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1 Introduction

Defects within (relativistic) integrable field theory models in two dimensions have beenstudied
for some time from both classical and quantum viewpoints (see, for example [1-19]).In ad-
dition, some non-relativistic systems, for example the nonlinear Schrodinger, KdV_ and, mKdV
equations have been shown to support defects classically [7,8,12]. In essence, a defect always
involves a discontinuity of some kind, and in an integrable model experiénce has shown that
this discontinuity is a ‘jump’ in the field value at a specific point (similar to the,discontinuity
in velocity across a shock in a fluid flow), with ‘sewing’ conditions across the defect relating the
fields on either side in such a manner that suitably adjusted energy and momentum conservation
laws are maintained. At least in the relativistic case, presenting the argument the other way
round, the presence of defects that preserve a suitably modified energy and momentum seems
to require the fields on either side of the defect to be integrable. Characteristically, such defects
break space translation invariance (since they have a specific location)dbut are purely transmit-
ting. In this sense, they are distinct from ‘delta function’ type discontinuities that typically
involve reflection as well as transmission.

So far, there are basically two types of defect that appear to bejintegrable, called type I (where
the defect has no degrees of freedom of its own [4,5]), and type [T (where the defect carries its
own degrees of freedom [13,20]). Both types are needed fo.discuss'defects within the d series of
affine Toda field theories [21]. There may be other possibilities,yet to be found, that for example
encompass affine Toda field theories based on,the efﬂl), r=0,7,8 root systems, or extensions to
higher dimensional integrable systems such asithe Kadomtsev-Petviashvili equation [22].

In a series of articles [23,24] it was suggested that monlinear wave equations can be defined on
graphs or networks by developing suitable junction conditions (but see a much earlier paper [25],
where similar ideas are developed in & differenticontext, and also [26]). In particular, the sine-
Gordon model can be adapted in a manner,suitable for a network by allowing the basic wave
speeds to be different within its separated segments [24]. Characteristic of these particular
junction conditions is continuity of the fields as they match at a junction.

In this article, one aim is to demonstrate the existence of defects that join just two domains
with different wave speeds. For thisito bé possible there must be a discontinuity. Another, is to
explore the possibilities for constructing defects at junctions linking more than two domains while
continuing to preserve consetved energy and momentum. One reason for investigating these
features is the similarity the ‘jump” defects bear to junctions in nerve fibres (synapses), see [27];
these too represent a discontinuity and are (ideally) purely transmitting. The articles [28-30]
provide detailed discussionsiof solitons on nerves, though the soliton-supporting wave equations
considered there are net yet known to support defects of the type discussed here - investigating
that is future taskspAnother reason might be to devise a mechanism for moving solitons around
in two or three dimensions by using junctions joining at least four or six branches, respectively,
which do not_split. _solitons, but act as switches between the various branches. Because the
junctions are defects they can, with sine-Gordon models defined on each branch, store topological
charge as ajsoliton converts (under certain circumstances [6]) to an antisoliton, or is removed
from the metwork by being stopped at a junction. In the latter sense, the present paper might
be considereda supplement to the speculative paper [31], which introduced the idea of using a
combinatien‘of solitons and a defect to construct a model universal Toffoli gate [32].
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2 Integrable defects

In this section integrable defects are reviewed briefly and adapted to join two domains with
different wave speeds. This is a relatively straightforward development that also serves to,set
the scene for future sections. Note, in the next subsection the subscripts I and 11 /will'be used
to emphasise the focus on ‘type I’ or ‘type II’ defects. However, in the remaining.part of the
article it will be made clear which kind of defect or junction is the subject of the investigation
and, as a consequence, these subscripts will be abandoned.

2.1 The formalism

It is useful to begin with a Lagrangian description of a sine-Gordon defect located at z( joining

two one-dimensional domains (with fields labelled u(z,t), for x </xy andv(x,t), for x > zo).
Thus:

L(u,v) = L(u)f(xg — x) + Lpd(x — x0) + LIV (x =0), (2.1)
with
£lu) = (= ) = (1= cos(Ba)), - £(0) = 5{of Nega) — T(1 — cos(Bu)), (22)

and with the type I or type II defect Lagrangian Lf, given by

L = /cuc,uvy — Dr(u,v), L= (/e \/c, v)\r — Dyr(u,v,\). (2.3)

In these expressions, subscripts ¢,z denote derivatives with respect to t and x, and the defect
energy functional £ depends only ons/the fields.not their time (or space) derivatives. Because
the media are different for x < xy and %> xy, in the sense that the wave speeds are c¢,, ¢,,
respectively, it is also necessary to pay attentiom'to the other constants in the Lagrangians that
might be different on either side of the defect. Also, the fields u, v are evaluated at zy in a
limiting sense,
u(wo, t) = llm u(zg—€), v(xo,t) =lim v(zy + €),
e—=0 e—0

where € > 0.

Using these Lagrangians, the sewing conditions across a defect have the form

oD oD
Bty = WCuCy Vs — 8_1’ vy = \/CuCy Uy + 8_I’ (2.4)
U v

for the type I case, and

oD oD
Cotte BNy — 2 Coe = Ve Mt 5 Ve = eu = =2 (25)

for type I1..The defect contribution in either case will be derived below but the type I case is
providedrhere as an illustration:

Di(u,v) = km (0 cos %(&u + Byv) + écos %(ﬁuu — Bw)) , (2.6)

2
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where o0 = exp(—n) is a dimensionless parameter and
C'LL C’U
32 g2
Gi B

The latter requirement is quite strong and has other consequences.

(2.7)

My =My =M, K

For future reference, a sine-Gordon field w in a domain with wave speed c satisfies the following

equation of motion
2

Wy — Wy = —7 sin(fw), (2.8)
with a soliton solution given by
. 14+iF h6
etPw/? — +—Z,, B =ewtttrd o = TCOSAT ) i 6. (2.9)
1—iF c

It is already to be expected from the form of this solution that if a soliton travelling in the
direction of the positive z-axis (ie from =z < xy to z > ) cam,be transmitted through a
defect then on each side of the defect, for a successful matching via sewing conditions, the time
dependence of the fields (in a limiting sense from either side of the defect) must be the same
at the defect location, which implies that m, = m, must be arequirement. Indeed, a soliton
transmitted through a type I defect will be given by expressions’of this kind valid on either side
of the defect. Thus,

s _ LT iE g0l 1T i2E,
1—iEy 1—izE,’
m cosh 6 m cosh @

ay,=——/a,=———, b, =b,=—msinh, (2.10)
Cy Cov

Z = exp ((i — l) mag coshQ) coth <77_—9) : (2.11)
Cy “0Cy 2

If ¢, = ¢, the familiar result [6] is recovered but it is interesting to observe that the ‘delay’” when
¢y # ¢, depends on the locagion” of the defect at x = xg. As previously [6], the soliton may
emerge as a soliton if 8 < n, erflip to an anti-soliton if # > 7, or be captured by the defect if its
rapidity satisfies # = 1. Note, thesoliton speeds in the two regions are not the same: for x < xg
the soliton is travelling at a'speed c, tanh 6 but for x > z its speed is ¢, tanh 0. If x is replaced
by x — xq in the expressiony(2.9), the extra factor in z cancels out though the dependence on x
remains explicit in the solution. This was not the case previously when ¢, = ¢,.

where

2.2 Energy

A characteristic of imfegrable defects is that they are defined by requiring energy-momentum to
be preserved, which generally requires a contribution from the defect itself to both energy and
momentum {4;5].<While the total contribution of the fields to the energy will be taken to be

A & / (%(uf b )+ U(u)) dz + /OO (%(vf + )+ V(v)) do = E(u) + £ (v),

— o0

3
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the total conserved energy is given by
E=Ew)+D(u,v) + Ev), (2.12)

where D is a functional of the fields defined in a limiting sense, as described above, at theipoint
x = xg, with U(u) and V' (v) the potentials of the integrable models considered on the right and
on the left of the defect, respectively. The sewing conditions (2.4), (2.5) guaranteeythis quantity
is conserved. For the sine-Gordon model used previously the potentials are:

m?2 m?
Uu) = 5 —(1 = cos(Buu)), V(v)= 5 —2(1 — cos(Byv)). (2.13)
Using the wave equation to either side of the defect it is straightforward to check that
d€

@& _ 12 aD | 12 _
e [Ruu]™ + s [cvae], = 0

On the other hand, insisting that momentum is also conservedsin either/context places strong
constraints on the defect contribution D.

