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LASSO-Driven Inference in Time and Space *

Victor Chernozhukov! Wolfgang K. Héirdlet Chen Huang$ Weining Wang¥

May 18, 2020

Abstract

We consider the estimation and inference in a system of high-dimensional regression equations
allowing for temporal and cross-sectional dependency in covariates and error processes, covering
rather general forms of weak temporal dependence. A sequence of regressions with many regressors
using LASSO (Least Absolute Shrinkage and Selection Operator) is applied for variable selection
purpose, and an overall penalty level is carefully chosen by a block multiplier bootstrap procedure
to account for multiplicity of the equations and dependencies in the data. Correspondingly, oracle
properties with a jointly selected tuning parameter are derived. We further provide high-quality de-
biased simultaneous inference on the many target parameters of the system. We provide bootstrap
consistency results of the test procedure, which are based on a general Bahadur representation for
the Z-estimators with dependent data. Simulations demonstrate good performance of the proposed
inference procedure. Finally, we apply the method to quantify spillover effects of textual sentiment

indices in a financial market and to test the connectedness among sectors.

JEL classification: C12, C22, C51, C53
Keywords: LASSO, time series, simultaneous inference, system of equations, Z-estimation, Bahadur

representation, martingale decomposition

1 Introduction

Many applications in statistics, economics, finance, biology and psychology are concerned with
a system of ultra high-dimensional objects that communicate within complex dependency chan-
nels. Given a complex system involving many factors, one builds a network model by taking

a large set of regressions, i.e. regressing every factor in the system on a large subset of other
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factors. Examples include analysis of financial systemic risk by quantile predictive graphical
models with LASSO (Hautsch et al., 2015; |[Hardle et al 2016; |Belloni et al., 2016]), limit order
book network modeling via the penalized vector autoregressive approach (Hardle et al., 2018)),
analysis of psychology data with temporal and cross- sectional dependencies (Epskamp et al.,
2018)). Another example is quantifying the spillover effects or externalities for a social network,
especially when the social interactions (or the interconnectedness) is not obvious (Manresa,
2013)). Besides, there are numerous applications concerning association network analysis in
other fields of applied statistics; see Chapter 7 in Kolaczyk and Csardi (2014]). In general, a
step-by-step LASSO procedure is very helpful for the correlation network formation. In pursuing
a highly structural approach, one certainly favors a simple set of regressions that allows multi-
ple insights on the statistical structure of the data. Therefore, a sequence of regressions with
LASSO is a natural path to take. Especially in cases of reduced forms of simultaneous equation
models and structural vector autoregressive models, one can attain valuable pre-information on
the core structure by running a set of simple regressions with LASSO shrinkage.

A first important question arising in this framework is how to decide on a unified level of
penalty. In this article we advocate an approach to selecting the overall level of the tuning pa-
rameter in a system of equations after performing a set of single step regressions with shrinkage.
A feasible (block) bootstrap procedure is developed and the consistency of parameter estimation
is studied. In addition, we provide a uniform near-oracle bound for the joint estimators. The
proposed technique is applicable to ultra-high dimensional systems of regression equations with
high-dimensional regressors.

A second crucial issue is to establish simultaneous inference on parameters, which is an im-
portant question regarding network topology inference.For example, in a large-scale linear factor
pricing model, it is of great interest to check the significance of the intercepts of cross sectional
regressions (connected with zero pricing errors), e.g. [Pesaran and Yamagatal (2017). Our ap-
proach is an alternative testing solution compared to the Wald test statistics proposed therein.
To achieve the goal of simultaneous inference, we develop a uniform robust post-selection or
post-regularization inference procedure for time series data. This method is generated from
a uniform Bahadur representation of de-biased instrumental variable estimators. In particu-
lar, we need to establish maximal inequalities for empirical processes for a general Huber’s
Z-estimation. Note that the commonly used technique for independent data, such as the sym-
metrization technique, is not directly applicable in the dependent data case; see Chapter 11.6
of [Kosorok] (2008)) for a related overview.

Our contribution lies in three aspects. First, we select the penalty level by controlling
the aggregated errors in a system of high-dimensional sparse regressions, and we establish the
bounds on the estimated coefficients. Furthermore, we show the implication of the restricted
eigenvalue (RE) condition at a population level. Secondly, an easily implemented algorithm
for effective estimation and inference is proposed. In fact, the offered estimation scheme al-
lows us to make local and global inference on any set of parameters of interest. Thirdly, we
run numerical experiments to illustrate good performance of our joint penalty relative to the
single equation estimation, and we show the finite sample improvement of our multiplier block

bootstrap procedure on the parameter inference. Finally, an application of textual sentiment



spillover effects on the stock returns in a financial market is presented.

In the literature, the fundamental results on achieving near oracle rate for penalized ¢1-norm
estimators are developed by |Bickel et al.| (2009). There are many related articles on deriving
near-oracle bounds using the ¢;-norm penalization function for the i.i.d. case, such as [Bel-
loni et al.| (2011); Belloni and Chernozhukov| (2013). There are also many extensions to the
LASSO estimation with dependent data. For example, Basu and Michailidis (2015) study the
consistency of the estimator in sparse high-dimensional Gaussian time series models; [Kock and
Callot| (2015) consider the high-dimensional near-oracle inequalities in large vector autoregres-
sive (VAR) models; Lin and Michailidis| (2017)) look at the regularized estimation and testing
for high-dimensional multi-block VAR models. However, the majority of the literature imposes
a Gaussian or sub-Gaussian assumption on the error distribution; this is rather restrictive and
excludes heavy tail distributions. For dependent data, Wu and Wul (2016) discuss the possibility
of relaxing the sub-Gaussian assumption by generalizing Nagaev-type inequalities allowing for
only moment assumptions. For the case of LASSO the analysis assumes the fixed design, which
rules out the most important applications mentioned earlier in the introduction.

Theoretically, the LASSO tuning parameter selection requires characterizing the asymptotic
distribution of the maximum of a high dimensional random vector. |Chernozhukov et al.| (2013)
develop a Gaussian approximation for the maximum of a sum of high-dimensional random
vectors, which is in fact the basic tool for modern high-dimensional estimation. Here it is
applied to the LASSO inference. Moreover, (Chernozhukov et al| (2019) deliver results for the
case of S-mixing processes. Although it is quite common to assume a mixing condition which
is at base a concept yielding asymptotic independence, it is not in general easy to verify the
condition for a particular process, and some simple linear processes can be excluded from the
strong mixing class, |Andrews| (1984). With an easily accessible dependency concept, [Zhang and
Wu (2017a)) derive Gaussian approximation results for a wide class of stationary processes. Note
that the dependence measure is linked to martingale decompositions and is therefore readily
connected with a pool of results on tail probabilities, moment inequalities and central limit
theorems of martingale theory. Our results are built on the above-mentioned theoretical works
and we extend them substantially to fit into the estimation in a system of regression equations.
In particular, our LASSO estimation is with random design for dependent data; therefore, we
need to deal with the population implications of the Restricted Eigenvalue (RE) condition.
Moreover, we show the interaction between the tail assumption and the dimensionality of the
covariates in our theoretical results.

In the meantime, the issue of simultaneous inference is challenging and has motivated a
series of research articles. For the case of i.i.d. data, Belloni et al.| (2011, 2014), Zhang and
Zhang| (2014), |Javanmard and Montanari| (2014), van de Geer et al. (2014)), Neykov et al.
(2018)), |(Chernozhukov et al.| (2018]), Zhu and Bradic| (2018)), among others, develop confidence
intervals of low-dimensional variables in high-dimensional models with various forms of de-
biased/orthogonalization methods. Still in the case of i.i.d. data, Belloni et al.| (2015b) establish
a uniform post-selection inference for the target parameters defined via de-biased Huber’s Z-
estimators when the dimension of the parameters of interest is potentially larger than the

sample size, where they employ the multiplier bootstrap to the estimated residuals. Wild and



residual bootstrap-assisted approaches are also studied in Dezeure et al.| (2017); |Zhang and
Cheng (2017) for the case of mean regression. And more recently, [Krampe et al. (2018]) extend
the approaches to test large groups of coefficients in sparse VAR models. We pick up the
line of the inference analysis of Belloni et al.| (2015b)) and employ it in a temporal and cross-
sectional dependence framework, thus making it applicable to a rich class of high-dimensional
time series. This allows us to embed the high-dimensional VAR model as a special case. Our
core proof strategy is different, as it is well known that the technique for handling the suprema
of empirical processes indexed by functional classes with dependent data is not the same as
in i.i.d. cases. For instance, the key Bahadur representation in [Belloni et al. (2015b) applies
maximal inequalities derived in |Chernozhukov et al.| (2014) for i.i.d. random variables, while
we derive the key concentration inequalities based on a martingale approximation method.
Our proposed estimation framework is complement to the literature on model selection for
Gaussian Graphical model (GGM) (see e.g. [Yuan and Lin| (2007)), which has a wide spectrum
of applications in statistics. A GGM can be connected with LASSO regression for estimating
sparse correlation networks, and therefore is equivalent to our context with a partial correla-
tion network, Meinshausen et al. (2006)). In particular, we may find an equation-by-equation
relationship to the GGM, and we acknowledge that a similar framework with spatial temporal
dependence can be developed. In addition, there is a big literature on social network analysis,
which embeds the network information into a dynamic model in advance; see for example [Zhu
et al.| (2017, 2019); (Chen et al.| (2019)); [Huang et al. (2016). Relatively, our approach is less

structural as we treat the network structure to be unknown and uncover it using LASSO.

The following notations are adopted throughout this paper. For a vector v = (v1,...,v,) ",
let |v]oo e maxi<j<p [vj| and |vls 3 ( ?Zl\vj\s)l/s, s = 1. For a random variable X, let
def

X, € (E|X|9)Y9, ¢ > 0. For any function on a measurable space g : W — R, E,(g) def

n~ S {g(w)} and Gy (9) e 172 Yoieqlg(we) — E{g(we)}]. Given two sequences of positive
numbers a,, and by, write a,, < b, if there exists constant C' > 0 (does not depend on n) such
that a, /b, < C. For a sequence of random variables z,,, we use the notation x,, <p b,, to denote
Zn, = Op(by). For any finitely discrete measure Q on a measurable space, let £4(Q) denote the
space of all measurable functions f : Z — IR such that || f]g4 def (Q|f|1)'/9 < 0o, where Qf aof
| fdQ. For a class of measurable functions F, the e-covering number with respect to the £(Q)-
semimetric is denoted as N(e, 7, || - |g,4), and let ent(e, F) = logsupo N (e[| Fll0,q: F: || - |o,q)
with F' = sup;c 7| f| (the envelope) denote the uniform entropy number. It should be noted
that we suppress the notation of the outer expectation E* to E and outer probability P* to
P when measurability issues are encountered. Details may be found in the Chapter 1 of [Van
Der Vaart and Wellner| (1996).

The rest of the article is organized as follows. Section [2] shows the system model with a
few examples. Section |3| introduces the sparsity method for effective prediction and provides
an algorithm for the joint penalty level of LASSO via bootstrap. In Section {4| we propose
approaches to implementing individual and simultaneous inference on the coefficients. Main
theorems are listed in Section Bl In Section [6] and [ we deliver the simulation studies and
an empirical application on textual sentiment spillover effects. The technical proofs and other

details are given in the supplementary materials. The codes to implement the algorithms are



publicly accessible via the website @Q www.quantlet.de.

2 The System Model

In this section, we present a general framework which covers many applications in statistics.

Consider the system of regression equations (SRE):
Vie=X B8] +ejp, EejpXje=0, j=1,..J t=1,..n,

where X;; = (X jkt)fi 1- Without loss of generality, we assume the dimension of the covariates
is identical among all equations thereafter, namely K; = dim(X,;) = K, for j =1,...,J. We
allow the dimension K of X;; and the number of equations, J to be large, potentially larger than
n, which creates an interplay with the tail assumptions on the error processes ¢;;. Both spatial
and temporal dependency are allowed and we will obtain results on prediction and inference.
The SRE framework is a system of regression equations, which includes the following im-

portant special cases.

Example 1 (Many Regression Models). Suppose that we are interested in estimating the

predictive models for the response variables U, ;:
Upni =X/ 0 +eme, Xe €RE) Eepy Xy =0, m=1,..., M,
with auxiliary regressions to model predictive relations between covariates:
Xy = X000+ vy, EvigX_py =0, k=1,... K,

where X_j = (Xy1)exr € R, and 5,2 is defined by the OLS estimator in population, namely
arg nglicn% Yo E( Xk — Xjk7t5k)2- This is a special SRE model with

(}/},tan,t76j,t7B?) - (Uj,taXta 8j,t77§))7 ] = 17 R 7M7

()/},thj,t7€j,tvﬁ?) = (X(j—M),hX—(j—M),tal/(j—M),ta(s(Oj—M))v Jj=M+1,...,J=M+ K.

It can be seen that we only put contemporaneous exogeneity conditions for X;. It is worth
mentioning that this SRE case is closely related to the semiparametric estimation framework
studied in Section 2.4 in Belloni et al.| (2015b)). Here, the understanding of the predictive
relations between covariates is important for constructing joint confidence intervals for the entire
parameter vector {(72,)% 3™ | in the main regression equations. Indeed, the construction
relies on the semi-parametrically efficient point estimators obtained from the empirical analog

of the following orthogonalized moment equation:
E[(Udrs — XVt =0, k=1,....K, m=1,..., M, (2.1)

where U,?mt =Upnt — X——rk7t’y1(’)n(—k) is the response variable minus the part explained by the

covariates other than k. Note that the empirical analog would have all unknown nuisance


https://github.com/QuantLet/LASSO_Time_Space

parameters replaced by the estimators.

Example 2 (Simultaneous Equation Systems (SES)). Suppose there are many regression equa-

tions in the following form:
Uni = Ul—m’tég1 + XtT’y% +éemt, m=1,..., M.

Move all the endogenous variables to the left-hand side and rewrite the model in the vector
form
DUt = ]._‘Xt + &4,

which is also called the structural form of the model. Suppose that D is invertible. Then the

corresponding reduced form is given by
Ut :BXt—i-l/t, EljmiXt :0, m = 1,...,M, (22)

with B = DT and v, = D~ !¢,. In this case the Y;+'s and Xj;’s in SRE have no overlapping

variables. A high-dimensional SES can be considered as a special case of SRE with
(}/},t7 Xj,t7 8j,t7 59) = (Uj,t7 Xta Vj,t7 B;r)a j = 17 ceey M.

Example 3 (Large Vector Autoregression Models). In the case where the covariates involve
lagged variables of the response, SRE can be written as a large vector autoregression model.
For example, the VAR(p) model,

p

U= BUg+e, Eenplie=0, m=1,...,M, (2.3)
=1
where Uy = (U4, Usg, ..., U M,t)T, and &; is an M-dimensional white noise or innovation process;

see e.g. Chapter 2.1 in |Litkepohl (2005). It is a special SRE case again with

(Yts Xjts i 05) = Ui (UiLy, -, UL,) T g, (B

Such dynamics are of interest in biology to understand dynamic gene expression network
association using micro array data; see for example |(Opgen-Rhein and Strimmer| (2007)); [Ramirez
et al.| (2017); Dimitrakopoulou et al.| (2011)). It is understood that a crucial feature for many gene
networks is their inherent sparsity. The issue of the number of variables involved is potentially
larger than the sample size can be addressed by LASSO. Our methodology can help to analyze
a gene interaction correlation network in a high dimensional regression scheme. In particular,
suppose that each vertex represents a gene j collected at time point ¢ with Uj; as its gene

expression and an edge connects two genes if they are correlated.

We refer to Section [C.1]in the supplementary materials for more practical examples.



3 Effective Prediction Using Sparsity Method

In this section, we present our model setup and the LASSO estimation algorithm, including the

joint penalty selection procedure.

3.1 Sparsity in SRE

The general SRE structure makes it possible to predict Y} ; using X ; effectively. Note that the
dimension of X ; is large, potentially larger than n. Without loss of generality we assume exact

sparsity of B}) throughout the paper:

sjzlﬁg\ogs:o(n), j=1,...J, (3.1)
where the fy-norm, | - |o, is the number of nonzero components of a vector.

Comment 3.1. It is now well understood that sparsity can be easily extended to approximate
sparsity, in which the sorted absolute values of coefficients decrease fast to zero. To be

more specific, when B?k is not sparse, we shall define an intermediary optimal value for our
true coefficients, i.e. 87 Let LC), & \BHFH [En{X]Tt(Bj — B?)}Q]I/Q, additionally with proper
ilo<p ’

conditions on the design matrix, the optimal sparsity level is given by s7 =  min LCf, +
0<p< (K An)

(ILI}E%{\II? )p/n, where \Ilzk is the long run variance of \/15 > t—1€jtXjkt- Then the oracle 57,

is defined to be arg niun En{X; ( BO)}2 Thus an additional term involving LCS; will

1B jlo<s
appear in the bound in case of the true signal B?k is not sparse. With approximate sparsity

we mean that the true signal is not sparse but nevertheless can be approximated by an exact
sparsity set-up well, namely | B .| < Ak™7Y (ranked in descending order), where v > 0.5, and by

taking s7 o n'/(27) the goal would be achieved.
For this situation one employs an £1-penalized estimator of ﬁjo of the form:

n

1 -
5] =arg mln — Z(Yj,t — X]Ttﬁ)Q + n Z |B%|V i (3.2)
k=1

BERK ni4

where A is the joint "optimal" penalty level and V;.’s are penalty loadings, which are defined

below in (3.3).

A first aim is to obtain performance bounds with respect to the prediction norm:

1/2

. 1 .
1B — Bligr = {n S {xLB -]
t=1

where the outside j indicates to use the covariates in the jth equation X;; in computing the

prediction norm, and the Euclidean norm:

K
-~ def 1 2
1B — 8% < LS (Bii — 8%}
k=1



To achieve good performance bounds, we first consider "ideal" choices (IC) of the penalty level

and the penalty loadings. Let
1 n
Sik = —= 5‘,tX‘k,t7

where for a moment we assume to be able to observe e;; = Y;; — X jT ¢ B?. In practice one obtains

an approximation by stepwise LASSO. Set

W o avar(Sji), (3.3)

N1 - ) def (1 — @) — quantile of 26‘/51@5?,?@@ |Sik/ Yk, (3.4)

where ¢ > 1, e.g., ¢ = 1.1, and 1 — « is a confidence level, e.g. o = 0.1, where the long run
variance is denoted by avar.

Theoretically, we can characterize the rate of A’(1 — «) by the tail probability of S;x (see

Theorem , also via Gaussian Approximation as in corollary To calculate A°(1 — ) from

data, we can also use a Gaussian approximation based on:

Q1 —a) def (1 — a) — quantile of 26%1@5&?@:@{ | Zik )V ]
where {Z;;,} are multivariate Gaussian centered random variables with the same long run co-
variance structure as {S;,}. Alternatively, we can employ a multiplier bootstrap procedure to
estimate IC empirically to achieve a better finite sample performance; see for example [Cher-
nozhukov et al. (2013). In case of dependent observations over time, it is understood that data
cannot be resampled directly as in the the i.i.d. case, as the dependency structure of the under-
lying processes will be lost. A usual solution to this problem is to consider a block bootstrap
procedure, where the data are grouped into blocks, resampled and concatenated. In particular,
we will adopt an estimate of IC by a multiplier block bootstrap procedure. The theoretical

properties of LASSO and the tuning parameter choices are presented in Section [5.1

3.2 Multiplier Bootstrap for the Joint Penalty Level

In this subsection, we introduce an algorithm to approximate the joint penalty level via a block
multiplier bootstrap procedure, which is particularly non-overlapping block bootstrap (NBB).

Consider the system of equations with dependent data:
Vie=X\B) +eju, EejpXje=0, j=1,..J t=1,...n, (3.5)

S1 Run the initial ¢1-penalized regression equation by equation, i.e. for the jth equation,

Kv
~ 1 & A

; = arg min — Yie— X182+ 2 TALST 3.6

Bj g,@e]RK n ;( gt ],t/B) o kz::l | Bk W i (3.6)

where A; are the penalty levels and W;, are the penalty loadings. For instance, we

can take the X-independence choice using Gaussian approximation (in the heteroscedas-

ticity case): 2cy/n® 1 — o//(2K)} for Aj, where ®(-) denotes the cdf of N(0,1),



o = 0.1, ¢ = 0.5, and choose /lvar(Xjj£;) for the penalty loadings, where ¢;; are
preliminary estimated errors and lvar(ijéjyt) is an estimate of the long-run variance

>orm oo E(X k465, thk7(t_g)§j7(t_€)), e.g. the Newey-West estimator is given by

Pn

D k(/pn) cov(Xjpaje Xk (-0, (t—0)):
Z—fpn
with k(z) = (1—]z])1(|z| < 1). We note that the X-independent penalty (using Gaussian
approximation) is more conservative, as the correlations among regressors can be adapted

in the X-dependent case (using a multiplier bootstrap) with a less aggressive penalty level.

52 Obtain the residuals for each equation by €;; = Y;; — XjTtBj, and compute W, =

lvar(Xjk,té“j,t) .

S3 Divide {€;,} into I, blocks containing the same number of observations b,, n = byl,,
where b,,l,, € Z. Then choose A = Zqu[B] a)’ where qf]_a) is the (1 — a) quantile of

max \Z[ ]/\I/]k] and Z[k] are defined as
1<G<TI<k<K

ibn

Jk —WZ% > EuXk, (3.7)

I=(i—1)bp+1
e;i are i.i.d. N(0,1) random variables independent of the data.
The bootstrap consistency regarding Z J[f] is proved in Theorem

Comment 3.2 (Block bootstrap procedures). (i) Concerning the determination of b,, we
shall report the prediction norm with several block sizes b,, and select the one with the
best prediction performance in the simulation study. In addition, if it is the case that n
cannot be divided by b, with no remainder, one can simply take l,, = |n/b,] and drop

the remaining observations.

(ii) Other forms of multiplier bootstrap with any random multipliers centered around 0 can

also be considered.

(iii) Alternative block bootstrap procedures can be adopted, such as the circular bootstrap
and the stationary bootstrap among others; see for example Lahiri et al| (1999) for an

overview.

4 Valid Inference on the Coefficients

With a reasonable fitting of LASSO on hand, we can proceed to investigate the issue of simul-
taneous inference. This section focuses on SRE of Example 2. We allow the covariates in each
equation to be different.

The basic idea to facilitate inference is to formulate the estimation in a semi-parametric
framework. With partialing out the effect of the nonparametric coefficient(s), we can achieve

the desired estimation accuracy of the parametric component of interest. This trick is referred



to as "Neyman orthogonalization". Notably, the procedure is equivalent to the well known de-
sparsification procedure in the mean square loss case, which is developed for the inference on the
estimated zero coefficients by LASSO. It thus serves the same purpose of generating a (robust)
de-sparsified estimation for LASSO inference.

We list three algorithms to estimate ﬂ?k. Algorithm 1 is easy to implement and algorithm 2
is tailored to the cases of heavy-tailed distribution of the error term, as Least Absolute Deviation
(LAD) regression is well known to be robust against outliers. Algorithm 3 considers a double
selection procedure aimed at remedying the bias due to omitted variables by one step selection,
while also accounting for the cases of heteroscedastic errors.

Algorithm 1: LS-based algorithm

S1 Consider Y; = X}y, tﬁjk + X tﬁ gy €ty TU (post) LS LASSO procedure (for each
j), and keep the quantity Xj(—k),t ][.(}_k) for each k.

S2 Run (post) LS LASSO (for each j, k) by regressing X ; = X]—'E—k),t’y?(—k) + v+, and keep
the residuals as U = Xjgs — XjT(_k) Ti(—k)-

S3 Run LS IV regression of Y} ; — XjT(_k)’tB][.l(]_k) on X ¢ using U3 as an instrument variable,

attaining the final estimator Bﬁj
Algorithm 2: LAD-based algorithm
S1 and S2 are the same as Algorithm

S3’ Run LAD IV regression of Yj; — XjT(_ k), ﬁﬁ[k) on X using Uj;; as an instrument vari-
able, attaining the final estimator Bﬁ] We refer to Belloni et al.| (2015b); |Chernozhukov

and Hansen (2008]) for more details about how to achieve the estimator in this step.

