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Energy differences between isobaric analogue states have been extracted for the A = 79, 79Zr/79Y mirror 
pair following their population via nucleon-knockout reactions from intermediate-energy rare-isotope 
beams. These are the heaviest nuclei where such measurements have been made to date. The deduced 
mirror energy differences (MED) are compared with predictions from a new density-functional based 
approach, incorporating isospin-breaking effects of both Coulomb and nuclear charge-symmetry breaking 
and configuration mixing.

 2020 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.

1. Introduction

The approximately charge-symmetric and charge-independent 
nature of the nuclear force [1] yields very strong symmetries be-
tween particular (analogue) states in nuclei with the same mass 
number, A. This led to the powerful concept of the isospin quan-
tum number t , which characterises neutrons and protons as sep-
arate states of a nucleon with isospin projections of tz = + 1

2
and 

− 1
2
, respectively [2]. Likewise, the total isospin projection T z of a 

nucleus is defined as T z = (N − Z)/2. States of the same isospin 
among a set of nuclei with the same A, but different T z (Isobaric 
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Analogue States, IAS) would, in the limit of perfect isospin symme-

try, be degenerate. Whilst this is never precisely the case, a strong 
degree of symmetry always remains in mirror nuclei since the ef-
fects that break the symmetry are sufficiently weak that they may 
be considered a perturbation, and do not significantly alter the 
symmetry of the underlying wave functions.

Observed discrepancies between the excitation energies of iso-
baric multiplets can be attributed to the presence of isospin-
violating interactions originating from Coulomb and magnetic ef-
fects, as well as isospin-nonconserving (INC) components of the 
nucleon-nucleon interaction. In mirror nuclei, such energy differ-
ences, termed Mirror Energy Differences (MED), are of isovector 
origin and are defined as:

MED J = E∗
J ,T ,−T z

− E∗
J ,T ,T z

, (1)

where E∗
J ,T ,T z

is the excitation energy of a given state with spin J
and isospin T of a nucleus with ±T z . Theoretical modelling of MED 
has conventionally taken place within a shell-model framework – 
see e.g. refs. [3–7] and references therein. Here the electromagnetic 
effects, of multipole and monopole nature, are included through 
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modifications to the effective interactions and single-particle lev-
els in the shell-model framework. This has been, on the whole, 
very successful. It was also found that in order to obtain good 
agreement with the data, large additional two-body isospin non-
conserving matrix elements needed to be included, which have a 
contribution to the MED of the same order as that of the Coulomb 
effect [4,6].

Modern developments in experimental techniques have opened 
a gateway to the study of neutron-deficient N ≈ Z nuclei in the 
A = 60 − 80 region, enabling MED studies within the upper f p

shells (e.g. [8–11]). Similar shell-model approaches have been ap-
plied and, again, for mirror nuclei, large additional isovector INC 
terms were required [10,12]. The need for inclusion of large INC 
terms points to physics not contained within the shell-model ap-
proach. A fundamental understanding of such isospin-symmetry 
breaking phenomena, and how they might be included in nuclear 
models, is important – for example in predicting the location of 
drip lines, where the inclusion of INC effects in shell-model calcu-
lations has been found necessary to replicate experimental obser-
vations [13].

The current work presents results for the heaviest mirror pair 
for which MED have been measured to date, and the first in the 
well-deformed A ∼ 80 region of nuclei – the A = 79, T z = ± 1

2
79Zr/79Y mirror pair. This has been made possible through the ob-
servation of excited states for the proton-rich Z = 40 system 79Zr. 
A reliable shell-model interpretation of nuclei in this region (the 
centre of the f pg shell near A = 80) is not currently feasible due 
to the size of the valence space required, since it is known that 
in this highly-deformed region the inclusion of orbitals originating 
from above the 100Sn core are required [14]. In the work pre-
sented here, we interpret the results through a new theoretical ap-
proach to MED, rooted in density-functional theory, using a devel-
opment of the no-core configuration-interaction (NCCI) model [15]

designed to allow for the study of isospin-breaking effects among 
excited states.

