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Abstract. We prove several basic properties of the Yangian of the Lie superalgebra gly y-

Key words: Berezinian; Hopf superalgebra; Yangian

2020 Mathematics Subject Classification: 16T20; 17B37; 81R50

1 Introduction

Let glysn be the general linear Lie superalgebra over the complex field C. We will assume that
at least one of the non-negative integers M and N is not zero. The Yangian of gl y has been
introduced in [8] by extending the definition of the Yangian of the general linear Lie algebra g,
see for instance [6]. We will denote this extension by Y(gly;n). It is a deformation of the
universal enveloping algebra U(glysy[u]) of the polynomial current Lie superalgebra gl |[u]
in the class of Hopf superalgebras. The definition of Y(glysy) is reviewed in our Section 2.

In our Section 2 we will define two ascending filtrations on the associative algebra Y (gl n)-
The graded algebra associated with the first filtration is supercommutative. We prove that its
elements corresponding to the defining generators (2.6) of Y(gly; ) are free generators of this
supercommutative algebra. The graded algebra associated with the second ascending filtration is
isomorphic to U(glyn[u]). We prove this by using the representation theory of Y (gl ). Our
proof follows [7] where the Yangian of the queer Lie superalgebra qa; C glynr was studied. The
freeness of the supercommutative graded algebra associated with the first filtration on Y (gl )
follows from this isomorphism. Another proof of the freeness property was given in [4].

Two different families of central elements of Y (gl;|y) have been defined in [8]. The definition
of the first family uses the Hopf superalgebra structure on Y (gl x). This definition is reviewed
in our Section 3. It was conjectured in [8] that the first family generates the centre of Y (gl y)-
Shortly after the publication of [8] this conjecture was proved by the author. The method of
that proof was then used in [6] where the Yangian of gl;,; was considered. This method was also
used in [4, 7]. We include the original proof of this conjecture for Y (gl ) in our Section 3.

The second definition extends the notion of a quantum determinant for the Yangian of gl;,,
see again [6] and references therein. This definition is reviewed in our Section 4. The main result
of [8] was the relation between the two families of central elements of Y(glysy). However only
a summary of the proof of this relation was given in [8] while the details were left unpublished.
The main purpose of the present article is to publish the detailed original proof of this relation.

Since the Yangian Y (gly;y) was introduced in [8] it has been studied by several other authors.
Here we do not aim to review the literature. Still let us mention the work [3] which contains
a direct proof of the centrality of the elements of Y (glysy) from our second family. Let us also
mention the work [9] which provides a generalization of Y(glysy) to arbitrary parity sequences.

This paper is a contribution to the Special Issue on Representation Theory and Integrable Systems in honor
of Vitaly Tarasov on the 60th birthday and Alexander Varchenko on the 70th birthday. The full collection is
available at https://www.emis.de/journals/SIGMA /Tarasov-Varchenko.html
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2 Definition of the Yangian

Throughout this article we will use the following general conventions. Let A and B be any two
associative Zo-graded algebras. Their tensor product A ® B is also an associative Zy-graded
algebra such that for any homogeneous elements X, X’ € A and Y, Y’ € B
(XQY)(X'@Y')=XX @YY’ (—1)deX degY (2.1)
deg(X ®Y) =deg X + degV. (2.2)

For any Zs-graded modules U and V over A and B respectively, the vector space U ® V is
a Zo-graded module over A ® B such that for any homogeneous elements x € U and y € V'

(X®Y)(z@y) =Xz Yy(-1)terde, (2.3)
deg(z ® y) = degz + deg y. (2.4)

A homomorphism «: A — B is a linear map such that a(XX’) = o(X)a(X’) for all X, X’ € A.
But an antihomomorphism 3: A — B is a linear map such that for all homogeneous X, X’ € A

BIXX') = B(X")B(X)(—1)tes X dea X", (2.5)
If A is unital, let ¢, be its embedding into the tensor product A®™ as the h-th tensor factor:
(X)) =180-D g X 190N for h=1,...,n.

Here n can be any positive integer. We will also use various embeddings of the algebra A®™
into A®" for any m = 1,...,n. For any choice of pairwise distinct indices h1, ..., h, € {1,...,n}
and of an element X € A®™ of the form X = XM @ -.. @ X" we will denote

Xy = thy (X W) -, (X)) € A®™,

We will then extend the notation Xp, p,, to all elements X € A®™ by linearity.

Now let the indices ¢, j run through 1,..., M + N. We will always write 7 =0if 1 <i: < M
and 7= 1if M <i < M + N. Consider the Zy-graded vector space CMIN_ Let ¢; € CMIN be
an element of the standard basis. The Zs-grading on CMIN is defined so that dege; = 7. Let
E;; € End CMIN be the standard matrix unit, so that Ejje, = d;pe;. The associative algebra
End CMIN is Zy-graded so that deg Eijj =1+

For any n we can identify the tensor product (End CMIN ) “" With the algebra End((CM N )®n)
acting on the vector space ((CM IN )®n by repeatedly using the conventions (2.3) and (2.4).

Let us introduce the Yangian of the Lie superalgebra gly . This is the complex associative
unital Zo-graded algebra Y (glysy) with the countable set of generators

Ti(jr)7 where r=1,2,... and ¢,j=1,...,M+ N. (2.6)

The Zs-grading on the algebra Y (gl ) is determined by setting deg Ti(jr) =71+ 7forr >1. To
write down defining relations for these generators we will employ the series

Tyu) = 6 - L+ T u™ + TP 4 (2.7)
in a formal variable u with coefficients from Y (gl M| ~)- Then for all possible indices i, j, k, {
(u = ) [T (w), Tia (o)) (= 1) = Ty () Tia(v) = Ty (0) T (), (2:8)

where v is another formal variable. The square brackets here stand for the supercommutator.
Notice that the series denoted by Tj;(u) here and in [8] differ by the scalar factor (—1)1)7,
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We will also use the following matrix form of the defining relations (2.8). Take the element
M+N

P= Y E;®Ej(-1)Y € (EndCMIN)®%, (2.9)
i,j=1

This element acts on the vector space ((CMW)®2 so that e;®e; — e; ®ei(—1)". Here we identify
the algebra (End (CM|N)®2 with the algebra End ((CM‘N)M) by using (2.3).

For any n let &,, be the symmetric group acting on the set {1,...,n} by permutations. For
each m = 1,...,n—1 denote by o,, the element of &,, exchanging m and m + 1. The group &,
also acts on the vector space ((CM IV )®n. This action is defined by the assignment o, — Py, m+1

for each m. Here we identify the algebra (End (CM|N)®n with End (((CM‘N)(Xm) via (2.3), (2.4).
The rational function R(u) = 1 — Pu~! with values in the algebra (End C¥ IN )®2 is called
the Yang R-matriz. It satisfies the Yang—Baxter equation in the algebra (End CMIN )®3 (u,v,w)

ng(u — ’U)ng(u — w)Rgg(U — w) = Rgg(’v — w)ng(u — w)ng(u — 2)). (2.10)
Since P? = 1, we also have the relation
R(—u)R(u) =1 —u 2 (2.11)

Now combine all the series (2.7) into the single element

M+N
T(u)= Y Ei;@Ty(u) € (EndCY™) @ Y(glyyn) [[u™]]. (2.12)
ij=1
For any n and any p =1,...,n we will denote
Tp(u) = 1, @id(T(u)) € (EndCY™N)*" @ Y (gly ) [[u™]]. (2.13)

By using this notation for n = 2 the relations (2.8) can be rewritten as
(R(u—v) @ D)T1(u)Ta(v) = To(v)T1(u)(R(u —v) @ 1). (2.14)

Namely, after multiplying each side of (2.14) by u — v it becomes a relation of series in u, v with
coefficients in (End CY IN )®2 ® Y (glyn) equivalent to the collection of all the relations (2.8).

