. eprints@whiterose.ac.uk
Whlte Rose https://eprints.whiterose.ac.uk

N
(@) Rresearch onii
N’ esearc niine Universities of Leeds, Sheffield and York

Deposited via The University of Leeds.

White Rose Research Online URL for this paper:
https://eprints.whiterose.ac.uk/id/eprint/167096/

Version: Accepted Version

Article:
Liang, Y and Partington, JR (2020) Nearly invariant subspaces for operators in Hilbert
spaces. Complex Analysis and Operator Theory, 15. 5. ISSN: 1661-8254

https://doi.org/10.1007/s11785-020-01050-x

© Springer Nature Switzerland AG 2020. This is an author produced version of a journal
article published in Complex Analysis and Operator Theory. Uploaded in accordance with
the publisher's self-archiving policy.

Reuse

Items deposited in White Rose Research Online are protected by copyright, with all rights reserved unless
indicated otherwise. They may be downloaded and/or printed for private study, or other acts as permitted by
national copyright laws. The publisher or other rights holders may allow further reproduction and re-use of
the full text version. This is indicated by the licence information on the White Rose Research Online record
for the item.

Takedown

If you consider content in White Rose Research Online to be in breach of UK law, please notify us by
emailing eprints@whiterose.ac.uk including the URL of the record and the reason for the withdrawal request.

ﬁ 32, | University of Q) unIvERsITY

UNIVERSITY OF LEEDS %~ Sheffield Ry 7 York



mailto:eprints@whiterose.ac.uk
https://doi.org/10.1007/s11785-020-01050-x
https://eprints.whiterose.ac.uk/id/eprint/167096/
https://eprints.whiterose.ac.uk/

NEARLY INVARIANT SUBSPACES FOR OPERATORS
IN HILBERT SPACES

YUXIA LIANG AND JONATHAN R. PARTINGTON

ABSTRACT. For a shift operator 7" with finite multiplicity acting
on a separable infinite dimensional Hilbert space we represent its
nearly 7! invariant subspaces in Hilbert space in terms of invari-
ant subspaces under the backward shift. Going further, given any
finite Blaschke product B, we give a description of the nearly Ty 1
invariant subspaces for the operator Tz of multiplication by B in
a scale of Dirichlet-type spaces.

1. INTRODUCTION

Given « a real number, the Dirichlet-type space D, (D) consists of
all analytic functions f(z) = >_;2,ax2z" in D such that its norm

0o 1/2
1l = (Z\amwl)a) oo
k=0

If « = —1, D_; = A%*({D) the classical Bergman space, for a = 0,
Dy = H?*(D) the Hardy space, and for a = 1, D; = D(D) the classical
Dirichlet space, systematically investigated in the book [6]. These are
particular instances of separable infinite dimensional Hilbert spaces, to
be denoted by H in this paper. We let B(H) denote the collection of
all bounded linear operators acting on H.

The notations Ny and N denote the set of all nonnegative integers
and positive integers, respectively. Here we recall the C!-vector-valued
Hardy space H?(ID,C!) consists of all analytic F' : D — C' such that
the norm

1

1 27 ) 2

|F|| = ( sup — ||F(relw)||2dw> < 0.
0<r<1 2T 0

Writing F' = [fi1, fo, -+, fi] with f; : D — C, it is clear that F' €

H?(D,C!) if and only if f; € H*(D) for i =1,2,--- ,l with [ € N.
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Key words and phrases. Nearly invariant subspace, shift operator, Blaschke
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2 Y. LIANG AND J. R. PARTINGTON