2. Experimental procedure

The experiment was performed at the National Superconduct-
ing Cyclotron Laboratory (NSCL) at Michigan State University. Fol-
lowing initial acceleration of a 92Mo beam by the K500 and K1200 
cyclotrons [16] to 140 MeV/u, the beam was fragmented by a 
thick 9Be target at the entrance to the A1900 separator [17]. The 
reaction products were separated via the A1900 with a momen-

tum acceptance of 0.5% producing a cocktail beam consisting of 
primarily 0.3% 81Zr, 5.0% 80Y, 22.8% 79Sr, 48.2% 78Rb and 21.6% 
77Kr. These products impinged upon a 188 mg/cm2 9Be reaction 
target located at the S800 target position. De-excitation γ rays 
from the nuclei populated at the reaction target position were 
detected with the Gamma-Ray Energy Tracking In-beam Nuclear 
Array (GRETINA) [18,19] in a ten module configuration, with four 
modules centred at 57◦ and six centred at 90◦ , covering labora-
tory angles of 37◦ to 116◦ . Reaction products were separated by 
the S800 magnetic spectrograph [20] and identified via time of 
flight and energy-loss information acquired with a series of scintil-
lators and an ionisation chamber located within the spectrograph. 
79Zr (T z = − 1

2
) was populated via a two-neutron knockout reac-

tion from the 81Zr (T z = + 1
2
) secondary beam, a reaction mech-

anism previously utilised to examine mirror states in the A = 50

region [5]. Likewise, 79Y (T z = + 1
2
) was produced via one-neutron 

knockout from the 80Y (T z = +1) secondary beam. Further de-
tail about the particle-identification for this experiment, including 
sample particle-identification plots, can be found in Ref. [21].

Fig. 1. The Doppler-corrected spectra for (a) 79Zr and (b) 79Y corrected with the 
indicated β values. β in (a) is optimised for faster decays whilst in (b) a slower 
β is chosen to show the lineshape of the 183-keV peak (see text for details). The 
inset of (b) displays an expanded view of the 183-keV, 

(

7
2

+)

→
(

5
2

+)

decay where 
a low-energy lineshape is visible. The dashed lines indicate the analogue transitions 
of the A = 79 mirror pair. New, unplaced, decays in 79Y are indicated with stars.

3. Results

The trajectories and momentum distributions of the recoiling 
reaction products were measured in the S800 spectrograph, and 
this information was combined with the measured first γ -ray in-
teraction point in the GRETINA array to enable precise event-by-
event γ -ray Doppler corrections. The resulting spectrum measured 
in coincidence with 79Y recoils is shown in Fig. 1(b). The transi-
tions labelled in Fig. 1(b), have previously been assigned to the 
ground-state band of 79Y, where spins and parities have only been 
tentatively assigned [22]. The structure was interpreted as a rota-
tional sequence built upon a presumed [422] 5

2

+
Nilsson configura-

tion. The sequence of γ rays observed in 79Y in this work is shown 
in the partial level scheme on the right of Fig. 2. Determination of 
the optimum recoil velocity for the Doppler-correction analysis for 
a particular spectral line is crucial for this analysis, and is achieved 
in this work by varying the recoil velocity (β = v

c
) until any de-

pendence of the Doppler-corrected γ -ray energy on the GRETINA 
polar angle (θ ) is eliminated. This technique is demonstrated in 
Fig. 3 for the three lowest-energy transitions in 79Y. For the known 
184-keV 

(

7
2

+)

→
(

5
2

+)

transition [22] in 79Y, this yields an opti-
mum after-target recoil velocity (β = v

c
) of 0.294 [see Fig. 3(a)] 

and this is the value used for Fig. 1(b). The 227 and 411-keV γ
rays in 79Y were found to be best optimised at a slightly higher 
value of β = 0.296, whilst the remaining observed transitions in 
79Y required β = 0.304 to optimise the spectrum [Fig. 3(b)]. With 
the exception of the 184 keV-transition (see below) all energies 
are found to agree well with those of Ref. [22] (see Table 1). The 
transit time from the front to the back of the target of the recoil-
ing nuclei travelling with β = 0.3 is of the order of 10 ps. Hence 
decays occurring on this time scale will occur at different average 
points within the target, resulting in different energy loss of the 
recoil in the target and hence marginally different β values.