Proposition 2.1. An antiautomorphism of Y (glyn) can be defined by the assignment
Tij(u) = Tij(—u). (2.15)

Proof. Due to the convention (2.1), by using the notation (2.13) for n = 2 we get

M+N o
Ti(w)Ta(v) = Y. By ® By ® Tj(u)T(v)(—1) T E (2.16)
i5.k,l=1
M+N
To(—v)T1(—u) = Z Eij @ By ® Tkz(—v)ﬂj(—U). (2.17)
i,j,k,l=1

By using the convention (2.5), the antihomomorphism property of (2.15) follows from the relation
(R(u—v) @ 1)Ta(—v)Ti(—u) = Th(—u)Te(—v)(R(u —v) @ 1),

which is obtained from (2.14) by using (2.11). The antihomomorphism (2.15) is clearly involutive
and therefore bijective. |
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For all indices i, j define the series 7};(u) by using the element inverse to (2.12) so that

M+N

= )" By o Tu). (2.18)

ij=1
Proposition 2.2. An antiautomorphism of Y (glyn) can be defined by the assignment
Tij(u) = Tjj(w). (2.19)
Proof. Similarly to (2.17), by using the notation (2.13) for n = 2 we get

M+N
To(v) 'Ti(w) ' = > Eij ® Ep ® T, (0)T);(u).
i,7,k,1=1

Comparing this with (2.16) the antihomomorphism property of (2.19) follows from the relation
(R(u—v) @ D)Ty(v) Ty (u) ™! = Ty (u) ' To(v) M (R(u —v) @ 1), (2.20)

which is obtained by multiplying both sides of the defining relation (2.14) on the left and right
by Tz(v)~! and then by T3 (u)~!. The bijectivity of (2.19) follows from Proposition 3.2 below. W

CMIN defined by the assignment

Further, let 7 be the antiautomorphism of End
Eij — Eji(—l)i(j—’—l).

Then by the definition (2.12) we have

M+N M+N B
T®1d Z Ez@ﬂ] z(j+1 Z E]®T’]1 )(ZJrl)'
i,7=1 ,7=1

Proposition 2.3. An antiautomorphism of Y (glyn) can be defined by the assignment

T3 (u) = Tyi(u) (—1)77HD. (2.21)
Proof. Observe that (7 ® 7)(P) = P and hence

(T@7)(R(u—v)) =R(u—v). (2.22)

Therefore the antihomomorphism property of (2.21) follows from the relation which is obtained
by applying 7 ® 7 ® id to both sides of(2.14), see the proofs of Propositions 2.1 and 2.2 above.
To prove the bijectivity of the antihomomorphism (2.21), observe that its square is given by

Tij(u) = Tij(u)(=1)".
In particular, the square is an automorphism of the Zs-graded algebra Y (gl M| N)- |

Put T%(u) = 7 ®id(T(u)~1). Then by (2.18)

M+N M+N
= > Eu® i)V = 3 By e T, (2:23)
7] 1 ,j 1

Corollary 2.4. An automorphism of the algebra Y(g[M‘N) can be defined by the assignment

Tyj(w) = Thi(u)(—1)70H, (2.24)
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Proof. The assignment (2.24) can also be obtained by first applying (2.21) to T;;(u) and then
applying (2.19) to the result. Hence (2.24) defines an automorphism of the algebra Y (gl ) as
a composition of two antiautomorphisms. |

By the definition (2.23) the homomorphism property of (2.24) is equivalent to the relation
(R(u—v) @ )T{(u)T5(v) = T5 )T (u) (R(u - v) @ 1), (2.25)
which can also be obtained by applying 7 ® 7 ® id to both sides of (2.20) and then using (2.22).

Proposition 2.5. The antiautomorphisms (2.15), (2.19), (2.21) of Y(glyn) pairwise commute.

Proof. The antiautomorphism (2.15) clearly commutes with either of (2.19), (2.21). To prove
the commutativity of the latter two, consider the tensor product of the antiautomorphisms 7!
and (2.21) of End CMIV and Y(glpsn) respectively. This is is an antiautomorphism of the
algebra End CMIV @ Y (gl Mm|N), and the series (2.12) is invariant under this antiautomorphism.
Hence the series (2.18) is also invariant under it. The latter invariance implies that (2.21) maps

Tl () v Ts(u) (—1)70FD.

Hence (2.24) can also be obtained by first applying (2.19) to T;;(u) and then applying (2.21) to
the result. Comparing this with the proof of Corollary 2.4 completes the argument. |

Consider the universal enveloping algebra U(g[M‘ ) of the Lie superalgebra gl MmN - To avoid

confusion, the element of glyy corresponding to E;; € End CMIN will be denoted by eij. By
definition, the bracket on gl is the supercommutator. Hence in U(gly )

lejs er) = djnea — der; (—1)THIED, (2.26)

By using the defining relations (2.8) one can demonstrate that there is a homomorphism

Y(ahyn) = Ulglan): Tij(u) = 8 — ejiu" (=1)". (2.27)
This homomorphism is surjective. The relations (2.8) also imply that there is a homomorphism

Ulalyn) = Y(ahyn): e = —T (1), (2.28)

The composition of homomorphisms (2.28) and (2.27) is the identity map U(gly;n) — Ulglagn)-
So (2.28) is an embedding of Zy-graded associative unital algebras. The homomorphism (2.27)
is identical on the subalgebra U(glys ). It is called the evaluation homomorphism for Y (glysn)-
There is a natural Hopf algebra structure on Y(g[M| ~)- A coassociative comultiplication
homomorphism A: Y(glyn) — Y(gly ) ® Y(glyn) can be defined by the assignment

M+N o
Tj(u) = > Ti(u) @ Ty (u)(—1) PO, (2.29)
k=1

where the tensor product is taken over the subalgebra C [ [u_l]] in Y(glyn) Hu‘l]] . The counit
homomorphism e: Y(glysy) — C is defined by the assignment 7j;(u) — &;5. The antipodal
mapping S: Y(glyy) — Y(glyn) is the antiautomorphism (2.19). Justification of all these
definitions is similar to that in the case N = 0 considered for instance in [6, Section 1]. Here we
omit the details. Note that (2.28) is an embedding of Hopf algebras as by the above definitions

ATV TP etv1er)), e T o0, s T e 1),
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There are two natural ascending filtrations on the associative algebra Y (gl M| ~)- The first one
is defined by assigning the degree r to the generator (2.6). Let gr Y (glys ) be the corresponding
graded algebra.

Let us denote by Xz-(jr) the image of 7}(;) in the degree r component of gr Y (gly ~)- Observe
that the Zs-grading on the algebra Y(gly/) descends to grY (gl n) so that the degree of the
image is again 7 + 7. It follows from the relations (2.8) that these images supercommute. We
shall prove that gr Y(g[M‘ n) is a free supercommutative algebra generated by these images.

Now introduce another filtration on the associative algebra Y(g[M| ~) by assigning the deg-
ree r — 1 to the generator (2.6). Let gr’ Y (glpsv) be the corresponding graded algebra. Consider
the latter algebra.

Let us denote by Y;Y) the image of 7;(;) in the degree r — 1 component of gr' Y (gl n). The
Zy-grading on the algebra Y(glyy) descends to gr’Y(g[M|N) so that the degree of the image
is 7+ 7. The graded algebra gr' Y (gly ) inherits from Y (gl; ) the Hopf algebra structure too.
Namely, by the above definitions in the graded Hopf algebra gr’' Y (gl M| y) forr >1

AYD syDer+v1ey), eyl eo0 sy e -y (2.30)

Let us now consider the polynomial current Lie superalgebra gl ~lu]. The elements ej;u”
withr =0,1,2,... and4,j = 1,..., M+ N make a basis of gly;x[u]. The Zs-grading on gl y[u]
is defined by degej;u" =7+ 7. Take the universal enveloping algebra U(gly;n[u])-

Proposition 2.6. One can define a surjective homomorphism U(glynlul) — g’ Y(glyn) of
Zo-graded associative algebras by mapping for r > 0

ejiu’ = YTV (-1)7, (2.31)

Proof. Due to (2.26) the supercommutation relations with r,s > 0
lejiu”, eppu’] = ilejkur“’ — 5kjeliur+s(—1)(“j)(’_€+l_) (2.32)

define the Lie superalgebra gly;y[u]. Multiplying the relation (2.32) by (—1)HHIHRETH apg
replacing the basis elements of gly y[u] there by their images under the mapping (2.31) we get

[Y;y*-l),yk(;ﬂ)](_1)il_c+il_+l_cl_: 5iji§r+s+1) _ 5ilY;§;+s+1)-

The latter relation in gr’ Y (gl x) follows from (2.8), see for instance [6, Section 1]. This proves

the homomorphism property of the assignment (2.31). This homomorphism is clearly surjective
and preserves the Zy-grading. |

It immediately follows from (2.30) that (2.31) is a homomorphism of Hopf algebras. Here we
use the standard Hopf algebra structure on U(gly;n[u]) as the universal enveloping algebra of
a Lie superalgebra. We shall demonstrate that the homomorphism (2.31) is also injective.

