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❯♣♣❡r ❜♦✉♥❞s ♦♥ t❤❡ ❣r❛♣❤ ♠✐♥♦r t❤❡♦r❡♠

▼❛rt✐♥ ❑r♦♠❜❤♦❧③ ❛♥❞ ▼✐❝❤❛❡❧ ❘❛t❤❥❡♥

❆❜str❛❝t

▲♦✇❡r ❜♦✉♥❞s ♦♥ t❤❡ ♣r♦♦❢✲t❤❡♦r❡t✐❝ str❡♥❣t❤ ♦❢ t❤❡ ❣r❛♣❤ ♠✐♥♦r t❤❡♦r❡♠ ✇❡r❡

❢♦✉♥❞ ♦✈❡r ✸✵ ②❡❛rs ❛❣♦ ❜② ❬✹❪✱ ❜✉t ✉♣♣❡r ❜♦✉♥❞s ❤❛✈❡ ❛❧✇❛②s ❜❡❡♥ ❡❧✉s✐✈❡✳ ❲❡

♣r❡s❡♥t r❡❝❡♥t❧② ❢♦✉♥❞ ✉♣♣❡r ❜♦✉♥❞s ♦♥ t❤❡ ❣r❛♣❤ ♠✐♥♦r t❤❡♦r❡♠ ❛♥❞ ♦t❤❡r

t❤❡♦r❡♠s ❛♣♣❡❛r✐♥❣ ✐♥ t❤❡ ●r❛♣❤ ▼✐♥♦rs s❡r✐❡s✳ ❋✉rt❤❡r✱ ✇❡ ❣✐✈❡ s♦♠❡ ✐❞❡❛s

❛s t♦ ❤♦✇ t❤❡ ❧♦✇❡r ❜♦✉♥❞s ♦♥ s♦♠❡ ♦❢ t❤❡s❡ t❤❡♦r❡♠s ♠✐❣❤t ❜❡ ✐♠♣r♦✈❡❞✳

✶ ■♥tr♦❞✉❝t✐♦♥

●r❛♣❤ t❤❡♦r② s✉♣♣❧✐❡s ♠❛♥② ✇❡❧❧✲q✉❛s✐✲♦r❞❡r✐♥❣ t❤❡♦r❡♠s ❢♦r ♣r♦♦❢ t❤❡♦r② t♦ st✉❞②✳

❚❤❡ ❜❡st ❦♥♦✇♥ ♦❢ t❤❡s❡ ✐s ❑r✉s❦❛❧✬s t❤❡♦r❡♠✱ ✇❤✐❝❤ ❛s ❞✐s❝♦✈❡r❡❞ ✐♥❞❡♣❡♥❞❡♥t❧② ❜②

❬✶✸❪ ❛♥❞ ❋r✐❡❞♠❛♥ ✭♣✉❜❧✐s❤❡❞ ❜② ❬✶✹❪✮ ♣♦ss❡ss❡s ❛♥ ✉♥✉s✉❛❧❧② ❤✐❣❤ ♣r♦♦❢✲t❤❡♦r❡t✐❝

str❡♥❣t❤ t❤❛t ❧✐❡s ❛❜♦✈❡ t❤❛t ♦❢ ❆❚❘0✳ ❚❤✐s r❡s✉❧t ✇❛s t❤❡♥ ❡①t❡♥❞❡❞ ❜② ❋r✐❡❞♠❛♥ t♦

❡①t❡♥❞❡❞ ❑r✉s❦❛❧✬s t❤❡♦r❡♠✱ ❛ ❢♦r♠ ♦❢ ❑r✉s❦❛❧✬s t❤❡♦r❡♠ t❤❛t ✉s❡s ❧❛❜❡❧❧❡❞ tr❡❡s ❢♦r

✇❤✐❝❤ t❤❡ ❡♠❜❡❞❞✐♥❣ ❤❛s t♦ ♦❜❡② ❛ ❝❡rt❛✐♥ ❣❛♣✲❝♦♥❞✐t✐♦♥✱ ✇❤✐❝❤ ✇❛s s❤♦✇♥ t♦ ❤❛✈❡

♣r♦♦❢✲t❤❡♦r❡t✐❝ str❡♥❣t❤ ❥✉st ❛❜♦✈❡ ❡✈❡♥ t❤❡ t❤❡♦r② ♦❢ Π1
1✲❈❆0✱ t❤❡ str♦♥❣❡st ♦❢ t❤❡

✜✈❡ ♠❛✐♥ t❤❡♦r✐❡s ❝♦♥s✐❞❡r❡❞ ✐♥ t❤❡ r❡s❡❛r❝❤ ♣r♦❣r❛♠ ❦♥♦✇♥ ❛s r❡✈❡rs❡ ♠❛t❤❡♠❛t✐❝s✳

❘❡✈❡rs❡ ♠❛t❤❡♠❛t✐❝s ✭❘▼✮ str✐✈❡s t♦ ❝❧❛ss✐❢② t❤❡ str❡♥❣t❤ ♦❢ ♣❛rt✐❝✉❧❛r t❤❡♦r❡♠s✱ ♦r

❜♦❞✐❡s ♦❢ t❤❡♦r❡♠s✱ ♦❢ ✏♦r❞✐♥❛r②✑ ♠❛t❤❡♠❛t✐❝s ❜② ♠❡❛♥s ♦❢ ✐s♦❧❛t✐♥❣ t❤❡ ❡ss❡♥t✐❛❧ s❡t

❡①✐st❡♥❝❡ ♣r✐♥❝✐♣❧❡s ✉s❡❞ t♦ ♣r♦✈❡ t❤❡♠✱ ♠❛✐♥❧② ✐♥ t❤❡ ❢r❛♠❡✇♦r❦ ♦❢ s✉❜s②st❡♠s ♦❢

s❡❝♦♥❞ ♦r❞❡r ❛r✐t❤♠❡t✐❝✳ ❚❤❡ ♣r♦❣r❛♠ ✐s ♦❢t❡♥ s✉♠♠❛r✐③❡❞ ❜② s❛②✐♥❣ t❤❛t t❤❡r❡ ❛r❡

❥✉st ✜✈❡ s②st❡♠s✱ ❦♥♦✇♥ ❛s t❤❡ ✏❇✐❣ ❋✐✈❡✑✱ t❤❛t ❛r❡ s✉✣❝✐❡♥t ❢♦r t❤✐s ❝❧❛ss✐✜❝❛t✐♦♥✳

❚❤❡ ♣✐❝t✉r❡ ♦❢ ❘▼ t❤❛t ✇❡ ❝✉rr❡♥t❧② s❡❡✱ t❤♦✉❣❤✱ ✐s ♠♦r❡ ❝♦♠♣❧✐❝❛t❡❞✿

✶



✶✳ ❚❤♦s❡ ♣❛rts ♦❢ ♠❛t❤❡♠❛t✐❝s t❤❛t ❤❛✈❡ ❜❡❡♥ ❛♥❛❧②③❡❞ ✐♥ ❘▼✱ ❛r❡ ♠♦st❧② r❡s✉❧ts

❢r♦♠ t❤❡ ✶✾t❤ ❝❡♥t✉r② ❛♥❞ t❤❡ ❡❛r❧② ✷✵t❤ ❝❡♥t✉r② ✇✐t❤ r❛t❤❡r s❤♦rt ♣r♦♦❢s

✭✈❛r②✐♥❣ ❢r♦♠ ❤❛❧❢ ❛ ♣❛❣❡ t♦ ❛ ❢❡✇ ♣❛❣❡s ✐♥ ❧❡♥❣t❤✮✳ ❇② ❝♦♥tr❛st✱ ❡✳❣✳✱ t❤❡ ❧❛r❣❡

❡❞✐✜❝❡ ♦❢ ♠❛t❤❡♠❛t✐❝s t❤❛t ❲✐❧❡s✬ ♣r♦♦❢ ♦❢ ❋❡r♠❛t✬s ▲❛st ❚❤❡♦r❡♠ ✉t✐❧✐③❡s ❤❛s

♥♦t ❜❡❡♥ ❛♥❛❧②③❡❞ ✐♥ ❞❡t❛✐❧✳

✷✳ ❇② ♥♦✇ t❤❡r❡ ❛r❡ q✉✐t❡ ❛ ♥✉♠❜❡r ♦❢ t❤❡♦r❡♠s t❤❛t ❞♦ ♥♦t ✜t t❤❡ ♠♦❧❞ ♦❢ t❤❡

❇✐❣ ❋✐✈❡✳ ❋♦r ✐♥st❛♥❝❡✱ ❘❛♠s❡②✬s t❤❡♦r❡♠ ❢♦r ♣❛✐rs✱ ❑r✉s❦❛❧✬s t❤❡♦r❡♠ ❛♥❞

t❤❡ ❣r❛♣❤ ♠✐♥♦r t❤❡♦r❡♠ ❞♦ ♥♦t ❡q✉❛t❡ t♦ ❛♥② ♦❢ t❤❡♠✳ ❋♦r s❡✈❡r❛❧ ♦t❤❡rs✱

s✉❝❤ ❛s ❍✐♥❞♠❛♥✬s t❤❡♦r❡♠✱ t❤✐s ✐s st✐❧❧ ❛♥ ♦♣❡♥ q✉❡st✐♦♥✳

✸✳ ❚❤❡r❡ ❛r❡ ❛r❡❛s ♦❢ ♠❛t❤❡♠❛t✐❝s ✇❤❡r❡ ❝♦♠♣❧✐❝❛t❡❞ ❞♦✉❜❧❡✱ tr✐♣❧❡ ❛♥❞ ♠♦r❡

t✐♠❡s ♥❡st❡❞ tr❛♥s✜♥✐t❡ ✐♥❞✉❝t✐♦♥s ♣❧❛② ❛ ❝❡♥tr❛❧ r♦❧❡✳ ❙✉❝❤ ♣r♦♦❢ str❛t❡❣✐❡s

❛r❡ ♣❛rt✐❝✉❧❛r❧② ❢r❡q✉❡♥t ✐♥ s❡t t❤❡♦r② ✭❡✳❣✳ ✐♥ ✜♥❡ str✉❝t✉r❡ t❤❡♦r② ❛♥❞ ❝♦♠✲

❜✐♥❛t♦r✐❛❧ t❤❡♦r❡♠s ♣❡rt❛✐♥✐♥❣ t♦ L✮ ❛♥❞ ✐♥ ❤✐❣❤❡r ♣r♦♦❢ t❤❡♦r② ✭❡✳❣✳ ✐♥ t❤❡

s❡❝♦♥❞ ♣r❡❞✐❝❛t✐✈❡ ❝✉t ❡❧✐♠✐♥❛t✐♦♥ t❤❡♦r❡♠ ❛♥❞ t❤❡ ✐♠♣r❡❞✐❝❛t✐✈❡ ❝✉t ❡❧✐♠✐✲

♥❛t✐♦♥ ❛♥❞ ❝♦❧❧❛♣s✐♥❣ t❤❡♦r❡♠s✮✳ ❆s ❘▼ ✐s ✉s✉❛❧❧② ♣r❡s❡♥t❡❞✱ ♦♥❡ ♠✐❣❤t ❜❡

t❡♠♣t❡❞ t♦ ❝♦♥❝❧✉❞❡ t❤❛t s✉❝❤ tr❛♥s✜♥✐t❡ ♣r♦♦❢ ♠♦❞❡s ❛r❡ ❛❜s❡♥t ❢r♦♠ ♦r ❡✈❡♥

❛❧✐❡♥ t♦ ✏♦r❞✐♥❛r②✑ ♠❛t❤❡♠❛t✐❝s✳ ❍♦✇❡✈❡r✱ t❤❡② ❛r❡ ✉s❡❞ ✐♥ t❤❡ ♣r♦♦❢ ♦❢ t❤❡

❣r❛♣❤ ♠✐♥♦r t❤❡♦r❡♠✳ ❆r❡ t❤❡② r❡❛❧❧② ♥❡❝❡ss❛r② ❢♦r ✐ts ♣r♦♦❢❄

■♥ t❤✐s ♣❛♣❡r ✇❡ ✇✐❧❧ ❜❡ ❝♦♥❝❡r♥❡❞ ✇✐t❤ t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❣r❛♣❤ ♠✐♥♦r t❤❡♦r❡♠✱ ✇❤✐❝❤

✐s ❛ ❢❛✐r❧② r❡❝❡♥t r❡s✉❧t✳ ■t ❤❛s ❛ ✈❡r② ❝♦♠♣❧✐❝❛t❡❞ ❛♥❞ ❧♦♥❣ ♣r♦♦❢ t❤❛t ❢❡❛t✉r❡s

✐♥tr✐❝❛t❡ tr❛♥s✜♥✐t❡ ✐♥❞✉❝t✐♦♥s✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ ✇✐❧❧ ❜❡ ❛♥❛❧②③✐♥❣ t❤❡s❡ ✐♥❞✉❝t✐♦♥s

❛♥❞ ❝❧❛ss✐❢② t❤❡♠ ❛❝❝♦r❞✐♥❣ t♦ ♣r✐♥❝✐♣❧❡s t❤❛t ❛r❡ ❢❛♠✐❧✐❛r ❢r♦♠ ♣r♦♦❢ t❤❡♦r② ❛♥❞ t❤❡

❢♦✉♥❞❛t✐♦♥s ♦❢ ♠❛t❤❡♠❛t✐❝s✳ ❆s t♦ t❤❡ ✐♠♣♦rt❛♥❝❡ ❛ttr✐❜✉t❡❞ t♦ t❤❡ ❣r❛♣❤ ♠✐♥♦r

t❤❡♦r❡♠✱ ❧❡t✬s q✉♦t❡ ❢r♦♠ ❛ ❜♦♦❦ ♦♥ ●r❛♣❤ ❚❤❡♦r② ❬✷❪✱ ♣✳ ✷✹✾✳

❖✉r ❣♦❛❧ [. . .] ✐s ❛ s✐♥❣❧❡ t❤❡♦r❡♠✱ ♦♥❡ ✇❤✐❝❤ ❞✇❛r❢s ❛♥② ♦t❤❡r r❡s✉❧t ✐♥

❣r❛♣❤ t❤❡♦r② ❛♥❞ ♠❛② ❞♦✉❜t❧❡ss ❜❡ ❝♦✉♥t❡❞ ❛♠♦♥❣ t❤❡ ❞❡❡♣❡st t❤❡♦r❡♠s

t❤❛t ♠❛t❤❡♠❛t✐❝s ❤❛s t♦ ♦✛❡r✿ ✐♥ ❡✈❡r② ✐♥✜♥✐t❡ s❡t ♦❢ ❣r❛♣❤s t❤❡r❡ ❛r❡

t✇♦ s✉❝❤ t❤❛t ♦♥❡ ✐s ❛ ♠✐♥♦r ♦❢ t❤❡ ♦t❤❡r✳ ❚❤✐s ❣r❛♣❤ ♠✐♥♦r t❤❡♦r❡♠✱

✐♥❝♦♥s♣✐❝✉♦✉s t❤♦✉❣❤ ✐t ♠❛② ❧♦♦❦ ❛t ✜rst ❣❧❛♥❝❡✱ ❤❛s ♠❛❞❡ ❛ ❢✉♥❞❛♠❡♥✲

t❛❧ ✐♠♣❛❝t ❜♦t❤ ♦✉ts✐❞❡ ❣r❛♣❤ t❤❡♦r② ❛♥❞ ✇✐t❤✐♥✳ ■ts ♣r♦♦❢✱ ❞✉❡ t♦ ◆❡✐❧

❘♦❜❡rts♦♥ ❛♥❞ P❛✉❧ ❙❡②♠♦✉r✱ t❛❦❡s ✇❡❧❧ ♦✈❡r ✺✵✵ ♣❛❣❡s✳

❚❤❡ st❛rt✐♥❣ ♣♦✐♥t ♦❢ t❤✐s ❣r❛♥❞ ♣r♦♦❢ ✐s t❤❡ ❜♦✉♥❞❡❞ ❣r❛♣❤ ♠✐♥♦r t❤❡♦r❡♠✱ ✐✳❡✳

t❤❡ ❣r❛♣❤ ♠✐♥♦r t❤❡♦r❡♠ r❡str✐❝t❡❞ t♦ t❤♦s❡ ❣r❛♣❤s ♦❢ ❜♦✉♥❞❡❞ ✏tr❡❡✲✇✐❞t❤✑✳ ❚❤❡

❜♦✉♥❞❡❞ ❣r❛♣❤ ♠✐♥♦r t❤❡♦r❡♠ ✇❛s ❝♦♥♥❡❝t❡❞ t♦ ❋r✐❡❞♠❛♥✬s ❡①t❡♥❞❡❞ ❑r✉s❦❛❧✬s

t❤❡♦r❡♠ ❜② ❬✹❪✱ ❛♥❞ t❤❡ t✇♦ ✇❡r❡ ❡✈❡♥ s❤♦✇♥ t♦ ❜❡ ❡q✉✐✈❛❧❡♥t✳ ❚❤✐s ♣r♦✈✐❞❡❞ ❛

✷



♥❛t✉r❛❧ ❡①❛♠♣❧❡ ♦❢ ❛ t❤❡♦r❡♠ ♦❢ ❝♦♠❜✐♥❛t♦r✐❛❧ ♠❛t❤❡♠❛t✐❝s t❤❛t ❤❛s ❡①tr❡♠❡❧②

❤✐❣❤ ♣r♦♦❢✲t❤❡♦r❡t✐❝ str❡♥❣t❤✱ ❛♥❞ ❛t t❤❡ s❛♠❡ t✐♠❡ ❣❛✈❡ ❛ ❧♦✇❡r ❜♦✉♥❞ ♦♥ t❤❡

❣r❛♣❤ ♠✐♥♦r t❤❡♦r❡♠✳ ❲❤✐❧❡ t❤❡ ♣r❡❝✐s❡ ♣r♦♦❢✲t❤❡♦r❡t✐❝ str❡♥❣t❤ ♦❢ t❤❡ ❜♦✉♥❞❡❞

❣r❛♣❤ ♠✐♥♦r t❤❡♦r❡♠ ✇❛s ❡st❛❜❧✐s❤❡❞ ❜② ❬✹❪✱ t❤❡ s❛♠❡ ✇❛s ♥♦t t❤❡ ❝❛s❡ ❢♦r t❤❡ ❢✉❧❧

