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SEMI-CLASSICAL MASS ASYMPTOTICS ON STATIONARY

SPACETIMES

ALEXANDER STROHMAIER AND STEVE ZELDITCH

Abstract. We study the spectrum of a timelike Killing vector field Z acting as a differential
operator on the solution space Hm ∶= {u ∣ (◻g +m

2)u = 0} of the Klein-Gordon equation
on a globally hyperbolic stationary spacetime (M,g) with compact Cauchy hypersurface Σ.
We endow Hm with a natural inner product, so that DZ =

1

i
∇Z is a self-adjoint operator on

Hm with discrete spectrum {λj(m)}. In earlier work, we proved a Weyl law for the number
of eigenvalues λj(m) in an interval for fixed mass m. In this sequel, we prove a Weyl law

along ‘ladders’ {(m,λj(m) ∶ m ∈ R+} such that
λj(m)

m
≃ ν as m → ∞. More precisely, we

given an asymptotic formula as m → ∞ for the counting function Nν,C(m) ∶= #{j ∣
λj(m)

m
∈

[ν − C
m
, ν + C

m
]} for C > 0. The asymptotics are determined from the dynamics of the Killing

flow etZ on the hypersurface N1,ν in the space N1 of mass 1 geodesics γ where ⟨γ̇, Z⟩ = ν. The
method is to treat m as a semi-classical parameter h−1 and employ techniques of homogeneous
quantization.

In a recent article [SZ18], the authors introduced a generalization of the Gutzwiller-Duister-
maat-Guillemin trace formula and Weyl law on a globally hyperbolic, stationary spacetime(M,g) of dimension n with compact Cauchy hypersurface Σ. The trace formula was for the
trace Tr etZ ∣ker◻g of the translation operator etZ by the flow of the timelike Killing vector
field Z on the space ker◻g of null-solutions of the Klein-Gordon operator ◻g. To define
the trace, a Hilbert space structure is introduced on ker◻g, and the trace is expressed as
an integral over Σ of a spacelike (n − 1)-form constructed from the solution operator E of
the Cauchy problem. One of the principal ingredients was the description of E as a Fourier
integral operator in [DH72, Theorem 6.5.3 and Theorem 6.6.1]. A second principal ingredient

was the calculation by Duistermaat-Guillemin [DG75] of the trace Tr exp it
√
−∆ of the wave

group of a compact Riemannian manifold (Σ, h) using the symbol calculus of Fourier integral
operators. The authors of [DH72] write that one motivation for their article was to clarify the
nature of ‘propagators’ in relativistic quantum mechanics, and their article has since become
foundational for quantum field theory on a curved spacetime. The relativistic trace formula
of [SZ18] grew naturally from the combination of results of [DH72,DG75], and suggests that
much of spectral asymptotics in non-relativistic quantum mechanics has a generalizations to
globally hyperbolic, stationary spacetimes.

The present article is a continuation of [SZ18], still in the setting of a globally hyperbolic,
stationary spacetime (M,g) (time-oriented and oriented) of dimension n ≥ 2 with compact
Cauchy hypersurface Σ. In [SZ18], the spectral problem was that of DZ =

1
i
∇Z in ker◻g, or
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2 ALEXANDER STROHMAIER AND STEVE ZELDITCH

more generally the kernel of ◻g +V where V is a DZ-invariant potential V . In this article, we
fix V =m2 (the mass squared), and study the spectrum of DZ in the kernel

H(m) ∶= ker(◻g +m2), (1)

of the Klein-Gordon operator

◻g = −
1√∣g∣∂i (

√∣g∣gik∂k) .
In Section 3, we equip H(m) with an energy inner product (Definition 3.1) so that (1) becomes
a Hilbert space when m /= 0.