2.3 Momentum

To ensure energy and momentum have the same dimensions,, consider the pair (£, M) with
M = cP. Then, the total contribution of the fields toithe suitably scaled momentum will be
taken to be

0 o
M= Coy Uy Uy AT +/ €U UL AT
— 00

zo

In a similar manner, the time derivative ofrthe contributions to the total field momentum is
given by

) ) IS
M = / (cuutum)tdaﬁ—k/ (covyvy), dx

—00 o)

=[S + ) - vw)] " + |

Co

S+ —Viy)] (219

o

with the same assumption as héfore. Since space translation is broken explicitly by the defect
the requirement of overall'/momentiim conservation is expected to impose stringent conditions
on the fields. The two casesiintroduced above will be dealt with separately.

2.3.1 Typel

Using the type I'sewing conditions (in this section all fields are evaluated at x = x¢):

» » 1 d
M= 1/c—vﬂ) —1/C u; D, +5 Dy 5 52—cuU(u)—|—ch(U):—d—7§,

where Pdis related to D and strongly constrained by the following relationships:

c cC 1 1
~D,="P, “p,=P, —D>— D? = ¢, U(u) — ¢,V (v). 2.15
Vo De=Po ([ Do =Pu 5D oo Di=eU(w) —aV().  (215)

4
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The first pair of relations in (2.15) then implies

1 1
— Dyy = — Dy

Cy Cy

while the second provides a nonlinear constraint on the solutions to this differential equation. As
noted some years ago [5], there are very few solutions that can work, corresponding to massive
free fields, massless free fields, Liouville fields and sine-Gordon fields. In thef@ase of sine-Gordon,
the appropriate solution for D is given in (2.6). Then, the total conserved momentum is:

M = M(u) + P(u,v) + M(v).

2.3.2 Typell
In this case, it is useful to define a pair of alternative variables at the defect point:

q:%( Cyt — \/Cy V), p:%(\/auﬂL\/C_vv), (2.16)

then the defect contribution to the energy-momentum depéndsion ¢, p, A, where X is the addi-
tional degree of freedom carried by the defect. Requiringsthe total momentum

to be conserved requires
1
D, ="Pr, Drx="Pp, 5 (DaPy — D,/Py) = c,U — ¢, V. (2.17)

As noted previously [13], the third of thesewrelations is a Poisson bracket with A, ¢ as conjugate
variables. It provides a powerful constraint [33] because there is no dependence on \ in the
expression on the right hand side of (2.17).

2.4 Remarks

It has been found that a energy-momentum preserving defect can be constructed between sine-
Gordon field theories with scalar fields u, v in two different media provided

Cy Cy
My =My, Cy 7é Cu, Bu 7& 61): @ = @ (218)
Thus, after quantization (assuming 7 is universal), the dimensionless quantities defined by the
field theory constants within the two media are given by

CU C’U

= ) 2.19
AT 219
Since this ig'the combination of constants on which the Zamolodchikov S-matrix depends [34], it
appears the two S-matrices should be identical, independently of the medium. This is something
of a special case, of course, required by insisting the media are connected by an ‘integrable’ defect.

Note also that after quantization the mass scales in the different media are not quite the same
since him fé* has the dimension of mass and this is not the same in each medium, since ¢, # c,.

5
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In similar manner, the mass of a soliton is a classical feature and in the sine-Gordon model it is
proportional to m/cf?, which is also different in the two media. However, as a consequence of
the second requirement of (2.18) the energy-momentum carried by a soliton of a given rapidity
will be the same on either side of the defect,

8em

(&M) =%

(cosh @, — sinh 0) .

3 Type I junction within a network

In this section, the possibility of constructing a type I defect at a junctiongis'investigated.

3.1 The setting

A defect between two media can be thought of as a two-branch jumction and in this section
the aim is to generalise this idea in order to see if multi-branchyjunctions and defects can be
combined. To begin with, the one-dimensional branches will be considered to meet at the
common point x; = xg, where x;, ¢ = 1,..., N, are thesspatial variables along the branches.
Since the branches meet at a single point and are otherwiseriridependent, the notation can be
simplified, without causing confusion, by using the' generie space variable x along each branch.
In what follows, since only a single junctionfis,considered, xo = 0 is a convenient choice. Thus,
the total energy and momentum are given by

N
> 1 742 (2 (2
Szzgi/o <§(u§ 5( w2 +U()> de, M= Zelcz/ w0 dx (3.1)
i=1

where ¢, = +1, ¢ = 1,..., N, is/introduced to/take into account the sense of integration along
a branch. For example, for two branches (which, as noted above, is a defect), ¢, = —eq, since
the junction lies at the intersection of [=60,0] and [0, cc]). It is also convenient to define two
diagonal matrices ¢, € by

c = diag(c;), €= diag(e).

The search for junction sewing eoenditions is then a generalisation of the arguments summarised
in sections 2.2 and 2.3.

First, to conserve energy, itiis enough to take junction conditions (at x = 0):

(ZAZ]ut'>— 0) AT = A, i=1,...,N, (3.2)

where the ‘junction potential D’ is presumed to depend only on the fields, not on their deriva-
tives. Also, because the fields have been assumed real, the matrix A is also real. Then,

N
£ = Zelcf [ 2 x’} [Z ul? A ul — Zutl) 8DZ = —%. (3.3)

i=1 =1 0
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On the other hand, maintaining the conservation of momentum supplies strong constraints, as
before. Using the field equations in each branch, together with (3.2), leads to

N N
: Ci (i) (i 1 j
M = E € [§u§ )ug) + 5 < E Aiinkugj)uik)

i=1 jk=1

N
hOD oD 0D ~
j=1

oul®d — Qu® gy

where all quantities are evaluated at the junction. Insisting the terms quadratic in field time-
derivatives cancel requires the real antisymmetric matrix A to satisfy a further ¢enstraint, which,
in matrix form, is:

ec=AectA, or (ec AP =1, A=A (3.5)

Note, since the determinant of an odd-dimensional antisymmetric matrix is zero, the constraint
(3.5) cannot be satisfied if the junction is joining an odd number of branches. Thus, this scenario
cannot, for example, work when there are three branches. On/the other hand, the constraints
might be satisfied if the number of branches is even.

For N = 2, the defect introduced earlier, (3.5) is satisfied by

_ _ 0 \/citsa 9
€1 = —€g, A—(_ma 0 ), a® = 1. (3.6)

For N = 4, the constraint (3.5) can be solved.and the solution depends on two free parameters
and one discrete parameter. It can be written eonveniently in the form:

0 €1€24/C1C2.00 6163\/6103[) €1€44/C1C4 C
p —€1€9,/C1C3 @ 0 TA/CaC3C  —T+/CaCs b (3.7)
B —€1€34/Cc1c3b  —T.\/C3e3.€ 0 T+/C3C4 Q0 ’ '

—€1€4+/C1CaC. To/CoCsb  —T./C3Csa 0

where 7 is an arbitrary sign (72 & 1), €jésezeq = 1, and a,b, ¢ are further constrained by the

quadratic relation
1t a4+ e3b?+ e, =0. (3.8)

Since the product of the ¢’s i8.+1and a,b, ¢ are real, the only possibility is that two €’s are
positive and the other twonare negative. Thus the constraint (3.8) is a hyperbolic quadratic
form reducing the number of frée parameters in the matrix A from three to two. Alternative
expressions for matrices of this type will be given in section 3.2.

Requiring the terms linear“in the field time-derivatives in (3.4) to be a total time derivative

requires in turn;
N

oD oP
2 €’Lci au(z) A’L] au(]) ) (39)
and removingythe term that contains no time-derivatives of the fields requires
N
1 ,0D 0D (@)

i=1
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Equations (3.9) and (3.10) are generalisations of the type I defect equations (2.15).