The theoretical properties of the estimators Bj[l(]_k) and %;_g) in S1 and S2 are provided
in Corollary or (see Corollary or in the supplementary correspondingly if the
joint penalty over equations is employed), and Theorem for post LASSO, respectively. The
uniform Bahadur representation and the Central Limit Theorem of the estimator B\ﬁ] in S3 or
S3’ are established in Theorem and Corollary

Comment 4.1. Our algorithms follow patterns discussed in Belloni et al.| (2015bja) in the i.i.d.
settings. The IV estimator obtained in S3 of Algorithm [I] reduced to the de-biased LASSO
estimator (Zhang and Zhang, 2014; van de Geer et al., 2014)) and is also first-order equivalent
to the double LASSO method in Belloni et al.| (2011, |2014). In particular, the estimator under

LS TV regression (2-step least square regression) is given by
22 e —1~ 1
B = ()X ) 05 (Y; — j( kﬁ” )

P A k ]m/\l
= @ X500 = 3 ETX il (11)
m#k ]k

The second line in (4.1)) is exactly the same as the de-biased or de-sparsified LASSO estimator
given in Eq. (5) in|Zhang and Zhang (2014)) or Eq. (5) injvan de Geer et al. (2014). As remarked

10



in Belloni et al.| (2015blal), one can alternatively implement an algorithm via double selection
as in Belloni et al.| (2011} [2014)). In particular, heteroscedastic LASSO is employed in S2” and
the TV regression is replaced by a either LASSO or LAD regression on the target variable and

all covariates selected in the first two steps. ]
Algorithm 3: Double selection-based algorithm

S1” Run LS LASSO (for each j) of Y;; on X ;:

n
A _ 1 T2, NG
Bj —argmﬁlnﬁ;(Yj’t—ijtﬂ) +ﬁ|‘1'j5’1~

S2"” Run Heteroscedastic LASSO (for each j, k) of Xjp; on Xj(_p 4

n

~ 1 N o~
Fj—ky = argmin — > (Xje s — Xy 1)+ =T,
T n =1 n

where penalty loadings fj can be initialized as \/lvar{Xj“(Xjk,t — %Z?:l Xjke)} and
then refined by /lvar(X,,405), for € # k, and 0y = Xjpt — XjT(_k) Aj(—k) can be

obtained by using the initial ones.

S3” Run LS regression of Yj; on Xji; and the covariates selected in S1” and S2":

3][2] = arg mﬂin{i ti(m — X;,8)* : supp(B_x) € SUPp(BJ[-?_k)) U supp(Yj(—)) }-
S3"” Run LAD regression of Yj; on X}, and the covariates selected in S1” and S2”:

5 = argmin{ Z ¥ = X8|+ supp(Bx) € supp(B_g)) U supp(3j(-i)}-

As shown in [Belloni et al.[ (2011) and Belloni et al. (2015al), the double selection approach in S3”
or S3" creates an orthogonality condition with respect to the space spanned by the covariates
selected by both steps, and thus generates an orthogonal relation to any space spanned by a
linear projection of the covariates, e.g. v;, . Therefore, the inference on the parameters may
still be applied as in the framework of Algorithm [I] and 2l Therefore, one may still find the
theoretical properties of estimators in S1”, S2”, S3” (S3"') in Section [5| according to the links

mentioned above.

4.1 Confidence Interval for a Single Coefficient

We discuss an inference framework developed for a single coefficient obtained from the afore-
mentioned algorithms.

Let ¥;1(Zj+, Bjk, hjr) denote the score function, where Z;; = (Yj,t,X;t)T, hin(Xj(—)e) =
(XjT(—k),tBj(—k% XjT(_k)yﬂj(_k))T. Consider the LAD-based case with v;5(Z; ¢, Bjk, hjr) = {1/2—

11



def

1(Yje < aktﬁgk‘f‘X 1), tDi(—k)) Y Uit define wj = E{(\th 0 Ze__(” n{~

¢ def def 8 E{v;1(Z;¢,8,h°
) cov (5 1 65—y With 99 2 0(Ziar B hy), and g 1 I,

Suppose we are interested in testing Hy : B?k = 0. For this purpose we employ the uniform

Bahadur representation (Theorem [5.4)) to construct the confidence interval via a multiplier
bootstrap procedure. In particular, the distribution of the asymptotically pivotal statistics:
a2
VBl — )

Tip = ————— 4.2
Jk ajk ’ ( )

is approximated via its block multiplier bootstrap counterpart:
ibn,

Z €j.i Z ij,l; (4.3)

1 1 1=(i—1)bp+1

where ij are pre-estimators of (jr; = —d)jk ]kl ?kt such that
ln = ~ ln _ - ‘ def 1 iby
G kf)ng?,(k,)| Sy i il — gy Mtk il = op({log(JE)} %), withmjrg = —= 33020 1y, 41 Gid
def

and N, = ﬁ Zéb:n(ifl)anrl @kz,l, e;i are independently drawn from N(0, 1), I, and b, are the

numbers of blocks and block size, respectively. More discussion on how one can construct the
consistent pre-estimators ij is stated in the supplementary material; see Comment

Let 5 be any consistent estimator of ;. Then the confidence interval is given by
* 72 ~ — * 72 ~ — *
CIjk(a) : [B‘Ek] — Tjkn 1/2qjk(1 — a),ﬁj[k] + 0k 1/2qjk(1 —a)), (4.4)
where ¢7;.(1 — ) is the (1 — ) quantile of the bootstrapped distribution of |T7|.

Comment 4.2 (Asymptotic Normality of Ej[i]) As shown in Corollary we have the limit
distribution of Bﬁ]
2 L
oy n' (B — 8%) 5 N(0,1), (4.5)

where o5, = (cb._,fwjk.)l/ 2. Therefore, the two-sided 100(1 — «) confidence interval by asymptotic

J
normality for B?k is given by

Clin(e) : [Bl — Gjxn 207 (1 = a/2), By +Gn 207 (1 — 0/2)]. (4.6)

Comment 4.3 (Residual Multiplier Bootstrap). Alternative bootstrap procedures may be con-

sidered as well, e.g. the residual multiplier bootstrap procedure:
~ T30
€j7t = )/}»t - X],tlg‘g }’

then divide {&;,} into l,, blocks of size b,, where by,l, = n, and for each block i =1,...,1,,

E;J = (&t — Zsjt eji, fort € {(i —1)b, +1,...,ib,}.
nia

12



Define Y, = X ]Ttgj[l] + £}, and compute the bootstrap counterpart as

. VB — By
o VP = k),
J 7

where B]*k and 3;k are estimated using the bootstrap sample {ijt, Xt}

4.2 Joint Confidence Region for Simultaneous Inference

We now continue to extend the single coefficient inference to simultaneous inference on a set
of coefficients. As shown in the practical examples in Section it is essential to conduct
simultaneous inference on a group of parameters G. In this case, the null hypothesis is: Hy :
?k =0, Y(j,k) € G, and the alternative Hy : B?k # 0, for some (j,k) € G, where the group
G is a set of coefficients with cardinality |G|. Suppose for the j-th equation there are p; target
coefficients and the cardinality |G| = ijl pj- This can be understood as a multiple estimation
problem compared to Section Without loss of generality, we can rearrange the order of
the variables and rewrite the regression equation for each j as (consider the LAD-based model
here)
Pj K
Yie=> XuBy+ D XjubBj+eje Fe(0)=1/2 (4.7)
=1 I=p;+1
One follows the algorithms to obtain le(l < I < pj) for each j. Then the idea of simul-
taneous inference is very straightforward. We aggregate the statistics T} in by taking
the maximum and minimum over the set G. Finally, the component-wise confidence interval is
constructed with the quantiles of the bootstrap statistics over all bootstrap samples.

Denote ¢ (1 — «) as the (1 — «) quantile of (%?XG]QI}?‘}C\. A joint confidence region is then:
]7 e

{Bemric: Jmax Ty < q5(1 = ) and mmin Ty > —g5:(1 - )}, (4.8)

and for each component (4, k) € G, the confidence interval ﬁjk () is given by [Bﬁ] G 2qs(1-
a), Bﬁ] + 6’jkn_1/2qg(1 — a)]. We show in Corollary the consistency of this bootstrap con-
fidence band for simultaneous inference. Note that when there is only one parameter in G
for inference, the joint confidence region (4.8)) will reduce to the single parameter confidence

interval (4.4]) as a special case.

5 Main Theorems

In this section, we present the theoretical foundations for the procedures given earlier. In
particular, we discuss the properties of the theoretical choices of penalty level and the validity
of the other two empirical choices, as well as the theoretical support for the simultaneous
inference.

Throughout the whole section, we define Sy, et -1/2 St ejaXint, Si = (Sjp)E,, and

W def avar(S;i), which is the square root of the long-run variance of Xj, ;¢;;, namely
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{32 E(Xjk’thk.?(t,g)Ejjt&‘j’(t,g))}1/2. Recall that for a single equation LASSO, we select the

penalty in the following ways:

a) theoretically, for each regression, A; is )\?(1 —a) (IC), i.e. the (1 — «) quantile of

20\/ﬁlr<r}€ag§( |Sjk/¥jk| (note that this penalty takes into account the correlation among

regressors and is design adaptive);

b) an empirical choice given a Gaussian approximation result is @;(1 — «), which is defined
to be the (1 — a) quantile of QClg}ga%)%\/ﬁ]ij/\ij\, where Zj;,’s are multivariate Gaussian
centered random variables with the same long run covariance structure as S;. Alterna-
tively, a canonical choice disregarding the correlation among regressors can be considered
as Qj(1 — ) e 2c/n® {1 — a/(2K)}. We shall note that Q;(1 — ) is not feasible but
can be estimated by simulations of Gaussian random variable Z;;, with estimated long run

variance covariance matrix. Typically @j(l — «) is more conservative than Q;(1 — «).

c) another empirical choice of the penalty level is A;(1 — a) as the (1 — «) quantile of
20\/512}2}% |Z ][f] / \lek| (Z J[f} ’s are defined in (3.7))), and obtainable via the multiplier block

bootstrap technique.

5.1 Near Oracle Inequalities under IC

We first provide the near oracle inequalities for the single equation LASSO estimation Bj ob-
tained from (3.6) under the ideal choices (IC). For this purpose, a few assumptions and defini-

tions are required.

or g =1,....,J;k =1,..., K, let X;,; and €;; be stationary processes admitting the
Al) For j = 1 J k=1 K, let Xj,, and €;; b i dmitting th
following representation forms Xji: = gju(Fi) = gjk(-..,&—1,&) and g5 = hj(F;) =
hj(...,m—1,m:), where &,n; are i.i.d. random elements (innovations or shocks, allowing

for overlap; see Comment across t, Fy = (..., &—1.M—1,& M), gjk(-) and hj(-) are
measurable functions (filters). E(Xje5:) =0, for any j,ke1,---,J,1,--- | K.

Definition 5.1. Let & be replaced by an i.i.d. copy of {5, and X7, = ik &5 &—1,61)-

. def .
For q > 1, define the functional dependence measure g ;i ¢ = | Xt — X;k,tHII? which measures

the dependency of &y on X 4. Also define Ay, g5k def > e Oq..kt, which measures the cumu-
lative effect of {&o on Xk i>m. Moreover, we introduce the dependence adjusted norm of X4
as | Xk, |lg.c def SUPs0(m +1)*Ap, ik (s > 0). Similarly, let ng be replaced by an i.i.d. copy of
05, and €5, = hi(.., 5,1, we define g5 [lgc S supyzo(m + 1) 2,0 lleje — 25y

def
and || Xjk,.€j,|lq,s = SUPs0(m + 1) 3252, ([ Xk €5t — X;k,tg;,tHQ'

It should be noted that |(A1)| admits a wide class of processes. The largest value of ¢ which
ensures a finite dependence adjusted norm characterizes the dependency structure of the process.
The moment-based measure is directly connected with the impulse functions. A few examples

for univariate time series Z; are listed in Appendix [C.2]in the supplementary materials.
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estricted eigenvalue sgiven c 2 1, for 0 € , with probability 1 — o(1),
A2) R d lue (RE 1, for § € R™, with probability 1 — o(1

e 5519 j,pr
,ij(g)df i M>07

= min
[0zel1<elér; |1, 60 |67 1

where T; € {k : 89, # 0} and s; = |Tj| = o(n), dr,x = 6 if k € Ty, o7, = 0 if k & T
(A3) lgj, llg,c < o0 and || Xk g < 00 (g = 8).

Comment 5.1. We allow for overlap in the elements in & and 7, as long as the contempora-
neous exogeneity condition E(Xjcj+) = 0 is satisfied. For example, consider the VAR(1)
model: Y; = AY;_ 1 + &, with Y;,e; € IR’, and suppose that Y; admits the representa-
tion ¥; = Y12, Ale,; with e,_; as measurable functions of ¢é_o,...,&_;. Thus Xjkt =
9ik(- - &—1) = S o[Alker—1-1, where [AY; is the kth row of the matrix Al k = 1,...,J.

In this case no serial correlation in the innovations €;’s would be sufficient for E(X jk’taj,t) =0.

Comment 5.2. We show in Theorem [B.2| (see the supplementary materials) that the RE
(A2)land RSE|(A5)| conditions can be implied by assumptions on the corresponding population

variance-covariance matrix. This illustrates the feasibility of the RE/RSE assumption.

Lemma 5.1 (Prediction Performance Bound of Single Equation LASSO). Suppose|(A1) and
(A2) (with ¢ = %,c > 1), under the exact sparsity assumption (3.1) and given the event
Aj > 20\/7711<T}€a<>§<|5jk/\11jk] and another event which RE holds, then with probability 1 —o(1), B;

obtained from (3.6) satisfy

~ Aj\/55
B« IV " .
185 = Bilipr < (L4 1/e) T o Wi (5.1)

In addition, if [(A2) (with 2¢) holds, then with probability 1 — o(1),

. 1+28),/55 -
0 ( j 0
1B; — BilL < W'ﬁj = Bjlipr- (5.2)
Lemma follows Theorem 1 of Belloni and Chernozhukov| (2013). As the proof is built
on inequalities and for the case of dependent data [(Al)| they remain unchanged, we omit the

detailed proof here. To further characterize the rate of IC, we provide a tail probability for

26\/?112:85%{ |Sjk/ V| under the moment assumption (A3)l In particular, the rate depends on

the dependence adjusted norm || X .€;.||g.c-

Theorem 5.1. Under|(Al) and|(A3), we have

o X 18 s —Cyr? 0%,
P(2¢cv/n max |Sik/ VK| = 1) <Cra,nr Z —— e 4 (O Z exp ( ),

i | X, €513,

(5.3)

where for ¢ > 1/2—1/q (weak dependence case), wy, = 1; for ¢ <1/2—1/q (strong dependence

case), wy = na/2-1-sq C4,Cy, Cs are constants depending on q and <.
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Comment 5.3. It can be seen in Theorem that the rate of the dependence adjusted norm

discuss the rate under some special cases.

lq,c plays an important role in the tail probability for 20\/5121}&)% |Sjk/V k| Here we

1. VAR(1) (Example [3| continued): Consider the VAR(1) model given by Y; = AY;_1 + &4,
where V;, e, € R7, and & ~ i.i.d.N(0,%). In this case X+ = Y;;—1 and K = J. Sup-
pose there exists a stationary representation of the model as Y; = > 2, Ale, ;. Then
we have || Xjpeie — X €hille = 1Yie—16i0 — Yiiigiille = A7 j(e0 — €5)ejully <
2[A*1]l1p2, where puq e max; |j¢]l; and [A71]; is the jth row of the matrix A1
Assume max; [[A'];]1 < |c|t with |¢] < 1 (a geometric decay rate). It follows that
Xkl = 12 supsg(m + 15 52, lef™1 < (C/lel) v {Cm* + 1)[e]™ =1}, where
m* = (—¢/log|c| —1) V0 and C > 0 depends on p,. Moreover, to justify the geometric
decay rate, we consider the example of Network Autoregressive (NAR) model as in |Zhu
et al. (2017) with A = pW, where W is a row-normalized adjacency matrix which is
pre-specified to indicate the social network connectedness and p is the network parameter
suggesting the strength of the network effects. In that case, assuming a geometric decay

rate max; [[A'];]1 < |c|* with |¢| < 1 again gives similar results.

2. Spatial autoregressive structure in &;: Consider the model Yj; = X]‘T,tﬁj + €t
with e = pWep + ¢, where W is a spatial weight matrix, 7, are i.i.d. and have fi-
nite gth moments o max; ||7;.llq- For simplicity, here we assume Xj;; and ¢,
are independent. Suppose there exists a stationary representation of the error pro-
cess given by e = 7% p'Win—;. Then we have || Xkt — XieiSiille < I1(Xjwe —

5ol 1Xme(eie = 50l < Xkt — X llallesalla + 1K n.llall W15 (10 — 18 g <
(X = pW) ™ s X e — Xl + 2110 W 12| X e |
with || < 1. It follows that || Xk €. [lq.c < C1l|Xjr, llgs + Casup,,so(m+1)s 32 et <
C1]| Xk lg.c + Cs(m* 4+ 1)|¢|™ 1, where m* = (—¢/log|c| — 1) V0 and Cy,C2,C3 > 0
depend on g and || X ¢|¢-

¢- Assume max; |[p"W?;|; < |c[*

3. General linear processes: To study more general spatial and temporal dependency,
consider the model Y;; = XjTtﬁj + g4, wWith g, = Y772 Aln,_;. Again 1, are i.i.d. and
have finite gth moments ;) def max; |[n;.¢|ls- If all the A’ are diagonal matrices, there
is just temporal dependence, and if A = 0 for [ > 1 there exists only spatial depen-
dence. Let a;-k o [A'];x be the element on the jth row and kth column of A'. As-
sume > 700> |a§»k| < 00, Xj and €;; to be independent. We have [|Xj.€;.lqc <
Cill Xk Nlgs + Casupyso(m + 1) 3252, 3ok lab, |, where C1,Cy > 0 depend on g and

g, and

| Xk tllq- Moreover, we have || max;i(Xjk.€5.)|lqc < || maxjr X, |l¢c| max;e;,.
particularly |||e;loolly < | max; ¥y ajy (k.o — i o)llg < qll maxy max; afy (k.0 — 15 0)llg +
VATOE T{S ma;(aby)? ()7} /2 S g Xy me laby ] v /o8 TS ma; ()} V24,
where the Rosenthal-Burkholder inequality is applied. Suppose that 352, (3, max; [a},]) <
J(m Vv 1)7¢, for some constant ¢ > 0. If ¢ < ¢, we have || max;e;.|qc < C3sup,,>1(m +

1)(m Vv 1)~¢JylogJ < C3sup,,>1(m + 1)*7¢J/log J, where C3 > 0 depends on .

To summarize, if the gth moments are bounded by constant, the dependence adjusted norm

| Xjk,.€j,.]lq,c is also bounded in the first two examples where a geometric decay rate on the
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coefficients is assumed; while in the case of general linear processes, it would depend on the

rate of 33720 3 [a%|. In particular, suppose 3372, 3y |ak, | < (m Vv 1)7¢ for ¢ > 0. If ¢ >,

| Xk, €j,.|lq,c is bounded (assume || Xjp.||q,c is bounded).

Under the choice (IC) A)(1 — a) is given by the (1 — a) quantile of 2c\/ﬁlr<1}€a<>§(]5jk/\lljk\,
combining the results of Lemma and Theorem we can get the bounds for )\2(1 —«) and
further obtain the oracle inequalities as in Corollary

Corollary 5.1 (Bounds for )\?(1 — «a) and Oracle Inequalities under IC). Under |(A1){(A3)
given )\9(1 — ) satisfying

2901 - a) £ e {10, 25 acy/n10g(K/0) V X &5 o nmf) Vo), (5.)

and the exact sparsity assumption (3.1)), then Bj obtained from (3.6 under IC satisfies

~ 0 N 1/qg—1 1
B = Bilijpr S PRGRE = ‘I’jk{HXﬂc,fj,-||2,<\/10g(K/a)/n VI Xk, 25, llgen'/ 1™ (@n K /o) /q},
(5.5)
with probability 1 — o — o(1), where for ¢ > 1/2 — 1/q (weak dependence case), wy, = 1; for
¢ < 1/2—1/q (strong dependence case), t, = nd/>~174,

Comment 5.4. The Nagaev type of inequality in ([5.3) has two terms, namely an exponential
term and a polynomial term. It should be noted that if the polynomial term dominates, the
above bound does not allow for ultra high dimension of K. Basically, we only allow for a

polynomial rate K = O(n°), and the rate of K interplays with the dependence adjusted norm

| Xk, -€5,|lq- In particular, to make sure that the estimators are consistent (i.e. the error
bounds tend to zero for sufficiently large n), for example, we need ¢ < g —1—wvq/2 — dq, if there

exists ¢ to guarantee || Xz €. [lq.c = O(n?) and 0 < v < 1 such that s; = O(nv).

We now discuss the case of sub-Gaussian tail or sub-exponential tail, which is mostly assumed

in the literature.

Comment 5.5. Suppose that a stronger exponential moment condition is satisfied,
125 Ml = 51D 4" |1 Xk €5 lla.s < 00, (5.6)
q/

where || X .€j.|ly, ¢ is interpreted as the dependence adjusted sub-exponential (v = 2) or
sub-Gaussian (¥ = 1) norm. Consider the special case of VAR(1). As shown above, we have

| Xk et — X g 154 llg < 2 [At_l]j\l,ug. In particular, it is known that i, S ¢ for sub-exponential

variables and g, < /¢ for sub-Gaussian variables. Let v = 2 and v = 1 for the two cases

respectively, || Xk €5 [lgc S (m* + 1)[c/™ ~L. Then applying the exponential tail bounds as

~

in Lemma [B.4] in the supplementary material, we arrive at the following error bounds with
probability 1 — a — o(1),

Vi {log(K /o) }/7
K/j(é) 12}9‘1)% ]kH Jk, 8], ||'¢)u70 \/ﬁ ,

|Bj - ﬁ?|j,pr S Y= 2/(2V + 1)7 (57)
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as )\?(1 —a) < /n(log K)l/wlg}g%HXjk"Ej“H%’O' The bound works with ultra-high di-
mensional rate exp(n™) (r < 1) of K as only the exponential term shows in the inequality. In
particular, suppose s; = O(n%), and || Xjx.€j.|ly,.0 = O(n?), then r +d+v/2 < 1/2 is required
to ensure the consistency.

In the special case with i.i.d. data, the dependence adjusted norm would be || X .€;.|lgc <
2| Xjk€)tllqs and || Xjk,.€j.. |0 Will be bounded by a constant which is relevant to the corre-
sponding tail assumptions of the moments. Compared to the standard rate for LASSO estima-
tors such as in Theorem 1 of |[Belloni and Chernozhukov| (2013) with independent errors, our
results will be the same for the case of Gaussian innovation (i.e. v = 0). Moreover, for time
series data, disregarding the dependency adjusted norm term, our convergence rate of predic-
tion norm y/s;jlog K/n (given v = 0) is also of the same order as the rate for stable Gaussian
processes studied in Basu and Michailidis (2015)).

5.2 (Gaussian Approximation for Dependent Data

Now we look at the validity of the choice of Q;(1—«), which relies on a Gaussian approximation

theorem. First we define the Kolmogorov distance between any two K-dim random vectors.

Definition 5.2. Let X = (X1, -, Xg)! € RE, Y = (Y1,---,Yx) " € RE. The Kolmogorov

distance between X and Y is defined as

p(X,Y) =sup | P(| X[ > 1) = P(|Y ] = 7)|.

r=0
For each single equation j, aggregate the dependence adjusted norm over £ =1,..., K:
def = def
e €
11X, loollgs = sup(m+1)° Y gt Oga = 11Xk = Xjsloollgs (5.8)
m=0 t=m

where ¢ > 1 and ¢ > 0. Moreover, define the following quantities

K 2/q
def def 2
Qjgc = 212}?5%HXjk,~||q,<||5j,-||q,ca Ljge = 2||5j,-”q,c(kZ1 ||Xjk,'||g,/c)

def

@j,q,c = Ljgc A {2|||X',-|oo”q,<||5j,- q,c(IOgK)g/Q}- (5.9)

It is worth noting that the norm [||.X.|x|lq,c is a kind of aggregated dependence adjusted norm
for a vector of processes in comparison to the dependence adjusted norm for a univariate process
as in Definition (.11

Some additional assumptions are required. Define Ly ; = {®;4®;40(log K)?}'/s, Wy ; =

(88 5o+ 0% g ) log(Kn)}T, Wa; = @2, {log(Kn)}, Wi = [n~ {log(Kn) /20 5, /1/2~<~V/0),

7,4,
Nyij = (n/log K)V?01, . Nyj=n(log K)72®,7 , N3; = {n'/?(log K)~ /205 J/(1/2=<).