By comparing (2.10) with (2.14) we obtain that for any z € C the assignment

End CM'W @ Y (gly ) [[w7]] = (EndCM™)** [[w7]]: T(u) = R(u - 2) (2.33)
defines a representation Y (gl ) — End CMIN_ More explicitly, under (2.33) for any 7 > 0

Note that this representation of Y (gl M| ~) can be also obtained from the standard representation

U(glyn) — End CMIN by pulling back through the evaluation homomorphism (2.27) and then
back through the automorphism of Y(glysy) defined by mapping 7;;(u) — Tjj(u — 2).
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The comultiplication on Y(glysy) now allows us to define for n = 1,2,... a representation

Y (gl ) — (End CMINY®" depending on z1,...,2, € C. This is the tensor product of the
representations (2.33) where z = z1,..., z,. Due to (2.12) and (2.29) under this representation

T(u) — ng(u — 21) s R17n+1(u — Z’n). (2.35)

Proposition 2.7. Let the complex parameters z1, ..., z, and the positive integer n vary. Then
the kernels of the representations (2.35) of Y(glys ) have the zero intersection.

- o +1 1 :
Proof. Take any finite linear combination of the products 1}(13-11 ). TZ(; i ) € Y (glpsv) with

A:lljlr";m jm € C being the respective coefficients. In this linear combination the number m > 0
and indices r1,...,7, = 0 may vary. Consider the image of this linear combination under the

representation Y (glys ) — (End (CM|N)®n defined by (2.35). This image depends on z1, ..., 2,
polynomially. Let A be the sum of those terms of this polynomial which have the maximal total
degree in z1,...,2,. Let d be this degree.

Consider the second of our two ascending filtrations on the associative algebra Y (glysy), the
corresponding graded algebra being gr' Y (glyn). Equip the tensor product Y (gl )" with
the ascending filtration where the degree is the sum of the degrees on the tensor factors. Then
by the definition (2.29) under the comultiplication Y (gly;n) — Y (glan)®" for 7 >0

n
Ti(jrﬂ) — Z 1201 Tl-(jrﬂ) ® 12~ 4 Jower degree terms.
h=1

Therefore the sum A € (End CMIN )®n coincides with the image of the sum

Yo AT et e, (= 1) € Ul [u])
T'1+"'+7"m:d

under the tensor product of the evaluation representations
U(glyn[u]) — End CMIN: eju" s Ejiz" (2.36)

at the points z = z1,...,2,. Here we used the explicit description (2.34) of the representation
Y(glpsn) — End CMIN corresponding to z € C. Due to Proposition 2.6 it now suffices to show
that when the complex parameters z1,..., 2z, and the positive integer n vary, the kernels of the
tensor products of the evaluation representations of the algebra U(glyny[u]) at 2 = 21,...,2,
have the zero intersection. This will also imply that the homomorphism (2.31) is injective.
Choose any Zs-homogeneous basis fi, ..., f(r4n)2 of glysy such that the first vector fi is

M+N

=1

The corresponding elements of End CMIV will be denoted by Fi, ..., Fiarynyz. Hence Fi = 1.
The elements f,u” with r =0,1,2,... and p=1,...,(M + N)? constitute a basis of gl [l

Choose any total ordering of this basis which ends with the infinite sequence ..., fiu?, fiu, fi.
Take any finite linear combination L of the products

St fpu"™ € U(glyg[u)) (2.38)
with Ljl-m € C being the coefficients. We assume that the factors in the products are arranged

according to our ordering of the basis of gly, n[u]. Due to the supercommutation relations in
U(glyn[u]) we assume it without any loss of generality. The basis elements of Zs-degree 0 may
occur in any product (2.38) with a multiplicity but those of Za-degree 1 may occur at most once.
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Let us denote by p, the evaluation representation (2.36). More generally, denote by p., .,
the tensor product p,, ® - ® ps, pulled back through n-fold comultiplication on U(glysy[ul)-
Hence p,, .. ., is a homomorphism of associative algebras

U(glynlu]) = (EndCMIN) " fum o Fpef @ 190D 4 4 190D g )

Suppose that p,, . (L) =0 for every n and all 21, ..., 2, € C. We need to prove that L = 0.
For each product (2.38) there is a number a such that pi,...,p, > 1 but pai1,...,pm = 1.

This is due to our ordering of the basis of gl y[u]. The numbers a for different products (2.38)

may differ, and we do not exclude the case a = 0. Let h be the maximum of the numbers a.
Suppose n > h. Let wj, be the supersymmetrisation map of the tensor product gl N[u]®h

normalised so that w% = hlwy,. Let W be the subspace of (End CMIN )®n spanned by the vectors
F,, ®---® Fy, where at least one of the indices ¢1,...,qp, is 1. If h = 0 then this subspace is
assumed to be zero. Applying the homomorphism p,, . to a product (2.38) with a = h gives

(P ® - ® PZh)(wh (fmur1 X fphurh)) ® 12(n=h) H (ZIb +oot Z:Lb) (2.39)
b=h+1

modulo the subspace W. Applying p., .., to a product (2.38) with a < h gives an element of .
But a linear combination of the expressions (2.39) belongs to W only if this combination is zero.
For each product (2.38) with a = h there is a number ¢ > h such that rp41 > -+ > 1. >0

but req1,...,7m = 0. This is due to our ordering of the basis of gl x[u]. Then (2.39) equals
C
(P21 @+ @ pa) (@n (fpu™ @ @ fpu™)) @190 T (27 4+ 2) (2.40)
b=h+1

multiplied by n™~¢. Let g be the maximum of the numbers c for all products (2.38) with a = h.

Suppose n > g. Consider the pairs of sequences of indices p1,...,pm and r1,..., 7, showing
in L in the products (2.38) with a = h. For every such a pair there is ¢ € {h,...,g}. Then
we have pp4+1,...,0m = 1 and ret1, ..., 7, = 0. Take all different pairs of sequences pi,...,pp
and 71, ...,r. arising in this way. The expressions (2.40) corresponding to the latter pairs are
linearly independent as polynomials in z1,..., 2, with values in (End CMIN )®n. This is again
due to our ordering of the basis of gl y[u]. Here we also employ the observation that in (2.40)
the image of p,, ® --- ® p,, does not depend on the parameters z,41, ..., 2, while the product
over b=~h+1,...,cin (2.40) does depend on these parameters whenever ¢ > h. Therefore if
Pz ..z, (L) =0 for a certain n > g and for all z,..., 2z, € C then for each of the latter pairs

00
r1...7¢0..0 m—c __ 0
p1...ppl...1 - v

m=c

There are exactly m lower indices and also m upper indices in the coefficient L;ll'_'.‘_;jf)l‘_':_ol above.

By letting the number n vary we now prove that all these coefficients vanish. |

In the course of the proof of Proposition 2.7 we established that the homomorphism (2.31) is
injective. Together with Proposition 2.6 and the observation made just after its proof this yields

Theorem 2.8. The Hopf algebras U(glyn[u]) and gr' Y (glyn) are isomorphic via (2.31).

Let us now invoke the Poincaré—Birkhoff-Witt theorem for the universal enveloping alge-
bras of Lie superalgebras [5, Theorem 5.15]. By applying this theorem to the Lie superalge-
bra glyy[u] we now obtain its analogue for the Yangian Y (gl )-

Corollary 2.9. The supercommutative algebra gr Y(g[M|N) is freely generated by Xi(;) of the
Zo-degree t + 7 wherer =1,2,... andi,j7=1,...,M + N.
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3 Centre of the Yangian

Here we will give a description of the centre of the algebra Y(glys ). An element of Y (gl )
is called central if it supercommutes with each element of Y(glyn). However, we will see
that the central elements of Y(glysy) have the Zy-degree 0. Hence they commute with each
element of Y (gl M| n) in the usual sense. Our description comes from computing the square of
the antipodal mapping S of Y(glys). Another description of the centre of Y(gly ) will be
given in the next section. In that section we will also establish a correspondence between the
two descriptions.