As a consequence of (3.9) and the antisymmetry of A, it follows that

N
PP
Zl% g = (3u1)

As a further consequence of (3.9) and (3.5)

oD Y oP
T = D G G A (3.12)
=1
and hence,
al 02D
1 o

It is tempting to try to write D and P as sums of exponentials of the form e**, where a - u =
> a;u, for suitably chosen vectors a. However, in view of thelrelationships between P, and D
expressed by equations (3.12) and (3.9), it is clear that o/must be an eigenvector of the matrix
Aec™!. Because of the relations (3.5) the matrix Aec7t has two eigenvalues +1, each with a
two-dimensional eigenspace. Moreover, a pair of vectors ayf.in either one of the eigenspaces
have the property that a’ec™' 3 = 0, which, in turn; autematically implies equations (3.11) and
(3.13).

However, it does not seem generally possible,to select a suitable set of eigenvectors in order
to satisfy (3.10) while allowing nonlinear integrable wave equations (such as sine-Gordon) on
all four legs meeting at the junctioni A éloser look into this possibility will be provided in
section 3.3. However, exceptions to this“are the special cases where the four-point junction
really consists of pairs of legs with one incoming and one outgoing leg in each pair. In essence,
this happens when A correspondsito a direct'sum of N = 2 cases. Even with a fixed set of
epsilons (for example € = €3 = #1 =,—¢y = —¢4), there are two possibilities since the first
branch could be paired with the second (b = ¢ = 0 in A) or fourth (¢ = b = 0 in A) and the
third branch then paired, respeetivelyywith the fourth or second branches. In that sense, a
junction could behave as a switch. | The number of branches meeting at this type of junction
is always even so this idea generalises allowing branches to be paired in a variety of ways by
choosing the parametersiin»A suitably.

An interesting featurg is the possibility of moving solitons around on a two-dimensional lattice
network (using N =4 junctions), or on a three-dimensional lattice (using N = 6 junctions).

3.2 Free fields at a type I junction

In order to give a few more details it is useful to consider the simplest (non-conformal) situation
where the network supports a collection of massive free fields. Then it is possible to go further
with thetanalysis.
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The contributions to energy and momentum at the defect are given by quadratic expressions of
the form

N N
1 N 1 N
D= 3 Z diju(’)u(]), P = 3 Z piju(z)um, (3.14)
i,j=1 tj=1
where the two expressions are linked by (3.12) and constrained by (3.11) and (3.13). Hence, in

matrix notation
p=dec A, tr(ec'd) = 0 = tr(ec 'p).

In fact, the latter two conditions are a consequence of the former using the facts that both p
and d are symmetric matrices while A is antisymmetric. For example,

tr(ec 'p) = tr(ec 'dec ' A) = tr(ATc ted ¢ e) = —tr(ec tdecYA) = Ltr(ecp),
which implies tr(ec™'p) = 0. Note also that because p is symmetri¢
dec P A+ Ac7led = 0 = (ec™'d)(ec™t A) + (ec” hd)(ec'd) = 0. (3.15)
On the other hand, the constraint equation (3.10) states in this case that
dec™*d = ecm?® or (ec”'d)? =m?, (3.16)

where m? is a diagonal matrix whose entries are the free fieldmass parameters m?, i = 1,..., N.
As a consequence of (3.15) and (3.16), the mass matrix, m? must commute with ec™'A. For
example, when N = 4, if any two of the parameters a,b, c/in the expression (3.7) for the matrix
A are non-zero, this requires that m? be proportional to'the identity matrix, meaning the four
mass parameters are equal.

For N = 2, given the expression for A'inn(3:6), as already remarked, it is necessary that
my = my = m. Then, the symmetric mateix d satisfying the equations (3.16) is conveniently
parametrised by introducing a parameter n so'that

d—m c1 coshn \/c1cosinhn
Ve sinhny  cocoshn '

Then, on setting o = exp(n) and'u""=u, u® = v, the defect potential (3.14) becomes

Dz%(\/au—l—\/@v)Q—i—g(\/au—\/av)Q.

Note, up to a constanf thig.is the quadratic part of (2.6) and there is one free parameter.

For N = 4, the comstraints represented by the two conditions (3.15) and (3.16) are complicated.
However, by redefining the fields to include a factor ,/c; and scaling the matrix d by the common
mass, the equations.to be satisfied are

(eA)? =1, (ed)®> =m? (ed)(eA) + (eA)(ed) = 0. (3.17)
In view of these relationships, it is convenient to set a = €A and md = ed so that,

al' = —cae, ¢F =ede, o> =1, =1, ad+da=0. (3.18)

9
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Then it is helpful to make use of the elements of a real Clifford algebra generated by
N =102Q01, =010l Y =i02Q0; =031, (3.19)
where 0,, a =1, 2,3 are the Pauli sigma matrices. With this choice

{Vav Vb} = €ab,

where the matrix e defined above plays the role of a metric, with € = diag(—1,5%1, —1;%1) =
—v4. Note also that 5,74 are symmetric while 7y, v3 are skew-symmetric., Then, a golution is
constructed by assembling oo and ¢ out of linear combinations of elements of the Clifford algebra
while respecting (3.18). For example,

a=ay+ ey, 0= (gn+rstsn), @+ =1, S—@=a?=1 (3.20)

Explicitly, this choice is:

0 —a 0 —c —-s —rol0 —q

~_la 0 —c 0 _ _ —ri=s/—q 0
A=ea= 0 ¢ 0 —a |l d=med =m 0. —q —s (3.21)

c 0 a 0 —q 0 r -—s

This solution has three free parameters after taking thextwo constraints into account.

More generally, as noted previously (7 = 1 (8:7)), there are two possibilities for the matrix
a. Thus,

a1 = ave + by B enI )Y, @ — b+ = 1;
or,
an = ams + by + Fzya, VP —ad’+ =1

For each of these there is a corresponding matrix 0 depending on several free parameters. To
see this, it is convenient to write

0 = (u4vy2 + wnyy v @h + ™5+ s71), (W2 —0* —w’)(@+r? =) =-1.  (3.22)

Then, the second and fourth equations in the set (3.18) are automatic by construction while
the fifth requires a single additional constraint. Choosing a4 or as, the additional constraint is
either

aw—bu—cv=0 or as—br+cq=0,
respectively. Thesspecial‘@ase above, given by the expression(3.21)), corresponds to u = 1, v =
w=01in ¢, and b =0 in ;.

It is now feasible to calculate a transmission matrix corresponding to plane waves on the four
legs taking input data on legs 1,3 and output data on legs 2,4, for example, related by using
the sewing conditions implied by (3.2). Written in the present context (3.2) becomes:

en/eu) =3 (aij\/c_jugj) - m5z’j\/c_ju(j)>

J

10
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and the plane waves (anticipating that there is no reflection on legs 1,3) are represented by
u® = uéi)ei(ki”_“t), W=dkR+m?P=r*+m? i=1,234.
Thus, the sewing condition can be rewritten as a matrix equation
(ik + iwa + md)v/cug = My/cug = 0, ul = (uél), u[(]2), u(()3),ué4)).

It is straightforward to check that M is singular (in fact M? — 2ikM = 0, which'fellows directly
from the properties of the matrices o and §), and then, for the simplest of the examples above
(3.21):

\/Qu((f) B 1 1aw — mr —icw — mq \/au(()l) _\r \/c_lu(()l) (3.23)

\/0_4’&84)  ms —ik \ dcw —mq  iaw +mr \/C_3U(()3) - \/c_gu(()g) B
Using the constraints and the relationship between x and w it is straightforward to check that
TT? =1 =TI'T. Since the eigenvalues of M are 0, 2i, each withimultiplicity two, there can be
no reflection along the branches 1 and 3. If there is no incoming wave along branch 3 then the

wave on branch 1 is split typically into a pair of waves along branehes 2 and 4. Clearly, in that
case the ratio of the amplitudes of the outgoing waves is| given, by:

2

cou?
2l a’w? A mir?
2 12,2 2, 21"
’c4u[()4)‘ crw mq
At the pole kK = —ims, the frequency wouldi\be given by w? = m?(1 — s*). However, the

constraint (3.20) then implies w? < 0/meaning there’ can be no bound state solution.

