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Nested algebraic Bethe ansatz for deformed
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Allan Gerrard
University of York, Department of Mathematics, York, YO10 5DD, UK.

Vidas Regelskis

University of Hertfordshire, School of Physics, Astronomy and Mathematics, Hatfield AL10 9AB, UK, and
Vilnius University, Instiute of Theoretical Physics and Astronomy, Saulétekio av. 3, Vilnius 10257,
Lithuania.

Abstract

We construct exact eigenvectors and eigenvalues for U, (sps,,)- and U, (s0, )-symmetric closed
spin chains by means of a nested algebraic Bethe ansatz method. We use a fusion procedure
to construct higher-dimensional Lax operators. Our approach generalises and extends the
results obtained by Reshetikhin and De Vega—Karowski. We also present a generalisation of
Tarasov—Varchenko trace formula for nested Bethe vectors.
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1. Introduction

The nested algebraic Bethe ansatz is a large collection of methods used to find eigenvec-
tors and eigenvalues of transfer matrices of lattice integrable models associated with higher
rank Lie algebras. It effectively reduces the problem of diagonalizing quantum Hamiltonians
to a set of algebraic equations, known as the Bethe ansatz equations, that in many cases
can be solved using numerical methods, see reviews [PRS18, Sla07]. In addition, the nested
Bethe vectors play an important role not only in the theory of quantum integrable models
but also in representation theory of quantum groups more generally. For instance, Bethe vec-
tors can be used to construct Jackson integral representations for solutions of the quantized
Knizhnik—Zamolodchikov equations [Res92, TaVa94].

The nested algebraic Bethe ansatz for orthogonal and symplectic spin chains in the
rational setting was studied by De Vega and Karowski [DVK87] and Reshetikhin [Res85,
Res91]. The analytic Bethe ansatz in both rational and trigonometric setting has been
addressed by Kuniba and Suzuki in [KuSu95]. An extension towards models with rational
orthosymplectic symmetries via a different nesting procedure was presented by Martins and

Email addresses: ajgb69@york.ac.uk (Allan Gerrard), vidas.regelskis@gmail.com (Vidas
Regelskis)
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Ramos in [MaRa97]. However there has been little progress in orthogonal and symplectic
integrable models with periodic boundary conditions since. The O(NN) Gross-Neveu model
has been recently studied by Babujian, Foerster and Karowski in [BMF12, BMF16].

This paper aims to fill gaps in the literature by presenting a nested algebraic Bethe ansatz
for U, (sp,,,)- and U,(s0s,)-symmetric closed spin chains. We employ a fusion procedure sim-
ilar to that in [IMO12, IMO14] to construct Lax operators for skewsymmetric or symmetric
representations, with which we build an integrable transfer matrix. The notation used in the
paper closely follows that in [GRW20]. We then proceed to diagonalise the transfer matrix
using an approach based on a mixture of methods that appeared in [DVKS87, Res85, Res91]
and more recently in [GeRe20]. We show that the problem of constructing transfer matrix
eigenvectors may be reduced to an analogous problem for a U,(gl,)-symmetric spin chain,
which we solve inductively, following [BeRa08]. Our main results are Theorem 4.9, stating
sufficient conditions for the Bethe vector to become an eigenvector of the transfer matrix as
well as giving its corresponding eigenvalue, and Theorem 4.13, stating a closed trace formula
for the Bethe vectors, which generalises the formula given in [TaVal3].

The nesting procedure used in this paper relies on the chains of natural subalgebras of
quantum loop algebras U, (£sp,, ) D U,(Lgl,) D -+ D U,(Lgly) and U,(Ls0s,) D U,(Lgl,) D
-+ D U,(Lgly). This gives an unambiguous solution to the spectral problem of a U,(sp,, )-
symmetric spin chain. However, for a U, (502, )-symmetric spin chain such a nesting breaks
the underlying symmetry of the Dynkin diagram of type D,, and additional steps must be
taken to arrive at the correct Bethe equations, see Remark 4.10 (ii) and (iii) for details.
This was not observed in [DVKS87] where a different choice of the nested vacuum vector was
made and ultimately lead to a perturbative approach. This paper has resolved this issue. We
believe that the results of this paper will be of interested to a wider community, in particular,
in the study of the quantized Knizhnik-Zamolodchikov equations of type C,, and D,, in the
spirit of [Res92, TaVa94].

The paper is organised as follows. In Section 2 we introduce the our notation and discuss
relevant properties of R-matrices. In Section 3 we introduce the spin chain and discuss its
structure, underlying symmetries and representations. Section 4 is the main section of this
paper and contains our main results, Bethe vectors and Bethe equations. Appendix A gives
a brief exposition of the quasi-classical limit.

Acknowledgements. The authors thank Niall MacKay for useful comments and Eric
Ragoucy for suggesting to address this problem. A. G. thanks the Department of Mathe-
matics, University of York for a Doctoral Prize Fellowship under its Mathematics Excellence
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and support during the completion of this work. This project has received funding from Eu-
ropean Social Fund (project No 09.3.3-LMT-K-712-02-0017) under grant agreement with the
Research Council of Lithuania (LMTLT). The authors gratefully acknowledge the financial
support.

2. Preliminaries and definitions

2.1. Lie algebras and matriz operators

Let n € N. We will denote by ga, either the orthogonal Lie algebra sos,, or the symplectic
Lie algebra sp,,,. The Lie algebra g, can be realized as a Lie subalgebra of gl,,, as follows.
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For each 1 <i,j < 2n, let E;; denote the standard generators of gl,, and put 7 = 2n —i + 1.
Introduce elements F;; = E;; — 0, E'5 satisfying

[Fij, Fra] = 0 Fy — 6ulj + 055(6;1F s — 0,5.F ), Fij +0;;F7 =0, (2.1)

where 0;; = 0,0; with 0; = —1if 1 <7 <mnand 0; =1 if n <4 < 2n in the symplectic case or
; = 1 in the orthogonal case. The algebra g, is isomorphic to spanc{F;; : 1 <i,j < 2n},
and spanc{Fj; : 1 < i < n} forms a Cartan subalgebra which will be denoted by hs,. The
elements F;; with 1 <1,j <n form a subalgebra gl,, C go,; the same is true for the elements
Fy; with n <14,5 < 2n.

For convenience, we set § = —1 for sp,, and = 1 for s0,,, and ¢’ = (6 +1). We will
also need the following tuple of integers:

(vi,...,von) = (—n+6,—n+1+6¢,...,-1+60.1-0, ... n—1—-0 n-10). (2.2

Let M € N. For any 1 <i,j < M denote by e;; € End(C) the usual matrix units over
C. For a matrix X with entries z;; in an associative algebra 4 we write

Xs = Z [®8_1 X €ij X [®k—s X Lij € End((CM)®k X A, (23)

1<ij<M

where k € N>, will always be clear from the context.
For any matrix operator A = Z?Fl e;j®a;; with e;; € End(C") and a;; € A, any associa-

n (k)
ij=k Cick41 j—k1 D Qij

with matrix units egf) € End(C"*+1). Given | > 1 it will be convenient to say that A*+)

is an l-reduced operator of A%

tive algebra, and any 1 < k < n, define a k-reduced operator A% := >

2.2. Quantum R-matrices

Choose ¢ € R*, ¢ # +1, and set K = n — 0. Introduce a matrix-valued rational function
R by

_ 1 _ -1
¢—q',  a-4q
v/u—1 vfu—1

where R,, P and (), are matrix operators on C** @ C*" defined by

R(u,v) := R, + Qg (2.4)

Ry = Z e e+ (g —q ") Z (eij @ eji — ¢" 05015 ® €3),

1<i,j<2n 1<i<j<2n
(2.5)
- . i,
P = E €ij & €ji, Qq = E q" 05645 @ eg.
1<i,j<n 1<i,j<2n

The matrix R(u,v), obtained by Jimbo in [Ji86], is a solution of the quantum Yang-Baxter
equation on (C?")®3 with spectral parameters,

ng(u, U) ng(u, U)) RQg(’U, 'LU) = Rgg(v, w) R13<U, ’U}) Rlz(u, ’U), (26)

where we have employed the notation (2.3).



Let k > 1. (We will not need the case when k£ < [.) With a slight abuse of notation we
introduce “reduced” matrix operators R(gk’l), P®b and ng’l) on CtF+1 @ C"=*1 by

n—k+1n—I+1 n—k+1
kl 0;
b= ) Z aei) @ e} )Y diel ® e,
i=1 = t,j=1
2.7
n— k+1 n—k+1 ( )
pb . }: (F) ki) . }: i—j (k) 0
) e ® 6]’1’7 Q((J ) L q ez] ® efj 9
1,j=1 1,j=1

where i =i+k—1,j/=j+k—landi=n—k—i+2,j=n—k—j+2. The operators (2.5)
and (2.7) will never appear simultaneously, so there will be no ambiguity. We also note that

(RD)-1 R$p7 pangnpwn:(%ﬁl (2.8)

Here the subscript ¢! means that all instances of ¢ are replaced with ¢~! in the definition
of the operator. Such notation will be used throughout this manuscript.