Proposition 3.1. There is a formal power series Z(u) in u~!' with coefficients in the centre
of Y(glyn) and with leading term 1 such that for all indices i and j

M+N

Y Tij(u+ M = N)Tj(u) = 6;;Z(w), (3.1)
Von

> T (w)Tip(u+ M — N) = 6;Z(u). (3.2)
k=1

Proof. By using the definition (2.9) introduce the element of the algebra ( End CM IV )®2

M+N -
Q=(id®7)(P)= Y E;®E;(-1)". (3.3)

ij=1
The image of the action of @ on ((CM IN )®2 is one dimensional and is spanned by the vector

M+N

Z e; X e;.

i=1
Here we regard () as an element of the algebra End (((CM IN )®2) by identifying this algebra with
(End (CM‘N)®2 via (2.3). We also have Q% = (M — N)Q. By using the latter relation we get

(do7)(Rw) " =1-Qu ) ' =1+Qu-M+N)™" (3.4)

The rational function of the variable u given by the equalities (3.4) will be denoted by R¥(u).
Now multiply both sides of the relation (2.14) by Ty *(v) on the left and right, and then

apply 7 relative to the second tensor factor End CMV in (End cMIN ) ®2®Y(g[ M| ~)- Multiplying
the resulting relation on the left and right by Rf(u — v) ® 1 yields

(Rf(u—v) @ 1) T3 (w) T (v) = T(0) Ty (w) (R (u — v) ® 1). (3.5)
Multiplying the latter relation by uw — v — M + N and then setting u = v + M — N we get
(Q@)Ti(v+ M — N)T(v) = Ti(v)Ta(v + M - N)(Q @ 1), (3.6)

see (3.4). As the image of @ in (CM N )®2 is one dimensional, either side of the relation (3.6) must
be equal to Q® Z(v) where Z(v) is a certain power series in v=! with coefficients from Y (gl n)-
The equality of the left-hand side and of the right-hand side of (3.6) to Q ® Z(v) is equivalent
respectively to (3.1) and (3.2). We just need to replace the variable v in (3.6) by u.

It is immediate from (2.7) and (3.1) that every coefficient of the series Z(u) has Zg-degree 0
and that its leading term is 1. Let us prove that all these coefficients are central in Y (gl M| N)-
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To this end we will work with the elements (2.13) where n = 3. By using (2.14) and (3.5),

(RY,(u — v)Rio(u — v — M + N) @ 1)T1 (w)To(v + M — N)Th(v)
= (Riy(u—v) @ 1) Ta(v + M — N)Ti (u)TE(0) (Riz(u —v — M + N) @ 1)
= Ta(v + M — N)TE(0)T1 (w) (Riy(u — v)Riz(u — v — M + N) © 1). (3.7)

On the other hand, due to (2.11) we have the identity in the algebra (End (CM|N)®3(U)
Rig(—u)PasRiz(u) = (1 — u™?) Pas.

By applying to it the antiautomorphism 7 relative to the third tensor factor of (End CMIN )®3
and then using the definition (3.4) we get

Q23R§3(u + M — N)ng(u) = (1 — ’U,_z)ng. (3.8)
Therefore multiplying the first and third lines of the display (3.7) by Q23 ® 1 on the left yields

(1= (u—v—=M+N)"*)Ti(u)(Q ® Z(v))
= (Q23® Z(U))Tl(u)(l —(u—v—M+ N)_2),

We just need to replace the variable u in (3.8) by u —v — M + N and use the relation (3.6). The
last relation implies that any generator ZI}(;) commutes with every coefficient of Z(v). |

The square S? of antipodal mapping is an automorphism of the associative algebra Y (gl M| N)-
Proposition 3.2. The automorphism S* of Y(g[M|N) is given by the assignment
Ty(u) = Z(w) Tyyu+ M — N).
Proof. By the definition (2.18) for any indices i, j we have the identity

M+N
Z T ()T () (= 1) RO = 5, (3.9)

Here we use the convention (2.1). By using the definition of S this identity can be written as

M+N o
D Tielw) STy () ()OO = 6y

Let us apply the antiautomorphism S to both sides of the latter identity. We get

M+N M+N
> ST (u) S(Tik(w)) = 65 or > STy () Thi(u) = 65
k=1 k=1

By comparing the last displayed identity with (3.1) we see that for any indices k, j
Z(u) S*(Tij(u)) = Tij(u+ M — N). n
Corollary 3.3. For the formal power series Z(u) in u™! we have

A: Z(u) = Z(u) @ Z(u), e: Z(u)—1, S: Z(u) — Z(u)~". (3.10)
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Proof. The square of the antipodal mapping is a coalgebra homomorphism. Hence the images
of Tjj(u) relative to the two compositions A S% and ( S?®S? )A are the same. By Proposition 3.2
these images are respectively equal to

A(Z(u) 'Tij(u+ M — N))

M+N -
—AZw)™) 3 Talu+M = N) @ Tiy(u+ M — N)(=1)FH0H),
k=1
and
M+N -
Z S%(Tip(u)) ® 32(Tkj(u))(_1)(z+k)(a+k)
k=1
M+N -
= (Zw @2 Y Tulut+ M~ N) @ Tij(u+ M — N)(~1) R,
k=1

By equating the two images of Tj;(u) we obtain that
A: Zw) e Zw) ™ @ Z(u)?

Since the comultiplication A is an algebra homomorphism, we get the first statement in (3.10).

The second statement in (3.10) immediately follows from (3.1) and from the definition of the
counit homomorphism e. The third statement follows from the first and the second because the
multiplication p: Y (glyn) ® Y(glyn) — Y(glyn) and the unit mapping §: C — Y (gly )
satisfy the identity p(S®id)A = de. Indeed, by applying to the coefficients of the series Z(u)
the homomorphisms at the two sides of this identity we get the equality S(Z(u))Z(u) =1. W

In Section 4 we will also use the following observation. For any indices i, j by (2.18) we have

M+N o
Z Tk] ( 1>(z+k)(ﬂ+k) _ (5ij

similarly to (3.9). The collection of last displayed identities can be written as a single relation
Q@ DT u)T(u) = Q@1 (3.11)
of series in u with coefficients in the algebra (End CM‘N)®2 ® Y(glyn)-

Proposition 3.4. The series Z(u) is invariant under the antiautomorphism (2.21) of Y (glpsn)-

Proof. The series Z(u) is equal to the sum at the left-hand side of the relation (3.1) with ¢ = j.
By applying the antiautomorphism (2.21) to that sum and using Proposition 2.5 we get

M+N
Z Ty (w)Tig(u+ M — N)(—1) (’+1)+l(l€+1)+(k+z)(z+k)

which is equal to the sum the left-hand side of the relation (3.2) with i = j. [

Corollary 3.5. The automorphism (2.24) of Y(glyn) maps Z(u) — Z(u)~?

Proof. The automorphism (2.24) is the composition of the antiautomorphisms (2.19) and (2.21)
of Y(glysn). Hence the required statement follows from Corollary 3.3 and Proposition 3.4. W
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Due to the definitions (2.18) and (3.1) the coefficient of the series Z(u) at u~! is zero. Thus
Z(u) =1+ Z@ =2 4 7B =3 4 ... (3.12)
for certain central elements Z(), Z(3) . ¢ Y (glpsn)- The main result of the present section is

Theorem 3.6. The elements Z32),Z3) ... are free generators of the centre of Y(g[M|N).
We shall prove Theorem 3.6 at the end of this section. We will use the following proposition.