Inner functions play important role in describing the invariant sub-
spaces of the unilateral shift Sf(z) = zf(z) (multiplication by the
independent variable) on H?*(D). Beurling’s Theorem states that a
nontrivial closed subspace M C H?(D) satisfies SM C M if and only
if M = @H?*(D) with 0 is inner. The simplest nontrivial inner func-
tion is an automorphism of D mapping T onto T. More generally, if
{an}n>1 is a sequence of points in D\ {0} satisfying the Blaschke con-
dition Y > (1 — |a,|) < oo, then we can construct the corresponding
Blaschke product

la,| a, — =

B(z) ::zmH— —

a, 1 —a,z

mENO

n=1
The Toeplitz operator T, on H?*(D) is defined by
Tyf = P(gf) with g € L=(T)

and P is the orthogonal projection from L*(T) on H*(D). It is well-
known that the kernel of T; on H?*(D) is a model space Ky := H*©0H?
with 6 an inner function (cf. [8, 9, 15]).

Given a Blaschke product B, the Wold Decomposition Theorem im-
plies that every f € H?*(D) has an expression

f(z) =) B(z)h(2)
k=0

with hy, are functions in Kz = H?> © BH?. An analogous theorem for
Dirichlet-type space D, (D) has been proved as follows.

Theorem 1.1. [5, Theorem 3.1], [4, Theorem 2.1] Let a € [—1,1]
and B a finite Blaschke product. Then f € D,(D) if and only if f =
> oo BFhy (convergence in D, norm) with hy, € Kp and

> (k4 1) kg3 < oo (1.1)

k=0

Since Kp is finite-dimensional, we may take other (equivalent) norms
here, such as ||hg||p, -

A concept commonly appearing in operator theory and complex func-
tion theory is that of near invariance, which arises in the investigations
of (almost) invariant subspaces. At the beginning, nearly S* invariant
subspaces of H?(D) were introduced by Hayashi [9], Hitt [10], and then
Sarason [14] in the context of kernels of Toeplitz operators. There are
also many other contributions related with this topic; for example the
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case of backwards shifts on vector-valued Hardy spaces was analysed
in [3]. The interested reader can also refer to [1, 2, 12] and the ref-
erences therein. Roughly speaking, a subspace M C H is said to be
nearly S* invariant if the zeros of functions in M can be divided out
without leaving the space. The following definition presents a nearly
T~1 invariant subspace for any left invertible T' € B(H).

Definition 1.2. Let H be a separable infinite dimensional Hilbert
space and T € B(H) be left invertible. Then a subspace M C H is
said to be nearly 7! invariant if for every g € H such that Tg € M,
it holds that g € M.

A shift operator acting on a separable infinite dimensional Hilbert
space is the direct generalization of the unilateral shift S and multi-
plication operator Tz on H?(ID,C!). It is isometric and left invertible,
and was abstractly defined in [13, Chapter 1] as below.

Definition 1.3. An operator 7' € B(H) is a shift operator if T is an
isometry and ||[T*"f|| — 0 for all f € H as n — co.

There are also other equivalent descriptions for a shift operator. For
example, an isometry T € B(H) is a shift operator if and only if T is
pure. Here an isometry T' on H is pure whenever () ., 7"H = {0}.
Furthermore, a pure isometry T € B(H) has multiplicity m if the
dimension of the subspace K :=H & TH = KerT* is m.

Besides, an operator A € B(H) is T-inner if A is analytic (that is,
AT = TA) and partially isometric. Based on the concept of T-inner
operator, the Beurling-Lax Theorem for invariant subspaces under a
shift operator T' € B(H) was given in [13, Section 1.12], as follows.

Theorem 1.4. A subspace F of H is invariant under the shift operator
T € B(H) if and only if F = AH for some T-inner operator A on H.