Recall that C*" 2 C?@C". Let x;; with 1 < 4,j < 2 denote the matrix units of End(C?).
Then, for any 1 < i,7 < n, we may write

€ij =211 @ el Entij = To1 & €£J)7 €intj = T12 & 61(]), Entintj = T22 @ 65»?- (2.9)

1]7

Viewing the matrix R(u,v) as an element in End(C? ® C?) we recover the six-vertex block
structure,

ROV (u,v)
KOY (u, ¢?v) UG (u,0)
OOV (oy0) KON, ) ’
ROV (u,v)

R(u,v) = (2.10)

where the operators inside the matrix above are each acting on C" ® C" and are defined in
terms of those in (2.7), that is

R*&D (u,v) = R(k D4 z/u — P(k l) K(k’l)(u,v) - (Ré’i’i)(um))w?,
—q 0la—q)
U kk) — 979 pk (k.k) (2.11)
(’LL, U) ru//U _ 1 + 7’%/“/1} _ qK/l Qq ?

7 (kk) (v, u) plk, k)U(k k)( U)P(k,k)’

where k' = Kk — k+ 1 and @ is the transposition defined by @ : e()

@

7
=gl eﬁ, the inverse of

— g iell) andr=n—1—I0l+1,7=n—j—101+ 1. We also note two more

which is w : e;; 1



important identities,

1
U0 (0,10) (K9 (w1, g2 0)) ™ = S PR (KO (u, g u)) !

v/u—1
1
= Res R (u, w) (K®®) (u, ¢**w)) ™1, (2.12)
UV — U w—u
(KO 0, g00) U0 0,0 = L1 T K )P
v/u—
1
= Res (K% (w, ¢*u)) T R®F (w, u), (2.13)

VUV — U w—u

that will play a key part in finding the so-called unwanted terms of the algebraic Bethe
ansatz. Lastly, introduce elements

l ® _ l —(1 AD — l
eV = 0uq = (g —q Noiyel, €Y =00 + (4= q " )dieely,

U] +() ne (2.14)
where we have used the notation qez<'z Zn b 6”6 . Then we may write
n—k+1 n—k+1
R (wv)= > el @&l w/m),  E*(uv)= Y e @ EY ,,(v/u)?, (2.15)
i,j=1 i,j=1

where i/ =i+ k—1land 7 =j+k— 1.

3. Setting up symmetries and representations of the spin chain

3.1. Quantum loop algebras Uy(L£ga2n) and U,(Lgl,,)

Let N = 2n or N = n. Introduce elements E;S [r] with 1 <4,7 < N and r > 0, combine
them into formal series Ei( ) =2 >0 Ej?[ Ju®", and collect into generating matrices

> e @ L(u). (3.1)

1<i,j<N
We will say that that elements E;S [r] have degree r.

Definition 3.1. The quantum loop algebra U,(L£g2,) (resp. U,(£gl,,)) is the unital associative
algebra with generators E;? [r] with 1 <i,j < N and r > 0, subject to the following relations:

Cz1015[0] =1 for all i and (;[0] = £5;[0] = 0 fori < j and (3.2)
Rua(u,v) LY (u) Ly (v) = Ly (v) Li () Ria(u, v),
Rua(u,v) L (u) Ly (v) = Ly (v) L (u) Ria(u, v).

where N = 2n and Ris(u,v) is given by (2.4) (resp. N = n and Ria(u,v) is given by (2.11)).



The following subalgebras of U,(£g2,) will be relevent to the present work:

e The subalgebra generated by 65 [0] with 1 <4,j < 2n, isomorphic to the quantum en-
veloping algebra U, (ga,) of the direct sum of the Lie algebra g, and a one dimensional
Lie algebra.

e The subalgebra generated by E;; [r] with 1 <4,j <mnandr > 0, isomorphic to U,(£gl,,).

e The subalgebra generated by ﬁf; [0] with 1 < 4,5 < n, isomorphic to the quantum
enveloping algebra U,(gl,,) of the Lie algebra gl,.

We write the generating matrices L* (u) of U,(£g2,) as

- (245 310).

Then viewing L7 (u) and L5 (u) as elements in End(C? ® C?) with entries in End(C"® C") ®
Us(Lg2n) [[u™"]], we have

L=\t prw | RO sk BEw
CEu) D¥ () CHu) D)

This allows us to write the defining relations of U,(£g2,) in terms of the matrix operators
A*(u), B*(u), C*(u) and D*(u). The relations that we will need are:

AF(0) B (u) K15V (u, ¢*v) = Ry (u,v) BE (u) A5 (v) — By (0) A (w) Uy (v,0),  (3.6)
K1y (v, ¢*u) D (v) By (u) = By (u) Dy (v) Ry (v,u) — Uy (v,u) BE(v) Dy (w), (3.7
Ky (u,q*0) CF (u) Af (v) = A5 (v) CF(u) Ry (u,v) — Uy Y (u,0) AF (w) G5 (v),  (3.8)
C5 (v) D3 (w) K5V (u, ¢*v) = RV (u,v) Df (u) CF (v) — DF (v) O (u) Uy Y (v,u),  (3.9)
Ky (u, %) D (u) A3 (v) — A3 (v) D (u) K15V (u, ¢*v)

= BE(v) C¥ (w) U (v,u) — UG (u,0) B (u) C5 (v),  (3.10)

and their mixed counterparts obtained in an obvious way, cf. (3.3) vs. (3.4). Operators
A*(u), B¥(u) and D*(u) satisfy relations analogous to (3.3) and (3.4) only with R4V (u, v),
e.g.,
Ry (u,0) B (u) By (v) = By (v) By (w) Rig" (v, v) (3.11)
We now focus on the subalgebra Uy (gl,,) C U,(g2,) generated by coefficients of the matrix
entries of A*(u). Define a k-reduced matrix A*® (u) := 377", Ek)kﬂ ki1 @ [A*(u)]i; and
set

=

WHW0) = O], B = Y (e F) @ (AP )]y (3.12)

<.
Il



We also define a suitably normalised check R-matrix

y v—u
RED U,v) = —————
12 ( ) qu — qilu

The defining relations of U,(£gl,,) then yield

k1) ok,
P1(2 )Rgz )(UW)-

+(k +(k+1) qu—q tu +(k+1) +(k q—q! +(k+1) +(k
™ )(U)B1 (u) = — B; (u) e ( )(v) +——B; (v)a ( )(u), (3.13)

v —u u/v—1
AT @) By ) = By @) AT @) R (0,0 — L T ) 45O P, (314
B () By (0) = B (0) By () R (w, 0), (3.15)
R (u,0) ATV (w) A7 (0) = 470 (0) AT (u) R (u, v), (3.16)

plus the mixed relations. Note that Rg’;“”) (u,v) acts as a constant on C® C = C multiplying
by 2= while R{%™ (u,v) multiplies by 1.

v—u

3.2. Representations

Fix ¢ € N, the length of a spin chain, and choose ¢y, ..., ¢, € C*, called inhomogeneities
or marked points. Then choose s1,...,s, € N such that 1 <s; < n for all 7 in the symplectic
case, and s; > 1 for all ¢ in the orthogonal case. Our goal is to study a spectral problem in

the space
L:=L\Y), ®---@L\Y), (3.17)

where L(A®),, with i = 1,...,¢ denote the (skew)symmetric U,(£gs,)-modules of lowest
weight A\ (u) with components given by

( \Si . _ 4—Si
¢ g —_—
Ci— U
X () =41 if 1<j<2n, (3.18)
-1 —2k+1
q ¢ —(q U o
L qsiflci _ q72ﬁfsi+1u if ] = 2n

in the symmetric case, i.e. when go, = 504,, and by

(qci—q 'u

Ci—Uu

(%) - . .
A, e) =41 if s, <j<2n-—s;+1, (3.19)

it 1<j<s,

qfsici _ q72m+siu

if 2n—s;,+1<75<2n

L q—SH‘l ci — q—25+si—1u
in the skewsymmetric case, i.e. when g, = sp,,,. In particular, given a lowest weight vector
n € L we have

¢
E;‘;(u)n =0 for ¢ >j and E;-tj(u)n = H)\(i)(u,ci)n for all j. (3.20)

=1



Here weights A (u) should be expanded in positive (resp. negative) series in u for £} (u)
(vesp. for £;(u)).