❣r❛♣❤ ♠✐♥♦r t❤❡♦r❡♠✱ ❢♦r ✇❤✐❝❤ ♥♦t ❡✈❡♥ ❛♥ ✉♣♣❡r ❜♦✉♥❞ ✇❛s ❢♦✉♥❞✱ ✇❤✐❝❤ ♥♦ ❞♦✉❜t

✇❛s ❞✉❡ t♦ t❤❡ ❢❛❝t t❤❛t t❤❡ ♣r♦♦❢✬s ♦✈❡r ✺✵✵ ♣❛❣❡s ♦❢ ❝♦♠♣❧✐❝❛t❡❞ ❝♦♠❜✐♥❛t♦r✐❛❧

❛r❣✉♠❡♥ts✳ ■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ ✇❡ ✇✐❧❧ t❤✉s ♦✉t❧✐♥❡ ❤♦✇ t❤❡ ❣r❛♣❤ ♠✐♥♦r t❤❡♦r❡♠ ❛♥❞

♦t❤❡r ✐♠♣♦rt❛♥t t❤❡♦r❡♠s ♦❢ t❤❡ ●r❛♣❤ ▼✐♥♦rs s❡r✐❡s✱ ❧✐❦❡ t❤❡ ✐♠♠❡rs✐♦♥ t❤❡♦r❡♠✱

❝❛♥ ❜❡ ♣r♦✈❡❞ ✐♥ Π1
1✲❈❆0 ✇✐t❤ t❤❡ ❛❞❞✐t✐♦♥❛❧ ♣r✐♥❝✐♣❧❡s ♦❢ Π1

3✲✐♥❞✉❝t✐♦♥ ❛♥❞ Π1
2✲❜❛r

✐♥❞✉❝t✐♦♥✳

✷ ❲❡❧❧✲q✉❛s✐✲♦r❞❡r✐♥❣ t❤❡♦r❡♠s ♦❢ t❤❡ ●r❛♣❤

▼✐♥♦rs s❡r✐❡s

❚❤❡ r❡❧❛t✐♦♥s ♦❢ ♠✐♥♦r ❛♥❞ ✐♠♠❡rs✐♦♥ ❝❛♥ ❜❡ ✉♥❞❡rst♦♦❞ ❛s ✜♥❞✐♥❣ ❛ ❝❡rt❛✐♥ ❡①♣❛♥✲

s✐♦♥ ♦❢ ♦♥❡ ❣r❛♣❤ G1 ✐♥ ❛♥♦t❤❡r ❣r❛♣❤ G2✳ ❆❧❧ ❣r❛♣❤s ✐♥ t❤✐s ♣❛♣❡r ❛r❡ ✜♥✐t❡ ❛♥❞

✇✐t❤♦✉t ❧♦♦♣s ✉♥❧❡ss ♥♦t❡❞ ♦t❤❡r✇✐s❡✱ ❛♥❞ ✇❡ ❞❡♥♦t❡ t❤❡ ✈❡rt❡① s❡t ♦❢ ❛ ❣r❛♣❤ G ❜②

V (G) ❛♥❞ ✐ts ❡❞❣❡ s❡t ❜② E(G)✳ ❋♦r t❤❡ ♠✐♥♦r r❡❧❛t✐♦♥✱ ❞❡✜♥❡ ❛ ♠✐♥♦r✲❡①♣❛♥s✐♦♥ ♦❢

G1 t♦ ❜❡ ❛ ❢✉♥❝t✐♦♥ f : G1 −→ G2 s♦ t❤❛t v ∈ V (G1) ❣❡ts ♠❛♣♣❡❞ t♦ ❛ ❝♦♥♥❡❝t❡❞

s✉❜❣r❛♣❤ f(v) ⊆ G2 s♦ t❤❛t f(v)∩ f(u) = ∅ ✐❢ u 6= v✱ ❛♥❞ ❡❛❝❤ ❡❞❣❡ e ∈ E(G1) ❣❡ts

♠❛♣♣❡❞ ✐♥❥❡❝t✐✈❡❧② t♦ ❛♥ ❡❞❣❡ f(e) ∈ E(G2) s♦ t❤❛t ✐❢ t❤❡ ❡♥❞♣♦✐♥ts ♦❢ e ❛r❡ u ❛♥❞

v✱ t❤❡♥ f(e) ❝♦♥♥❡❝ts ✈❡rt✐❝❡s u′ ∈ f(u) ❛♥❞ v′ ∈ f(v)✳ ■❢ ❛♥ ❡①♣❛♥s✐♦♥ ♦❢ G1 ✐s ❛

s✉❜❣r❛♣❤ ♦❢ G2✱ G1 ✐s s❛✐❞ t♦ ❜❡ ❛ ♠✐♥♦r ♦❢ G2✱ ❞❡♥♦t❡❞ G1 ≤ G2✳ ❆♥ ✐♠♠❡rs✐♦♥ r❡✲

❧❛t✐♦♥ ❜❡t✇❡❡♥ ❣r❛♣❤s G1 ❛♥❞ G2 ✐s s✐♠✐❧❛r❧② ✇✐t♥❡ss❡❞ ❜② ❛♥ ✐♠♠❡rs✐♦♥✲❡①♣❛♥s✐♦♥

f : G1 −→ G2 s♦ t❤❛t ✈❡rt✐❝❡s ♦❢ G1 ❛r❡ ♠❛♣♣❡❞ ✐♥❥❡❝t✐✈❡❧② t♦ ✈❡rt✐❝❡s ♦❢ G2✱ ❛♥❞

s♦ t❤❛t ❛♥ ❡❞❣❡ e ✇✐t❤ ❡♥❞♣♦✐♥ts u ❛♥❞ v ✐s ♠❛♣♣❡❞ t♦ ❛ ♣❛t❤ f(e) ✐♥ G2 ❜❡t✇❡❡♥

f(u) ❛♥❞ f(v) s♦ t❤❛t ❢♦r ❞✐st✐♥❝t ❡❞❣❡s e1, e2 ∈ E(G1) t❤❡ ♣❛t❤s f(e1) ❛♥❞ f(e2)

❛r❡ ❡❞❣❡✲❞✐s❥♦✐♥t ✭❜✉t ♠❛② ✐♥t❡rs❡❝t ❛t ✈❡rt✐❝❡s✮✱ ✐✳❡✳ E(f(e1)) ∩ E(f(e2)) = ∅✳ ❚❤❡

❣r❛♣❤ ♠✐♥♦r ❛♥❞ ✐♠♠❡rs✐♦♥ t❤❡♦r❡♠ ❛r❡ t❤❡♥ t❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠s✳

❚❤❡♦r❡♠ ✶ ✭●r❛♣❤ ♠✐♥♦r t❤❡♦r❡♠✱ ❬✶✵❪✮✳ ❋♦r ❡✈❡r② s❡q✉❡♥❝❡ 〈Gi : i ∈ N〉 ♦❢ ❣r❛♣❤s

t❤❡r❡ ❛r❡ i < j s♦ t❤❛t Gi ✐s ❛ ♠✐♥♦r ♦❢ Gj✳

❚❤❡♦r❡♠ ✷ ✭■♠♠❡rs✐♦♥ t❤❡♦r❡♠✱ ❬✶✷❪✮✳ ❋♦r ❡✈❡r② s❡q✉❡♥❝❡ 〈Gi : i ∈ N〉 ♦❢ ❣r❛♣❤s

t❤❡r❡ ❛r❡ i < j s♦ t❤❛t t❤❡r❡ ✐s ❛♥ ✐♠♠❡rs✐♦♥ ♦❢ Gi ✐♥t♦ Gj✳

❚❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❣r❛♣❤ ♠✐♥♦r t❤❡♦r❡♠ ❝❛♥ ❜❡ ❞✐✈✐❞❡❞ ✐♥t♦ t✇♦ ♠❛❥♦r st❡♣s✳ ❋✐rst✱

t❤❡ ❡①❝❧✉❞❡❞ ♠✐♥♦r t❤❡♦r❡♠ ✐s ♣r♦✈❡❞✱ ✇❤✐❝❤ t❛❦❡s ✉♣ ♠♦st ♦❢ t❤❡ ●r❛♣❤ ▼✐♥♦rs
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s❡r✐❡s✳ ❚❤❡ ❡①❝❧✉❞❡❞ ♠✐♥♦r t❤❡♦r❡♠ s❛②s t❤❛t ✐❢ ♦♥❡ ❣r❛♣❤ G ❞♦❡s ♥♦t ❝♦♥t❛✐♥

❛♥♦t❤❡r ❣r❛♣❤ H ❛s ❛ ♠✐♥♦r✱ t❤❡♥ G ❤❛s t♦ ❤❛✈❡ ❛ ❝❡rt❛✐♥ str✉❝t✉r❡✱ ♥❛♠❡❧② t❤❛t

✐t ❝❛♥ ❜❡ ❞❡❝♦♠♣♦s❡❞ ✐♥t♦ ♣❛rts ✇❤✐❝❤ ❛r❡ ❝♦♥♥❡❝t❡❞ ✐♥ ❛ tr❡❡✲❧✐❦❡ s❤❛♣❡ ❛♥❞ ❝❛♥

❛❧♠♦st ❜❡ ❡♠❜❡❞❞❡❞ ✐♥t♦ ❛ s✉r❢❛❝❡ ✐♥t♦ ✇❤✐❝❤ H ❝❛♥ ♥♦t ❜❡ ❡♠❜❡❞❞❡❞✳ ❚❤✐s ✐s

t❤❡♥ ✉s❡❞ ❛s ❢♦❧❧♦✇s✿ ■♥ ❛ ♣r♦♦❢ ♦❢ t❤❡ ❣r❛♣❤ ♠✐♥♦r t❤❡♦r❡♠✱ ❢♦r ❛♥② s❡q✉❡♥❝❡ ♦❢

❣r❛♣❤s 〈G1, G2, . . .〉 ♦♥❡ ♠❛② ❛ss✉♠❡ t❤❛t G1 ✐s ♥♦t ❛ ♠✐♥♦r ♦❢ ❛♥② Gj✱ j > 1✱ ❛s

♦t❤❡r✇✐s❡ t❤❡ ❣r❛♣❤ ♠✐♥♦r t❤❡♦r❡♠ ❤♦❧❞s✳ ❚❤✉s✱ ✐t s✉✣❝❡s t♦ ♣r♦✈❡ t❤❡ ❣r❛♣❤ ♠✐♥♦r

t❤❡♦r❡♠ ❢♦r ❛♥② s❡q✉❡♥❝❡ ♦❢ ❣r❛♣❤s ♣♦ss❡ss✐♥❣ t❤❡ str✉❝t✉r❡ ♦❜t❛✐♥❡❞ ❜② ❛♣♣❧②✐♥❣

t❤❡ ❡①❝❧✉❞❡❞ ♠✐♥♦r t❤❡♦r❡♠ ❢♦r G1✱ ❢♦r ❛♥② s✉❝❤ G1✳ ❚❤✐s ♠❡❛♥s t❤❛t ✐t ✐s ❡♥♦✉❣❤

t♦ ♣r♦✈❡ t❤❡ ❣r❛♣❤ ♠✐♥♦r t❤❡♦r❡♠ ❢♦r ❣r❛♣❤s ✇❤✐❝❤ ❝♦♥s✐st ♦❢ ♣❛rts ❝♦♥♥❡❝t❡❞ ✐♥

❛ tr❡❡✲❧✐❦❡ s❤❛♣❡ t❤❛t ❛r❡ ❛❧♠♦st ❡♠❜❡❞❞❛❜❧❡ ✐♥t♦ s♦♠❡ ✜①❡❞ s✉r❢❛❝❡✱ ✇❤✐❝❤ ✐s t❤❡

s❡❝♦♥❞ ♠❛❥♦r st❡♣ ♦❢ t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❣r❛♣❤ ♠✐♥♦r t❤❡♦r❡♠✳

❚❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❡①❝❧✉❞❡❞ ♠✐♥♦r t❤❡♦r❡♠ ✐s ♥♦t ✈❡r② ❝♦♠♣❧❡① ❢r♦♠ ❛ ♠❡t❛♠❛t❤❡✲

♠❛t✐❝❛❧ ♣♦✐♥t ♦❢ ✈✐❡✇✳ ❚❤✐s ✐s ❞✉❡ t♦ t❤❡ ❢❛❝t t❤❛t s✉r❢❛❝❡s ❛r❡ ✉♥✐q✉❡❧② ❞❡t❡r♠✐♥❡❞

❜② t❤❡✐r ❢✉♥❞❛♠❡♥t❛❧ ♣♦❧②❣♦♥s✱ ❛♥❞ t❤❛t ❣r❛♣❤ ❡♠❜❡❞❞✐♥❣s ♦♥ ❛♥② s✉r❢❛❝❡ ❝❛♥ t❤✉s

❜❡ r❡♣r❡s❡♥t❡❞ ❜② ❛ ♥❛t✉r❛❧ ♥✉♠❜❡r ❡♥❝♦❞✐♥❣ ❛ ❣r❛♣❤ ❞r❛✇✐♥❣ ✇✐t❤ r❛t✐♦♥❛❧ ❝♦♦r✲

❞✐♥❛t❡s ✐♥ t❤✐s ❢✉♥❞❛♠❡♥t❛❧ ♣♦❧②❣♦♥✳ ❲✐t❤ t❤✐s ❛♣♣r♦❛❝❤✱ t❤❡ ❡♥t✐r❡ ♣r♦♦❢ ♦❢ t❤❡

❡①❝❧✉❞❡❞ ♠✐♥♦r t❤❡♦r❡♠ ❞♦❡s ♥♦t ❢❡❛t✉r❡ ❛♥② ✐♥✜♥✐t❡ ♦❜❥❡❝ts ♥♦r ❛♥② ✐♥✜♥✐t❡ ♣r♦♦❢

t❡❝❤♥✐q✉❡s✱ ❛♥❞ ✐t ✐s str❛✐❣❤t❢♦r✇❛r❞ t♦ ❝❛rr② ✐t ♦✉t ✐♥ ❆❈❆0✱ ✇❤✐❝❤ ✇✐❧❧ ❜❡ ♦✉r ❜❛s❡

t❤❡♦r② ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣✳ ❚❤❡ ♦♥❧② ♣❛♣❡rs ♦❢ t❤❡ ●r❛♣❤ ▼✐♥♦rs s❡r✐❡s t❤❛t ✉s❡ ♠♦r❡

❛❞✈❛♥❝❡❞ ♣r♦♦❢ t❡❝❤♥✐q✉❡s ❛r❡ ●r❛♣❤ ▼✐♥♦rs ■❱ ❬✼❪✱ ❱■■■ ❬✽❪✱ ❳❱■■■ ❬✾❪✱ ❳■❳ ❬✶✶❪✱

❳❳ ❬✶✵❪ ❛♥❞ ❳❳■■■ ❬✶✷❪✳

●r❛♣❤ ▼✐♥♦rs ■❱ ❬✼❪ ♣r♦✈❡s ✐♥ ❛ s❡♥s❡ ❛♥ ❡❛r❧② ✈❡rs✐♦♥ ♦❢ t❤❡ ❣r❛♣❤ ♠✐♥♦r t❤❡♦r❡♠

❢♦r ❣r❛♣❤s ✇✐t❤ ❛ ❝❡rt❛✐♥ str✉❝t✉r❡ ❛s ❞❡s❝r✐❜❡❞ ❛❜♦✈❡✱ ♥❛♠❡❧② t❤❡ ❣r❛♣❤ ♠✐♥♦r

t❤❡♦r❡♠ ❢♦r ❣r❛♣❤s t❤❛t ❤❛✈❡ ❜♦✉♥❞❡❞ tr❡❡✲✇✐❞t❤✱ ❛ ♣r♦♣❡rt② ✇❤✐❝❤ ✐s ❞❡✜♥❡❞ ✐♥

t❡r♠s ♦❢ tr❡❡✲❞❡❝♦♠♣♦s✐t✐♦♥s✳ ❆ tr❡❡✲❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ ❛ ❣r❛♣❤ G ✐s ❡ss❡♥t✐❛❧❧② ❛

❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ G ✐♥t♦ ♣❛rts t❤❛t ❛r❡ ❝♦♥♥❡❝t❡❞ ✐♥ ❛ tr❡❡✲❧✐❦❡ s❤❛♣❡✱ ✐✳❡✳ ❛ tr❡❡✲

❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ G ❝♦♥s✐sts ♦❢ ❛ tr❡❡ T ❛♥❞ ❢♦r ❡✈❡r② t ∈ V (T ) ❛ s✉❜❣r❛♣❤ Gt ♦❢ G

s♦ t❤❛t

•
⋃

t∈V (T )Gt = G✱ ❛♥❞

• ✐❢ ❛♥ ❡❞❣❡ e ♦❢ T ❤❛s ❡♥❞♣♦✐♥ts t1 ❛♥❞ t2✱ ❛♥❞ T1 ❛♥❞ T2 ❛r❡ t❤❡ t✇♦ ❝♦♠♣♦♥❡♥ts

♦❢ T ♦❜t❛✐♥❡❞ ❜② r❡♠♦✈✐♥❣ e ❢r♦♠ T ✱ t❤❡♥ ❡✈❡r② ♣❛t❤ ✐♥ G ❢r♦♠ s♦♠❡ v ∈
⋃

t∈V (T1)
Gt t♦ s♦♠❡ u ∈

⋃

t∈V (T2)
Gt ❤❛s t♦ ❝♦♥t❛✐♥ ❛ ✈❡rt❡① ♦❢ Gt1 ∩Gt2 ✳

❚❤❡ ✇✐❞t❤ ♦❢ s✉❝❤ ❛ tr❡❡✲❞❡❝♦♠♣♦s✐t✐♦♥ ✐s t❤❡♥ ❞❡✜♥❡❞ t♦ ❜❡ maxt∈V (T ) |V (Gt)| − 1✳

❚❤❡ tr❡❡✲✇✐❞t❤ tw(G) ♦❢ G ✐s t❤❡ ♠✐♥✐♠✉♠ ✇✐❞t❤ ♦❢ ❛❧❧ ✐ts tr❡❡✲❞❡❝♦♠♣♦s✐t✐♦♥s✱ ❛♥❞

✹



t❤❡ ❜♦✉♥❞❡❞ ❣r❛♣❤ ♠✐♥♦r t❤❡♦r❡♠ ❝❛♥ ❜❡ st❛t❡❞ ❛s ❢♦❧❧♦✇s✳

❚❤❡♦r❡♠ ✸ ✭❇♦✉♥❞❡❞ ❣r❛♣❤ ♠✐♥♦r t❤❡♦r❡♠✱ ❬✼❪✮✳ ▲❡t n ❜❡ ❛ ♥❛t✉r❛❧ ♥✉♠❜❡r✱ t❤❡♥

✐♥ ❛♥② s❡q✉❡♥❝❡ 〈Gi : i ∈ N〉 ♦❢ ❣r❛♣❤s s♦ t❤❛t tw(Gi) ≤ n ❢♦r ❡✈❡r② i ∈ N✱ t❤❡r❡ ❛r❡