74,8

(A4) i) (weak dependency case) Given ©; 24 < 0o with ¢ >4 and ¢ > 1/2 —1/g, then
@j72q7<n1/q_1/2{10g(Kn)}3/2 — 0 and LlJ maX(WL]’, WQJ) = 0(1) min(NLj, NQJ').
i) (strong dependency case) Given 0 < ¢ < 1/2 — 1/q, then ©;9,(log K)'/? = o(n°) and
Ly j max(Wj, Waj, W ;) = o(1) min(Naj, N 7).
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The assumptions impose mild restrictions on the dependency structure of covariates and
error terms. They include a wide class of potential correlation and heterogeneity (including
conditional heteroscedasticity), with possible allowance of the lagged dependent variables. Two
examples of large VAR and ARCH for high-dimensional time series can be found in Appendix
[C2in the supplementary materials.

Comment 5.6 (Admissible Dimension Rates by the Conditions for Gaussian Approximation).
As discussed in [Zhang and Wul (2017a)), consider the case with ©;94 ¢ = O(K'/9) and Djoqc =
O(1), where ¢ > 1/2 — 1/q. Then 05, "4 1/2{log(Kn)}*/? — 0 becomes K {log(nK)}?1/? =
o(n?271), which implies that L; ; max(Wy ;, Wa ;) = o(1)min(Ny j, N2 ;). This means with
the dimension K has to satisfy the condition K (log K)3%/2 = o(n4/2—1).

Theorem 5.2 (Gaussian Approximation Results for Dependent Data). Under|(A1) and|(A3)

(A4), foreachj =1,...,J assume that there exists a constant c; > 0 such that 1gll<:i<nK avar(Sjx) >

X

cj, then we have

p(Dj_lSj., Dj_le) — 0, asn— oo, (5.10)

where Z; ~ N(0,%;), ¥; is the K x K long-run variance-covariance matriz of Xjej4, and D;

is a diagonal matriz with the square root of the diagonal elements of X;, namely

00 1/2

{ Z E(Xjk,thk,(t—K)gj,tgj,(t—f))} = avar(Sjk), fO’I" k= 1, cee ,K.
{=—00

Comment 5.7. The conclusion in Theorem can be held with stronger tail assumptions,

following Theorem 5.2 in Zhang and Wu| (2017a).

Theorem H justifies the choice of A; and Qj(l — «), which leads to the following corollary:

Corollary 5.2. Under the conditions of Theorem[5.3, for each j we have

sup |P{ max 2¢\/n|Sjk/% k| > Q;(1—a)} —a| =0, asn— oo. (5.11)
ac(0,1)  ISksK

It is worth noting that in practice the variance involved in the Gaussian approximation in 5.2
is not known; we shall discuss how we estimate the variance and also the validity of the Gaussian
approximation result with an estimated variance. Given the realization Xj1€j1,...,X;n€jn,
we propose to estimate the K x K long-run variance-covariance matrix »; for j = 1,...,J as

follows, given E X ;e = 0, and consider:

R 1 I ibn ibn
Si=r o (> Xusi)( Y X)) (5.12)
=1 1=(i—1)bp+1 I=(i—1)bnp+1

Moreover, the following corollary ensures that the Gaussian approximation results still hold if

we use the estimate in (5.12)).

Corollary 5.3. Let the conditions of Theorem hold, and assume ®;2q4. < 0o with ¢ > 4,
b, = On") for some 0 < n < 1. Let F. = n, for¢ > 1—2/q; F. = lnb%/Q_gqﬂ, for
1/2-2/g<s<1-2/q; F; = l%/47<q/2b%/27§q/2, for ¢ <1/2—2/q. Further assume
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n~'log® K max {”1/26711/2(1)?,2%0 n1/2b711/2 viog K(DJZ',&O Fg/qF?Qq,cKQ/qv Dj20Pj2.v (bn)n/1og K} =
o(1), with v/ (by) = (bp + 1) + 20p.2/bn, Vn2 = logby, (resp. b, T or 1) for¢ =1 (resp. ¢ <1

ors > 1). Then for each j we have
p(ﬁj_lsj., Dj_le) — 0, asn — oo, (5.13)

where Dj = {diag(ij)}l/z.

It should be noted that given the Gaussian approximation results in Theorem [5.2] we can

have a refined bound for )\?(1 — a) and also the oracle inequalities under IC.

Corollary 5.4 (Bounds for )\?(1 — «) and Oracle Inequalities under IC with Gaussian Approx-
imation Results). Under the conditions of Theorem together with let 2(log K)~ /2 +
p(Dj_lsj., Dj_le) = o(a) and Z, = 2éy/nlog K, for &é > \/2c, where c is the one in the defini-
tion of )\9(1 — ), then we have )\9(1 — ) satisfying

0
N1~ a) < Za, (5.14)

and given the exact sparsity assumption (3.1), then Bj obtained from (3.6) under IC satisfies

3o g0 < VO .
5= Bilir S ) o4 Var o K (515)
with probability 1 — a — o(1).

We note that the allowed dimension K is still of polynomial rate restricted by |[(A4)|

5.3 Multiplier Block Bootstrap Procedure

In this subsection, we discuss how A;(1 — «) is attainable via block bootstrap. The data over
t = 1,...,n are divided into [,, blocks with the same number of observations b,, n = b,l,
(without loss of generality), where by, l,, € Z.

_ (B] (B] : : (B]
Recall that Aj(1 —a) = 2c\/ﬁqj7(1_a), 4 (1-q) I8 the (1 — «) quantile of 12}2%’23"“ AZR
where Z ][f] are defined as

1 ibn

l’IL
B
Zj[k] = % Z €5,i Z €1 X k.1 (5.16)
i=1  I=(i—1)bp+1
and e;; are i.i.d. N(0, 1) random variables independent of X and e.
In fact, the above construction relies on knowing the true residuals €;;. In practice, one needs
to pre-estimate them using a conservative choice of penalty levels and loadings. We discuss the

consistency rate of the bootstrap statistics with generated errors in the supplementary material;
see Comment [B.3] and Theorem [B.1l

Theorem 5.3 (Validity of Multiplier Block Bootstrap Method). Under the conditions of The-
orem|5.2, and assume ®j o, < 00 with ¢ > 4, by, = O(n") for some 0 <n < 1 (the detailed rate
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is calculated in (B.2)) in the supplementary materials), then we have

sup |P( max |S;,/W;i| > g?

ac(01) | 1<k<K U 1oy — @ =0, asn — oo. (5.17)

5.4 Joint Penalty over Equations

Recall that the theoretical choice A°(1—«) is defined as the (1—a) quantileof ~ max  2cy/n|Sj/ ¥yl
1<k<K,1<<]

The empirical choices of the joint penalty level can be:
a) Q(1 — a): the (1 — «) quantile of 201<k<%?f(<jgj\/ﬁ|zjk/quk|' In practice, one can take
an alternative choice such that Q(1 — a) et 2¢y/n® Y1 - a/(2KJ)}.

def B Bl . . B
b) A(1—a) = 2c\/ﬁq([1]_a), where qu}_a) is the (1 — a) quantile of 1<k<rrll(a1}(<j<J’Z][k}/\Ijjk‘.

Section [A] in the supplementary material provides the main theorems for joint equation
estimation. In particular, the dimension along k =1,..., K and j = 1,...,J will be considered
together by vectorization, resulting in the dimension of KJ. Following the results for the single
equation (where j is fixed), we generalize the theorems above to multiple equations case by

changing the dimension from K to KJ; see Section [A] in the Appendix for more details.

5.5 Post-Model Selection Estimation

LASSO estimation is known to be biased especially for large coefficients. Therefore, a post-
selection step helps to reduce the bias by running an OLS as a second step on the selected

covariates in the first step. In particular, we consider the 2-step OLS post-LASSO estimator:

i) ¢;-penalized regression (LASSO selection)

n

1 A&
fB; = arg min_— Z(Yj,t — XjT,t/B)Q + = 1Bkl Wi, (5.18)
BeR® M i "=

where A is the joint penalty level.

ii) We run the post-selection regression (OLS estimation)

6[ - arg mm { Xn: :Br=0,k ¢ fj}, (5.19)
-1

where Tj o supp(f;) = {k e {1,..., K} : Bjk # 0}.

To provide the prediction performance bounds for the OLS post-LASSO estimators, we need

the following restricted sparse eigenvalue (RSE) condition:

(A5) Restricted sparse eigenvalue (RSE): given p < n, for § € R¥, with probability 1 — o(1),

1613

|’£” >0, ¢;(p)

_ 613

d f
ii(p)* =

max LD~ )
\5T0|0<P 040 |6’2

mi
|(5Tc lo<p,0#0 |5
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Here p denotes the restriction on the length of the active set of 77. When T} = 0, is

reduced to the standard sparse eigenvalue condition. Moreover let p(p) aef \/¢j(p)/Rj(p), and

denote by p; def |T \ 7| the number of components outside T = 5upp([5’?) ={ke{l,....,K}:

ﬁjk # 0} selected by LASSO in the first step.
The performance bounds for the OLS post-LASSO estimator are shown in Theorem [A-4] in

the supplementary materials.

5.6 Simultaneous Inference

This subsection develops theory corresponding to Section A key Bahadur representation
which linearize the estimator for a proper application of the central limit theorem for inference
is provided.

Recall that for each j =1,...,J, the following model is considered

pj K
Yie = Y XpiBj+ D, XjktB+ein EleuXj0) =0, F,(0)=1/2,
k=p;+1
Xjk,t = XJ—'Efk),th]Q(fk) + Vjk.ts E(Ujk,th(—k:),t) = Oa k= 11 <y Py (520)

where we define 7 (k) def arg II(lin) E(Xjk,t —XjT(_k%ﬂj(,k))Q, and let F;; denote the distribution
function of ;. In this subsection, we show the validity of the joint confidence region for
simultaneous inference on Hy : B )y = 0,VY(j, k) € G, with |G| = Z}']:1 pj. In particular, for
j=1,...,J, ?k, (k =1,...,p;) are the target parameters. Theoretically, we formulate the
estimation as a general Z-estimation problem, with the leading examples as the LAD/LS cases.
Nevertheless, it can also include a more general class of loss functions.

For each (j,k) € G, we define the score function as ¥ji{Z;+, Bjk, hjr(Xj(—r))}, where
Zjt def (Yje, X T) and the vector-valued function hji(-) is a measurable map from IRF~!
to RM (M is fixed). In particular, in our linear regression case we have hjk( i(—k)t) =
(X .T k.53 (k) T( )ﬂj( k), and for the LAD regression ¢;x{Zj+, Bjk, hjr(X; —r) ) =1{1/2—

(Yyt < XirtBjk + X ]( k) t/BJ )}( gkt Xj(—k)ﬂj(fk))‘
Assume that there exists s = s,, > 1 such that |B?(_k)|0 < |7§) |0 < s, foreach (4, k) € G.

Moreover, we assume that the nuisance function h?k = (nY, M_, adrmts a sparse estimator

jkm
hji = (hjk,m)%zl of the form

~

hjk,m(Xj(—k),t) = X]—'Efk)yté\jk,m7 |§jk,m|0 <s, m=1,...,M,

where the sparsity level s is small compared to n (s < n).

The true parameter B?k is identified as a unique solution to the moment condition

Eij{Zj,taﬁija h?k(Xj(—k),t)}] = 0. (5.21)

However, the object arg zero E, [[v;x{Z;+, Bk, h?k( i(—k),t) }]| does not necessarily exist due
ﬁ]keB]k

to the discontinuity of the function ;. The estimator Bjk is obtained as a Z-estimator by
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solving the sample analogue of ([5.21))
En[wjk{Zj,tyBjkvlﬁjk(Xj(fk),t)}] < inf,ﬁjkeBAjk | En[wjk{Zj,h/Bjka?ljk(Xj(—k),t)}” +o(n g,

where g, & {log(e|G|)}'/? and Ejk is defined in |(C2)
We now lay out the following conditions needed in this section, which are assumed to hold

uniformly over (j,k) € G.

(C1) Orthogonality condition:
{@z E{vu(Zj, B, h)| X t}‘h:h?k(Xj(ik)yt)h(Xj(—k),t)} =0, (5.22)

for any h € H;;, U {h?k}, where Hj, is defined in |(C5)

(C2) The true parameter ﬁjok satisfies (5.21). Let B;j, be a fixed and closed interval and gjk be a
possibly stochastic interval such that with probability 1 — o(1), [60 +tery) C gjk C By,

def _
where r, = n~'/*{log(a /6)}1/2 Inax 195k, lla.c + n~reflog(an/e) }3/2H max 5T

. . df def
n < pn (pn is defined in|(C5))), a, = maX(JK,n, e), and w]kt < iz ,t,ﬁjk,hjk( i(—k))
re =n'/4 for ¢ >1/2 —1/q and 7. = n'/2~ for ¢ < 1/2 — 1/q.

(C3) Properties of the score function: the map (8,h) = E{vjr(Zj+, B, h)|Xj(—p)} is twice

continuously differentiable, and there exists constant L, > 1 such that for every ¢ €
{B,h1y - haa}, E[ sup |8y E{win(Zjt, 85 W (X iy )| Xj(—rye }P] < L

GBjk
Moreover, there exist measurable functions ¢1(-), ¢2(-), constants Lqy, Lo, > 1, v > 0, and

a cube Tjx(Xj(_p)) = xn]‘le’];k’m(Xj(,k%t) in RM with center h?k(Xz( k),t) such that for

every 9,9 € {B,h1,...,hy} we have sup 10909 E{voj(Zjt, B, h)| Xj(—py}| <
(B:h)EBj1 X Tjn (X (—k),t)

O (X~ ) E{O(X—p, )|*} < Liy, and for every 8,8" € Bjk, h,h' € Tjr(X j(—k),t) We

have E[{t)jr(Zjs, 8,h) — T/JJk( Zja, B ) P1IX iy el < G(Xr) (1B = B + b= H[3),
and E{[f2(X;(_p).1)|*} < Lan.

(C4) Identifiability: 2| [wjk{ZJt,B,h (Xjm ) H = loik(B — ?k)| A ¢1 holds for all 8 € By,
def
where ¢, = 9p E[Yjk{Zj 1, By, P (Xj(—r)0) ] and [@1] = e1

(C5) Properties of the nuisance function: with probability 1 — o(1), ?ij € M, where Hj;, =
X%I:l?ljkym, with each H, , being the class of functions Bjk,m : Xj—k),r — R of the
form Bjk,m(Xj(,k)J) = XjT(_k,)ﬁjk,m, 0jkmlo < s, ﬁjk,m € Tjk,m- There exists sequence of
constants py, | 0 such that E[{ﬁjk,m(Xj(_k)i) - h?k’m(Xj(_k)’t)}Q] < p2.

(C6) The class of functions Fj, = {z — ¢jk{z,5,ﬁ(xj(,k))} : B € Bjg,h € Hjp U {h?k}} (z is
a random vector taking values in a Borel subset of a Euclidean space which contains the
vectors x;(_y) as subvectors) is pointwise measurable and satisfies the entropy condition
ent(e, Fji) < Cslog(an/e) for all 0 < e < 1. It also has measurable envelope Fj, >

sup | f|, such that F' = max Fj satisfies E{F(2)} < C for some ¢ > 4.
fe]-']k (4,k)€G
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(C7) The second-order moments of scores are bounded away from zero: wj = E{(ﬁ Yo ¢?k7t)2} >

C1.

(C8) Dimension growth rates: pp.o(Lanslogan)'/? +n=12r (sloga,)®?||F(2)||, + pin'/? =
1/2

o(g,1). In particular, for the mean regression case py, , = pns and Pnv = pr~ for the me-
dian regression case. n~'/2{s(log an/e)}l/Qgan}_g(||f(zt) l2+n"tr{s(log an/e) 2| F' (20)|lq =
c ’

O(pn). F' = {z = {28, h(xji)} : (k) € G, B € Bjr,h € Hj, U{hY}} with

P = sup) |
feF
h _ 'h _ 'h

(00 et By Mo By O = s B o B s i

(see , and ( in the supplementary for the definitions of <I>m 9.6 an g

@5@ Qq o m 2.6 Qn’; g <I>2’i, Qq’g). The following restrictions are assumed:

spn(log an) /2Bl +n~ 2 p,s*(log an)*? Bl = o(g, '),
pn(s log Gn)l/Z‘bg,g + n71/27n§pn(3 log an)g/ZQqﬁ,q = 0(9771)7

Bq'pns'? = O(max |1 (20)ll2), Ba'ows'’? = O(IF(z0) o),

By pn = O(max||f (z0)ll2), Qo = O(IF(z0)lo)-

(C9) Consider the stronger exponential moment condition as in (5.6) and corresponding to
(C5)|, assume that E[{fzjk,m(Xj( k).t ) h?km(XJ(,k),t)}ﬂ < (p%)?%. Recall the definitions

of ‘I’Zwu,ov @ﬁmo, @27¢V’0, @;fu’o in 8) and (B.21)) in the supplementary. The following
restrictions are assumed:

n~Y2{(log an /e)}l/”’(rr}iax

ON

(slogan) /7[5, V pof{(s"/? max @, )V &) ] =o(g"),

me{1,2}
n~2{s(log ay/c)} Ml}ﬂ%\lf( 2) g0 = Olpy),
ped(s'? max o, Ve[ )= O(max [ f(2)llv. 0):

me{1,2}

. . : (& — € € — € i
in particular, for the mean regression case p;, , = p;,s and pf, , = /pf, for the median

regression case.

(C10) The density of error f,(-) is continuously differentiable and both of f.(-) and fZ (-) are

bounded from the above.

Conditions[(CT)}{(C4)|and [(C7)|assume mild restrictions on the Z-estimation problems. They
include the LAD-based regression (used in Algorithm [2) with non-smooth score function. Con-
ditions |(C2)| and |(C8)| imply that (II;?XG”QZJ?IC.HQS < 51/2max\|f(zt)|]2 and || ng:LX |¢?k il

j7 e ’

~

‘ICN
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s\ F'(20) - In we suppose that the nuisance parameters have estimators with good spar-
sity and convergence rate properties. As discussed in previous sections, given the ideal choice of
the tuning parameter, the oracle inequalities provided in Corollary[5.1]ensures that our proposed
iwr SP {V/sloglan/a)/n Vv

nl/q_l(wnan/a)I/q}lg}fa<>§<\|Xjk’,5j7.HqS, where for ¢ > 1/2 —1/q (weak dependence case), w, =

1; for ¢ < 1/2 — 1/q (strong dependence case), @, = n??>~175¢, The moments of the envelopes

are assumed to be finite in |(C6)|

algorithms can produce the estimator of the form | Bj[?_k) — B?(_k)

Comment 5.8 (Discussion on the dimension growth rates). Consider the special case of VAR(1)
model. Following the discussion in Comment (Example |3, continued), given a geometric
decay rate, we have Lo,, B2, B,h, o ,<I>/B , na; Zt)||2, ma 0 < M,, where M,

y o Bl B0 0 i ) o, max S [ S Mo :
only depends on the 2¢-th moments of £; and ¢. Moreover, suppose these quantities are bounded
by constant and let d, def (|G| v J), we have B, Bl < d}/q(l v st/2p,), Qqﬁ,c, Q:fg N d}/qsl/zpn
for mean regression case, and Bf, BJ* < di/(4q)(1 v s'2p,), Qg,g,Qng < d}l/(Zq)sl/Qpn for the
median regression. Moreover, |[F(z1) g, [|F"(24)lly S di/ *(1Vpn), | maxc 95 Ml S A 1(1v ).
Jk)e T

The detailed derivation of these rates can be found in the Comment [B.4]in the supplementary.

Inserting them into and yields
nil/QSQ(log an)3/2 +n"1r.s3(log an)5/2d,11/q + n71/2r§s3/2(10g an)Qd}/q = o(1),
and
n_1/4s3/4(10g an)?/t + n_1/2r§1/285/4(log an)7/4d%/(8q) Y20 532 (log an)Qdi/(qu) — o(1),

for the smooth and non-smooth cases respectively. As a result, we only allow the dimension
(|G| v J) is of polynomial order with respect to n if ¢ is not tending to infinity. In particu-
lar, under the case of ¢ > 1/2 and ¢ = oo, the required rate reduces to n~'/2s%(log a,)%? +
n~1s%(log a,)®? + n=1253/2(loga,)? = o(1) or n=Y4s3/*(loga,)®* + n=Y25%/*(log a,)"/* +
n~Y253/2(log a,)? = o(1), respectively. In the ideal case where we have weak dependency, the
dimension growth rates are slightly slower than the i.i.d. case as in Belloni et al.| (2015b)) (i.e.,
s?loga? = o(n) or s3loga’® = o(n) for the smooth or non-smooth case, respectively), as we
apply a different way to bound the dependence adjusted norm in the concentration inequality.

More generally, suppose max { Loy, BE, B, (I)g,c’ <I>2'i, %zx}gg]\f(zt)ﬂg, (max | |¢?k7.|”27§} = O(nM),

j,k)EG
and ma { B B, 9 L I o)l | a0l | s, 03 1], ) = Ok, with 0 < ks <
and let s = O(n"), loga, = O(n"). Then |(C8)|and |(C9)| imply that
1—4v — 2k 2 2 — 6v — 2ky 1 1—31)—2/{72} .
e Wi S Mt G T LN W Y |
r<max{ 3 , 5q+ 3 , 2q+ 1 yif ¢ >1/ /4,
r<max{1_4v_2k1,2§+1_6v_2k2,2§_3v_2k2}, ifo<1/2-1/g,
3 5 4
and
1—3v—4k; 2 2 — bv — 2ky 1 1—31}—2/{:2} .
e e i S Rt S T SR W Y
r<max{ 3 , 7q+ 7 , 2q+ 1 yife>1/ /4
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1—3v—4k; 2¢+1—5v—2ky 2¢ — 3v — 2k9
3 ’ 7 ’ 4

r<max{ },ifg<1/2—1/q,

for the smooth and non-smooth cases.

Theorem 5.4 (Uniform Bahadur Representation). Under conditions |(A1){(A4) and |(C1)-
(C10), with probability 1 — o(1), we have

n
[ In' 20 (Bie — B%) + 7 2o ot S udh il = olgn ), asn— oo, (5.23)
k) t:1

def
= E(ﬁ pora ¢?k,t)2-

Comment 5.9. The same conclusion as in Theorem [5.4] can be drawn with assuming stronger
exponential moment conditions in and using instead of [[C6)} [[C8)| and [(C9)l This
is implied by Lemma [B.9] [B.10] and [B.11] in the supplementary material.
We now discuss the rates implication under Suppose all the dependence adjusted
norms are bounded by constant with an appropriately chosen v, the restrictions in would
imply n~1/2(log a,, )?/7+1/252/71 = (1) for the case of smooth score, and n~/4(log a,, )3/ (1) s3/(2N+1/2 —

o(1) for the non-smooth case, where v = 2/(2v + 1). For example, when v = 1/2,7 = 1 the

2 def ,_2
where ok = quk Wik, Wik

required rates would be s%log® a,, = o(n) and s%1log® a,, = o(n) for the smooth and non-smooth

cases respectively.

The results in Theorem imply the asymptotic normality of the proposed estimator by
Algorithm [I] and [2] by applying central limit theorems and Gaussian Approximation.

Corollary 5.5. Under conditions [(A1(A4) and |(C10), for any (j, k) € G the estimators
obtained by Algorithm [1] and [ satisfy

_ ~ c
Ujklnl/Z(ﬂﬁ] - 5;')1@) = N(0,1).