As vector spaces, modules L(A?)., are isomorphic to the subspaces I17 (C?")®% C (C2")®
where Hi are idempotent operators defined by IIF := 1 and, when s; > 2

=T H <R12 Pz Ryl 1)Pj—1,j>-

Si
Jj=si

The lowest weight vector of L()\(i))ci is s, = €1 @+ ®ep in the symmetric case, and it is
N = Ypes, Si8N(0) @7 - ep1) ® €p(2) ® -+ @ €4(s,) In the skewsymmetric case; here (o)
denotes the lzength of a reduced expression of o € G;,, an element in the symmetric group
on s; letters (full details will be given in [GRW20]). The generating matrix L (u) acts on
the space L in terms of a product of R-matrices (2.4),

HHRM U N¢) (3.21)

i=1 j=1

where i; enumerate individual tensorands C?* of L(A®)... We will often omit the depence
on ¢ to ease the notation and write 7,(u), its matrix elements will be denoted as t;;(u).

Crucially, the modules L(A®),, are irreducible U,(gs,)-modules of lowest weight \(®) =
(¢%,1,...,1,¢%) in the symmetric case, and of weight A\) = (¢,...,¢,1,...,1,¢7%, ..., ¢ ")
in the skewsymmetric case; here the number of ¢’s and ¢~ !’s is s;. The subspace

(LN = {e e LOD),, : tyyi [0 =0for1 <i,j<n}
is an irreducible U,(gl,)-module of lowest weight (A?), AP ). In particular, we have that
LV:={¢ecL: thyij(u)§ =0for1 <i,j <n}= L()\(l))gl R ® L()\(Z))gZ

The AX(u) and DF(u) operators act on the subspace L in terms of a product of the “re-
duced” R- and K-matrices defined in (2.11),

AW (y H H R (u, ¢ Ve, (3.22)

= 1] 1
D(1 . H Kézljl) 2&—}-20(]‘—1)0@‘)‘ (3.23)
=1 j=1

4. Algebraic Bethe ansatz

4.1. Quantum spaces and monodromy matrices

Choose mg, my, ..., my,_1 € Z>p, which we call excitation or magnon numbers. For each
: ) &) — (o (k)
my assign an my-tuple '™ = (uy", ... um,) of complex parameters and an my-tuple of



labels a* := (af,...,al ). For my we additionally assign a tuple a® := (a{,...,ad, ). We

will often use the following shorthand notation:
w®HR) = (O k), a®%* .= (a° a’, ..., a"). (4.1)

Let V¥ s 1 denote a copy of C" ! labelled by “a*~'" and let Wiﬁ),l be given by

Wali =V @0 v,

Amp_q

Let L be a lowest weight U,(£gs,)-module defined in (3.17). We will say that L := L
is a level-0 quantum space. We define a level-1 quantum space by

LW = (LY oWl e Wi (4.2)
Then for each 2 < k£ < n we recursively define a level-k quantum space by
L®) = (L+D) g WSZL (4.3)

where

(LF0 .= e e L*V .t (u)€ =0 for i > j and j < k — 1}.

Definition 4.1. We will say that T,(v) is a level-0 monodromy matriz. We define level-1
monodromy matrices, acting on the space LW by

1 mo
A%AWWW:<IIM$wf%@)(HK%%uﬁﬁAww, (4.4)

i=mg

1
%&mw%:Dﬂ@<HR%w, >0Pf1 29%) (45)

1=myg
For each 2 < k < n we recursively define level-k monodromy matrices, acting on the spaces
L% by

Mmpg—1
k _ k
AN ) = AB °k2<HR O, (4.6)

mE—1
D%mmwmwkl:<I1Rkﬂw’umgpﬁmmwm“k%, (47)

where A 00 s cmdD 00 +_, denote the I1-reduced operators ofA 00 s and D koﬁ o
Tespectwely
Operators Aggﬁvomk , and D 0 o b 1 are matrices with entries in End(L*)). Thus, to ease

the notation, we will write them as A¥ and DY, We will use a similar notation throughout
the manuscript.



Lemma 4.2. For 1 <k <n—1 let = denote equality of operators in the space L™ . Then
Riﬁ’k) (v, w) A((lk)@; u(O...k—l)) Az(;k) (w; u(O...k—l))
= Aék)(w;u(O...k—l))Agk)(U;u(o...k—l))Rl(llzak)(vaw%

R(’Z:k)(v w) D(k)( (0..k— 1) ( u(o...k—1)>
_ D(k)(w 0k 1))Dc(tk)< w0 "k_l))RgZ’k)(v,w),

D(k( 0..k— 1))R(k,k) (U qQH’w)A(k)(w,u(O...k—1)>

q~1,ab

= Al()k)(w; u(O..‘kfl))R(k_f) b(v q w) Dz(zk) (U; u(o,..kfl)) (4.8)

where K =k — k + 1.

Proof. The first two identities follow from the Yang-Baxter equation and the defining rela-
tions of A and D operators. For the third identity we additionally need to use the property
CEw) =0. O

Observe that K-matrices in (4.4) and R-matrices in (4.5) are “at the fusion point”.
More precisely, introduce (skew)symmetric projector 11+ := iq = ROD(¢F2 1) POY and
set V* := I C" ® C". The subspace V* is an irreducible U,(£gl,)-module with the lowest
weight vector £* given by

=), =l pd) gl @l (19
Denote

K. =

J

Ry = (R (0. Ry (0,07 u”)]

1,1 0 1,1 0
[Kc(la?)(v’qzaul( ))K( )(U u( )ﬂjk’

where the matrix elements are taken with respect to the “a” space. Then X kf o %?k £9 =
0if 7 > k and

2 2, (0)
q u + — 4+ q "v—quy +
%]]6 < I<n _I_ 5]71 v — u( ) 5 %]]5 - (5]1 v — u(o) + 5j>1) 5 9
-1,,(0) -1 (0)
_ qu —q T, _ _ q v —qu,; _
236 = (e 5j2“1w>f e = (bt )€

For each 1 < j < myg define vector f(_j ) recursively by f(_l) = ¢ and
€9 = o) 5 @ el — gl €I 3 el

We also set ff) = (egl))@j. Then for each 1 < k < n — 1 we define a level-k nested vacuum

vector by
ngf) =1 ® gimo) Q (652))‘87”1 Q- ® (eglﬁ-l))@mk c (L(k)>07 (4.1())

where 17 = n,, ®- - - ®mn;, is the lowest weight vector of L©® = L. We then denote the (1,1)-th
matrix element of monodromy matrices (4.4), (4.6) by

— [Agk) (U; ,u/(().,.lcfl))] d(k) (U; ,u/(O...kfl)) — [Dc(zk) (U; u(O...kfl))}

We will be interested in the action of these operators on nf ),

a(k)<v; ,ul((]...kfl)) " -

10



Lemma 4.3. Vector nﬂ“g

s lowest weight vector with respect to the action of the level-k
monodromy matriz. The operators ™ (v;u®*) and d® (v; ul* 1) act on 77%) by

multiplication with

fork=1: H)\gi)(v), (4.11)
i=1
l ' mE—1 ,11) N u(k;—l)
forz<k<n—2: ]2’ ] 2 T (4.12)
i=1 =1 VY
L " Mp—2 q_lv . qu(n72) 0 qglv —q U(O)
fork=n—1: H Alq(v) — ) H o (4.13)
i=1 i=1 i i=1 i
¢ Mn-1 (n—=1) mo o_¢/ 9'—2,,(0)
; q v~ qu; a " v—q Yy
fork=mn: A (1) ) (4.14)
il_[l =1 U~ Ugn ) H v ugo)
and
E .
fork=1: H)\gg(v), (4.15)
i=1
ME—1 qu — q2n’71u(k—1)
<k<n-—2: ‘ .
for2<k<n-2 HA% A ] q%'ug’“*” : (4.16)
k=n—1: J[A\Y R i moq v g 4.17
Jork=n—1: H n+2 11 qgﬁ,un 2) H (0) ' (4.17)
—1,,(n=1) mo g2 2-0', (0)
o quv — ¢* "l ¢ v — ¢y
fork=mn: H)\HH H TN = H — . (4.18)
iy > u; v — uy

respectively. Here K’ =k —k+1 and 0/ = 1(1+0).
Proof. First, note that the level-k nested monodromy matrix may be written as

Agk)(vjuo k= 1 <H K(’fol (v,q u(o))>

1=myo
k mp_1
( [L 7 . u?) )A“ (v >(H Rii’fl(v,u?lh).