Proposition 3.7. For any r > 2 the element Z(") € Y (glpsv) has degree r — 2 relative to the
second filtration on Y(g[M‘N). Its image in the graded algebra gr’Y(g[M‘N) s equal to

M+N

(1—7) ZY” ). (3.13)

Proof. Let us expand the relation (3.5) of series with coefficients in (End (CM‘N)®2 @Y (gl n)

by using the basis of End (((CM|N)®2) constituted by the elements E;; ® Ey;. By taking (—1)"7
times the terms in the expansion corresponding to the basis element F;; ® E;; with any given
indices 7 and j we obtain the relation of series with coefficients in the algebra Y (gl M| ~N)

M+N
Ty +ZT,€J v)(u—v— M+ N)"(=1)
o M+N .
= T};(0) Ty () (=)™ + > Tpy(0) Tig () (w — v = M + N) 7} (=1)". (3.14)

For any 4 and j denote by T};(u) the formal derivative of the series Tj;(u) so that
Tij(u) = ~T ) u ™2 = 2T D™ — - (3.15)

By tending in the relation (3.14) the parameter u to v + M — N we then get

M+N
Tij(v+M — N)T};(v Z Tyj(v+ M — N)T)p(v)(=1)"
M+N
= T};(v)T5(v+ M — N)(=1)"7 + Z T} ()T (v + M — N)(—1)". (3.16)

Let us now observe that
Tij(v + M — N) = Tij(U) + (M — N)TU(U) + Oij('l}),

where O;;(v) is a certain formal power series in v~! with coefficients in Y (gl M|n) such that the
coefficient at v~ with r > 3 has degree r — 3 relative to the second fitration. The coefficient
of this series at v~" with any r < 2 is zero. By taking the sum of the relations (3.16) over the
indices i = 1,..., M 4+ N and then using the definition (3.1) along with this observation we get

M+N M+N
Z()+ (M —N) > Tpj(v+ M —N) =) Ti() (v + M — N)(-1)
k=1 i,k=1
M+N

+3 T + (M = Ny (0) + 0y (0) (1)
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By using the definition (2.18) the latter relation can be rewritten as

M+N
Z()+ (M = N) > Tij(v+ M — N)Tj,(v)
M+N =
= Y T(v)Tix(v+ M — N)(-1)
ik=1
M+N _ o
+14 > Tj()((M = N)Tij(v) + O (v)) (—1)"7. (3.17)
i=1

For any indices ¢ and j the leading term of the series Tz-’j( v) is 6;; while for every r > 1 the
coefficient of this series at v™" has degree r — 1 relative to the second filtration on Y(glysy)-

Furthermore for any given r > 1 the coefficients at v™" of the series Tj;(v) and Tj;(v + M — N)
have the same image in the graded algebra gr' Y(gly;n), see (3.15). Therefore by taking the

coefficients at v~" with any r > 2 in the relation (3.17) the image of Z(") in gr' Y (gl M|N) equals

M+N M+N
(r—1 7
~M-N) Y A=Y e+ Y o -y V(-
k=1 i,k=1
M+N M+N
+ 37 0u(M — N)(1L )Y (1) = (1) Z v (=1 m
=1

In our proof of Theorem 3.6 we will also use the following general proposition. Let a be any
finite-dimensional Lie superalgebra over C. Take the polynomial current Lie superalgebra afu].

Proposition 3.8. Suppose the centre of the Lie superalgebra a is trivial. Then the centre of the
universal enveloping algebra U(alu]) is also trivial, that is equal to C.

Proof. Consider adjoint action of the Lie superalgebra afu] on its supersymmetric algebra. By
Poincaré-Birkhoff-Witt theorem for U(a[u]) it suffices to show that the space of invariants of this
action is trivial, see [5, Theorem 5.15].

Let A be an element of the supersymmetric algebra of a[u] invariant under the adjoint action.
Let K = dima. Choose any Zs-homogeneous basis f1, ..., fx of a and write the Lie brackets as

[fp fol = Z e

where C}, € C are the structure constants. Let d be the maximal degree such that A depends

on at least one of the basis elements fiu?, ..., fxu? of au]. Write
A= Z Ay e (Frud)™ - (Freu®) ™, (3.18)
M., MK

where the coefficients Am1 my are certain elements of the supersymmetric algebra which do not
depend on fiu?, ..., frud. For each p=1,..., K let p be the Zy-degree of the basis element fp
of a. We allow my,...,mg in (3.18) to range over 0,1,2,... but assume that Ay, m, = 0 if
my, > 1 for at least one index p with p = 1.

For each p = 1,..., K we have the equation ad(f,u)(A) = 0 in the supersymmetric algebra
of afu]. In particular, the component of the left-hand side of this equation that involves any of
the basis elements fiudt!, ..., fru®! must be zero. Thus

S A 3 MG ()™ - () ()™ -1y =,

M., MK q,r=1
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where we used the notation

q—1 K
hg=Y psms+ Y 7sms. (3.19)
s=1 s=q+1
If follows that for any non-negative integers m/, ..., m’, we have the equations
M
Z At 1.y, (g, + I)C;q(—l)hq =0, where p,r=1,..., K. (3.20)
q=1

Similarly to (3.19) here we used the notation

q—1 K
h/ _ —=_/ =</
q= psmg + rSmy.
s=1 S:q+1

Let us now fix any non-negative integers m/, ..., m’ and observe that the elements

fo=(mh+ 1) (=" with ¢=1,...,K

also form a basis of a. Since the centre of the Lie superalgebra a is trivial, the system

K
ford_wfy| =0 with p=1,...,K
q=1
of linear equations on wi,...,wxg € C has only zero solution. This system can be written as
K
qu(mg—l—l)ng(—l)hfl =0, where p,r=1,..., K.
q=1

Hence by comparing the latter system with (3.20) we obtain that Amfl,.,m;1+1.‘.me = 0 for each
index g =1,..., K. It follows that A € C and that d = 0 in particular. |

We can now prove Theorem 3.6. Due to Proposition 3.1 the elements

are central. Therefore it suffices to prove that the images of these elements in the graded algebra
gr’ Y (gl M| n) are free generators of its centre, see Proposition 3.7. By Theorem 2.8 the graded
algebra is isomorphic to the universal enveloping algebra U(gly/y[u]) via (2.31). Under this
isomorphism the element (3.13) of gr' Y (gl 5) with any r > 2 corresponds to the element

M+N
(r—1) Z eu’ 2 € U(glyn[ul))-
i=1

Let us demonstrate that all the latter elements are free generators of the centre of U(glysy[ul)-
They are algebraically independent by the Poincaré-Birkhoff-Witt theorem for U(glysn[ul),
see [5, Theorem 5.15]. To show that they generate the centre of U(glyn[u]) consider the
quotient of U(glysn[u]) by the ideal they generate. This quotient is isomorphic to the universal
enveloping algebra U(alu]) where the Lie superalgebra a is the quotient of gl by the span of
the element (2.37). The centre of the Lie superalgebra a is trivial. Hence the centre of U(afu])
is also trivial, see Proposition 3.8. This argument completes our proof of Theorem 3.6.
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4 Quantum Berezinian

The element (2.12) can be also regarded as an (M + N) x (M + N) matrix whose ij entry
is Tjj(u). The quantum Berezinian of that matrix is the series B(u) defined as the product

Z (—1)Toan(u+ M — N - D)T500(u+ M~ N —2)---Toypn(u—N)
ceG

X Z (=D Ty ar10) @ = N a0 prvo@) (@ =N +1) - Thrinoaron (@ —1)
ceGn

of two alternated sums over the symmetric groups &y; and Sy. Here (—1)7 denotes the sign
of the permutation o. The purpose of the present section is to prove the following theorem.

Theorem 4.1. We have the equality B(u + 1) = Z(u)B(u) of formal power series in u™1.

By the definition (2.7) the leading term of the formal power series T};(u) in ™! is §;;. Due
to the definition (2.18) the leading term of the series T};(u) is also d;;. It follows that the
leading term of B(u) is 1. Using this observation, the coefficients of the series B(u) are uniquely
determined by those of the series Z(u) via the equality in Theorem 4.1, see the expansion (3.12).

Theorems 3.6 and 4.1 now imply that the coefficients of the series B(u) at u=,u=2,... are
free generators of the centre of Y(gly;x). Corollary 3.3 and Theorem 4.1 now imply that

A: B(u)+— B(u) ® B(u), e: B(u) — 1, S: B(u) — B(u)™
Note that the second assignment here also follows directly from the definition of B(u) because
e T%j (U) — 52']' and e: Tz/] (’LL) — 51]

For N = 0 the Hopf algebra Y(glysy) is the Yangian Y (gly;) of the Lie algebra gl,;, see [6].
In this case the second sum in the above definition of B(u) is assumed to be 1, and B(u) equals

Z (=17 Toan(u+ M — )T, 00w+ M —2) - Tyapyar(u). (4.1)

TEG M

This is the quantum determinant of the M x M matrix whose ij entry is the series Tj;(u). It has
been well known that the coefficients of the series (4.1) at u~!,u~2,... are free generators of
the centre of Y(gl,/), see [6, Section 2] and references therein. A detailed proof of Theorem 4.1
in this particular case was given in [6, Section 5] by following [8].