It is natural to ask how to give an expression for nearly 7! invariant
subspaces in H. Motivated by this question, we organize the rest of
the paper as follows. In Section 2, using the formulae of S* invariant
subspaces in vector-valued Hardy space, we present a characterization
for nearly 77! invariant subspaces when T' € B(H) is a shift operator
with multiplicity m. Going beyond this, noting that a finite Blaschke
product B is a multiplier of Dirichlet-type spaces, we give some de-
scriptions for nearly T ! invariant subspaces in Section 3, extending
considerably some work of Erard [7].
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2. NEARLY 7! INVARIANT SUBSPACES

In this section, we always suppose T € B(H) is a shift operator with
multiplicity m. This gives

1<l:=dimMe (MNTH) <m (2.1)

for every nonzero nearly 7! invariant subspace M C H. Denote an
orthonormal basis of K := H & TH by e, -+ ,en. And let 0" =
(0,---,0,1,0,---,0) with 1 in the j-th place be an orthonormal basis
of K := H*(D,C™) & zH*[D,C™) for j = 1,2,--- ,m. Based on the
following two orthogonal decompositions

H= éT’K and H*(D,C™) = éz[(
=0 1=0

there exists a unitary mapping U : H — H?(D,C™) defined by
U(T'ej) = z'67". (2.2)

So the following commutative diagram (2.3) holds for the unilateral
shift S: H*(D,C™) — H?*(D,C™) and the shift operator T': H — H
with multiplicity m.

H — H
lU lU (2.3)
H%(D,C™) —— H2(D,C™),
which implies the following equations
S"U =UT" for n € Ny. (2.4)

Using the unitary mapping U : H — H?*(D,C™), the following lemma
holds, where the superscript ‘t” means the transpose of a matrix.

Lemma 2.1. Let M C H be a nonzero nearly T~ invariant subspace
and Go = [g1, 92, -+ , qi]' be a matriz containing an orthonormal basis

(9i)ieqr, 0y of MO (MNTH). Then

FO = [UglaUg%”' 7Ugl]t (25)

is a matriz containing an orthonormal basis (Ug;)icq1,..;y of UM ©
(UMnNzH?*(D,C™)).

The lemma below shows the link of nearly invariant subspaces be-
tween similar operators.
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Lemma 2.2. Suppose H, and Hs are two Hilbert spaces and Ty €
B(H1) and Ty € B(Hs) are two left invertible operators. Assume there
exists an invertible operator V : Hi — Hs so that To = VITV L. Let
M be a nearly Tyt invariant subspace in Hy, then V(M) is a nearly
T, " invariant subspace in Hs.

Proof. For any h € H,, if Toh € V(M), we need to show h € V(M).
Since Tyh = VI,V ~th € V(M), it follows that T;V~"'h € M, so that
V~='h € M. This means h € V(M), ending the proof. O

Lemma 2.3. Suppose that T : H — H is a shift operator, and let U
be as (2.2). Then
Ur[(Ug)h] = M(T)g, (2.6)
for any g € H, h € H*(D) such that (Ug)h € H*(D,C™).
Proof. From the commutative diagram (2.3), we have Ug € H?(D,C™)
and (Ug)z" = S"(Ug), and then (2.4) implies that
U*[(Ug)z"] =U*S"(Ug) =T"U*Ug =T"g, for n € Ny.

For any polynomial p(z) = >_,_,arz® € H*(D), since U* is a linear
operator, we have

U(Ug)p(2)] = D axT*g = p(T)g,

where the operator p(T') = Y 7_, axT". So for any h(z) = > ;7 hiz* €
H?(D) such that (Ug)h € H*(D,C™), there exists a sequence of poly-
nomials ¢,(z) = Y p_,wz" € H*(D) such that g, — h in H*(D), as
n — 00. Then we deduce that

U] = (W) i au(=))] = lim 4a(T)g = AT
with the operator h(T) =Y 7o hyT". O

We are now in a position to state a theorem for nearly 7! invariant
subspaces in H. Recall that ® € H>(D,L(C",C")) is an operator-
valued inner function if ®(e) is an isometry a.e. on T.