In order to prove that 1", is a lowest weight vector, consider the action of the elements
[A(k) (v; w0k= 1)} with i > j. It follows from (2.14-2.15) that, when acting on 7", the R-

13 77

(k)

and K-matrices become upper triangular matrices in the auxiliary space. That is, for

11



27,

-1
q "v—qu
EN(ufv)el! = 5 (5141 “o—u T 5¢/>1) el”,

~1,,
l qu —( l
(5{5_)17]4/1-/(“/7))) = 5@] (5 ﬁ + 5i’<l> eg),
where the primed notation is the same as for (2.15). Furthermore, as 7 is a lowest weight
vector for L, the action of AP (v) is also upper triangular,

¢
[Aak)(v)]ijn = 0ij H )\,(cp)(v, )1 for i > j.

p=1

Therefore, taking a product of these matrices, the action of the level-k nested monodromy
matrix will also be upper triangular, from which we conclude that nf) is a lowest weight
vector. The identities (4.11-4.14) may be found by

mp—1

HRW u )| ()P =6, <5m

11

mg_1 q_lv . qu(kfl) l
_u(k;_zl) Jr51c>l) (eg))@)ml‘l,

=1 7

1 (k1) 20, (0) ] (1) gty — q9_1u(0) W
Kaaé? (v,q7w; )| (e )®m0 =0j1 5an L4 B | (€l )®m0’

0, _ 40,,0)
i=mo 11 i=1 4 "V —qY

i mo -1,,(0)
k1) 1 m qu —q "u, 1 m,
[HK( U u (65 ))® ¢ = <6kn H (0) + 5k<n> (65 ))® 07
11 7

13 77

where the matrix elements are taken with respect to the the space. Expressions (4.15-
4.18) are obtained similarly. This concludes the proof in the symplectic case.

The orthogonal case follows by the same arguments and the fact that f(_mO) is a lowest
weight vector with respect to the action of

Flmol . (HK( UQU())(HK(HUU )
i=mg

We will prove the latter by induction on my. The my = 1 case has already been explained
above. Let s > 1. We assume that £ ) is a lowest weight vector for ¥ of weight )\[S]( )=1

for it <mn—1 and /\ES](U) =[[=, 5% M for i = n — 1,n. We write the action of FF+1 on

12



5&9“) as

n

[H5]€0 = 3 (EWD L (Puf))® [H], (€D (u/v)?

b,c=1
( 1) ®£ ® 6(1) qe2 ®£ (1)>

n

= > (ED i (Pufv)® [FH], (ED (u/v)? el @ @ el
b,c=1
i<b<c

1 @ B 1 @ 1 s 1
—q Z (ED, L (qPuf0)® (7], (€D (uf)? - e @ e @ el (4.19)
biezs

since f(f) and egl) are lowest weight vectors in their relevant representations. Observe that

. v—qlu
(ED, /)@ el? = 6y (5% + 5i<n> ef”
¢ a—a") o
+ 5i<n6jnW Cn—it1

and

™ qu —(q
(5;91 S(u/v))” est) = Oij <5i,nlv—

2
—1
4 G 1) e b1 L e
— U

= 1u/v— 1
¢ 7g—qa") o

+ Oicn—10jn—1 ofu—1  Cnmit

Assume that ¢ > j. It clear from above that %Z[;+1] €5 — 0 if j < n— 1. Hence we only

need to consider the case with i = n and j =n — 1. Then (4.19) becomes

v—u ¢ —1

[s-+1] CeGtD D8] .
[3{ ]7Ln—1 5_ ( “/(U)q—lv —qu U/U -1

2 -1
s ¢ -1 qu—q u\ q s 1
) = LY () 6 s f! o,

as required. Next, assume that ¢ = 7 = n. Then

-1

S S v—u S —U_ Y §
(] LD = 3Bl (y) <_1—e§” eV e~ o¥s 69))
g 'v—qu v

-1 q¢'a—q")
u/v—1 v/u—1

+ g (v) ) @& @ el

v—q lu s s
=N = (o 0 el —qel 06 v V)

= At ()€Y,

13



In a similar way, for i = j = n — 1, we find

-1

[s+1] gD — p\lsb w—q v, D_ 2 07U (1) el g o0
[FE ST = ()( — 4o eq qv_q2u€2 e e

-1 -1
¢ 'qg-q") ¢ -1 e eV
— )\l .
w (0) g 2v/u—1 wufv 1€ @

s v = 71“ s s
ML L2 (Do e - g 06 o)
= A ().

Lastly, when ¢ = 7 < n — 1 we obtain [3’{[5“1]% . é(_sﬂ) = 5(_s+1). Then, using the arguments

similar to those in the symplectic case yields the wanted result. O]

4.2. Transfer matrices, Bethe vectors and Bethe equations
Recall the notion of level-k monodromy matrices, viz. Definition 4.1.

Definition 4.4. We define level-0 transfer matriz by
7(v) i= try Ty(v) = trg AV (v) + tr, DY (v). (4.20)
For all1 <k <n—1 we define level-k transfer matrices by
70 (0; w40 1= tr, A®) (1 90 0-4=D)

and
7f:(k) (U; u(O...k71)> = tr,, D((zk) (U; u(O...kfl)).

Next, for each level of nesting, 0 < k < n—1, we introduce mg-magnon creation operators.

Definition 4.5. We define level-0 creation operator by

B, (ul” Hﬁ (4.21)
where
Barar (") = Y 7 (0”@ ) @ € End(L?) @ V)t @ V"L (4.22)

For all1 <k <n—1 we define level-k creation operators by
B () w0+ HB(k+1 uM; 4 0-F-10)) (4.23)

where

e

n—

Bi’;ﬂ)(ugk); w0k = [Agz)( l(k); u(o...k—1))]

@ e* D ¢ B d(L! )®Vk+l

1145 @€

1

.
Il

(4.24)

14



Recall the notion of nested vacuum vector n\", viz. (4.10). The level-(n —1) nested
vacuum vector is our reference state for constructing the (off-shell) Bethe vectors.

Definition 4.6. For all1 < k < n — 1 we define level-k Bethe vectors by
®ék)(u(k’n—l), 0 k— 1 . H% 0 g— 1)) 77(719 1) (425)

The level-0 Bethe vector is defined by

(I)éo)(u(o...nfl)) — %(O) (u(O)) (I)él)(u(l...nfl); ’U,(O)). (426)

a0,0

Note that vector @ék)(u(k'“”_l); (%%~} is an element of the level-k quantum space L®*)
and has u(®*=Y and ¢ as its free parameters.

For 0 < k <n-1set &, ., = Gy XX &, ,. Forany oV € &, with
k <1 <n—1 define an action of S,,, , , on @ék) (k=1 qqO0-k=1)) Ty

-1

n— k..n—1 I n— ! ! !
o gkl oy ui_() ) = (u®, .. ((7()”, umDY u((f()l) = (ug()l)(l), . ,u((le)(ml)).

For further convenience we set O' ) e S, to be the j-cycle such that

l l l l l
u(()l) = (u§)7u§—&)-17 te 7u£fz)l7ug)> s 7“5‘21)'

We will also make use of the notation

! ! ! !
U(<)z) N = (v, ug}rl,...,uﬁfl)l,ug),...,u() ).

Lemma 4.7. Bethe vector ® (u®-n=1; 40--k=1Y s invariant under the action of Sy, ..

Proof. This follows using standard arguments, the fact that R-matrices act on 77 " by 1,
and relations

0 0 0 0)y [ (1,1 0) (0) \\—1 (L1 0 (0
Ba 0 O(UE )>6&g+1a?+1<uz(’+)l> = 5agag(ug+)1)5 Z+1a2+1( z( )) (Rgoag (Uz( )7uz(+)1)) Réoag (UE )7Uz(+)1)

7 1+1 7 1+1
and
B(g;ﬂ)(ugk); (U 1))Bc(bk:)(uz(i)15 u([)...k—l))
k k k k k+1.k k k
EB(E;_I)( §+)1,u(0 K- 1))B£§;1)(u§ );u(o k— 1))R£zl:zl+l+l)(u§ )7u§+)1)

which follow from (3.11) and (3.15); here = denotes equality of operators in the space
L®), O

