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SEMI-CLASSICAL MASS ASYMPTOTICS ON STATIONARY
SPACETIMES

ALEXANDER STROHMAIER AND STEVE ZELDITCH

ABSTRACT. We study the spectrum of a timelike Killing vector field Z acting as a differential
operator on the solution space H, = {u | (O, + m*)u = 0} of the Klein-Gordon equation
on a globally hyperbolic stationary spacetime (M,g) with compact Cauchy hypersurface .
We endow H,,, with a natural inner product, so that Dy = %V z is a self-adjoint operator on
M, with discrete spectrum {A;(m)}. In earlier work, we proved a Weyl law for the number

of eigenvalues A;(m) in an interval for fixed mass m. In this sequel, we prove a Weyl law

along ‘ladders’ {(m,A;(m) : m € R,} such that w ~ py as m — oo. More precisely, we

given an asymptotic formula as m — oo for the counting function N, c(m) = #{j | % €

[v- S, v+ E]} for C > 0. The asymptotics are determined from the dynamics of the Killing

m’ m

flow €' on the hypersurface N, in the space N7 of mass 1 geodesics v where (¥, Z) = v. The

method is to treat m as a semi-classical parameter A~! and employ techniques of homogeneous
quantization.

In a recent article [SZ18|, the authors introduced a generalization of the Gutzwiller-Duister-
maat-Guillemin trace formula and Weyl law on a globally hyperbolic, stationary spacetime
(M, g) of dimension n with compact Cauchy hypersurface 3. The trace formula was for the
trace Tre'?|en, of the translation operator e’ by the flow of the timelike Killing vector
field Z on the space kerd, of null-solutions of the Klein-Gordon operator O,. To define
the trace, a Hilbert space structure is introduced on kerdy, and the trace is expressed as
an integral over X of a spacelike (n — 1)-form constructed from the solution operator E of
the Cauchy problem. One of the principal ingredients was the description of E as a Fourier
integral operator in [DH72, Theorem 6.5.3 and Theorem 6.6.1]. A second principal ingredient
was the calculation by Duistermaat-Guillemin [DG75] of the trace Tr expitv/~A of the wave
group of a compact Riemannian manifold (X, k) using the symbol calculus of Fourier integral
operators. The authors of [DH72] write that one motivation for their article was to clarify the
nature of ‘propagators’ in relativistic quantum mechanics, and their article has since become
foundational for quantum field theory on a curved spacetime. The relativistic trace formula
of [SZ18| grew naturally from the combination of results of [DH72,DG75|, and suggests that
much of spectral asymptotics in non-relativistic quantum mechanics has a generalizations to
globally hyperbolic, stationary spacetimes.

The present article is a continuation of [SZ18§], still in the setting of a globally hyperbolic,
stationary spacetime (M, g) (time-oriented and oriented) of dimension n > 2 with compact
Cauchy hypersurface Y. In [SZ1§|, the spectral problem was that of Dy = %VZ in kerd,, or
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2 ALEXANDER STROHMAIER AND STEVE ZELDITCH

more generally the kernel of Oy + V" where V' is a D z-invariant potential V. In this article, we
fix V' =m? (the mass squared), and study the spectrum of Dy in the kernel

H™) = ker(g, + m?), (1)

of the Klein-Gordon operator
1 )
Dg = —m@l (\/ |g|g1k(9k) .

In Section , we equip H(™ with an energy inner product (Definition so that becomes
a Hilbert space when m # 0.

The main idea of this article is to treat m as a semi-classical parameter, so that in effect we
study the semi-classical Klein-Gordon operator m=2 0O, +1 in the semi-classical limit m — oo.
Although it is rather obvious that m™' is formally analogous to the Planck constant A in a
non-relativistic Schrodinger operator, we have not found prior studies of semi-classical mass
asymptotics for the Klein - Gordon operator. Equivalently, since [0y, D] = 0, we are studying
the joint spectrum {(m?,A\;(m))} of (0,4, Dyz), i.e.

(gy +m?)u =0,

(2)
Dyu=Mu

in the spirit of equivariant spectral asymptotics. Since Dy is first order, we reparametrize the
joint spectrum as {(m, A\;(m)), m € R}, and study the parametrized eigenvalues m — \;(m)

as m — 0o, A\j(m) — oo in such a way that 2:0m) tends to a limit value v € R. Following [GS82],
we refer to such pairs as a ‘ray’ or ‘ladder’ L, in the joint spectrum. As is pointed out in
[GU8Y|, ladder asymptotics can be used to obtain semi-classical asymptotics, and that is our
purpose in this article.

The basic goal is to determine the asymptotics as m — oo of the mass-semi-classical Weyl
eigenvalue counting function,

Nyc(m) =4{j |

where C' > 0 is a given constant. Theorem gives asymptotics as m — oo of these Weyl
spectral functions. To study this sharp counting functipn, we first smooth out the indicator
function 1j_¢ ) to a Schwartz function ¢ € S(R) with 1 € C5°(R) and form,

N, y(m) = Z¢(A](m) -vm). (4)

JeL

M) 2,0 Cyy (3)

m m m

The asymptotics of this smoothed Weyl function are determined in Theorem [I.2] and the
asymptotics of are determined in Theorem

We view the eigenvalues of D, on H,, as ‘energy levels’ of a mass m free particle. In special
relativity the energy of particle is the time component of its 4-momentum. Here we view the
classical energy F of a mass m geodesic v as the constant value (Z,), which plays the role
of the time component of its 4-momentum. Mass semi-classical asymptotics determines how
Klein-Gordon particles scale at large energies when the mass m and energy E are scaled in the
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same way. Having a fixed ratio % intuitively means roughly that the velocity of the particle
is fixed while letting m, ' — oo. This is explained in detail in Section

The study of the joint spectrum of (0,4, Dz) may seem reminiscent of the study of the
joint spectrum of the Laplacian A, and a Killing vector field Z on a compact manifold
(X,h), e.g. the Laplacian on a surface of revolution. Among the many articles studying
equivariant spectral asymptotics and its applications to semi-classical asymptotics, the article
[GU8Y| is most relevant to our results and we refer there for references to the literature. The
equations seem formally analogous to (A + A?)u =0,Dz = Au in L2(X,dV},), but there is
a fundamental difference in the way that we treat the joint spectral problem: as in [SZ18], we
do not study the joint spectrum on L?(M,dV’), but rather endow with its own Hilbertian
inner product (Definition in Section [3). Hence a ‘ladder’ in the joint spectrum involves
the spectrum of D in the one-parameter family of Hilbert spaces. Since this type of joint
spectral problem is non-standard even in the case of product (‘ultra-static’) spacetimes, we
include a short Section [12|to explain what it boils down to in the (rather trivial) product case.

0.1. Homogenizing and discretizing the m parameter. To deal with the one-parameter
family of Hilbert spaces as m — oo, we construct the globally hyperbolic stationary space-
time
(V,9) = (M, g) x S,

where S1. = R/TZ, and where we take the semi-Riemannian product of the Lorentzian manifold
(M, g) with S1.. The circle factor S! is spacelike, so that the metric § = g® (d6?) is Lorentzian
of signature (-1,+1,...,+1), and has the compact Cauchy hypersurface 3 x S%.. The group
R x S. acts by isometries, where R acts by the Killing flow e# and S} acts on the SL factor.
The eigenvalues of Dy are my, = Q%k with k € Z. Since T is arbitrary we essentially obtain all
mass parameter values, and since we are interested in ladders, little is lost by the discretization.

Notational Conventions To avoid cluttering up the notation, we usually assume that T = 27
and write S! for S =S . We often use the notation C,, for any purely dimensional constant
that may vary in each occurrence.

When it could be confusing whether a point ¢ lies in T*M or T*M , we use the notation
¢ = (z,&) for the former and ¢ = (7, &) for the latter. When there is no possibility of confusion,
we drop the tilde’s. In homogeneous quantization, one often deletes the zero section of a
cotangent bundle and works on 7% M = T M\0.

Our signature convention is (—,+,--,+) but O, is minus the Lorentzian Laplacian. The
Minkowski metric is thus —-dt* + 3, dx? and its Klein-Gordon operator is g—; - A +m?2. Note
that —A is a positive operator, and that the mass term m? is positive, so that the semi-classical
symbol —72 + [£]? + m? has zeros on the two-sheeted mass hyperboloid (bundle) 72 = |£[> + m?2.

Finally, we use the term Liouville measure for general surface measures p; induced by
the symplectic volume measure 2 on co-isotropic submanifolds defined by some Poisson-
commuting functions. In the case of a hypersurface {H = E} in a symplectic manifold,
the Liouville measure is given by pr = 25|g-p. It satisfies, u,({H = E} = ;=Volo({H <
E}). For a co-dimension two surface {f; = E1, fo = Es}, the Liouville measure is given by
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Wi f1=E1,f2=E2) = ﬁ| f1=E1,fo-F,- 10 avoid excessive subscripts, we often denote the Liouville
(or, Leray) measure on a manifold Y by uy.

0.2. Quantum ladders. We define the null-space of the wave operator O = Oy of (]\7 .9,
~ 2
O=0,- 25,

2

0
—%)ﬁoma (5)

i.e. the space of smooth solutions. Following [SZ18|, we endow in Sectionthe space of smooth
solutions ker @ n C> with a positive semi-definite quadratic form with finite dimensional null-
space and define Hx g as the completion in the associated topology. This therefore defines a
notion of a trace Try, . We are interested in the joint spectrum of R x S1. on the null-space
(B), where R acts by the Killing flow €' and S1 acts on the S} factor. The results of [SZ18]
apply directly to the spectrum of Dy or Dy in , and in particular imply that the spectrum
of the R x S1, action on ker is discrete and consists of pairs {my, \;(my)} with my = 25k (see
Theorem (3.4)).

Under the S! action, splits up into Fourier modes of S! (i.e. the eigenspaces of Dy in

),

My :=kerOn C* = ker(O,

%KG: %Hgg, Hg?g = HKGO{D9=TTL}, (6)
A ‘ladder subspace’ of (@ is, ro:ghly speaking, defined as the kernel,
He,“ =" {ueHge| Pu=0}. (7)
of the operator,
P,:=D, -vD,. (8)

Since the eigenvalues generally do not intersect lines through the origin this heuristic definition
is not literally correct and only provides intuition. The precise definition is that the joint
eigenvalues {(m, A;(m)} lie in a strip (or thickening) of the ray {(m,\) | A = vm}. To make
this precise, we introduce real valued test functions ¢ with Ve C§° and define the the ‘fuzzy’
ladder subspace to be the range of the operator

HWZJ = w(DZ—I/Dg) 1HKg—>HKg. (9)

The spectral problem is then to find the distribution of eigenvalues of Dy in a ladder. The
notion of a fuzzy ladder is due to Guillemin-Uribe |[GU89| in the compact elliptic setting. We
will see that our results have many overlaps, and also significant differences, with |[GU89].

Remark 0.1. In [SZ18], the authors studied the distribution of eigenvalues of D in a fixed
Klein-Gordon space . In terms of ladders, the mass m is fixed, and if we think of m
as the vertical axis, the corresponding ladder is horizontal. Horizontal ladders do not fit
well with ladder notation. If we replace by puDyz — Dy, then a horizontal ladder cutoff
would correspond to = 0 and (Dy) can be thought of as localizing around m = 0 in the
spectrum of Dy. Since we assume that v € C§(R), it requires Tauberian theorems to make
such localizations.
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0.3. Generating functions and their singularities. To find the asymptotics as m — oo
of and then (3)), we form the generating functions,

Tz(/ylizi(s) = Zm,jEZ ¢()\](m) — my)eims7
’ (10)
T(Vi;f(s) = Zm,jeZ ¢(>\] (m) - my)ei)\j(m)s_
The Weyl functions are essentially the Fourier coefficients of these generating functions in
the decomposition @ More precisely, Tﬁz is the Fourier transform of the periodic ladder
spectral function,
1

JEL,mEL

and Tl(i)b is the Fourier transform of the ladder spectral function,

ANog() = T 60 (m) = vm)o - Xy (m)). (12)
Jj,yme
To determine the behavior of as m — oo, it suffices to determine the singularities at s =0
of these generating functions.
The Weyl asymptotics of follows from a singularity analysis of by a Fourier Taube-
rian theorem. The results are reminiscent of the ladder asymptotics of Guillemin-Uribe |[GUS89|
in the compact elliptic setting, and as they explain, the singularities of T; » Tesp. Ti ,» atb

s =0 are essentially the same. In fact, it is simpler to use Tl% and only sum over m > 0. The
sum is then a Hardy distribution, and as in [GU89, Section 7] one can easily determine the
large m asymptotics from the singularities by matching periodic distributions on S*.