Theorem 2.4. Suppose T : H — H s a shift operator with multiplicity
m and M C H is a nonzero nearly T~ invariant subspace. Let Gy :=
[gl, o, - ,gl}t be a matrix containing an orthonormal basis (gi)ie{l,... 1)
of M S (MNTH). Then there exist a nonnegative integer I’ <1 and
an operator-valued inner function ® belonging to H>®(D, L(CY,C)),
unique up to unitary equivalence, such that

M={feH: 3he H*D,C)c dH*D,C"), f=h(T)G}.
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Besides, there is an isometric mapping
Q: M— H*D,CY e dH*(D,C") given by Q(f) =h.  (2.7)

Proof. From Lemma 2.2 and the commutative diagram (2.3), it follows
UM is anearly S* invariant subspace in H?(D, C™). From [3, Theorem
4.4), there exists an isometric mapping

J: UM — F' given by J(hFy) = h, (2.8)
with a subspace
F={he H*D,C): 3Ufc UM, Uf=hFy}

and Fy given in (2.5). Moreover, F' is an S* invariant subspace in
H?(D,C"). The Beurling-Lax Theorem on H?(ID, C!) implies there exist
a nonnegative integer I’ < [ and an inner function ® € H>(D, £(CY,CY)),
unique to unitary equivalence, such that
F' = H*D,CY o ®H?*(D,C").
Given any f € M, the isometric mapping (2.8) implies there exists
h =lhy, -+, ] € F such that

l
Uf =hFy=[hy,-- ,h][Ugr,-- . Ugl' = (Ugi)hi,

i=1
with || f|| = ||Uf|| = ||||- Then the formula (2.6) gives

l l

f= Z U*[(Ugi)hi] = Z hi(T)g; = h(T)Go,

i=1 i=1
with h(T) = [h(T), -, (T)]. We therefore have
M={feH: Ihe H}D,C) e dH*(D,C"), f = h(T)G,},

and there is an isometric mapping Q : M — H*(D,C') & ®H?*(D,C")
given by @ = JU satisfying (2.7). O

Remark 2.5. Let
M =U*F = U*[H*D,C" & dH*(D,C")] c H.

Then M’ is a T* invariant subspace and there also exists an isometric

mapping Q = U*JU : M — M’ defined by f — U*h.

Given a degree-m Blaschke product B, Ty : H*(D) — H?*(D) is a
shift operator with multiplicity m, so we can deduce a corollary.
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Corollary 2.6. Let M C H?*(D) is a nonzero nearly Tg' invariant
subspace with a degree-m Blaschke product B. Let the matriz Go(z) :=
[91(2), 92(2), - -+, gi(2)]* contain an orthonormal basis (g;(z))icf1, 13 of
ME(MNBH?*(D)). Then there exist a nonnegative integer I < 1 and
an operator-valued inner function ® € H*(D, L(CY,CY)), unique up to
unitary equivalence, such that

M ={f € H*D):3h € H*D,C") c ®H*D,C"), f(2) = h(Tp)Go(2)}.
Here we show an example to illustrate Corollary 2.6.

Ezample 2.7. Given a € D\ {0} and some m € Ny, denote a subspace

M = pq(z) - <\/{22k . ke N} @ \/{27,237 e 7Z2m+1}) ’
which is nearly 75" invariant in H2(D). It holds that
MO (MNZEM) = (g1(2), g2(2))

with the function matrix Go(z) := [91(2), g2(2)]" = @a(2) - [1, z}t.
For any f € M, it turns out

f(z) = [Z ainz”, Z ;22| Go(2),
i=0 i=0

where (a;;);; satisfies

[. ]e CXC’ Z.:O,]_,"',m,
i1, G2 Cx{0}, i>m+1.

The formula in Corollary 2.6 together the above facts imply
M ={f € HX(D) : 3h € HX(D,C?) & B(=) H(D), f(2) = h(T:2)Gol2)}

with an operator-valued inner function ®(z) = z™*1(0,1) € C%

3. NEARLY T ! INVARIANT SUBSPACES IN D,

In this section we address the more difficult question of near invari-
ance for the operator T : D, (D) — D, (D) with a degree-m Blaschke
product B, which is not isometric but simply bounded below, extending
the methods of Erard [7].