15



Theorem 4.8. Bethe vector @él)(u(l“'"*l);u(o)) is an eigenvector of TM (v;u®) with the

ergenvalue
—1
1 (1..n—1)., (0 qu —4q u; (i)
AD (v; gt 40y = | Ry 11)\1 (v)
n—2 Mg_1 q,lv_qu(k qu—q~ u 0
T Z H v — uFD H H Ay (v)
k=2 i=1 i z i=1
R e T = Ll ¢ v—a"u” 1 0
+ : A (v)
e TR\ - TR ) H v —ul E '
mo  o_¢ 240, () Mn-1 1 (n—
g "v—gq g v—qu (i)
+1] — o H A9 (v) (4.27)
i=1 i i=1 i ‘
and an eigenvector of TV (v; u®) with the eigenvalue
. mi v — q2nu(1) ¢ i)
AW (p; w0 Oy = TT ———= [ A5 (v)
E qv — > 'uf” 11 i
n—2Mk—1 qu — g2y ( 1 me G222y ( ¢
+Z H 22kt 2y (k’ 1) H 2k—2k+1y, (k HA?” e (0
k=2 i=1 =1 q q ’L
qv—q (—2)mn—1v_q g(nl moq v—qu 4 ’
+ H i 29u -2) H qu — > zeu" 1) H “1(0 HA"”

1-20,,(n=1) mo 244", ¢

+ H =l | H)‘S—)H (4.28)

g2 (n—1)
U; i=1 U=

provided
Re(sk) AV (;utm DOy =0 for 1<k<n-—1,1<j<my. (4.29)

VU
J

Proof. Step 1. ® (w1 u®) is an eigenvector of V) (v, w®). This is a standard result
(see e.g. [BeRa08]), hence we give an outline of the proof only. We rewrite the exchange

relations (3.13) and (3.14) as

-1
k+1), (k qu —q "uy; k+1), (k
OB W) =T By ) e M)

a

i v — U
(k) -1, (k)
U/Ui quw —q U, (k+1) (k)
- w1, Do (0)e (W),

AL B @) = B ) AR ) Bt (0,0l
B v/ui(k) Res. B (1) ABFD (1) REFF (4 P),

v — Ui w—ru;
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Then, using the usual symmetry arguments for the Bethe vector, viz. Lemma 4.7, we obtain

0 rpav—a'u” )
— B (u(l); u(O)) —Z@(l)(v; u(O)) + 7@ (v; u(O,l)) Dy (u(2---n71); u(0,1)>

“ i=1 /U_uz('l)
— U/U('l) 1, (1
- 5 Bl f,<)1> el 05“(%
=1V 7Y ’
R “ Clw—qfluz(-l) () (s - (0) 2) (0. 0, (01) PP (42-n=1). 4, (01)
| e ) Lo

Proceeding in the same way and using Lemma 4.3 we find
70 (p;u©) @él)(u(l---n—l); u©@) = AD (p; 77D 40y @(gl)(u(l---n—l); u©)

provided (4.29) holds, as required.

Step 2. (I)él)(u(l'“"_l); u®) is an eigenvector of T (v, u®). It follows from Lemma 4.2 that
transfer matrices 7V (v; u®) and 7O (v; u(®) form a family of commutative operators in
the space L), They can thus be diagonalized simultaneously. Assuming (4.29) holds, it is
sufficient to focus on the wanted terms in the exchange relations. In particular, it follows
from (4.8) that

_ k
2K 2k+2u2( )

d® () BED () = L1 — B () ¥ () + UWT,
a; qu — q2H—2+1u( ) T aj

i

D[(lk:—&-l)(v) B(gﬁ—i-l)(ugk)) _ B(2+1)(u§k)>R(k+1) (v, q2n—2k+2u§k))DC(Lk+1)(U) L UWT,

-1
i i q -,aa;

where UWT denotes the unwanted terms. The eigenvalue (4.28) now follows by Lemma 4.3
and the standard arguments. O

The Theorem below is our first main result.

Theorem 4.9. Bethe vector @éo)(u(o"'"*l)) is an eigenvector of T(v) with eigenvalue

A(U; u(O...nfl)) — A(l)(v; u(l...nfl); u(O)) + K(l)(v; u(l...nfl); u(O)) (430>
provided
Reso) Aw; )y =0 for 1 <j<my, and (4.31)
v—)uj
Re(s}.w AW (v;u(l'”"’l);u(o)) =0 for1<j<my, 1<k<n-—1 (4.32)
U*)’ll,j

Proof. Using (2.8) and (2.11)—(2.13), we deduce R%l)(u, v) = Rl(zl_’})lz(v,u) and

(Kg’l)(u, )t = KS’I)(U, ¢*u) = Kq(f’ll) (u, ¢ *v).

12
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These relations allow us to rewrite (3.6) and (3.7) as

AF(0)B5 (u) = R, (v,0) B () AT (0) K13 (v, ¢*u)

-112

Res RV, (w, ) B (0) Af (u) K1y (w, ¢2u),

g1
V— U w—u 12

D (0) B (u) = K1, (v, ¢ %u) By (u) Df (v) Ry (v, )

-112

Res K\, (w, ¢~ *u) B (v) Dy (u) Ry (w, ).

vV — U w—u

Then, using (2.11), (4.22) and replacing the A and D operators with their images in
End (L"), we obtain

AL (0) Basas (0”) = Banap (™) Ky (v, 0, ) AD () K35 (0, 6w
o Bagap (0) Res KD (w0 AP () K5 (w, '),

v — Ui wW—U

i

DV () Bagas (u”) = Bavar (u”) Ry’ (v, > u”) DO (0) Ry (v, i)

l a aa;
1

——57 Bavas (v) Res U (w,q7u”) D (0) R (w, ).
v—u; T wsd® T :
The relations above together with Lemma 4.7 and the standard symmetry arguments imply
that

r(0) @y (u®")
= (u®) (T(l)(v; u©@) + 7D (g u(@)) q)él)(u(lmn—l); u©)

0.0
-1 © [, (©)
- Z (0) ‘%aé,o<u0<_o> u(-o)—)v>
j=1 UV —U; i v
x Re(so) (T(l)(w, U(O(Z») +7U )(wé U((ﬁ)o))) ‘I)él)(u(l"'nfl); u(o(z))).
w—mj ] K O'j

Theorem (4.8) allows us to replace 71 (w; u(o(z))) and ?(1)(w;ui%)) with their eigenvalues,

provided (4.32) holds, giving
7(v) @é(]) (u(O..‘nfl))

0,0
mo
1 0) (4,
S el )
(0) “°g0,0 © ,©
=1 V7Y
% Re(SO) A(UJ u(% u(l...n—l))q)él)(u(l...n 1). u( (2)))_
w—u; 7 75

J

Noting that, from its definition and the exact forms of the A and AM, we have that
A(w; u((z)o),u(l"'"*l)) = A(w; u®"=1)). Therefore, (4.31) implies that each term in the sum

on the second line individually vanishes, and we are left with the desired result. O]
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Remark 4.10 (i). The equations (4.32) are Bethe equations for a U,(gl,)-symmetric spin
chain, with an additional factor when 7 = n — 1 due to level-0 excitations. For convenience,

set u(n) = u( and m,, := mg. Then the explicit form of the equations (4.32) and (4.31) in
the symplectlc case is
ﬁ )\gi)(ug-l)) _ ﬁ g u( ) _ qu(l) ﬁ qu( ) q_1u§2) (.33
o A () g s E- b e |
i#j
ﬁ )\](j) (u§k)) _ M1 u(k) -1 H q 1u k) _ CIUZ( "ﬁl qugk) q—lul(kﬂ) 4.34)
i=1 Az(gill(ug-k)) i=1 qflujk - 1k Y z 1 qu q! Ek) u (kH) ’ '
ﬁ ASll(ugn_l)) M2 u§n—1) _ul(n 2) M- q71u§n n En D mn 2,,(0m1) 2, (0)
i=1 )‘g)(ug‘nil)) i=1 qflug'nil) _qugnfz) ;7&1 qu(n Y —q En Y i=1 ug‘nil) _uz(n) ’
’ (4.35)
ﬁ A9 (ugn)) _ M1 ugn) _ uz(nfl) ﬁ g2 ugn) _ q2u§n) (4.36)
L0 @)~ 2l — gD = ¢?ul™ — g2ul '

for 2 < k <n —2 and all allowed j, and weights given by (3.19).
(ii). In the orthogonal case, the Bethe equations for k = 1,...,n — 3 are identical to the
symplectic case. For k = n — 2 and n — 1, the equations are replaced by, respectively,

ﬁ )\S)_Q 51172)) B mﬁ3 u§n72) . ul('nfS) mln_Iz q_1u§n72) . quz('an)
% n—2) o n—2 n—3 n—2 n—2
FAD () @) - qu 1 qul"™? — g ("
7]
mp—1 _ (n—2) —1,,(n=1) mp _ (n—2) -1,,(n)
qu; —q qu; —q "y
% WD _ D) 11 LD (4:37)
=1 j i i=1 j i
Y4 % n—1 My — n—1 n—2 My — _ n— n—1
R e b = TS
o A ) Y — qu il qu"™V — g "
i#]

for all allowed j. For the level-O0 Bethe equations, however, the eigenvalue contains four
poles at each Bethe root, rather than two. Through use of the identity (see Remark 6.6 in
[GRW20]),