It is intriguing that a Clifford algebra seems to provide a natural context to capture the details
of this kind of defect.

3.3 Non-linearity at a type I junction

In a situation where the fields are gonformal (either massless free or Liouville), there are op-
portunities for defects that join free to free, Liouville to Liouville, or free to Liouville [4]. This
means that since it is possible to have a junction with free massive (or massless) fields, it must
be possible to have a jumetion with an even number of branches supporting Liouville fields. This
is because the massless fields on any branch can be linked by a defect to a Liouville field at a
point on a specific branch very close to a junction.

To explore this/situation further, the case N = 4 will be considered when the fields on each
branch are either free/massless fields or satisfy the Liouville equation of motion. As in the
previous segfion, the matrix € is chosen to be ¢ = diag(—1,+1, —1,+1), and the matrix A is:

0 —a b -—c

B a 0 —c b 2 32, 2
A= b e 0 —q | @ b+ c" = 1.
c —=b a 0

11
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For convenience, the fields will be redefined to include a factor ,/c; and the Liouville potential
is taken to be:
Ut = lc-_1 2 2
2 (2 7
General expressions for the potentials D and P are:

D — Zxk Gak'u, P = Zyk eozk-u7 UT — (U(l), U(2), u(3)7u(4)>7
k k

where xj, y; are constants and «;, are unspecified 4-components vector defined at the junction.
All these new elements will be constraints by expressions (3.10)-(3.13). _Start,with condition
(3.12), which implies

HY op, = zp oy, H = €A, zk:i—z. (3.24)
Note that since H* = I, the eigenvalues z;, are 1. Then, conditions(8.13) translates into
o - ea = 0. (3.25)
On the other hand, the quadratic relation (3.10) becomes
Z zpx e F T e =2 (—clU(l) +ei® L eUB + c4U(4)), (3.26)

k.l

where the exponentials on the left hand sidey whose coefficients are different form zero, must
reproduce the Liouville potentials. Because @y are eigenvectors of H with eigenvalues +1, the
condition (3.25) is always satisfied and the expression'e - € o, are always zero if a; and «; lay in
the same two-dimensional eigenspace./Thens.in order to reproduce the Liouville potentials, the
sum of two eigenvectors belonging to different eigenspeces must be equal to a vector with only
one entry different from zero. In principle, that seems possible. By demanding, for instance,
the field u(V) to be Liouville and/the remaining fields free massless, and choosing

ozr{ = 61 (1,a,—b,¢), onT =61 (ly=a,b,—c), — (a1+ OéQ)T = (201,0,0,0),

then
> i
- Eog = —2 T1To = ——
1 2 517 142 4 ﬁ%7
and the potentials D and P are:
l 1
T ( o1 i@ @ et | 1 g (au<2>_bu<3>+cu<4>)> 7
264 o
pl £ s L (01 B (@u®—bu®) eu®) _ 1 egl(au(Z)bu(i3)+cu(4))> '
2 o

On the other hand, by demanding that more than one field is Liouville, additional constraints
on the entriesrof the matrix H emerge. With Liouville fields in two of the branches, one of the
constants a, b, c is forced to be zero. For instance, setting a = 0, the eigenvectors can be

Oé{ :B4 (Cy _b7071>7 Oég 253 (b7 _67170)7 OégT :54 <_C7 b7071>7 Oé;; :/83 (_b7 C7170)'

12
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Then
h I3
4 BZ ’ 4 ﬁ§ ’

u® and u® are Liouville and u") and u(® are free massless. The potentials D and P are:

2 2
- eaz =201, ay-ecay=-208;, rr3= Toxy =

D = l_?’ ePs ul® (0.3 653(cu(1)—cu(2)) + i 6—53(cu(1)—cu(2)))
233 03
+l_4 eParut® (U 4 ePrleu®@—bul) L o~ Baleu® —bul)
254 Oy ’
P = l_g 653 ul® (0.3 653(cu(1>—cu<2)) _ i 6—53(Cu<1>—cu(2))>
203 o3
_|_l_4 ePt ul®) o4 654(Cu(1>—bu(2)) _ i 6—54(%(1)—6“(2)) :
264 04

Note that in all these examples, all four fields interact at thefjunctien,”/and such interactions
are controlled by the entries of the H(= € A) matrix. Finally, if‘all/fields are required to be
Liouville, then a second constant in the matrix H has to be setito zero and the remaining one
is forced to be +1. In essence, the system splits into the gum, of two independent sets with two
branches each. As noted earlier in section 3.1, the latter is clearly the only possibility if the
Liouville fields are replaced by sine-Gordon fields. Hence, imeither case, the system reduces to
two sets of type I defects.

3.4 Linear Schrodinger equation

A similar analysis can be carried out'for.a linear Schrodinger equation but there are some
differences. On each leg at a junction, the appropriate equation is

W™ = nul®) NS0, k=1,2,...,N.

T

It is found that all A\ are forced fo be the same, hence it is convenient to scale variables and

take A\, =1, k=1,2,..., N from'the start. Then, the linear sewing conditions, at x = z,
N

1

are consistent with (modified) conservation laws for the quantities

N=> & / a®uNdy =" [a®ep Agu] (3.28)

k zo Kl
B = Z Gk/ ﬂg(f)u;k)dm + Z [ﬂ(k)ekBklu(l)]wo s (329)
k zo Kl
P= Z ek/ i(@Pu® — gWy®dg — Z [m(k)ek(AB — BA)klu(l)]xo (3.30)
k zo Kkl
(3.31)

13
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provided the matrices A, B satisfy
Al =ede, B'=¢Be, A’=0, B*=0, AB+ BA=—1. (3.32)

The case N = 2 was considered previously as a special case of a defect inserted in the nonlinear
Schrodinger equation [7]. To be explicit, as a straightforward example for N = 2, it is.eonvenient

to take € = —o3, and
1 «Q
A= —(ioy —03), B= —(ioy+ 03),
3o lio2 = 03). B =i+ 00)
where « is a real free parameter. More generally, the constraints on the matrices A .and B can

be solved by setting

A =100y + iaeos + agos, B =1i8101 + if202 + (403,

o =ai+a3, B3=p01+05 b+ af— asfy= 3, (3.33)

where «;, 8;, © = 1,2, 3 are real parameters. This means the general solution to the constraints
for N = 2 has three real free parameters. To make these explicit, the constraints (3.33) can be
solved conveniently by setting

a1 = azsinf, az = azcosl, P = P3sin@, Py = (3 cos ¢,
0o —1 T,
a5 =5 (sin (52)) s = -5 (Fmf50)) (3.34)
where 0 — ¢ is not zero or a multiple of 2. The simplexr case above, with just one parame-

ter, corresponds to # = w, ¢ = 0. With this parametrisation, the transmission factor for a
monochromatic wave is:

b L 0-9)/2
w ) (3.35)

_ il
T<k7a797¢> - € (kf . ae_i(9_¢)/2

If N = 3 then, as before, a direct calgulation réveals there is no solution to the constraints. On
the other hand, for the case N = 4, it is useful to take advantage of the Clifford algebra defined
previously in (3.19), with € = 74, and put
A= arm +iagye + a3z + agvs Ay 234, B = b1y + ibaye + by v + baya + 1bs 172734,
where all coefficients are real. Then the ¢onstraints (3.32) are satisfied provided
a? +ai a5~ ai +a2=0, b?+b5+b:—0b3+0b2=0,
albl + a2b2 + CL3[)3 — CL4b4 + (l5b5 = % (336)

Here, there are ten real ‘parameters with just three real constraints that need to be satisfied.
Again, it is noteworthy met only that a Clifford algebra provides a natural setting but also
the constraints are a pair of light cones in a five-dimensional Minkowski space with signature
(1,1,1,—1,1) (with therabelling used above).

4 Type Il junctions in a network

In this section the feasibility of a type II junction is explored, which means additional degrees
of freedom are allowed at the junction.