For any M, N denote by X (u) the (M + N) x (M + N) matrix whose ij entry is the series
Xij(u) =8 - 1+ XD 4+ XPu™2 4

with the coefficients of Zy-degree 7+ J, see Section 2. This matrix is invertible. Let X;;(u) be
the ¢7 entry of the inverse matrix. Note that under the correspondence Y(g[M|N) — gr Y(g[M‘N)
the series B(u) gets mapped to the product

Z (—1) Xpy1(u) Xo(2)2(w) - - Xoarar(w)

c€B

X Z (_1>0-X]/\4+1,M+0'(1)(u)X;W+2,M+U(2) () - .X;M+N,M+O'(N) (w)
geG N

of two determinants. This is just the Berezinian or the superdeterminant of the matrix X (u) as
defined in [1, Section I.3.1]. These two observations explain our choice of terminology for B(u).
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Let us now consider the other particular case when M = 0. In this case B(u) equals the sum
Z (_1)UT1,J(1) (U - N)TQIJ(Q) (u - N+ 1) T ],VO'(N)(U - 1)
ceGyn
This sum can also be obtained by applying the automorphism (2.24) of Y(gly|y) to the series
> (1) T, 0y (u— N)Tp@)a(u— N = 1)+ Typyn(u — 1).
ceG N

Let us denote by C(u) the latter series. Then due to Corollary 3.5 the statement of Theorem 4.1
for M = 0 becomes equivalent to the relation

Z(u)C(u+1) = C(u). (4.2)

Now observe that the Yangian Y (gl y) is isomorphic to Y(gly|g) = Y(gly). A Hopf algebra
isomorphism Y (gly;y) — Y(gly) can be defined by the assignment T;;(u) — T;;(—u), see (2.8).
Under this isomorphism Z(u) — Z(—u), see (3.1). Denote by D(u) the quantum determinant
for the Yangian Y(gly). This is the series (4.1) with M replaced by N. Then C(u) — D(1 —u)
under the isomorphism. Therefore by applying the isomorphism to the relation (4.2) we get

Z(—u)D(—u) = D(1 — u).

The latter relation holds by Theorem 4.1 for Y(gly). Hence Theorem 4.1 also holds for M = 0.
From now on until the end of this section we will be assuming that M, N > 0. The next

proposition goes back to [2, Theorem 2.4], see also [4, Section 1]. In particular, this proposition

implies that the two alternated sums in the definition of B(u) commute with each other.

Proposition 4.2. Ifi,j < M <k, then the coefficients of the series Tj;(u) commute with the
coefficients of the series Ty, (v).

Proof. Let I € EndCMIN and J € EndCMIV be the projections of the Zs-graded vector
space CM IN onto its even and odd subspaces respectively, so that Ie; = dgze; and Je; = d1z¢; for
every index i = 1,...,M + N. These two subspaces of CM IN"are denoted by CM 0 and COIV.
By the definition (3.3) we have the relations in (End CM IN )®2

(I2J)Q=QUI®.J)=0. (4.3)
Hence by multiplying (3.5) on the left and on the right by I ® J ® 1 we get the relation
I®J DT (WTEI0Jo1)=1®Je 1)THo)Ti(uw) & Jo1) (4.4)

of series in u, v with coefficients in the algebra ( End CM‘N)®2 @Y (glyn), see (3.4). The latter
relation is equivalent to the collection of all commutation relations stated in Proposition 4.2. W

We will keep using the projectors I and J introduced in the proof of Proposition 4.2 above.
Note that they also satisfy the relations in the algebra (End CMIN )®2

(JohQ=Q(J®I)=0,
QUeN=QUIe)=Q1eIl) and QU®J)=QUJ®1)=Q1®.J).

These relations together with (4.3) imply that
Q=QURI+IRJ+JRI+JJ)=QURI+JJ)=QU1+1xJ). (4.5)

The next two technical propositions will be employed in our proof of Theorem 4.1 for M, N > 0.
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Proposition 4.3. We have the equality in the algebra (End (CM|N)®(M+N+2)

1 1
— 14—
Q1,M+N+2< MQM+1,M+N+2> < + NQ1,M+2>

X Iy Iy (I + Tvg2) I3 -+ - I N2
=l ITy1Ipm+2 - I+ N+1Q1, M+ N2

1 1

——P J — P, I ).
X < LM M+N+2 + N L M+2,M+N+2 1>

Proof. The second relation in (4.3) implies that
Qi m+N+2li N2 =0,

Qrii,miNr2Iv1IvyNy2 =0,
Q1 m+2l1Ip42 = 0.

Therefore by opening the parentheses at the left-hand side of required equality we get the sum

1
—MQ1,M+N+2QM+1,M+N+211 oIy Ivro I3 I N2
1
+ NQLM+N+2Q1,M+2II o IyIni vz I N 2. (4.6)

We have the relation Pr3Pi3 = Pi3Pis in (End CMIN )®3. By applying to this relation the
antiautomorphism 7 of the third tensor factor End CMIV we get the relation QQ13Q23 = Q13P12.
It follows that in the algebra (End (CM|N)®(M+N+2)

QuM+N+2QMy1. M+ N+2 = QN2 P (4.7)

Further, since (7 ® 7)(P) = P we have the equality
Q= (r"'®id)(P)

by the definition (3.3). Hence applying to the relation PioPj3 = Pi3Pa3 the antiautomor-

phism 771 of the first tensor factor of (End (C]V”N)(X)3 yields the relation QQ13Q12 = Q13F»3. It

follows that in the algebra (End (CM|N)®(M+N+2)

Q1M+ N+2Q1,M+2 = Q1M+ N+2Prv2, M4 N42- (4.8)

Therefore the sum displayed in the two lines of (4.6) equals

1
- MQLM—FN—HPLM—HIl Iy I I3 I N2

1
+ NQI,M+N+2PM+2,M+N+211 Iyl I3 I N2

This can be written as the right-hand side of the equality in Proposition 4.3 by using the relations

Py viydy = Inpp1 Py,
PrryovieNy2dMiN+2 = IvePryo v N2 |
For any positive integer n denote respectively by G and H(™ the images of the elements

Z (-1)% and Z o

O’ng UGGTL
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of the group ring C&,, in the algebra (End CMIN )®n. We use the representation o, — FPrmt1

form=1,...,n — 1 introduced in Section 2. Note the relations in the algebra (End CM‘N)@M
G =(1—Pipy——P1n) (G V1), (4.9)
H™ = (14 P+ + Pory)(HP D ®1). (4.10)

Here we assume that G©) = H(©) = 1. To avoid cumbrous notation, below we will simply write G
for GM) and H for H™). These two images act by antisymmetrization on the subspaces

(CM\O)®M c (CM\N)®M and (@0|N)®N - (CMIN)®N_ (4.11)

Proposition 4.4. We have the equality in the algebra (End CM|N)®(M+N+2)

Iy ITyidys2 - ImeN+1Go 1 Hy2. M+ N+1Q1, M+ N+2
1 1
X (1 - MQM+1,M+N+2> <1 + NQl,M-i—Q) Gr.mHy 3. m1N+2
= (M = D)I(N = )P a1 Prrgo N2
X It Ing g3 - IneN+2G1L v Hy43. v+ N+2Q 041, M+2-
Proof. By again using the relation (4.7) we get the equalities
Inp1 I +2Q1, 0+ N+2Q@m+1, M+ N+2Q1, M+2 = 1 I +2Q1, M N+2P1 m+1Q1 M 42
= Inp1Iv2Q1 M N2Q v+ 1, M2 P v+1 = T 1 Iv2@Q M1, M+2Q 1, M+ N2 P vt

The product at the right-hand side of these equalities vanishes by (4.3). Hence by opening the
parentheses at the left-hand side of the equality in Proposition 4.4 and using (4.7), (4.8) we get