Evidence of a small low-energy tail on the 183(1)-keV transi-
tion can be seen in the inset of Fig. 1(b), suggesting a lifetime of 
several tens of picoseconds. Similar spectroscopic effects have been 
observed previously for decays from low-lying states in well de-

2
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Fig. 2. The tentative γ -ray scheme of 79Zr compared with that of 79Y. Note the 
slight discrepancy between the sum of the γ -ray energies between the ( 9

2

+
) →

( 7
2

+
) → ( 5

2

+
) decays and the direct ( 9

2

+
) → ( 5

2

+
) decay most likely arises from 

lifetime effects (see text for details) as well as uncertainties on the individual γ -ray 
energies. The numbers in brackets after the γ -ray energies represent the assigned 
errors on these decays from the present work.

formed nuclei from this mass region [21,23]. The small, ∼1-keV 
discrepancy between the previously measured value of 184.0(5) 
keV [22] and the 183(1) keV determined from the present work 
is likely to be a consequence of this lifetime effect since a γ decay 
taking place significantly downstream of the target will result in a 
small downward shift in the peak centroid energy.

In addition to the previously known transitions in 79Y some 
new, weak γ rays are observed in the present work – see Fig. 1(b). 
These are believed to be either members of a new, previously un-
observed, rotational structure, or decays connecting this structure 
to other band structures. The limited γ −γ statistics in the present 
work prevented a more detailed analysis of these data. The errors 
given with the γ -ray energies incorporate uncertainties associated 
with recoil velocity, reaction target position as well as the effects 
of different degrees of spectral compression that have been used 
to extract the transition energies.

Fig. 1(a) shows tentative evidence for four new γ rays mea-

sured in coincidence with T z = − 1
2

79Zr recoils. For the degree of 
compression used for the 79Zr spectrum in Fig. 1(a), γ -ray peaks 
would be expected to have a width of 2-3 channels, since the mea-

sured FWHM of the 411-keV peak of 79Y shown in Fig. 1(b) is 
∼9 keV. Although the statistics are very low in Fig. 1(a), the strong 
similarities observed between the tentative peak positions in this 
spectrum and those shown in Fig. 1(b) for 79Y, gives confidence to 
the identification of these transitions. Mirror symmetry arguments 
are therefore applied to produce the tentative level scheme shown 
on the left of Fig. 2. Although the reaction processes are somewhat 
different for the two mirror nuclei (see below), it appears that the 
analogue ground-state structures are populated in the two reac-
tions.

By employing the same Doppler-correction procedure to that 
used for 79Y, an optimum beam velocity of β = 0.298 was found 
for the 184-keV transition in 79Zr, although the statistics were too 
weak to perform a similar procedure to that used in 79Y for the 
higher energy γ rays. Optimisation of the spectral quality by eye 
yielded a β of 0.304 for the higher energy transitions. The observa-
tion that a higher β is required for the higher-energy transitions in 
the spectrum is consistent with our observations for 79Y. Based on 
mirror-symmetry arguments, one would expect the 184-keV tran-
sition in 79Zr to decay from a state with a similar lifetime to that 
of its analogue in 79Y, which in turn suggests that the decay may 
also be expected to occur downstream of the target with a lower 
recoil velocity, again resulting in a downward shift of the peak 
centroid energy. This is the likely explanation for the fact that, 
in both nuclei, the sum of the observed γ -ray energies for the 
( 7
2