Gi ❛♥❞ Gj ✇✐t❤ i < j s♦ t❤❛t Gi ✐s ❛ ♠✐♥♦r ♦❢ Gj✳

❚❤❡ ❜♦✉♥❞❡❞ ❣r❛♣❤ ♠✐♥♦r t❤❡♦r❡♠ ❤❛s ❜❡❡♥ ❛♥❛❧②③❡❞ ❢r♦♠ ❛ ♠❡t❛♠❛t❤❡♠❛t✐❝❛❧

♣❡rs♣❡❝t✐✈❡ ❜② ❬✹❪✱ ✇❤♦ ❞❡t❡r♠✐♥❡❞ t❤❛t ✐ts ♣r♦♦❢✲t❤❡♦r❡t✐❝ str❡♥❣t❤ ❧✐❡s ❥✉st ❛❜♦✈❡

t❤❛t ♦❢ Π1
1✲❈❆0✳ ❚❤❡② ♦❜s❡r✈❡❞ t❤❛t t❤❡ ❜♦✉♥❞❡❞ ❣r❛♣❤ ♠✐♥♦r t❤❡♦r❡♠ ❝❛♥ ❜❡

♣r♦✈❡❞ ❢♦r ❡❛❝❤ ✐♥❞✐✈✐❞✉❛❧ tr❡❡✲✇✐❞t❤ ✐♥ Π1
1✲❈❆0✱ ❛♥❞ s✐♥❝❡ t❤❡ ❜♦✉♥❞❡❞ ❣r❛♣❤ ♠✐♥♦r

t❤❡♦r❡♠ ✐s ❛ Π1
1✲st❛t❡♠❡♥t✱ t❤❛t ❛♥ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ Π1

1✲r❡✢❡❝t✐♦♥ ❢♦r Π1
1✲❈❆0 t❤✉s

s✉✣❝❡s t♦ ♣r♦✈❡ t❤❡ ❜♦✉♥❞❡❞ ❣r❛♣❤ ♠✐♥♦r t❤❡♦r❡♠✳ ❚❤✐s ❛♣♣r♦❛❝❤ ❝✐r❝✉♠✈❡♥ts ❛

Π1
3✲✐♥❞✉❝t✐♦♥✱ ✇❤✐❝❤ ✐s r♦✉❣❤❧② ✉s❡❞ t♦ s❤♦✇ t❤❛t s♦♠❡ ♠✐♥✐♠❛❧ ❜❛❞ s❡q✉❡♥❝❡ ❛❧✇❛②s

❡①✐sts ✉♥❞❡r ❝❡rt❛✐♥ ❝✐r❝✉♠st❛♥❝❡s✱ ❛♥❞ ❬✹❪ ✐♥ t✉r♥ s❤♦✇❡❞ t❤❛t ♥♦ t❤❡♦r② ♦❢ ❧♦✇❡r

♣r♦♦❢✲t❤❡♦r❡t✐❝ str❡♥❣t❤ t❤❛♥ Π1
1✲❈❆0 ❛✉❣♠❡♥t❡❞ ✇✐t❤ Π1

1✲r❡✢❡❝t✐♦♥ ❢♦r Π1
1✲❈❆0 ❝❛♥

♣r♦✈❡ t❤❡ ❜♦✉♥❞❡❞ ❣r❛♣❤ ♠✐♥♦r t❤❡♦r❡♠✳ ❚❤❡r❡ ✐s ❤♦✇❡✈❡r ♥♦ s✉❝❤ ♣r♦♦❢ ❢♦r s♦♠❡

t❤❡♦r❡♠s ♦❢ ●r❛♣❤ ▼✐♥♦rs ■❱ ❬✼❪ ✇❤✐❝❤ ❛r❡ ♠♦r❡ ✐♠♣♦rt❛♥t ❢♦r t❤❡ r❡st ♦❢ t❤❡ ●r❛♣❤

▼✐♥♦rs s❡r✐❡s✱ ❛♥❞ ❢♦r t❤❡s❡ t❤❡♦r❡♠s ♦♥❧② t❤❡ ✉♣♣❡r ❜♦✉♥❞ ♦❢ Π1
1✲❈❆0 + Π1

3✲■◆❉

✐s ❦♥♦✇♥✳ ❬✹❪ ❢✉rt❤❡r s❤♦✇❡❞ t❤❛t t❤❡ ❜♦✉♥❞❡❞ ❣r❛♣❤ ♠✐♥♦r t❤❡♦r❡♠ ✐s ❡q✉✐✈❛❧❡♥t

t♦ t❤❡ ♣❧❛♥❛r ❣r❛♣❤ ♠✐♥♦r t❤❡♦r❡♠✱ ✐✳❡✳ t❤❡ ❣r❛♣❤ ♠✐♥♦r t❤❡♦r❡♠ ❢♦r t❤♦s❡ ❣r❛♣❤s

✇❤✐❝❤ ❝❛♥ ❜❡ ❞r❛✇♥ ✭♦r ❡q✉✐✈❛❧❡♥t❧②✱ ❡♠❜❡❞❞❡❞✮ ✐♥ t❤❡ ♣❧❛♥❡✳

●r❛♣❤ ▼✐♥♦rs ❱■■■ ❬✽❪ ♣r♦✈❡s ❛ ❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ t❤❡ ♣❧❛♥❛r ❣r❛♣❤ ♠✐♥♦r t❤❡♦r❡♠✳

❉❡✜♥❡ ❢♦r ❡✈❡r② s✉r❢❛❝❡ Σ t❤❡ Σ✲❣r❛♣❤ ♠✐♥♦r t❤❡♦r❡♠✿

❚❤❡♦r❡♠ ✹ ✭Σ✲❣r❛♣❤ ♠✐♥♦r t❤❡♦r❡♠✮✳ ❋♦r ❡✈❡r② s❡q✉❡♥❝❡ 〈Gi : i ∈ N . . .〉 ♦❢ ❣r❛♣❤s

t❤❛t ❝❛♥ ❜❡ ❞r❛✇♥ ✐♥ Σ ✇✐t❤♦✉t ❝r♦ss✐♥❣s t❤❡r❡ ❛r❡ i < j s♦ t❤❛t Gi ≤ Gj✳

■❢ S2 ❞❡♥♦t❡s t❤❡ s♣❤❡r❡✱ t❤❡♥ t❤❡ ♣❧❛♥❛r ❣r❛♣❤ ♠✐♥♦r t❤❡♦r❡♠ ✐s ❥✉st t❤❡ S2✲❣r❛♣❤

♠✐♥♦r t❤❡♦r❡♠✱ s✐♥❝❡ ❡♠❜❡❞❞❛❜✐❧✐t② ✐♥ t❤❡ s♣❤❡r❡ ❛♥❞ ❞r❛✇❛❜✐❧✐t② ✐♥ t❤❡ ♣❧❛♥❡ ❛r❡

❡q✉✐✈❛❧❡♥t✳ ❉❡♥♦t❡ ❜② ∀Σ✲●▼❚ t❤❡ st❛t❡♠❡♥t t❤❛t t❤❡ Σ✲❣r❛♣❤ ♠✐♥♦r t❤❡♦r❡♠

❤♦❧❞s ❢♦r ❡✈❡r② s✉r❢❛❝❡ Σ✳ ■t ✐s s❤♦✇♥ ✐♥ ●r❛♣❤ ▼✐♥♦rs ❱■■■ t❤❛t t❤❡ Σ✲❣r❛♣❤ ♠✐♥♦r

t❤❡♦r❡♠ ❛♥❞ ∀Σ✲●▼❚ ❛r❡ ✐♥❞❡❡❞ tr✉❡✱ ❛♥❞ ✐t ❝❛♥ ❢✉rt❤❡r ❜❡ s❤♦✇♥ t❤❛t ❜♦t❤ ♦❢

t❤❡s❡ t❤❡♦r❡♠s ❛r❡ ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ♣❧❛♥❛r ❛♥❞ ❤❡♥❝❡ ❛❧s♦ t❤❡ ❜♦✉♥❞❡❞ ❣r❛♣❤ ♠✐♥♦r

t❤❡♦r❡♠✳ ❚❤✐s ✐s ❞♦♥❡ ❜② ❡①t❡♥❞✐♥❣ t❤❡ ♣r♦♦❢ t❤❛t ❡❛❝❤ ✐♥st❛♥❝❡ ♦❢ t❤❡ ❜♦✉♥❞❡❞

❣r❛♣❤ ♠✐♥♦r t❤❡♦r❡♠ ✐s ♣r♦✈❛❜❧❡ ✐♥ Π1
1✲❈❆0 ❛❧❧ t❤❡ ✇❛② ✐♥t♦ ●r❛♣❤ ▼✐♥♦rs ❱■■

❬✽❪✱ s♦ t❤❛t ✐t ❝❛♥ ❜❡ s❤♦✇♥ t❤❛t ❢♦r ❡❛❝❤ s✉r❢❛❝❡ Σ✱ t❤❡ Σ✲❣r❛♣❤ ♠✐♥♦r t❤❡♦r❡♠ ✐s

♣r♦✈❛❜❧❡ ✐♥ Π1
1✲❈❆0✳ ❆♥ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ Π1

1✲r❡✢❡❝t✐♦♥ ❢♦r Π1
1✲❈❆0 t❤❡♥ ❡st❛❜❧✐s❤❡s t❤❡

❡q✉✐✈❛❧❡♥❝❡ ♦❢ ∀Σ✲●▼❚ ❛♥❞ t❤❡ ♣❧❛♥❛r ❣r❛♣❤ ♠✐♥♦r t❤❡♦r❡♠✱ ❛♥❞ ❤❡♥❝❡ ❛❧s♦ t❤❛t

✺



♦❢ ∀Σ✲●▼❚ ❛♥❞ t❤❡ ❜♦✉♥❞❡❞ ❣r❛♣❤ ♠✐♥♦r t❤❡♦r❡♠✳ ❚❤❡ r❡s✉❧ts ♦❢ ❬✹❪ ❝❛♥ t❤✉s ❜❡

❡①t❡♥❞❡❞ ❛s ❢♦❧❧♦✇s✱ s❡❡ ❬✺❪✳

❚❤❡♦r❡♠ ✺✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ❛r❡ ❡q✉✐✈❛❧❡♥t ♦✈❡r ❆❈❆0✿

• ❚❤❡ ✇❡❧❧✲♦r❞❡r❡❞♥❡ss ♦❢ t❤❡ ♦r❞✐♥❛❧ ψ0(Ωω)✱

• ❋r✐❡❞♠❛♥✬s ❡①t❡♥❞❡❞ ❑r✉s❦❛❧✬s t❤❡♦r❡♠✱

• t❤❡ ❜♦✉♥❞❡❞ ❣r❛♣❤ ♠✐♥♦r t❤❡♦r❡♠✱

• t❤❡ ♣❧❛♥❛r ❣r❛♣❤ ♠✐♥♦r t❤❡♦r❡♠✱

• t❤❡ Σ✲❣r❛♣❤ ♠✐♥♦r t❤❡♦r❡♠✱ ❢♦r ❛♥② s✉r❢❛❝❡ Σ✱ ❛♥❞

• ∀Σ✲●▼❚✳

❚❤❡ ♥❡①t ✉s❡ ♦❢ str♦♥❣ ✐♥✜♥✐t❛r② ♣r♦♦❢✲t❡❝❤♥✐q✉❡s ✐s ✐♥ ●r❛♣❤ ▼✐♥♦rs ❳❱■■■ ❬✾❪

✇❤✐❝❤ ♣r♦✈✐❞❡s ❛♥♦t❤❡r r❡str✐❝t❡❞ ❢♦r♠ ♦❢ t❤❡ ❣r❛♣❤ ♠✐♥♦r t❤❡♦r❡♠ t❤❛t ❢❛❝✐❧✐t❛t❡s

t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ✈❡rs✐♦♥ ♦❢ t❤❡ ❣r❛♣❤ ♠✐♥♦r t❤❡♦r❡♠ ♥❡❝❡ss❛r② ❢♦r t❤❡ s❡❝♦♥❞ ♠❛❥♦r

st❡♣ ♦❢ t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❣r❛♣❤ ♠✐♥♦r t❤❡♦r❡♠ ♦✉t❧✐♥❡❞ ❛❜♦✈❡✳ ❚❤❡ t❤❡♦r❡♠ ♦❢ ●r❛♣❤

▼✐♥♦rs ❳❱■■■ ❬✾❪ ✐♥ ❛ s❡♥s❡ ❛❧❧♦✇s ♦♥❡ t♦ ❢♦❝✉s ♦♥ t❤❡ ✐♥❞✐✈✐❞✉❛❧ ♣✐❡❝❡s ♦❢ t❤❡

❣r❛♣❤ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❜t❛✐♥❡❞ ❜② t❤❡ ❡①❝❧✉❞❡❞ ♠✐♥♦r t❤❡♦r❡♠✱ t❤❡r❡❜② ❛✈♦✐❞✐♥❣ t❤❡

♥❡❡❞ t♦ ✇♦r❦ ✇✐t❤ tr❡❡✲❞❡❝♦♠♣♦s✐t✐♦♥s✳ ❚❤❡ t❤❡♦r❡♠ t❤❛t t❤❡s❡ ✐♥❞✐✈✐❞✉❛❧ ♣✐❡❝❡s

♦❢ t❤❡ ❛❜♦✈❡ ❣r❛♣❤ ❞❡❝♦♠♣♦s✐t✐♦♥ ❛r❡ ✇❡❧❧✲q✉❛s✐✲♦r❞❡r❡❞ ❜② t❤❡ ♠✐♥♦r r❡❧❛t✐♦♥ ✐s

t❤❡♥ ♣r♦✈❡❞ ✐♥ ●r❛♣❤ ▼✐♥♦rs ❳■❳ ❬✶✶❪✳ ❚❤❡ ♣r♦♦❢ ♦❢ t❤✐s ✈❡rs✐♦♥ ♦❢ t❤❡ ❣r❛♣❤

♠✐♥♦r t❤❡♦r❡♠ r❡q✉✐r❡s ❛ ❢✉rt❤❡r ✈❡r② str♦♥❣ ♣r♦♦❢ ♣r✐♥❝✐♣❧❡✱ ♥❛♠❡❧② t❤❛t ♦❢ Π1
2✲❜❛r

✐♥❞✉❝t✐♦♥✳ ■♥ ●r❛♣❤ ▼✐♥♦rs ❳❳ ❬✶✵❪ t❤❡s❡ r❡s✉❧ts ❛r❡ t❤❡♥ ❝♦♠❜✐♥❡❞ t♦ ♣r♦✈❡ t❤❡

❢✉❧❧ ❣r❛♣❤ ♠✐♥♦r t❤❡♦r❡♠✳ ❋✐♥❛❧❧②✱ ●r❛♣❤ ▼✐♥♦rs ❳❳■■■ ❬✶✷❪ ♣r♦✈❡s t❤❡ ✐♠♠❡rs✐♦♥

t❤❡♦r❡♠ ❛♥❞ ❛ ❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ t❤❡ ❣r❛♣❤ ♠✐♥♦r t❤❡♦r❡♠ t♦ ❤②♣❡r❣r❛♣❤s ✐♥ ❛ ❝❡rt❛✐♥

s❡♥s❡✳

❚❤✐s ❣❡♥❡r❛❧✐③❛t✐♦♥ t♦ ❤②♣❡r❣r❛♣❤s ❝❛♥ ❜❡ st❛t❡❞ ❛s ❢♦❧❧♦✇s✳ ❋♦r ❛ ✈❡rt❡① s❡t V

❞❡♥♦t❡ ❜② KV t❤❡ ❝♦♠♣❧❡t❡ ❣r❛♣❤ ♦♥ V ✱ ✐✳❡✳ t❤❡ ❣r❛♣❤ ✇✐t❤ ✈❡rt❡① s❡t V ✐♥ ✇❤✐❝❤

❡✈❡r② t✇♦ ❞✐st✐♥❝t ✈❡rt✐❝❡s ❛r❡ ❝♦♥♥❡❝t❡❞ ❜② ❛♥ ❡❞❣❡✳ ❚❤❡♥ ❛ ❝♦❧❧❛♣s❡ f ♦❢ G2 t♦

G1 ✐s ❛ ❢✉♥❝t✐♦♥ ♠❛♣♣✐♥❣ ✈❡rt✐❝❡s ♦❢ G1 t♦ ❞✐s❥♦✐♥t ❝♦♥♥❡❝t❡❞ s✉❜❣r❛♣❤s ♦❢ KV (G2)

❛♥❞ ❡❞❣❡s ♦❢ G1 ✐♥❥❡❝t✐✈❡❧② t♦ ❡❞❣❡s ♦❢ G2 s♦ t❤❛t f(e) ✐s ✐♥❝✐❞❡♥t ✇✐t❤ ❛ ✈❡rt❡① ♦❢

f(v) ✇❤❡♥❡✈❡r e ✐s ✐♥❝✐❞❡♥t ✇✐t❤ v ❢♦r ❛❧❧ e ∈ E(G1) ❛♥❞ v ∈ V (G1)✱ ❛♥❞ ❢✉rt❤❡r

t❤❛t ❢♦r ❡✈❡r② ✈❡rt❡① v ❛♥❞ ❡✈❡r② ❡❞❣❡ ev ♦❢ f(v) ✇✐t❤ ❡♥❞♣♦✐♥ts v1 ❛♥❞ v2✱ t❤❡r❡

♠✉st ❜❡ ❛♥ ❡❞❣❡ ♦❢ G2 t❤❛t ❤❛s ❛♠♦♥❣ ✐ts ❡♥❞♣♦✐♥ts t❤❡ ✈❡rt✐❝❡s v1 ❛♥❞ v2✳ ❋✉rt❤❡r✱

✐❢ Q ✐s ❛ ✇❡❧❧✲q✉❛s✐✲♦r❞❡r ❛♥❞ t❤❡ ❡❞❣❡s ♦❢ G1 ❛♥❞ G2 ❛r❡ ❧❛❜❡❧❧❡❞ ✈✐❛ ❢✉♥❝t✐♦♥s

✻



φ1 : E(G1) −→ Q✱ φ2 : E(G2) −→ Q✱ t❤❡♥ f ✐s ❛❧s♦ r❡q✉✐r❡❞ t♦ r❡s♣❡❝t t❤❡ ❡❞❣❡

❧❛❜❡❧s ♦❢ G1 ❛♥❞ G2✱ ✐♥ t❤❡ s❡♥s❡ t❤❛t φ1(e) ≤Q φ2(f(e)) ❤❛s t♦ ❤♦❧❞ ❢♦r ❡✈❡r② ❡❞❣❡

e ∈ E(G1)✳ ❚❤❡♥ ●r❛♣❤ ▼✐♥♦rs ❳❳■■■ ❬✶✷❪ s❤♦✇s t❤❛t t❤❡ ❢♦❧❧♦✇✐♥❣ ❣❡♥❡r❛❧✐③❛t✐♦♥

♦❢ t❤❡ ❣r❛♣❤ ♠✐♥♦r t❤❡♦r❡♠ ❤♦❧❞s✳

❚❤❡♦r❡♠ ✻✳ ▲❡t Q ❜❡ ❛ ✇❡❧❧✲q✉❛s✐✲♦r❞❡r✳ ❚❤❡♥ ✐♥ ❡✈❡r② ✐♥✜♥✐t❡ s❡q✉❡♥❝❡ 〈Gi : i ∈ N〉