It is known that the special multiplication operator Tg is always
bounded on Dirichlet-type space D, := D, (D) for any finite Blaschke
product B. The study of multiplication invariant subspaces of Hardy
spaces can be traced back to Lance and Stessin’s work [11]; they de-
scribed closed subspaces of the Hardy spaces H?(D) which are inner-
invariant. In 2004, Erard investigated the nearly invariant subspaces
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related to lower bounded multiplication operator M, on a Hilbert space
H in [7]. There are four conditions on the pairs (#,u) as below:

(1) H is a Hilbert space and a linear submanifold of
OW):={f: W — C| f is analytic},
where W is an open subset of C¢ (d € N),
(17) u € O(W) satisfies uh € H for all h € H,

(13i) for all w € W, the evaluation H — C, h — h(w) is continuous,
(iv) there exists ¢ > 0 such that for all h € H, c||h|| < ||uh|%.

In the sequel, a “subspace” means a closed linear subspace, and a
“linear manifold” is an algebraic subspace that is not necessarily closed.
For the above (H,u), the lower bound of M, relative to the norm

|| - || is defined by
Yum, =sup{c>0: VheH, c[|hly < |ub|n} €]0,o0]. (3.1)

Erard gave the definition of “nearly invariant under division by u”,
which is same as “nearly M, ! invariant”, a special case of Defini-
tion 1.2. Considering the importance of the backward shift M,, Erard
proved the following theorem on nearly S* invariant subspaces in H,
under the assumption that M, : H — H is bounded below.

Theorem 3.1. [7, Theorem 5.1] Assume that H satisfies (i)-(iv) with
u(z) =z, and

dim(H © M,H) =1 and ||h||y < ||M.h||3 for allh € H.

Assume also that there exists f € H with f(0) # 0. Let M be a nonzero
subspace of H which is nearly invariant under the backward shift M,.
Let g be any unit vector of M & (MNM,H). Then there exists a linear
submanifold N of H*(D) such that M = gN and for all h € M, we

have

h
T H—

91112 (D)
Besides, N is invariant under the backward shift and g(0) # 0.

We note the operator T : D, — D, is more general than M, :
H*(D) — H?(D), so we seek characterizations for nearly Ti;* invariant
subspaces in D, with a € [—1,1] and a degree-m Blaschke product
B. The following lemma is the factorization of elements in a nearly
T~ invariant subspace with a bounded below T € B(#H). (We use the
notation PV for the orthogonal projection onto a subspace N )

Lemma 3.2. [7, Lemma 2.1] Let H be a Hilbert space, T : H — H be
a bounded operator such that for all h € H, ||h||3 < |Th||% and M be
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a nearly T—1 invariant subspace of H. Set
R = (T*T)"'T* P gnd Q = pMEMOTH), (3.2)
Then for all h € M and p € Ny, we have

p
h=Y T'QR'h+T" ' RPN, (3.3)
k=0

In this section, the range of the symbol [ in (2.1) is also true for
T = Tp, a nonzero nearly 75" invariant subspace M of H = D, with
a € [—1,1] and a degree-m Blaschke product B. In the sequel, we will
endow the space D, with two different equivalent norms according to
the cases o € [0,1] and a € [—1,0), so we divide the discussion into
two subsections.

3.1. Nearly T;"' invariant subspaces in D, with a € [0,1]. In this
subsection, D, is endowed with an equivalent norm as in (1.1) denoted
by || ’ H17 that iS,

1T = D (k o+ 1)l e (3-4)
k=0
for any f = > 32, B*hy with hj, € Kp. Then it holds that
ITafIF = 1BSIT =D (k+2)% |kl = II£117,
k=0

which implies the operator T : D, — D, is lower bounded. This
confirms that (D,, Ts) satisfies Conditions (i)-(iv) and the lower bound
of T relative the norm || - ||; is 71 := 1. And it is also true that
B7YD(0,1)) = B™}(D) = D. The above facts together with

() B"D. = {0} onD

neN
imply the following lemma, which can be deduced from [7, Theorem 3.2]
with H = D,, u= B, v =, := 1 and the index set I = {1,2,--- ,1}.