+
) → ( 5

2

+
) and ( 9

2

+
) → ( 7

2

+
) decays do not quite add up to the 

energy of the decay observed for the cross-over ( 9
2

+
) → ( 5

2

+
) E2 

decay. From this analysis, the measured γ -ray energies and rel-
ative intensities for the observed transitions in each nucleus are 

Fig. 3. Doppler-corrected γ -ray spectra for 79Y against the detected polar angle of 
GRETINA, corrected with the indicated recoil velocities. It is clear that a slower re-
coil velocity is required to correct the 183-keV transition, panel (a), compared to 
that needed to optimise transitions such as the 315/316-keV decays, which predom-

inantly occur whilst the recoil is within the target, panel (b). The latter transitions 
are expected to decay from shorter lived (few ps) states. The dashed black lines are 
to guide the eye.

summarised in Table 1. The branching ratios of decays from the 
( 9
2

+
) states are found to be consistent, within errors, across both 

nuclei.

Both reactions used to generate the spectra in Fig. 1 (81Zr−2n 
and 80Y−1n, respectively) are direct reactions and it is possible to 
consolidate the experimental observations by considering the di-
rect population routes to the observed states. Production cross sec-
tions are estimated to be 2.9 mb for 79Y and 0.4 mb for 79Zr from 
their corresponding secondary beams. For the 80Y−1n reaction, 
the odd-odd fragment beam will likely be in either the tentatively 
assigned (4−) ground-state or one of the low-lying isomers tenta-
tively assigned as (1−) and (2+). Considering direct removal of a 
neutron from of any of the f 5

2
, p 3

2 , 12
, g 9

2
orbitals likely to domi-

nate the configurations involved in this region, the maximum-spin 
positive-parity state that can be directly populated in all reactions 
is 13

2

+
. This is completely consistent with our experimental obser-

vations for 79Y, where no known decays from states above 13
2

+
are 

observed. Similarly, positive-parity states in 79Zr can be directly 
populated from the ( 3

2

−
) ground state of 81Zr by two-neutron re-

moval from a pair of orbitals of opposite parity. Considering the 
same available f pg orbitals, all the tentative states identified in 
79Zr can be populated in all the direct routes allowed by parity 
and angular-momentum conservation.

Table 1 contains the excitation energies of the tentatively as-
signed states in 79Zr/79Y. The errors presented with the γ -ray en-
ergies incorporate uncertainties associated with the recoil velocity, 
reaction target position as well as the effects of different degrees of 
spectral compression that have been used to extract the transition 
energies. Assuming that these states correspond to the same ana-
logue structure (the presumed [422] 5

2

+
ground-state band), MED 

can be extracted. The latter is also listed in Table 1 and plotted 
in Fig. 4(a). An important point to note is that although there is a 
slight downward shift in the energy of the ( 7

2

+
) state in 79Y in the 

present work compared to the literature value, a similar effect is 
expected in the mirror nucleus, as a consequence of the previously 
discussed lifetime effects and isospin symmetry arguments. Hence 
we have assumed that these effects cancel out when extracting the 
MED for the 7

2

+
states involved. The systematic uncertainty in the 

MED from this assumption is at the level of only ∼1 keV and is 
not considered significant.

3
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Table 1

Measured γ -ray energies (in keV) and relative intensities (R.I.) of decays in the 79Zr and 79Y mirror pair. For 79Y the measured γ -ray energies 
are compared with literature (Lit.) values, Ref. [22]. The recoil velocities (β = v

c
) used in the Doppler-correction process to extract the energies 

are also detailed. The level energies (E J i ) with errors and the calculated excitation energies from the NCCI calculations with charge-symmetry 
breaking terms included (Eth ) are presented in keV for each nucleus. The final column contains the deduced MED values and their associated 
errors in keV.