0.4. Classical ladders. It is well-known in spectral asymptotics that the singularities of
are controlled by an underlying classical Hamiltonian dynamical system. We need to
define it before stating our main results. More details will be given in Section

The characteristic variety of @ is the null-cone bundle,

Char(8) = Ty M = {(#,£) e T*M | §(£,€) = 0}, (13)
where G(€,€) is the Lorentzian inner product of M. The quotient of Char(8) by the (null)
geodesic flow Gt : T*M — T*M is the symplectic cone,

N = Char(8)/ ~= T; M, (14)
which is called the space of scaled null-geodesics of (]T[ ,g)- The space Nis a disjoint union
N = N, uN_ of future and past directed scaled null-geodesics. In [SZ18, Section 2.1] it is
shown to be a homogeneous (i.e. conic) symplectic manifold, and it is explained that N is
the symplectic cone of dimension 2n corresponding to the Hilbert space Hx¢ in the sense of

geometric quantization. .
The R x ST action lifts to T*M as a Hamiltonian action with classical moment map

P - B2, P(E.8) = (€,2).(6, 5. (15)
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For notational simplicity, we set
0

pZ(jvé) = (gaZ>7 p@(iag) = (é?%)

We also denote the Hamilton vector field of a function f (on any cotangent bundle or sym-
plectic manifold) by H; and we denote its Hamiltonian flow by exptH.
Given v € R,, the principal symbol of is the Hamiltonian

pl/(j;ag) =pz(f,g)—upg(55,§~). (16)

Definition 0.2. T~he Classical ladder L, is the double characteristic variety DChar, = Char(3, P,),
i.e. the set of (Z,£) € T*M such that

39(£,€) =0,

pu(%,€) = 0.
We assume throughout that (M, g) is a standard stationary spacetime, so that we may
choose a Cauchy hypersurface ¥ of M and represent M = R x ¥ with Z = % (see Section

2)). We let coordinates (¢,x,0) be corresponding coordinates on M x ST ~R x ¥ x St and let

(1,&,0) be the dual symplectic coordinates. As explained in more detail in Sections 1'
pz(t,x,0,7,&,0) =T, pg = 0. The equations of the double characteristic variety are then,

(i) 9((7,€),(7,£)) +0* =0,
(17)

(it) T-vo=0.
Thus, o plays the role of the mass parameter.

Definition 0.3. We say that v is admissible if 0 is in the range of p, on N and is a regular
value.

Criteria for admissibility in terms of Killing horizons are given in Section [2.4]

In Theorems [L1] and [L.2] we assume that v is admissible in the sense of Definition [0.3]
To understand this condition, we use the equations to eliminate ¢ and find that DChar,
corresponds to points of T*M satisfying

9((7,6), (7.)) +v7*7° = 0. (18)

As will be proved in Proposition the projection of DChar, to M equals set of M
where Z - V% is spacelike, and thus is bounded by the Killing horizon. It follows that DChar,
is empty if v is such that Z — u% is nowhere spacelike. For instance, if M =R x X is a product
spacetime with metric —dt? + h, then the equation states that [£]2 = (1 - »~2)72, which has no
solutions unless v > 1.

To obtain a Hamiltonian flow on a symplectic manifold, we reduce the classical ladder.
Since pz, py are constant on orbits of the geodesic flow, the moment map is well defined as a
map on , and defines a reduced moment map,

Py N > R2 (19)
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Definition 0.4. A reduced classical ladder L, is the co-isotropic submanifold,
L,={(2,6) e N |p,(8,6) = 0} = P {(vo,0)) | o € R, }. (20)

L, is a conic hypersurface of N whose null-foliation is given by orbits of the Hamiltonian

flow of p, on the symplectic manifold N

0.5. The governing dynamical system. As mentioned above, the singularities of
correspond to periods s of a Hamiltonian flow on a symplectic manifold. We say that this
Hamiltonian system ‘controls’ the singularities of . The flow for massive ladders is obtained
by reducing the joint Hamiltonian flow of pz, py on N with respect to o = 1. For the massless
ladder it is obtained by reducing with respect to o = 0. Setting o = 1 is arbitrary, reflecting the
fact that taking the product M = M x S is an artifice whose purpose is simply to homogenize
the semi-classical theory. Reducing with respect to o = 1 is one way to de-homogenize the
theory. Since we will set p, =0 , setting o = 1 is equivalent to setting pz =v in T* M.

First let us consider the reduced symplectic manifold obtained from by setting pg =0 =1
in A and quotienting it by the Hamiltonian S! action. This of course un-does the product
with S! that converts M to M; the quotient depends on the level o = 1. Evidently, the
reduction of the equations in T* M gives,

() 9((1,6),(7,€)) = -1,

(ZZ) Pz =T=U.

The first equation defines the unit ‘hyperboloid bundle’ of T*M (see Section . The
second equation gives a ‘time-slice of each cotangent space hyperboloid, selecting out a ‘sphere’
in each cotangent space. We note that py is constant on G*-orbits in the hyperboloid bundle,
so it descends to the quotient,

Ni={(z,§) e T"M | g(&,€) = -1}/ ~, (22)

where ~ is the equivalent relation of lying on the same orbit of the geodesic flow.

(21)

Definition 0.5. Let v be admissible in the sense of Definition |0.3] The governing dynamical
system for is the Killing flow of €4 on the level set

M (v) ={pz =v}c M. (23)

Remark 0.6. In the massless case of [SZ18|, the governing dynamical system is the Hamil-
tonian flow €4 of p; on the conic symplectic manifold N of null geodesics. Since py is
homogeneous, its Hamiltonian flow has the same periods on all non-zero level sets. In this
case the classical dynamical system can be shown to be equivalent to a magnetic flow (see for
example [SZ20] for a discussion of this).

We introduce the following notation for volume forms.

Definition 0.7. As in the notational introduction, we denote by €2 the symplectic volume
form of a symplectic manifold. Given a Hamiltonian H we denote by up = % the Liouville
volume form on a level set of H; we also denote it by py-1y when we need to specify the
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relevant manifold. Thus, Qy, denotes the symplectic volume form of Ny, and jun, () denote
Liouville measure on the set N(v).

The Liouville measure of Ni(v) can be computed explicitly for a standard spacetime. When
v is a regular value of py, it is given by

i W) =Vol(S101) [ e

The derivation of this formula can be found in the proof of Prop. [2.5]

n-3
2

(V2= (N?=[8[2)),” dVoly, (24)

0.6. Physical interpretation of the governing dynamical system. Propagation of
light and of particles at extremely high energy follows the rules of geometrical optics on
spacetimes in the sense that singularities travel on lightlike geodesics. In this sense the natural
dynamical system associated with the high energy limit of [SZ18] was the dynamics on the
space of lightlike geodesics. Here the ladder theory corresponds to increasing the energy at
the same time as the mass and keeping the ratio between mass and energy at a fixed rate v.
This amounts to fixing the ratio between energy and momentum. One therefore ends up with
a dynamical system on a space of timelike geodesics, thus corresponding to the dynamics of
particles traveling at less than the speed of light in the gravitational field. The parameter
v plays as similar role as the famous Lorentz factor (1 - UQ)_% does in Minkowski spacetime
(here units are chosen so that the speed of light ¢ equals 1). To see this in a general stationary
spacetime assume that we have a metric of the form g = —N2dt? + h;;j(dz? + fidt)(da’ + p7dt)
as in (28) (see Section |2/ for details) with a Lapse function NV and a shift vector field 8. Now
assume that (t) is a timelike geodesic in M corresponding to the dynamics in N(v), i.e.
with the property that g(3+(t), $~(t)) = -1 and such that g(Z, $£~(t)) = v. If we fix the
mass m to be one then the covector {(¢) associated to $+(t) corresponds to the relativistic
momentum of the particle: in local coordinates this momentum has the energy as its time
component and the momentum as its spatial component. If we choose a local orthonormal
frame that identifies the tangent space at a point x € M with Minkowski space so that the
Killing vector Z is given at x by the vector \/N? —|3[20,,, then such a geodesic will have

relativistic momentum with ¢y-component equal to v(N2-|5 |i)‘% and with spatial component
of length |, /N%TIBP — 1. Therefore in this frame the spacelike component of the speed is
h

¢ﬂW4mﬁ4;¢kmmm9
V(N2 = [5}) 2 v

VAN -1B];
V1-12
Note that the speed is not constant since the particle moves in a gravitational field, but v is a

conserved quantity and has frame-independent meaning once Z is fixed. In the product case
we have N =1 and 8 =0 and this reduces to the Lorentz factor.

v(t) =

9

and thus,
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1. STATEMENT OF RESULTS

Our goal is to determine the singularity at s = 0 of Tl%(s), and to apply the result to prove
a Weyl law for the joint spectrum along the ray. By elaborating the techniques, we could
develop the theory as in [SZ18] to prove a Gutzwiller formula giving the singularities of the
trace at non-zero s in terms of periods of periodic orbits of the governing Hamiltonian flow
of Section |0.5 However, we do not give the details of the calculations of the singularities at
s # 0 for the sake of expository brevity. Henceforth we redefine as a Hardy distribution,

T (5) = 3 S w((m) —m)e™ = Tr g I, e, (25)

m=0 jeZ
where II, is the spectral projection of Dy onto the non-negative part of the spectrum. Then
up to a constant ¢ = ¥ ;71 (A;(0)) the real part of 2T equals T, The singularities of
Tgl) thus determine the singularities of T(1). We show that TSI) is a polyhomogeneous Hardy

distribution with a co-normal singularity at s =0, i.e. it has a singularity expansion as a sum
of model periodic distributions defined by the Fourier series (cf. |[GU89, Lemma 7.1])

bk(S;CL)) — Z mkw—meims’
m=0
where w € S1. In general the w arise as holonomies corresponding to singularities at s # 0. For

the singularity at s =0, w = 1 and the singularity is the same as for the model homogeneous
distributions g (s) on R, defined by the oscillatory integrals (cf. [GS77,GU89)|)

,uk(s)zf e Trkdr.
0

Theorem 1.1. Let (M, g) be a spatially compact stationary globally hyperbolic spacetime with
dim M = n, with timelike Killing vector field Z, let v be admissible in the sense of Definition

. Let 1 € S(R) with ¢ € C¢*(R). Then the singular support of Tfrlzw(s) is contained in the
set {seR|3s’ € P, nsupp (ﬂ), s—vs' € 2n}, where P, is the set of periods of periodic orbits
of eZ on N1(v). In case suppt) c (-n/v,w[v) the distribution T513¢(S) = Troyy o 11, 11, el5Pe
is a Hardy distribution on S' with a conormal singularity at s =0. That is,

1

TL00(5) = €0 () + Pos(5)
where po.,4(s) s a distribution that is smooth near 0, and eg,, () is a Lagrangian distribution
with singularity at s =0 of the form
Cow(5) ~ (20) ™ i )y N1 (1) (0Dt (5) + 1 (v, ) pan-s(s) + ..,

where puy, is the Liouville measure on N1(v) (see Definition[0.5).

There is very similar statement for Tl(i?)(s).
Dually, we obtain an asymptotic expansion for smoothed ladder Weyl spectral functions.

Theorem 1.2. Let (M,g) satisfy the assumptions of Theorem . Let {\j(m)}52, be the
eigenvalues of Dz in H,, (1), and let v be admissible. Let ¢ € S(R) with ) e C(R) of
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sufficiently small support around s =0 so that no other periods of periodic orbits of es? on N
lie in its support. Then, there exists a complete asymptotic expansion as m — oo,

Ny (m) =m" 23" a(v,4p)m™,
k=0

where ag(v,1) = (27) 71 (0) s oy (N ().

Theorem is deduced from Theorem using a Hardy-Fourier Tauberian argument,
[GU89, Section 7]. For the corresponding compact elliptic case, see [GU89, Lemma 7.1-
Corollary 7.2].

The sharp Weyl law for the the counting function (3| of the ladder H, states:

Theorem 1.3. With the same notation and assumptions as in Theorem [1.2, assume in ad-
dition that the closed orbits of the Killing flow on are non-degenerate. Then the sharp
Weyl function admits the asymptotic expansion,

Nyc(m) = 20(27) ™ g oy (N (v)) ™2 + 0(m2),
as m — oQ.

In fact, as in [DG75, Lemma 3.3], the hypothesis of non-degeneracy may be weakened to the
statement that the fixed point sets of the Killing flow et on Ni(v) for ¢ # 0 are of Liouville
measure zero. The need for such an hypothesis is illustrated in the product case in Section
[12] where the spectral problem coincides with the one studied in [DG75]. When the Hamilton
flow is periodic, the ladder eigenvalues {\;(m)}c°_; cluster along an arithmetic progression
(depending on m), and one does not have two-term Weyl asymptotics. This phenomenon is
well-known in spectral asymptotics and is discussed for compact elliptic ladder asymptotics
on [GURY, page 420]. The sharp Weyl result is deduced from Theorem by a Tauberian
theorem as in [BrU91, Theorem 3.2]. To prove it, we will need a slight extension of Theorem

, where we remove the assumption on supp .

Lemma 1.4. With the same notation as in Theorem|1.4, assume that the set of periodic orbits
of €% of period t + 0 on have measure zero. Let ¢ € S(R) with ¢ € C*(R). Then,

N, (m) =m™ 2ag(v,9) + o(m"?).

Remark 1.5. The Weyl asymptotics are consistent with the elementary product case .
They are referred to as ‘differentiated Weyl laws’ in spectral asymptotics, because they count
eigenvalues in short intervals. For this reason, the order of the singularity in Lemma [1.1] and
the order of growth of eigenvalues in Theorem differ by 1 from the orders in the massless
case of [SZ18]. As mentioned above, the trace asymptotics of [SZ18] correspond to horizontal
ladders, while the techniques of this paper require that 0 < v < oo.