Lemma 3.3. For a € [0,1], let M be a nonzero nearly Tg"' invariant
subspace of D, endowed with the norm || - ||1 in (3.4) and (¢;)icq1, 1y
be a hilbertian basis of M & (M NTgD,). Then for all h € M, there
exists (¢;)ieq1, 1y 1 O(D) such that

l
h=7)_ g onD, (3:5)
i=1
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and for alli € {1,--- 1}, there exists a sequence {cy;}ren € CY with
=3 Bt (3.6)
k=0
l 00
DO el < 0l (3.7)
i=1 k=0

Now we are ready to state a theorem on nearly 75! invariant sub-
spaces in D, with «a € [0, 1].

Theorem 3.4. For a € [0,1], let M be a nonzero nearly Tg' in-
variant subspace of D, endowed with the norm || - ||y in (3.4) and
Go = [91,92, - ,q" be a matriz containing an orthonormal basis
(9i)icq1, 1y of MO(MNTED,). Then there exists a linear submanifold
N C H3(D,Cl) such that M = NGy and for all h € M, there exists
q € N such that h = q¢Gy and

1Rl = Mgl ez m.cry-
Moreover, N is invariant under T5.

Proof. For a € [0, 1], the equation (3.5) implies that every h € M has
the form

l
h = Zgiq,- = Gy on D, (3.8)

i=1
with ¢ = [q1, @2, -+ , ¢]. Combining the series of ¢; in (3.6), we deduce

o0

“qu%{Q(D) = Z |Cki|2 for alli e {1,---,1}.

k=0

And then the norm estimation in (3.7) implies

[ l [e%s)
1912 men = > Mailltem = > > lewl* < |14l (3.9)
=1

i=1 k=0
with
q= [(117 q2, - 7q1] = Z Bka € HQ(]D)a Cl)
k=0
where Cy = (¢, , 1) € C!. Then there exists a linear submanifold

N :={qc H*D,C"): Ihe M, h =qG,},
satisfying M = NGy. For all h € M, (3.9) implies
IRl = ||QHH2(ID>,<CI)-
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Next we show N is invariant under T5. Let T = T and H = D,
with @ € [0, 1] in Lemma 3.2, and then the operators in (3.2) become

R= (TETB)—lTEpMﬂTBDa and Q _ PM@(MQTBDQ).

Hence the equation (3.3) with p = 0 gives h = Qh + TgRh, which
together with (3.8) entail

q9Go = Q(qGo) + TpR(qGy) = CoGy + BR(qG)).
And then we obtain

BR(qGy) = (¢ — Cy)Gy = (i B’“Ck> Go,

which implies

R(QG()) = (i Blek> Go

k=1

- (n(5 )

= (T5(a))Go.

The formula Tg Rh = PMEP«ph € M together with the fact that M
is a nearly 7' invariant subspace imply R(M) C M. In particular,
R(qGy) € M and then Tg(q) € N from the definition of A. This
means A is a T invariant submanifold of H?(ID, C). O

Now consider the following special case of (2.3):

Tp

H(D,C) —Z5 HD,C)
lU lU (3.10)
H(D,Cm™) —2 H2(D,C™).

Here SU = UTjp holds for the unilateral shift S : H?(D,C™) —
H*D,C™) and Tp : H*(D,C') — H*D,C') with multiplicity ml.
This leads to the following remark for finite-dimensional nearly T'5*
invariant subspaces in D,, with a € [0, 1].