Corollary 5.6 (Uniform-Dimensional Central Limit Theorem). Under the same conditions as
in Theorem assume that ||¢]O'k,.“2,g < 00, we have

oint (B — %) 5 N(0, 1),

uniformly over (j,k) € G.

f

Consider the vector (; def vec{ (Cir,t) (jkyeats ikt e —aj_k1¢j_,iw?kyt, and define the aggre-

gated dependence adjusted norm as follows:
s def S
1< lg.s = sup (m 4+ 1) 7 (116 = ¢ loollas (5.24)
m=0 t=m

where ¢ > 1, and ¢ > 0. Moreover, define the following quantities

def def
B max [Gills: T & (5 16,
" (k)G

1/q
q
)"
def ~
05 = T A{IIClgs (log | G2} (5.25)
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Define L§ = {®5 5 o(log |G])2}/S, Wy = {(® 5)0+(® o) Hlog(|G|n)}7, W = (85 )*{log(|G|n)}*,
W5 = [n=<{log(|G|n)}*/265 JV/(1/2=-1/D N} = (n/log |G|)9/*(65 )7, N = n(log|G|)"2(®5 )2,
N§ = {n'/2(log |G|)~1/2(€5 1)/ (1/2=9),

(A6) i) (weak dependency case) Given 6§ < oo with ¢ > 2 and ¢ > 1/2 —1/g, then
®g7<n1/q_1/2{10g(]G|n)}3/2 — 0 and LS maX(Wf, WZC) = o(1) min(N°¢, NZC)
ii) (strong dependency case) Given 0 < ¢ < 1/2 — 1/q, then @gﬁ(log |G|)Y/? = o(n®) and
LS max(WS, W$, W$) = o(1) min(NS, NY).

Corollary 5.7 (Consistency of the Estimated Confidence Interval). Under|(A6) and the same
conditions as in Theorem for each (j, k) € G assume that there exists a constant ¢ > 0 such
that (Iil)iIlG avar (n=Y2 "0 Ciry) = ¢, with probability 1 — o(1), we have

j7 E

sup |P(,B;~),~C € CNIjk(oz), V(j, k) € G) — (1 —a)| =0o(1), asn — oo, (5.26)
a€e(0,1)

where aijk(a) e [Bjk +Gn2q(1 - a)}, and q(1—a) is the (1—«) quantile of the (%?XGJZJ'M,
j,k)€E
where Zj1.’s are the standard normal random variables and oy, is a consistent estimator of 0.

Following Theorem a joint confidence region and the corresponding confidence interval
for each component can be constructed via a block bootstrap method. In particular, the boot-
strap statistics are defined by ﬁ Zé’;l €j,i Z;‘b:n(ifl)bn 41 Eij, where e;;’s are independent and
identically distributed draws of standard normal random variables and are independent with
respect to the data sample (Zj,t)jzl. Recall that ij,t are pre-estimators with a certain range

of accuracy. More details can be found in Comment [B.5]in the supplementary material.

Corollary 5.8 (Validity of Multiplier Bootstrap). Under|(A6) and the same conditions as in
Theorem assume S . < oo with q > 4, b, = O(n") for some 0 < n < 1 (the detailed rate

is specified in (B.28)), we have

sup |P(8% € CLy(a), ¥(j.k) € G) — (1 —a)| = o(1), asn — oo, (5.27)
a€e(0,1)

where (A]/I:k(oz) def [Bjk +Gn V2¢" (1 - oz)} , and ¢*(1 — «) is the (1 — ) conditional quantile

1 In ibn c
of (ﬁ?gaﬁ| 2271 €5 21— 1)by 41 G-

Comment 5.10 (Admissible rate of b,). Again, consider the special case of VAR(1) with
i.id. errors (Example [3| continued), with O = O(|G)"/) and S = O(1), for ¢ > 1.
Then in Corollary the restrictions on b, in along with boil down to a set of
simple admissible rates. In particular, letting log |G| = O(n"), we need 2r < n < 1 — 5r and
|G|(log |G])39/2 v |G)?(log ]G|)qc%/2 = o(n??71), where ¢,;! = o(1). Note that the rate can be

further improved by employing the exponential inequality under stronger tail assumptions.

6 Simulation Study

In this section, we illustrate the performance of our proposed methodology under different

simulation scenarios. The first part concerns the performance of the jointly selected penalty
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level over equations, and the second part discusses the simultaneous inference.

6.1 Estimation with a Jointly Selected Penalty Level

Consider the system of regression equations:
Vie=X/B0+ejp,, t=1,...nj=1,....J (6.1)

where X; € R®. We generate X; independently from N(0,%), where Xy, 1, = ylk1=ka| o = 0.5,
€t g N(0,1). The coefficient vectors f3; are assumed to be sparse. In particular, we divide
the indices {1,..., K} evenly into blocks with fixed block size 5. ?k =10 if k£ and j belong to
the same block and 0 otherwise.

We take n = 100, # of bootstrap replications = 5000. We set J, K = 50,100 and 150.
The prediction norm | Ej - 5JQ| jpr and the Euclidean norm | Ej - ﬁjo\g ratios are presented in
Table The ratios measure the relative difference between the results using the penalty level
determined from the equation-by-equation case and from the joint equation case (\; and X are
selected by the multiplier bootstrap procedure). In particular, a ratio smaller than 1 indicates

a better performance of using the jointly selected penalty level.

J=K=50 J=K=100 J=K =150
Prediction norm

Mean 0.9634 0.9474 0.9347

Median 0.9695 0.9516 0.9371

Std. 0.0323 0.0272 0.0254
Euclidean norm

Mean 0.9590 0.9429 0.9286

Median 0.9679 0.9468 0.9316

Std. 0.0367 0.0292 0.0286

Table 6.1: Prediction norm and Euclidean norm ratios (overall A relative to equation-by-
equation \;’s, average over equations). Results (mean, median and standard deviation) are
computed over 1000 replications.

It is evident from Table that the proposed estimation procedure delivers much better
performance in terms of the two measures. In particular, the superiority tends to be more
evident (more than 10%) with higher dimension of the covariates and more equations.

Still consider the system of regression equations as in (6.1]), but here we generate the data
with dependency by following the Appendix D in|Zhang and Wu (2017b). In particular, assume
the linear process such that X; = >.9°, A&y, with Ay = (£ + 1)1 M, where M, are
independently drawn from Ginibre matrices, i.e. all the entries of My are i.i.d. N(0,1), and in
practice the sum is truncated to 2;2%0. We set p to be 1.0 for the weaker dependence and 0.1
for the stronger dependence cases respectively. Let & = €k,t(0-8€z¢71 + 0.2)1/ 2 where €t are
i.i.d. distributed as t(d)/\/d/(d — 2) and t(d) is the Student’s ¢ with degree of freedom d (take
d = 8 for example). &; are generated by following the same fashion independently.

We take n = 100, # of bootstrap replications = 5000, J, K = 50,100 and 150. Based on
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bias-variance trade-off, several approaches were suggested to determine the optimal choice of
by, for univariate case. Concerning the high-dimensional case, we propose to take the one which
gives the lowest prediction norm as the optimal choice. Below we report the average prediction
norm J ! Z}-le | Bj — BJQ| jpr With several block sizes b,, under different settings and the minimal

ones are in bold.

p = 0.1 (stronger dependency) p = 1.0 (weaker dependency)
J=K=50 J=K=100 J=K =150 J=K=50 J=K=100 J=K=150
bn, = 2 2.0721 2.9122 3.5932 2.0165 2.6270 3.2286
b, =4 2.0627 2.8924 3.5617 2.0303 2.6183 3.2225
b, =6 2.0487 2.9007 3.5235 2.0834 2.6288 3.2198
b, =8 2.0388 2.8841 3.5073 2.2149 2.6502 3.2320
b, =10 2.0521 2.8836 3.5268 2.3576 2.7099 3.2975
b, =12 2.0581 2.9065 3.5687 2.5592 2.8310 3.3895

Table 6.2: The prediction norm (average over equations) using several choices of b,. Results
are computed over 1000 simulations.

From Table[6.2] it is apparent that a larger block size is required for the stronger dependency
case. Moreover, the choice also depends on the dimensionality, which is more evident for
relatively weaker dependent data. We note that when J = K = 50, p = 1.0 the ordinary
multiplier bootstrap (with b, = 1) produces 2.1003 as the average prediction norm, therefore
we suggest b, = 2 for this case.

The prediction norm | Bj - ﬁ?\ j.pr and the Euclidean norm ]@ — B?\Q ratios (using the optimal
b, suggested in Table for each case correspondingly) are presented in Table Again we
report the results with the jointly estimated A (selected by the algorithm proposed in section

3.2 based on multiplier block bootstrap) relative to using the single equation \;’s.

p = 0.1 (stronger dependency) p = 1.0 (weaker dependency)
J=K=50 J=K=100 J=K =150 J=K=50 J=K=100 J=K =150
Prediction norm

Mean 0.9141 0.8534 0.8250 0.9356 0.8786 0.8326

Median 0.9165 0.8532 0.8255 0.9384 0.8792 0.8330

Std. 0.0436 0.0377 0.0326 0.0380 0.0338 0.0296
Euclidean norm

Mean 0.9017 0.8447 0.8114 0.9251 0.8648 0.8154

Median 0.9062 0.8453 0.8135 0.9290 0.8652 0.8157

Std. 0.0515 0.0401 0.0348 0.0453 0.0368 0.0317

Table 6.3: Prediction norm and Euclidean norm ratios (overall A relative to equation-by-
equation \;’s, average over equations). Results (mean, median and standard deviation) are
computed over 1000 replications.

The results show that the coefficient estimation performance measured by both the predic-
tion norm and the Euclidean norm is in favor of the joint penalty level with multiplier block

bootstrap approach. The results are robust over different dimension cases with stronger or
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weaker dependency.

6.2 Simultaneous Inference

In this subsection we consider the following regression model for the purpose of simultaneous

inference on the parameters within a system of equations

Yie=djeaf + X, B+ g4, dje =X 00+ v, t=1,....n, j=1,...,/J, (6.2)

where oz? = o for all j. Also, BJQ, 0;-) € R¥ are assumed to be sparse. In particular, we divide
the indices 1,..., K evenly into blocks with a fixed block size 5, ﬁ?k and G?k, are independently
drawn from Unif]0, 5] and Unif[0, 0.25] respectively, if £ and j belong to the same block and 0
otherwise. The way to generate Xy, €; and v; is same as the dependent data setting above.

We consider the sample size n = 100. Our goal is to estimate and make inferences on the
target variables d;;’s based on the procedure proposed in Section . We evaluate and compare
the empirical power and size performance of the confidence intervals constructed by the asymp-
totic distribution theory , block bootstrap and the simultaneous confidence regions
via block bootstrap . The bootstrap statistics are computed based on 5000 replications and
we also take the optimal block size according to the numerical comparison conducted above.
Note that the case of o = 0 gives the size performance under the null hypothesis, while o’
uniformly lies in [0, 2.5] and [0, 5] illustrate the power results.

Table shows the average rejection rate of Hg : 04? = 0 over j for individual (or multiple)
inference and the rejection rate of Hy : o = --- = o = 0 for simultaneous inference under
different settings of J, K and p. Multiple testing procedure via step-down method (see e.g.
Romano and Wolf (2005)); Chernozhukov et al.| (2013))), is considered to control the false positives

in evaluating the power performance. The rejection rates are computed over 1000 simulation

samples.
p = 0.1 (stronger dependency) p = 1.0 (weaker dependency)
J=K=50 J=K=100 J=K =150 J=K=50 J=K=100 J=K =150
a’=0

Ind. Asym. 0.0166 0.0126 0.0126 0.0242 0.0148 0.0119

Ind. Boot. 0.0303 0.0202 0.0155 0.0224 0.0169 0.0141

Simult. Boot. 0.0260 0.0473 0.0527 0.0520 0.0547 0.0587
a® ~ Unif|0, 2.5]

Ind. Asym. 0.8714 0.8558 0.8553 0.8763 0.8622 0.8572

Ind. Boot. 0.8746 0.8573 0.8566 0.8761 0.8629 0.8578

Mult. Boot. 0.8413 0.8027 0.8004 0.8438 0.8249 0.8091
a® ~ Unif|0, 5]

Ind. Asym. 0.9376 0.9247 0.9282 0.9380 0.9319 0.9269

Ind. Boot. 0.9390 0.9254 0.9331 0.9288 0.9325 0.9273

Mult. Boot. 0.9282 0.9070 0.9072 0.9262 0.9182 0.9082

Table 6.4: Average rejection rate of Hg : a? = 0 over j for the individual (or multiple) inference
and the rejection rate of Hp : af = --- = oY = 0 for simultaneous inference under several true
a® values (given the significance level = 0.05).
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It is shown that for individual inference our proposed individual bootstrap approach pro-
vides a closer size control to the nominal o and more powerful empirical rejection probabilities
compared to constructing the confidence intervals by asymptotic normality in most of the cases.
Moreover, the simultaneous inference outperforms the individual inference in size accuracy and
in terms of the power performance, the multiple testing is relatively conservative after control-
ling the false positives. Overall, we observe that the results using bootstrap approach are robust

over different dimension settings under either stronger or weaker dependency cases.

7 Empirical Analysis: Textual Sentiment Spillover Effects

Financial markets are driven by information, and this is a well-known phenomenon among
investors. More frequent news and availability of sentiment data allows study of the impact of
firm-specific investor sentiment on market behavior such as stock returns, volatility and liquidity;
see |Baker and Wurglerl 2006; Tetlockl, 2007, among others. Moreover, powerful statistical
tools (e.g. LASSO-type estimators) are being used to model complex relationships among
individuals. For example, Audrino and Tetereva, (2019) analyze the influence of news on US
and European companies by constructing a sparse predictive network via adaptive LASSO and
related testing procedures. In this section the developed technology is applied to study textual
sentiment spillover effects across individual stocks. This is different from the "equation-by-
equation" analysis in [Audrino and Tetereval (2019), since we build up a system of regression

equations and implement the estimation and the inference of the network jointly.

7.1 Data Source

The empirical study in this paper is carried out based on the financial news articles published
on the NASDAQ community platform from January 2, 2015 to December 29, 2015 (252 trading
days). The data were gathered via a self-written web scraper to automate the downloading
process. The dataset is available at the Research Data Centre (RDC), Humboldt-Universitit zu
Berlin. Moreover, unsupervised learning approaches are employed to extract sentiment variables
from the articles. Two sentiment dictionaries: the BL option lexicon (Hu and Liu, 2004) and the
LM financial sentiment dictionary (Loughran and McDonald} 2011) were used in |Zhang et al.
(2016)). For each article ¢ (published on day t), the average proportion of positive/negative
words using BL or LM lexica - Pos}%t, N egfgjt, Pos;%, N egﬁ% - are considered as the text
sentiment variables. Furthermore, the bullishness indicator for stock j on day ¢ with the related
articles i = 1,...,m (based on a particular lexicon) is constructed by following Antweiler and

Frank| (2004])
m m
B;; =log ({1 +m! Z 1(Posj;s > Negjﬂ-,t)}/{l +m! Z 1(Posj;s < Negjﬂ-,t)}). (7.1)
i=1 i=1

We refer to Zhang et al|(2016) for more details about the data gathering and processing pro-
cedure. 63 individual stocks which are S&P 500 component stocks from 9 Global Industrial
Classification Standard (GICS) sectors are considered. They are traded at NSDAQ Stock Ex-

change or NYSE. The list of the stock symbols and the corresponding company names can be
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found in Table [D.I]in Appendix [D]in the supplementary materials.
The daily log returns R;; and log volatilities log(a]%t) for the stocks over the same time
span are taken as response variables. More precisely, the Garman and Klass| (1980) range-based

measure to represent the volatility level is employed:
07, = 0.511(ujz — djz)® — 0.019{r; (uje + djs) — 2ujed;s} — 0.383r7 (7.2)

where u;; = log(Pﬁ) - 10g(Pft),dj¢ = log(P]%t) — 10g(PJ?t),rj7t = log(Pj%) - log(PJ%), with

PH PL
It 7 3t

In addition, the S&P 500 index returns and Chicago Board Options Exchange volatility index

P]?t, and Pft denote the highest, lowest, opening and closing prices, respectively.

(VIX) are included as the state variables. The financial time series data were originally obtained

from Datastream, and GICS sector information was found at Compustat.

7.2 Model Setting and Results

We now construct a network model to detect the spillover effects from sentiment variables to

financial variables by

rie=cj+ B Bi + 2 v 1105 + it
log sz’t = ¢; + B} B; + 2] v + log U?,t_ldj + €51, (7.3)

where j = 1,...,J indicate the stock symbols, By = (Big,... ,B(]ﬂt)T and z; includes the state
variables.

It is of interest to make inferences on the parameters 3; € R’, j = 1,...J. Following
the framework introduced in Section [} an estimation procedure with three steps needs to be

implemented.
S1 For each j, run LASSO on (7.3) and keep the estimator Bj[.l(Lj), ﬁjm, SJ[-” and 551].

52 For each j, run LASSO on Bj; = (BIj7t,z;,rj7t_1)T9j + v;¢ to model the dependence
among sentiment variables. In particular, we propose to take the joint penalty level ob-
tained via block multiplier bootstrap (discussed in Section [3.2)) for this regression system.

Keep the residuals as v;; = Bj; — (Bjj,t, 2, Tj7t_1)T9j.

S3 For each (j, k), run IV regression of r;; — Egl] - BIﬁBJ[.I(]fj) — th?Jm - 7‘j7t,1gj[»1] on By,

using Uy as an instrument variable. Then we obtain the final estimator Bﬁ}

If for stock j, the sentiment variable of firm k is selected into the active set after the individual
significance test i.e., the null hypothesis Hgk : Bjr = 0 is rejected under the block multiplier
bootstrap procedure (as discussed in Section we pre-determine b, = 5 by choosing the one
gives the lowest prediction norm in the LASSO estimation in S1 on a grid search), then we put
a directional edge from k to j. As a result, we achieve a 0 — 1 adjacency matrix describing
the dependency network from sentiment variable to financial variable. Note that the diagonal
elements in the matrix show the self-effect of stocks.

The graphical network for stock returns and volatility modelled by based on BL and
LM lexica (from 01/02/15 to 12/29/15) is depicted in Figures
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return-BL 02/01/15-30/12/15

Figure 7.1: The dependency network among individual stocks from sentiment variables to re-
turn.
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Figure 7.2: The dependency network among individual stocks from sentiment variables to
volatility.

Figures depict the dependency networks among individual stocks. Given that the
time series of returns and volatility are scaled and centered before implementing the estimation
procedure, we find even denser spillover effects in the volatility analysis. This indicates the
stock volatility is more sensitive to sentiment than returns. Moreover, the relationships between
sectors are also of interest. The simultaneous confidence region constructed via the bootstrap

approach introduced in Section [£.2] may help us to detect whether the sentiment information
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from one sector has joint influence on the returns of the stocks in another sector. In particular,
we look at the null hypothesis: Hgl’SQ : Bjr =0, Vj € S1, k € S2, where S7 and S> represent
two groups of stocks that belong to two sectors, respectively. The conclusion that the sentiment
from sector Sy has a joint effect on the returns or volatility of sector S; can be drawn if the
null hypothesis is rejected with the simultaneous confidence region under the significance
level = 0.05.
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Figure 7.3: The dependency network among sectors from sentiment variables to financial vari-
ables.

Figure describes the spillover effect network from sentiment to financial variables on
the sector levels. In particular, the connections from energy to health care is found to be
significant in the analysis of stock returns; while if volatility is focused on then the spillover
effects from financials to health care, from information technology to energy, also from consumer

discretionary to utilities are detected.

Comment 7.1 (Link to GGM). Another popular way to conduct the network analysis in the
literature is the GGM, which is corresponding to the estimation of a high dimensional precision
matrix. And under the Gaussian assumption our SRE can be linked to a nodal wise GGM. In
particular, one can estimate the coefficients in each equation of SRE by using a sparse Graphical
model estimation, for example the LASSO type estimation as in |Yuan and Lin| (2007, and thus

we build the link equation-by- equation.
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Consider a high-dimensional VAR(1) model as in Example the jth equation in the
SRE is given by Y;; = ®;Y;_1 + €4, where Y; is covariance stationary with Var(Y;) = T
(p.d.). Correspondingly, we look at the vector §7j,t = (Y, Y1i-1,... ,Yj,t,l)—r belonging to
an undirected graph (Vj, Ej) with vertex set (1,...,J 4+ 1). Suppose }7j7t ~ MVN(0, ),

| o,
i = 77 T 77| Define C; def <IJj.I‘<I>jT,, then we have the precision matrix as ©; =
(®,I)7 T
51 [ (T = C)~ —(Ty = Cy) 7|
’ @ (Lj; —C)~" T7'+@](Ly; - C)) 'y
imply that the (1,k + 1)th element of ©; is zero and vice versa. In addition, a LASSO type

estimator proposed in [Yuan and Lin/ (2007)) can be obtained by solving

It can be seen that ®;; = 0 would

C:)j = arg mgx{— log det(©) + trace(S;0) + A, Z 1Ok},
tk

where S def 1 Yo ?],tf/ﬁ
In an unreported simulation study we compare the estimation performance between our
proposed approach and the nodal wise GGM under the VAR(1) model. The results show that

the nodal wise GGM which is approximated to SRE has worse prediction performance than our

method, which can be obtained from the authors upon request.
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Supplementary Material

A Theorems for Joint Penalty over Equations

Recall that the theoretical choice \°(1 — «) is defined as the (1 — «) quantile of

a 2 S /.|, First, we provide the analogue results of Theorem [5.1|and Corolla
ke RiSj<) cy/n|Sjr /¥ x|. First, we provi nalogue resu r m nd Corollary

Theorem A.1l. Under|(Al) and|(A3), we have

1 Xk, €5, 11 ¢
P(zc‘/ﬁlgkg%?léjy i/ Y3l 2 1) SCrezanr™ Z Z v
J=1k=1 j
K GRER
3T k
+ Cy exp —_— (A1)
22 (nHXjk,fj,-H%,g)

j=1k=1

where for ¢ > 1/2—1/q (weak dependence case), wy, = 1; for ¢ <1/2—1/q (strong dependence

case), wy = nd/2=1=s4_ | Cy,C43 are constants depending on q and s.

Corollary A.1 (Bound for A°(1 —«) and Oracle Inequalities under IC). Under|(A1) and
given \°(1 — ) satisfies

01 _ < ) 1/q
-0 S max L1 e/ og(KT/a) VX e llasnmn KT fa) 1), (A2)

additionally assume that the RE condition [(A2) holds uniformly over equations j = 1,...,J
with probability 1 — o(1), and under the exact sparsity assumption (3.1]), then Bj obtained from

(13-2) under IC satisfy

8B iar S €5 max W e {10, 25 oo/ g T ) V| X!/ (K T ) V2,
(A.3)

with probability 1 — o — o(1), where for ¢ > 1/2 — 1/q (weak dependence case), wy, = 1; for

¢ < 1/2—1/q (strong dependence case), w, = n%/?>~1=%9 and the constant C depends on the

RE constants.
The other empirical choices of the joint penalty level can be:
1—a): the (1 — tile of 2 Zi /Yl 1 t tak
a) Q(1 — a): the (1 — «) quantile o C1<k51(2}1xgjgj\/ﬁ| ik/¥k|. In practice, one can take

an alternative choice such that Q(1 — a) f 2cy/n® Y1 — a/(2KJ)}.

_ o) def B (Bl _ ; (B] /g .
b) A(1—-a) = 26\/ﬁq(1_a), where q(;” ) is the (1 — a) quantile of 1<k<r?£1xgj<J|ij A2k

For @ again we need the Gaussian approximation results for the vectorized process S

Vec[{(Sjk)le}}]:l] = % S &, where X, e Vec[{(Xjk’tej’t)szl}jzl] similar to Theorem
and Corollary to justify the choice of X as Q(1 — «).
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Let &, % vec[{(Xjk’t)le}szl]. We first aggregate the dependence adjusted norm over
j=1....,Jand k=1,... ,K:

def *
11 foollgs = Sup(m+1 Z5qt, gt = 1% = X lsollg, (A.4)

t=m

where ¢ > 1, and ¢ > 0. Moreover, define the following quantities

2/q
def def 2
o2 a1k el o q<—2(z||ej,||q/ ) (kzljzlnx N

def

Og¢ = Ty, Nl (log KJ)*/?}. (A.5)

Let Ly = [P, ®40{log(KJ)}2]1/s, Wy = <<1>60+<1>4 ){log(K Jn)}7, Wy = &2 {log(K Jn)}*,
Ws = [ {log(K Jn)}*/204, ]/ 127710, Ny = {n/log(K J)}4/?04, ., Na = n{log(KJ)}*@;2,
N3 = [n'/*{log(K.J)} /203, ]/ (/279).