1.1. Relation to compact elliptic ladder asymptotics. As mentioned above, Theorem
is not simply the ladder asymptotics of [GU89| transported to the Lorentzian setting,
because Hye is not an L? subspace of L2(M,dV;), and there does not exist an orthogonal
projection from the latter to the former. In Section [12] we specialize the results to the case of
product spacetimes in order to clarify the nature of the results in this special case and to tie
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together the traces on the Hilbert spaces with the compact elliptic ladder asymptotics
as in [GUSY|, as well as with traditional semi-classical asymptotics.

Let us explain the analogies between objects of this article and objects in |[GU89|. The
Hilbert space corresponds to the homogeneous symplectic manifold . Since is the
entire Hilbert space in our spectral problem, it plays the role of L?(X) in [GU89|. Hence
N plays the role of T*X in that article. As mentioned above, generates a Hamiltonian
R x S! action on M. Formally, the ladder Hilbert space corresponds to the quotient,

Ny :{CeN:p,(¢) =0}/ ~, (26)
where ~ is the equivalence relation of belonging to the same orbit of the Hamiltonian flow
etZe 5 of pu. We reduce this Hamiltonian system by setting o = 1 on N, and dividing by
the St action, reducing to the Hamiltonian flow e*# acting on the set {pz = v} ¢ Ny (22).

In Section [2.3] we show that there exists a symplectic quotient for this action due to global
hyperbolicity of the spacetime.

Remark 1.6. Since there exists a fibration of { € N: p,(¢) =0} > N, there exists an algebra
(denoted Ry in [GST79]) of Fourier integral operators associated to this null foliation in the
sense of [GS79]. However, the result of [GS79, Proposition 4.1] on existence of projections Ry,
is false in our setting (where the fibers are non-compact).

We defined the governing dynamical system in Section [0.5] Let us compare this flow with
the ‘governing Hamiltonian flow’ in [GUS8Y|, especially in its applications to semi-classical
Schrodinger operators. In place of of this article, the R x S action in |[GU89] is generated
by a positive elliptic operator P of order 1 and the same D, as in the present article. In
the semi-classical application, one has Riemannian manifold N and defines M = N x S1. Let
P =\/-Ay+VDj where V is the potential. Denote by a = o, the generator of the S* action.
Let {f;} be the Hamiltonian flow of the principal symbol p of P. Then the governing flow of
[GU8Y| is the reduction of f; on the co-isotropic submanifold p = E/,a = 1. More precisely, let
Z=a'(1) and B=Z7/S', and let 7 : Z - B be the natural projection, and let p'e C*(B) be
the reduced symbol. Let {¢;} be the Hamilton flow of 7 on B. The closed trajectories of ¢,
on p = E determine the singularities of Y. Since Z = T*N x {¢ = 1}, Z/S* = T*N, and the
governing flow is that of H =[¢|?+V on {H = E?}.

As explained above, in this article, A replaces T*(N x S1). We set 0 = 1 in A and divide
to get Ni. We then set p; = v on N; and study the Hamiltonian flow e*4 on this level set,
analogously to the Hamiltonian flow on {H = E'} in the compact elliptic setting.

1.2. Semi-classical heuristics. It would be natural to work semi-classically throughout
rather than taking the product with S and working homogeneously, which is rather arti-
ficial. To do this, one would need a semi-classical parametrix for the Green’s functions of
O+ m? (see Section ) Such a parametrix exists on Minkowski space, but to our knowledge
it has not been generalized to general stationary spacetimes. Perhaps for this reason, the
physical interpretation of high mass asymptotics has not been developed. In some sense, the
semi-classical parametrix is defined implicitly in this article as a Fourier coefficient of the
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homogeneous parametrix on M. We hope to develop this theory further in a later article.
The strategy of studying semi-classical asymptotics on M by using homogeneous asymptotics
on M x St was first used in [GU89].

Although we homogenized the ladder asymptotics problem in Section [0.1] it is useful to
keep in mind the corresponding objects in the semi-classical, non-homogeneous, picture with
large parameter m. The Klein-Gordon operator m=2 0, +1 on M has semi-classical symbol
-g(£,€)+1, and the semi-classical characteristic variety is the unit mass hyperboloid (bundle)
g(&,€) =1 (see Section [2.2]) We denote its quotient by the (massive) geodesic flow by Nj.

The semi-classical symbol of m=1Dy is pz(x, &) = (£, Z) as above. Weyl asymptotics concerns
the distribution of the eigenvalues A;j(m) with m=t);(m) ~ v, which corresponds to the level
set pz = v on the quotient N;. Note that the homogeneous approach gives the same governing
Hamiltonian flow.

1.3. Organization. In Section [2| we review the geometry of globally hyperbolic stationary
spacetimes from a more ‘global geometric’ view than in [SZ18|. This will prove useful when
we analyze the symplectic geometry of the null geodesics of M = M x S and the symplectic
reduction in Sections In Section [4] we review the existence of advanced/retarded
Green’s functions for the Klein-Gordon equation on M = M x S1 and the Hilbert space inner
product (Definition|3.1]), on H ¢, which does not differ in any essential way from the discussion
in [SZ1§|. In Sectio we discuss the quantum ladder subspaces H,,,, in relation to symplectic
reduction. Using this material, we prove Theorem [I.1]in Section[5.I} We then derive Theorem
in Section [I0] In Section [I1] we prove Theorem In Section [12] we specialize to product
spacetimes to compare the result with standard Weyl asymptotics.

2. GEOMETRY OF GLOBALLY HYPERBOLIC STATIONARY SPACETIMES

In this section, we briefly review the geometry of globally hyperbolic stationary spacetimes.
Lorentzian manifolds with a complete timelike Killing vector field are called stationary. If
(M, g) is a stationary globally hyperbolic spacetime then (cf. [SZ18])

(M,g):(RxZ,—(N2—|77|?L)dt2+dt®77+n®dt+h), (27)

where (X, h) is a Riemannian manifold, N : ¥ -— R, is a positive smooth function, and n a
a covector field on X. In this case 0, is a Killing vector field. Such stationary spacetimes
are sometimes referred to as standard stationary spacetimes. If (M, g) is a spatially compact
stationary globally hyperbolic spacetime then (M, g) isometric to a product R x 3 with metric
. It is sometimes convenient to write this metric in the form

g=-N2t* + hy;(dz’ + Bidt) (da? + pdt), (28)

where [ (the shift vector field) is the vector field obtained from 7 by identifying vectors with
covectors using h the above metric, i.e. 8% = h¥n; in local coordinates. The coefficients are
independent of ¢ so that the vector field Z = % is a timelike Killing vector field.

We define IC = M /R to be the space of Killing orbits, i.e. the quotient of M by the R action
defined by e*4. We thus have an R-principal bundle

T M- K
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whose fibers are Killing orbits [x] := {e!? -z | t e R}. A model for K is obtained by choosing a
cross section to the Killing flow, and by definition any Cauchy hypersurface > defines such a
cross section. A globally hyperbolic spacetime will be called spatially compact if there exists a
compact Cauchy surface. In this case all Cauchy surfaces will be compact. Restriction of the
the projection M — K to ¥ gives a diffeomorphism ¥ ~ IC. Thus, we obtain an identification
of a product decomposition R x ¥ with R x K. In terms of any choice of Cauchy hypersurface;
we may also view the product decomposition as R x K, namely the R fiber bundle 7 : M — K
is a product bundle.

As in the presentation of Cortier-Minerbe [CM16], the orthogonal distributions to the fibers
determine a connection 1-form © for which ©(Z) =1, L0 = 0. The metric g on the horizontal
spaces ker © induces a metric gc on K. Define u by u? = —g(Z, Z). It is constant along the
fibers (Killing orbits), hence defines a function on K. The spacetime metric is then:

g=-u*O®0O +7rgr, u?=-9(Z, 7). (29)

Indeed, by definition, g and —u?2©®O+7* g agree on Z. Moreover they agree on the orthogonal
complement to Z. Hence they agree on all vectors. .
For M = M x S! as above, § = g + d#?, so the standard metric on M has the form,

G =-N2dt* + h;;(da’ + Bidt) (da? + B7dt) + do>. (30)

2.1. Null geodesics. Since (M , ) is the product of a Lorentzian space M and a Riemannian
space S1, its geodesic flow is the product flow, G*(x,€,6,0) = (G*(x, £), G%.(0,0)) where G,
is the Hamiltonian flow on TS generated by ¢2. That is, the Hamiltonian generating the
product flow is ¢(z,t,&,7,60,0) == ¢.((1,€),(7,€")) - 02 and the Hamiltonian flow on T*M
is the product flow G* x G, on T*M x T*S*,

If (M 9) is globally hyperbolic and 3 a Cauchy surface then each element in N intersects
5 exactly once. The tangent (co-)vector of the geodesic is lightlike, and its pullback to 5

defines a covector in T*3. This defines a diffeomorphisms
Lo N %T*i, (31)

since, for each element 7 € T+3, there is precisely one lightlike future/past directed covector
& € T*M ~ 0 whose pull-back is 7. We quote the following result from [SZ18, Proposition 2.1]:

Proposition 2.1. If (]\A/f, q) is a globally hyperbolic spacetime then the symplectic structure
on N does not depend on the Cauchy surface, and for any Cauchy surface ¥ the map 15
a homogeneous symplectic diffeomorphism.

2.2. Moment maps. We return to Section |0.4] and continue the discussion there. There are
three commuting operators, 5 18 Dy Dyon M, Whose principal symbols are Poisson-commuting
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functions on T*M, given by
%O—Alj('%a g) = %é g = % Zi,j g”(x)ézgja
pZ(jaé):O-Dz(‘%vg):<g7Z>a (32)

pg(i’,g) =0D,y = <gv %)

They jointly define the moment map,
~ -1 - . .
P:T*M — R37 P(m7€) = (50'5((1?,5),O'DZ(LU,f)7p9(ZZ}',£)).

If we omit the first component we get the homogeneous moment map .

Both Z and % are Killing vector fields, but Z is timelike and % is spacelike. This moment
map is not homogeneous and it is better to reduce the dimension and define the degree one
homogeneous moment map of the Hamiltonian action of R x S* on A'. The Hamiltonian
flow of %(é ,€) on Char(8) is the null geodesic flow G*. We define the symplectic conic manifold
of null geodesics of M as the orbit space . We refer to [SZ18| Section 2.1] for proof that
it is symplectic. It inherits the conic structure from Char(d). On N we have the reduced

moment map ([19).

2.3. Ladder varieties, their projections and the Killing horizon. The characteristic
variety of O is

(I HyxS'x{o})N0cT*M,

oeR
where H, = {(z,t,&',7") e T*M : g, ((1,&),(7,£")) = =02} is the mass hyperboloid bundle in
T*M. The additional equation 7 = vo of L, pulls out one sphere

SOVV = {(‘Tag) €H, | T = VU}

in the o- hyperboloid. Thus, the double characteristic variety, the zero set of the map (%Uﬁ, D),
is

DChar, = (| S, x S* x {o}) N 0.

oeR

At the regular points of (%05, p,) we have the Liouville density ppchar, induced by this map.
The equations define a codimension two homogeneous co-isotropic submanifold of T+*M. The
purpose of this section is, first, to specify this submanifold more precisely for a standard
spacetime. Secondly, we determine its projection to M and compare it to the Killing horizon
of Z - y%. The projection may be viewed as the “classically allowed region” for our problem
and we determine its boundary. We assume the metrics are in standard form on M (see
Definition in coordinates (t,z,0) relative to a splitting M = Rx X x St = Rx ¥ as in
the previous section. We let 7,&, 0 be the dual symplectic coordinates, i.e. they pick out the
coefficients of dt,dz;,do in a covector df(¢,z,0). We denote by DChar, (6, 0) c T*M the slice
of DChar, where (0,0) is held fixed.
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A symplectic quotient of DChar, is obtained by setting o = 1 and dividing by the S* action,
and then dividing by the geodesic flow to obtain N (v) = {pz = mv} c N;. This hypersurface
also has a symplectic quotient since each mass 1 geodesic intersects X exactly once.

The projection of DChar,(s,0) is closely related to the set of points where the Lorentzian
norm of the Killing vector field Z —1/% vanishes. We will refer to this set as the Killing horizon

K.
Definition 2.2. The Killing horizon K of Z - I/% is the subset in R x M where ¢(Z, Z) = -1/2.
Lemma 2.3. The Killing horizon of Z — v is the product R x Ks(v) x S*, where
Ks(v) = {Il; = N* - v*}.
Proof. Consider (x,0) € Y and V e T(m’g)i. Then V' = (Viy, V') where Vyy € T,M, V" € TyS?
and g(V, V) = g(Var, Var) + [V 2. 0
The set _

A, ={(z,0) e | N*-|BZ > v?} (33)
is the set where Z — I/% is spacelike, and we give it the term ‘allowed region’ by analogy
with allowed regions {V < E'} for non-relativistic Schrédinger operators —h?A+ V. The region
where Z — y% is timelike plays the role of the ‘forbidden’ region.

We now determine DChar, in phase space. For any manifold X, let 7 : T*X — X be the
natural projection.