J i → J f

79Zr 79Y
MED J i

Eγ β R.I. E J i Eth Eγ Lit. β R.I. E J i Eth
(

7
2

+)

→
(

5
2

+)

184(1) 0.298 100 184(1) 228 183(1) 184.0(5) 0.294 100 183(1) 226 1(1)
(

9
2

+)

→
(

7
2

+)

230(2) 0.304 23(11) 416(2) 522 227(1) 227.0(5) 0.296 37(1) 411(1) 515 5(2)
(

9
2

+)

→
(

5
2

+)

416(2) 0.304 18(11) 416(2) 522 411(1) 411.3(5) 0.296 17(2) 411(1) 515
(

11
2

+)

→
(

9
2

+)

316(1) 316.1(5) 0.304 17(2)† 726(1) 875
(

13
2

+)

→
(

11
2

+)

315(1)∗ 315.0(5) 1042(1) 1291
(

11
2

+)

→
(

7
2

+)

531(4) 0.304 21(13) 715(4) 886 543(1) 543.1(5) 0.304 13(2) 726(1) 875 −11(4)
(

13
2

+)

→
(

9
2

+)

631(1) 631.1(5) 0.304 10(2) 1042(1) 1291

∗ Assumed to be present following observation of 631-keV decay [22]. † Combined intensity of 315 and 316-keV decays.

Fig. 4. (a) Mirror energy differences as a function of spin J for the tentatively 
assigned ground-state configuration of [422] 5

2

+
in the 79Zr/79Y mirror pair. The 

calculations are shown with Coulomb only and Coulomb plus charge symmetry-

breaking (CSB) terms included. (b) Calculations as a function of spin demonstrating 
how the various terms shown in the legend contribute to the final result that is 
represented by the blue triangles. The labels 1,2 and 3 refer to the groups of terms 
defined in Fig. 5 and the text. Note the blue triangles in (a) and (b) show the same 
final result.

4. Calculations

Compared with other odd-A nuclei previously studied, where 
variations of MED with J of 50-100 keV are common, the magni-

tudes of the MED extracted for the low-spin states of this mirror 
pair are unusually small – within ∼10 keV of zero – for the first 
few states. This may indicate that the rotational bands in these 
deformed systems are based on a highly stable configuration. Evi-
dence for stable low-spin rotational structures have been observed 
in this mass region with fairly constant quadrupole moments be-
ing measured for the [422]5/2 structure in 83Nb [24]. Furthermore, 
kinetic moments of inertia were found to be constant across sev-
eral Nilsson configurations for both 79Sr and 81Zr prior to the first 
band crossing [25].

The shell-model approach to analysing MED used in other 
mass regions is not applicable here due to the large valence 
space required. Instead, we present here the results of a new 
approach to MED studies based on density-functional theory, 
and using the previously developed methodology of the no-core 
configuration-interaction (NCCI) model [15] which allows for full 
treatment of both rotational and isospin symmetries. The model 
includes isospin-breaking effects of both Coulomb and nuclear 
(charge-symmetry breaking, CSB) origin – the latter using next-to-

Fig. 5. Configurations used in the NCCI calculations to obtain the results shown in 
Fig. 4. Full dots denote deformed [N nz �]K orbitals occupied by pairs of nucleons 
in the 39 or 40 subsystems. Empty dots with up (down) arrows denote orbitals 
occupied by single nucleons with individual positive, � = +K (negative, � = −K ) 
projections of angular momentum on the axial-symmetry axis.

leading order contact terms [26]. Using this method, the angular-
momentum-projected states in 79Zr and 79Y were determined.

Calculations proceeded in two steps. First, standard single-
reference Hartree-Fock (SRHF) [27] calculations were performed. 
For each calculation, the SRHF configurations were fixed by se-
lecting 39 or 40 occupied single-particle deformed orbitals among 
the lowest ones appearing at large deformations in the Zr region. 
Configurations in mirror partners were always selected symmetri-

cally, that is, those chosen for neutrons and protons in 79Zr were, 
respectively, selected for protons and neutrons in 79Y. Each se-
lected configuration was converged separately, so its deformation 
and Coulomb/CSB polarisation effects were self-consistently deter-
mined. In each of the mirror partners, we established 40 low-lying 
SRHF configurations

In the second step, in both mirror partners we performed 
multi-reference Hartree-Fock (MRHF) NCCI calculations. These in-
volved determining Hamiltonian and overlap matrix elements be-
tween all selected configurations and diagonalising the Hamilto-

nian matrix in a non-orthogonal basis. At this step, it was essential 
to use the Skyrme force SVSO [28], which, because of its density-
independence, does correspond to a Hamiltonian. We stress that 
also in this step, the Coulomb/CSB terms were included in the 
Hamiltonian matrix elements. Calculations were performed using 
a new version of the hfodd solver [29], which was equipped with 
the NCCI module [15].