/\n+2(u) . /\n+1(u>

An () An1(u)’

the resulting expression may be factorised to give the following Bethe equations, for 1 < 7 <
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Observe that setting the first factor to zero is exactly equivalent to (4.38), the level-(n — 1)
set of equations, noting that the sign discrepancy is due to the product in (4.38) excluding
the © = j index. This factorisation is due to an automorphism of the Dynkin diagram of
type D,,, which exchanges the two branching nodes. This symmetry of Dynkin diagram is
broken by our nesting procedure, and so we obtained only a single set of Bethe equations
for the level-(n — 1) Bethe roots. Extending this to the level-0, we set the right-hand factor
above to zero to give the level-0 Bethe equations

/ )\51111 gn) ) Mp—2 ugn) . uz(n—2) mn q_lu(n) . qugn)
H SO H 0! (n—2) H n) _ 1 () (4.40)
i1 An( Uy ,Ci) i=1 4 U = qUyy 1qu; " —q Yy

3#]
for all allowed j.
(iii). Rather than taking (4.31) and (4.32) separately, we could instead attempt to recover

the Bethe equations from the condition Re(sk) A(v; u®m=1) = 0 for all Bethe roots u§k),

VU
J

0 <k <n-—1. As one might expect, this turns out to be directly equivalent to (4.32) for
1 <k <n—2, however, in the k = n — 1 case we obtain a factorisation identical to (4.39),

My — n— n—2) Mp— n—1 _ n— 7 n—1
AT s P S
n—1) (n—2) (n 1) (n 1) ] (n—l))

i=1 § Y i=1 4 —quy i=1 Asll(uj

qu(n n q 'LLEn) Mp_2 q_lu('nfl) B qul('an) ¢ )\n+1< (nfl))

x <H n-1) _ () H (5—1) ) +H NG Zn—l) > =0

j— j qu; = =1 Uy u; i=1 M—1\U; )
for 1 < j < m,_1. This again reflects the fact that the symmetry of the Dynkin diagram
of type D,, is unbroken at level-0. One might expect that a nesting procedure of the type
employed in [MaRa97] for rational closed spin chains and in [Gom18] for rational open spin
chains, in which the chain of symmetry subalgebras is D,, D D,_1 D --- D Dy, would
preserve this symmetry of the Dynkin diagram at all levels of nesting.

Remark 4.11. For n = 2, the Bethe equations (4.38) and (4.40) decouple into two sets of
Bethe equations for U,(sly)-symmetric spin chains, and can be solved separately. This is
consistent with the isomorphism so4 = sly & sly. Similarly, for n = 3, the isomorphism
506 = sly is borne out in the Bethe equations (4.37), (4.38) and (4.40).

Remark 4.12. Let a;; denote the matrix entries of a connected Dynkin diagram of type C,
or D, and let I denote the set of its nodes. Then put d; = ... = d,, = 1 except d,, = 2 for
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C,,. Upon substituting ugk) — qdkz( where d; = Zle d; except d, = Z;:ll d; for D,,, and

)
taking into account (3.18) and (3 19), Bethe equations above can be written as

I a z
i=1 )\kﬂ(qdkzj(' )) lel i=1 qd’“a’“lzg(‘ : z()

for 1 <k < n and all allowed j.

4.8. A nearest-neighbour interaction Hamiltonian

In the case where L(A®),, = C", so that L = (C")®’ and the Lax operators are given
simply by the R-matrix (2.4), a nearest neighbour spin chain Hamiltonian may be extracted
from the transfer matrix by taking the logarithmic derivative at a particular value of v.
Indeed, set ¢; =1 for 1 <7 < ¢ and define an adjusted transfer matrix by

o) = (ql_—qﬁl)i@),

with the property that at v = 1 it becomes the shift operator,
t(1) =tro PaPaz-  Pao = Pr_14Proy_1- - Pra.

A nearest-neighbour interaction Hamiltonian is then

/-1
= (t(l)_l) t/(l) = Z hi,i—i—l + hé,l;
=1

where the interaction between adjacent sites h € End(C" @ C™) is given by
PR PQ
(il + 2K : :
q—q g —1

d

hi=1-—

4.4. Trace formula for Bethe vectors

Introduce matrices f € End(C*) by fi = ¢ 'enion — @eni1n1 and f_ = —qeui1n-
Then define a transposition w on End(C**) by w : €;; — 6,4 " e where 1 = 2n — i + 1 and
7=2n— 7+ 1. The Theorem below is our second main result.

Theorem 4.13. The level-0 Bethe vector can be written as

n—1 mgr m
CID((,O)(U(O"‘” 1 = tryp [(HﬁﬁR _ 0 k q u(O)))

k=1 1i=1 j=1
m n—1 mg m

(T ) (T g0 )
i=1 k=1 i=1 j=1

x (ﬂ HTafwﬁ’”)) (ﬂ I 1T Ra§a§<ugk>,uy>>>

k=1 i=1 k=2 I=1 i=1 j=m,
X (fo)®™ ® (e21)*™ ® -+ ® (en,n1)®m”‘1] -, (4.41)
where the trace is taken over the space W = Wao @ « - @ Wan-1 & (C?1)20motdmu—1),
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Proof. Recall the trace formula for the Bethe vectors of a U,(gl,,)-symmetric spin chain given

in Section 5.2 of [BeRa08]. This result implies the following formula for the level-1 Bethe
vector:

n—1 my
(I)él)(u(l...nfl); ’U,(O) = tr—(l) [(H H al ao 0 (0)>>

k=1 i=1

(ﬁﬁﬁna@k70

k=2 l=1 i=1 j=m,

Cnn—1

1 m 1 My — 1
X(Ggl))@) 1®__,®(() )® 1]_77()

where the trace is taken over the space W = Wl ...owl, o (Cr)@mttma—1),
ay
From (4.4), this is equal to

Mp—1
n—1 m 1
(I)l(gl)<u(1...nfl);u(0)) _ trWu) [(H ﬁ H Ki;§£<ugk)’q29u§0))>

n—1 mg mo

(T )
n—1 myg n—1k—1 my

(i) (R T )

k=1 i=1 k=2 =1 i=1 j=m,

D am 1 —_— 1
X(egl))(@ 1®...®(() 1)® 1]'77(—62’

We now introduce the level-0 creation operators in order to arrive at an expression for the
level-0 Bethe vector, as given in Definition 4.6,

n—1 mg 1
n 3 k
WWN"”—H04<H6 m)@jﬂ[1@§mﬁf%%)

k=1 i=1 j=mq

(T o) (T 20

k=1 i=1 j=1 k=1i=1

n—1k—1m 1
< (TLITIT T

l
k=2 I=1 i=1 j=m, !

m 1 Mp_ 1
X (5™ @@ (el _))® ] .

The next step is to rewrite the above expression in terms of the matrix B(u), cf. (3.5), rather
than the creation operator $(u). Consider the following in expression, in which a matrix
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operator X acts non-trivially on the space a° and trivially on the space a°, and vice versa for
the matrix operator Y, and both operators act non-trivially on any number of other spaces,

Bavan (1) Xao Yoo (e)ao @ (ef a0 = > (€87 )a0 @ (") a0 @by (w) - Xao Yoo - (e )ao ® (€)oo
7]

Contracting matrices gives
Z ¢ by () [X]je[Y]a = Z ¢’ [Bw(u)L—i [XTje[Y Ji
= Zq_k (B (u)] ,[X“I[Y ]
- Zq-k X5y (B ()] Y

HX© B2 (u) Y]y = ¢ tr [X¥ B2 (u) Yel].
We have thus arrived at the identity
Bavao () Xao Yoo - (e} )ao @ (e )oo = ¢ 7" tr [X¥ B(w) Ve ].