Proposition 2.4. In a standard spacetime, for fized (6,0), DChar, (0, 0) is the set of solutions
(t,x;7,&,0) of the equation,

(7= (8,)* - N*h7(£,€) - N?0* =0, 7=vo,
or equivalently,
(T(V? = N?) = (8, )v*)* = VN2 ((8,€)* + h71(&,€) (v* - N?)), 7 =vo,
and DChar, = U s)er+s1 DChar, (0,0) x {(8,0)}. The projection of DChar,(0,0) to M is the

set of points where Z — V% 15 spacelike. The boundary of the projection is the Killing
horizon.

Proof. Let H(t,z,0;7,&,0) denote the norm-square function & € T*M — §*(£,£) of the dual
co-metric metric g* on T*M. The dual co-metric has the form,

-1 8 0
Gl=NE| BT Nt-Bed o |,

0 0 N?
and a little bit of algebra gives,
H = -N-27242N27(B,6) + (b1 = N-28® B)(£,€) + 02

= -NZ2[(7-(8,6)*-(8,6)* - (N?h' = f@ 5)(&,§) - N?o?].
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hence the double characteristic variety is defined by

(7-(8,€))* - N2h71(&,€) - N20® = 0,

T =Vo.

Eliminating o by the second equation, as in , we get a constraint equation for (7,¢) €
T*M:

((v? = N?) = (B,§)r?)? = > N2 ((B,£)* + k(&) (v* = N?)), (34)
Obviously, a necessary condition that (¢,z,60;7,&,0) solve the equation is that (z,€) lies in
the following set,

(ﬁag)Z 2 2
Dy(v) = {(2,€) e T*% | 2505 (N2 - ,2)). 35
s (v) = {(,8) | (D) ( )} (35)
Since h(3,3) > = 1’(5 g for all ¢ # 0, the prOJectlon of Ds to ¥ lies in ([33). When Z - v5

is timelike, the orthogonal complement of Z — 1/% has empty intersection with the null cone
bundle. It follows that the projection of DChar, is contained in . Conversely, if (t,x,0) €
A, then £ = 5 € Dy. Hence, the projection equals .

Since the equations are independent of ¢, ¥DChar, is the set R x Dy (v) x S1. For (z,¢) €
Ds;(v), there exist two solutions (¢,x,7,&) € DChar,(s,0) (with multiplicity) of the defining
equation in Lemma and DChar, is the union over Dy (v) x S x R of the pair of solutions
times {(6,v7'7)}.

0

The reduction DChar, with respect to the Hamiltonian flow of oz and further reduction of
the level set o = m gives the level set 7 =vm on N,, and therefore N,,(v).

Proposition 2.5. The Liouville measure i of the level set T—vo=0 N, is given by

= (N 0) = 2Vol(S2) | e (0= (N2 - 152) 7 vl
Proof. We first remark that reduction with respect to the Hamiltonian flow of %O’ﬁ can be
achieved by choosing T*Y as a cross section. The level o = m and further reduction shows
that N, can be identified with H,,|s, x {1} x {m} c T*M|s..

We compute the volume over a point in R x ¥ x ST with respect to Riemann normal coordi-
nates y on Y, so that h at this point is the identity matrix. We can choose these coordinates
in such a way that dy;(8) = 8|, and dy,(8) = 0 for &k > 1. We denote the coordinates of
a covector in T*¥ in this coordinate system by (£1,£,), where &, = (&,...,&,-1). Inserting
T =vm+ q in the equation for the unit hyperboloid bundle we obtain

(vm+q-[Bln&1)" = N?6* + N?0® = N6 + N + N*m?
A little bit of algebra gives

2 2,2
(51 + —'%':‘[(2’/_”%2(1)) (N2 - 1B[p) + N*€% = S
h

N IR ((v+q/m)* = (N*~|B[)).
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which defines a distorted ellipsoid of volume
Nmn1 n-l

5 r (v +a/m)* = (N~ 18)) 7,

(N2 -1B[7)>

taking the derivative in ¢ gives

Nm"=2(v +q/m)
(N2~ |8]7)?

which yields the claimed formula for ¢ = 0. Setting m = 1 gives the Liouville measure for

Nl(V). ]

VOl(Bn,l)

n-3
2

Vol(Sn_1) ((v+q/m)*=(N*=18[2)) *

We close this section with the following observation:

Lemma 2.6. If K is reqular and (t z,0) € K then (t,x,0, 7 - vZ) e DChar,. Hence, N*(K)

is a Lagrangian submanifold of T*M contained in DChar,,.

89)

Proof. If (t,z,0) € K, then by definition, identifying covectors and vectors using the metric
(t,2,0,Z - vZ) e Char(8). Also, if (t ,0) € K then p,(Z - ve) = ((Z v, (Z - Vae))

Since K has codimension one in M, {(t,z,0,7(Z - vE)): (t,z,0) € K,reR} = N*(K) is a
Lagrangian submanifold of T’ *M contained in DChar,. 0]

2.4. Admissibility. We now give equivalent criteria for admissibility in the sense of Defini-

tion [0.3]

Proposition 2.7. v is admissible unless v =+/N? —|5? at a point x € ¥ where d(N? —|5]?) =

0. In particular, if v > maxges\/N? —|5J%, then v is admissible and Z — V% 15 everywhere
spacelike.

Proof. Setting o =1 in DChar produces the equation for N; ¢ T*M:
(7-(8,6)*=N*(h1(&,€) +1) = 7=(8,6) = N/ (h1(£,€) +1).

This equation is independent of ¢ and we may regard it as an equation on 7*>. Hence we
would like levels v and find (x,&) such 7 = v and that

dr=d(B3,8) £ d[NV(h1(&,§) +1)] =
Take the derivative in ¢ first, a necessary condition is,

gl NAMNEH o NMNO B, i

V(€ €) +1) (h1(€,6) +1) N (h1(€,6) +1)

For G(x) # 0, there exist two distinct solutions in £. We claim that the solution in the future
sheet is,

_ h’(ﬁa) :ﬁ_
NYE N
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. -1 _ N .
One has the corresponding values /A 1(£,£) +1 = NiEEEE and the value of 7 in the future

pointing sheet is,

It is the minimum value of 7 on the forward sheet, and this fiber-wise critical point exists and
is unique (on the forward sheet) for all (t,z) € M. It follows that, if v > max,cs\/N? - |5)?,
then v is a regular value.

We have not yet considered derivatives in x, so that these values of 7, are only necessary
conditions for a critical point. Fully critical points are those points x € ¥ which additionally
satisfy d(N?2 —-|5[?) = 0.

O]

By Lemma , the Killing horizon of Z -v is the product Rx K (v) x S, where Kx(v/) :=
{(x,0) € M : v2 = N2 - |B]7}. Thus it consists of points (¢,z,0) where (t,z) € M and v is
the ‘height’ 7 of the bottom of the unit mass hyperboloid. Since the bottom exists over all
(t,xr) € M, admissibility is not simply the condition that v is never the bottom height, unless
(as in the case of product spacetimes), the bottom height is constant. Indeed, by Sard’s

theorem, the set of critical values has measure zero, while the bottom height usually fills out
an interval.

3. HILBERT SPACE TOPOLOGY ON Hgc AND QUANTUM LADDERS

The space ker@ n C* of smooth solutions of Ou = 0 is naturally a symplectic space, with
symplectic form defined by

o(u,v) = fi ((vzu)(2)v(Z) — v(Z)(vzu)(Z)) dVolg, (36)

where integration is over any Cauchy surface 3, and v denotes the future directed unit normal
vector field to 3. By Green’s identity, the definition does not depend on the choice of Cauchy
surface.

We now equip ker@n C*, as in (b)) with the energy inner product. Let § = g+ d#? be the
Lorentzian metric on M. For u e C*(M), we define the stress-energy tensor T'(u) by

1
T(u):=du®du- §|du|2§. (37)

Definition 3.1. The energy (quadratic) form on the space kerf n C(M) is defined by
polarization of

Q(u,u) = fi (T(u)(Z),v)dVols

where v is the unit normal to &, a spacelike hypersurface and Z is the timelike Killing vector

field.
The following is a standard observation:

Lemma 3.2. If Ou =0 then the covector field T'(u)(Z) is divergence free.
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We extend the definition of the quadratic form in a sesquilinear manner to complex valued
functions. This quadratic form is independent of the chosen Cauchy surface. As verified in
[SZ18, Section 3.2],

Lemma 3.3. The energy quadratic form is invariant under the Killing flow, i.e.

Q(eiSDZu, eisDZu) — Q(u,u)

for all v € ker T and related to the symplectic form by
i 1
Q(u,v) = %O‘(ﬂ,Dzv) = §a(a,ﬁzv).

The quadratic form is positive definite in du and therefore only positive semi-definite on
kerd. The kernel of () is one dimensional and spanned by the constant function. In kerd
we have the two dimensional invariant subspace spanned by the functions 1 and ¢. On this
subspace the operator Dy is not diagonalisable but has a nontrivial Jordan-block. We will
denote this space spanned by {1,¢} by V4 as it is the generalized eigenspace of the operator
Dy with eigenvalue 0. If V' is the symplectic complement of Vj then V' is an invariant for D,
and we have

kerdnC®=V,® V.

This direct sum is orthogonal with respect to () and @) restricted to V is positive definite.
We can therefore complete V' to a Hilbert space H{.,. Choosing any inner product on Vj this
defines the topology of a Hilbert space (a Hilbertisable locally convex topology) on kernC*®.
The completion with respect to the uniform structure induced by this locally convex topology
then is the space
Hra =Vo® Hig-

The symplectic form extends to Hg and it is easy to see using the explicit representation in
standard form that Hx¢ coincides with the space of solutions with Cauchy data in H1(3) @
L2(¥) and that the Cauchy data map is a continuous bijection (see [SZ18, Section 3] for
details). Since the space Vj is finite dimensional H k¢ is essentially a Hilbert space.

Using Theorem below, the following is proved in [SZ18, Theorem 5.2]. We simplify the
statement because the potential V' in that article is zero here.

Theorem 3.4. Suppose that (]\7 , ) is a spatially compact globally hyperbolic stationary space-
time. Then Dy is a self-adjoint operator on H., with discrete spectrum that consists of
infinitely many real eigenvalues of finite multiplicity that accumulate at —oo and +oo.

Since complex conjugation anti-commutes with Dz the spectrum is symmetric about the
origin. This means apart from the non-trivial Jordan block in Vj the operator D, can be
completely diagonalised.

4. FUNDAMENTAL SOLUTIONS AND PARAMETRICES ON M x St

In this section, we review the basic results on retarded/advanced Green’s functions on
globally hyperbolic spacetimes, and apply them to M = M x S*.
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We consider the Klein-Gordon operator O = O, - 5—922. A fundamental solution of @ is a
distribution kernel F : C°(M) — C*(M) such that 5F = F{ = idge 37y A parametriz is a
map F : C°(M) - C~(M) such that GF = F = idge 37y mod €. A fundamental solution
Eiretjaav(x,y) is called retarded/advanced if supp (Eret/aav.f) € Jo(supp f), where J,(K) refers
to the causal future/past of a subset K c M.

Let Tj M be the set of null covectors (the bundle of light-cones in cotangent space). Then
T()*JT/f\ 0 is a closed conic subset in 7*M and the set

C={(z,6,7,&)e(TyM~0)? | (7€) e Char(8), (&,€) = G*(&',€) for some s € R} (38)

defines a homogeneous canonical relation from T*M~0 to T*M~0. Here G* denotes the null
geodesic flow of M.

A basic result of Duistermaat-Hormander [DH72, Theorem 6.5.3] (see also Theorem 3.4.7
in [BGP| and [SZ18| Theorem 7.1]) is the following,

Theorem 4.1. If (M g) 18 a globally hyperbolic spacetime, then there exist unique retarded
fundamental solutions Eret/adv for @. The difference E = E, — Euge is a Fourier integral

operator in 173 (M x M, C") with principal symbol Fiv 27|ds|z ® \ychar(§5)|2 on C1.

4.1. Cauchy extension and restriction operators. We now define Cauchy extension
and restriction operators for general globally hyperbolic spacetimes M with compact Cauchy
hypersurfaces 3.

For f,g € C’é’"(i) we define the distributions dg , and 5%7]0 by

05, = [9@)e(@) dVolg(@), 8 (9) =~ [ F(@)(vge)(@) dVols(@).  (39)
where vs is the future directed normal vector field to s
Definition 4.2. We define the Cauchy extension operators &, &; and £ as the operators
E: HY(E) » kerH, fw E(a'if),
£ :LX(E) > kerH, g~ E((Sig),
E: Hl(i) ® L2(§) - kerd, (f,g)~ E((Sfi,f + 529) =& f +&g.
By the mapping properties of Fourier integral operators in [ _%(M x M,C" ) the function

u = E(f,g) is well defined for f,g € C=(%), and by Green’s identity applied to the causal
future of 3, u is the unique solution of the Cauchy problem

Ou=0, (f9)=(us vsuls).