♦❢ Q✲❡❞❣❡✲❧❛❜❡❧❧❡❞ ❤②♣❡r❣r❛♣❤s t❤❡r❡ ❛r❡ j > i s♦ t❤❛t t❤❡r❡ ✐s ❛ ❝♦❧❧❛♣s❡ ♦❢ Gj t♦ Gi

✇❤✐❝❤ r❡s♣❡❝ts t❤❡ ❧❛❜❡❧s ♦❢ Gi ❛♥❞ Gj✳

❋✉rt❤❡r✱ ●r❛♣❤ ▼✐♥♦rs ❳❳■■■ ❬✶✷❪ ❛❧s♦ ♣r♦✈❡s t❤❛t s✐♠✐❧❛r ❧❛❜❡❧❧❡❞ ✈❡rs✐♦♥s ♦❢

t❤❡ ❣r❛♣❤ ♠✐♥♦r ❛♥❞ ✐♠♠❡rs✐♦♥ t❤❡♦r❡♠ ❤♦❧❞✳ ■❢ Q ✐s ❛ ✇❡❧❧✲q✉❛s✐✲♦r❞❡r ❛♥❞

φ1 : E(G) −→ Q✱ φ2 : E(G) −→ Q ❛r❡ ❧❛❜❡❧❧✐♥❣ ❢✉♥❝t✐♦♥s ❢♦r t❤❡ ❡❞❣❡s ♦❢ G1

❛♥❞ G2✱ t❤❡♥ ❛ ♠✐♥♦r r❡❧❛t✐♦♥ G1 ≤ G2 ✈✐❛ ❛♥ ❡①♣❛♥s✐♦♥ f ✐s s❛✐❞ t♦ r❡s♣❡❝t t❤❡s❡

❧❛❜❡❧s ✐❢ φ1(e) ≤Q φ2(f(e)) ❢♦r ❡✈❡r② ❡❞❣❡ e ∈ G1✳ ❙✐♠✐❧❛r❧②✱ ❢♦r ✈❡rt❡①✲❧❛❜❡❧❧✐♥❣

❢✉♥❝t✐♦♥s φ1 : V (G) −→ Q✱ φ2 : V (G) −→ Q t❤❡ ♠✐♥♦r r❡❧❛t✐♦♥ ✐s s❛✐❞ t♦ r❡s♣❡❝t

t❤❡ ❧❛❜❡❧s ✐❢ ❢♦r ❡✈❡r② v ∈ V (G1) t❤❡r❡ ✐s ❛ v′ ∈ f(v) s♦ t❤❛t φ1(v) ≤Q φ2(v
′)✳ ■❢

φ1 ❛♥❞ φ2 ❛r❡ ✈❡rt❡①✲❧❛❜❡❧❧✐♥❣ ❢✉♥❝t✐♦♥s ❢r♦♠ ❛ ✇❡❧❧✲q✉❛s✐✲♦r❞❡r Q ♦❢ G1 ❛♥❞ G2

r❡s♣❡❝t✐✈❡❧②✱ s❛② t❤❛t ❛♥ ✐♠♠❡rs✐♦♥ f r❡s♣❡❝ts t❤✐s ❧❛❜❡❧❧✐♥❣ ✐❢ φ1(v) ≤Q φ2(f(v)) ❢♦r

❡✈❡r② v ∈ V (G)✳ ❚❤❡♥ t❤❡ ❧❛❜❡❧❧❡❞ ❣r❛♣❤ ♠✐♥♦r ❛♥❞ ✐♠♠❡rs✐♦♥ t❤❡♦r❡♠ ❛r❡ tr✉❡ ❛s

✇❡❧❧✳

❚❤❡♦r❡♠ ✼ ✭▲❛❜❡❧❧❡❞ ❣r❛♣❤ ♠✐♥♦r t❤❡♦r❡♠✮✳ ▲❡t Q ❜❡ ❛ ✇❡❧❧✲q✉❛s✐✲♦r❞❡r ❛♥❞ ❧❡t

〈Gi : i ∈ N〉 ❜❡ ❛ s❡q✉❡♥❝❡ ♦❢ Q✲✈❡rt❡①✲ ❛♥❞ ❡❞❣❡✲❧❛❜❡❧❧❡❞ ❣r❛♣❤s✳ ❚❤❡♥ t❤❡r❡ ❛r❡

i < j ❛♥❞ ❛ ♠✐♥♦r ❡①♣❛♥s✐♦♥ f : Gi −→ Gj t❤❛t r❡s♣❡❝ts t❤❡ ❧❛❜❡❧s ♦❢ Gi ❛♥❞ Gj✳

❚❤❡♦r❡♠ ✽ ✭▲❛❜❡❧❧❡❞ ✐♠♠❡rs✐♦♥ t❤❡♦r❡♠✮✳ ▲❡t Q ❜❡ ❛ ✇❡❧❧✲q✉❛s✐✲♦r❞❡r ❛♥❞ ❧❡t

〈Gi : i ∈ N〉 ❜❡ ❛ s❡q✉❡♥❝❡ ♦❢ Q✲✈❡rt❡①✲❧❛❜❡❧❧❡❞ ❣r❛♣❤s✳ ❚❤❡♥ t❤❡r❡ ❛r❡ i < j ❛♥❞ ❛♥

✐♠♠❡rs✐♦♥ ❡①♣❛♥s✐♦♥ f : Gi −→ Gj t❤❛t r❡s♣❡❝ts t❤❡ ❧❛❜❡❧s ♦❢ Gi ❛♥❞ Gj✳

■♥ ♦r❞❡r t♦ ♣r♦✈❡ t❤❡s❡ t❤❡♦r❡♠s✱ ●r❛♣❤ ▼✐♥♦rs ❳❳■■■ ❬✶✷❪ r❡q✉✐r❡s ❛♥♦t❤❡r Π1
2✲

❜❛r ✐♥❞✉❝t✐♦♥ s✐♠✐❧❛r t♦ t❤❛t ✉s❡❞ ✐♥ ●r❛♣❤ ▼✐♥♦rs ❳■❳ ❬✶✶❪✳ ❚❤❡ ❜❛r ✐♥❞✉❝t✐♦♥

♦❢ ●r❛♣❤ ▼✐♥♦rs ❳■❳ ❬✶✶❪ ✐s ✉s❡❞ ✇❤❡♥ ❛ss✉♠✐♥❣ t❤❛t ❛ ❝❡rt❛✐♥ ❝❧❛ss ♦❢ ❣r❛♣❤

❡♠❜❡❞❞✐♥❣s ✐s ♠✐♥✐♠❛❧ ✇✐t❤ r❡s♣❡❝t t♦ ❝❡rt❛✐♥ ♣r♦♣❡rt✐❡s✱ ✐♥ ♦r❞❡r t♦ ♣r♦✈❡ t❤❛t

t❤❡ ❛❜♦✈❡ ♠❡♥t✐♦♥❡❞ s❡q✉❡♥❝❡ ♦❢ ❣r❛♣❤s ❡♠❜❡❞❞❡❞ ✐♥ ❛ s✉r❢❛❝❡ ✐s ❣♦♦❞✳ ❆s s❛✐❞

❛❜♦✈❡✱ t❤❡ ❣r❛♣❤s t❤❡♠s❡❧✈❡s ♠✐❣❤t ♥♦t ❛❝t✉❛❧❧② ❜❡ ❝♦♠♣❧❡t❡❧② ❡♠❜❡❞❞❛❜❧❡ ✐♥ t❤❡

s✉r❢❛❝❡✱ ❛♥❞ s♦ t❤❡ ♥♦♥✲❡♠❜❡❞❞❛❜❧❡ ♣❛rts ❛r❡ ❝♦❞❡❞ ❛s ❧❛❜❡❧s ❢r♦♠ ❛ ✇❡❧❧✲q✉❛s✐✲

♦r❞❡r✱ t♦ ♣r♦✈✐❞❡ ❛ ✭♥♦✇ ❧❛❜❡❧❧❡❞✮ ❣r❛♣❤ t❤❛t ✐s ❝♦♠♣❧❡t❡❧② ❡♠❜❡❞❞❛❜❧❡ ✐♥t♦ t❤❡

s✉r❢❛❝❡✳ ❲❤❡♥ ❛ss✉♠✐♥❣ t❤❛t t❤❡ s❡t ♦❢ ♣♦ss✐❜❧❡ ❧❛❜❡❧s ✐s ❛ ♠✐♥✐♠❛❧ ✇❡❧❧✲q✉❛s✐✲♦r❞❡r

s♦ t❤❛t t❤❡ s❡t ♦❢ ❝♦rr❡s♣♦♥❞✐♥❣ ❣r❛♣❤s ✐s ❛ ❝♦✉♥t❡r❡①❛♠♣❧❡✱ ♦♥❡ ❡ss❡♥t✐❛❧❧② ♣❡r❢♦r♠s

❛ Π1
2✲❜❛r ✐♥❞✉❝t✐♦♥ ♦♥ ❛ ✇❡❧❧✲q✉❛s✐✲♦r❞❡r✳

✼



✸ ❇❛r ✐♥❞✉❝t✐♦♥ ✐♥ t❤❡ ●r❛♣❤ ▼✐♥♦rs s❡r✐❡s

▼♦r❡ ♣r❡❝✐s❡❧②✱ ✐♥ ●r❛♣❤ ▼✐♥♦rs ❳■❳ ❬✶✶❪ t✇♦ Π1
2✲❜❛r ✐♥❞✉❝t✐♦♥s ❛♥❞ t❤r❡❡ ♦r❞✐♥❛r②

Π1
2✲✐♥❞✉❝t✐♦♥s ♥❡❡❞ t♦ ❜❡ ♣❡r❢♦r♠❡❞✳ ❚❤❡s❡ ✐♥❞✉❝t✐♦♥s t❛❦❡ t❤❡ ❢♦r♠ ♦❢ t❤❡ ❛ss✉♠♣✲

t✐♦♥ t❤❛t t❤❡r❡ ✐s ♥♦ ♠✐♥✐♠❛❧ ❜❛❞ ❝♦✉♥t❡r❡①❛♠♣❧❡ t♦ ❛ ✈❡rs✐♦♥ ♦❢ t❤❡ ❣r❛♣❤ ♠✐♥♦r

t❤❡♦r❡♠✳ ❚❤✐s ✈❡rs✐♦♥ ♦❢ t❤❡ ❣r❛♣❤ ♠✐♥♦r t❤❡♦r❡♠ ✐s ❢♦r ❣r❛♣❤s t❤❛t ❛r❡ ❡♠❜❡❞❞❡❞

✐♥ ❛ ✜①❡❞ s✉r❢❛❝❡ ❛♥❞ ❤❛✈❡ ❧❛❜❡❧s ❢r♦♠ ✇❡❧❧✲q✉❛s✐✲♦r❞❡rs ♦♥ t❤❡ ❡❞❣❡s✳ ❋✉rt❤❡r✱ t❤❡

♠✐♥♦r r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡s❡ ❣r❛♣❤s ✐s ❛❧t❡r❡❞ ✐♥ s✉❝❤ ❛ ✇❛② t❤❛t ❡❞❣❡s ✐♥❝✐❞❡♥t

✇✐t❤ ❛ ❝✉✛ st❛② ✜①❡❞ ♦♥ t❤❡ s✉r❢❛❝❡ ✉♥❞❡r ♠✐♥♦r✲❡①♣❛♥s✐♦♥s✱ ❛♥❞ s♦ t❤❛t ✐t r❡s♣❡❝ts

t❤❡ ❧❛❜❡❧s ♦❢ t❤❡ ✇❡❧❧✲q✉❛s✐✲♦r❞❡r✳ ❚❤❡ ♠✐♥✐♠❛❧ ❝♦✉♥t❡r❡①❛♠♣❧❡ t♦ t❤❡ ❣r❛♣❤ ♠✐♥♦r

t❤❡♦r❡♠ ❢♦r s✉❝❤ ❣r❛♣❤s ✐s t❤❡♥ r❡q✉✐r❡❞ t♦ ❤❛✈❡ ❛s ❢❡✇ ❤❛♥❞❧❡s✱ ❝r♦ss❝❛♣s✱ ❝✉✛s

❛♥❞ ❡❞❣❡s ❛r♦✉♥❞ ❝✉✛s ❛s ♣♦ss✐❜❧❡✱ ✇❤✐❝❤ ❝♦rr❡s♣♦♥❞ t♦ t❤❡ ♦r❞✐♥❛r② Π1
2✲✐♥❞✉❝t✐♦♥s

♠❡♥t✐♦♥❡❞ ❛❜♦✈❡✱ s✐♥❝❡ t❤❡ ✇❡❧❧✲q✉❛s✐✲♦r❞❡rs ❢♦r t❤❡ ❡❞❣❡s ❛r❡ ♥♦t r❡q✉✐r❡❞ t♦ ❜❡ t❤❡

s❛♠❡ ❢♦r ✏s♠❛❧❧❡r✑ ♣♦ss✐❜❧❡ ❝♦✉♥t❡r❡①❛♠♣❧❡s✳

❚❤❡ Π1
2✲❜❛r ✐♥❞✉❝t✐♦♥s t❤❡♥ ♦❝❝✉r ✇❤❡♥ r❡q✉✐r✐♥❣ t❤❛t t❤❡ ✇❡❧❧✲q✉❛s✐✲♦r❞❡rs ♦❢ t❤❡

❝♦✉♥t❡r❡①❛♠♣❧❡ ❛r❡ ❛❧s♦ ♠✐♥✐♠❛❧ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ✐♥✐t✐❛❧ ✐❞❡❛❧ ♦r❞❡r✐♥❣ ❛♥❞ s♦✲

❝❛❧❧❡❞ r❡✜♥❡♠❡♥t r❡❧❛t✐♦♥✳ ❲❡ ♣r❡s❡♥t t❤❡ ❜❛r ✐♥❞✉❝t✐♦♥ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ✐♥✐t✐❛❧

✐❞❡❛❧ r❡❧❛t✐♦♥ ✐♥ ❣r❡❛t❡r ❞❡t❛✐❧ t♦ ✐❧❧✉str❛t❡ t❤❛t ✐t ❝❛♥ ❞❡❛❧ ✇✐t❤ t❤❡ ✐♥❞✉❝t✐♦♥ ♣r✐♥✲

❝✐♣❧❡ ❛❝t✉❛❧❧② ♣❡r❢♦r♠❡❞ ✐♥ ●r❛♣❤ ▼✐♥♦rs ❳■❳ ❬✶✶❪❀ t❤❡ r❡❧❛t✐♦♥ ❝♦rr❡s♣♦♥❞✐♥❣ t♦

r❡✜♥❡♠❡♥t ❝❛♥ ❜❡ ❤❛♥❞❧❡❞ ❛♥❛❧♦❣♦✉s❧②✳ ❆s ❛❧r❡❛❞② ♥♦t❡❞✱ t❤❡ ❝♦✉♥t❡r❡①❛♠♣❧❡ t♦

♦✉r ✈❡rs✐♦♥ ♦❢ t❤❡ ❣r❛♣❤ ♠✐♥♦r t❤❡♦r❡♠ ✐s r❡q✉✐r❡❞ t♦ ❤❛✈❡ ❧❛❜❡❧s ❢r♦♠ ❛ ✇❡❧❧✲q✉❛s✐✲

♦r❞❡r t❤❛t ✐s ♠✐♥✐♠❛❧ ✇✐t❤ r❡❣❛r❞ t♦ t❤❡ ✐♥✐t✐❛❧ ✐❞❡❛❧ r❡❧❛t✐♦♥✳ ❆ ✇❡❧❧✲q✉❛s✐✲♦r❞❡r X

✐s ❛♥ ✐♥✐t✐❛❧ ✐❞❡❛❧ ♦❢ ❛♥♦t❤❡r ✇❡❧❧✲q✉❛s✐✲♦r❞❡r X ′✱ ❞❡♥♦t❡❞ X � X ′✱ ✐❢ X ⊆ X ′ ❛♥❞ ✐❢

X ✐s ❝❧♦s❡❞ ❞♦✇♥✇❛r❞ ✇✐t❤ r❡❣❛r❞ t♦ X ′✱ t❤❛t ✐s ✐❢

∀x ∈ X∀x′ ∈ X ′(x′ ≤X′ x→ x′ ∈ X).

❆ss✉♠✐♥❣ t❤❛t t❤❡ ❝♦✉♥t❡r❡①❛♠♣❧❡ ❤❛s ♠✐♥✐♠❛❧ ✇❡❧❧✲q✉❛s✐✲♦r❞❡rs ✇✐t❤ r❡❣❛r❞ t♦

t❤✐s r❡❧❛t✐♦♥ t❤❡♥ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ✐♥❞✉❝t✐♦♥ s❝❤❡♠❡

∀X(WQO(X) → (∀X ′ ≺ X(∀X ′′ ≺ X ′ϕ(X ′′) → ϕ(X ′)) → ϕ(X))).

❚❤✐s ✐s ❞✐✛❡r❡♥t ❢r♦♠ t❤❡ st❛♥❞❛r❞ ❜❛r ✐♥❞✉❝t✐♦♥ s❝❤❡♠❡✱ ✇❤✐❝❤ ♣♦st✉❧❛t❡s t❤❛t

∀X(WF (X) → ∀j(∀i <X jϕ(i) → ϕ(j)) → ∀n ∈ Xϕ(n)).