14
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4.1 The setting

Conservation of energy and momentum is examined afresh in Appendix A and an alternative set
of conditions are found. For this section, the starting point is provided by the sewing conditions
(A.5)-(A.7) with A= A = B = 0. In other words, (3.2) is replaced by:

2 (i) _ - (j)_aD s
ciuy =€ (Z)\t 8u(i)> , i=1,...,n, (4.1)
7j=1
j=1
N—n
? ~ ~ aD .
Ug)‘i‘ ng) C]ﬂ_—m, Z:1,...,?7,, (43)
k=1

where u® are n fields, @ are (N —n) fields and A\ are n augiliary fields defined only at the
junction. Hence, C'is an ((N —n) x n) matrix, which satisfies the foellowing conditions

e+ CT e C =, (4.4)

and ) )
E¢+CecC? =0. (4.5)
The conservation of the scaled momentum implies

P

1=X _ 4.6
where
" e oD\ 1 oD \?
X = — ! - 5 GGy 7 G D
i:1<2cz (au(2)> +2ec (8)\(’)) € c;U )
N—n ~ 2
Ek ~=] aD ~ 77(k
* (2 k (m) &l ))’
k=1
and

N—n

. oD - oD s oD
. N AT =51 () (.1 ~(7)
y=-% <)\tﬂ (c & )jk P Ca I B <C’ec)jk aw)>.

j=1 k=1

3

In order to deal with the constraints imposed by the conservation of the scaled momentum, it
is useful to performa change of variables. Expression (4.3) suggests setting

N—n

(it 0 S0 G with o= 9D
=y —|—;u Cri, with ¢ = EIOR i=1,...,n. (4.7)
In addition,
n N—n ~
PO =W F Y W, i=1,...,n, (4.8)
j=1 k=1
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where F, F' are matrices of dimensions (n x n) and ((N —n) x n), respectively. In order to apply
such a change of variables, it is necessary to assume that the matrices involved are invertible,
which forces n = N/2. Hence, the number of branches is even and the number of auxiliapy fields
is half the total number of branches meeting at the junction. Then, using the properties (4.4)
and forcing the coefficient of the terms quadratic in the derivative of D with respeet to the
auxiliary fields to be zero, it is found that F = —C'F and (4.6) become

/0D oP  OP 0D . o
_ e @ oz @) )
. oD oP /1 oD oP
(26071F)..+:—., (—Flec) — === i=1,...,n.
jzl i opli) ON®) 921 D) . ANG) opt)
(4.10)

Since the matrix F' is not yet determined, it is convenient to set
-1 |
2ec " F =1, 5 F7ec=A,

hence
F 216 C F ! éG C p(Z) - —1 U(Z) — En 11(3) éz €; C; 1=1,...,n.
’ ) 92 y o 7 ) 9 )

The advantage of such a choice is that conditions (4.10) are satisfied by potentials of the following
kind
D=Fp+X)+G@=X P =Fp+Xq-G(p—Xaq). (4.11)

It must be remembered that the matrix C' must/satisfy constraints (4.4) and (4.5). By setting
C =VeC (Vo) (4.12)

the constraints become

CheC=—¢ CeCT=-¢

For N = 3 there are noyselutions.«For N = 4, solutions are possible provided n = 2. Then all
matrices are quadratic and|C|* = |¢||€|, since N/2 is even. Then |e| = |¢| and C is invertible. If
C is invertible the contraints above are identical. In summary, for N = 4, ¢1e96,:6, = 1 and

a ToC€ _
¢= ( ¢ ma ) W= =1 [Cl=nd - ne® =nab, nnae= -1 (4.13)
1

Looking in more details at the possible values of ¢; and €;, the previous solution gives rise to the
following cases

€1 €2:17 7'17'2:1, €1 62:—1, 6262:—1, a2—02: 1
€1 ggz—l, 7'17'2:]_, €1 62:—1, €2€2:17 02—(12:1,
6162:—1, ’7'17'2:—1, 6162:1, 62%2:—1, 02—|—CL221. (414)

16
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Notice that setting ¢ = 0 the following diagonal solution is obtained

C:(“ 0 ) =1, 72=1, €& =—1. (4.15)

0 7a

Because C'is invertible, it is possible to make use of the change of variables performedspreviously
and operate in terms of fields ¢, p® and \® with ¢ = 1, 2.

4.2 Free fields at a type Il junction

Consider the case when the fields on the branches are massive free fields. Following the observa-
tion (4.12), it is useful to define a new set of ¢, p, A variable by performing a simple reascaling.

The new set will be ¢ (1/¢)/2, p(v/¢)™', A (y/c)~L. Then

(wver +avio) . (ep)T:%(u\/EI—ﬂ\/EC>T, (4.16)

1

T -
773
which implies

(Vo) =(ep+q)", (Ve =(qChA=epQT)". (4.17)

It is worth stressing that vectors u, @, ¢, p, A are two dimensional and matrices C, €, ¢, ¢ are
(2 x 2). The rescaling does not change (4.10), hence the,potentials have the form (4.11). On the
other hand, (4.9) reads

2

oD oP 9P 9D - . y
— _ U0 e s )
Z (aq(i) N 9g(®) a)\(i)) =2 E (Ez UV +&aU ) (4.18)

i=1 i=1

The functions F and G in (4.11) will have the form

1 1
F = -+ N'REbt N +5¢"Fg+ (p+ N Fyg,

2 2
1 1
g = 5(29 S0 Gip— N + QC]TGz g+ (p—N"Gsq,

where Fy, Fy, G1, G, are symmetric matrices and the right hand side of (4.18) becomes
ul e M uspni” eMT = ¢ Nig+p" Nip+2q¢F Nyp,
with M =diag(m?2, m3), M, =diag(1i?, m3) and
N=eM+eC'Me(CH'e eNg=eM—eC'Me(CH e

Because of the absence of auxiliary fields on the right hand side of (4.18), the matrix N; must
be zero. In the most general case, that is when both a and ¢ are different from zero, all masses
are forced to hawve the same value m. On the other hand, the conditions on the masses are
m1 = my and s = o if either ¢ or a are zero. The matrix Ny simplifies and becomes
Ny =diag(2 m? 2m%)yor Ny =diag(2m?,2m2), respectively. Finally, the additional constraints
imposed by (4.18)\are:

FQ Gg +G2 F3 — FgGl + (GgFl)T - O,
F3G3 —I—FlGQ - G3F3+G1F27
2 (Fg Gg + F1 GQ) - NQ. (419)

17
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Solutions can be found in Appendix B. In this section the following simple solution

0 « 0 m?/a
_Gl_(OZ 0>7 F2_G2_(m2/a 0/ )7 F3:G3:O’

with m = m; = my, will be considered since it suffices to show the presence of bound states at
the junction. Choose C' = ¢ = diag(1,1) = —¢, with @), @® the incoming planewaves. Then,
the transmission matrix at the junction, located at x = 0, is:

\/au(()n _ 1 ((,i_a)(,pra) 12K« > \/_u(l) |
\/au((f) (ik — a) (ik + @) 12K« (5 —a)(k+a) \/_Uo

A bound state for this solution is:

o =

(()) —iwt eaw/&’ T < O, u(l) — 0, T O7
1](2) = ué )efi“’t ea‘r/EQ, x < 0; u(2) =0, x>0,

with o® < m?. The details of the calculation have been relegated totAppendix B.

5 Non-linearity at a type II junction

As mentioned before, at the beginning of section, 3.3, the type II junction provides more space
for manoeuvre than a type I junction and, as a consequence, a Liouville field can be located on
each of the four branches of a four-bramch junction.,This idea will be explored further in this
section.

Consider the matrix C' (4.13). Without lost of,generality, choose

O:(a c >’ Aya®=1,
en-a

corresponding to the last casedny(4.14) with 7y = —1, ., =1, ¢ = €2 = 1, § = é& = —1. The
fields @V, @® will be relabéled as u®, u®, respectively. Then, the Liouville potential for a
field u is taken to be: 2
Ul — 2o
207;
Then, using (4.17) the right hand side of relation (4.18) can be rewritten in terms of the two
dimensional vectors p and g as

2
2Z€CU()+€ GU chU()—ZZZw 2w (pwna) (5.1)
j=1

2B/ ul

with

ol = B1(1,0), af =pB(0,1), wy =wy=1,

og = pB3(—a,—c), OéZ:ﬁ4(—C,a), w3 =wy = —1.