The main idea of this article is to treat m as a semi-classical parameter, so that in effect we
study the semi-classical Klein-Gordon operator m−2 ◻g +1 in the semi-classical limit m →∞.
Although it is rather obvious that m−1 is formally analogous to the Planck constant h̵ in a
non-relativistic Schrödinger operator, we have not found prior studies of semi-classical mass
asymptotics for the Klein - Gordon operator. Equivalently, since [◻g,DZ] = 0, we are studying
the joint spectrum {(m2, λj(m))} of (◻g,DZ), i.e.⎧⎪⎪⎪⎨⎪⎪⎪⎩

(◻g +m2)u = 0,
DZu = λu

(2)

in the spirit of equivariant spectral asymptotics. Since DZ is first order, we reparametrize the
joint spectrum as {(m,λj(m)),m ∈ R}, and study the parametrized eigenvalues m → λj(m)
as m→∞, λj(m)→∞ in such a way that

λj(m)
m

tends to a limit value ν ∈ R. Following [GS82],
we refer to such pairs as a ‘ray’ or ‘ladder’ Lν in the joint spectrum. As is pointed out in
[GU89], ladder asymptotics can be used to obtain semi-classical asymptotics, and that is our
purpose in this article.

The basic goal is to determine the asymptotics as m →∞ of the mass-semi-classical Weyl
eigenvalue counting function,

Nν,C(m) ∶=#{j ∣ λj(m)
m

∈ [ν − C
m
,ν +

C

m
]}, (3)

where C > 0 is a given constant. Theorem 1.3 gives asymptotics as m → ∞ of these Weyl
spectral functions. To study this sharp counting function, we first smooth out the indicator
function 1[−C,C] to a Schwartz function ψ ∈ S(R) with ψ̂ ∈ C∞0 (R) and form,

Nν,ψ(m) ∶=∑
j∈Z

ψ(λj(m) − νm). (4)

The asymptotics of this smoothed Weyl function are determined in Theorem 1.2, and the
asymptotics of (3) are determined in Theorem 1.3.

We view the eigenvalues of DZ on Hm as ‘energy levels’ of a mass m free particle. In special
relativity the energy of particle is the time component of its 4-momentum. Here we view the
classical energy E of a mass m geodesic γ as the constant value ⟨Z, γ̇⟩, which plays the role
of the time component of its 4-momentum. Mass semi-classical asymptotics determines how
Klein-Gordon particles scale at large energies when the mass m and energy E are scaled in the
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same way. Having a fixed ratio E
m

intuitively means roughly that the velocity of the particle
is fixed while letting m,E →∞. This is explained in detail in Section 0.6.

The study of the joint spectrum of (◻g,DZ) may seem reminiscent of the study of the
joint spectrum of the Laplacian ∆h and a Killing vector field Z on a compact manifold(Σ, h), e.g. the Laplacian on a surface of revolution. Among the many articles studying
equivariant spectral asymptotics and its applications to semi-classical asymptotics, the article
[GU89] is most relevant to our results and we refer there for references to the literature. The
equations (2) seem formally analogous to (∆h + λ2)u = 0,DZ = λu in L2(Σ, dVh), but there is
a fundamental difference in the way that we treat the joint spectral problem: as in [SZ18], we
do not study the joint spectrum on L2(M,dV ), but rather endow (1) with its own Hilbertian
inner product (Definition 3.1 in Section 3). Hence a ‘ladder’ in the joint spectrum involves
the spectrum of DZ in the one-parameter family (1) of Hilbert spaces. Since this type of joint
spectral problem is non-standard even in the case of product (‘ultra-static’) spacetimes, we
include a short Section 12 to explain what it boils down to in the (rather trivial) product case.

0.1. Homogenizing and discretizing the m parameter. To deal with the one-parameter
family (1) of Hilbert spaces as m→∞, we construct the globally hyperbolic stationary space-
time (M̃, g̃) = (M,g) × S1

T ,

where S1
T = R/TZ, and where we take the semi-Riemannian product of the Lorentzian manifold(M,g) with S1

T . The circle factor S
1 is spacelike, so that the metric g̃ = g⊕(dθ2) is Lorentzian

of signature (−1,+1, . . . ,+1), and has the compact Cauchy hypersurface Σ × S1
T . The group

R ×S1
T acts by isometries, where R acts by the Killing flow etZ and S1

T acts on the S1
T factor.