❋✉rt❤❡r✱ ✐t ✐s ♥♦t ❝❧❡❛r ✇❤❡t❤❡r t❤❡ ✐♥❞✉❝t✐♦♥ s❝❤❡♠❡ ✉s❡❞ ✐♥ ●r❛♣❤ ▼✐♥♦rs ❳■❳

❬✶✶❪ ✐s ❛❝t✉❛❧❧② ✐♠♣❧✐❡❞ ❜② t❤❡ ✉s✉❛❧ ❜❛r✲✐♥❞✉❝t✐♦♥ s❝❤❡♠❡✱ ❛♥❞ ✐t ❞♦❡s ♥♦t s❡❡♠ t♦

✽



❜❡ t❤❡ ❝❛s❡ t❤❛t t❤✐s ✐♥✐t✐❛❧ ✐❞❡❛❧ ✐♥❞✉❝t✐♦♥ s❝❤❡♠❡ ❤❛s ❜❡❡♥ ❝♦♥s✐❞❡r❡❞ ❜❡❢♦r❡ ✐♥

t❤❡ ❧✐t❡r❛t✉r❡ ♦❢ r❡✈❡rs❡ ♠❛t❤❡♠❛t✐❝s✳ ◆♦t❡ ❛❧s♦ t❤❛t ❞✉❡ t♦ t❤❡ ❞✐✛❡r❡♥t ❦✐♥❞s ♦❢

q✉❛♥t✐✜❡rs ♣r❡s❡♥t ✐♥ s❡❝♦♥❞ ♦r❞❡r ❛r✐t❤♠❡t✐❝✱ ✐t ♠❛② ❢♦r ✐♥st❛♥❝❡ ♦❝❝✉r t❤❛t t❤❡

✐♥✐t✐❛❧ ✐❞❡❛❧ ✐♥❞✉❝t✐♦♥ s❝❤❡♠❡ q✉❛♥t✐✜❡s ♦✈❡r ✉♥❝♦✉♥t❛❜❧② ♠❛♥② ♣r❡❞❡❝❡ss♦r ♦❜❥❡❝ts

✇❤✐❧❡ t❤❡ ♦r❞✐♥❛r② ❜❛r ✐♥❞✉❝t✐♦♥ s❝❤❡♠❡ ✐s ❝♦♥str❛✐♥❡❞ t♦ ♦♥❧② ❝♦✉♥t❛❜❧② ♠❛♥②

♣r❡❞❡❝❡ss♦r ♦❜❥❡❝ts✳ ■♥s♣❡❝t✐♥❣ t❤❡ ♣r♦♦❢s ♦❢ ●r❛♣❤ ▼✐♥♦rs ❳■❳ ❬✶✶❪ ❢✉rt❤❡r✱ ✐t ❝❛♥

❤♦✇❡✈❡r ❜❡ ❞✐s❝❡r♥❡❞ t❤❛t ❛ ♠♦r❡ r❡str✐❝t❡❞ ♥♦t✐♦♥ ♦❢ ✐♥✐t✐❛❧ ✐❞❡❛❧ ✐s s✉✣❝✐❡♥t t♦

❝❛rr② ♦✉t t❤❡ ♣r♦♦❢s✳ ■♥ t❤❡ ♣r♦♦❢s ♦❢ ●r❛♣❤ ▼✐♥♦rs ❳■❳ ❬✶✶❪✱ t❤❡ ♠✐♥✐♠❛❧✐t② ♦❢ t❤❡

❝♦✉♥t❡r❡①❛♠♣❧❡ ✇✐t❤ r❡❣❛r❞ t♦ t❤✐s ✐♥✐t✐❛❧ ✐❞❡❛❧ r❡❧❛t✐♦♥ ✐s ♦♥❧② ✉s❡❞ ✇❤❡♥ ❛ ✇❤♦❧❡

s❡❣♠❡♥t ❛❜♦✈❡ ❛ ❝❡rt❛✐♥ ❡❧❡♠❡♥t ✐s ✏❝✉t ♦✉t✑ ♦❢ t❤❡ ✇❡❧❧✲q✉❛s✐✲♦r❞❡r✐♥❣✱ t❤❛t ✐s ♦♥❧②

t❤❡ r❡❧❛t✐♦♥ �1 ❞❡✜♥❡❞ ❜②

X ′ ≺1 X :⇔ ∃〈x1, . . . , xn〉 ∈ X<ω∀x′(x′ ∈ X ′ ↔ x′ ∈ X ∧ ∀i < n(x′ 6≥ xi))

✐s ❛❝t✉❛❧❧② ✉s❡❞ ✐♥ ●r❛♣❤ ▼✐♥♦rs ❳■❳ ❬✶✶❪✳ ❉❡✜♥✐♥❣ ❛ r❡❧❛t✐♦♥ ≤1 ✭✐♥ ♦t❤❡r ❝♦♥t❡①ts

❦♥♦✇♥ ❛s t❤❡ ❙♠②t❤ q✉❛s✐✲♦r❞❡r✮ ♦♥ t❤❡ ✜♥✐t❡ s✉❜s❡ts [X]<ω ♦❢ ❛ ✇❡❧❧✲q✉❛s✐✲♦r❞❡r❡❞

s❡t X ❜②

{y1, . . . , yn} ≤1 {z1, . . . , zm} :⇔ ∀j ∈ {1, . . . ,m}∃i ∈ {1, . . . , n}yi ≤ zj,

❛♥❞ s❡tt✐♥❣ Xz1,...,zn := {x ∈ X : ∀i < n(x 6≥ zi)} ✐t ❝❛♥ ❜❡ s❤♦✇♥ t❤❛t ❜❛r ✐♥❞✉❝t✐♦♥

❢♦r ≤1 ✐♠♣❧✐❡s ✐♥✐t✐❛❧ ✐❞❡❛❧ ✐♥❞✉❝t✐♦♥ ❢♦r �1✿

▲❡♠♠❛ ✾✳ ❆ss✉♠❡ t❤❛t ❢♦r ❡✈❡r② ✇❡❧❧✲q✉❛s✐✲♦r❞❡r❡❞ s❡t X∗ ❛♥❞ ❡✈❡r② Π1
2✲❢♦r♠✉❧❛

ϕ′(n) t❤❡ ♦r❞✐♥❛r② ❜❛r ✐♥❞✉❝t✐♦♥ s❝❤❡♠❡ ❤♦❧❞s ✇✐t❤ r❡❣❛r❞ t♦ [X∗]<ω ❛♥❞ ≤1✱ ✐✳❡✳

t❤❛t

∀j(∀i <1 jϕ
′(i) → ϕ′(j)) → ∀n ∈ [X∗]<ωϕ′(n).

❚❤❡♥ ❛❧s♦ t❤❡ ✐♥✐t✐❛❧ ✐❞❡❛❧ ✐♥❞✉❝t✐♦♥ s❝❤❡♠❡ ❤♦❧❞s ❢♦r ❡✈❡r② ✇❡❧❧✲q✉❛s✐✲♦r❞❡r❡❞ s❡t

X ❛♥❞ ❡✈❡r② Π1
2✲❢♦r♠✉❧❛ ϕ(Y ) ✇✐t❤ r❡❣❛r❞ t♦ �1✱ ✐✳❡✳

∀X ′ ≺1 X(∀X ′′ ≺1 X
′ϕ(X ′′) → ϕ(X ′)) → ϕ(X).

Pr♦♦❢✳ ◆♦t❡ t❤❛t ✐❢ X ✐s ✇❡❧❧✲q✉❛s✐✲♦r❞❡r❡❞ t❤❡♥ ≤1 ✐s ✇❡❧❧✲❢♦✉♥❞❡❞ ♦♥ [X]<ω s✐♥❝❡

❛ ❜❛❞ ≤1✲s❡q✉❡♥❝❡ ✐♥ X ✇♦✉❧❞ ✐♥ ♣❛rt✐❝✉❧❛r ✐♥❞✉❝❡ ❛ ❜❛❞ �✲s❡q✉❡♥❝❡ ✐♥ X ✭s❡❡ ❡✳❣✳

❬✸❪✮✱ ✇❤✐❝❤ ✐s ✐♥ ❝♦♥tr❛❞✐❝t✐♦♥ t♦ t❤❡ ✇❡❧❧✲q✉❛s✐✲♦r❞❡r❡❞♥❡ss ♦❢ X✳

◆♦✇ ❧❡t X ❜❡ ✇❡❧❧✲q✉❛s✐✲♦r❞❡r❡❞ ❛♥❞ ❧❡t ⊤ ❜❡ ❛ ♥❡✇ ❡❧❡♠❡♥t s♦ t❤❛t ⊤ > x ❢♦r ❛❧❧

x ∈ X✳ ❉❡✜♥❡ X̂ := X ∪ {⊤}✳ ❚❤❡ ✐❞❡❛ ❢♦r s❤♦✇✐♥❣ t❤❛t t❤❡ ✐♥✐t✐❛❧ ✐❞❡❛❧ ✐♥❞✉❝t✐♦♥

s❝❤❡♠❡ ❤♦❧❞s ❣✐✈❡♥ t❤❡ ♦r❞✐♥❛r② ✐♥❞✉❝t✐♦♥ s❝❤❡♠❡ ✐s t♦ ❡♥❝♦❞❡ t❤❡ ♣r❡❞❡❝❡ss♦rs ♦❢ X

✾



✇✐t❤ r❡❣❛r❞ t♦ �1 ❜② ✜♥✐t❡ s✉❜s❡ts ♦❢ X̂✱ ❛♥❞ t♦ ♣❡r❢♦r♠ ❛♥ ♦r❞✐♥❛r② ❜❛r ✐♥❞✉❝t✐♦♥

♦♥ [X̂]<ω ✐♥st❡❛❞✳

❙♦ ❛ss✉♠❡ t❤❛t t❤❡ ✉s✉❛❧ ❜❛r ✐♥❞✉❝t✐♦♥ s❝❤❡♠❡ ❢♦r Π1
2✲❢♦r♠✉❧❛s ✇✐t❤ r❡❣❛r❞ t♦ [X̂]<ω

❛♥❞ ≤1 ❤♦❧❞s✳ ▲❡t ϕ(X) ❜❡ ❛♥② Π1
2✲❢♦r♠✉❧❛✱ t❤❡♥ ✇❡ ♥❡❡❞ t♦ s❤♦✇ t❤❛t ≺1✲✐♥✐t✐❛❧

✐❞❡❛❧ ✐♥❞✉❝t✐♦♥ ♦✈❡r X ❤♦❧❞s ❢♦r ϕ✳ ❍❡♥❝❡ ❛ss✉♠❡ ϕ ✐s ♣r♦❣r❡ss✐✈❡ ✇✐t❤ r❡s♣❡❝t t♦

≺1✱ ✐✳❡✳ t❤❛t

∀X ′ ≺1 X(∀X ′′ ≺1 X
′ϕ(X ′′) → ϕ(X ′)).

❚❤❡♥ ✇❡ ♥❡❡❞ t♦ s❤♦✇ t❤❛t ϕ(X) ❤♦❧❞s✳ ❚♦ ❞♦ t❤✐s✱ ✇❡ ❞❡✜♥❡ ❛ ❢♦r♠✉❧❛ ϕ′(i) s♦

t❤❛t ϕ′({y1, . . . , yn}) ❡ss❡♥t✐❛❧❧② ❡♠✉❧❛t❡s ϕ({x ∈ X̂ : ∀j < n : x 6≥ yj})✱ ❛s ❢♦❧❧♦✇s✿

ϕ′(i) := ∀Y (i = {y1, . . . , yn} → (∀x(x ∈ Y ↔ x ∈ X̂ ∧ ∀j < n : x 6≥1 yj) → ϕ(Y ))).

❇② Σ0
0✲❝♦♠♣r❡❤❡♥s✐♦♥ ❛ s❡t Y s❛t✐s❢②✐♥❣ t❤❡ ❝♦♥❞✐t✐♦♥s ✐♥ t❤❡ ❛♥t❡❝❡❞❡♥t ❛❧✇❛②s

❡①✐sts✱ ❛♥❞ s♦ ϕ′ ✐s ✐♥ ❢❛❝t t❤❡ ✐♥t❡♥❞❡❞ st❛t❡♠❡♥t✳ ◆♦t❡ t❤❛t ϕ′(i) ✐s ❢✉rt❤❡r st✐❧❧ ❛

Π1
2✲❢♦r♠✉❧❛✱ ❛♥❞ t❤❛t ✇❡ ❝❛♥ t❤✉s ✉t✐❧✐③❡ ♦✉r ✐❞❡❛ t♦ ❡♠♣❧♦② Π1

2✲❜❛r ✐♥❞✉❝t✐♦♥ ❢♦r ϕ′

✐♥ ♦r❞❡r t♦ s❤♦✇ t❤❛t ϕ′({⊤}) ❛♥❞ ❤❡♥❝❡ ϕ(X) ❤♦❧❞s✳ ❚♦ t❤✐s ❡♥❞ ✇❡ ♥❡❡❞ t♦ ♣r♦✈❡

t❤❡ ♣r♦❣r❡ss✐✈❡♥❡ss ♦❢ ϕ′✳ ❙♦ ❛ss✉♠❡ ✭❧❡tt✐♥❣ i✱ j ❜❡ ❝♦❞❡s ❢♦r ✜♥✐t❡ s✉❜s❡ts ♦❢ X̂✮

t❤❛t ∀i <1 jϕ
′(i)✱ t❤❡♥ ✇❡ ♥❡❡❞ t♦ s❤♦✇ ϕ′(j)✳

❋♦r t❤✐s✱ ✇❡ ✜rst s❤♦✇ t❤❛t ∀i <1 jϕ
′(i) ✐♠♣❧✐❡s ∀X ′′ ≺1 X

jϕ(X ′′)✳ ❇✉t ✐❢ j =

{x1, . . . , xm}✱ s❛②✱ t❤❡♥ X ′′ ≺1 Xj ♠❡❛♥s t❤❛t X ′′ = Xx1,...,xm,z1,...,zk ❢♦r s♦♠❡

z1, . . . , zk✱ ❛♥❞ tr✐✈✐❛❧❧② {x1, . . . , xm, z1, . . . , zk} <1 {x1, . . . , xm}✱ ✇❤❡r❡ t❤❡ ✐♥❡q✉❛❧✲

✐t② ♠✉st ❜❡ str✐❝t s✐♥❝❡ X ′′ ≺1 X
j✳ ▲❡t i = {x1, . . . , xm, z1, . . . , zk}✳ ❚❤❡♥ ϕ

′(i) ❤♦❧❞s

s✐♥❝❡ ✇❡ ❛ss✉♠❡❞ ∀i <1 jϕ
′(i)✱ ❛♥❞ s✐♥❝❡ X i = X ′′ ✇❡ ❝❛♥ ✐♥❢❡r t❤❛t ϕ(X ′′) ❤♦❧❞s ❛s

✇❡❧❧✳

❙♦ ✇❡ ❤❛✈❡ s❤♦✇♥ t❤❛t ∀X ′′ ≺1 X
jϕ(X ′′)✳ ❙✐♥❝❡ ϕ ✇❛s ❛ss✉♠❡❞ t♦ ❜❡ ♣r♦❣r❡ss✐✈❡

✇✐t❤ r❡❣❛r❞ t♦ ≺1✱ t❤✐s ❣✐✈❡s ϕ(X
j) ❛♥❞ t❤❡r❡❢♦r❡ ϕ′(j)✳ ❚❤✐s ✐s ✇❤❛t ✇❡ ♥❡❡❞❡❞ t♦

s❤♦✇ ❢♦r ϕ′ t♦ ❜❡ ♣r♦❣r❡ss✐✈❡✳ ❙✐♥❝❡ ϕ′ ✐s ♣r♦❣r❡ss✐✈❡ ✇❡ ❝❛♥ ❛♣♣❧② Π1
2✲❜❛r ✐♥❞✉❝t✐♦♥

♦♥ ϕ′ t♦ ♦❜t❛✐♥ ∀x ∈ [X̂]<ωϕ′(x)✳ ❚❤✐s ❣✐✈❡s ✉s ✐♥ ♣❛rt✐❝✉❧❛r ϕ′({⊤})✱ ✇❤✐❝❤ ✐♥ t✉r♥

✐♠♣❧✐❡s ϕ(X) ❛♥❞ t❤✉s ❝♦♠♣❧❡t❡s t❤❡ ♣r♦♦❢✳

■♥ t❤❡ ❛❜♦✈❡✱ ✜♥✐t❡ s❡ts ♦❢ ❡❧❡♠❡♥ts ♦❢ X ❛r❡ ✉s❡❞ t♦ ❝♦❞❡ t❤❡ ❛♣♣r♦♣r✐❛t❡ s✉❜s❡ts ♦❢

X✳ ❋♦r t❤❡ ❜❛r ✐♥❞✉❝t✐♦♥ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ r❡✜♥❡♠❡♥t r❡❧❛t✐♦♥✱ ❛ ✜♥✐t❡ s❡q✉❡♥❝❡

♦❢ s✉❝❤ ✜♥✐t❡ s❡ts ✐s ♥❡❡❞❡❞ ✐♥st❡❛❞✳ ❚❤❡ ❝r✐t✐❝❛❧ ❝♦♥❞✐t✐♦♥ ♦❢ t❤❡ r❡✜♥❡♠❡♥t r❡❧❛t✐♦♥

s❛②s ✐♥ ❛ s❡♥s❡ t❤❛t t❤❡ ✇❡❧❧✲q✉❛s✐✲♦r❞❡rs ❢r♦♠ ✇❤✐❝❤ s♦♠❡ ♦❢ ❡❞❣❡s ❛r❡ ❛❧❧♦✇❡❞ t♦ ❜❡

✶✵



❧❛❜❡❧❧❡❞ ❝❛♥ ❜❡ ❛rr❛♥❣❡❞ ✐♥ s✉❝❤ ❛ ✇❛② t❤❛t s♦♠❡ ♦❢ t❤♦s❡ ✇❡❧❧✲q✉❛s✐✲♦r❞❡rs ❛r❡ ✐♥✐t✐❛❧

✐❞❡❛❧s ♦❢ ♦t❤❡rs✱ ❛♥❞ ❛t ♠♦st ✐❞❡♥t✐❝❛❧✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ❛ s❡q✉❡♥❝❡ 〈X1, . . . , Xn〉 ✐s

❛ r❡✜♥❡♠❡♥t ♦❢ ❛ s❡q✉❡♥❝❡ 〈X ′
1, . . . , X

′
m〉 ✐❢ n ≥ m ❛♥❞ t❤❡r❡ ✐s ❛ ❢✉♥❝t✐♦♥ f :

{1, . . . , n} −→ {1, . . . ,m} ✇✐t❤ t❤❡ ♣r♦♣❡rt② t❤❛t Xi � Xf(i) ❢♦r ❛❧❧ i ≤ n✱ s♦ t❤❛t

❛❞❞✐t✐♦♥❛❧❧② Xi, Xj ≺ Xf(i) ✇❤❡♥❡✈❡r f(i) = f(j) ❢♦r i 6= j✱ ❛♥❞ s♦ t❤❛t Xi ≺ Xf(i)

❢♦r s♦♠❡ i✳ ❆s ✐♥ t❤❡ ♣r❡✈✐♦✉s ✐♥❞✉❝t✐♦♥✱ t❤❡ ≺✲r❡❧❛t✐♦♥s ❛r❡ ♥♦t ❛❝t✉❛❧❧② r❡q✉✐r❡❞

✐♥ t❤❡✐r ❢✉❧❧ ❢♦r♠ ❛♥❞ ❝❛♥ ❜❡ r❡♣❧❛❝❡❞ ❜② ≺1 r❡❧❛t✐♦♥s✱ ✇❤✐❝❤ ❡♥❛❜❧❡s ✉s t♦ ♣❡r❢♦r♠

❛ ❜❛r✲✐♥❞✉❝t✐♦♥ ✐♥ ♦r❞❡r t♦ s✐♠✉❧❛t❡ t❤❡ ✐♥❞✉❝t✐♦♥ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ r❡✜♥❡♠❡♥t

r❡❧❛t✐♦♥✳ ❲❡ ✇r✐t❡ 〈X1, . . . , Xn〉 ≺2 〈X
′
1, . . . , X

′
m〉 ✐❢ 〈X1, . . . , Xn〉 ✐s ❛ r❡✜♥❡♠❡♥t ♦❢

〈X ′
1, . . . , X

′
m〉✳ ❚♦ ♣❡r❢♦r♠ t❤❡ ❜❛r✲✐♥❞✉❝t✐♦♥✱ ✇❡ ♥❡❡❞ ❛ r❡❧❛t✐♦♥ ❝♦rr❡s♣♦♥❞✐♥❣ t♦

≺2✳ ❆s ❛❜♦✈❡✱ ❞❡♥♦t❡ t❤❡ s❡t ♦❢ ✜♥✐t❡ s✉❜s❡ts ♦❢ ❛ s❡t Y ❜② [Y ]<ω✱ ❛♥❞ ✉s❡ ρ ❛♥❞ σ

❛s ✈❛r✐❛❜❧❡s ❢♦r s✉❝❤ ✜♥✐t❡ s✉❜s❡ts✳ ❉❡✜♥❡ t❤❡♥ ♦♥ ([X]<ω)<ω ❛ r❡❧❛t✐♦♥ <2 ❜②

〈ρ1, . . . , ρn〉 <2 〈σ1, . . . , σm〉 :⇔ ∃f : {1, . . . , n} −→ {1, . . . ,m}(

∀i ≤ n(ρi ≤1 σf(i)) ∧ ∃i ≤ n(ρi <1 σf(i))∧

∀i, j(i 6= j ∧ f(i) = f(j) → ρi <1 σf(i))).