18
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Suitable expressions for the functions F and G are:

4 4
F = § Tk ek (PFA) W G = E n e (P=A) 65“1,
=

k=1

where x;, y; are constants and ~;, §; are two dimensional vectors constrained by the relation
(4.18). The left hand side of this relation reads

2 ap oP 9P 0D
Z OND 9 GAD

4
Z Tr Yl ’Yk o + 0; - ak) (ak+al)'p+(0‘k_al)‘AJ"(Vk'HSl)'q. (5.2)

Expressions (5.1) and (5.2) must coincide. Clearly the terms in (5.2) with & = [ provide the
terms in (5.1) if

(Y + 0k) = 2wk ok, 4k Y (o - ) = I (5.3)
This implies

li

4 B
since (- ) = B7. The remaining terms in (5.2) héave all different exponentials. It follows that
they have to be zero independently, which implies

0 = Qurar — V), TkYo=

(’)/k'Oél+5l'Oék):0 — yl-ak—vk-oq:2wl(ak-al), ]{77&[ (54)

By interchanging the indices k£ and [/An thesesrelations, the following compatibility conditions
are obtained

(ay - o) (o wi) = 0.

In the present case they are satisfiespas it can be easily verified. Hence, the remaining relations
are:

(a1 -2 — g 71 )=10, (-7 —ag-73) =0,
(o -v3 —ag-21) =2a b Ps, (-4 —ay-m) =2cp By,
(g - Y3 =as - o) = 2c [ s, (g v — 7)) = —2a [ fa. (5.5)

These relations constraithe vectors ;. Setting

’Yip: (a1, az), ”YzT: (b1, D), ’Y::IF: (K1, ka), ’Y:IF: (l1,12),

the constraints are

by = pPaay,

Bl = B3(261a—aa1—ca2),

Biki = B1(2Bic—ca+aay),

Boly = B3(2B2c—chby—aby),

Boky = —B4(2B2a—aby+ch). (5.6)

19
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A couple of examples can be provided. For instance, setting by = as = 0, ay = 51, by = Ps, then
Vi = 0; for i =1,2.3,4, ag. = vy, for k = 1,2 and oy = —~; for [ = 3,4. Then, the function F
and G become

4 4

F = lz lkﬁ eak.(P—H\—l-ka)’ G = 12 lk; eak.(p—A—&-ka)’

2 Pt Bk 2 1 Ok Br

and the defect potential, in terms of the fields v, which have been redefined téinclude’a factor
Ci, is:
D=F+G = o efrutt <01 P A L e ,\u))
25 01
I 1

o (i L )
25, lop

+ —l3 ePs u® (0'3 ePs (—a A —e A (@) do i e<Bsla A(1)+C>\<2>))
205 73

IR (04 P ex it 1 s, <c“”—“(”>) . (5.7)
2 B4 04

On the other hand, by setting a1 = 51, as = 2 51, by = 288309 = (s, it is found that
7?:61 (172)7 75262 (271)7 7?263(CL—20,C—2G), 71{264(0_}_2@7 _a_26)7

67 =1 (1,-2), 63 =B (=2,1), 63 =PBsfa+2epe+2a), ) =p4(c—2a,—a+2c)

and the defect potential becomes

23 01

T (s Lon)
23, op;

+ I3 653u(3) (03 ePs Ve + i e Ps V(3))
2 B3 03

+ l_4 6/3411,(4) (04 €ﬁ4 v + i 6—,34 V(4)) ’ (58)

D=F+G= N7 Y (01 AV 4 x e B v<1>)

20, 04
with

V= 4@ % cu® — qu® + A0,

V2 =@ 4+ gu® — cu® 4\,

VO = —cu® —au® —2acu® + (a® = A)u® —a XV — cA®)]

VA= gu® —cu® 4 (@ = A)u® 4 2acu® — XV 40 NP,
Note, by setting/c = 1 the matrix C' becomes diagonal and the defect potential simplifies
further. Tt is clear that the matrix C' controls the way in which the Liouville fields interact

with the auxiliary fields A() and amongst themselves at the junction. The mixing amongst the
Liouville fields is determined by the relations (5.6).
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On the other hand, an attempt with the sine Gordon model proves to be fruitless. In fact,
taking the sine-Gordon potential for the u(¥ field to be

(i) — m; eBiveut | —Biyeul)
U 27 +e ,
Ci

and the same C' matrix used in the Liouville case, the right hand side of (4.18) becomes

2 4 2
2 Z e c; U D4+ & U Z Wi ( ) eak-(erwkq) + e*ak'(p+ka)) i (5.9)
7j=1 =1

Suitable expressions for the functions F and G are:

4
F = Z ek (PHA) o ) + e~k (PHA) fk(Q), G = Z e (P=A) yl(Q) o e =% (P=2) gl(q)
k=1
where x;, y;, %;, Ui, are unspecified functions of ¢q. The left handiside of (4.18) reads

i ap oP 9P oD
D OND  9g IAD

=1

ox 0
_ (antar)p/2 [ (ax—ar)A/2 B ok —0n)-A/2 . 9Yk
_22[6 kTP (e ko i (ozl 8q>+6 ke ) (al 8q))

k=1

_etanrann2 (g—tar—annz g, (g W0\ Wa-an a2 g (o, O
Jq dq
9 0

_€<ak—az)-p/z( (an-+an) 2 (al : ai;) 4 e (onta))/2 5 <al . aiq’ﬂ))

0 Y
e~ (an—a)p/2 (6—<ak+al>~x/z " <al . %) + elawra)n/2 o (al , ﬂ))} .
q 9q

Terms for which & = [ must be equal to(5/9). Hence, the following constraints follow

2
0 9,
« (YR o (o 5) o () o
5 X N
X 9 . 9
Wi (%) e heEd = 2 (yk <Oék . %) + Ty (Oék : aiqlc)) ; (5.11)
N0 99
Nasr) = a (o0 5). .

) 0 0

A few manipulations on these equations, reveal that they do not have a solution. In fact, using
(5.12) and (5:13)'into (5.11), the latter becomes

2
m N ox 0
k (5—:) e~ (g yp) (T Gr) = —2 (yk (ak : a—qk) + xp, (Oék : %)) -
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1
2
3
4 Combining this expression with (5.10), the following constraint is obtained
5
6 e (g yp) (T k)T = =1, = Bl = —(TRyr) e
7
g This expression can be used inside (5.11), since (5.11) can be rewritten as follows
10 2 PN
m oz

11 Wi (_k> o WO — _9 <ock Ok gr) kyk)) _
12 B dq
13 .
14 By expanding it, it is found that
15 8( ) 9
16 Tk Yk mg .

2 lap-——— | =wp | — | T4+ 2w (x A+ Q).
17 (’f g ) k(ﬁk) K (Tn ye) (G~ a)
18
19 This expression can be compared with (5.10), which rewritten reads
20
21 2
2 9 (ak . a(xk ?/k)) = W <%) R,
23 dq B
24 . . . . . 7.
25 implying (zx yx) = 0, which clearly is not a possibility.
;? The only way out is the possibility of having two pairs of type Il defects. This possibility
28 arises by noticing that the matrix C' simplifies by setting @ =0, ¢ = —1. The advantage of this
29 situation is that by setting 5, = B4 and [y = 3, it can'be noticed that a; = a4 and as = ag.
30 Then the constraints analogous to (5.10)-(548) become:
31
32 me\ ox 0
33 <—k) (ea’“'q —e“"k'q) = 2 (yk (Olk —k) + Ty (Oék; ﬁ)) 5
34 Bk Jq dq
35 my,\ 2 0 a4
36 <_k) (eak'q _ e—ock~q) = 9 (gk (ak . _k> + Ty (Osz . ﬂ)) ,
37 B dq dq
38 PR . N i
zg k k aq — k k 8q )
41 7 M) 4 y Oty
e k| o 7z k| O 9 )
43
44 where k = 1,2, only. The solution.of these constraints leads to the familiar result.
45
46
47
48 .
49 6 Concluding remarks
50
51
52 In this articley thervexistence of integrable defects able to relate domains with different wave
;31 speeds has lbeen explored. For the sine-Gordon model, a junction can only have two branches,
55 or be a junction that acts as a meeting point of defects, each with two branches. In this case
56 the junction allows to pair branches in several ways and effectively acts as a switch and/or a
57 store of topological charge. Moreover, though the coupling constants of the models in the two
58 domains of an N = 2 junction are different, the S matrices appropriate to each branch are the
59
60
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same since the ratio ¢/ is preserved across the junction. On the other hand, if the fields on
the different branches are free massive fields, Liouville or free massless, the integrable defects
can support multiple branches at the junction provided there is an even number of them.,In this
case, the fields interact at the junction and their mixing is controlled by a variety of parameters.
Multi-field generalisations (for example the conformal or affine Toda field theories)shave not
been considered in this first analysis but should be the subject of future investigation.