Remark 3.5. In Theorem 3.4, if M is finite-dimensional, then N C
H?*(D, C!) is also finite-dimensional and hence closed. From the Beurling-
Lax Theorem and the commutative diagram (3.10), we deduce that

N = U*(H*D,C™) & VH*(D,C"))
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with 0 < r < ml and an inner function ¥ € H*°(D, £(C",C™)). Then
M = [U*(H2(D7 le) S) \DH2(Da CT))]GO

3.2. Nearly T;' invariant subspaces in D, with a € [-1,0). In
this subsection, we cannot make T’z into an expansive operator, but it is
possible to achieve a good enough lower bound by taking an equivalent
norm. So we endow D, with the modified equivalent norm denoted by
| - |l2 as follows: for any f =Y 2, B*hy, with hy € Kp,

N—-1 00
1115 = NAnllFe + D (e + 1) e e, (3.11)
k=0 k=N

where N is a fixed and sufficiently large positive integer, to be specified
below. With respect to the norm || - ||2, the lower bound of T defined
in (3.1) is

1 —a/2

Then it holds that ||Tsf||3 = |Bf||3 > 3| f||3 for any f € D,, imply-
ing that the operator 1" := 5 Ty . D, — D, satisfies

ITfll2 = 2 Tofll2 > [If]l2 for any f € Da.

So (D,,Tp) also satisfies Conditions (i)-(iv) with the lower bound
72 given in (3.12) for o € [—1,0). Here we choose N large enough such
that 7, satisfies B~™1(D(0,72)) D sD with sD a disc containing all the
zeros of B. This ensures that

1% Bl oo amy < 1. (3.13)

Furthermore, T := v, 'T satisfies the assumptions in Lemma 3.2 and

ﬂ (BnDa) ’leJ = ﬂ (T”Da) |s]D) = {0}

neN neN

Based on the above facts and [7, Theorem 3.2], a lemma similar to
Lemma 3.3 holds for the case o € [—1,0) with 7, in (3.12).
Lemma 3.6. For a € [—1,0) and vy := (1—N+r1)7a/2 with large
enough N, let M be a nonzero nearly Tg' invariant subspace of D,
endowed with the norm || - [|2 in (3.11) and (g;)icqa,.. 13 be a hilbertian
basis of MO (MNTED,). Then for all h € M, there exists (¢;)icq1, 1}
in O(sD) such that

!
h = Z giq; on sD, (3.14)
i=1
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and for alli € {1,--- 1}, there exists a sequence {dy;}reny € CY with
¢ = dei (fyg_lB)k on s, (3.15)
k=0
l [eS)
SO ldiil* < [1hll3. (3.16)
i=1 k=0

In order to use the submanifold in H?(ID, C!) to describe nearly T5"
invariant subspaces in D, with o € [—1,0), here we introduce an uni-
tary mapping U, : H%(sD, C') — H*(D,C') by

(Usf)(z) = f(s2).
Then the diagram (3.17) commutes, with T := U, 71U},
H2(sD,CY) 227 H2(sD,C!)
JUS JUS (3.17)
H*(D,C!) —= H2(D,C!).

Since the disc sD contains all zeros of B, the symbol B! lies in L>(sT),
and thus

(T3N)(z) = (UsTp-Ulf)(2)
= (U,Tg-1)f(s™'2)

_— {PHQ(SD,@) (%f(slz))}

Py p,ct <ﬁf(2)>

B(sz)

due to the fact B~'(sz) = B(s~'z) for z € T.

Based on the above notations, we present a theorem for nearly 7% !
invariant subspaces in D, with a € [—1,0) and ~, in (3.12).
Theorem 3.7. For o € [—1,0) and 7, := (1 — ﬁ)_a/Z with large
enough N, let M be a nonzero nearly Ty U invariant subspace of D,
endowed with the norm || - ||z in (3.11) and Go := [g1, 92, -, q]" be
a matriz containing an orthonormal basis (g;)icq1,... 3 of M © (MnN
TsD,). Then there exists a linear submanifold N C H?*(sD,C') such
that M = N'Gqy on sD and for all h € M there exists ¢ € N such that