■♥ ♦r❞❡r t♦ ❜❡ ❛❜❧❡ t♦ ❝❛rr② ♦✉t ❛ ❜❛r✲✐♥❞✉❝t✐♦♥ ❛❧♦♥❣ t❤✐s r❡❧❛t✐♦♥✱ ✇❡ ♥❡❡❞ t♦ s❤♦✇

t❤❛t ✐t ✐s ✇❡❧❧✲❢♦✉♥❞❡❞✳ ❚❤✐s ✐s ❞♦♥❡ ✐♥ t❤❡ ♥❡①t ❧❡♠♠❛✳

▲❡♠♠❛ ✶✵✳ ▲❡t X ❜❡ ❛ ✇❡❧❧✲q✉❛s✐✲♦r❞❡r❡❞ s❡t✳ ❚❤❡♥ ([X]<ω)<ω ✐s ✇❡❧❧✲❢♦✉♥❞❡❞ ✇✐t❤

r❡❣❛r❞ t♦ ≤2✳

Pr♦♦❢✳ ❇❡❝❛✉s❡ X ✐s ✇❡❧❧✲q✉❛s✐✲♦r❞❡r❡❞✱ [X]<ω ✐s ✇❡❧❧✲❢♦✉♥❞❡❞ ✇✐t❤ r❡❣❛r❞ t♦ <1 ❜②

t❤❡ r❡♠❛r❦s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❛❜♦✈❡ ❧❡♠♠❛✳ ❖✉r ❛✐♠ ✐s t♦ ❡♠♣❧♦② ❑ö♥✐❣✬s ❧❡♠♠❛

✐♥ ♦r❞❡r t♦ s❤♦✇ t❤❛t t❤❡r❡ ❝❛♥ ❜❡ ♥♦ ✐♥✜♥✐t❡ ❞❡s❝❡♥❞✐♥❣ ≤2✲s❡q✉❡♥❝❡ ✐♥ ([X]<ω)<ω✳

❚❤✉s ✐❢ 〈ρ1, . . . , ρn〉 <2 〈σ1, . . . , σm〉 ✈✐❛ f ✱ ✇❡ s❛② t❤❛t σj ❜r❛♥❝❤❡s ✐♥t♦ ρi1 , . . . , ρimj

✐❢ f−1(j) = {i1, . . . , imj
} ❛♥❞ ρi1 <1 σj ✭✇❤✐❝❤ ✐s ✐♠♠❡❞✐❛t❡ ✐❢ f−1(j) ❝♦♥s✐sts ♦❢

♠♦r❡ t❤❛♥ ♦♥❡ ❡❧❡♠❡♥t✮✳

◆♦✇ ❛ss✉♠❡ t❤❛t t❤❡r❡ ✐s ❛ s❡q✉❡♥❝❡ s :=
〈〈

ρi1, . . . , ρ
i
ni

〉

: i ∈ N
〉

s♦ t❤❛t s(i) >2

s(i+ 1) ❢♦r ❛❧❧ i✱ ❛♥❞ ❧❡t 〈fi : {1, . . . , ni} −→ {1, . . . , ni−1}〉i≥2 ❜❡ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣

s❡q✉❡♥❝❡ ♦❢ ❢✉♥❝t✐♦♥s ✇✐t♥❡ss✐♥❣ t❤❡ <2 r❡❧❛t✐♦♥s✳ ■♥ ♦r❞❡r t♦ ❛✈♦✐❞ ❝♦♥❢✉s✐♥❣ ❞✉✲

♣❧✐❝❛t❡ ❡❧❡♠❡♥ts t❤❛t ♠❛② ❛♣♣❡❛r ♠✉❧t✐♣❧❡ t✐♠❡s ✐♥ t❤❛t s❡q✉❡♥❝❡✱ ✇❡ ✐♥t❡r♣r❡t ❡❛❝❤

ρik ❛s ❛ t❡r♠✱ ❛♥❞ ✐❞❡♥t✐❢② t✇♦ s✉❝❤ t❡r♠s tr❛♥s✐t✐✈❡❧② ✐❢ ρi+1
k = ρil ❛♥❞ fi+1(k) = l✳

❲❡ ♥♦✇ t✉r♥ t♦✇❛r❞ ❞❡✜♥✐♥❣ t❤❡ tr❡❡ ✇❡ ✇❛♥t t♦ ✉s❡ ❑ö♥✐❣✬s ❧❡♠♠❛ ♦♥✳ ▲❡t

S = {ρik : i ∈ N ∧ k ≤ ni}✱ ❛♥❞ ❢♦r ρ, σ ∈ S ❞❡✜♥❡ σ t♦ ❜❡ ❛ s✉❝❝❡ss♦r ♦❢ ρ ✐❢ ❛t

s♦♠❡ st❡♣ ✐♥ s ❛♥ ❡❧❡♠❡♥t ✉♥❞❡r❧②✐♥❣ ρ ❜r❛♥❝❤❡s ✐♥t♦ ❛♥ ❡❧❡♠❡♥t ✉♥❞❡r❧②✐♥❣ σ✳ ◆♦t❡
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t❤❛t ❞✉❡ t♦ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ <2 ❡✈❡r② ρ ❝❛♥ ❜r❛♥❝❤ ♦♥❧② ♦♥❝❡✱ ❛♥❞ t❤❛t ✐t ❝❛♥ ♦♥❧②

❜r❛♥❝❤ ✐♥t♦ ✜♥✐t❡❧② ♠❛♥② s✉❝❝❡ss♦rs✳ ❚❤✐s s✉❝❝❡ss♦r r❡❧❛t✐♦♥ t❤✉s ❞❡✜♥❡s ❛ ❢♦r❡st

♦♥ S✱ ✇❤✐❝❤ ✐s ✐♥✜♥✐t❡ s✐♥❝❡ s ✐s ❛♥ ✐♥✜♥✐t❡ ❞❡s❝❡♥❞✐♥❣ s❡q✉❡♥❝❡ ❛♥❞ ✐♥ ✇❤✐❝❤ ❡✈❡r②

tr❡❡ ✐s ✜♥✐t❡❧② ❜r❛♥❝❤✐♥❣✳ ❙✐♥❝❡ t❤✐s ❢♦r❡st ❝♦♥s✐sts ♦❢ n1 ❛♥❞ ❤❡♥❝❡ ✜♥✐t❡❧② ♠❛♥②

tr❡❡s✱ ♦♥❡ ♦❢ t❤❡s❡ tr❡❡s ♠✉st ❜❡ ✐♥✜♥✐t❡ ❛s ✇❡❧❧✳ ❲❡ ❝❛♥ t❤✉s ❛♣♣❧② ❑ö♥✐❣✬s ▲❡♠♠❛

t♦ t❤✐s tr❡❡ t♦ ♦❜t❛✐♥ ❛♥ ✐♥✜♥✐t❡✱ str✐❝t❧② ❞❡❝r❡❛s✐♥❣ <1✲s❡q✉❡♥❝❡ ✐♥ [X]<ω✱ ✇❤✐❝❤ ✐s

❛ ❝♦♥tr❛❞✐❝t✐♦♥ s✐♥❝❡ [X]<ω ✐s ✇❡❧❧✲❢♦✉♥❞❡❞ ❜② <1✳

❙✐♠✐❧❛r❧② t♦ ≺1✲✐♥✐t✐❛❧ ✐❞❡❛❧ ✐♥❞✉❝t✐♦♥✱ ✇❡ ❝❛♥ ♥♦✇ ♣r♦✈❡ ❛ ❧❡♠♠❛ t❤❛t s❤♦✇s t❤❛t

♦r❞✐♥❛r② ❜❛r ✐♥❞✉❝t✐♦♥ ❢♦r ≤2 ✐♠♣❧✐❡s t❤❡ ✐♥❞✉❝t✐♦♥ s❝❤❡♠❡ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ r❡✜♥❡✲

♠❡♥t✳ ❚❤✐s ✐s ♠❛❞❡ ♣r❡❝✐s❡ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛✳

▲❡♠♠❛ ✶✶✳ ❆ss✉♠❡ t❤❛t ❢♦r ❡✈❡r② ✇❡❧❧✲q✉❛s✐✲♦r❞❡r❡❞ s❡t X∗ ❛♥❞ ❡✈❡r② Π1
2✲❢♦r♠✉❧❛

ϕ′(n) t❤❡ ❜❛r ✐♥❞✉❝t✐♦♥ s❝❤❡♠❡ ❤♦❧❞s ✇✐t❤ r❡❣❛r❞ t♦ ([X∗]<ω)<ω ❛♥❞ ≤2✱ ✐✳❡✳ t❤❛t

∀j(∀i <2 jϕ
′(i) → ϕ′(j)) → ∀n ∈ ([X∗]<ω)<ωϕ′(n).

❚❤❡♥ ❢♦r ❡✈❡r② ✜♥✐t❡ s❡q✉❡♥❝❡ ♦❢ ✇❡❧❧✲q✉❛s✐✲♦r❞❡r❡❞ s❡ts X := 〈X1, . . . , Xn〉 ❛♥❞

❡✈❡r② Π1
2✲❢♦r♠✉❧❛ ϕ(Y ) t❤❡ ✐♥❞✉❝t✐♦♥ s❝❤❡♠❡ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ r❡✜♥❡♠❡♥t

(∀X ′ ≺2 X(∀X ′′ ≺2 X
′ϕ(X ′′) → ϕ(X ′)) → ϕ(X))

❤♦❧❞s ❛s ✇❡❧❧✳

Pr♦♦❢✳ ❚❤❡ ♣r♦♦❢ ✐s ❡ss❡♥t✐❛❧❧② t❤❡ s❛♠❡ ❛s t❤❡ ♦♥❡ ❢♦r ▲❡♠♠❛ ✾✳

❚❤✐s s❤♦✇s t❤❛t t❤❡ ❝r✐t✐❝❛❧ ♣❛rts ♦❢ ●r❛♣❤ ▼✐♥♦rs ❳■❳ ❬✶✶❪ ❝❛♥ ❜❡ ❞❡❛❧t ✇✐t❤ ❜②

❛ Π1
2✲❜❛r ✐♥❞✉❝t✐♦♥✳ ❆ s✐♠✐❧❛r ✐♥❞✉❝t✐♦♥ ✐s ♣❡r❢♦r♠❡❞ ✐♥ t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ✐♠♠❡rs✐♦♥

t❤❡♦r❡♠ ✐♥ ●r❛♣❤ ▼✐♥♦rs ❳❳■■■ ❬✶✷❪ t❤❛t ❝❛♥ ❜❡ ❞❡❛❧t ✇✐t❤ ❜② t❤❡ s❛♠❡ t❡❝❤♥✐q✉❡s✳

❚♦ ❣✐✈❡ ❛♥ ♦✈❡r✈✐❡✇✱ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣❧❛❝❡♠❡♥ts ♦❢ ♣r♦♦❢✲t❤❡♦r❡t✐❝ str❡♥❣t❤✳

• |Π1
1−CA0| = ψ0(Ωω)✳

• |Π1
1−CA0 +Π1

2✲■◆❉| = ψ0(Ωω·ω
ω)✳

• |Π1
1−CA| = ψ0(Ωω·ε0)✳

✶✷



• |Π1
1−CA0 +Π1

2✲❇■| = ψ0(Ω
ω
ω)✳

• |Π1
1−CA0 +Π1

2✲❇■+Π1
3✲■◆❉| = ψ0(Ω

ωω

ω )✳

• ψ0(Ωω) < ♦r❞✐♥❛❧ ♦❢ ❣r❛♣❤ ♠✐♥♦r ❛♥❞ ✐♠♠❡rs✐♦♥ t❤❡♦r❡♠s ≤ ψ0(Ω
ωω

ω )✳

✹ P♦ss✐❜❧❡ ❧♦✇❡r ❜♦✉♥❞ ✐♠♣r♦✈❡♠❡♥ts

❚♦ ♥❛rr♦✇ ❞♦✇♥ t❤❡ ❝♦rr✐❞♦r ✐♥ ✇❤✐❝❤ t❤❡ ♣r♦♦❢✲t❤❡♦r❡t✐❝ str❡♥❣t❤ ♦❢ t❤❡ t❤❡♦r❡♠s

❝♦♥s✐❞❡r❡❞ ❛❜♦✈❡ ❧✐❡s✱ ♦♥❡ ♠✐❣❤t tr② t♦ ✐♥❝r❡❛s❡ t❤❡✐r ❧♦✇❡r ❜♦✉♥❞s✳ ❚❤❡ ✐♠♠❡rs✐♦♥

t❤❡♦r❡♠ ✇✐t❤ ✇❡❧❧✲q✉❛s✐✲♦r❞❡r❡❞ ❧❛❜❡❧s s❡❡♠s t♦ ❜❡ ♣❛rt✐❝✉❧❛r❧② s✉✐t❡❞ ❢♦r s✉❝❤ ❛

t❛s❦✱ s✐♥❝❡ ✐t ❛❧♠♦st ✐♠♣♦s❡s ❛♥ ❛♣♣r♦❛❝❤ s✐♠✐❧❛r t♦ t❤❛t ♦❢ ❋r✐❡❞♠❛♥✬s ❡①t❡♥❞❡❞

❑r✉s❦❛❧✬s t❤❡♦r❡♠ EKT ❬✶✹❪✳ ❚❤❡r❡✱ ❛ ❢✉♥❝t✐♦♥ ✐s ✉s❡❞ t♦ r❡❧❛t❡ ❧❛❜❡❧❧❡❞ tr❡❡s ♦r✲

❞❡r❡❞ ❜② ❡♠❜❡❞❞✐♥❣ ✇✐t❤ ❣❛♣✲❝♦♥❞✐t✐♦♥ t♦ ♦r❞✐♥❛❧s ❢r♦♠ t❤❡ ♦r❞✐♥❛❧ ♥♦t❛t✐♦♥ s②st❡♠

OT (Ωω)✳ ❚❤✐s ♦r❞✐♥❛❧ ♥♦t❛t✐♦♥ s②st❡♠ ✐s ✉s❡❞ ❢♦r t❤❡ ♦r❞✐♥❛❧ ❛♥❛❧②s✐s ♦❢ Π1
1✲❈❆0✱

✇❤✐❝❤ s❤♦✇s t❤❛t |Π1
1✲❈❆0| = Ψ0(Ωω)✱ ❛♥❞ ❞❡r✐✈❡❞ ❢r♦♠ t❤❡ s❡t C0(Ωω) ❢r♦♠ ❬✶❪✳ ■♥

❬✶✹❪ ✐t ✐s t❤❡♥ s❤♦✇♥ t❤❛t t❤❡ ❛❜♦✈❡ ❛♣♣r♦❛❝❤ ②✐❡❧❞s✿

❚❤❡♦r❡♠ ✶✷✳ ❆❈❆0 ⊢ EKT → WO(Ψ0(Ωω))✳ ■♥ ♣❛rt✐❝✉❧❛r✱ EKT ✐s ♥♦t ♣r♦✈❛❜❧❡

✐♥ Π1
1✲❈❆0✳

❙✐♠✐❧❛r t♦ EKT ✱ ❛ ♣r✐♥❝✐♣❧❡ GKTω(Q)✱ ❞❡♥♦t✐♥❣ ❣❡♥❡r❛❧✐③❡❞ ❑r✉s❦❛❧✬s t❤❡♦r❡♠ ✇✐t❤

❧❛❜❡❧s ❢r♦♠ ω ❛♥❞ ❛❞❞✐t✐♦♥❛❧ ✇❡❧❧✲q✉❛s✐✲♦r❞❡r❡❞ ❧❛❜❡❧s ❢r♦♠ ❛ ✇❡❧❧✲q✉❛s✐✲♦r❞❡r Q✱ ❝❛♥

❜❡ ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s✳ ❋✐rst✱ t❤❡ ♦❜❥❡❝ts r❡❧❛t❡❞ t♦ t❤✐s ♣r✐♥❝✐♣❧❡ ❛r❡ r♦♦t❡❞ tr❡❡s T

t❤❛t ❤❛✈❡ t✇♦ ❧❛❜❡❧❧✐♥❣ ❢✉♥❝t✐♦♥s ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡♠✱ ♦♥❡ ❢✉♥❝t✐♦♥ l : V (T ) −→ ω

❛♥❞ ❛♥♦t❤❡r ❢✉♥❝t✐♦♥ lQ : V (T ) −→ Q✳ ❚❤❡② ❛r❡ ♦r❞❡r❡❞ ❜② ❡♠❜❡❞❞✐♥❣s f : T1 −→

T2 t❤❛t s❛t✐s❢② t❤❡ ❣❛♣✲❝♦♥❞✐t✐♦♥

∀x ∈ V (T1)∀y ∈ V (T2)(y ≤ f(x) ∧ ¬∃z ∈ V (T1)(z < x ∧ y ≤ f(z)) → l(y) ≥ l(x)),

❛♥❞ ❛❞❞✐t✐♦♥❛❧❧② r❡s♣❡❝t t❤❡ ❧❛❜❡❧s ❢r♦♠ Q ✐♥ t❤❡ s❡♥s❡ t❤❛t

∀x ∈ V (T1)(lQ(x) ≤ lQ(f(x))).