An alternative setup has been proposed by Sobirov et al. in ref [24]. There, the fields.on each
branch of a network or graph are required to be continuous at the junction so that, evaluated
at the junction, u = u® = ... = 4™ Then, in the notation of the present article, (3.3), the
conservation of energy requires

and thus at the junction
N
Z e;c2u) = 0. (6.1)
i=1

On the other hand, conserving momentum (term by term in théexpression for M in this setup)
is guaranteed by setting

N N
Zeici =0, Zeic?(ug))z — 0, YUY Ey® —... = yW, (6.2)

i=1 i=1

The two conditions involving the spatial derivatives of the fields on each branch evaluated at
the junction are then solved together/by taking

aull) = cuh= - = cyul. (6.3)

Note also, since the potentials must be the same along each branch, the coupling constants must
be identical. The conditions (6.1), (6.2)3(6.3) are applicable to any choice of N. However, if
N = 2, the junction disappears because the wave speeds on either side of it must be the same.
Note also, this type of junctign introduces no additional tunable parameters at the junction.

It is worth noting that if. itibecame necessary to assemble junctions joining branches with
different wave speeds then it would always be possible to change speed along a particular branch
by inserting a type I defect, imythe manner explained in section 2, at the junction of the two
domains along the branch. For example, taking N = 3, ¢ = —1, €3 = €3 = 1, inserting defects
in the branches 2 and 3, to restore the wave speeds along those branches to ¢, and using (2.7),
requires

C1 C C3

B3 By By BY
Hence, the mew coupling constants along the branches 2 and 3 should be chosen so that
1 n 1
B B By

the latter following from the first constraint in (6.2).
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Though this article has focussed on the classical properties of field theories defined on branches
meeting at junctions, it would be interesting also to explore if and how a network might support
quantum field theories that interact consistently at its junctions. The purpose would besto find
generalisations of ideas contained, for example, in [35,36]. In this context it is not!precisely
clear what the consistency condition might be. In the type of junction discussed ing[24]; the
sine-Gordon coupling constant S on each branch is the same but the wave speedsiin the three
branches add appropriately. This means that the dimensionless quantities

.
h3?

are different on each of the branches and therefore the S-matrices have the same form but with
different parameters. This contrasts with the situation discussed earlier in section 2.4. In the
notation of [6], the Zamolodchikov sine-Gordon S-matrix [34] depends omithe coupling constant

via
8mc

h3?
Thus, in a situation at a junction where the wave speeds on the three branches satisfy ¢; = co+c3,
the following relations hold for a specific rapidity:

qg=¢€"", v= —1, z=¢"%

-0
4293 = —q1, T2T3 = X1€6, .

If two solitons with differing rapidities approach the junction along branch 1 then they may
scatter before or after splitting at the junction. Hence, adapting the Yang-Baxter equation to
this situation suggests a suitable consistency ‘condition might then be

S, B(012) T3 (01) T (02) = TG (B1) Sy oe (012) Syt (012), 012 = 01 — ba, (6.4)
where repeated indices are summed. Here, the rapidity-dependant quantities with three labels,
Jb(0) represent the splitting atthe junction. /Tt is straightforward to see that if the junction
strictly preserves topological charge as claimed for instance in [24], then there is no solution to
(6.4). However, it is less clear if there aresolutions to a modified version of (6.4) if topological
charge is not preserved and may be deposited on or removed from a junction, as happens for
integrable defects. Investigating equations of type (6.4) will be the focus of a future discussion.
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Appendices

A Type II junction - the setting

Consider a junction with N branches located at x = 0. The starting point for a type Il junction
could be the following junction Lagrangian:

N ‘ M N M
(Z WD A + 37 A0GA0 + 373w —p (u“),A(’“))> d(x),

3,7=1 k=1 i=1 k=1

AT = 4, GT = —q,

where M is the number of the auxiliary fields A*), which represent the additional degrees of
freedom at the junction and D is the potential at the junction, whi¢h depends on all fields in the
systems, i.e. u® and A*). Since they are free, it is possible to perférm transformations which
allow to simplify the original setting. By following the manip@lationstin [21], it can be shown
that the auxiliary fields A*) can be split into two different sets, p®vand A\*). The interesting
feature is that fields p®) only interact with themselves, at the junetion, while fields A*) interact
exclusively with the fields v, In summary, the new junétiomLagrangian becomes

N 1 ‘ N M>
L = (Z §U(Z)Aiju(] + Z “u k‘)leu _1_2 Z wl lm/\(m

i,j=1 k=1 i=1 m=1

with M, + M, = M and, in addition, GEG =TI, G? = —I. Note that the presence of the fields
1®) implies the presence of an A matrix. The conditions at the junction are:

- aD
CZQU:Z) = (Z Al’j’UJ + Z C'Lm)\ ) €, 1= 1, ey N, (Al)
j=1

My
oD
Gupl) = 2= Ni=1,..., M, A2
Z et A 1 (A.2)
oD
Zut imam— —m, m:L...,MQ. (A3)

Then, concerning the energy £

() ID\ <& (@ 9D\ _dD
£\ ZQC ut () Z( ) ) Z(Aﬁ)aw):%.

On the other hand, applying condition (A.1) on the time derivative of the scaled momentum,
ie.

2
é(u;) —yt ) € Ci,

> (L
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a constraint can be derived staright away by looking at the coefficients of the terms square in
the time derivative of the auxiliary fields. They need to cancel, which implies

CTec'C =0. (A.4)

Note that, C' is an N x M, matrix, where M, < N is the number of \(™ fields{ A ‘suitable
transformation on the fields A can be used to reduce the number of linearly independent
columns of C so that all the other columns are zero. This means that there willibe only
n < My A\ since the other My — n decouple and can be removed altogethemfromithe junction
Lagrangian. Let us call n the number of linearly independent columns of C'sSince the matrix C'
has rank n, it follows that it must exist a square (n x n) sub-matrix, which is‘imvertible. Hence
C' can be split into an (n x n) invertible matrix and an ((V — n) x 17) matrix.” Note that, in
addition, a suitable transformation on the field u(™ can be performed. to reduce the (n x n)
invertible matrix to the (n x n) identity. It is worth pointing out that the limiting case n = N,
allows to set C' = 1. As a consequence, the constraint (A.4) reducessto

cct=0

and it cannot clearly be satisfied. Note that for N = 2 amd.n =1, 1.e. one auxiliary field, the

matrix C' is:
1
C p—
(s
Co

(C’Tec_l(])n =0 — e =—€, Cy==/—.

1

and the constraint (A.4) becomes

Hence the familiar type II defect is recovered.