Indeed, by the support properties of retarded and advanced fundamental solutions we have
u = u, —u_, where u, = Eret/adv(é + (52g) is supported in Ji(E) = I pe C°°(M) is an



SEMI-CLASSICAL MASS ASYMPTOTICS ON STATIONARY SPACETIMES 21

arbitrary test function, then,
(&Ev,f + 5579,90) = (uy,0p) = f]\/f (utip)dVol,

- [ (B —eBu)avol, = [ ~u(@) () (@) + 9(@) () (2)dVols(2).

Since this is true for all test functions ¢ this shows u has Cauchy data (f, g).
The following corollary is well known and can also be proved more directly [D96, Theorem
5.1.2].

Corollary 4.3. If (M,g) is a globally hyperbolic spacetime, and 3 is a Cauchy hypersurface,
then the Cauchy extension operators & and &, of Definition[{.3 are Fourier integral operators

in I‘i(]vx i,@;) and I‘%(]\A[x i,@,), respectively, where

Cs = {(8,£,4,p) e T"M x T*E: g(£,8) = 0; 37 € TEM il 5 = p, 35 : G°(4,77) = (,€)}-
Proof. We may view € = E 0§ where § : HY(X) @ L2(E) - D/(M) is defined by §(f,g) =
(3 it 05 4)- We then obtain the wave front relation of £ as the composition of the wave front

relations of E given in Theorem |4 n and the wave front relation of §, or equivalently the wave
front relations of 0% f,(Si g) Both of these are extension operators, extending a distribution

on ¥ to a distribution on M:; they are easily seen to be adjoints of the restriction operators
Vs, V%, where v (u) = u|2,fyz(u) (Oyu)|s. It is well-known that the wave front relation of

either restriction operator is the graph of the restriction of a covector v on M to TS, and
the wave front relation of the extension operator is the adjoint relation. The composition is
transversal and hence is a Fourier integral operator.

O
We further define the Cauchy restriction operator as follows:

Definition 4.4. Let ¥ be any Cauchy hypersurface in M and let £ = ¥ x S1. Define the
associated Cauchy restriction map by,

Re:kerfi— H'(E) @ L(5), Ra(u) = (uls, D)5
Comparison with shows that if u = £(f,g) then, (ulg,du)ls = (f,9), i.e. Rgis
invertible as a bounded operator on and
R =E. (40)

Although Rz, & obviously depend on the choice of Cauchy hypersurface, we suppress the
dependence in the notation.

We also need the ‘global’ restriction operator on all of C'(M), defined by the same formula
as in Definition 4.4

Lemma 4.5. The global restriction operator R is in IY4(X x M, \), where
A = {(67777(175) | Cj € iag|T§ = ﬁ}
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We refer to [D96, Page 113] for the proof. Another proof is given in [ToZ13|, Section 5.2],
along with a discussion of a complication in the statement due to normal and tangential
directions to . Namely, the canonical relation contains points (4,0;G,€) when £ € N )
and such points are not allowed in the Hérmander definition of homogeneous Fourier integral
operators in I*(X,A). To deal with this problem, one needs to introduce a cutoff away from
normal direction, as in [ToZ13| Section 5.1], and then the cutoff restriction operator does
satisfy the statement of Lemma As long as such conormal directions do not arise in the
compositions defining the trace, they may be ignored. For the sake of expository brevity, we
ignore the conormal directions in Lemma [4.5] and only verify during the trace calculations
that they do not arise in the compositions.

5. THE WAVE TRACE OF Dz IN Hygg AND LADDER HILBERT SPACES

In this section we review [SZ18, Theorem 4.1] and [SZ18|, Theorem 5.2], since we need these
results in the present article. Define U(s) to be translation by e*? on kerd. This clearly
extends to the spaces Hr and Hi .

Theorem 5.1. Suppose that p € C3°(R). Then the operator
(750 = /Rgo(s)fj(s)ds ‘Hrxa > Hia
18 trace-class, and its trace equals
Tr ((7@) = [i /ﬂ% o(s) (Viei(DZ)ftE(,f:, 7) - Vgei(DZ)iSE(i, g)) ds|g-z AV z)-

As explained in [SZ18| Section 4], a coordinate invariant way to state Theorem is that

Te (U(5)) = f5 * (d2Eo(2,9) ~ d3E(2,9)) -2, (41)
where * is the Hodge star operator on M and where
Ey(3,7) = P2 (7, 7). (42)

Since F is skew-symmetric and commutes with the flow,
Es('i.a g) = _E—S(?ja :Z‘)
Hence, we also have

Corollary 5.2. The distributional trace defined above equals
T (T()) = [+ (de(Bo(@,5) + E-o(30))) s (43)
5.1. The trace of U(t,s). We now consider the joint propagator
Ul(t,s) = ltPzlsPo (44)

We also define,
E, = e (P2)tei(Do)s B (45)

Since E is skew-symmetric and commutes with the flow,
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Et,s = _E—t,—s~
Similar to [SZ18, Theorem 4.1}, we have,

Theorem 5.3. Suppose that p € C°(R x S*). Then the operator

U, = [R [Sl o(t,s)U(t,s)dtds : Hxg = Hra

18 trace-class, and its trace equals

TrHKG(U<P) = f f 90(75; S) (l/iei(DZ)itei(De)SE(f, g) _ Vyei(DZ)itei(De)SE(:f', g)) dt|g=§3dV01i
xSt R

The integral is independent of the choice of Cauchy surface 3.
There is a more coordinate invariant way to write this expression, namely,
TrHKG(U(t7 S)) = [ExSl * (dffEt,S(j7 :‘7) - dQEtS('%J g)) |Q:567 (46)

where * is the Hodge star operator on M.
We consider the commuting joint eigenvalue problem on M,

Bu = (g, + DZ)u =0,
Dyu=Mu
Dyu = mu.
The following result follows from Theorem |3.4]
Proposition 5.4. The joint spectrum of the eigenvalue problem
Dzu=Au, Dgu=mu.
in Hxge on M = M x St is discrete in R x R, and the eigenfunctions (U (m) a0 are O

and define an orthonormal basis of Hi..

6. QUANTUM LADDERS AND LADDER TRACES

Next we define the quantum ladders corresponding to the classical ladders in Section [2.3]
Let Dy = %% and Dy = %V z. Suppose ¥ € C°(R). We define the Fourier integral operator,

9Dy =uDy) = o [ d(s)e P 0 #Pads: 12(RT) - L() (47)

Note that the operator ¥)(Dz —vDy) is a properly supported Fourier integral operator.
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6.1. Quantum ladder traces. To prove Theorem [I.1| we express the generating functions
(10) as ladder traces.

Definition 6.1. Let ¢ ¢ Cg(R). The ‘fuzzy ladder’ projector (9)) of slope v defined by ¢ is
the approximate projector,

1Ly =¢(Dz-vDp): Hre ~ Hre- (48)
We can then represent the generating functions by traces:
Lemma 6.2. "o 3 .
u,zp(s) = Tr,HKGHvae o,
(49)
T2 () = Trpgyeo T pei*P

Proof. This follows directly from the definitions and the spectral theory of Proposition
B4
OJ

We concentrate on the first trace, since it is sufficient for the proof of our main results. We
now express the traces in explicitly in terms of kernels. As mentioned in the introduction,
Hre is not a subspace of L2(M) so we cannot express the restriction to Hx¢ by an orthogonal
projection. But, the map E maps onto the space of smooth solutions we have

I1,,E =(D; - vDy)E. (50)
We now express traces in terms of the kernel of this operator.

Lemma 6.3. For any g € C(R) the distribution
G- fg(s)eisDw(DZ —vDy)Eds (51)
R

1s smooth. Hence, the operator G is trace-class.

Proof. This is proved by showing that the wave front set WF(G) of G is empty. More detailed
wavefront set computations are performed in the next section and we therefore only sketch
the argument. The wavefront set of the distributional kernel of E only contains non-zero
lightlike covectors of the form (¢, (") such that ¢ and —¢’ are on the same orbit of the geodesic
flow on T*M (see for example [SZ18, Theorem 3.2]). One then computes directly (see for
example the proof of Lemma that the wavefront set of (G is contained in the set of non-
zero lightlike covectors (¢, (") with p,(¢) = 0, pg(¢) = 0 such that there exists t,s € R with

Gtexp(sdy)( = —('. The equations p,(¢) = 0,pe(¢) =0 imply ¢ = 0 for lightlike covectors. [

Theorem 6.4. As a distribution on R,

TOS) = Jafous O (AaEo oo (7,952 = A3 By smvsr (2, §) a5 dVolgds'. (52)
Equivalently,

T (s) = /i e*Po{up(Dy - vDg) E(&,7) - vj(Dz = vDg) E(%,§) oy dVolg  (53)
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More precisely, for any g € C5°(R),

[ o0 )s = [ (3G(@,5) = 15G(7,) ly-s AVols:
The integrals are independent of the Cauchy surface chosen.

Here, dVols is the Lorentzian surface measure. In case g is even and % is even this simplifies
to

] g(s)T{(s)ds = 2 [i (v:G(, 7)) |-z dVolss ().

Proof. The trace formula follows from Theorem , in particular the simpler form (46). To
obtain from ([46)), it suffices to observe that the trace in (52)) replaces (s, s’) by a(s’,s) =

(s',s —vs') and then integrates in s’ against ¢ (s'). O
We now give a second proof that does not use [SZ18, Theorem 4.1] or Theorem explicitly.
Proof. We introduce the Y-dependent ladder projector:

I, —fw(s)Re 5D o eivDz£ds: HY(S) @ LA(S) » HY(X) @ L2(S). (54)

as an operator on the Cauchy data space H1(3) @ L2(Z).

Note that under the extension-restriction identification in Definition 4.2} Definition [4.4] the
S1 action acts by rotations on H*(X) @ L2(X). Although (54) depends on the choice of X, the
trace formula it induces does not.

By (40), and by (48)-(54)), Tilqz(s) = Tryy .o 11, pei*Pe is given by,
1 ¥ is
Tfji(s) = Trgll) eisPe

- %[1/}(5,) * (di«E(j,es% o es/(z’”%)g) - dgE(i,eS% o eSI(Z’”%)gj)h:gds’ dVols(z)
5

:]{f # (da By svw (2,9) = dgEy s (T, §))]a=pds’ dVolg (7).

(55)
In the first line, Trs denotes the trace on the finite energy Cauchy data space. The first line
holds because Rs is an invertible operator (see Definition conjugating V¥, , on Hge and

(). O
7. MICROLOCAL CALCULATION OF THE SINGULARITY OF T%(s)

Our goal now is to determine the singular support of T%)(s), and to calculate the coefficient
of the leading singularity at s = 0. We use the symbol calculus of Fourier integral operators as
in [DG75,GU8Y| in the calculation. By Theorem the distribution trace may be expressed
in several ways as a composition of simpler Fourier integral operators. We consider two ways
to group the compositions, each of some independent interest in related problems.
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The first is to use (H3]) and to consider each term of the trace as the composition
(IIg), ALRs,svze*P)(Dy - vDy) E
of the following Fourier integral operators:
e vz, the unit normal vector field extended to a neighborhood of the Cauchy surface.
o .
e )(Dy —vDy)E e D'(M x M).
e ¢sPo the translation operator on S! by es.
o Rs.55: M x M — X x X, the restriction operator, i.e. pullback under the embedding
S o M I7.
o Ax: Y - X x X As(Z) = (Z,2), pullback under the diagonal embedding.
o [Is:Rx¥ > RxR,IIx(t,7) =t, i.e. the pushforward is integration over X.
A second grouping is to compose in the order:
T80(t) = puth (), 0 ALRs, s E.o, (56)
with a sequence of pullbacks and pushforwards under the maps defined by:
Et,s(ja g) = U(t> S)E(j7 g)
a(s,t) = (s,t—vs).
p(t,s) =t.
o II5:RxRx X - RxR,IIx(t,s,7) = (t,s).
The first method emphasizes the fundamental operator ¢)(D, — vDy)E, and so we follow

this approach. The second is useful if one would to study the singularities of the two-variable
trace Try ., U(t,s)E first.

7.1. Background on Fourier integral operators and their symbols. The advantage of
expressing Tl(,?b(s) in terms of pullback and pushforward is the symbol calculus of Lagrangian
distributions is more elementary to describe for such compositions. We refer to [HolV|GS77,
D96 for background but quickly review the basic definitions. Assume that f: X - Y is a
smooth map between manifolds. Let A ¢ T*Y be a Lagrangian submanifold. Then its pullback
is defined by,

FA={(z,§) e T"X [3(y,n) e A, f(z) =y, [n=¢&} (57)
On the other hand, let A ¢ T*X. Then its pushforward is defined by,
S ={(y.n) eT"Y [y = f(2),(x, f*n) e A}. (58)

The principal symbol of a Fourier integral operator associated to a canonical relation C'is a
half-density times a section of the Maslov line bundle on C'. We refer to [HoIV Section 25.2]
and to [D96, Definition 4.1.1] for the definition; see also [DG75,|GU8Y| for further expositions
and for several calculations of principal symbols closely related to those of this article.