(A4’) i) (weak dependency case) Given Oy, < oo with ¢ >4 and ¢ > 1/2 —1/q, then
Ogq. 01712 {log(K Jn)}3/? — 0 and Ly max(W7, Wa) = o(1) min(Ny, Na).
i) (strong dependency case) Given 0 < ¢ < 1/2 — 1/q, then g, {log(KJ)}'/? = o(n®)
and Ly max (Wi, Wa, W3) = o(1) min(NVa, N3).

Theorem A.2. Under|(A1), [(A3) and|(A4’), for each k=1,...,K, j=1,...,J assume that

there exists a constant ¢ > 0 such that min avar(Sjr) = ¢, then we have
1<k<K,1<i<

p(Dilg, Dilg) — 0, asn— oo, (A.6)

where Z ~ ~N(0,25), ¥5 is the JK x JK long-run variance-covariance matriz of X,, and D is

a diagonal matriz with the square root of the diagonal elements of X5, namely

() 1/2
{ Z E(Xjk,thk:,(t—é)gj,tgj,(t—é))} = avar(Sjk), fOT’ k= 1, ey K,j = 1, ceey J.

l=—00

Corollary A.2. Under the conditions of Theorem[A.3, we have

p 9 U] = Q1 —a)t — , . A.
S | {KKH&?@N ev/n|Sjk/ Wikl = Q(1 — )} —a] = 0, asn— o0 (A7)
Corollary A.3. Under the conditions of Theorem@ and assume P9y o < 00 with q > 4, b, =
O(n) for some 0 <n < 1. Let F. =n, for¢>1—2/q; F. = lnb%/%gqﬂ, forl/2 —2/q <<

1 2/q; B, = (/47502027592 g < 1/2 —2/q. Given 7”F1{log(KJ)}2 max {n1/2b1/2 3,
nl/zb”%/log KT)®2 ., F2T3, (K )21, @585 0/ (by)n//Iog(KT)} = o(1), where o/(b,) =
(b, +1)7 +2v,2/bp, vpo =logby, (resp. b, or 1) for¢ =1 (resp. ¢ <1 ors > 1), then we

have

p(ﬁ_lg’, D_lg) —0, asn— oo, (A.8)

ibn ibn S\ T
where D = {dlag( )}1/2 ENanan (Zb (i 1)but1 )(Zlb(z b n+1X) )
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Similar to Corollary we can provide a refined bound for A°(1 — a) and also the oracle

inequalities under IC as follows.

Corollary A.4 (Bounds for A\°(1 —a) and Oracle Inequalities under IC with Gaussian Approxi-
mation Results). Under the conditions of Theorem suppose 2{log(K J)}/24p(D~1S, D1 Z) =
o(a) and let Z, = 2é\/nlog(KJ), where & is no less than the ¢ in the definition of \°(1 — ),
then we have \°(1 — «) satisfying

(1 —a) < Za, (A.9)

additionally assume that the RE condition [(A2) holds uniformly over equations j = 1,...,J
with probability 1 — o(1), and given the exact sparsity assumption (3.1), then Bj obtained from

(13.2) under IC satisfies

< )
Cﬁé}?é{ Wi\ /log(KJ)/n, (A.10)

with probability 1 — o — o(1), where the constant C' depends on the RE constants.

0.
J s

1) —

Next, we need to show the validity of Let 2Bl Vec[{(Z][],f])le}jzl] and ¥ %
Vec[{(\lfjk)szl}le]. Similarly to Theorem |5.3| we have the following results:

Theorem A.3. Under|(A1), |(A3) and|(A4’), assume ®oq . < 0o with ¢ > 4, b, = O(n") for
some 0 <n <1 (the detailed rate is calculated in (B.3))), then

€

pn % sup |P(IZP)T] o < r|X,e) = P12/ T]ae < 7)| — 0, as n — oo, (A.11)
relR

and
(B]

sup |P \S/\IJ|OO/ 4(1-a)

a€e(0,1)

) —al =0, as n — oo. (A.12)

Lastly, we show the performance bounds for the OLS post-LLASSO estimator in the following
theorem.

For each p < n, f} cA1,-- K} |TJ\T | < p, we define the class of functions
Gz = {e4X},6/19
given by supg N (e, gﬁ, | - lo,1). Also define Fj, = {g~ 2Ty AL, K}, |T;\Tj| < p}. For
any f € Fjp, there exists a set Fj ), such that mingep, Hf f'llo1 < e, and the cardinality of
the set is denoted by |F} »|. Consider the vector ¥; of length |F} |, such that for I =1,...,|F} |,
there is ¥, = (f — E f) /4y with ¢y = {avar(G,(f))}'/2, corresponding to each f € F;p. The

aggregated dependence adjusted norm is given by

jprssupp(6) C Tj,|6]2 = 1}. The covering number of the function class is

def *
191l = sup(m +1 Z [0 = 9¢locllg, (A.13)

m=0

where ¢ > 1, and ¢ > 0. Moreover, define the following quantities (for simplicity we drop the
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subscripts j, p)

[F5.pl 1/q
¢ def 9 def
= 9. v = q
a5 = 1 JG 100 o Tas ( > ’
9 def
Ous E Lge A {Hl(’)-”q,c(l()g|Fj,p|)3/2}- (A.14)

To evoke the Gaussian approximation on G (f)/v¢¢, we need to impose the following assump-

tions additionally. Define LY = {®Y Y ((log |Fjp[)2}/s, W = {(®4 1)+(®Y o) }H{log(| FjpIn)}7,

Wy = (23 )2{10g(|F,p|n)}4v W4 = [n=*{log(| Ejp|n) 1?20 ]/ 0172 1/a),

Ny = (n/loglF,p!)Q/z( % NS = n(log|Fp|)2(@8,) 72, Ny = {n'/2(log |Ej,|) /2 (0 1)1/,

(A7) i) (weak dependency case) Given @19 < oo with ¢ > 2 and ¢ > 1/2 — 1/q, then
oy, n/9=1/2{og(|Fjp|n)}3/? — 0 and LY max(W{, WY) = o(1) min(NY, NJ).
11) (strong dependency case) Given 0 < ¢ < 1/2—1/q, then @gyg(log |Fjp)1/? = o(nS) and

LY max(W{, W§, W) = o(L) min(Ng, NY).

Comment A.1l. For a random vector z; € R¥, suppose there exist constants C, D > 0, such
that maxy E{exp(|zx+/D|?)} < C. Then by Jensen’s inequality it follows that |||2¢|ecllq <
D(log K + log C)'/4. In particular, for the case of sub-Gaussian random variables, there exists
constant D > 0 such that E{exp(|zx¢/D|*)} — 1 < 1, which implies [||2¢|oo]|2 < Dv/Iog K.
Similar to the discussion in Comment consider the case with @}ig = O((log | Fj,|)"9)
and CID’;’g = O(1), where ¢ > 1/2 —1/q. Then @gygnl/q_l/Q{log(\F}7p|n)}3/2 — 0 becomes
log |Fj p|{log(n|F; ,)}>¥? = o(n%/?~1), which implies that LY max(Wy, WY) = o(1) min(Ny, NY).
As shown in the proof of Theorem [A.4] |F;,| < KP(6u;(p)o/e)*tP with
€= \/p log K + (p + s)log(6p;(p)o)(4y/n)~t. This means with (A7), the dimension K has to
satisfy the condition {plog K + (s 4 p)log(y/n)}'T34/? = o(n%/2~T), where we consider the case
such that |F},| is larger than n.

Theorem A.4 (Prediction Performance Bounds for OLS Post-LASSO). Given[(A1),[(A3) and
m suppose m )| (with ¢ = <£1,¢ > 1) andm (with p; = |T; \ T;]) hold umformly over
equations with probability 1 — o(1), then under the exact sparsity assumption (3.1), for any

7> 0, there is a constant C independent of n, for all j =1,...,J we have

Vp log K + (p + 5){log(6;(p)o) + logn/2}

AP
155" - 8 n

ior < Cr max W
X TlngK Jk

log(KJ/a
T, ¢ T; C\f max \I/Jk max {||X;x,.€j, [l2,c Logl/e)

1<5<J

\% HXjkv'Ejy' Hq,cnl/qil(wnKJ/a)l/qL
(A.15)

with probability 1 — a — 7 — o(1), where for ¢ > 1/2 —1/q (weak dependence case), wy, = 1; for

¢ < 1/2—1/q (strong dependence case), w, = nd/>~1=%4 o = llgagcj{avar(n_lﬂ S eja) P
SYE

and the constant C' depends on the RE constants.

In particular, suppose the Gaussian approximation results hold for A°(1 — «), the bound for

it can be replaced according to Corollary [A.4]
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B Detailed Proofs

B.1 Proofs of Single Equation Estimation

Proof of Theorem For each j =1,...J, k=1,..., K, applying Theorem 2 of [Wu and
Wu| (2016)) gives

—031'2
n|| Xk, 5.3,

Cloopn|| Xig.€:.1|2
1Wn ” Jjk, <7, Hq’g—l—CéeXp(

P(\/n|Sjr] > z) < ),

xd

where for ¢ > 1/2 — 1/q, w, = 1; for ¢ < 1/2 — 1/q, w, = n¥/271=54. " C} Cs are three

constants depending on ¢ and ¢. It follows that the conclusion holds if we set x = (20)_1\I/jk,r

and apply the Bonferroni inequality. O
Proof of Theorem According to the Minkowski’s inequality and Holder’s inequality, we
have
) )
> I Xkeeie = Xieiallg < Z {1 Xke(g50 = €5 )llg + 1(Xjre — Xjg )G ella
o0

< (I XGrellagllese — €5 4ll2g + 1 X ks — X5

Thus, it is easy to see that

1 X5k,€5 g < N Xk, ll2g.0ll€5, 2.6 + 11Xk, 20,6 15, 120.0 < 2[1 Xk, 20,6 1€5,- |2g.-

Consequently, we have the following relationships:

lr&i}%HX koSiellas < 2 max |1 Xk, Jaqclle,

ZH ihe€iellE )T < 2llej, HmZH

||Xj,~5j,-”q,g < 201X, ll2g e,

2‘1&7

1/q

)

2q,5+

Therefore, the conditions in Theorem 3.2 of [Zhang and Wu| (2017a) can be verified for the
K-dimensional stationary process Xj;c;;. Finally, applying that theorem yields the Gaussian
approximation results. O

Proof of Corollary It follows directly from the Gaussian approximation results in The-

orem [5.2] O
Proof of Corollary The proof follows that of Corollary 5.4 in |[Zhang and Wul (20174).

For w > 0, we have
p(D;'S;., D' Z;) = sup |P(ID; 'S}l = 1) = P(ID; ' Zjloo = 1))
Tz
< p(D;'8;., D; ' Z;) + sggP(HD;le\oo —r| <w) + P((D;' — D))o = w)
rz

< p(D;1S;., D' Zj) + wy/log K + P(|(D;" = Dj1)Sj | = w),
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where the last line uses the arguments of Theorem 3 in |Chernozhukov et al.| (2015). Let V;, ; ey
def 2 32 -1 p-1ya. I h-la
lr<r}€a<>§<|\11]k/\lf % — 1] and L, ; = 11<T}€a>§(|\11 — V%l Then [(D; " — D} 7)Sjloo < Vol D S| oo

As 121r11€1<n \I/ >cj, let w=uxy, 0 <z <cj/2,y>0, then

P(|(D;' = D;1)Sj loo = w)

: (Vg > 22/c;) + P(ID; ' Sjlo0 > ¢jy/2)

<P >
< P(Lnj = )+ p(D;'S)., D Z;) + P(I1D; Zjloo = ¢jy/2).
It follows that

p(D; 'S, D1 Z;) < p(D;'S;., D' Z;) + ay\/log K + P(Lyj > ) + P(I1D; " Zjloo > cjy/2).

. . T2 )
In particular, L, ; < Lpji1 + Ly j2, with L, j1 = maxi<i<k | E\I!jk - \Iljk\ and Ly jo =
2 )
Max|<k<K |\Ifjk, — E\Ifjk,].

As for Ly j1, applying Theorem 5.1 of |Zhang and Wu| (2017a), for u > 1/2b1/2<1>2

j.2q,c0 W€

have

FIi Cju?
) < J,2¢,S
P(nLngs ) S =258 + Ko = )

where the constants C; depend on 7, ¢, and ¢. Then we have P(L,, ;1 > x) = 0, as n — oo, if
we set T > m max {711/2()1/2 oy enl/2pY/ VIog K ®2 Fs.00CFe 2/ap2 % 9q.c ), for sufficiently large
c.

For Ly jo, define v/(b,) = (by, +1)7 + 2vp,.2/bp, vpo = logby, (vesp. b, or 1) for ¢ =1
(resp. ¢ < 1or¢ > 1). It can be shown that L, jo < ®j20P;j2.0'(bn). Note that v'(b,) is
a special case of v(b,) in the proof of Theorem given n — oo, and the conclusion follows
similarly.

It follows that P(L, ; > x) = 0, as n — oo, if we set

vlog K
x>Tgma {n1/2bl/2<1>jqu,cn1/2bl/2\/@<bjgg,cp2 Fﬂqg,q)],wq)],zgv n)”/\/@}»

where ¢ is sufficiently large. Moreover, given Theorem and choosing y = C+/log K (the
constant C' > 0 is sufficiently large), the conclusion can be obtained. O
Proof of Corollary Let py, def p(Dj_lSj., Dj_le) and by its definition, we have

P(2¢cy/n ax 1Sjk/ Ykl < Za) = P(2cv/n max Zjk/ Ykl < Za) — pn
K
>1- Z P{Zjk/ Yk = Za/(2¢v/n)} = pn
>1- 22{%/ 2cv/n)}~Fexpl—Z7 /{2(2¢v/n)*}] —
>1- 2(10gK)_1/2 = pn;
where we have applied the union bound, the tail probability of Gaussian random variable and
the condition that Z, = 2é/nlog K > 2v/2cy/nlog K.

It follows that )\?(1 —a) < Zyasl—a = P{20ﬁ11<r}6a<>§(|5jk/\lfjk] < )\9(1 —a)} <
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P(2c\/ﬁll<1}€z?§(|5jk/\lfjk| < Za), given 2(log K)~Y/2 + j,, = o(a) (note that Theorem en-

sures that p, — 0 with a polynomial rate as n — o0).

O
Proof of Theorem |5 . Let Sjk; = f Z“’"Z Don 1 Xiki€50, we first need to prove that
def (B]
prg = sub [P { max (750 Wik) < rlX; €55 =P { max Zin/Vje) <1}
I
= sup|P{ max Zeﬂ Siki/ Vi) <1Xj., €.} — P{ max Jk/\lfjk <1} —0,as n— oo.
relR

Given the sample variance covariance matrix (K x K) 3;, = > j__,(1 — |¢|/n)[';(¢), where
Ti(0) = E(Xjueu X, igjar), let Z] = (Z],‘C),CKZ1 ~ N(0,%;,). In addition, define ¥;; =
Zz——bﬂ( — [£]/b,)T';(£) and Ej = Z jz, where Sj; = (Sjri)K . Let ¥; = diag(¥;x),
8; = 0j1+0j2, with ;1 = U} 12]% 1—\Ilj 12],bn 7 max and &jp = (W58 W =0T U
where |+ |max is the maximum norm of a matrix. According to Theorem 2 of |(Chernozhukov et al.
(2015)), py,; is bounded by m(d;1) V7 (d;2), with 7(d;) = o C61/3{1 Va2 Vlog(1/8;)}/3(log K)'/3,
where ax = E(12}2§(ij/\lljk) < V2log K.
For the first part,

I
5= max | im ik iSiki _ In E(Sjk1.iSiks 1)
=

1<k k<K | Wi Wk, Wik, Wk,

l
_ 1<1§?,%§<1<| >t SikriSika,i — bn E(Sjky iSika i)

Lo Wik i,
We need to analyze the tail probability of d;1. Applying Theorem 5.1 of Zhang and Wu| (2017a)),

for z > nl/2by/> @]2 2,69

T KFI? 2 o x2
P<"5j1> n U, 0, )~ q/]équrK?eXp( b<I>4>’
1<kr1r}]1£<K J1k1 * joko x n 7,8,

we have

for all large n, where F. = n, for ¢ > 1 —2/q; F. = lnb%/%gq/z, for 1/2—-2/qg < ¢ <1-2/q;
F. = l%/4_§q/2b%/2_gq/2, for ¢ < 1/2 —2/q. The constants C; depend on 7, ¢, and ¢. This
ensures that when x > max {n1/2b£/2<13§72q7§, cnI/Qb;/Q(log K)I/QQJ?,SS, CKQ/QFE/QFJ%QM}, the tail
probability tends to 0, as n — oo, for sufficiently large c.

It follows that 7(d;1) — 0 as n — 0o, given z = o{n(log K)~2}, which implies the following
conditions on b,:

bn = ofn(log K) '@ 5 An(log K) @5 ¢ 1, = o{n??(log K) 'K ~'T;4 }.

. def .
For the second part, by defining ; = min Uik, ¥k, , we have
1<k, koK

dj2 <

X a-umno+ Y acynmno)

bn<|tl<n t=—b,

max
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Recall that

o0
Ik ke (O] = | D E{(Pr(X;jk,0850) Pr( Xy e650) }
h 0
Z 1 Xk1,085.0 — XGky n€5nll2l Xk hre€jnre — Xy nyentell2s

where the operator is given by Py,(-) e E(-|Fn) — E(-|Frn—1). It follows that

bn
> = ll/m)Tk k(0 + D If\(—l/nJr1/bn)1“j,k1,k2(€)‘

bn<|f|<n {=—by,
2 — by, on
< A2,k Abp41,2,5,k T *Ao 2,5,k Z AVE R p— b, " A0.2.j.k Z Apo ks, (B.1)
(=bn+1 =)

where Aok = Do | Xjkiee — X;k,tf;,tH?- Given the fact that Ago i < Pja0, Ar2jk <
(I)j747§£_§, is bounded by (I)j747()(13j747§{(bn +1)°+ 2n~1 Z?:bn—i-l 0~ + anbi" 2211 €_<} =
;40P 4,.v(bn) for any ki, ko, where v(by,) is a function of b,. Note that v(b,) < (b, +1)7° +
20n,1/1 + 2(n — by )vn.2/(nby), where vy, 1 = log{n/(b, + 1)} (resp. n=<T! or (b, +1)7<*1) for

¢=1 (resp. s < lorg>1), vy2=logh, (resp. b, or 1) for ¢ =1 (resp. ¢ < 1or¢ > 1).

Therefore, the bound of J;2 would decrease as b,, increases. In particular, we need to impose an
addition assumption such that ®;40®;4.v(b,) = o{(log K)~2?} to guarantee 7(5;2) — 0.
The results for the two parts above ensure that p, ; — 0 as n — oo, given z = o{n(log K) 2}
and @4 0P;4,.0(by) = o{(log K)~2}, which imply the following conditions on by,:
by = o{n(log K) @5, An(log K)°®; ¢ }, Fr = o{n??*(log K) "K'} 4 1.
©j10®jc{b," +log(n/bn)/n + (n — by)log bn/(nbn) }log K)* = o(1), if ¢ = 1;
D;40Pj4c{by' + 07+ (n—bp)b, T /(nby)}log K)* = o(1), if ¢ < 1
®;40P54c{b, " + 00, T+ (n = by)/(nbn) }log K)? = o(1), if ¢ > 1. (B.2)

At last, combining the Gaussian approximation results for S, /¥, and applying Theorem
3.1 in |Chernozhukov et al.| (2013), we have

(B] o < . / S
Sup | P (max |Sje/Vikl > 450 _a)) = | S puj +7'(2) + PG > 2),

where 7/(2) = 2'/3{1 V log(K/2)}?/3. We need to pick z such that 7'(z) + P(J; > 2) — 0 as

n — oo and it can be obtained by taking z = Z/Q/(log K), with

1/2b1/2<1>2 cnl/Qb}/Q(log K)l/?q)? K2/ng /a2

|
R, =n 'max {n L ogc

 oq.c: n®;20Pj2,.v(bn)}, with
sufficiently large c.

O

Comment B.1 (Admissible rate of by,). Consider the special case with ®;2,. = O(1) and
[joge = O(1), for ¢ > 4. Let log K = O(n"), and assume 1/2 —2/q < ¢ <1 —2/q. Then (B.2)
implies an admissible rate of b, = O(n") such that 2r/¢ < n < max{1 — 5r,(q/2 — qr —r —

1)/(q/2 —<q/2 - 1)}.
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Comment B.2 (Validity of multiplier block bootstrap under stronger tail assumptions). Note
that in case with stronger exponential moment conditions on the underlying processes, we shall
change the tail probabilities to bound ;.

Let @y, = 1ma>§( supq "1 Xk, €5, |l q.c < 00, then according to Theorem 5.2 of |Zhang and

\\

Wul (2017a)), for all x > O we have

x il
P(ndj > - )§K2exp(— >7
' 1<kr£ilc1;<1<q/jlk1\pj2k2 dey(Vnbn®3,, o)1
where v = 1/(2v + 1). This implies that when = > ¢(log K)Y/7\/nb, @2, o, with sufficiently
large ¢, the tail probability tends to 0, as n — oco. It follows that m(d;1) — 0 as n — oo, given

r = o{n(log K)~2}. As a result, (B.2)) will be replaced by

by = o{n Y?(log K)"2 /7% 21/70}

P 40®Pjac{b;" + log(n/by)/n+ (n—by)logb,/(nb,)}log K)? = o(1), if ¢ = 1;
B 40Pjac{byt + 17+ (n—bn)b, T /(nby)}log K)? = o(1), if ¢ < 1;

D 40Pjac{byt + 070, T+ (n—b,)/(nby) }log K)* = o(1), if ¢ > 1.

