-4) 

 

The positive direction for nodal and branch currents are 

considered to be into and out of the corresponding node, 

respectively. The superimposed sending- and receiving-end 

current of a transmission line can be obtained based on the 

superimposed voltages at its two ends. The superscript s is 

used to refer to the corresponding sequence circuit and takes a 

value of “z”, “p” or “n” for the zero- positive- and negative-

sequence circuits, respectively. If the superimposed current of 

the sending-end of a line u-v with the length luv in the 

sequence circuit s is denoted by 
s
uvJ , then 

 

 

 , ,
tanh

2 sinh

s s s s
s u uv uv u w
uv c s c s s

uw uw uv uv

V l V V
J

z z l




   
   

 
 (A-5) 

 

where c,s
uvz  and s

uv  denote the characteristic impedance and 

propagation constant of the line u-v in the sequence circuit s. 

Substituting for the superimposed voltages of (A-5) from (A-

4) yields  

 ,

1

N
s s s
uv uv q q

q

J C I


    (A-6) 

where the coefficient ,
s
uv qC  is obtained from [21]: 

 

 
, ,

, , ,tanh( ) sinh( )

s s
u q v qs

uv q c s s c s s
uv uv uv uv uv uv

Z Z
C

z L z L 
   (A-7) 

 

 

Equation (A-6) gives the superimposed current of the 

transmission line u-v in terms of superimposed nodal current 
injections in the power system.  

APPENDIX B: CORRECTNESS OF THE SOLUTION 

Let us consider an LoG event at bus k. Measurements are 

assumed to be error-free. This means the following equations 

derived based on KVL and KCL all hold: 

  

1 1

k

n n

h m

I

h m

   
       
      

 (B-1) 

In other words, (B-1) is consistent and has an exact 

solution, i.e. the superimposed current injection at bus k. 

Therefore, the least-squares method gives the exact solution of 

this system of equations with zero SoSR [31]. Let us construct 

the system of equations for another candidate location, say bus 

q, which is not the event location. For distinction, the 

coefficient vector quantities derived for this candidate location 

are marked by the prime sign. Hence, 

 

1 1

q

n n

h m

I

h m

   
       
      

 (B-2) 

It can be easily confirmed that (B-2) will have an exact 
solution with the given set of measurements, only and only if: 

 1 2

1 2

n

n

hh h

h h h

 
    (B-3) 

Otherwise, (B-2) is not solvable and the least-squares method 

provides merely an approximate solution to it, hence a non-

zero SoSR [31]. It should be mentioned that (B-3) is highly 

unlikely to hold true for any two PMUs on the IEEE 39-bus 

test system. This means that for no LoG event the true LoG 

location will be mistaken with another candidate location, 

using the data of more than one PMU.  

APPENDIX C: REAL-TIME COMPUTATION BURDEN  

The vector of measurement residuals, denoted by r, for a 

linear system of equations with the general form (3) can be 

calculated from [23] 

 𝒓 = 𝒎 − 𝒎̂ = 𝑺𝒎 (C-1) 

where  

 𝑺 = 𝑰 − 𝒉(𝒉∗𝑹−1𝒉)−1𝒉∗𝑹−1 (C-2) 

The matrix S is called the residual sensitivity matrix as it 

represents the sensitivity of measurement residuals to the 

measurement errors. Hence, the scalar SoSR presented by (5) 

can be readily obtained from 

 SoSR= 𝒎∗𝑺∗𝑺𝒎 (C-3) 

The product 𝑺∗𝑺 can be calculated in advance based on the 

bus impedance matrix of the system and saved in memory. It 

follows that evaluating the SoSR index for each candidate 

location incurs n(n+1) multiplications plus (n+1)(n-1) 

additions of complex numbers, where n refers to the number 

of PMU measurements (the size of the vector m). This for 500 

measurements in a large-scale power system will not exceed 

0.2 ms using MATLAB on a 2.8 GHz processor with 8 GB of 

RAM. The calculation of SoSR for each location is completely 
independent of others. This provides the possibility of 

reducing the computational burden to that required for 

computing a single SoSR with proper parallelization on 

hardware/software level, if required. 

APPENDIX D: PARTIAL GENERATING UNIT OUTAGES  

The superimposed circuit shown in Fig. D1 is associated 

with an LoG event at a bus k in which l out of u generating 

units are disconnected. The remaining generating units are 
represented by their equivalent reactance. The outage of l 

generating units is equivalent to losing a portion of pre-event 

current injections represented by a suitable current source in 

the superimposed circuit. The relation between the 

superimposed current ∆Ik and the sudden current injection 
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drop due to the outage of l generating units can be obtained 

using the current division rule as follows 
 

 
,( )

prek
k k

k k k

X l
I I

u l Z X u


   

 
 (D-1) 

 

Manipulating (B-1), the unknown variable l can be expressed 

in terms of the other variables as below 
 

 , ,

1 1
, ,

k k k k k k

k k k k k k

uZ X uZ X
l u u

uZ X uZ X  

  
 

  α
  (D-2) 

 

where the complex number α denotes the ratio between ∆𝐼𝑘 

and 𝐼𝑘𝑝𝑟𝑒. The phase angle of α will be exactly equal to π in the 

case of the outage of all generating units at bus k. For partial 

outages, the phase angle of α would lie quite close to π due to 

the inductive nature of the Thevenin impedance at different 

buses in the power system. To ease the calculations, α can be 

approximated by the ratio between |∆𝐼𝑘| and |𝐼𝑘𝑝𝑟𝑒|, denoted 

by the scalar α, with a negative sign. Having obtained the 

number of tripped generating units from (D-2), the LoG event 

size can be formulated as follows 
 

 ,

1
,

pre
k k k prek

k
k k k

uZ XlP
P P

u uZ X 


  


  (D-3) 

 

which is the expression given in (7). 
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Fig. D1. Positive-sequence superimposed circuit after the outage of l 

generating units at bus k. 
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