The order of a homogeneous Fourier integral operator A:L?(X) — L2(Y) in the non-
degenerate case is given in terms of a local oscillatory integral formula

1 ip(x,y,0
Ka(z,y) = W[RN€¢( Y a(x,y,0)do
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by
N n . .
0rdA=m+5—Z, where n = dim X +dimY, m =ord a (59)

where the order of the amplitude a(x,y,0) is the degree of the top order term of the polyho-
mogeneous expansion of @ in 6, and N is the number of phase variables € in the local Fourier
integral representation (see [HolV|, Proposition 25.1.5]); in the general clean case with excess
e, the order goes up by § (see [HolV|, Proposition 25.1.5’] ). The order is designed to be inde-
pendent of the specific representation of K, as an oscillatory integral. The space of Fourier
integral operators of order p associated to a canonical relation C' is denoted by

KaeI"(Y x X,C").

If Aj e IM(X xY,C)), Ay € I"2(Y x Z,C}), and if Cy o Cy is a ‘clean’ composition, then by
[HoIV| Theorem 25.2.3],

Al OA2 € ]N1+M2+e/2(X % 27 C,), C = Cl 0027

where e is the ‘excess’ of the composition, i.e. if 7 € C, then e = dim C,,, the dimension of the
fiber of Cy x ConT* X x Apsy x T*Z over 7.

Pullback and pushforward of half-densities on Lagrangian submanifolds are more difficult
to describe. They depend on the map f being a morphism in the language of [GS77, page
349]. Namely, if f: X - Y is a smooth map, we say it is a morphism on half-densities if it
is augmented by a section r(z) € Hom(|A|%(TYf(I), |A|2T,X), that is, a linear transformation
mapping densities on 7Y,y to densities on 7, X. As pointed out in [GS77, page 349], such a
map is equivalent to augmenting f with a special kind of half-density on the co-normal bundle
N~*(graph(f)) to the graph of f, which is constant along the fibers of the co-normal bundle.
In our application, the maps are all restriction maps or pushforwards under canonical maps,
and they are morphisms in quite obvious ways. Note that under pullback by an immersion,
or under a restriction, the number n of independent variables is decreased by the codimension
k and therefore the order goes up by %. Pullbacks under submersions increase the number n.
Pushforward is adjoint to pullback and therefore also decreases the order by the same amount.

As examples relevant to this article, we record some basic calculations of canonical relations
and orders in [DGT75| in the setting of half-wave groups e*? generated by positive elliptic first
order pseudo-differential operators () on a Riemannian manifold X. Let A : X - X x X be
the diagonal embedding. The corresponding pullback operator, the operator of restriction to
the diagonal, A* is a Fourier integral operator of order 7 where n = dim X, and has canonical
relation,

WEF'(A%) ={((z,§ = n), (2,€), (y,m) € (T"X x T*X xT"X) ~ 0}.

Moreover, the wave group U(t) = €' of any positive elliptic operator is a Fourier integral
operator of order _411 associated to the space-time graph of the bi-characteristic flow ®?, i.e.
Hamilton flow of the principal symbol og of Q. It follows that A*U is a Fourier integral

distribution on R x X with canonical relation,

WE'(A(U)) ={(((t,7), (x,£ =), 7+ [y = 0, (,£) = G'(x,m)}.
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Moreover, if IT: R x X - R denotes the natural projection, then the associated push-forward
II, has order % -4 when n = dim X, and

WF'(IL) = {(((t,7), ((£,7), (2,0)))}.
The wave trace 6(t) = Tre® is a Fourier integral distribution on R of order —1 + % =—
where d = dim S* X, and

WF'(6(t)) ={(t,7) | 7<0,3(x,8),(z,£) =P (x,£), 7 +||, = 0}.
The principal symbol of Tre*@ at ¢ = 0 on TR is a half-density on the negative sub-cone and
is calculated in [DGT75, Proposition 2.1] and equals C,Vol(S*M)|dr|z where S*M = {og =

1}. Homogeneous Fourier integral distributions on R of order 2”2—_1 - ;11 that are microlocally

supported on {0} x R_ have the form [ s%eitsds, where d = 2n - 1.

1, 2n-1
4 * 2

8. PROOF OoF THEOREM [1.1]

We now prove Theorem In keeping track of the orders (and universal dimensional
constants) of the many compositions to follow, it is helpful to keep in mind that they all
must agree with the product case of Section [I2] Although we provide details on orders and
symbols of the partial compositions en route to the final result, it is not really necessary to do
so because we only need to know the order of the final composition, and we have computed it
in the product case in Section For this reason, we only give full details on the canonical
relations, and do not always give full details on orders. To simplify statements when dealing
with principal symbols given with respect to parametrizations we introduce the following
notation. If v : M - N is a local diffeomorphism and p a compactly supported half-density
on M we define the push-forward v.p by t.p(y) = ¥,.((tx)™1)*p(z), where {x.} is the set
of elements in t~!(y) nsupp p and (¢,)~! are local inverses of ¢ defined near x,. This sum is
always finite and defines a half-density on N.

We will need the following calculation from [SZ18, Section 8] in all the computations below.
The geodesic vector field, i.e. the Hamiltonian vector field of $¢7!, defines a local flow on the

null covectors T( i]\/Z and the space of orbits is the symplectic manifold N. The flow parameters
s1, 52 and the symplectic volume form dV g = %wd on N then define a half-density,

[del? = |dsi[? @ |dss[> ® [dV g2 = [dsi1]2 @ [dpue )2, (60)
where d,uTgM is the Liouville measure on 7§ M. We record
dimM =n,dimT*M =2n,dimT* My, =2n-1,dimC = on,dimN =2n -2, and d=n - 1.
The operator with kernel dxﬁt’s(l‘, y) has order —1 and principal symbol equal to
so@m)(Enldsl} @1drl} @ fdcl?,

on each component C, and C_, where ({A) denotes the operator of exterior multiplication by
€ (dyEi(z,y) is a one form). The proof is essentially the same as for [SZ18, Lemma 8.2]. The
principal symbol of dz(E:s(Z,9) + E—-s(J, T))|s-5 is easily computed using (64)).
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Remark 8.1. When computing the *d; F (7,79) and restricting to S, we often use below the
general formula that (% (*d,E) = v, EdVs, where ¢ : ¥ - M is the embedding.

The first step in proving Theorem in the first approach of Section [7]is to prove,
Lemma 8.2. Let v be admissible. Then, 1(Dy - I/D@)E 15 a Fourier integral operator,
W(Dy-vDy)E e I"2(M x M, L,),

with canonical relation,

={(¢", Q) eT*M xT*M: Ftesuppth,secR: ésexpthu(C) =" p,(0)=g(¢,¢) =0}.
This canonical relation is parametrized by the local diffeomorphism
(t,s5,¢) e RxR x Char(8, P,) - (G*exptH,,(¢),()

and its prmczpal symbol is the push-forward of the half-density (- )¢(t)|dt| 2 ®|ds|z ®|,uDCharV|
where Char( P,) = DChar, is the double-characteristic vamety of Definition and
DChar, 1S the natuml Liouville surface measure on this variety.

Proof. By [TU92, Proposition 2.1], ¥:(Dz - vDy) € I"2(M x M, T), where
T={(¢1,G) € T*M < T*M | p,(¢1) = 0,3t € supp vy, exp tH,, (G2) = (1} (61)

By [TU92, Lemma 2.6}, the principal symbol of ¢)(Dz —vDy) is (27)" 2(8)|dt|2 ® [dpg|z. We
then compose this canonical relation with that of E, given in Theorem 4.1 to obtain L,

Further, we compose the principal symbol of v B (also computed from Theorem D with the
principal symbol of ¢(Dz — vDy) to obtain the stated order and principal symbol. [l

Next we compose with e*P¢ to obtain,
Lemma 8.3. vze®Poq)(Dy — vDy)E is a Fourier integral operator,
vzePop (D, —vDy)E € ]‘%(R x M x M,T,),
with canonical relation,

_ {(t p0(<) ¢ ) e T*RxT*M xT*M | 3t € supp ), 3s,t € R,
T G exp U H,(C) = Cp(€) = (G, O) = 0)

Its principal symbol is the push-forward of

1 17 1 1 1 1
0 seitDo (D y-vDy) B = |(€>Vx)|(—§(27f)4)¢(t')|dtl2 ® |dt']> ® |ds|> ® |ppchar, |2

Here, we use Remark [8.1] the composition formula, and that ePe introduces the new
variable ¢ and is of order —i.
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We then compose with Rs 5, the pullback under the embedding t5 x 155 = 15,5 : YxY >
M x M, and use to calculate that the canonical relation of R svzePoi)(Dy —vDy)E is

A 0(,9),4:6,¢,€) | (0,6,¢,€) e T*Ex T8, 3t e supp ), s € R, 3(¢, (')
L%Xil—‘yoc = —_— —_— o ~
€Ty M x TuM (s = §,¢ |5 =€ pu(C) = 9(C, ) = 0,e'8 Go expt'Hy, (€) = () }-

We note that py(q,&) = pe(¢), where (|55 = &, since > =¥ x S1 and the restriction does not
touch the S factor.
The next step is to compose with the diagonal embedding As. Using its canonical relation
in [7.1], the canonical relation of
ALRs, sz (Dy - vDg) E(x,y)
is

{(t,po(q,€), 4, =€) | (¢,€),(q,€) € T*E x T*5: 3t € supp ),
ALt Ty= 3(C.¢) €T M x Ty M, (s = € (s = € p0(€) = §(¢,0) = 0,

€@ G expt'H,,, (¢) = ¢')}.

The final step is to compose with (ITg). (integration over %) and use the wave front relation
for this operator in Section [7.1] to get that

@) |3t esuppyp, (g, &) e T*E: I Ty M (g5 = &7 = po(C),
(g). Agts, gl = _
Pu(€) = 3(¢,€) = 0,9 G expt'H,, (C) = () }-

We re-write the fixed point equation as e(t‘”t')%et'st(C) = (. Since 35 et'Z act on
different components of ¢ and G* = exp sH,2 o G* is a product flow, the fixed point equation
splits into two equations:

e 3C e N1 n{pz =vo} so that e'Z(() = (, i.e. t' lies in the set P, of periods of e*'Z on
Nl N {pZ = VO'}. .
o t —vt' € 217 for some t' € P,nsupp . In particular, this includes ¢ = ¢’ = 0.

This proves the statement
sing — supp Y (¢) ¢ {t € [0,27] : It' € P,nsupp ), t — vt’ € 207}
in Theorem [L.11

Remark 8.4. If we change the circle S' from R/27Z to R/TZ, then the second condition
becomes t — vt' € %Z for some t’' € P,,.

Next we compute the singularity at ¢ = 0 under the assumption that suppzﬁ € (-m/v,7[v).
Then the equation et s expt'H,, (¢) = ¢’ f implies that t—vt’ = 0. Since 3 is a Cauchy surface
the fixed point equation determines s uniquely as a function of ¢/ as long as t is sufficiently
close to zero.
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As explained in [SZ18, Section 1.1], the restriction of a null covector to 5 defines a covector
in T*3\ 0, defining a smooth maps N, to T*S \ 0, since for each element 7 € T*% there
is precisely one lightlike future/past directed covector & € T' *M ~ 0 whose pull-back is 7.

The Hamiltonian p, also restricts to 7*% and thus defines a codimension one conic
submanifold we denote by

p,5(0) = {(0,€) e T"E | p(q,€) = 0}

Remark 8.5. Note that Z is transverse to i; in the special case of static spacetimes, one
may define ¥ to a hypersurface normal to Z. In that case, the restriction p,|;.s would be
equal vo|, .5 and its zero set would be T*X.

The order of the singularity is given by §, where is the excess e of the composition defining
the trace. Asin [DG75| Theorem 4.5], if the dimension of the fixed point in the level set V1 (v)

is d, then the principal singularity is the homogeneous distribution ,ud L= [ps T e-istds. For

t =0, the fixed point set all of N7 (v) = {(z,£) e N1 : (£, Z) = v}, and has dimension d = 2n - 3.
Hence the leading singularity is of type fi,_o. Note that, as mentioned above, Nj ~ T*% (of
dimension 2n - 2).

Finally, we must compute the symbol. As computed in [SZ18| Lemma 8.4 - Lemma 8.5],
the factor of (£, )| in Lemma [8.3|is cancelled when in the composition with Ry A*, and the
principal symbol is,

1 1 s 1 PO 1
Trosennitrotpg v = (5@ IO @ 1 © Gl -arry |

Here, [{p,=0}nT? is the Liouville measure on the codimension two submanifold of T*Y of
T*M defined by the pullback of the defining functions 151 (39(€,€),p.(€)) of the double

characteristic variety.
It follows that the principal symbol of the pushforward to R on TR is given by,

om = (20) 4 CDY(0) g o) (N (v)) ]2 dr .

This gives a leading singularity of the form

T (5) ~ (2) ™ 1(0) pins ) N () e () + Cafins(s) + ...,

Tyt
Tﬂ,w

where
,&k(s)zf 7| r|kdr.

Since Tfr l),  can be constructed from TI% by projecting to the non-negative Fourier coefficients

we obtain that Till), " has leading singularity of the form

(2m) "1 (0) f1 ) N1 () pin-a (1) (62)
as stated in Theorem [I.1} This completes the proof of Theorem [I.1]
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9. FURTHER FOURIER INTEGRAL OPERATOR CALCULATIONS

Although we do not need them to prove Theorem we provide some further calculations
of canonical relations and principal symbols using the second approach to the composition in
Section [7} since they are also of interest and are closer to the calculations in [SZ18].