The eigenvalues of Dθ are mk =
2π
T
k with k ∈ Z. Since T is arbitrary we essentially obtain all

mass parameter values, and since we are interested in ladders, little is lost by the discretization.

Notational Conventions To avoid cluttering up the notation, we usually assume that T = 2π
and write S1 for S1

= S1
2π. We often use the notation Cn for any purely dimensional constant

that may vary in each occurrence.
When it could be confusing whether a point ζ lies in T ∗M or T ∗M̃ , we use the notation

ζ = (x, ξ) for the former and ζ = (x̃, ξ̃) for the latter. When there is no possibility of confusion,
we drop the tilde’s. In homogeneous quantization, one often deletes the zero section of a
cotangent bundle and works on Ṫ ∗M = T ∗M/0.

Our signature convention is (−,+,⋯,+) but ◻g is minus the Lorentzian Laplacian. The

Minkowski metric is thus −dt2 +∑j dx2j and its Klein-Gordon operator is ∂2

∂t2
−∆ +m2. Note

that −∆ is a positive operator, and that the mass termm2 is positive, so that the semi-classical
symbol −τ 2 + ∣ξ∣2 +m2 has zeros on the two-sheeted mass hyperboloid (bundle) τ 2 = ∣ξ∣2 +m2.

Finally, we use the term Liouville measure for general surface measures µL induced by
the symplectic volume measure Ω on co-isotropic submanifolds defined by some Poisson-
commuting functions. In the case of a hypersurface {H = E} in a symplectic manifold,
the Liouville measure is given by µL =

Ω
dH
∣H=E. It satisfies, µL({H = E} = d

dE
VolΩ({H ≤

E}). For a co-dimension two surface {f1 = E1, f2 = E2}, the Liouville measure is given by
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µ{f1=E1,f2=E2} = Ω
df1∧df2

∣f1=E1,f2=E2
. To avoid excessive subscripts, we often denote the Liouville

(or, Leray) measure on a manifold Y by µY .

0.2. Quantum ladders. We define the null-space of the wave operator ◻̃ = ◻̃g̃ of (M̃, g̃),
◻̃ = ◻g −

∂2

∂θ2
,

H∞KG ∶= ker ◻̃ ∩C
∞
= ker(◻g − ∂2

∂θ2
) ∩C∞, (5)

i.e. the space of smooth solutions. Following [SZ18], we endow in Section 3 the space of smooth
solutions ker ◻̃ ∩C∞ with a positive semi-definite quadratic form with finite dimensional null-
space and define HKG as the completion in the associated topology. This therefore defines a
notion of a trace TrHKG . We are interested in the joint spectrum of R × S1

T on the null-space
(5), where R acts by the Killing flow etZ and S1

T acts on the S1
T factor. The results of [SZ18]

apply directly to the spectrum of DZ or Dθ in (5), and in particular imply that the spectrum
of the R×S1

T action on ker ◻̃ is discrete and consists of pairs {mk, λj(mk)} with mk =
2π
T
k (see

Theorem 3.4).
Under the S1 action, (5) splits up into Fourier modes of S1 (i.e. the eigenspaces of Dθ in

(5)),

HKG =⊕
m∈Z

H
(m)
KG , H

(m)
KG ∶=HKG ∩ {Dθ =m}, (6)

A ‘ladder subspace’ of (6) is, roughly speaking, defined as the kernel,

HLν“ ∶=
′′ {u ∈HKG ∣ Pνu = 0}. (7)

of the operator,

Pν ∶=DZ − νDθ. (8)

Since the eigenvalues generally do not intersect lines through the origin this heuristic definition
is not literally correct and only provides intuition. The precise definition is that the joint
eigenvalues {(m,λj(m)} lie in a strip (or thickening) of the ray {(m,λ) ∣ λ = νm}. To make

this precise, we introduce real valued test functions ψ with ψ̂ ∈ C∞0 and define the the ‘fuzzy’
ladder subspace to be the range of the operator

Πν,ψ ∶= ψ(DZ − νDθ) ∶HKG →HKG. (9)

The spectral problem is then to find the distribution of eigenvalues of DZ in a ladder. The
notion of a fuzzy ladder is due to Guillemin-Uribe [GU89] in the compact elliptic setting. We
will see that our results have many overlaps, and also significant differences, with [GU89].