Comment B.3 (Consistency of the bootstrap statistics with pre-estimated residuals). We

note that the errors ¢;; in Z][.f] (defined in (5.16))) are always unobservable. In practice, one

can pre-estimate them using a conservative choice of penalty levels and loadings. It is needed
]

to discuss the consistency rate of the bootstrap statistics with the generated errors. Let Z ][f =

Z € Zl (i—1)bp+1 €j1Xk, denote the feasible bootstrap statistics. We need to show that

supr€R|P{1r<r}€a<>§((ZJ[.k [¥ik) < rXj.. €5} — P{lg}gezx Zip/Wi) <1} — 0, as n — oo. For

w > 0, it can be decomposed as follows
sup [P max 1250 /Wil > 71X 5) = P max | Zu/Uje] > )|

P ( max |20 /W — 230 /W] > w] X e5.) + sup P (| max | Zp/ k| - r| < w)
relR I<Sk<K

1<k<K

N

P 2B 0| > v X ,e5.) — P Zin) k| >
+Tsé1]§| ( H}Caé{‘ e /YKl = 7| -+ Ej) (12}2%‘ i/ Uikl = 1),
where the second term sup,. g P (| max ]ij/\I/jk\—r] < w) S wy/log K by the anti-concentration
bound. Besides, in the proof of Theorem [5.3] we have demonstrated that under some conditions
the third term tends to 0 as n — oco. Theorem below presents the rate of the first term

when exponential moment conditions are satisfied.

def

Theorem B.1. Assume ‘bfwu = max HX 0 = max supq Y| X k llg0 < 00. Given the

1<k<K 1<k<K ¢»
exact sparsity assumption (3 , suppose the LASSO estimator ﬁ] satisfies |Bj — Bj l1 Sp \/55Pn-
Then, forw > c[n="2s;p2b,(® ) {log(KQ)}l/Vc—Fs]pr ax | X k;t”jﬂlh, with sufficiently

large ¢, v =2/(2v + 1), we have

7(B] (B]
P (1152}% Ze 1Yk — Zjy, [k = w| X €5.) =0, asn — oo,
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Proof of Theorem [B.1l Observe that

5B B
I = P max |Z3) /W — Z3) (W] > w|X;. e5)
~[B] [B]
< > ; ; =
< P(max |75 — Z'| > ulXje;)  (wi=w min Uy
In ibp,
= P (n*1/2 12}5?% ’ Zej’i Z (ng — 5j,l)Xjk,l‘ = u|Xj,.,€j7.)
SASAE T = 1= (i—l)bn+1

= P(n_1/2 max ’Zejvi Z XT(B 6]) ]kl’ U‘X',"Ejf)

ISk<K T 7 2l 1bn+1
ibn
-1/2
= ( / |5 ﬁ |1 max ‘Ze” Z Xj,lXjk,l' >u|Xj,.,sj7.).
1<k k<K (i—1)bp+1

Let 0; i (X, €5.) =n~ s]pn(zlbnl Dbnt1 Xjk/,lXjk,z)2- Applying the Markov inequality yields

l
I, 5 1<I£3§K Dot Ok (X] .,53,.)/u .

d
Next, we define T} ik fef Z (Zlb” Yont1 Xk Xk 1 ) and let Eo(7’ 7, Kk ) = T;, kk’_E(Tj,kk’)‘
Thus we have Eq(Tj ) = 202 o Pv(I’j7kk/), where the operator P,(-) = o E(-|F») — E(-|Fo=1)
produces martingale difference sequences. In addition, by using the Jensen inequality we have
(ZZb" Yont 1 XjlelXjk’l) < b, Zlbnl Dbt X]k, lX - Lherefore, by applying Theorem 2.1 of
Rio (2009) and Lemma it follows that

Lnbn
IEo(Ty a2 < (@/2=1) D |[Pu( Jk'k’)”q/Q

Vv=—00
2
2 2
( Z Xjk',lXij)H 2
v=—00 i=1 (i—1)bp+1 a

< (/2 - 3/262

lnbn  In ibn

<(q/2-1% >0 > > IP(X Xl
v=—001=1[=(:—1)by,+1
< (g = 2)2Ib) 20)* 1 X5 1117, ol X510117, -

Following the similar argument as in the proof of Theorem 3 in 'Wu and Wu/ (2016)), we have

Efexp(7|Eo(Tjn) /(263 )"] < 1+ O (1 = 7/70) 27 /70,

with 79 = (267||ka,’l||vy ol X3ill7, o) " and v = 2/(2v + 1). Finally, by letting 7 = 79/2, and
applying the Markov inequality and the Bonferroni inequality, we obtain

Y
/ > < 2 - - :
P(lgrg}%)éK!Eo( k)| =) S K eXp( ser (12 ?L/Q(‘I’Xw )2}7)
jv v

It follows that I,, Sp (n"lsjp2z+sjp2by, max | Xk.¢]|2)/u® (the <p only depends on g and ),
for = > cly/*bY/ 2(<I>X ) H{log(K 2)}1/7 with sufficiently large ¢, and thus the desired conclusion
holds. O
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B.2 Proofs of Joint Equation Estimation

Proof of Theorem Analogue to the proof of Theorem the conclusions are implied

by
JKFT? C'x?
. -1 st 2 x
> . . < T 2q6 2 G
" <n61 - (1<k17k2<1%17?<j1»j2§c]‘1]]1k1\IIDkQ) x) S e TR eXp( nbn‘I’%g)’
for z > n”%}ﬂ@%% and all large n, where
def Sy SikniSinkei o (k1 iSskssi)

1 =

max
1<k koS, 11,525 \Ijjllﬁqjjzkz ‘Iljlkl \I/]ék’z

In particular, when z > max {n1/2b711/2¢§q7§, cnl/Zb}/Q{log(JK)}1/2<I>§’<, c(JK)Q/qFf/qF%q?g}, where
c is sufficiently large, the tail probability tends to 0, as n — oc.

By similar proof to that of Theorem [5.3] it follows that p, — 0 as n — oo, given x =
o[n{log(KJ)} 2] and @404 v(b,) = o{(log KJ)~2}, which imply the following conditions on
bn:

by = o[nf{log(KJ)} @5 Anflog(KJ)} @52, F. = o[n®*{log(K.J)} U(KJ)~'T31].
‘I>4,0‘I>4,<{b;1 +log(n/by)/n + (n — by) log bn/(nbn)}{log(KJ)}2 =o(l),if ¢ =1;

Dy 0Py byt 4+ 17+ (0 — by, T/ (nby) Hlog(KJ)}? = o(1), if ¢ < 1;

By 0Py (b, + 0710, T 4 (0 — by)/ (nbp) Hlog(KJ)}2 = o(1), if ¢ > 1. (B.3)

Recall that F. = n, for ¢ > 1 —2/q; F. = lnb%/%gqm, for 1/2-2/qg < ¢ < 1-2/q; F. =
l%/4_gq/2b%/2_gq/2, for¢ <1/2—2/q.
The rest of the proof is similar to that of Theorem [5.3] and thus is omitted.

Proof of Theorem (A.4. For any 5,6 e R¥ in gf, we have
J

XN X XL06-0) X5 X6
o - o+ - )
‘ |J',P7" |6j7pr | |j,p7“ | J.pr |5|j,p7”
X! (6-6 X6 X6
< e fesef 2] e e 2 - 522
|6]5,pr 010 16]jpr

X[, (6-0)

251/2 <
| " e Egt)l/z(m,pr - |6|j,pr>
|5 =g,

< (EnE?,t)I/z{En Sl
|6]5,pr

Jipr
< 2005(p)|6 — d2.

Then by following the proof of Lemma 5 (Step 2) in [Belloni and Chernozhukov| (2013)), we have
Supg N(E’gi" - 1lo1) S (6pj(p)o/e)**P. And it follows that |Fj,| < (;{)(6%(]9)0/6)3”.
Moreover, it is not hard to see that supscr, [Gn(f)| < 2v/ne + supsep,  |Gn(f)]. Let

Y = maxgser, , V5 (assume 1) is bounded by constant) and applying the Gaussian approximation
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results on the vector G, (f)/v¢ (given |(A6)), we have

P{fsup |Grn(f)] = kn/2} < P{fseup G f) /] = kn/(20)}
< 2[Fjp{1 = @(kn/(2¢))} + dn
< 2K (6115 () /)P exp{ ~2/(86°)} e/ (20} + L

as ([p() < KP. Therefore, for k, = w\/plogK—i—(p+s){log(6uj(p)a)+logn/2} and € =

c\/plogK+ (p + s)log(6u;(p)o)(4y/n)~L, it follows that supjer; , |Gn(f)| Sp kn with suffi-
ciently large ¢ (note that d,, — 0 with a polynomial rate as n — c0).

The rest of the proof is a direct application of Theorem 5 of Belloni and Chernozhukov| (2013)
by inserting the bound for A\°(1 — «) (A.2)) provided in Corollary and thus is omitted. [

B.3 Plausibility of RE and RSE Conditions

Define the s-sparse sphere as Fs = {0 : |0|o < s,|d]2 = 1}. According to Rudelson and Zhou
(2012)), the e-covering number of Fs w.r.t. the Euclidean metric is [ = exp(slog(3eK/me)), with
m > 1. This is the cardinality of the e-cover set H(; of F5. Moreover, for any point § € Fy, let m4
denote the closest point to 0 within IT5. Let X ) def {XT (6)}2 —n"tx(0) T E{X;, ]Tt}w(é),
where X; dof n~1/2X; and X;(n x K) is a matrix of X,;. Note that Xjé ) is a vector of the
cardinality of I1;.

Theorem B.2 (Plausibility of RE and RSE). For any j =1,...,J, suppose the vectors X;; of
length K satisfy

0<r< min §'EX;X)0<  max 6 E(X;X],)0 << oo,

[6]o<s,]|6[1=1 [0lo<s,]0]1=1
. . < def
where v and K are positive constants. Given ®y . = (m)ax ||X ||2< < 00, and for q > 2,
’ §)ell

[ mae [X7O)], < oo,

n~12(log1)/2®q  + ntr(log1)*/?|| max |X7 |||qg =o(1),

where r. = n'/9 for ¢ > 1/2 —1/q and r. = n*/>= for ¢ < 1/2 —1/q, then the RE and RSE
conditions hold with probability 1 — o(1), with p+s; < s

Proof of Theorem [B.2l
Firstly, we need to check the implication of the population matrix. We know that § ' X jT X;0/n =
|X ;0]3.Then we have the following inequalities for any point § € F,

—1XH{8 = m(O)}2 + 1 X;m(6)2 < |Xol2 < |XH{8 = 7(8)}2 + | Xjm(6) 2. (B.4)
We first check the right hand side of (B.4). Define || X ill2,Fs def sup| X j0]2. As indicated in the
0EF}s

proof of Theorem 16 in [Rudelson and Zhou| (2012), we have | X;{56 — 7(6)}|a < €| X;|l2.5,- To
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bound %?)aﬁ% |X m(0)|2, we invoke the tail probability inequality in Lemma which gives
m(0)E

(max S KT > ) = P [ max [|K;m(0)B - 7(0)TE(X; X }m(6)] > 2] > 0,5 m — oo,
— (5)61_[

if z > cy/nlogl®s <+ cre(logl) 3/2H rnax ]X 6)H| for sufficiently large c.

Therefore, given k,v > 0, kK — x, < |X]7T( )3 < 2, + ¢ holds with probability 1—o(1) for

all w(0) € Il5, where z, & en~'2(log 1)1y ¢ + en~tr (logl) 32| gl)aol% \X |Hqg o(1).
e 7

Hence, the right inequality in (B-4) leads to |X;d|s < €| X;llo.p, + /@n + /. Taking the

supremum over all § € F5 on both sides shows that sup\Xj5|2 < (Von + V) /(1 — €) with
0€F}s

probability 1 — o(1). Moreover, by the left hand side of (B.4)), we have |X;d]s > Kk — x, —

€(\/Tn + V1) /(1 — €), with probability 1 — o(1).
Collecting the results together, we have shown that for all § € Fj,

m_wgvf&zgw (B.5)

with probability 1 — o(1).

Let ¢*(s) = maxser, | X;0]2, cu(s) = mingep, | X;0|2, with properly chosen ¢, ¢*(s), c.(s) are
bounded from above and below, and the desired results follow by the fact Ii? (p) = cu(sj +p),
¢j(p) < c*(sj +p), with s; +p < s. O

B.4 Proofs of Simultaneous Inference

B.4.1 Some Useful Lemmas

Lemma B.1 (Burkholder| (1988); [Rio| (2009)). Let ¢ > 1, ¢ = min(q,2). Let M, = > 1" 1 &;

where & € L7 (i.e., ||&]lq < 00) are martingale differences. Then

n
1Mol < KD NI&N]  where Kq=max((¢ —1)7", g —1).
t=1

Lemma B.2 (Freedman’s inequality). Let {&,:}l", be a martingale difference sequence w.r.t.
the filtration {F;}’_,. Let Vo = >0 E(£ JFiz1) and Mg = 371 &q,i. Then for all x,u,v >0,

we have,

n

. —z2 2zu+2v)
P (max [M,| > );P(rgea}!&a,zl u) + 2P (maxVy > v) +2|Afe (B.6)

where A is an index set with |A| < co.

Lemma is a maximal form of Freedman’s inequality |Freedman| (1975).

Lemma B.3 (Theorem 6.2 of |Zhang and Wu (2017a) Tail probabilities for high dimensional
partial sums). For a zero-mean p-dimensional random variable X; € RP, let S, = >"1; X+ and

assume that ||| X |s||q,c < 00, where ¢ > 2 and ¢ >0, and $o ¢ = max 1 X ]]2,c < o0.
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i) If s > 1/2 — 1/q, then for x > /nlog p®a . + n'/%(log p)*/2(|| X.|solg.c-

Cq,gn(logp)qm || |X- |oo ||

x4

q -C l’2
q,S 4 Cq7§ exp ( q,S >

it) If 0 < ¢ < 1/2—1/q, then for x 2 /nlogp®Ps + n1/2_§(10gp)3/2|||X.|Oo||q,g,

C'q,g’rLCI/chq(logp)¢1/2||‘X,‘ong,g SO e (—C(Mqﬂ)
24 a5 &XP n@%yg '

Lemma B.4 (Tail probabilities for high dimensional partial sums with strong tail assumptions).
For a zero-mean p-dimensional random variable X; € RP, let S,, = > | Xy and assume that

Py, .« = max supq V|| Xj.|lqc < 00 for somev >0, and let v =2/(1+2v). Then for all x > 0,
vy 1<j<p q>2 ’ k)

we have
P(|Sn|oo = 2) S pexp{—Cya7/(vV/n®y, 0)},

where C is a constant only depends on .

Lemma follows from Theorem 3 of [Wu and Wu| (2016) and applying the Bonferroni

inequality.

Lemma B.5 (Theorem 1 of [El Machkouri et al.| (2013)). Denote Y; = f(F;), where f is some
measurable function. Let S, = Y11 Y:, and dcy = ||V — Y*|lc. IfE(Y:) =0, D200 < 00,
some ¢ > 2, and o2 e E(S2) — oo, then

o 18, 5 N(0,1).

Lemma B.6. Under the same conditions as in Theorem let Bjk be any estimator such that
Bk — ﬂ?k] < Cpy, with probability 1 — o(1). Then we have

-1 -1/2 -1
max A, < : B.7

holds with probability 1 — o(1), where A, def nl/QGn{wjk(ijt, Bjkyﬁjk) —i(Zjt, ﬁ?k, h(]]-k)}.

Proof of Lemma As indicated in the proof of Theorem 2 in Belloni et al. (2015b),
the entropy ent(e, F) < cslog(an/€) for the function class F = {z — ¢jk{z,,6,ﬁ(xj(_k))} -
wjk{z,ﬁ?k,hgk(wj(,k))} 1 (4, k) € G, B € Bjy, |8 — ,B?k| < Cpn,h € M}, which has 2F as the
envelope (the definition of F' is given in . Therefore, for any f € F , there exists a set
F, such that mingep, ||f — f'|lo2 < € where € e €||2F||g,2, and the cardinality of the set
|| = (an/€)°®. Then we have

n

S 1 = ()~ E{f — w7} < 22m,

t=1

sup
feF

20



where 7(f) o arg fI/IllIl lf — f'llo,2. Hence, with probability 1 — o(1),

max A, < n'/? su Gy
s sup G (1)

=nsup [[En(f) = En{m(f)} — E(f) + E{x(/)}] + [En{m(f)} — E{=()}]]
ferF
< 2n€+n§naX]En(f) —E(f)]

n

< 2né + TL]I}%&FX ’ En(f) — En E(f|ft_1,Xj(,]€)7t)’ + n]IcIéaFX | En E(f|ft—17Xj(fk),t) — E(f)’

=:2né+ K, + N, (B.8)

Next, we look for the bounds for K, and N,, respectively. Note the summands of K,
form martingale differences. Consider the function set F;,, for each f € F,, let ¢y def f(z) and
oy o @16 —E(@1¢| Fi-1, Xj(—r))- Note that ¢, and @, are vectors of length |F,| = (a,/€)*. For
l=1,...,|F,|, the dependence adjusted norm of @;; obeys that ||@;.||2.c < 2|[Pitll2 S 8llwitll2-
Moreover, by and we have [l@14]|3 S Lonps - In particular, for the mean regression
case pny = pPps, wWhile py, ., = p,l/ 2 for the median regression case.

Apply the tail inequality as in Lemma [B.3| to the vector ¢;. As .. r?aﬁlg 1. 12,c S VLonpn,o
<|Fnl

(zt)]lq (by |(C6)|), then we can see that with probability greater than

1<IK|F, |
O(|Fp|~ + (10g\Fn!)’q),

K, < y/nslog(an/e) e [t=r% ||2<+rc{slog(an/e)}?’”lllg;alg . [P

/L5108 (a0 /)pr + re{108(an /) Y2 (20) .

given e is sufficiently small. Hence, we have

K, ,SP PKn, (Bg)

where pr, i + rerge with 1y /1L 108(an/€) s The © {sloglan/e)}32|I8F (20) g
and r. = n/9 for ¢ > 1/2 — 1/q and . = n'/>= for ¢ < 1/2 — 1/q.

Then we handle the term N,,. Again consider the function set F,, for each f € F,,, let
Ot def E(pr,el Fi—1, Xj(—k),t) — E(grt), where ¢y = f(2;). Then

Np, € max |Z@lt|

1<I<| P
Moreover, for [ = 1,...,|Fy|, there is a function g corresponding to each f € F,, such that
@i = 9(z, B,h), where 5 € Bji, |6 — \ Cpn, h € Mk, (j, k) € G. By the mean value
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theorem and the continuity of the function g, we have
9(Zjt, B, il) zﬁgg(th,ﬁ_ E)(/B - Q k)

+ Zah 9(Zj B, D) P (X =1y t) — B (X))}

where (3, h(-)) is the corresponding point which joins the line segment between (3, k(-)) and
( Jk ]k( )) Then

max nglt—maxzaﬁg (Zje: B, 0)(8 = Bjr)

1<IK|Fn ‘t 1 IBant 1

+maxzzah 9(Zjts By W) (X)) = Do (X (—0.)

heFp 21 i1

where Fff and Fﬁ collect all the points of 3 and h according to Fn, respectively.
Recall that in our linear model setting, th(Xg(—k:),t) = (X 3( k) t,@ k), ]—E 0, ﬂ;)( ))T =

(XjT(—k),teg')k,hXjT(—k),teg']k,Q) , and h(Xj_g)s) = (X]T( k)t O, 17XT( k).t Oik2)", where 9, and
Ojn (m =1 2) are vectors of length K —1. Let Tjok & {I1<U{<K-1: OOklé#O,ijN#O}
= def 5 5 ok def

T, = {1 < —1:0j510#0,0520 # 0}, and ng = vec{(Xj(_k) tg)geTO Uik} Now we

apply Lemma on Y iy O, 9(Zjs, B, B){Bm(Xj(_k), ) — h]k i (Xj(—r),e)} and
>oie1089(Zje, B, h)(B — ﬁ?k). To this end, we define the following quantltles.

def

def
= mqg_

X }rLréaX‘HXJkﬁhm 9(Zjs B, 1) loo .00 € ||;1Lr£>§ | X7*00,,9(Zj,, B, B)loo| o (B-10)

Let x7" e O 9(Zjt, By ) {hm (Xj—r)t) — h?k,m(Xj(—k),t)} and define the projector operator
Pi(xi") S E(x7"|F1) — E(x{"|Fi—1). According to Theorem 1(i) of [Wu| (2005), it is not hard to
see that ||X"|l¢c S supgso(d+1) 2224 |Po(xi")|lg, for m = 1,2. Moreover, as |éjk,m_0§')k:,m|1 <
V/35Pn < \/Spn, we have

1PoOX™) g < (E[Po{|On,9(Zits By 1) X7 ¥ o0 HBjtem — G?k,mh]q)l/q
< V5pn(EPo{|0n,,9(Z;.1, B, ) X7 9) /1.

It follows that || x|l < vVEpull| X7 |0o|On,.9(Z;., B, R) ||| . Then applying the tail probability
bounds in Lemma yields with probability approachlng 1,

}ILH?X | Zah 9(Zj 1, B, W) { b (X i(—k)t) — h?k,m(Xj(—k),t)H S TNLm + TeTN2ms
€y =1

where 71, = \/ﬁspn{log(an/e)}lmq)ng, TN2m = S pn{log(an/e)}?’mﬁmqg, with a suffi-
ciently small e. The rates of ®" , —and QF, . are restricted in |(C9)
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Similarly, by defining

def

5, < max [|959(Z;., 5,1, U = || x max |5(Z.. . ) (B.11)
BEF, er?

Hq,g’

we have with probability tending to 1

;H?X ’Zaﬁg Zj1, B, 1)(B - ﬁ?k)’ SN0 F TSTN2,0,
€ t=1

where 7n10 = ppy/ns log(an/e)fbgg, TN2,0 = pn{slog(an/e)}?’ﬂﬁgg, with a sufficiently small e.
And |(C9)| constrains the rates of @g’g and ngg.
As a result, with probability 1 — o(1),

Nn S PN, (B.12)

by letting n{1a>1<2}{7“N1 m +TrNem}t = O(pn,).-

As P(K,, + N,, > z) < P(K,, > 2/2) + P(N,, > x/2) and collecting the results from (B.8§)),
([B.9), and (B.12)), we have shown that A,, satisfies

n~! max A, < pa,,

(4,k)eG

with probability 1 — o( ), where pa, = n"Ypx, + pn,) = o(n~Y2g1) (given € is sufficiently

small, and using [(C8)|and |[(C9) -

d

Comment B.4 (The rates of ngg and Qg? ). It is worth discussing the rates of qug and
Qgg by the definition under some special cases. For example, consider the VAR(1) model as in
Comment given by Y; = AY;_1 + &, where Y;, s € R”, and &; ~ i.i.d. N(0,%). At first, as

shown in the proof of Theorem [5.2] we have

‘ max \X]k|ooH2 <H max@h 9(Zj,, B,h) HQq,g‘

Qﬁn,q,g = H ,Helf;}g |X~jkahmg( Ba ’oqug ~ |
n

For the first term, it is not hard to see that

jk Jk t—1 1/(2
I ]rgage{\X oo = [(X7) oo Iy S 1415 ll0looll2g < I/,

where the last inequality is by the union bound, assuming |A|s < 1, and the ¢th moments of
€j0 (Vj) are bounded by a constant j,. As for the second term, let d,, e |G|V J. In the mean

regression case, for f € F, E(f(z)|Fi_1) = {X; k(B9 — B) + hY — ha} (v s + A — ha), it can
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be seen that

||ma>.<{8h19(Zj,t,/3, ) I y( Jt’ ) }HQ
heF}

<l mas fojie = Vikalllag + | max {1XG g e = (X)L max by = Ti-nl s,
< ayey s,

while in the median regression case, for f € F, E(f(z)|Fi_1) = 2 — o amAX ke (B9, — B) +
— ha}] (ks + h — ho),

I max {9, 9(Zj, B, h) — O, g( Z5 4, By h) }Hg
heFh

T _
S ||(]I.},1§lé<g|vjk,t ]kt’||4q+H max, {1X; s — (X iy ) |§2ax Vo) — Tim g
S 4/ Vs ),

where we use the assumption such that the 4gth moment of the conditional density is bounded.

Moreover, we have

I ;na}}gl{ahzg(zj,t, B,h) — O 9(Z5 4, B, B)}ng

H max_|(X; (—k),t — }k(_k),t)(ﬁ?k _B)H‘%,

(4,k)eq@
X X! 0 3;
—|—H HITSLXG“ —( J(—k), )" ’l?tai{) |5 B](—k)|}||2q

< 4/C01vsY 2pn),

or HmaxﬁeF,;{a@g( Zjt, By h) — Ony9(Z34, B, h) }||2 = O(1) for the two cases. Therefore, we are

able to conclude that QF < d,ll/q(l v si2p,)or Q< d3/(4Q)(1 Vv s1/2p,,), respectively.

m,q,s ~ m,q,s ~
Similarly, it can be shown that Qgg < d}/qsl/zp or Qgg < d,ll/mq) 1/2p,, for the two cases,
since
| max [959(Z;... 3, W),
EFn
T * T T * 0 —
S ||(H,1€?§G|X k)t — (XjCrye) |H2q||(;§i§lé(GHXj(fk),t_ (X)) HV=r) — Vi=m Hll o
< dYast2p,,
or
| max [959(Z;... 3, W),
BeFy
T * T T * 0 —
S ||(H}C§1§G|X k)t — (Xjrye) |\’4q||(ﬁ?§a\{Xj(_k),t— (X—ry.) " H=r) = Vi=m Hll

< @/eagr,

In addition, a similar derivation can show that ||F(z)|lq < d /q(l V pn) and H rnax W?k ]||q S
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di/ (1 V pn).