9.1. Try,,U(t,s) as a Fourier integral distribution. The next Proposition is analogous

to the calculations in [SZ18, Section 8]. In the following, we compose E with U(t,s) rather
than with ¥(Dyz —vDy) and take the trace. ~We will assume throughout that s and t are
sufficiently close to zero.

Proposition 9.1. The distributional trace

o (U )E) = [ (@aBuo(B,9) + B o(5,9)) s (63)
is a Fourier integral distribution on R x ST of order n — 1, with wave front relation,

WEF'(Tr 34, (U(t,5))) {(t,7,s,0) e T*(Rx S') | I eR, (fi‘,g) eT*M :

N

GfoetZeing(‘%’é) = (j7£)7 (évé) = 077— sz(j,é),O' =p9(a~:,£)}
= {(t,7,0,0) e T*(Rx SY) | I[y] e N :

etZesPo[~] = [v],7 = pz[v],0 = pe[v]}

Remark 9.2. Recalling the analogy with the trace ¢ of the wave group in [DG75], with
N playing the role of T*X, we see that the order is consistent with the order -1 + 22 with
2n-1=dim $* X of ¢ mentioned in Section [7.I] There is an extra time variable by comparison
with & so the order should be -3 + 4mN=L,

Proof. The proof is very similar to that of [SZ18, Theorem 1.4] for the case of TrU(t) on
Hric. The only difference is that we now consider the two-parameter flow U(s,t) (44).
We first describe U(t,s) as a Fourier integral operator. Define the ‘moment Lagrangian’,

T ={(t,7,0,0,¢,~(fs09:)(C)), ¢  T*M},
where 7 =pz((), 0 = pe().
Lemma 9.3. U e 2(RxRx M x M,T).

The statement and proof are the same as in [GU89, Lemma 3.1], where U(t,s) = el(tF+sQ),
Here, P=Dy,Q = Dy.

Remark 9.4. In the setting of compact Riemannian manifolds, the multi-variable trace for-
mula was analyzed in [CdV79], and the analysis is similar in the present Lorentzian setting.

We next describe Et,s =U(t, S)E as a Fourier integral operator. The description is almost
immediate from the Duistermaat - Hormander theorem reviewed in Theorem 4.1
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Lemma 9.5. Et,s e I"2(R x S'x M x M,C), where

C={(t,p2(C1)5,p0(G1). (G1,G2)) e T* (R x 81 x O, e (Gr) = (o).
Here, C is defined in . The canonical relation C is parametrized by
Ry x S} x Ry, x Char(8) - C, (¢, 5,w,¢) > (£, G1(2), (¢*5e7 G ((), ).

The principal symbol pulls back under the parametrization to,

c. = 75 2m)[dift @ |ds]? ©|dul? x |ducnae . (64)

O-Et,s

Proof. This follows by the composition calculus using that Evt,s = U(t, S)E. Composing with
E is transversal, so U o E := Evtys is also a Fourier integral operator, whose canonical relation
is the composition of the Hamiltonian flows of the three principal symbols in . The order
of the composition is given by the sum rule in Section [7.1] with e = 0, using Theorem and
Lemma, [9.3]

O

Next, we consider the canonical relation and principal symbol of the operator
Ry 0 di(Eyo(%,9) + E-y (3, 7))-

Lemma 9.6. Let o : N = & be the map . The order of R o A* o da@’EVt,s(:%,gj) is -1+ "T+2
and its canonical relation is given by,

A= {(t,T,S,O‘, Les%etzb_ln _77)) | ne T*i N 077— =PZ(77)7U :p9(77)}'

Proof. Except for the fact that we have two flows, e'Z, es%, the proof is essentially the same as
for [SZ18|, Lemma 8.4]. Therefore, we only sketch the proof and concentrate on the additional
features. A is the composition Ag o C, namely,

{(Clrs ) € TS x T2MT} o {(t,7,5,0,G1, o) € T* (R x M x A1) | 7 = 4(2), (€5 e17((1), ) € )

= {(t7T75707 (es%etzglﬂTi?C?) | T = Cl(Z)vo- :Pe(C1)7 (C17C2) € CHT%MX T*M}

We pull back to the diagonal using the definitions in Section to determine the canonical
relation. Regarding the order, we use the statement in Section that under pullback the
order increases by % where k is the codimension. The composite pullback to the diagonal
n+l

of M (increasing the order by “= and then by restriction to D (increasing the order by }1)
implies the order statement in the Lemma. U

Finally, we consider the pushforward defined by integration over 3.

Lemma 9.7. The order of m,(ReA*d;Ey (7,9))) s —1+ 22+ 1 -2+ 285 = 5 1 and its
canonical relation is given by,

WE(m (ReA*d;: B o(7,5))) € {(t,7,5,0) | 3y, eTetZy =y e N7 = ps(y),0 = po(7) }- )
(65
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Proof. The canonical relation is the pushforward of the one in the previous Lemma. As in

the calculation of the order of the pushforward in Section [7.1], the order of the pushforward

dim$
4 o~

an excess e = 2n — 2 equal to the dimension of the fixed point set, which is all of SN and has

dimension 2n - 3.

is 1- (since we have two time variables). The composition is not transversal, but has

O

This proves Proposition [9.1]. U

9.1.1. Principal symbol of Try,  U(t,s) at (t,s) = (0,0). Proposition implies the first
statement of Theorem namely that the pair of singular times are a subset of the periods
of (s,t) - 535 etZ 12 acting on A. The calculation of the principal symbol of the trace at
(s,t) =(0,0) is essentially the same as in [SZ18| Section 8.2.1].

The principal symbol is a homogeneous half-density on T{o,o)

resented as a homogeneous multiple of |dr A da|%. The coefficient density is the volume of the
fiber Pyt (7,0) c N, where Py = (pz, pp) with respect to the natural ‘Leray form’ dp?i"dpg (see
e.g. |CdVT79|). By definition, this is the Liouville measure on the codimension-two fiber. We

denote it by pz(Pxt(s, 7). Then,

R? and therefore may be rep-

Corollary 9.8. The order of Trq,  U(t,s) at (t,s) = (0,0) equals n—1 and the principal

symbol at (s,t) = (0,0) is the half density on T 0)R2 given by

Cnuprl(s’T)|dT N d0'|%

Proof. By Lemma and Lemma , the operator with kernel d;E} (%, ) has order —1 and
principal symbol equal to %(27?)(§A)|dt|% ®|ds|z ®|dc|2 on each component C, and C_, where
(EA) denotes the operator of exterior multiplication by &. Restriction to R x ¥ x 3 gives an
operator of order —%.

Restriction to the diagonal and integration over & gives an element in 7D (R?) with
principal symbol

Crbipzp (s, dT A dol

at s =t =0, where C, is a dimensional constant. Note that dim A/ = 2(n + 1) - 2 and the fiber
has dimension 2n — 2, so P (s,m) is homogeneous of degree n — 1. 0

9.2. Completion of the proof of Theorem by the second approach. To complete
the proof of Theorem , we further need to change variables with a in Try,  U(¢,s), to

multiply by 1& and then integrate in s, i.e. we need to find the wave front set and principal
symbol of

[Rlﬁ(s) (Try,. o U(s,t—vs))ds. (66)
Note that U(s,t - vs) = ellt-v)DoesDz ([44). As above, let a(t,s) = (s,t - vs).
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The change of variables results in composing the canonical relation of Lemma with the
graph of the canonical transformation (¢,s,7,0) € T*R? - (a(t, s), (da)*1(7,0)), or equiva-
lently, pulling it back under this map. Thus, the canonical relation of a* 7, (RxsA*vz Ey (Z,7)))
is given by,

{(a(t,s),~(da)*(r,0)) | Iy,e"ie?y =y e N,
WF(a' 7 (R A" vz By s (2, 7)) € (67)
T=pz(7),0=pe(7)}-
We then pushforward under p(s,t) =t to get,
{(t7_7—) ’ 3(8,0) :
WF(p.a*m (ReA*v: B (7,7))) <
(a(t,s), (da)* = (7,0)) e WF(a* T (ReA* vz By o (2, 9))) }-
(68)
If a(t,s) = (s,t —vs), then a*(7,0) = (v7 + 0,7), and the condition that
(a(t,s), (da)* 7 (7,0)) e WF(a'm (R A" v E (2, 9)))
is,
D (t-vs
3y, e el y =y, (pz(7).pe(7)) = (7,0).
The condition that (t,7,5,0) e WF(a*m,(ReA*v;: By (Z,7))) further adds the condition that
the WF point is (s,t —vs,v7,7). Note that p,(v7,7) = 0. If we denote the equivalence class
of v € N with respect to the S action by [v] the condition is that

expsty, ([7]) = [v], pu[7]=0,

as claimed in Theorem [L.1l

9.3. Comparison to |[GU89|. The distribution T (¢) is the analogue of

T(s) = Yt A ).
=0
[GU8Y, (4.2)]. In [GU89, Theorem 2.8] they calculate its order and principal symbol at s = 0.
Let
F={(5,t,Q) eRxRxT*M | (e W, f,0:(¢) = (}

be the fixed point variety [GU89, (2.5)], where W = X; n X, is a codimension two coisotropic
submanifold, with X; = p=t(k1), X2 = ¢71(k2), where p = 0p,q = 0g and k = (ki, k2) generates
the ladder (line) £. S:F - R is [GU89, (2.8)], the map,

S(T17T27C) =s=T-k.

The dimension of F for a given ¢ is the excess of the composition in [GU89, (3.10)] and the
order of T at a singularity s is dim S~1(s)/2 - 3/2

At s =0 its order (or “degree”) is 4 — 1 where d = dim S~!(0) ¢ F. The half-density part of
the symbol is defined as follows: first, define the density o on F |[GUS9, (4.11)] by

a=|dt]z ®|ou|z ®|do|z ® |as|?,
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where oy is Liouville density on {p = 1}, ay is Liouville density on {¢g = 1}. The principal
symbol of T by the integral over S=(0) of the density

27 (t) o

times a Maslov and sub-principal phase which is zero in our case.

As mentioned in the introduction, our result on T is not simply the Lorentzian analogue
of theirs because H ¢ is not a subspace of L2(1\7 ). But, at least intuitively, we may relate our
result to theirs as follows: our T(M) | as in [GU8Y, (4.2)], corresponds to the case ¢1 =0,/ =1,
ki =v,ky =1. The cotangent bundle 7* M of [GU89| should be replaced by Char(@) (or, more
precisely, by its quotient A/ by the geodesic flow.) The co-isotropic cone of the present article
iso(op,—vop,)=0or (£, Z) =v(£,0y). Forus, £ = (¢,0) and the equation is (Z,¢’) = vo. The
base of the cone may be fixed by setting o = 1 and from the equation, our W is {7 =v,0 = 1}.
Thus, our ¢ is R, (v, 1).

10. PROOF OF THEOREM [1.2]

In this section we study the asymptotics of the smooth Weyl functions .

Nyp(m) = > (A (m) —vm). (69)
JeL
We determine the asymptotics as m — oo by studying the singularity of at s = 0 and
applying a Hardy Tauberian theorem.
Thus, we study the Hardy distribution,

AN (@)= Y w(N\(m) - vm)é(a - m), (70)

J€Z,m>0

Its Fourier transform is the Hardy space distribution,

T ()= Y d((m) -mw)e™, (71)

meZy,jeZ

which may be regarded as a Hardy Fourier series on S'. We now give background on Hardy
Fourier series.

The space of Hardy distributions H*(S!) is the space of distributions with only positive
Fourier coefficients. Such distributions are boundary values of holomorphic functions in the
upper half-plane. Hardy Lagrangian distributions are sums of Hardy homogeneous distribu-
tions, for which the Fourier coefficients are homogeneous in m. We define the space H, (S1)
of homogeneous Hardy distributions of degree s to be the one-dimensional space spanned by

vp(t) = Yooy mrem, (72)

It has singularities only at ¢ € 27Z.
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Proposition 10.1. Assume that the fized point sets of the flow of e? on (26)) are clean.
Then, there exist coefficients Ay, Aji such that:

T-(f—l,l)/ﬂ[}(s) ~ o Yo Arn-a-k(8)

+ Zj:Tj#O ZZO:O Ajkynj*2*k(5 - TJ)7

Proof. 1t is clear that szﬂb(s) is periodic and by definition has only positive frequencies.
Moreover, it is a Lagrangian distribution, i.e. a sum of homogeneous distributions near 0.
Since the distributions span the periodic Lagrangian Hardy distributions, it follows that
it may be expressed as a sum of these distributions. We only need to know the order of the
terms, and these are given in Theorem [1.1} O

To complete the proof of Theorem we combine Proposition with (72). We are only
interested in the singularity at s = 0 so we ignore the second term, which has homogeneous
singularities away from s = (0. We thus have,

X.(m) - muv eims ~ - Akmn—kaeims
>, P((m) ) 2.

meZly,jeZ m>0,k=0

where ~ means that the difference of the two sides is smooth in a neighborhood of s =0. By
matching Hardy Fourier expansions, it follows that (cf. ()

N, (m) = 3 (A (m) — mw) = ]iAkm"“,

JEZ

where ~ means here that the two sides differ by a rapidly decaying function of m. Comparing
with shows that

Ay = ao(v,9) = (2m) (0 L (M (v)).
This is precisely the statement of Theorem [1.2].