14 Y. LIANG AND J. R. PARTINGTON

h = qGqy on sID with

) 1/2
190> (1= 115 Bl ) Nl e

Moreover, N is invariant under Tg-1 and then Uy(N) is invariant

under T} := U, Tp— U} in H*(D,C).
Proof. For a € [—1,0), the equation (3.14) implies

h = Zgiqi = qGy on sD (3.19)

=1

with ¢ = [q1, ¢, -+, q]. The display (3.13) and ¢; in (3.15) entail

Y dii (3'B)"
k=0

Gl r2om) =
H2(sD)
< DMl 115 B[ o
k:(:x, 1/2 /o 1/2
< (Shestn) (Swe)
k=0
i [ 1/2
< (1 Bln) ()
k=0
for alli =1,--- 1. Thus the above estimations and (3.16) imply
HQH?{z(SD,@) = ZH%H?W(SD)
i=1
l [e%S)
< (1= e Bllis) o3 Il
=1 k=0
< (1= 12" Blleq, )) Ih]2 < +oo0.  (3.20)

This implies

=Y (%'B)" Dy € H*(sD, T,

k=0

where Dy, = (dg1, dgs, -+ ,dr) € C'. Hence define a linear submanifold

N :={qe H*sD,C"): 3h € M, h=qG,on sD}, (3.21)
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satisfying M = NGy on sD. For all h € M, (3.20) gives

o2 1/2
19l = (1= 172 Bll ) Nlliecmcry
Next we show N is invariant under Tg-1. Let T = ~5 7% in the
display (3.2), and then the equation (3.3) with p = 0 gives
h = Qh+TRh = Qh + ;' TzRh.
On sD, the above equation together with (3.19) entail
4Go = Q(qGo) + 75 'TR(qGo) = DoGo + 75 ' BR(¢Go),
which further verifies

v, 'BR(qGo) = (¢ — Dy)Go

= (i (IYQ_IB)’C Dk) Gy on sD.

k=1

Letting B~! act on both sides, it yields that

_ = kel
% ' R(gGo) = 73" <Z (v2'B) Dk> Go
k=1
7o ' (12TB1(q)) Go
= (Ts-1(q)) Go,
which together with v, ' R(¢Gy) € M entail T-1(q) € N from the def-
inition of A/ in (3.21). That means N is Tz-1 invariant in H?(sD, C').
Finally, the commutative diagram (3.17) ensures that T (Us(N)) C
Us(N), ending the proof. O

In order to illustrate the operator T given in (3.18), we firstly take
a degree-1 Blaschke product B(z) = (a — 2)(1 — @z)~! with a € D, it
is easy to obtain

a—stz las—z 1—asz

-1
Bls™z2) = l—aslz sl—aszl—as 1z (322)
Since the disc s contains the zero of B, that means |as™'| < 1, and
then the last term in (3.22) is an invertible analytic function on ID. This
is to say that B(s™'z) can be written as a degree-1 Blaschke product
times an invertible analytic function.

Generally, if B is a degree-m Blaschke product, it can be similarly
calculated that

B(s7'2) = b(2)Fy(2)
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with a degree-m Blaschke product b(z) and an invertible analytic func-
tion Fy(z) on D. So T} = Tyz and then T, = Tpp, on H*(D,C').

Suppose F C H%*(D,C!) is a T, invariant subspace, Theorem 1.4
implies F = AH?(D, C!) with some Tj-inner operator A. For the special
case [ = 1, it follows that F = §H?*(D) with an inner function 6. The
fact F,H*(D) = H*(D) entails § H?*(D) is also a Typ,-invariant subspace
in H?(D). So the model space Ky is T invariant.

In general, there is no simple description for T-invariant subspaces
of H*(D), although in the finite-dimensional case, elementary linear
algebra tells us that they are spanned by generalized eigenvectors of
T, that is, elements of Toeplitz kernels. The paper [2] is relevant here.
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