❋♦r ❛♥② ✈❡rt❡① v 6= root(T ) ✐♥ s✉❝❤ ❛ tr❡❡✱ ✐❢ w ✐s t❤❡ ✜rst ✈❡rt❡① ♦♥ t❤❡ ♣❛t❤ ❢r♦♠

v t♦ root(T )✱ ✇❡ ❞❡✜♥❡ T v t♦ ❜❡ t❤❡ ❝♦♠♣♦♥❡♥t ♦❢ T \ w ✇❤✐❝❤ ✐♥❝❧✉❞❡s v✱ ❛♥❞ s❡t

root(T v) := v✳ ❚❤❡♥ ♦♥❡ ❝❛♥ r❡❧❛t❡ ♦r❞✐♥❛❧s t♦ ❛ s✉❜s❡t ♦❢ t❤❡s❡ tr❡❡s✱ ❜② ❞❡❝r❡❡✐♥❣

t❤❛t t❤❡ ✇❡❧❧✲q✉❛s✐✲♦r❞❡r Q ❤❛✈❡ t❤❡ ❢♦r♠ Q = WQ∪{+, ω·, ψ}✱ ✇❤❡r❡ WQ ✐s ❛ ✇❡❧❧✲

♦r❞❡r ❛♥❞ t❤❡ ❡❧❡♠❡♥ts ♦❢ {+, ω·, ψ} ❛r❡ ✐♥❝♦♠♣❛r❛❜❧❡ t♦ ❛❧❧ ♦t❤❡rs✱ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣
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✇❛②✳ ❋✐rst✱ ✇❡ ♥❡❡❞ ❛♥ ♦r❞✐♥❛❧ ♥♦t❛t✐♦♥ s②st❡♠ OT (Ωω ·W ) ❢r♦♠ ❬✻❪ ✇❤✐❝❤ r❡❧❛t✐✈✐③❡s

OT (Ωω) ❜② ♣✉tt✐♥❣ sup(W ) ♠❛♥② ❝♦♣✐❡s ♦❢ Ωω ❛❜♦✈❡ Ωω✳ ■♥t❡r♣r❡t ❛ ✇❡❧❧✲♦r❞❡r W

❛s ❛♥ ♦r❞✐♥❛❧ ❛♥❞ ❢♦r w ∈ W s❡t w := Ωω · (1+w)✳ ❉❡✜♥❡ t❤❡♥ s❡ts CW
m (α)✱ m ∈ N✱

❛♥❞ ❝♦❧❧❛♣s✐♥❣ ❢✉♥❝t✐♦♥s ψW
m (α)✱ m ∈ N ❜② ✐♥❞✉❝t✐♦♥ ♦♥ α✳ ▲❡t CW

m (α) ❜❡ t❤❡ ❧❡❛st

s❡t C ⊇ Ωm ∪ {Ωi : i ∈ N} ∪ {w : w ∈ W} s♦ t❤❛t✿

• C ∩ Ωω ✐s ❝❧♦s❡❞ ✉♥❞❡r + ❛♥❞ ω·✱

• w + α ∈ C ✇❤❡♥❡✈❡r w ∈ W ❛♥❞ α ∈ C ∩ Ωω✱ ❛♥❞

• C ∩ α ✐s ❝❧♦s❡❞ ✉♥❞❡r ψn ❢♦r ❛❧❧ n ∈ N✳

❚❤❡♥ ✇❡ ❝❛♥ ❞❡✜♥❡ ψW
m (α) ❜②

ψW
m (α) := min{ξ : ξ /∈ CW

m (α)}.

❲❡ ❛❧s♦ ✇r✐t❡ ψm ✐♥st❡❛❞ ♦❢ ψW
m ✐❢ ♥♦ ❝♦♥❢✉s✐♦♥ ✐s ♣♦ss✐❜❧❡✳ ❚❤❡ ♣r♦♦❢✲t❤❡♦r❡t✐❝

♦r❞✐♥❛❧ ♦❢ Π1
1✲❈❆ ✐♥ t❡r♠s ♦❢ t❤❡s❡ ❝♦❧❧❛♣s✐♥❣ ❢✉♥❝t✐♦♥s ✐s t❤❡♥ ψ0(Ωω · ε0)✳ ▲❡t

w′ := sup(W )✳ ■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❡ ✇✐❧❧ ❛❧✇❛②s ❛ss✉♠❡ t❤❛t ♦r❞✐♥❛❧s ❛r❡ ✐♥ ♥♦r♠❛❧

❢♦r♠ ✇✐t❤ r❡❣❛r❞ t♦ t❤❡ ♦r❞✐♥❛❧ ♥♦t❛t✐♦♥ s②st❡♠ OT (Ωω · W ) t❤❛t ❝♦rr❡s♣♦♥❞s t♦

C0

(

w′
)

❀ s❡❡ ❬✻❪ ❢♦r ❞❡t❛✐❧s✳

❚♦ ❞❡✜♥❡ t❤❡ ♦r❞✐♥❛❧ r❡❧❛t❡❞ t♦ ❛ tr❡❡✱ ✇❡ ❛❞❞✐t✐♦♥❛❧❧② ❛ss✉♠❡ t❤❛t W ❤❛s ❛ s♣❡❝✐❛❧

❡❧❡♠❡♥t w0 s♦ t❤❛t w0 < w ❢♦r ❛❧❧ w ∈ W \ {w0} ✭♥♦r♠❛❧❧② w0 ✇♦✉❧❞ ❝♦rr❡s♣♦♥❞

t♦ 0✱ ❜✉t ✇❡ ♥❡❡❞ ✐t t♦ ❜❡ ✏❧❡ss t❤❛♥✑ 0✮✳ ❲❡ t❤❡♥ ❞❡✜♥❡ ψm(w0) := Ωm✱ ❛♥❞ t♦

s✐♠♣❧✐❢② ♥♦t❛t✐♦♥✱ ✇❡ ❞❡✜♥❡ ❢✉rt❤❡r ψm(w+ α) := ψm(w+ α) ❢♦r ❛❧❧ w ∈ W \ {w0}✳

❆ tr❡❡ T ❝❛♥ t❤❡♥ ❜❡ ❛ss✐❣♥❡❞ ❛♥ ♦r❞✐♥❛❧ o(T ) ❢r♦♠ OT (Ωω ·W ) ∩ Ωω ❛s ❢♦❧❧♦✇s✿

• ■❢ lQ(root(T )) ∈ W ❛♥❞ root(T ) ❤❛s ♥♦ s✉❝❝❡ss♦r✱ t❤❡♥ s❡t o(T ) := ψn(w)✱

✇❤❡r❡ n = l(root(T )) ❛♥❞ w = lQ(root(T ))✳

• ■❢ lQ(root(T )) ∈ W \ {w0} ❛♥❞ root(T ) ❤❛s ♦♥❡ s✉❝❝❡ss♦r v✱ t❤❡♥ s❡t o(T ) :=

ψn(w + o(T v))✱ ✇❤❡r❡ n = l(root(T )) ❛♥❞ w = lQ(root(T ))✳

• ■❢ lQ(root(T )) = + ❛♥❞ v1✱ v2 ❛r❡ t❤❡ s✉❝❝❡ss♦rs ♦❢ root(T ) ♦r❞❡r❡❞ s♦ t❤❛t

o(T v1) ≥ o(T v2)✱ t❤❡♥ s❡t o(T ) := o(T v1) + o(T v2)✳

• ■❢ lQ(root(T )) = ω· ❛♥❞ v ✐s t❤❡ s✉❝❝❡ss♦r ♦❢ root(T )✱ t❤❡♥ s❡t o(T ) := ωo(T v)✳

• ■❢ lQ(root(T )) = ψ ❛♥❞ v ✐s t❤❡ s✉❝❝❡ss♦r ♦❢ root(T )✱ t❤❡♥ s❡t o(T ) := ψno(T
v)✱

✇❤❡r❡ n = l(root(T ))✳

✶✹



• ■❢ ♥♦♥❡ ♦❢ t❤❡s❡ ❝❛s❡s ❝❛♥ ❜❡ ❛♣♣❧✐❡❞✱ T ✐s ♥♦t ❛ss✐❣♥❡❞ ❛♥ ♦r❞✐♥❛❧✳

■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❡ ✇✐❧❧ r❡str✐❝t ♦✉rs❡❧✈❡s t♦ tr❡❡s t❤❛t ❝❛♥ ❜❡ ❛ss✐❣♥❡❞ ❛♥ ♦r❞✐♥❛❧ ❛s

❛❜♦✈❡✱ ❛♥❞ ✇❡❧❧✲q✉❛s✐✲♦r❞❡rs s✉✐t❛❜❧❡ ❢♦r ❧❛❜❡❧❧✐♥❣ t❤♦s❡ tr❡❡s✳ ❚❤❡♥ ✐t ❝❛♥ ❜❡ s❤♦✇♥

t❤❛t✿

❚❤❡♦r❡♠ ✶✸ ✭❬✺❪✮✳ ▲❡t Q ❜❡ ❛ ✇❡❧❧✲q✉❛s✐✲♦r❞❡r ❛♥❞ T1✱ T2 ❜❡ tr❡❡s ❛s ❛❜♦✈❡✳ ❚❤❡♥

o(T1) ≤ o(T2) ✇❤❡♥❡✈❡r T1 ≤ T2✳

■♥ ♣❛rt✐❝✉❧❛r✱ GKTω(Q) ✐♠♣❧✐❡s t❤❡ ✇❡❧❧✲♦r❞❡r❡❞♥❡ss ♦❢ OT (Ωω ·WQ)✳

❋r♦♠ ✇❤✐❝❤✱ ❧❡tt✐♥❣ GKTω(∀Q) := ∀Q(WQO(Q) → GKTω(Q))✱ ❢♦❧❧♦✇s ✐♠♠❡❞✐✲

❛t❡❧②✿

❚❤❡♦r❡♠ ✶✹✳ ❆❈❆0 ⊢ GKTω(∀Q) → [∀X(WO(X) → WO(OT (Ωω ·X)))]✳

❚❤❡♥✱ ♦❜s❡r✈✐♥❣ t❤❛t |Π1
1✲❈❆| = Ψ0(Ωω · ε0)✱ ✇❡ ❣❡t str♦♥❣❡r ❧♦✇❡r ❜♦✉♥❞s ♦♥

GKTω(∀Q) ✭❛♥❞ ✐♥ ❢❛❝t ❡✈❡♥ GKTω(ε0)✮✳

❈♦r♦❧❧❛r② ✶✺✳ Π1
1✲❈❆0 +GKTω(∀Q) ♣r♦✈❡s WO(ψ0(Ωω · ε0))✳

❈♦r♦❧❧❛r② ✶✻✳ Π1
1✲❈❆ 6⊢ GKTω(∀Q)✳

❚❤✐s ✐❞❡❛ ♠✐❣❤t ♣♦ss✐❜❧② ❜❡ ❧❡✈❡r❛❣❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❛②✱ ❜② ❡①t❡♥❞✐♥❣ ✐t t♦ t❤❡✲

♦r❡♠s ♦❢ t❤❡ ●r❛♣❤ ▼✐♥♦rs s❡r✐❡s✳ ❘❡❝❛❧❧ t❤❛t ❛♥ ✐♠♠❡rs✐♦♥ ♦❢ ♦♥❡ ❣r❛♣❤ G1 ✐♥t♦

❛♥♦t❤❡r ❣r❛♣❤ G2 ✐s ❛♥ ✐♥❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥ f : G1 −→ G2 t❤❛t ♠❛♣s ✈❡rt✐❝❡s ✐♥✲

❥❡❝t✐✈❡❧② t♦ ✈❡rt✐❝❡s ❛♥❞ ❡❞❣❡s t♦ ❡❞❣❡✲❞✐s❥♦✐♥t ♣❛t❤s ✭t❤❡ ♣❛t❤s ♠❛② ✐♥t❡rs❡❝t ❛t

✈❡rt✐❝❡s ❤♦✇❡✈❡r✮✳ ●✐✈❡♥ ❛ ❧❛❜❡❧❧❡❞ tr❡❡ T ❛s ✐♥ t❤❡ st❛t❡♠❡♥t GKTω(Q) ✇✐t❤

Q = WQ ∪ {+, ω·, ψ}✱ ♦♥❡ ❝❛♥ t❤❡♥ ❞❡✜♥❡ ❛ tr❡❡✲❧✐❦❡ ❣r❛♣❤ ✇❤✐❝❤ ✉♥❞❡r ✐♠♠❡rs✐♦♥

❡①♣❛♥s✐♦♥ ❛✐♠s t♦ ❜❡❤❛✈❡ ❧✐❦❡ t❤❡ ❧❛❜❡❧❧❡❞ tr❡❡✳

❙❡t Q′ := Q ∪ {root} ✇❤❡r❡ root ✐s ✐♥❝♦♠♣❛r❛❜❧❡ t♦ ❛❧❧ ♦t❤❡r ❡❧❡♠❡♥ts ♦❢ Q′✱ ❛♥❞

❞❡✜♥❡ V (G) := V (T ) ∪ {r}✱ ✇❤❡r❡ r ✐s ❛ ♥❡✇ ✈❡rt❡①✳ ❙❡t ❢✉rt❤❡r lQ′(v) := lQ(v) ✐❢

v ∈ V (T ) ❛♥❞ s❡t lQ′(r) := root✳ ❈♦♥♥❡❝t t❤❡♥ ✈❡rt✐❝❡s v ♦❢ G t♦ t❤❡✐r ✐♠♠❡❞✐❛t❡

♣r❡❞❡❝❡ss♦rs ❜② l(v) + 1 ♣❛r❛❧❧❡❧ ❡❞❣❡s✱ ❛♥❞ ❝♦♥♥❡❝t root(T ) t♦ r ❜② l(root(T )) + 1

♣❛r❛❧❧❡❧ ❡❞❣❡s✳ ❲❡ t❤❡♥ ❛❞♦♣t t❤❡ ♥♦t❛t✐♦♥ v ≤ u ✐❢ ✇❤❡♥ ❞❡❧❡t✐♥❣ ❡❞❣❡s ✐♥ G

✉♥t✐❧ ♥♦ ♠✉❧t✐♣❧❡ ❡❞❣❡s r❡♠❛✐♥ ✭✇❤✐❝❤ r❡s✉❧ts ✐♥ ❛ tr❡❡✮✱ v ❧✐❡s ♦♥ t❤❡ ✉♥✐q✉❡ ♣❛t❤

❢r♦♠ u t♦ t❤❡ ✈❡rt❡① ❧❛❜❡❧❧❡❞ ✇✐t❤ root ✐♥ G✳ ❲❡ ❛❧s♦ s♣❡❛❦ ♦❢ ♣r❡❞❡❝❡ss♦rs ❛♥❞

s✉❝❝❡ss♦rs ✐♥ G ✇✐t❤ r❡❣❛r❞ t♦ t❤✐s ♦r❞❡r✐♥❣✳ ❋♦r v ✐♥ V (G) ❞❡✜♥❡ t❤❡♥ Gv t♦ ❜❡

t❤❡ ✐♥❞✉❝❡❞ s✉❜❣r❛♣❤ ♦❢ G ✇✐t❤ ✈❡rt❡①✲s❡t {u ∈ V (G) : v ≤ u} ∪ {r′} ✇❤❡r❡ r′ ✐s ❛

♥❡✇ ✈❡rt❡① ❧❛❜❡❧❧❡❞ ✇✐t❤ root✱ ❛♥❞ ✇❤❡r❡ r′ ✐s ❝♦♥♥❡❝t❡❞ t♦ v ❜② ❛s ♠❛♥② ❡❞❣❡s ❛s

✶✺



v ✇❛s ❝♦♥♥❡❝t❡❞ t♦ ✐ts ✐♠♠❡❞✐❛t❡ ♣r❡❞❡❝❡ss♦r p(v) ✐♥ G✳ ❋♦r ✈❡rt✐❝❡s v ♥♦t ❧❛❜❡❧❧❡❞

✇✐t❤ root s❡t ❢✉rt❤❡r l(v) := |{e ∈ E(G) : e ❝♦♥♥❡❝ts v ❛♥❞ p(v)}|− 1 ✭✇❤✐❝❤ ✐s t❤❡

s❛♠❡ ❛s l(v) ✐♥ T ✮✳

❖♥❡ ❝❛♥ t❤❡♥ r❡❧❛t❡ ❛♥ ♦r❞✐♥❛❧ t♦ G ✐♥ t❤❡ ♦❜✈✐♦✉s ✇❛②✱ ❜② ❞❡✜♥✐♥✐♥❣ o(G) ❛s ❢♦❧❧♦✇s✿

• ■❢ t❤❡ s✉❝❝❡ss♦r v ♦❢ r ✐s ❧❛❜❡❧❧❡❞ ❢r♦♠ W ❛♥❞ v ❤❛s ♥♦ s✉❝❝❡ss♦rs✱ ❧❡t o(G) :=

ψl(v)(lQ′(v))✳

• ■❢ t❤❡ s✉❝❝❡ss♦r v ♦❢ r ✐s ❧❛❜❡❧❧❡❞ ❢r♦♠ W ❛♥❞ v ❤❛s ❛ s✉❝❝❡ss♦r w✱ ❧❡t o(G) :=

ψl(v)(lQ′(v) + o(Gw))✳

• ■❢ t❤❡ s✉❝❝❡ss♦r v ♦❢ r ✐s ❧❛❜❡❧❧❡❞ ✇✐t❤ +✱ s❡t o(G) := o(Gw1) + o(Gw2)✱ ✇❤❡r❡

w1 ❛♥❞ w2 ❛r❡ t❤❡ s✉❝❝❡ss♦rs ♦❢ v s♦ t❤❛t o(Gw1) ≥ o(Gw2)✳

• ■❢ t❤❡ s✉❝❝❡ss♦r v ♦❢ r ✐s ❧❛❜❡❧❧❡❞ ✇✐t❤ ω·✱ s❡t o(G) := ωo(Gw)✱ ✇❤❡r❡ w ✐s t❤❡

s✉❝❝❡ss♦r ♦❢ v✳

• ■❢ t❤❡ s✉❝❝❡ss♦r v ♦❢ r ✐s ❧❛❜❡❧❧❡❞ ✇✐t❤ ψ✱ s❡t o(G) := ψl(v)o(G
w)✱ ✇❤❡r❡ w ✐s

t❤❡ s✉❝❝❡ss♦r ♦❢ v✳

❖♥❡ ❝♦✉❧❞ ❤♦♣❡ t❤❛t o(G1) ≤ o(G2) ✇❤❡♥❡✈❡r G1 ❝❛♥ ❜❡ ✐♠♠❡rs❡❞ ✐♥t♦ G2✱ ❜✉t

s❛❞❧② t❤✐s r❡s✉❧t ❤❛s ♥♦t ❜❡❡♥ ❡st❛❜❧✐s❤❡❞ ②❡t✳ ❲❤❡♥ ❞♦✐♥❣ t❤❡ ♣r♦♦❢ ❢♦r ❧❛❜❡❧❧❡❞

tr❡❡s✱ ❛♥ ✐♥❞✉❝t✐♦♥ ♦♥ t❤❡ ❤❡✐❣❤t ♦❢ t❤❡ tr❡❡ ✇✐t❤ ❛❞❞✐t✐♦♥❛❧ ✐♥❞✉❝t✐♦♥ ❤②♣♦t❤❡s❡s ✐s