11. PROOF OF THEOREM [1.3]
In this section we prove Theorem for the sharp Weyl functions ,

Nyc(m) :=#{j | # € ¢ ¢

[v m,u+m]}, (73)
where C' > 0 is a given constant. The main point is to use ¢ in Theorem to approximate
an indicator function.

First we will need a proof of Lemma [I.4 We now need to take into account the other
periods 7; in Proposition m Under a cleanliness assumption we can drop the assumption
on the support of 1& and conclude that T;(s) is a Fourier-Hardy distribution with isolated
conormal singularities. A non-degeneracy condition then implies that the dimensions n; of
the fixed point set at periods other than 0 are strictly smaller than n. Hence, the additional
terms for non-zero periods contribute O(m"3), under the assumption of cleanliness and non-
degeneracy. This assumption is however not necessary and can be replaced by the stated
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zero-measure condition. Indeed, in this case the remainder is of order o(m"=2). This follows
from the now-standard Duistermaat-Guillemin-Ivrii argument as in [HoIV|, Theorem 29.1.5].
The argument is to introduce microlocal cutoffs b to an open set of volume O(€) around the
set of points on periodic orbits of period < T', and break up the trace using I = B + b where
B =1-b. In our setting this cut-off is introduced in the integral formula for the trace in
Theorem . Both B and b are pseudo-differential operators on . The Tauberian theorem
gives ‘credit” O(e) for the volume of the micro-support of B, and O(7) for the length of the
interval around 0 where the trace composed with b is free of singularities for ¢ # 0. Since
¢, T are arbitrary, one obtains the remainder o(m”=2). We then complete the proof using the
argument of [DG75,BrU91].

Lemma 11.1. For v admissible, C >0, there exists a constant k = k(v,C') so that
#{5| |\j(m) —my|<C} <km™ 2

This is an immediate corollary of Lemma [1.4] using a test function satisfying ¢ > 1 on the
indicated set.

Now we choose a non-negative even smooth function ¢ with non-negative compactly sup-
ported Fourier transform ¢ and ¢(0) = 1. For § > 0 define the scaled ¥5(z) = 61 (51x).
Then define,

Xc.s = Vs * L_cc)-

Lemma 11.2. For any 0 <~ <C and N sufficiently large, there exist constants ky, Kn such
that

Ny (m)(1 =y (2%) € KxeisCy(m) =vm) < Ny (m) + Koy (2

j=1

The proof is essentially identical to that of [DGT75, Lemma 3.3] and [BrU91, Lemma 3.4],
and is omitted.

To complete the proof of Theorem [I.3] we use Lemma Lemma to obtain,
Nyoy(m)(1=kn(6/7)N) < (2m)™12CV M2 + 05, (M),

Ny ciy(m) + Kn(0/7)Nmn=2 > (2m) 120V m"2 + 05.,(m"2),

where V' is the Liouville volume in Theorem [1.3] Dividing by m”2 and letting m — oo first
and then J — 0 one gets,

limsupm "2 N, o, (m) < (27) " 120V <liminf m "N, o, (m).

m—00

Letting C' - C' + v and then C' - C -7 and letting v - 0 concludes the proof.

12. PRODUCT ULTRA-STATIC SPACETIMES

As mentioned in the Introduction, the ‘ladder’ asymptotics of this article are non-standard
even in the case of product spacetimes. To clarify the symplectic geometry in the simplest
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setting, we briefly run through the ladder theory of this article in the case of product space-
times R x 3 where Y is compact. In particular, we aim to clarify the relation between the
massive geodesic flow on the unit mass hyperboloid and the space N, .

We first identity the function N, ,(m) of Theorem and of N, c(m) of Theorem
in the case of product (ultra-static) spacetimes (M, g) = (R x 3, -dt? + h) , where (X,h) is
a compact Riemannian manifold of dimension n — 1. Of course, the results in this case are
the well-known Weyl asymptotics for Laplacians of compact Riemannian manifolds, but the
calculations illuminate the nature of the asymptotics in the general stationary setting and
given simple tests of the numerology.

Let A = Ay, denote the Laplacian of (3,h) and let (¢p;, —w]?) denote its spectral data, i.e.

(A +w?)p; = 0. The solutions of the system (2)) obviously have the form, u;(t,2) = eip;(z)
where A2 = m? +w?. Thus, \;j(m) = +/m?+w3. We also have rather explicitly Q(u;,u;) =
A? ”u] H%Q(E)
is HY(X) @ L?(X). The quantum ladder £, is defined, roughly speaking, by # ~ Y or

equivalently, w; ~ mvv? - 1.
We only count the positive eigenvalues of Dz, where we have,

Nyo(m) = #{j |\/m? +w} e [vm - C,vm + C]}.

The condition is equivalent to (vm - C)? = m? < w? < (vm + )% ~m? and has no solutions
unless (v —1)m + C > 0. For large m, there are no solutions unless v > 1. In that case, we
have,

which shows directly that the topology on the Cauchy data space induced by @)

Nyoc(m) =~ #{j|wje[mVr2-1-C

. C C
Nyc(m) =#{j [wjem [\/(V -—)*-1, \/(V +—)?- 1]}
m m
The interval is centered at the point mv/v? — 1 and has diameter ~ 2C \/ﬁ Hence,
v v
mV2-1+C )
V-1 \/1/2—1]}
The asymptotics depend on the periodicity properties of the geodesic flow G% of (X,h). For
instance, if 3;, = S3 is a standard S3, then the eigenvalues of \/=A occur only at the points
V(N +1)2-1~ N +1 and have multiplicity N2. On the other hand, if the set of closed
geodesics of (X, h) has Liouville measure zero, then it follows from the two-term Weyl law
with remainder estimates of [DG75] that
v

Viz-1

Here, a1 is (2m)™*! times the Euclidean surface measure of the unit sphere in R*~1. Al-
though the calculation pertains to a special and well-known case, the order of growth in m
and the geometric coefficient are universal and corroborate the details in Theorem [1.3]

The smoothed counting function N, ,(m) has a complete asymptotic expansion in m irre-
spective of the periodicity properties of the geodesic flow. We can see this by studying the

N,c(m) = a,_ Vol(X, h)(mVv2-1)""2[2C ], n-1=dimX. (74)
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simpler Weyl function,
N:,¢(m) = Z;l/’(\/ m?2 + WJQ- —vm) = Try(\/m? - Ay —vm),
J:

using that
w(, /m2 - A, — I/m) _ ‘/R,@(t)eitm(\/lm‘QAhu)dt'

The operator /1 -m=2A, is a positive elliptic semi-classical pseudo-differential operator of
order zero, and one may construct a semi-classical parametrix for it and apply stationary
phase.

The leading singularity at s = 0 of Tl%(s) = Yomjer W(Aj(m) — my)e™s is essentially the
same as for the flat case of M = R, x R2-1 x Ry, as long as we do not integrate in the space
variable (z,0) € R* x S1; for expository simplicity we only give the details in this model case.
It is of interest because the leading coefficient in Theorem is universal, and the details
of the coefficients and order of singularity may be checked in this explicitly computable case.
In fact, instead of homogenizing and summing in m, we work on ¥ = R?”"! and compute the
semi-classical asymptotics as m — oo of

300y (m) - mo) = [ (0T Ty (75)
JEZ R
directly from the semi-classical kernel,

€it\/m2_A(I, LC) _ [ €it‘/m2+|£|2d€.
Rn—l

(We repeat that we do not integrate in x, so the integrals are well-defined distributions with
the same singularities as in the compact spacelike case). Then

~ fR _[Rn—l &(t)eit o L VT R ! fR fRn_l Qz(t)eitm,/1+|§\26—itmudtd£

= an—lmn_lfRfooo @Z}(t)eim(t 1+p2_tu)ﬂn_2dpdt

Here ¢ = pw in polar coordinates and «,,_; is the surface area of the sphere in R*1. The
phase is stationary when (and only when) /1+ p? = v,t = 0 if supp ¢ is sufficiently small.
Stationary phase then gives the expansion,

~ n— 14
(75) ~ a1 (0) (% -1 E m2,

consistently with the asymptotics in Theorem [1.2] It follows that the principal singularity at
t=0 of is given by,

YO (s) ~ oy (V2 -1)5F —— v

V-1 Viz-1
For the trace in the compact case, we would integrate over ¥ and pick up the extra factor of
Vol,,(¥). The result then agrees with Theorem [1.1], once we show that p (N1 (v)) = a1 (V2 -

1)"2*Vol, () in this case (see below.)

(0) pin-a(s)-

’(Z)(O) Z mr2e™s = o (V2 _ 1)"7’2
m=0
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If instead we follow the homogenization procedure of this article by letting m € Z be eigen-
values of S and study ladders in ¥ = ¥ x S1. We then define M = R; x ¥ x ST and

02 0?
O

=—-A
ot? 062’
where A = Aj,. The null solutions of O then have the form,

um,j(ta , 0) _ eimeeit\ /w72+m2(,0j($)-

We then consider
V(A5 —vDg) = / P(t)e Do itVAsdt,
R

¢"™V2s s the half-wave operator U(t, (xz,0),(2/,0")) of & and has the parametrix used in
[DG75|. The operator e=#Pe ig translation in s by ¢ units. Then,

Tgli(s) - Ty 615D9¢(\/A_i_ vDy) = /R f51 '/;:Q/A)(t)U(tl/ +38,(z,0),(z,0))dV (x)dodt.

The singularity at s = 0 is determined in by the same Fourier integral techniques as in [DG75|
GUS9| or as in previous sections. Note that in the product case,

E(t,t') = (A) 3 sin((t - t')(A)?).

We now identify the set of admissible v in the sense of Definition [0.3] the double character-
istic variety DChar, (s, o) of Definition , the allowed region A, where % - V% is spacelike,
the governing flow e*4 on Nj(v), and the volume of N;(v).

Lemma 12.1. We have:
(1) The set of admissible v is the set {v > 1}.
(2) Forv>1, A, =M, i.e. % - u% is everywhere spacelike.
(3) For v>1, Dchar,(s,0) ={7 =0ov, [£|=0VV?-1}.
(4) Ni(v) ={r =1, |§| = Vv? -1}/ ~ (divide by the Hamiltonian flow.)
~ n—2
(5) ao(v,) = (2m) " 1(0) (M (¥)) = apor (V2 =1) 7 —E=volu (%),
(6) The governing Hamiltonian flow is the geodesic flow of ¥ (for any v ).
The characteristic variety of O is defined by
Char = | H,,
oeR

where H, is the “mass o hyperboloid bundle’
Ho = {((t,2,0;7,€,0) e T (M) | 72 = (|¢ + 0°) = 0}.

Evidently, o is a homogeneous coordinate playing the role of m. We then define N by quoti-
enting Char by the Hamiltonian flow of og = =72 + (|€]? + 02). Since the flow preserves each
hyperboloid,

N=JH,/~.

ogeR
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In Section [2.1| we defined a homogeneous symplectic 1somorphlsm LN > TS , which
amounts here to restricting the null covector (7,&,0) to T}, 92 Since 3 is a level set of the
time variable ¢, dt =0 (and so 7 =0) on TS, and u(t, a: 0;7,.¢,0)=(t,x,0;0,§,0).

The Killing vector field in this context is Z = m, and the principal symbol of Dy is
((1,€,0),2) = 7. The ladder is non-empty if and only if v > 1; since the equations to not

involve the base variables (¢,x,0), A, = M when v > 1 and is empty otherwise. We henceforth
assume v > 1. . _

The classical ladder in T*M (or in N) is defined by p,(t,z,0;7,§,0) =7 —-vo =0, and is
given by

L,= |J {r=o0v, [{=0Vr?-1} x{(0,0)}. (76)

(0,0)eT*S1t
Under ¢ , the ladder is taken to

(L)= U =0V -1} < {(0.0)} = {(€] = oVi2 T} e T* S T*S".

(0,0)eT*S1
For fixed (0,0), the classical ladder is the 7-slice of a mass hyperboloid (bundle),
{r=0v, [¢|=0V12-1}.
As above, we fix 0 =1 to de-homogenize and then obtain the spherical slice,
{r=v,|¢|=V12 -1} cChar(0) c T*M
We then quotient by time translation. The quotient is N;(v)
M) ={(2,€) e T*S|[¢] = V2 - 1}.

The Liouville volume gy, (N;(v)) is by definition the usual Liouville volume of the right side,
namely,

H(S7 %) = \/()1(S,L,2)(\/y2_1)"‘2 —Vol, (%), (77)

Indeed, the Liouville measure satisfies ,uL(S * E) VVOIQ{|§| < Vrv?2-1}. Compared to

(74), the additional factor of 2C' comes from the Wldth of the interval (i.e. the test function).

The governing dynamical system underlying the ladder trace Tret?|g  is identified by ¢ with
the null foliation of the sphere bundle {|¢{| = V2 -1} c T*X, i.e. with its geodesic flow. It
follows that the zero-measure condition on periodic orbits in Theorem is independent of
v, and is the well-known condition that the set of periodic orbits of G* has measure zero for

t40.
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