Now recall (4.9). Hence we need to consider the cases when (k,1) = (1,1),(1,2),(2,1),
or equivalently (I,k) = (1,n),(2,n),(1,n — 1). Bearing this in mind we define matrices
f(,(l) € End(C") by fﬁl) = —qef,)1 and ff) = q_leg,)z — qef%_l. This allows us to write the
level-0 Bethe vector as follows:

@é@(u(o...nq))

[(ﬁﬁn KD 0, g2 §_O>))%O

k=11i=1 j=myo
n—1 mg mg
(HBW 1(0 )(HHHK%;(“W’“EO)O
TTTT 40, ool e
X Al(z))< Rl’l(i,-)>
<’gg 10 J U e

X (09" f3 ) @ (ear) )T @ - @ (en >m] X

[(HHHR D ,q20u<°>>)

k=1 1i=1 j=1
n—1 mg m
=1 k=1 i=1 j=1

n—1 mg n—1k—1 my 1
(HHA o ) (T Rza’;zwuy”)
k=1 i=1 k=2 =1 i=1 j=m;

X (fiD)Em @ (ef)F™M @ @ <e£%zl>®mn1] 1. (4.42)
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It remains to show that the form of the Bethe vector given in (4.41) reduces to to above
form, by considering the decomposition C** = C? @ C" as in (2.9), and tracing out all the
C? spaces. Making explicit this decomposition, the formula (4.41) becomes

n—1 mr mg
(I)éo)(u(o...n 1 = tryy [(HHHR s O ( 7qzou(o)))

k=11=1 j=1
mo 0 n—1 mgr mgo N 0
. (HT:gmg >>) (H TTTT Rt 720 >>)
i=1 k=1 1i=1 j=1

(TOLT ) ) (TETTT TL )

k=1i=1 k=2 1=1 i=1 j=my
X (291 ® fe(l))®m0 ® (r11 ® eé?)@ml Q- @ (1 ® 67(11,21_1)®mn_1] .
(4.43)
Recall (2.10) and note that

R(u,v) 211 ® x11 = RYV (u,v) 211 @ 21,
R(u,v) 11 ® 191 = A (u,v) T91 ® 211 + KO (U V) x1y ® Ta1.

Next, recall (2.2) and note that
Upej—Vi=j—0 —(—n+i—-14+¢)=5—i+n—190

for all 1 < 4,7 < n. This implies the following relationship between the transposition w on
End(C?") and its counterpart on End(C"):

[Tw(u)}ierj = eqi_j_n+etn—j+l,2n—i+1 (u) = eqa—n [Bw(uﬂ”

Hence, the action of T'(u) and T%(u) on x1; and o takes the form

T(u)xyy = A(u)x11 + C(u) 291,
T%(u) w91 = 0¢° "B (u) 21y + A (u) 21

The identities above imply that the numbers of z1;’s and z;’s inside the trace in (4.43) are
conserved individually under the action R-matrices. Therefore, the only possibility for the
partial trace over the C? spaces to be nonzero is if the action of the T;f)(uz(»o)) maps (221)q0

to (211)q0. That is, each T“( (0)) acts as qe_”GBw (u (0)) Since each (z21),0 must be acted

l

on by T (u; ul )) the R-matrices to the right of the Tw( (© )) s must not permute the (.Tgl)

with the (z11)q+ for & > 1. That is, the R o( u; ),q_2“ ;0)) each act as K(k 3( (k),ug- )) in

order for the trace to be non-zero. Finally, all other R-matrices in (4.43) act on suitable pairs
711 ® 11 only, and may simply be replaced with R (u, v), for appropriate u, v. This proves
that taking the partial trace over the C? spaces in (4.43) we arrive at (4.42), as required. [J
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Below we provide two examples of level-0 Bethe vectors obtained using (4.43). We will
assume that m; = 0 for 0 < ¢ < n — 1 if not stated otherwise. We also use the notation

Pr = 014 (@ —q7").
Ezample 4.14 (Symplectic case). For n > 1 and mg = m > 1 we have
(I)(—O) (ugmv e 7u£2)) =q "lpnt (ugm) T tn,n+1(u£2)) 1.

Forn > 2 and mg=m; =1 with 1 <k <n — 1 we have

k _ k
o0 ul) = ¢ [tn,nH(uSO’)tk,mi )

(0)
PrU 0 0 k
+ P (e (1) + to () tan ) |
Uy —Ug

Forn > 2 and mg =2, m; =1 with 1 <k <n — 1 we have

0 0 0 k _ 0 0 k
o2 (u” ul ) = ¢ [tn,w(uﬁ Nt (W) g (ul?)

_u (0 oy, qut” —qtup” ©
+ Pk u(k) o u(o) tn,n-‘rl(ul ) tn—l,n-‘rl (U2 ) + ) B ugo) tn7n+2<u2 )

1 2 Uy
k _ k _
n ugo) qu§ ) - q 1u§°)t . +1(U(O)) i q2u§ ) q QUgO) " +2(u(0))
n—1,n 1 n,n 1
ugk) B ugo) u(lk) . U;O) ugk) . ugo)

x tn,n+1<uéo>)) tk+1,k+1<u§k>>] .

Ezample 4.15 (Orthogonal case). For n > 1 and my = m > 1 we have
0)/, (0 - 0 0
oV u®) = T (07t (0”) = turawl)) -
k=1

Forn > 2 and mg=m; =1 with 1 <k <n —1 we have

6k,n71 (k) — 76k,n71 (0)
Q" uf) = [q L

- 0 0 k
2 0 (q 2tn71,n+1<u§>)—tn,n+2(u§>)) tr (uf”)
¢*(uy” —uy )

(0)
Pk+1u _ k
+ (k)+ 1(0) (q g (uf”) - qtn,n+3(ugo)>> g (04 ))] 1)
Uy " — Uy

For n > 4 and mg =2, m;, = 1 with 1 <k <n — 3 we have
0), (0) (0) (k - 0 0
(I)i)(ug )7ug )’ ug )) = (q 2tn—l,n-i-l(ug )) - tn7n+2(ug ))>

_ k
% (a7t 101(0”) = tunsa (@) ) tria () - .

The K = n — 2 and kK = n — 1 cases have long tails, hence we have not written them out
explicitly.
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Appendix A. The semi-classical limit

In order to retrieve the results of [Res85] and [DVKS87], we investigate the semi-classical
q — 1 limit, or equivalently the A — 0 limit. The limit must be taken in a particular way, as
the spectral parameters have a hidden ¢ dependence. Setting u = €*", v = €?¥" and ¢ = "
and expanding in powers of i, we recover the Zamolodchikov R-matrix [ZaZa78, KuSk82],

P Q
qul, qu))Q.—']Z_leij@)e”, R(u, ’U)E))R(w y) = I_x—y_ﬁ—(x—y)'

The reduced R-matrices become the Yang R-matrices,

R(k,l)<u U) . R(k’l)(.’r B y) kD) _ Pkl
" 0 ' r—y

The eigenvalues given in Theorem 4.8 in the limit become
mi (1) + 1
A(l)(y; g :13(0)) - H H )\
=1 Z;

n—2 mMg—1

—:1: k=1) —:U 1 i
+2Hy _ kl) Hy + H)\z(f)(y)

k=2 i=1 z i=1
mMnp—2 mn 1 ]_) / V4
y—x +1 Yy — +0 ()
+ H (n 2) H H (0) H)‘n—1<y>
=1 YT i=1
Mn—1
y—x y—x —|—2 o' ()
i=1 Y~
and
mi
A (y; 020y = [T -2 il N (y
Hy— —rk+1 H
n—2 Mg_1 (k—1) mg l
Yy — T, —k+k y—x —Ii-i-l{? 1 (i)

+ : Aon—n+1(Y)
;Ey—@f’“ k+k—-1;._7 y— i —Kk+k E anoherd
mn72y_$§n2+9_1mnf y_l.gn 1)+9_1m0y_x£0)_0, V4 @

+ H (n—2) H (n—1) (0) )‘n+2(y>
i=1 Y — Ly +0-2 5 y—u +60 -2 Y- i=1
Mn—1 (n 1) mo ()

y—x +0 y—x;, —2+4+80 ()
+ nl : >\n 1( )
gy—x( 1)+9—12-11 y—x(o) E "
where the rational weights are given by
(
y_bi_sz .
f 7=1
y—b b ’
A (@) — AP () == {1 if 1<j<2n, (A.1)
h—0 b +1
A if j=2n
y—b—rk+1-s
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in the symmetric case, i.e. when gs, = 504,, and by

(y—b; — 1

y—h— > if 1<j<s,
y— b

)\gl)(v)—>)\§l)(y) =<1 if s <j<2n—s+1, (A.2)
h—0 b i

—0; — S; . .
Y i if 2n—s5;,+1<j5<2n

Yy —b;—Kk+s—1

in the skewsymmetric case, i.e. when go, = sp,,,; here b; = %log ¢; € C are the inhomo-
geneities.