Lemma B.7. Under the same conditions as in Theorem we have with probability 1 — o(1),

B2y B (G )} S (B.13)

Proof of Lemma Consider the class of function Fg = {z — wjk{z,ﬁ?k,hgk(mj(_k))} :
(j,k) € G}, the cardinality of the set is |G|. Therefore, the corresponding covering number
is given by supgo N (€l|Fallo2: Fa. || - llo2) = |Gl/e, with Fg = supscr. |f|. Let ]kt ©
Vi{Zj, ﬁ s h?k( (—k),t)} and applying the tail probability bounds in Lemma we have

with probability 1 — o(1),

0 -1 _
(;,%?é(G| En jk7t| SnT(r+rere) = 1, (B.14)
— 1/2 0 _ 3/2 0 :
where 1 = {nlog(an/e)}"/ (ﬁ?gGllek,.\\z,c, ry = {log(an/e)}*/ H(ﬂ?XGij,. with a suffi-
ciently small €, 7. = n'/9 for ¢ > 1/2 —1/q and 7. = n'/?>~< for ¢ < 1/2 — 1/q. O

Lemma B.8. Under the same conditions as in Theorem [5.4, consider the class of functions
F' ={z v~ ¢j{z B, fz(xj(,k))} . (j,k) € G,B € Bjg, h € Hjj, U {h?k}}, we have with probability
1—- O(l)}

2 sup |Gn(F)] < pn. (B.15)
feF

Proof of Lemma The covering number of the function class F’ is given by
supg N (e IE" g2, F's || - llo2) = (an/€)e, with F' = supser | f|. Also, for any f € F', there
exists a set F), such that minpepr [|f — f'llg2 < < €||F'|| 2 and the cardinality of the set |F))| =
(an/e€)™

One can apply the technique we used in the proof of Lemma[B.6] to achieve the concentration
inequality. Similarly, consider the function set F},, for each f € F), let ¢, def f(z) and

. def
Gre = i — E( Xj—m)s 1 =1,...,|F|. We have

nlmaX|Enf En E(f1Fi-1, Xj(—r)e)| SP 4\/n810g(an/€)max||f(2t)||2+7“<{8log(an/e)}3/2||4F'( t)llgs

given e is sufficiently small.
For each f € F), there exists a function g such that g(z, 3, h) = E{f(2)| Fe—1, Xj(—p)e} —
E{f(2t)}, where B € Bjr,h € Hj, U {h?k}, (4, k) € G. As by the mean value theorem and the

continuity of the function g, we have

9(Zj1, B,h) =089(Zj, B, 1)(B — B

2
+ Z O 9(Zj 4y By ) { (X J(=k)t) — hgk,m(Xj(—k),t)}7

where (3, h(-)) is the corresponding point which joins the line segment between (3, k(-)) and
(B9 ks h?k( )). Let F.f and F/" collect all the points of 3 and h according to F!, and define the
following quantities (m = 1,2)
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'h def LA 7 ! def

ma = 1o (X0 9( 25, 6 Wloclly o Vs = 1| e 1X On g3 8, Bl
'3 def / d
W, max 95923, B, 1) 0 20 | ma 103002, 8., (B.16)
ﬁe n EFn
Then we have with probability approaching 1,
max |Zahm j,taﬁv ){h ( i(—k), t) h(j)km H er,m+r€r§\72,m7 m = 1727
max, | Z 039(Z. s By h) (B — B_?k)| SN0+ T Ne.05
BeF,’ =1

where r?Vl,m = \/ﬁslpn{log( /6)}1/2(I)m2<7 TNZm =S pn{log( /6)}3/2(2ch7 and Tf\/]o =
pni{nslog(a /e)}1/2<1>2i, rg\,?o = pn{slog(a /e)}3/2Qq§, with a sufficiently small e. Also |(C9)
m2.c Qrng @;{1, and Qq{}g.

The rest of the proof is similar as for Lemma [B:6] and thus is omitted. O

constrains the rates of ® "

Lemma B.9. Under the same conditions as in Lemma [B.6 with [(C9°) instead of [(C6))

and

-1 A, < o(n~ g1 B.17
n max, o(n™*g,"), (B.17)

holds with probability 1 — o(1).

Proof of Lemma We now study the tail probability under stronger tail assumptions. In
particular, we need to carry out an analogue proof of Lemma under (C9’)|
Specifically, by Lemma for a sufficiently small ¢, we have K,, <p n'/?{s log(an/e)}l/“fpfw

. . . e e e =
(in particular, for the mean regression case pf, , = py,s and pf, ,, = \/p5), and

N, < 1/2¢0¢] 1/y e frl/2 " qy@
Sp 2 {slog(an /PG max L, 0)V B}

def def 5 7
0 = 2nax|HXﬂ’“6hm 9(Zjs By W)loolly, 00 Do = BrréaxHagg Zj By, o (B18)

The rest of the proof is similar as for Lemma [B.6] and thus is omitted.
O

Lemma B.10. Under the same conditions as in Lemma[B.7 with [(C9’) instead of [(C6), [(C8)
and|(C9), and assume that (n}lc?xGHz/J?k g0 < 00, we have with probability 1 — o(1),
Jk)e '

e [l 2y, B W (X0} S ™ log(an O} mace [0 o S 7o (B19)

Proof of Lemma The proof is similar to the proof of Lemma by replacing the tail
probability bounds therein by Lemma [B.4] O

Lemma B.11. Under the same conditions as in Lemma [B.8 with[(C9’) instead of [(C6), [(C8)
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and|(C9), and assume that ?%_XHJC(Z‘)HW,O < 00, we have with probability 1 — o(1),
c !/

w2 sup (Ga()] 5 7 (B.20)

Proof of Lemma The proof is similar to the proof of Lemma by replacing the tail
probability bounds therein by Lemma[B.4l In particular, it can be shown that for a sufficiently

small e,

012 sup [Gu(f)] Sp ¥ (slog(an/) Y max |1 £(z) 0 V A {(s"/2 max @, )V @[ )]

feF fer’ e{1,2}
' def - '8 def =z
<I>r2wyo = }fnaXH\XJ’thm (Zj7‘767h)|ooH7/}V707 f 0 = ;13)(|‘8f39 ﬁ,h)wao. (B.21)
EFn
The final conclusion can be achieved by [(C9’)| O

B.4.2 Proofs of Section [5.6]

Proof of Theorem The sketch of the proof follows the proof of Theorem 2 in |Belloni
et al.| (2015b).

Step 1: Let Bjk be any estimator such that max;eq |B]k — ﬁ?k] < Cpy, with probability
1 — o(1). By rewriting (using the fact that E[¢;p{Z;, B?k, h?k(Xj(_k)J)}] = 0), we have

Enlvied{Zis, Biks hin(Xj—ry.) ]
= En[wjk{zj,taﬁgkah?k(Xj(—k), )}] [¢]k{ZJt’B h( i(—k), |ﬁ 5],6,}1 h]k—l—n_lAn
(B.22)

where A, = 0!G, ij{zytvﬁjk" Jk'( )} — ikl Zje, gkv jk( Xj(—r) )}

We first observe that with probablhty 1 —o(1), max(; yyeq An < \/ﬁsupf@; |G (f)|, where
F is the class of functions defined by F = {z — Y{z B, h(x Ti—r)} — Vil z, B?k, 9k( —k))}
(4, k) € G, B € By, |B-p | Cpn, h e H;r}. The key to our proof is to achieve a concentratlon
inequality for A,,, such that n- maX(jJC)eG A, < o(n~/2g- 1) holds with probability 1 — o(1).
This is done in Lemma

Then we expand the second term in by Taylor expansion. Pick any 3 € Bj such
that |5 — ] Cpn and h € M. For any (j,k) € G, let (B,B(Xj(,k)vt)T)T lie on the
line segment between (3, h(X i(—k), )T and (B2 ke h e (Xi—h), /)" T. Therefore, we can write
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E[Yjx{Zj1, B, h(X j(—k),t)}] as follows
E[wjk{zjt, B B (X5 iy )} + E (85 Ejid Zit, BV WO (X iy ) X ry.e)) (B — B%)

+ Z E 8hm wjk{ ]k7 ]k(X k),t)}’X (—k), t]{h ( i(—k), t) hgk,m(X](fk),t)})
m=1

+%E(5§E[¢gk{th75 A X i) (8 — 550

;mff OO EWs Z BT o0, HX o (X a0.0) = (i)}
X {ho (X)) = Wi (Xji(—.0)})

;fj E (On,, 05 E[58{Zj 1, B, MX -y )} X gy e P (X)) = B (X1 )} (B —

(B.23)

It can be seen from the orthogonality condition (5.22)) that the third term in is zero.

By|(C3)|we have E(9s E[thx{Z;, ?k’hgk(Xj(—k),t)}‘Xj(— i) =95 E [wjk{ZthBk?hgk< i(—k)t)}]

= ¢jx. Moreover, each of the last three terms in is of the order O(L1,p2) = o(n~'/2g1),
given (suppose the moments are bounded by constant), [[C5), and [[C8)l Therefore, we
have shown that the second term in equals ¢, (Bjx — ,B;.)k) + o(n"12g-1), uniformly over
(j, k) € G. Then, combining the results in Lemma gives

E n[¥ii{ Zit, Bis hji( X~k )]
= En[iedZi, B W9 (X)) + Gk Bk — B%) + o(n™2g, ). (B.24)

Step 2: Next, we need to prove that infﬂegjk |Enlvi{Zj, ﬁ»ﬁjk(Xj(—k),t)}” = o(n_l/Qggl)
holds with probability 1 — o(1). For any (j,k) € G, we focus on any point Bk = ﬁ?k —
¢;k1 EnlvinlZjs, 5;% h?k(Xj(—k),t)}]v thus

max ‘/Bjk B]k:| C max |E [¢]k{ZJt7 ]kah?k(X( k),t)}”'

(4,k)EG (j,k)ea
By Lemma we have |57, — 3 ] <p ry, uniformly over (j,k) € G. By|(C2)} | ?k teiry] C

gjk with probability 1 — o(1 ) thus ,B*k is contained in B]k with probability 1 — o(1). Using the
continuity argument as in with 5]k = ﬁ]*k and combining the fact that ¢;( ]*k — ﬁj@k) =
— EnlviedZs. B h?k(Xj(_k),t)}], we have,

Enij{Zj,m@kjljk:(Xj(—k),t)}]
= Enij{ijﬁ?ka h?k(Xj(fk),t)}] + ¢k (B — 5%) +o(n Mgt = o(n” g ).

Therefore,

Bie%f‘ |EN[T/}jk{ZJ}“/Bvﬁjk(Xj(fk),t”” ’ [%k{ ]kv Jk(X( k),t)}” :0(7@71/29;1)7
' (B.25)
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holds with probability 1 — o(1) uniformly over (j,k) € G.

Step 3: Lastly, it is left to prove that with probability 1—o(1), max(; yyec |ngz ]k| Cpn,
which will lead to the desired Bahadur representation. From and by the definition of Bjk,
with probability 1 — o(1) we have max; j)e¢ | En[ﬂ)jk{Zj,t,Bjk,/ﬁjk(Xj(_k),t)}H = o(n~2g1).
Consider the class of functions F' = {z = ¢j{z, B, Mz} : (4, k) € G, € Bj,h €

Hji U {h 1. Thus, with probability 1 — o(1),

| EnlsdZits Bjns hin (K- V| 2 [EWd Zs B, WXy )Wl pg i |02 sup, Gn ()]

holds uniformly over (j,k) € G. Recall that Lemma [B.8 ensures n~/2 ?u]}t) |Gn(f)] = Op(pn).
c !

It follows that | E[v;u{Zj s, B, R(X;(_p).0) H] =B, i < Olon) + o(n~12g-1).

In addition, applying the expansion in (B.23)) with ,B?k, = [ together with the Cauchy-
Schwarz inequality implies that | E[vju{ Zjs, 8, (X ;(—iy)} — Elbiid Zjt, B, B9 (X iy ) Y| <
C (L}/ 2pn+L1np721) = O(pn) (suppose the moments are bounded by constant), so with probability
1—o(1),

| Bl 23 B O iy MWLz, i | = TER3kd Zias B, WXy )55, | — Olon), (B.26)

uniformly over (j,k) € G, Whereand the fact that E[{h,,(X J(—k)t) — h?k,m(Xj(—k),t)}g] <
Cp? forallm=1,...,M and any h = (h,,)M_, € Hjx are used.

Moreover, given the identification condition the first term on the right-hand side of
(B.26) is bounded from below by %{|¢jk(3jk — ?k) | Ac1} and this results in that with probability
1—o(1), [Bjr — B%| < o(n™2g;1) + O(pn) = O(pn) uniformly over (j,k) € G.

In summary, we have shown that, with probability 1 — o(1),

En[%k{z‘t,Bjk,Ajk(Xj(—k),t)}]
= En[jdZt Bir hS(Xj(—i) H + dir(Bji, — BY) + o(n?g, 1), (B.27)

uniformly over (j,k) € G. And with probability 1 — o(1), the left-hand side is o(n~'/2g;1)
uniformly over (j,k) € G. Lastly, the uniform Bahadur representation can be obtained by
solving with respect to (ng - 5?19)-

O
Proof of Corollary The proof is an application of Theorem with verification of
conditions

Here we focus on the estimator by Algorithm [2] as the proof of Algorithm [1] is basically

the same. In particular, with the LAD regression case, we have |G| = 1, a, = max(JK,n),
gn =1, M =2, h?k;( e k)t) = (XJ—E k)t j( k) X( ){YJ ) ¢]k‘{Z ,taﬁgk» jk( j(=k), )} -
{1/2 = 1Y < XgnaBie + Xy 1B5-m)} Koo = Xy ),ﬂ](_m)-

Verlﬁcatlon ofm Our model setting assumes F. (0) = 1/2 and E(vjXj(—p):) = 0;
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hence we have

E(On, E[Wk{ Zjt: B3 k(X (—y.t) HX oy ) M1 (X iy 1)) = — T( k) E{fe; (0)vn s Xj(—py e} =0
E(Ony E[V51{ Zj 1, Bes i (X -y ) HIX (k;)t] 2(Xj(—p),0)) = yE{1/2 = F2(0)} Xk = 0

Verification of |(C2); The true parameter B?k satisfies (5.21) given F: (0) = 1/2. Moreover,
by Remark 2 in Belloni et al.| (2015a), we have |§ﬁ] - ,B?k\ < pn with probability 1 — o(1).
Provided finite dependence adjusted norm in polynomial rates, it is not hard to verify r, < p,
with proper restrictions on the rate of loga,, so that for some sufficiently small ¢; > 0 the

condition holds.
Verification of The map

(B, h) = E{jk(Zjz, B, )| Xj(—) e}
= E([1/2 = Fe {Xju(8 — B3) — Xy tB5—ry T h 3] (X — ho)| Xy )

is twice continuously differentiable as féj is continuous. For every ¥ € {8, hi, ha},

O E{0j(Zj, B, )| X (k) 1} iS—E[faJ{ 'kt(ﬁ B =X iy By 1} X et (X —h2) | Xy ]
(wr.t. B) or —E[f:;{ ]k,t(ﬂ ) — tﬁ( gy + (X — h2) [ Xj(p) o] (wrt. hy) or
—E[1/2—-F, {Xjk’t(ﬁ—@’;-)k) ( k), tﬂ +h1}|X k)] (W.r.t. h2). Hence, for every 8 € By,

»

|09 E{vjx(Zjt, B, hjk( k)X < OB X kvt | X (—rye) V Cr B(lvjn el | X (—ry,e) V1

Observe that the expectation of the square of the right-hand side is bounded by constant.
Moreover, let Tjx(Xj_k)) = {T € R*: |72 — ( )ﬂ]( gl < e}, where ¢ > 0 is a constant.
Then for every 9,9 € {8, h1,ha}, B € Bjr, h € Tjn(Xj(—p),¢), we have

09Oy E{%k( Zjt; B, 1) Xy e}
< CuLVE{X3  (Xjke — o)1 X —nyedt V EL Xk (Xjne — h2) | 1 X —nyet V E(X kel 1 X (—r))
VE([ Xkt — hal | X))l

In particular,

E{| gkt( gkt — P2) [ X () e}

< E{’(X]T(—k),ﬂj(_k) k) (es + [k 1 X5k}

< 2E{H{(X- )ﬂgo( )7+ Uk (es + [0t 1X-n).0)

< C{IXS iy 5P Bl 1X—iye) + Eviea P1XG r6) + 1550 a5yl Bl X —iy) }-
And by similar computation we can show that [0y0y E{1;x(Z;, B, )\X Wt < O(Xjpye) =

CHIXT 1) 22 Er] X a0+ Eal Xy X s 20 B0 X el where
the constants C, C’ depend on c3 and (. Lastly, for every B,p" € Bjk, h W € Tin(Xj—ryt) w
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have

E{wt(Zi, B. 1) = Un(Zjas B WP 1K)

< O E{[Xr (X jkt )2| | X (k) 2B = B+ CLE{(Xjp — ha)* | X gy e tr — 4] + (t2 — 15)°
< C"{IX —t) T BRI X ) I8 = B + [ty — 1)) + (t2 — 15)?
< V2[C{IX 5 |E(\UﬂctH _it) B X —my )} + 26318 = B + [t = t']2),

where constant C” depends on c3 and C;. Consequently, we have verified the last condition in
(C3)|by taking lo(X;(_p)+) = \f[C”{]XT ﬂ] il E(vjeel [ X k)7t)—|-E(v?k7t|Xj(,k)’t)}+263]
and v = 1. And given the bounded moments condltlons on Xy, we have E{|01(X;_g)+)|*} < Lin,
E{[02(X;(—i)0)[*} < Lon.

Verification of [(C4)r For any 3 € B,y, there exists 5’ between ﬁ 7. and 3 such that

E[wjk{zj,ta B, h?k:(X‘(—k:) )}
= O8E[Wi{Z; . B W (X)) (B — Br) + %ag E[ve{ Zjt, B, Wk (Xj—iy) H (B — BJi)*.

Let ¢jk = s E[Wiud{ Zjt, B M91(Xj—iy)}] = €. Since 93 E[u{Zje, B, hip(Xj—iy)}] <
ChE|IX ktvjk +| < Cq, we have

2 E[thju{ Zj: B, Bk (X iy, ) Y| = 2005518 — Bkl — Ca(B — B1)* = bkl B — Bkl

whenever |3 — B?k\ < c3/0s.
Verification of [(C5); According to Corollary with probability 1 — o(1) we have

1 —~
1By = B iyllior S fsogan)/n,  |Fji) = 1%l S \/s(logan)/n,

which means the algorithms can provide an estimator of the nuisance function with good
sparsity and rate properties given IC A. Thus, by Lemma 7 in [Belloni et al.| (2015a), we have

holds.

Verification of [(C6)f We refer to the proof of Theorem 1 in [Belloni et al.| (2015a).
Verification of Recall that 1/10kt ={1/2—1(gj; < 0)}vji;. Hence, (ﬁ Sy w?k’t)Z =
?:i(n_l)(l = [¢/n) ( jk,t¢?k,t—é) > g 1 ?—i(n 1)(1 — [€l/n) E(ujkvjki—e) Z c1/4.

Verification of and See Comment [5 - 8| where we discuss the admissible dimension
rates either under the special case of VAR(1) with geometric decay rate (which gives bounded
dependence adjusted norm) or more generally with finite dependence adjusted norm in polyno-
mial rates.

Verification of See Comment, and the discussion can be generalized to the case of
finite dependence adjusted norm in polynomial rates easily.

O]

def
Lemma B.12. Letwokt w]k{ ]k7 ]k( J(—k), )} Tjk =

that ||1/J . ll2,c <oo. Then

1,1
Ok Pk 2otet w?k,t’ and assume

I3 )l = O/nl[¥5h Nl2.c), and n™/*T3F 5 N(0, 1)
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Proof of Lemma Define the projector operator P;(X;) ey E(X:|F1) — E(X¢|Fi-1).

Note that the projection operator is directly linked to the dependence adjusted norm for
Xkt = gik(Ft) = gjr(- -+, &—1,&), and [|[Po(Xjke)ll2 < llgin(Fr) — g (Fi)ll2 < 2[|Po(Xjk,e)ll2
(by Theorem 1(i) in Wu, 2005)).

Let Jljﬁ def aj_klcﬁj_kl Yo Pt,l(wgk,t), and it is not hard to see that TJ*F = >, Jljf’; As
Uﬁ€1¢;klpt_l(1[)?k7t)’s form the martingale differences over ¢, according to Lemma we can
get 7R3 < (orin) 2 iy [Per@f )3 S n6f) )2 where 8%, € [0, — (@%)" .
Thus, |72 < V32, 5;%,671 < \/77||1/1(-)k,.”2,< = (’)(\/ﬁHw?ngg) Then the conclusion that

n~ 123k 5 N(0, 1) follows from Lemma in light of the fact that E ¢?k7t =0 and Hw?,% l2.c <
00. 0
Proof of Corollary The proof follows directly from Lemma O

Proof of Corollary m We apply the high-dimensional central limit theorem (Theorem
3.2 in Zhang and Wul (2017a))) to the vector S o ﬁ S ¢ and Z e Vec[{(ij),f;l}jzl]
is the corresponding standard Gaussian random vector, with the same correlation structure.
Then we have p(D~!'S,D1Z) — 0, as n — oo, where D is a diagonal matrix with the
square root of the diagonal elements of the long-run variance-covariance matrix of é, namely
{Zﬁ:foo E(Cjk7thk7(t_Z))}1/2, fork=1,...,K,j=1,...,J. The rest of the proof is similar to
Corollary [5.2] and thus is omitted. O
Proof of Corollary The proof is similar to that of Theorem and Theorem
therefore, we omit the detailed proof here. In particular, the following conditions on b, are

required:

bn = o{n(log|G|) ™ (@5,)~* An(log |G)) °(®5 )™}, F. = ofn?/*(log |G]) |G| (I§) ™}
5 0®5 {by, " +log(n/by)/n + (n = bn) logby/(nby) }(log |G|)? = o(1), if ¢ = 1;

5 (5 {by '+ 17 + (n— )by, T/ (nbn) }(log [G])* = o(1), if ¢ < 1;

@5 @5 by + 10, + (n = b,)/(nby) }(log |G])? = o(1), if ¢ > 1. (B.28)

where F. = n, for ¢ > 1 —2/q; F. = lnb%/%gq/z, for 1/2 -2/qg < ¢ < 1—-2/q; F. =
(YA 20/ 2sal2 g o <179 — 9/ 0

Comment B.5 (Consistency of the pre-estimators Ejkﬂf)‘ The pre-estimators of the influence
functions ij,t are used in constructing the bootstrap statistics. It is important to discuss the
consistency requirement on them for the inference implementation. In particular, the deviation
(jvkr?g‘g(’k/)] Zé’;l Njrk! iMjk,i — 2221 nj'k iMjk,i| should be controlled under a certain rate, where
Nik,i dof ﬁ Zfi"(i_l)bnﬂ ik, and 7k o
the case with stronger tail assumptions as an example to illustrate.

ﬁ Z;b:”(i_l)bn 41 Gjk,- In this comment, we consider
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We first observe that

I
Z Njrk ik — Nk iMjksi)

/ k/
< a v — o N — | 42 ma ’ (P
i) krn }’{k’ Zl Ni'k' i — Nj'k ,z)(njk,z njk,z) + (j,kr)r}(j}’{,k/) Z:ZI 15k 4 (77]k,z n]k,z)
In 1/2 In 1/2
< max ) (Mjki — Njki) (maX Z Mk, z) { nax (Tbk i 77jk,i)2}

= U, +2V,)2U}2.