I Iyidyiz Jmena1Goovv1Hyr2 v N+1Q1, M N2
1 1
x| 1- MQM-H,M—}—N—}—Q + NQLMH Gr.vmHy 3. MyN+2
=1l Inppidps2 - ImeNn1Go i Hyrvo, e N+1Q1, M4 N2

1
X <1 - MPI,M—H + NPM+2,M+N+2> Gr.mHyM 3. MyNt2

=D Inidmse - ImeN+1Q1L M+ N+2(Go vir Hyvro My N+1

1

- MPl,M+1G1..‘MHM+2...M+N+1 + NPM+2,M+N+2G2A..M+1HM+3...M+N+2)

X G1..mHnr+s. MyN+2- (4.12)
Observe that G%“M = M!G1. pr while due to (4.9) the product Ga. ar4+1G1..ar equals
M—
1=Poyry1—--— PM,M—H)Gg...Ml)Gl...M
=M —-1)Y1—Popre1— - — Pyuys1)Grome
Similarly H3; 5 arynye = N'Hargs. a+n+2 while Hygo v N1 Hargs. 4 n4s equals

N-1
(1+ Pyyomqz+ -+ PM+2,M+N+1)HJ(\/1+3__)_M+N+1HM+3...M+N+2

= (N =11+ Pyyoyis+ -+ Pyuyomyni) Hyus v N2

Here we employed (4.10). Hence the right-hand side of the equalities (4.12) can be rewritten as

(M — DN = D)y Dy Jargs - Iaie N41Quare N4 (4.13)
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multiplied on the right by

(1= Poprg1 — - = Puyvi+1) (L + Pargo g3 + - -+ Pugo, M N+1)
— Pyy1(L+ Pugom43 + -+ Puyo M+ N+1)
+ Prrpovian+2(1 = Poprgr — -+ — Parv+1)) G v Hy 43, v N2
=((1—=Piv+1— - — Puv+1)(X+ Pruyo vz + - + Prrpo My N+2)
+ Piviv1 Prusov4n+2)Gr v Hyvigs. M4N+2

M+1) (N+1
= Gﬁ,‘,LllH&L?MWH + Pryi+1 Py v N+2G1 v H 3. vy N2 (4.14)

Due to (4.5) we have the equality

QimiNv2 = Qumint2(I1 + I Ni2).

Therefore by multiplying (4.13) by the first summand at the right-hand side of (4.14) we get

(M = DN = DQuarn42(T1 - Iz -+ - g4
M+1 N+1
+ 1l Iy JM+N+2)Gg..,Ml1HJ(\/[+2..).M+N+2~
The latter product vanishes because zero is the only antisymmetric tensor in the subspaces

(CM\0)®(M+1) c (CM|N)®(M+1) and

((C0|N) ®(N+1) c ((CM|N) ®(N+1) .

Multiplying (4.13) by the second summand at the right-hand side of the equalities (4.14) we get
(M —DWN =Dy Iy I N+1Q1, M4+ N2
X Py viv1Pygo, i N+2G1 M H 43, M4 N 42,

which is equal to the product at the right-hand side of the equality stated in Proposition 4.4. W

Proposition 4.5. For any positive integer n we have equalities of series in u with coefficients
in the algebra (End (CM|N)®n ® Y (gl )

(G™ @ 1)Ty(u) - Tp(u—n+1) = Tplu—n+1)--- Ty (u) (G™ @ 1),

(H™ @ 1) THu) - Ti(u+n—1) =Ti(u+n—1)---THu)(H™ @1).

Proof. If 1 <i < j < n then let 0;; € &,, be the transposition of the numbers ¢ and j. There
is a well known identity in the symmetric group ring C&,,

d (1) = ﬁ (ﬁ (1 - ;Q)) : (4.15)

oeS, 7=2 \i=1

where the factors at the right-hand side are arranged from left to right as ¢ and j are increasing,
see for instance [6, Section 2.3]. The identity implies the relation in the algebra (End CMIN )®n

n 7—1
G = H (H Rii(j — i)) . (4.16)

The first equality stated in Proposition 4.5 follows from this relation by repeatedly using (2.14).
Further, (4.15) is equivalent to another well known identity in CS&,,

Zo:]ﬁ?(ﬁ(u‘”))

—1
ce6G, i=1 J
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which implies the relation in the algebra (End CMIN )®n

g — f[ (ﬁ Ri;(i —j)) . (4.17)

The second equality in Proposition 4.5 follows from this relation by repeatedly using (2.25). B

We will now prove Theorem 4.1. Using the relations (2.14), (2.25) and (3.5) we get an equality
of series in u with coefficients in the algebra (End CM‘N)®(M+N+2) ® Y (gl n)

(RS pppe(M)Rips (M —1) - Ris(1) @ 1)
< (Ririarsns2(—N)Barssaren2(1 = N) - Rypenimen2(—1) © 1)
x Ty(u+M — N)Tp(u+M — N = 1) Ty (u— N +1)T},  ,(u— N)
X Tnpsi(u = N)Tfpg(u— N+ 1) T (w0 = DT o (0)
=To(u+M—N 1) Typ(u— N+ )T, o (u— N)Ti(u+ M — N)
X Tip o (W Tara (w = N)Th (= N+ 1) Ty (w— 1)
X (B prpa(M)Riag (M = 1)+ Ria(1) ©11)
x (Rt aronae(—N)Rarssarensa(l = N) o Rypensiarans2(—1) ®1). (4.18)
Let us multiply both sides of the equality (4.18) respectively on the left and on the right by

M—1) ;7 (N—1
I - Iy dpgo - JM—&-N—HG;“M )HJ(\/[+3._),M+N+1Q1,M+N+2 ®1

and by P pr+1Pu42,m+N+2 ©@ 1. Due to (4.16) and (4.17) we have in (End (CM|N)®(M+N+2)

G B (M = 1) Riy(1) = G, (4.19)
HJ(\jIVJ:31..).M+N+1RM+3,M+N+2(1 —N)- - Ryyn+i,m+N+2(—1) = Hyqs vy, (4.20)

Hence after the multiplication the left-hand side of (4.18) becomes

(L I Tasz - TN Quars N2 Ry o (M)RY L 1y vy (—N) @1)

X (G ® V)T (u+ M — N)Ty(u+ M~ N —1)- Typ(u— N +1)Th, o (u— N)
X (Hares.aren+2 ® DI (u = N)Tip (= N+ 1) T v (= 1)
X Thp s neo (W) (Puars1 Prso s N2 © 1). (4.21)

After the same multiplication the right-hand side of (4.18) becomes

M- N—
(L2 Iy dnrsa - JM+N+1G;.“Ml)H](\/[+31“),M+N+1Q1,M+N+2 ® 1)

X To(u+ M —N—1)-Typ(u— N +1)T5, o (u— N)Ti(u+ M — N)

X T nro (W1 (u— NI o(u— N+ 1) Th o (u—1)

x (R} pryo(M)Rip (M — 1)+ Rip(1) @ 1)

X (R§\4+1,M+N+2(—N)RM+3,M+N+2(1 —N)- Ryyni,mn42(—1) ® 1)

X (PLvv1Pruse N2 ®1). (4.22)
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Now recall that the supertrace on End CMIV is the linear function defined by the assignment
str: Eij — (Sij(—l)i.

(CMIN

For any homogeneous elements X, X’ € End we have the equality

str(X X') = str(X'X)(—1)des X deg X'
Let us define a linear map
(End MM @M 6 v (gl ) = (End CIN) 2 © Y (gl ) (4.23)

as applying str to all tensor factors of (End CMIN )®<M+N+2) except the first and the last ones.

We will relate elements of the source vector space in (4.23) by the symbol ~ if their images by
this map are the same. We extend the relation ~ to series in w with coefficients in the source.