The Bethe equations may be obtained in the same way. Denoting xgn) = x§0) and
my, := my their explicit form is, in the symplectic case,

ﬁ )\gi) (.:1:5-1)) B ﬁ :Eg.l) — :1:1(1) -1 ﬁ a:;l) - x§2) +1
i 1)y 1 1 1 2 )
i=1 /\g)(x§~)) i's':él‘ Iﬁ)—l‘f‘hrlm 965)—1’1()
i#]
ﬁ )\](;) (:lj(k)) mE—1 x(k) x(kfl) mg SU(»k) B x(k) 1 nﬁl (k) SC('kJrl) 11
J _ J ? 7 ) 7
i k) k k—1 k k k k+1 ’
A (@) 2l — )—11;;1, R Wt G S
7]
ﬁ )\(z) 1( (n—l)) mln_Iz (n=1) __(n=2) mﬁ1 x(n—l) . m(n—l) 1 ﬁ x(n—l) _ n) +9
n— J o J T J 7 K3
7 n—1 n—1 n—2 n—1 n—1 n—1 n )
TG T T 1 T
ﬁ )\gf)(:v;n)) _ mﬁl x(") Z(n—l) mp x§n) - wl(n) _9
i=1 Affll(l“g-n)) i=1 fcgn) — a2 z‘;l xﬁn) - %(n) +2
i7#g

for 2 <k <n—2 and all allowed j, and weights given by (A.2). In the orthogonal case, the
Bethe equations for k = 1,...,n—3 are identical to the symplectic case; for k =n—2,n—1,n

they are, respectively,

ﬁ /\1(11‘)_2(1571—2)) Mp_3 xgn—Q) Iin_?)) mﬁz §n—2) . xl(n—Q) 1
i n—2) n—2 n—3 n—2 n—2
i=1 )‘51—1(375' )) i=1 5’75 e i=1 § ) 5’75 )+1
7]
mp-1  (n—2) (n—1) mn _(n—2) (n)
" H ; x +1 H ; -z, +1
(n=2) _ .(n—1) (n—2) (n) 7
=1 7 % =1 7
ﬁ )\ni)_l(a:g‘nfl)) mﬁg gnfl) _ xgan) mﬁl §nfl) . xz(nfl) 1
n—1 n—1 n—2 n—1 n—1
i=1 )‘gz)(l’ﬁ )) i=1 $§ : 2 i=1 § ) xf ) +1
i#£]
J4 % n M — n n—2 Mn n n
H A,gll(x§ )) _ H2 x§ ) xi ) Hx§ ) xﬁ ) 1
7 n n n—2 n n
i=1 )\;)H(xg )) i=1 555')_955 )_11‘;1 x§)—$§ )+1
i#]
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for all allowed j, and weights given by (A.1). Substituting xg-k) — w — dk with dk and
assuming restrictions on n as in Remark 4.12; the Bethe equations for both symplectic and
orthogonal cases take the form

¢ )\](:)(w(k) w® _ O

1 ]m i

w®
)\(Z (w; w - w(
k+1 lel i€l i

for 1 < k <n and all allowed j.
Finally, the trace formula for level-0 Bethe vector (4.43) takes the form

n—1 mg m
<I>(O)(:I:(O'“” 1) = tryy [(H ﬁﬁR k ;J k x§-0) — 0))

k=1 1i=1 j=1

m n—1 mr m
x (H T WEO))) < 11 H 11 Ry (2 — 2 + KJ))
=1

nol ¥ 1:—111:—11 my, 1
" ( [11] T“f<x§k))) ( IIIIII I Reta (a? — xg”))
k=1i=1 k=2 =1 i=1 j—m,

% <f0)®m0 ® (621)®m1 KRR (en,n1)®mn_1] -,

dk Al

+ sdpag

1)

where the trace is taken over the space W = Wy @ --- @ Wopt = (C2n)@(mottma—1)

and fy € End(C*") is defined for orthogonal and symplectic cases respectively by fi =
€nt1n—1 — €ntan ad f_q = €,41,, and T,(x)’s are defined via the rational fusion procedure
analogous to that in Section 3.2 (see [IMO12] and Section 3.1 in [GeRe20]) and ¢ is the
transposition defined by ¢ : e;; — ej.

[BMF12] H. M. Babujian, A. Foerster, M. Karowski, O(N)-matriz difference equations and
a nested Bethe ansatz, J. Phys. A 45 (2012) 055207, arXiv:1204.3479.

[BMF16] H. M. Babujian, A. Foerster, M. Karowski, Bethe Ansatz and exact form factors
of the O(N) Gross Neveu-model, JHEP 02 (2016) 042, arXiv:1510.08784.

[BeRa08] S. Belliard and E. Ragoucy, Nested Bethe ansatz for ‘all’ closed spin chains, J.
Phys. A 41 (2008) 295202, arXiv:0804.2822.

[DVKS87] H.J. De Vega, M. Karowski, Ezact Bethe ansatz solution of O(2N) symmetric
theories, Nuc. Phys. B 280 (1987) 225-254.

[GeRe20] A. Gerrard, V. Regelskis, Nested algebraic Bethe ansatz for orthogonal and sym-
plectic open spin chains, Nuc. Phys. B 952 (2020) 114909, arXiv:1909.12123.

[Gom18] T. Gombor, Nonstandard Bethe Ansatz equations for open O(N) spin chains, Nucl.
Phys. B 935 (2018) 310-343, arXiv:1712.03753.

[GRW20] N. Guay, V. Regelskis, C. Wendlandt, R-matriz presentation of orthogonal and
symplectic quantum loop algebras and their representations, in preparation.

28



[KuSu95] A. Kuniba, J. Suzuki, Analytic Bethe Ansatz for Fundamental Representations of
Yangians, Comm. Math. Phys. 173 (1995) 225-264, arXiv:hep-th/9406180.

[IMO12] A. P. Isaev, A. I. Molev, O. V. Ogievetsky, A new fusion procedure for the
Brauer algebra and evaluation homomorphisms, IMRN 11 (2012), 2571-2606,
arXiv:1101.1336.

[IMO14] A. P. Isaev, A. I. Molev, O. V. Ogievetsky, Idempotents for Birman-Murakami-
Wenzl algebras and reflection equation, Adv. Theor. Math. Phys. 18, no. 1 (2014),
1-25. arXiv:1111.2502.

[Ji86] M. Jimbo, Quantum R matriz for the generalized Toda system, Comm. Math. Phys.
102 (1986), no. 4, 537-547.

[KuSk82] P. P. Kulish, E. K. Sklyanin, Solutions of the Yang-Baxter equation, J. Sov. Math.
19 (1982) 1596-1620.

[MaRa97] M. J. Martins, P. B. Ramos, The Algebraic Bethe ansatz for rational braid-monoid
lattice models, Nucl. Phys. B 500 (1997) 579, arXiv:hep-th/9703023.

[PRS18] S. Pakuliak, E. Ragoucy, N. Slavnov, Nested Algebraic Bethe Ansatz in integrable
models: recent results, SciPost Phys. Lect. Notes 6 (2018), arXiv:1803.00103.

[Res85] N. Yu. Reshetikhin, Integrable models of quantum one-dimensional magnets with
O(n) and Sp(2k) symmetry, Teor. Math. Fiz. 63 (1985) 347.

[Res91] N. Yu. Reshetikhin, Algebraic Bethe ansatz for SO(N)-invariant transfer matrices,
J. Sov. Math. 54 (1991) 940.

[Res92] N. Yu. Reshetikhin, Jackson-type integrals, Bethe vectors, and solutions to a differ-
ence analog of the Knizhnik-Zamolodchikov system, Lett. Math. Phys. 26 (1992),
153-165.

[S1a07] N. A. Slavnov, The algebraic Bethe ansatz and quantum integrable systems, Russ.
Math. Surv. 62 (2007) 727.

[TaVa94| V. Tarasov, A. Varchenko, Jackson integral representations for solutions of the
Knizhnik—Zamolodchikov quantum equation, Leningrad Math. J. 6 (1994), 275-313,
arXiv:hep-th/9311040.

[TaVal3] V. Tarasov, A. Varchenko, Combinatorial Formulae for Nested Bethe Vectors,
SIGMA 9 (2013) 048, arXiv:math/0702277.

[ZaZaT78] Al. B. Zamolodchikov, Al. B. Zamolodchikov, Relativistic factorized S-matriz in
two dimensions having O(N) isotropic symmetry, Nucl. Phys. B 133 (1978), no. 3,
525-535.

29



	Introduction
	Preliminaries and definitions
	Lie algebras and matrix operators
	Quantum R-matrices

	Setting up symmetries and representations of the spin chain
	Quantum loop algebras Uq(Lg2n) and Uq(Lgln)
	Representations

	Algebraic Bethe ansatz
	Quantum spaces and monodromy matrices
	Transfer matrices, Bethe vectors and Bethe equations
	A nearest-neighbour interaction Hamiltonian
	Trace formula for Bethe vectors

	The semi-classical limit