1=

Firstly, note that V,, can be analyzed by a concentration inequality similar to the proof of

Theorem [B.1} In particular, assuming that I(nglicjs(H(z/};)k D2 0 < 00, the order of V,, is given
Js ’

by n /28, Qlog (/) T (15 Pl + bamaxl (W5 I3, with 5 = 1/(2v + 1) and a
]7 .7’

sAuﬂ“icientlif largeAc. Secondly, Arecall the definitions (jr; = —¢j_klaj_k1 ?k,t = —wj_k,l/ 2 ?’at’
Cikt = _¢;k13ﬁg1¢jk,t = —Qj_kl/%/)jm, where wj;’s are essentially the long-run variance of ¢;‘)k,t'
We have
1/2 1/2 2 on
Nl
Un < 2(max|i; " - Z( ) Wﬂ)
I=(—1)bp+1
In ibn 9
~1 -1 N 0
+ 218,%(%1@ n { > Wik — %‘k,z)}
’ i=1  I=(i—1)bp+1
=: 2W2Up 1 + 2Up 2.
Given E?lkr)lw]k > ¢,, we have I(I]l%g))( |0jk — wjk| < x (for © < ¢,/2) implies W), = r(rjlzz))( [ 12
71/ | < 2zcy, 32, Again, the first term above can be handled by a maximal inequality for

Un,l with the order of cnfl/%n{log(KJ)}1/7?%3(”( ?k llg 0+ bnr(ne}f))(H( ?k; D3 (same as V,,),
.]7 ’ j7 ’

together with a consistent rate of w2, which can be analyzed by dealing with 12[1&}54 @k — wik-

)

As for Uy 2, consider the event Ay = {r(ne}:)( |0jr, — wjk| < x}. Note that on the event Ay for

)

x < ¢u/2, we have min &, > min wj;, — max |Wj; — wjk| > ¢u/2, which implies max @~ < 2/c
of ooy P > i ok — e g el > /2 (k) e < 2
Let ¥, def -1 r(rjla}g)){ Zli';l Z;b:n(iq)bnﬂ(’vz’jk,l - 71’?/!@,1)}2- It follows that
P(Un2 > 2) < P(AF) + P({Un2 = 2} N A)
<P(AS) + Py > cuz/2).

. . . ~ _ ibn, T~ 2
In particular, to get the estimator of w;j, one can consider W;, = n~ Z (Z (i=1)b+1 VK1),

63



which gives

max |, — wijk|

(3,%)
In ibn, ibn,
< nt r(neltgx‘ {( Z Qzzjl<:,l)2 - ( Z %kl) H
7k) i l—(ifl)bn+1 I=(i=1)bn+1
+ maX ‘w]k —-n -1 Z ( % wgk,l)Q)
I=(i—1)bp+1
= Wn,l + Wn,27

where W), 2 has been similarly analyzed in the proof of Theorem [5.3| along with Comment
The order of W, 5 is given by cn~/2b,{log( KJ)}l/'Y(I) o0V Pa 0<I>4 <v(bn). Moreover, W, 1 is
bounded by 2¥,,. We shall tackle the rate of it in the following lemma.

To summarize, suppose the moments and dependence adjusted norms are all bounded by con-
stants, the dominant term in (ng}%};’li Zé;l ﬁj’kz’,iﬁjk,i_2?;1 Njtk’ iNjk,i| is given by b711/2 111/251/4
with the LASSO rate p, = O(n~'/2s'/2{log(K.J)}'/7)). Therefore, if we assume by, 12 1/2 st/ =

o({log(JK)}~2), it follows that ; lglfmj{k’ ] Zé’;l ﬁj’k’,mjk,i—zizl Nkt iMjk,i| = oP({log(JK)}_ ).
2(14c¢)

Lemma B.13. Given |(C6)){(C7)) , assume b2T1n1=9/2{slog(a,b n)}_1/2||F(zl)H2(1+C)O =

1/213 1/~ 1/2 £ _ ;
o(1), c(ns)"/=by, pn{log(KJ)} max max iy, + 1528 rgl&}gfg@;ﬂ Wi, = O(n), with

v =1/(2v+1). Forw > en 252 p,b,{log(K J)}*/Y max max <D]k uy s 1/2p, max max N?’k,lpy}

(J,k) 1<i<lp (J,k) 1<i<ln
we have
ln ibn o 9
P (n—l r(nak))(Z{ Z (¢]k<Zj,lv 6]]67 h‘jk) — w?k,l)} 2 ’LU) — 0, as n — o9,
PR G=1 " 1=(i—1)bp+1

where B]k is any estimator such that |Bjk— gk‘ C’pn with probability 1-0(1), and iAij satisfies

(C5) (q)f,“p ,,u],“p and q>]k¢ ,,u],“p are defined in and (B.31)))

Proof of Lemma [B.13] Same as in the proof of Lemma [B.§] . we look at the functional class
F = {z = {28, h(wjci)} — indz B b (@)} = (k) € G.B € By, |8 — B <
Cpn, h € H,r}, which has 2F as the envelope (the definition of F' is given in . For any
f, f € F, we have

ibn

D) = O[S s Y )]

i=1  I=(i—1)bp+1 I=(i—1)bp+1
In ibn ibp

> S D SRR VIS B E) S SRR IR ()]
i=1 1=(i—1)bp+1 I=(i— l)bn—i-l

ibyn ibn,

LD VRNEET SIS o vy

i=1  I=(i—1)bp+1 =1 I=(:—1)bp+1

N

2[5 e -feor] U E > rel]”

=1 I=(i—1)bp+1
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In addition, it is not hard to see that | S, ), 1 F(z)ll2 < bn E{F(2)} Vb 2| F(2)]|l20. As

a result, we can assume that

N (el2Fllo.2, F, 6, () Sp N(ell2F .2/ (2ball F (2)l|20), F, I - l.2)
S (2anbn||F(2)][20/€)

To deal with the rate of sup =0~ S0 {512 1, o f(20))?, let go, i f HY (S, P2}
We first analyze n=" 3 gy, (f) — E{gb,..i(f)}]- Note that for any f € F, there exists a set
Ay, such that mingcq, 6, (f, f') Sp € where € o €||[2F||g,2, and the cardinality of the set
| A, = (anbn/€)®. Hence, with probability 1 — o(1),

ln

n1 sup Z[gbn,i(f) — E{gbn,i(f)}]‘

feF i=1

l7L

< 07 sup | Y lg0 i () — gb i (@(F) = Ego i ()]} + Edgb i(=(F)Y]]

FeF i=1

ln

+ 0t max | 3l o) — E{go, (D]

feA, =1

In

S 210001 (F) = E{gbo i () F im0 Xy}
=1

N

2€ + n~ ! max
feA,

+ n~ ! max

=
ma | S (E{gh i (DI Fa- 1 X016~ Elgn i (5]
" i=1

— 241, + I,

def iby, def .
where Xj(—k),i = {Xj(—k),l};:(i—l)bn—i-l’ w(f) = arg fr’relgllndbn (fa f/>
Next, we shall look for the bounds for I, and 11, respectively. We first truncate the function
9b,,.i(+) as g5 () def Gb,i(1)1{gp,.i(-) < /nd}, where ¢ is a positive constant. Note that

In
I, ;Tel% Zl 9o, i () = BLab, i (FIF(i—1)p,s X z}]’
In
Z Gbn i Gbn i > fé) + E{Gbn 7 (Gbn i > \/>6)|Fz 1 bna z}]
(B.29)

where Gy, ; > sup feF 9b,,.,i(f). For the second term, applying the Markov inequality gives
ln

P (|16, i1(Gyi > V) + E{Gr, i1, i > Vid) | Fiimips Xj—ii})] > @)

i=1

2570 E|Gh,il(Gh,i > v/nd)]

X

<

It is not hard to see that for any ¢ > 1, E|Gy, ;1(Gs, i > vnd)| < E|Gy, :I7¢/(0v/n)¢

[ 121(1+C){E(F(Zt))}2(1+c)\/brllJrCHF(z)Hggiz; 0]/((5\/73) Thus, we have E E|Gs, . z;-(Gbn i>/nd)| _
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o(1) with = \/nslog(anby), provided b2+1n(1=9/2{slog(anby)} V2| F(2) |51 15 ) = o(1). Tt
follows that the order of the second term in (B.29)) is given by \/slog(an,by,)/+/n.
For the truncated term in (B.29)), note that

ln

max > E (g5, i(F) = ELg5, i IIF = 1)bns X1, I F = 1) > X =)
"i=1

< 4bi max Z E{f(zl)4|.7:(i_1)bn,Xj(_/c),i},
feA, =1

where we have used the Jensen inequality. Moreover, for each f € A,, 1 < i < [, there is a
corresponding function £; such that ¢;(z;, 3,0) = E{f (20)*| Fi—1)pn> Xj(—k),i} for (i — 1)b, +1 <
I < ib,, where 6 = (6,605 )7, 6 and 6, correspond to the nuisance parameters Bj(—k) and vj(_p)
of h € Hik, |8 — jok] < pn. By the mean value theorem and the continuity of the function ¢;,

we have
— 2 —
gi(Zj,lvﬁve) :6561(Zj,l>679)(/8 - ;)k) + Z aem&(zj,laﬁae)(em - 0971)7
m=1

where (f3,0) is the corresponding point which joins the line segment between (3, 8) and ( ?k, 6°),
with 69 = 6?(_k), 09 = ’y?(_k). It follows that

E 41 X. .
}Ielié; {f(=) |-7:(z—1)bnv J(—k)ﬂ}

In ibn

< li(Z;1, B,0)
S PnINax max % RENES)
" (4,k) ﬁGAg;l:(i_;)bn_i_l ’ ’
2 ibn B
+ pny/s max max Z Z Z 09,,4i(Z;,1,,0)

i Dc A0
(k) 0€A, 21 52T 1= (i) b1

= ppmaxTh, ik + pnv/smax Ty, ik,
(4:k) (4,k)

where A2 and A9 collect all the points of 3 and 6 (with fixed (4, k)) according to A, respectively.
We shall establish the maximal inequalities for 17 ,, ;1 and T3, jr. To this end, we first define

the following quantities:

4i def ) 3 , 7]
i, = || max 0tz 8.0, o v macx, max || maxds,, Gl 5,0y, o

. def > Py
'u?k,zbu = E{ B{relit)é 9sli(z,3,0)} V. max maxE { max 9, . i(zt: B, 6)}. (B.30)

me{1,2} K'#k " fe Al

. 0. 0. . o .
Given Ié(]lé]i;)){ 121%)[(” P Sk, < 00 I(I]lé}g}){ lglglcn P, < OO applying a similar approach as in the

proof of Theorem [B-1] gives
ln
max > E (g5, (f) — E{g5, i (U Fi=1)bm> X (k)i 2 F =110 > X))
"i=1
< c/nsb? 1/ b 3 b=
S evnsbypp{log(KJ)} max max O, + V50, n WX A Lk, O(n).
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Therefore, we can apply Lemma with u = y/nd and v = O(n) to get

ln

(6 (& —22 AVALL n
P (max | D2006,.4(F) — EL5, ()| P, Xy ] > 2) < [ nle™=/ Govmosam),
Ti=1

By letting z > ¢\/nslog(anby,), for sufficiently large ¢, we can obtain I,, < en™'/2\/slog(anby).

For I1,, we just need to replicate a similar procedure to derive the bound. In particular,
for each f € An, 1 < i < I, there is a corresponding function /; such that £;(z;,3,6) =
E{f(zl)Ql}"(i_l)bn,Xj(_kM} for (i — 1)b, + 1 < I < ib,. We also make use of the continuity of

the function Zi and assume

Z; def

Vi, = |l max O5bilz 5,00y, 0 v macx, max || ma 0., (2, 5,6, <
4 def /. 3 /. )
i, = EX géi)é pli(z, 8,0)} Vv mIg{%}é} max E{ geli}fi 9,, Li(2t,8,0)} < oo (B.31)

Then, we obtain that

- Z;
11 Sp en™ 2!, {log(KT)} ' max max @f

At last, combining the two parts and adding the mean back, we see that

ln ~
_ _ 4; £;
nt ;ug‘ > 1 gbmz‘(f)’ <p en 2512 b {log (K J) /Y max max i, 5" WX X 15}y,
EF 1= ’ ’

given € is sufficiently small (€ < %n_l/ 2 /slog(anby,)). This concludes the proof. O

C Supplementary Examples

C.1 Practical Examples of SRE

Example 1 (Identification Test for Large Structural Vector Autoregression Models). Denote
U = (Ui, Usy, . .., UM¢)T. A large structural VAR can be represented in the following form

(without loss of generality, consider only lag one):
AUy = BUt-1 + &,

where A (invertible) and B are M x M matrices. The structural shocks e, satisfy E(¢;) = 0 and

Var(e¢) = Ins. The corresponding reduced form is given by
Ut = DUt_l + v, (Cl)

with D = A7!'B and v, = A~ !¢, where 1; is denoted as the reduced form VAR shocks.
Suppose v spans the space of €;. The crucial question is the identification of A. Typically,
the covariance matrix of the reduced form shock v is estimated with M (M + 1)/2 restrictions,

which are smaller than the M? restrictions needed to pin down &;. Adopting the identification
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approach proposed by |Stock and Watson| (2012)), we may use external instruments that are
correlated with the shock of interest and are uncorrelated with other shocks. Without loss of
generality, suppose the structural shock of interest is €;;. Then we can define z;; as an external

instrument for the jth structural shock satisfying

E(ejuzjt) # 0,
E(ejrizie) = 0, for j' # j.

ThUS, we propose to regress zj¢ On Ui
=T )
Z]ﬂg =V 5j + 6],t~

In practice, v, are replaced by the residuals obtained from a large VAR reduced form regression
as in Example (in the main article). The estimator of ¢; is denoted as g] It can be obtained
by LASSO estimation, which give us a sparse estimator of the jth row of the matrix A~ up
to a scaling factor. Repeating this step for any j, one may formulate estimators for each row
and perform simultaneous inference/hypothesis testing on the structural matrix A~!.

In summary, this is also a special case of SRE with
T .
(}/j,ta Xj,ta Ejts 6;)) = (Uj,tu U—j7t—17 Vi, D])7 J = 17 s 7M)

(}/j,tv Xj,t75j7t7189) = (Z(ij),ta U, e(ij),tv 5(‘77M))7 .7 =M + 17 ) 2M.

Example 2 (Cross-sectional Asset Pricing). Denote Yj; as the excess return for asset j and
period t. Asset pricing models explain the cross sectional variation in expected returns across
assets; see e.g. (Cochrane, (2009). In particular, the variation of expected cross sectional returns
is explained by the exposure to K factors X;i;, k = 1,..., K. One commonly used way to

estimate an asset pricing model is to run a system of regression equations:

K
Y+ = Bjo + Z BikXjkt + €t (C.2)
k=1
where X ,’s are the factor returns (assumed to be excess returns of zero-cost portfolios).
The selection of factors is a critical issue and the SRE framework addresses this issue, in
particular when the number of factors K is large. See Feng et al| (2017) for a detailed model-
selection exercise on picking asset pricing factors. The factor premiums are E(X¢) and the
pricing errors are 3jo. Usually, asset pricing imposes the restriction that all 8jo’s are zero. Our
simultaneous inference framework naturally serves the purpose of simultaneously testing the
zero pricing errors in a cross sectional regression setup. Namely, we are interested in testing
Hy: Bjo=0,Vj =1,...,J versus Hy : 3j such that ;o # 0. Our test procedure in Section
can be directly applied to achieve this goal.

Example 3 (Network Formation and Spillover Effects). There is an emerging literature in
economics concerning quantifying spillover effects and network formation. One leading example

is as in Manresa, (2013)), which attempts to quantify social returns to research and development
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(R&D). Here, Uj; is taken to be the log output for firm j and time ¢. This output is loading
on Dj; (capital stock for firm j and period t), and the aggregated spill-overs from the capital
stock of other firms Zi# w;; D; ¢ The regression equation also controls for other covariates X ;

(e.g., log labor, log capital etc.):

Uit = BiDje + D _wiiDig + 7] Xje + i, (C.3)
i
where w;; is referred to as the spillover effects of the R&D development of firm ¢ on firm j. This

again is contained in the SRE with

(Yj,t7Xj,t7€j,t)/B?) (U]h(-DjtaD—jt? )T E]tu (/6]7 T )]77I)T)7 .] = 17"'7J'

Our simultaneous inference procedure (Section can be applied to check the significance of
the spillover effects for any set of parameters of interest. As an analogy, the presented framework
displays a general class of network models, where Uj; is taken to be the nodal response, and D; ;
are the nodal covariates. Global or local inference on the network parameters w;; is the subject
of research. Section [7] is devoted to inference on the spillover effects of a textual sentiment

index.

Comment C.1. Suppose there is unobserved heterogeneity in U s, e.g. Ujt = aj+3 ;45 wij Diy
+¢€;,t, where w;; characterizes the spillover of individual ¢ on j, and «; is the individual fixed
effect. For this situation consider the demeaned version to eliminate the individual specific
effects and work with the new model: ﬁjﬁt = ZZ# meZ t +¢€j,t, where U]t =Ujt— Zt 1Ujt,
ﬁi,t =D;;— % Y1 Dit, €t =¢€j1— % > i1 €jt, under the condition that U, has no feedback

effects on D;; (for example, D;; should not be the lagged variable of Uj;).

C.2 Examples of the Dependence Measure

1. AR(1): Y; follows Y; = aY;_1 + &, with |a| < 1, & ~ i.i.d.(0,0%). Therefore, the
MA representation is given by Y¥; = >°/2, ale;_; and Yy = Yoo ale,_; + alel — alep.

Ve = Y llg = lal*lleo — €6llgs Amg < lal™, [[Y-llgc S suppzo(m + 1)%al™ < 0.

2. ARCH(1): An ARCH (Autoregressive conditionally heteroscedastic) model is given by
Zy = oyey, 0F = w+ a?Z% |, with w > 0, & are ii.d. shocks and Var(Z;) = o2 <
co. Thus, it is not hard to see that Z7 = w Y 7%a? [[i_ge? .. Rewrite the model
as Zy = R(Zi—1,e1) = /(w+a2Z? {)er. According to [Wu and Shao| (2004), we have

the Lipschitz constant involved in the Lyapunov type condition ensuring the forward

W < |agg|. Let - E]aa‘o\ < 1 and assume

iteration contraction sup,_.,
|aego| + |R(to,0)| has finite gth moment. Then the process Z; has stationary solutions.
Moreover, |2 — Z; 4 < |ul'lleo — fllg> and thus Apg S [ul™. Given |u| < 1, then we

have || Z.||¢c S sup,,so(m 4+ 1)¢|p[™ < oco.

3. TAR (Threshold autoregressive model): Y; = 01Y;_11{Y;_1 <7} + 02V 11{Y;—1 > 7} +

et, where 6 and 02 are two parameters and ; are i.i.d. shocks. If 6 e max{|01], 02|} <1
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and &; has a finite a-th order moment, then the TAR model admits a stationary solution

with [[Ylgc S suppzo(m +1)°0™ < oco.

. VAR (Vector autoregressive model): Without loss of generality we focus on VAR(1)
given by Y; = AY;_ + &, where V;,e; € R’, and & ~ i.i.d.N(0,). If the spectral
radius of ATA, p(ATA) < 1, then n%gnooHAHm — 0, where || - || denotes the spectral
norm of a matrix. Rewrite the model as ¥; = 72 Ale,_;. The existence of a stationary
solution can be checked by Kolmogorov’s three series theorem. For each equation j,
Y=Y, = [A'];(e0—¢}), where [A?]; is the jth row of the matrix A’. (E(\ijt—ijt\q))l/q <
1475 llleo = €5loolly- 1t follows that (E(|Y;e — Y79V < 2I[Al];|1p1g, where pg =

. t] . < t . <
i ol Suppose. ma (A7) < ol (fo] < 1). Then we have. mas [V, e 5 s

( <« < (J)Y4 by union bounds.

. High-dimensional ARCH: Consider Y; € IR/, a high-dimensional ARCH(1) model fol-
lows for example the general specification from Bollerslev et al.| (1988) and Hansen and
Rahbek (1998): 2, = H;'%,, and E(Z,Z|Fi_1) = H,, with & ~ ii.d.N(0,I;). The

specification of the conditional covariance matrix Hy = € + AZt,thT_ 1AT, where () is

g,c)l/q S Jl/qﬂqa

positive definite and A is a J x J matrix. Studying the stationarity condition of the
process is not trivial. Define hy e vech(Hy), the selection matrix Dy (J? x J(J +1)/2)
gives vec(H;) = D h and its generalized inverse matrix D7 such that DT D, =1 J(J+1)/2-
The vech notation of the iterations follows hy = vech(Q) + D} (A ® A)D yvech(Y;—1Y,l;).
Define A % D}'(A ® A)Dy, w def vech(Q2). For simplicity, we look at the process hy,
with the state space representation hy = w + G(hi—1,61-1) = F(hi—1,60-1) = w +
Avech({vech ™ (hs_1)}"/?e;_1e] ;{vech ' (h;_1)}~/?). The partial derivative matrix is
At = A(hy,g;) = Ohysr JOh] = ADY (H*ee] H;/* ® I,)D;, and E Ay = A. Therefore,
the spectral radius of AAT, p(AAT) < 1 ensures a stationary solution to the process
ht. Moreover, by solving the state space iteration recursively, we have E|h; — h}|1 <
2E |Po(he)|r < |AH{vech(Z) + w} 4+ A lvech(Z)|; < {tr(AAT)}!, where the projector
operator P;(hy) & E(he|Fi) — E(he|Fi—1) and & = EH; = 332, AQ(A) 7. Assume that
{tr(AAT)Y < left, with |¢] < 1, we have Y772 |1y e S J(J +1)/2.

According to |[Hafner and Preminger| (2009)), the iteration formulae are given by h; =
w(hi_y,ee1) 400 W ARy, o) w(hy_y_y, €0-1-1) L ARy, €0-k) he—m, Where
w(h,e) = w+ G(h*,e) — A(h,e)h*, h* is the contraction state, and h¥_,’s lie on the line
segment between h* and h;_,. For ease of derivation, we assume a strong assumption
such that Esup,  [|A(hm,em)||? < s < 1forall m > 1 and ¢ > 2, where || - || denotes
the spectral norm of a matrix. Let h™ = {(h{,..., b)) : |helo = 1,t =1,...,m}, it fol-
lows Esuppm [[IL) A(hm—k+1, €m—+1)[|? < Iy Esupy o [[A (Rt 15 Em—ir1) |7 <
" Hence, max i lue < O, llbluclas S kel S (07 + 1/2}V1, and

S,
(st ||hj, 12 M9 S {T(T +1)/2)2.
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1L

D Additional Details for Empirical Analysis

Consumer Discretionary (11) Financials (8) GD General Dynamics Corporation
AMZN Amazon.com, Inc. AIG American International Group, Inc. GE General Electric Company
BBY Best Buy Co. Inc. AMT  American Tower Corporation (REIT) | HON Honeywell International Inc.
CBS CBS Corporation AXP American Express Company LMT Lockheed Martin Corporation
CMCSA Comcast Corporation BAC Bank of America Corporation LUV Southwest Airlines Company
CMG Chipotle Mexican Grill, Inc. C Citigroup Inc. Information Technology (11)
DIS Walt Disney Company (The) ETFC E*TRADE Financial Corporation AAPL Apple Inc.
F Ford Motor Company GS Genpact Limited ACN Accenture plc
GM General Motors Company JPM J P Morgan Chase & Co ADP Automatic Data Processing, Inc.
GPS Gap, Inc. (The) Health Care (8) CSCO Cisco Systems, Inc.
HD Home Depot, Inc. (The) AET Aetna Inc. EA Electronic Arts Inc.
LEN Lennar Corporation AMGN Amgen Inc. EBAY eBay Inc.
Consumer Staples (4) BIIB Biogen Inc. EMC EMC Corporation
COST Costco Wholesale Corporation BMY Bristol-Myers Squibb Company FSLR First Solar, Inc.
CVS CVS Health Corporation CELG Celgene Corporation HPQ HP Inc.
KO Coca-Cola Company (The) GILD Gilead Sciences, Inc. IBM  International Business Machines Corporation
KR Kroger Company (The) JNJ Johnson& Johnson INTC Intel Corporation
Energy (6) LLY Eli Lilly and Company Materials (3)
APC Anadarko Petroleum Corporation Industrials (10) AA Alcoa Corporation
BHI Black Hills Corp. BA Boeing Company (The) DD EI du Pont de Nemours & Co
CHK Chesapeake Energy Corporation CAT Caterpillar, Inc. DOW Dow Chemical
COP ConocoPhillips DAL Delta Air Lines, Inc. Utilities (2)
CvX Chevron Corporation DHR Danaher Corporation DUK Duke Energy Corp.
HAL Halliburton Company FDX FedEx Corporation EXC Exelon Corporation

Table D.1: The list of the stock symbols and the corresponding company names grouped by industries.
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