A.1 The constraints

In view of what has been found, it\is convenient to split the fields ¥ into two separated groups,
according to the way in whichsthey interact with the p(®) fields, that is via the diagonal part of
the C' matrix or the remaining/one. \Hence, the new starting point for the junction part of the
Lagrangian is:

n N-n
(Zu 2 9 Z Dy u® By —|—Zu (5ZJ>\

ij=1 k=1 i=1 k=1 ij=1

where, for simpliCity, the fields p™ have been removed altogether. Note that A = —AT is a
(n x n) matrix, A = —AT a (N —n) x (N —n)) matrix, B is a (n x (N —n)) and C is a
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((N —n) x n) matrix. The conditions at the junction are:

n N—n
. 4 ‘ oD
% ~(k .
C?ux) = (Z (A’Ljugj) + (SZ])\EJ)) + Z Blkulg ) - m) €, 1= 17 sy (A5)
j=1 k=1
N—n ~ n ~ ‘ ) 81)
2ab = ( A+ (ijAij) _ Bjkuﬁj)) _ aa<k>) &, k=1,....N—n, (A.6)
k=1 j=1
N—n
i ~(k) A oD
§)6]Z+ ugk) C]m_—m, zzl,...,n. (A?)
k=1

It is worth looking afresh at the time derivative of the scaled momentum. All the constraints
derived below, are due to the fact that the coefficients of certain terms containing combinations
of different fields must cancel independently. First, by implementing the relations (A.5) and
(A.6), a constraint is immediately derived from the coefficients quadratic in the auxiliary fields
)\gj ), They lead to:

ectyCTe 0 =0. (A.8)

Second, using the condition (A.7) together with the constraint already obtained, it is possible to
get two further constraints. The former is derived from the coeffieients of the terms proportional
to the product of &,@ and )\IEJ ) fields. The constraint derivedis:

A+ CACT£ CB=(CB)". (A.9)

The latter stems from the terms quadratic in the fields aﬁ"’). This constraint is:

ec+CecC” = 0. (A.10)
The remaining terms lead to
dP
— X e ——
M +Y a
with
n D 2 N—n -~ D 2
et @)
¢ Aul) “— 20y, ouk)
1 0D . 1 OD
—i—u 153/\(i) (ec—A(—:c A+ Béc " B )Z.j 50
i,j=
29D W oD KR op . 0D
N2 90\0 (Aec™), dul) 2 IND (B, 9
i,j=1 j=1 k=1
n N—n ~
—ZE CU(i)— ngékU( ),
i=1 k=1
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N (A oD " oD
— @) (AT ==~ G) [ —
V== : Z A <C « 1>jk ouk Z A (e, Ju)

oD
ki Oul)

10 — Z a® (BT et + éAec_1>

oD
w Oul

12 5 aw (21 el - é*Bgé*l)

17 +30) @ (éec—éAec—1A+C*Bgé-1B

oD
ki ONU)

20 ~ B et A~ AecNiaB")

2% B Type II junction - free fields

29 Consider the matrix C' given by (4.15). Several soltitiong,can’ be found, for instance

2

31 . a; o - m b2 —ﬁ -

32 Fl o ( [N 5)) ) ’ F2 N b1b2 —B2 ( _6 bl ) ’ F3 N O’ (Bl)
2

34 G, = (bl g ) G2:m—( 42 _a>, Gy =0, (B.2)

B by ajay — a2\ —a a

37 with m = my; = ma, or

23 = (661 6?2), FQZ(J(C;J%), F3=<£2 001), (B.3)

b1 0 0 0 w
42 . 1 _ (% o 1
Gl — 0 bg > ) GQ - ( 0 G ) ’ G3 - ( Wo 0 ) ) (B4)

47 O2 f G291 ba fo
48 o1 bi f1 a1 g2
49 w2 as go by fi

2
50 ~ T = . gaag + w10y = Dby fo +woo1 =mj5.
51 Wi by f2 a1 g1

45 with

2
. g1 Fweoy = by fi + w09 =m7,

32 In the mostsgeneral'case, (4.13), the first solution still holds. On the other hand, the second
54 solution holds only if the two masses are set to be equal. Hence, the constraints become

56 wi_foa_p bh_ga h_g
57 %) f17 09 917 a1 fz’ a2 fl7
58 92a2+w102291a1+w20’1=m2>

28



oNOYTULT D WN =

AUTHOR SUBMITTED MANUSCRIPT - JPhysA-114314.R1 Page 30 of 35

where m = my = msy. In order to calculate the transmission matrix, 7', corresponding to plane
waves on the four legs, the sewing conditions at the junction, (4.1)-(4.3), must be used. When
rewritten in terms of variables p and ¢ defined in (4.16), they are

2

)

i ; oD ,
i NS NN Y
J=1 j=1
2 2
; oD )
S (e Ayad + Y et Ayl =~ oo i
7j=1 j=1 P
(Z)__ap . o T ~~—1 —1
qr " = a)\_(l)7 1=1,2, and A_(O €C C) ,

where the subscripts z and t stand for derivatives with respect to & and.t,.tfespectively. Note
the first two relations have been obtained by taking the sum and the difference of the relations
(4.1), (4.2). As an example, consider the first solution of this section, that is the solution with

= (3 = 0, and the case in which the matrix C' is diagonal. In this case A reduces to A = —e¢é
and the previous expressions become

2N —ei(ci—a) gl — (ci+ @) p = D (Fa+ Ga)y gV

7j=1
2
€ (ci+8)qD + (¢, —&)p? = g Z (Fi +G1)y; P9 + (Fy — G1)s )\(j)) ;
=1
' 2
2q/) o= — U (B — Gy pV + (F +G1)i AY),  (B.5)
7=1

where the label i runs from 1 to 2. Assume noweéflection and use the following notation for the
plane waves - which is similar to the notation used in section [3.2],

u() o u(()z) i(kiz— wt)’ ﬂ(z) _ u(())ez(kza: wt), w2 _ /€2 + m2’ (Ci k’z)Q = (52%2)2 = /{2, i=1,2.

For simplicity, the junction ig located at o = 0. After some algebra, relations (B.5) provide an
expression for the auxiliary fields Mand two equivalent expressions involving only the fields u
and u. The latter are:

Mw

< \/_UO + Vi ( C]]\/_u )Z )

1

J

M~

(WU \/_UO + Zi; (Cy \/_u ): ) (B.6)

1

.
I
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with
X = i(Alg—FBlK)—%(AlEB—BlEA),
1
y = z’(A‘lQ+B‘1K)+§(A‘1eB B7'eA),
E
W = i(eK—A‘lQEB)—(QA_IQQ—E),
- -1 1 B
Z = —i(eK—-A QEB)—(QA Q —§>,
where

A=F+G, B=F -G, E=F+G, Q=dag(wm) K=diag(k,k).

It follows that transmission matrix, 7', is:
ZTW VEud), T=-x1YCes-W1zc,

where @), @(® are taken to be the incoming waves. Without lose of generality and looking at
(4.15), it is possible to choose C' = ¢ = diag(1, 1), then & is:

1 a—Qbn, —ic .
Tf—z'g( —ic a—i—ib)’ =1 (B.7)

with

a = —(aay —a®)(w+ k)* — (biby — BN w — K)? + (a1by + azhy — 208)(w?* — K?)
—4(ajag — o) (bibs =5?),

b = 2(by — by)(aras — ) {w k) ~ 2(a1 — az)(bibs — B2) (w — k),

c = 4B(a1as —a®) (w+K)—4a (biby — %) (w— k),

f = (a1as — ®)(w HRYF—(biby — ) (w — K)? + (a1by + azby — 208)(w* — K?)
—4(ayay — o) (byby — B7),

g = 2(by +by)(arag— ) (w+ k) — 2(a; + az)(biby — B2 (w — k),

Some simplified cases ean be analysed in more details. For instance, setting a = 8 = 0, the
transmission matrix becomes diagonal

T:-(% tg) (B.8)

((11 + bl) (a1 — bl) — 2a1b1 , = (CLQ + bg) (ag — bg) — 2a2b2
k(a; +b1) +iw(a; — by) + 2a1by’ Kk (ag + be) +iw (ag — ba) + 2asby’

with
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On the other hand, setting a; = as = by = by = 0 the transmission matrix becomes
Tl (@ i)
f 1c a

a = (ak+aw+fr—Pw—2ap)(ak+aw+ Br—Lw+2ap),
¢ = daf(ak+aw+ fr—Pw),
f = (lak+iaw+ifr—ifw—2ap) (icak+icw+ifk —ifw+ 2aP),

with

which simplifies further to

o 1 (m—axm+@ i 2% @ >7 (B9)

(i — @) (ik + ) 26 (k — a)(K+a)

by setting o« = f3.
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