Analysis of the mixing properties of all 40 SRHF configurations 
revealed that only 10 of them have meaningful non-zero mixing 
coefficients with the ground-state configuration. The final calcu-
lations were therefore restricted to these 10 configurations. The 
resulting MED are shown in Fig. 4(a) and compared with the ex-
perimental data. Calculations with, and without CSB effects are 
shown, and it is clear that both Coulomb and CSB effects are rele-
vant in this model.

4
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The structure of the 10 configurations that mix with the ground 
state is shown in Fig. 5, and we have grouped the excited configu-
rations, from left to right in Fig. 5 as (1) seniority ν = 1 (denoting 
numbers of nucleons in broken pairs), (2) nn and pp (like-particle) 
and np (neutron-proton) pair excitations, and (3) ν = 3 excitations. 
In Fig. 4(b) these groups are added (on top of the g.s. config-

uration) sequentially into the calculation, first group (1) (green 
arrow), then group (2) (black arrow) and finally group (3) (blue 
arrow). Calculations with and without the CSB effects are shown 
in Fig. 4. As one can see, the ν = 1 (ν = 3) configurations push 
MED towards positive (negative) values, with the net result being 
a smaller positive shift, whereas the pair configurations have negli-
gible effect. Although it is clear that both Coulomb and CSB effects 
make contributions to the theoretical prediction, the data do not 
discriminate between calculations with and without CSB effects.

The comparison between the experiment and the model in 
Fig. 4(a) shows that the agreement is good for the first two ex-
cited states, followed by a discrepancy of around 20 keV for the 
tentatively assigned 11

2

+
state. It should be noted in making this 

comparison that the predicted and experimental MED are both nu-
merically small, compared with the results from systematic studies 
in lighter nuclei (e.g. Ref. [6]). Hence, although numerical discrep-
ancies of the order of 20 keV may not normally be considered 
significant when comparing experimental MED with a model (e.g. 
shell-model approaches [6]), it is nevertheless clear that the model 
used in the present work does not account for the sudden change 
in the trend of the data for the 11

2

+
state. We have not identified 

any explanation for this, and we have checked whether inclusion 
of the lowest h 11

2
[550] 1

2
deformed configuration may affect the 

MED of this state, but this configuration does not make any mean-

ingful contribution to the states in the model. This is the first 
application of this new theoretical approach, and this work will be 
followed by a separate systematic study [30], where the model will 
be employed to investigate MED in lighter systems, where both ex-
perimental data and benchmark shell-model results exist.

5. Summary

In summary, a new tentative level scheme has been produced 
for the proton-rich system 79Zr, allowing MED to be determined 
and analysed for the A = 79 mirror pair. This is the heaviest mir-

ror pair for which excited states have been determined, and the 
first in the centre of the region of highly-deformed nuclei near 
A ∼ 80. The experimental MED have been compared with the 
predictions of a new MED model rooted in density-functional the-
ory that allows for the treatment and analysis of isospin-breaking 
phenomena. This new approach has the advantage of simultane-

ously taking into account strong non-perturbative quadrupole and 
isospin-breaking polarisation in a large configuration space, and at 
the same time, conserving symmetries of the system. Apart from 
comparing the new model to the frontier experimental data ob-
tained in this work, a further study [30] will investigate application 
of this model to lighter systems, where benchmark shell-model 
results exist, and heavier systems, where obtaining guidance for 
future experimentation is essential.
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