By Proposition 4.5 the product displayed in the four lines of (4.21) is divisible on the right
by Go. pr1Hprvo. m+n+1 @ 1. Therefore (4.21) is related by ~ to the product

(Lo I Iz I n+1Go 1 Hyvo v N1 Q1 v+ n42 @ 1)
X (Rg,M+2(M)R§\/[+17M+N+2(_N)Gl...MHM+3...M+N+2 ® 1)
X Ty(u+M — N)Ty(u+M — N —1) -+ Ta(u — N+ 1)Th, o (u— N)
x Tarr(u— NYThy g(u— N+ 1) Th v (= DT ()
1

X (P41 Priqo, N2 @ 1)W'

Due to the definition (3.4) and to Proposition 4.4 the latter product equals

(Prv+1Prso N2 @ 1)
X (I1- Iy ImeN+2G1L mH 3. 4 N+2QM+1,M42 ® 1)
X Ty(u+M — N)Ty(u+M N — 1) Tag(u— N+ 1)T5, o (u— N)
X Targr(w— N)Thp ol — N+ 1) - Th o (= DTh v o (w)

1
X (Pry+1Prso,MenN+2 @ 1)m = (Pi,v+1Prt2,m+N+2 @ 1)
X (Ir- Iy ImeN+2G1L mH 3. 4 N+2QM+1,m4+2 ® 1)
¥ To(u+ M — N)To(u+ M — N —1)---Ths(u— N + 1)

1
X TLJrS(u — N+ 1) . -TLJFNJA(U, — I)T]t\tg+N+2(u)(P17M+1PM+2,M+N+2 ® 1)m

Here we have used (3.11). Since G and H antisymmetrize the subspaces (4.11), by applying our
map (4.23) to the right-hand side of this equality and using the definition of B(u + 1) we get

(—1)M(M = 1DI(N - 1)!1Q ® B(u+1). (4.24)

Let us now consider the product (4.22) which is equal to (4.21) due to (4.18). By again using
Proposition 4.5 the product (4.22) can be rewritten as

(I Inrg1Jars JM+N+1Gg.\./{J\}l)H](\£[V+_31..).M+N+1Q17M+N+2 ©1)

X To(u+ M —N 1) Typ(u— N +1)T5, o (u— N)Ti(u+ M — N)
X T nro (W1 (u— N)Th o(u— N+ 1) Th o (u—1)



29 M. Nazarov

X (R o (MG Riae(M = 1)+ Ris(1) @ 1)
N-1
x (Rt}\/l—&-l,M-',-N-f—Q(_N)HJ(\/[+3..).M+N+1RM+3,M+N+2(1 - N) T

X Ryren1,m+N+2(—1) ® 1) (PLar Prs pn42 ® 1) (M- DN — D)’

By again using (4.19) and (4.20) the latter product equals

(I IvpaTarya - JM+N+1Gg].\{ﬂjfl)Hl(\ile;al..).M+N+lQLMJFN“ ©1)

x Ty(u+M — N —1)--Tap(u— N+ 1)Th, o(u— N)Ti(u+ M — N)
X Thr s v (W Tt (u— N)Th, y(u— N +1)-T5 o (u—1)
X (Rg,M+2(M)Rg\4+1,M+N+2(_N)Gl..,MHM+3...M+N+2 ® 1)
1
M — DI(N —1)!
= Iz T vz JM+N+1G5\{]\_/[1)H](\2V_|__31._).M+N+1Ql,M+N+2 ®1)
x Ty(u+M — N —1)--Top(u— N+ 1)Th, o(u— N)Ti(u+ M — N)
X T8 v (W Tt (u— N)Th, y(u— N +1)-T5 o (u—1)

X (Rg,M+2(M)R§\4+1,M+N+2(_N) ® 1)

X (Prr+1 Prso v N+2G2 M1 Hyro M4 N+1 ® 1)(

X (PLyv1Pre N2 @ 1) (

1
M —1)I(N —1)!
~ (Lo Ins1dmye - ImeN+1Go 1 Hyvvo MaN+1Q1, M4+ N+2 © 1)
x Ty(u+M — N —1)---Tap(u— N+ 1)Th, o(u— N)Ti(u+ M — N)
X T4 o (W Tt (u— NYTh, y(u— N +1)-T5 o (u—1)

X (Rg,M+2(M)R§w+1,M+N+2(—N)Pl,M+1PM+2,M+N+2 ® 1)

= o Inyrdmy2 - ImaN+1Go 1 Hyro. N1 © Z(u))

X Ty(u+M—N 1) Top(u— N +1)Th, ,(u—N)

x Tore1(u— N)Thy g(u— N +1) - Thry vy (u—1)

X (Q17M+N+2R§,M+2(M)Rg\/[+1,M+N+2(_N)P17M+1PM+2,M+N+2 ® 1)-

To obtain the last equality we used the definition of the series Z(u) and the centrality in Y (gl )
of the coefficients of this series, see the proof of Proposition 3.1.

Let us denote by S(u) the product in the latter four displayed lines. It is related by ~ to the
product (4.22) which is equal to (4.21). We have already proved that the image of (4.21) under
our map (4.23) is equal to (4.24). Hence the image of S(u) is also equal to (4.24). In particular,
the image of S(u) under (4.23) does not change if we multiply this image on the right by

Iol+10J)o1e (EndCY™)* @ Y(gly ),
see (4.5). Equivalently, the product S(u) is related by ~ to itself multiplied on the right by
(I + Juns2) © 1 € (End CMIN) SN2 0y (gr, ). (4.25)

Let us now right multiply S(u) by (4.25) and also by the element

BM+N+2) o (

L Inadyse - Juensr @ 1€ (EndCMIY) glarn)- (4.26)
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The result is still related by ~ to S(u) because (4.26) is a projector dividing S(u) on the left.
However, by multiplying the last line of S(u) by both (4.25) and (4.26) we obtain the product

(Q17M+N+2R§,M+2(M)ngﬂ,Msz(—N)Pl,M+1PM+27M+N+2 ® 1)
X (I + Jven+2) o - Iypr1dpt2 - Jven+1 @ 1)
- (Q1:M+N+2R§,M+2(M)Rg\/f+1,M+N+2(—N) ® 1)

X (L1 Ing(Ing g1 + Inrg2) Inays - - - I N2 Prv 1 P2 v N2 @ 1),

Due to the definition (3.4) and to Proposition 4.3 the latter product equals

(I Inprrdpt2 - Jen+1 @ 1)

M N

=y Iyt1dm+2- - Imen+1 ® 1)

1 1
X (Ql,M+N+2 (—PM+2,M+N+2JM+2 + NP1,M+1IM+1> ® 1> .

X <Q1,M+N+2 <—P1,M+1JM+N+2 + PM+2,M+N+211> Py PyyomiNy2 @ 1)

M

Therefore S(u) is related by ~ to

(I Invrdnmve - Iy n+1Ga 1 Hy o meN+1 © Z(u))
X To(u+M — N —1)--Tar(u— N+ )T, ,(u— N)
X Targa(u = N)Tpg(u = N 4+1) - Ty g (0= 1)
X Iy Inpprdprg2 - Jmuenyr @ 1)
1

1
X <Q1,M+N+2 (-MPM+2,M+N+2JM+2 + NPLM-HIM—H) ® 1)

=Ly Iys1dms2 - ImeNn+1Go 1 Hyg2. N+ © Z(u)B(u))

X Iy Iyppidyge - Jeng1 © 1)
1

1
X <Q1,M+N+2 <—MPM+2,M+N+2JM+2 + NP1,M+1IM+1> ® 1)

~ Iy Iypvidms2 - IeN+1Go 1 Hyt2. N+ © Z(u)B(u))
1

1
X <Q1,M+N+2 <MPM+2,M+N+2 + NPI,M+1> ® 1) . (4.27)

To obtain the equality in (4.27) we also used the relation (4.4) which in this instance implies that

(Inrs1 a2 ® DTy o(u = N)Taga (u = N)(Inrs1Jar2 © 1)
= (In 12 ® DTara (v = N)Thy (w0 = N)(Inr1 a2 ® 1),

We could now show by direct calculation that applying the map (4.23) to the product in the
last two lines of (4.27) yields

(—1)M(M = 1DYN - 1)!Q ® Z(u)B(u). (4.28)

Theorem 4.1 would then follow because the equality of (4.21) and (4.22) implies the equality
of (4.24) and (4.28). However, we will complete the proof of Theorem 4.1 by an indirect ar-
gument. We have already proved that the image of the product in the last two lines of (4.27)
equals (4.24). Since the image of the action of @ on ((CM IN )®2 is one dimensional, the latter
equality implies that Z(u)B(u) equals B(u+ 1) up to a scalar factor. This scalar factor is 1 be-
cause the leading terms of both series B(u)Z(u) and B(u+1) are 1. Theorem 4.1 is now proved.
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