✉s✉❛❧❧② ✉s❡❞✳ ❍♦✇❡✈❡r✱ ❛s✐❞❡ ❢r♦♠ ♠❛♣♣✐♥❣ t❤❡ ✈❡rt❡① ❧❛❜❡❧❧❡❞ ✇✐t❤ root ✐♥ G1 t♦

t❤❡ ✈❡rt❡① ❧❛❜❡❧❧❡❞ ✇✐t❤ root ✐♥ G2✱ ❛♥ ✐♠♠❡rs✐♦♥ ❢r♦♠ G1 ✐♥t♦ G2 ❞♦❡s ♥♦t ❤❛✈❡ t♦

r❡s♣❡❝t t❤❡ ✏tr❡❡✲str✉❝t✉r❡✑ ♦❢ G1✱ ❛s ✐❧❧✉str❛t❡❞ ✐♥ ✜❣✉r❡ ✶✳

r

+

ε0 ω

r

+

ω2+

ε0 0

❋✐❣✉r❡ ✶✿ ❖♥❡ ❡①❛♠♣❧❡ ✇❤❡r❡ ❛ ✈❛❧✐❞ ✐♠♠❡rs✐♦♥ ❡♠❜❡❞❞✐♥❣ ❞♦❡s ♥♦t r❡s♣❡❝t ✏✐♥✜♠❛✑
♦❢ t❤❡ ❣r❛♣❤s✳ ❚❤❡ ❧❛❜❡❧s ♦❢ t❤❡ ✈❡rt✐❝❡s ❛r❡ ❞r❛✇♥ ✐♥s✐❞❡ t❤❡ ♥♦❞❡s✱ ✇✐t❤ r
✉s❡❞ ✐♥st❡❛❞ ♦❢ root✳ ❚❤❡ ✈❡rt❡① ♠❛♣ ♦❢ t❤❡ ✐♠♠❡rs✐♦♥ ❡♠❜❡❞❞✐♥❣ ✐s ❣✐✈❡♥
❜② t❤❡ ❞❛s❤❡❞ ❛rr♦✇s✱ ✇✐t❤ t❤❡ ❡❞❣❡ ♠❛♣ ✐♠♣❧✐❡❞ ✐♥ t❤❡ ♦❜✈✐♦✉s ✇❛②✳

✶✻



❚❤❡ ✐♥❞✉❝t✐♦♥ ❤②♣♦t❤❡s❡s ♥❡❝❡ss❛r② ❢♦r ♣r♦✈✐♥❣ o(G1) ≤ o(G2) ❝❛♥ ♥♦t ❛❧✇❛②s ❜❡

✉s❡❞ ✐♥ s✉❝❤ ❛ ❝❛s❡✱ ✇❤✐❝❤ ♠❛❦❡s t❤❡ ♣r♦♦❢ t❤❛t t❤✐s ❤♦❧❞s ✭✐❢ ✐t s❤♦✉❧❞ ✐♥❞❡❡❞ ❤♦❧❞✮ ❛

❧♦t ❤❛r❞❡r✳ ■t s❤♦✉❧❞ ❜❡ ♥♦t❡❞ t❤❛t t❤❡ ✐♠♠❡rs✐♦♥ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ t✇♦ s✉❝❤ ❣r❛♣❤s

❝♦rr❡s♣♦♥❞s t♦ ❛ r♦♦t ♣r❡s❡r✈✐♥❣ ❡♠❜❡❞❞✐♥❣ f ❜❡t✇❡❡♥ ❡❞❣❡✲❧❛❜❡❧❧❡❞ tr❡❡s t❤❛t ✐s

♥♦t ♦r❞❡r ♦r ✐♥✜♠✉♠ ♣r❡s❡r✈✐♥❣ ✭✐✳❡✳ s♦ t❤❛t f ♠❛♣s ✈❡rt✐❝❡s ✐♥❥❡❝t✐✈❡❧② t♦ ✈❡rt✐❝❡s

❛♥❞ ❡❞❣❡s t♦ ♣❛t❤s t❤❛t ❞♦ ♥♦t ❤❛✈❡ t♦ ❜❡ ❞✐s❥♦✐♥t✮✱ t❤❛t ❤♦✇❡✈❡r s❛t✐s✜❡s ❛ ❞✐✛❡r❡♥t

❣❛♣✲❝♦♥❞✐t✐♦♥✱ ♥❛♠❡❧② t❤❛t ❢♦r e ∈ E(G2) ✐t ❤❛s t♦ ❤♦❧❞ t❤❛t l(e) ≥
∑

e′∈f−1(e) l(e
′)✱

✇❤❡r❡ f−1(e) ❞❡♥♦t❡s t❤❡ s❡t ♦❢ ❡❞❣❡s e′ s♦ t❤❛t e ✐s ❛♥ ❡❞❣❡ ♦❢ f(e′)✳

❲❤✐❧❡ ✐t ✐s ♥♦t ❝❧❡❛r ✇❤❡t❤❡r t❤✐s ❝♦♥str✉❝t✐♦♥ ✇♦r❦s ✇✐t❤ ✐♠♠❡rs✐♦♥s ❞✉❡ t♦ t❤❡

❛❜♦✈❡✱ ✐t s❤♦✉❧❞ ❜❡ ♥♦t❡❞ t❤❛t ✐t ❞♦❡s ✇♦r❦ ✇❤❡♥ ✉s✐♥❣ ❞✐r❡❝t❡❞ ❣r❛♣❤s ❛♥❞ ✐♠♠❡r✲

s✐♦♥s✱ ✐✳❡✳ s♦ t❤❛t ❡❞❣❡s ❛r❡ ❞✐r❡❝t❡❞ ❢r♦♠ u t♦ v ✐❢ u ≤ v ❛♥❞ s♦ t❤❛t ❛♥ ✐♠♠❡rs✐♦♥

❡①♣❛♥s✐♦♥ ♠❛♣s ❡❞❣❡s t♦ ❡❞❣❡✲❞✐s❥♦✐♥t ❞✐r❡❝t❡❞ ♣❛t❤s✳ ❍♦✇❡✈❡r✱ t❤❡ ✐♠♠❡rs✐♦♥ t❤❡✲

♦r❡♠ ✐s ❦♥♦✇♥ t♦ ♥♦t ❤♦❧❞ ❢♦r t❤❡ ❝❧❛ss ♦❢ ❛❧❧ ❞✐r❡❝t❡❞ ❣r❛♣❤s ✐♥ ❣❡♥❡r❛❧✱ ❛♥❞ ✐t ✐s

❝✉rr❡♥t❧② ❛♥ ♦♥❣♦✐♥❣ ❡✛♦rt ✐♥ ❣r❛♣❤ t❤❡♦r② t♦ ❡st❛❜❧✐s❤ ❢♦r ✇❤✐❝❤ ❝❧❛ss❡s ♦❢ ❞✐r❡❝t❡❞

❣r❛♣❤s ✐t ❞♦❡s ❤♦❧❞✳ ❚❤✉s✱ ✐t ✐s ❛♥ ♦♣❡♥ q✉❡st✐♦♥ ✇❤❡t❤❡r ❧♦✇❡r ❜♦✉♥❞s ❧✐❦❡ t❤❡s❡

❝❛♥ ❜❡ ❡st❛❜❧✐s❤❡❞ ❢♦r ❛ ♠♦r❡ ♥❛t✉r❛❧ ❝❧❛ss ♦❢ ❞✐r❡❝t❡❞ ❣r❛♣❤s✱ ❛♥❞ ❢✉rt❤❡r ✇❤❡t❤❡r

t❤❡s❡ r❡s✉❧ts ❝❛♥ ❜❡ ❡①t❡♥❞❡❞ t♦ ✉♥❞✐r❡❝t❡❞ ✐♠♠❡rs✐♦♥s✳

❆❝❦♥♦✇❧❡❞❣♠❡♥ts

❚❤❡ ✜rst ❛✉t❤♦r ✇❛s s✉♣♣♦rt❡❞ ❜② ❛ ❣r❛♥t ❢r♦♠ t❤❡ ❏♦❤♥ ❚❡♠♣❧❡t♦♥ ❋♦✉♥❞❛✲

t✐♦♥ ✭✏❆ ♥❡✇ ❞❛✇♥ ♦❢ ✐♥t✉✐t✐♦♥✐s♠✿ ♠❛t❤❡♠❛t✐❝❛❧ ❛♥❞ ♣❤✐❧♦s♦♣❤✐❝❛❧ ❛❞✈❛♥❝❡s✱✧ ■❉

✻✵✽✹✷✮✳✶

❘❡❢❡r❡♥❝❡s

❬✶❪ ❲✐❧❢r✐❡❞ ❇✉❝❤❤♦❧③✱ ❆ ♥❡✇ s②st❡♠ ♦❢ ♣r♦♦❢✲t❤❡♦r❡t✐❝ ♦r❞✐♥❛❧s✱ ❆♥♥❛❧s ♦❢ P✉r❡

❛♥❞ ❆♣♣❧✐❡❞ ▲♦❣✐❝ ✸✷ ✭✶✾✽✻✮✱ ♥♦✳ ✶✱ ✶✾✺✕✷✵✼✳

❬✷❪ ❘❡✐♥❤❛r❞ ❉✐❡st❡❧✱ ●r❛♣❤ t❤❡♦r②✱ ✺ ❡❞✳✱ ❙♣r✐♥❣❡r✱ ✷✵✶✼✳

❬✸❪ ❚❤♦♠❛s ❋♦rst❡r✱ ❇❡tt❡r✲q✉❛s✐✲♦r❞❡r✐♥❣s ❛♥❞ ❝♦✐♥❞✉❝t✐♦♥✱ ❚❤❡♦r❡t✐❝❛❧ ❈♦♠♣✉t❡r

❙❝✐❡♥❝❡ ✸✵✾ ✭✷✵✵✸✮✱ ✶✶✶✕✶✷✸✳

✶ ❚❤❡ ♦♣✐♥✐♦♥s ❡①♣r❡ss❡❞ ✐♥ t❤✐s ♣✉❜❧✐❝❛t✐♦♥ ❛r❡ t❤♦s❡ ♦❢ t❤❡ ❛✉t❤♦rs ❛♥❞ ❞♦ ♥♦t ♥❡❝❡ss❛r✐❧② r❡✢❡❝t

t❤❡ ✈✐❡✇s ♦❢ t❤❡ ❏♦❤♥ ❚❡♠♣❧❡t♦♥ ❋♦✉♥❞❛t✐♦♥✳

✶✼



❬✹❪ ❍❛r✈❡② ❋r✐❡❞♠❛♥✱ ◆❡✐❧ ❘♦❜❡rts♦♥✱ ❛♥❞ P❛✉❧ ❙❡②♠♦✉r✱ ▼❡t❛♠❛t❤❡♠❛t✐❝s ♦❢

t❤❡ ❣r❛♣❤ ♠✐♥♦r t❤❡♦r❡♠✱ ▲♦❣✐❝ ❛♥❞ ❈♦♠❜✐♥❛t♦r✐❝s ✭❙t❡♣❤❡♥ ❙✐♠♣s♦♥✱ ❡❞✳✮✱

❈♦♥t❡♠♣♦r❛r② ▼❛t❤❡♠❛t✐❝s✱ ♥♦✳ ✻✺✱ ❆♠❡r✐❝❛♥ ▼❛t❤❡♠❛t✐❝❛❧ ❙♦❝✐❡t②✱ ✶✾✽✼✱

♣♣✳ ✷✷✾✕✷✻✶✳

❬✺❪ ▼❛rt✐♥ ❑r♦♠❜❤♦❧③✱ Pr♦♦❢ t❤❡♦r② ♦❢ ❣r❛♣❤ ♠✐♥♦rs ❛♥❞ tr❡❡ ❡♠❜❡❞❞✐♥❣s✱ P❤✳❉✳

t❤❡s✐s✱ ❯♥✐✈❡rs✐t② ♦❢ ▲❡❡❞s✱ ✷✵✶✽✳

❬✻❪ ▼✐❝❤❛❡❧ ❘❛t❤❥❡♥ ❛♥❞ ■❛♥ ❆❧❡①❛♥❞❡r ❚❤♦♠♣s♦♥✱ ❲❡❧❧✲♦r❞❡r✐♥❣ ♣r✐♥❝✐♣❧❡s✱ ω✲

♠♦❞❡❧s ❛♥❞ Π1
1✲❝♦♠♣r❡❤❡♥s✐♦♥✱ ❚❤❡ ❧❡❣❛❝② ♦❢ ❑✉rt ❙❝❤ütt❡ ✭❘❡✐♥❤❛r❞ ❑❛❤❧❡

❛♥❞ ▼✐❝❤❛❡❧ ❘❛t❤❥❡♥✱ ❡❞s✳✮✱ ❙♣r✐♥❣❡r✱ ❢♦rt❤❝♦♠✐♥❣✳

❬✼❪ ◆❡✐❧ ❘♦❜❡rts♦♥ ❛♥❞ P❛✉❧ ❙❡②♠♦✉r✱ ●r❛♣❤ ♠✐♥♦rs✳ ■❱✳ ❚r❡❡✲✇✐❞t❤ ❛♥❞ ✇❡❧❧✲

q✉❛s✐✲♦r❞❡r✐♥❣✱ ❏♦✉r♥❛❧ ♦❢ ❈♦♠❜✐♥❛t♦r✐❛❧ ❚❤❡♦r②✱ ❙❡r✐❡s ❇ ✹✽ ✭✶✾✾✵✮✱ ♥♦✳ ✶✱

✷✷✼✕✷✺✹✳

❬✽❪ ✱ ●r❛♣❤ ♠✐♥♦rs✳ ❱■■■✳ ❆ ❑✉r❛t♦✇s❦✐ t❤❡♦r❡♠ ❢♦r ❣❡♥❡r❛❧ s✉r❢❛❝❡s✱ ❏♦✉r✲

♥❛❧ ♦❢ ❈♦♠❜✐♥❛t♦r✐❛❧ ❚❤❡♦r②✱ ❙❡r✐❡s ❇ ✹✽ ✭✶✾✾✵✮✱ ♥♦✳ ✶✱ ✷✺✺✕✷✽✽✳

❬✾❪ ✱ ●r❛♣❤ ♠✐♥♦rs✳ ❳❱■■■✳ ❚r❡❡✲❞❡❝♦♠♣♦s✐t✐♦♥s ❛♥❞ ✇❡❧❧✲q✉❛s✐✲♦r❞❡r✐♥❣✱

❏♦✉r♥❛❧ ♦❢ ❈♦♠❜✐♥❛t♦r✐❛❧ ❚❤❡♦r②✱ ❙❡r✐❡s ❇ ✽✾ ✭✷✵✵✸✮✱ ♥♦✳ ✶✱ ✼✼✕✶✵✽✳

❬✶✵❪ ✱ ●r❛♣❤ ♠✐♥♦rs✳ ❳❳✳ ❲❛❣♥❡r✬s ❝♦♥❥❡❝t✉r❡✱ ❏♦✉r♥❛❧ ♦❢ ❈♦♠❜✐♥❛t♦r✐❛❧

❚❤❡♦r②✱ ❙❡r✐❡s ❇ ✾✷ ✭✷✵✵✹✮✱ ♥♦✳ ✶✱ ✸✷✺✕✸✺✼✳

❬✶✶❪ ✱ ●r❛♣❤ ♠✐♥♦rs✳ ❳■❳✳ ❲❡❧❧✲q✉❛s✐✲♦r❞❡r✐♥❣ ♦♥ ❛ s✉r❢❛❝❡✱ ❏♦✉r♥❛❧ ♦❢ ❈♦♠✲

❜✐♥❛t♦r✐❛❧ ❚❤❡♦r②✱ ❙❡r✐❡s ❇ ✾✵ ✭✷✵✵✹✮✱ ♥♦✳ ✶✱ ✸✷✺✕✸✽✺✳

❬✶✷❪ ✱ ●r❛♣❤ ♠✐♥♦rs ❳❳■■■✳ ◆❛s❤✲❲✐❧❧✐❛♠✬s ✐♠♠❡rs✐♦♥ ❝♦♥❥❡❝t✉r❡✱ ❏♦✉r♥❛❧

♦❢ ❈♦♠❜✐♥❛t♦r✐❛❧ ❚❤❡♦r②✱ ❙❡r✐❡s ❇ ✶✵✵ ✭✷✵✶✵✮✱ ♥♦✳ ✶✱ ✶✽✶✕✷✵✺✳

❬✶✸❪ ❉✐❛♥❛ ❙❝❤♠✐❞t✱ ❲❡❧❧✲♣❛rt✐❛❧ ♦r❞❡r✐♥❣s ❛♥❞ t❤❡✐r ♠❛①✐♠❛❧ ♦r❞❡r t②♣❡s✱ ✶✾✼✾✳

❬✶✹❪ ❙t❡♣❤❡♥ ❙✐♠♣s♦♥✱ ◆♦♥♣r♦✈❛❜✐❧✐t② ♦❢ ❝❡rt❛✐♥ ❝♦♠❜✐♥❛t♦r✐❛❧ ♣r♦♣❡rt✐❡s ♦❢ ✜♥✐t❡

tr❡❡s✱ ❍❛r✈❡② ❋r✐❡❞♠❛♥✬s ❘❡s❡❛r❝❤ ♦♥ t❤❡ ❋♦✉♥❞❛t✐♦♥s ♦❢ ▼❛t❤❡♠❛t✐❝s✱ ❙t✉❞✲

✐❡s ✐♥ ▲♦❣✐❝ ❛♥❞ t❤❡ ❋♦✉♥❞❛t✐♦♥s ♦❢ ▼❛t❤❡♠❛t✐❝s✱ ❊❧s❡✈✐❡r ❙❝✐❡♥❝❡ P✉❜❧✐s❤❡rs
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