Remark 0.1. In [SZ18], the authors studied the distribution of eigenvalues of DZ in a fixed
Klein-Gordon space (1). In terms of ladders, the mass m is fixed, and if we think of m
as the vertical axis, the corresponding ladder is horizontal. Horizontal ladders do not fit
well with ladder notation. If we replace (8) by µDZ − Dθ, then a horizontal ladder cutoff
would correspond to µ = 0 and ψ(Dθ) can be thought of as localizing around m = 0 in the

spectrum of Dθ. Since we assume that ψ̂ ∈ C∞0 (R), it requires Tauberian theorems to make
such localizations.
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0.3. Generating functions and their singularities. To find the asymptotics as m → ∞
of (4) and then (3), we form the generating functions,⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

Υ
(1)
ν,ψ(s) ∶= ∑m,j∈Zψ(λj(m) −mν)eims,

Υ
(2)
ν,ψ(s) ∶= ∑m,j∈Zψ(λj(m) −mν)eiλj(m)s.

, (10)

The Weyl functions (4) are essentially the Fourier coefficients of these generating functions in

the decomposition (6). More precisely, Υ
(2)
ν,ψ is the Fourier transform of the periodic ladder

spectral function,

dN
(1)
ν,ψ(x) = ∑

j∈Z,m∈Z

ψ(λj(m) − νm)δ(x −m), (11)

and Υ
(2)
ν,ψ is the Fourier transform of the ladder spectral function,

dNν,ψ(x) = ∑
j,m∈Z

ψ(λj(m) − νm)δ(x − λj(m)). (12)

To determine the behavior of (4) as m→∞, it suffices to determine the singularities at s = 0
of these generating functions.
The Weyl asymptotics of (4) follows from a singularity analysis of (10) by a Fourier Taube-

rian theorem. The results are reminiscent of the ladder asymptotics of Guillemin-Uribe [GU89]
in the compact elliptic setting, and as they explain, the singularities of Υ1

ν,ψ resp. Υ2
ν,ψ at

s = 0 are essentially the same. In fact, it is simpler to use Υ
(1)
ν,ψ and only sum over m ≥ 0. The

sum is then a Hardy distribution, and as in [GU89, Section 7] one can easily determine the
large m asymptotics from the singularities by matching periodic distributions on S1.

0.4. Classical ladders. It is well-known in spectral asymptotics that the singularities of
(10) are controlled by an underlying classical Hamiltonian dynamical system. We need to
define it before stating our main results. More details will be given in Section 2.3.
The characteristic variety of ◻̃ is the null-cone bundle,

Char(◻̃) = T ∗0 M̃ = {(x̃, ξ̃) ∈ Ṫ ∗M̃ ∣ g̃(ξ̃, ξ̃) = 0}, (13)

where g̃(ξ̃, ξ̃) is the Lorentzian inner product of M̃ . The quotient of Char(◻̃) by the (null)

geodesic flow G̃t ∶ T ∗M̃ → T ∗M̃ is the symplectic cone,

Ñ = Char(◻̃)/ ∼= T ∗0 M̃, (14)

which is called the space of scaled null-geodesics of (M̃, g̃). The space Ñ is a disjoint union

Ñ = Ñ+ ∪ Ñ− of future and past directed scaled null-geodesics. In [SZ18, Section 2.1] it is

shown to be a homogeneous (i.e. conic) symplectic manifold, and it is explained that Ñ is
the symplectic cone of dimension 2n corresponding to the Hilbert space HKG in the sense of
geometric quantization.

The R × S1 action lifts to T ∗M̃ as a Hamiltonian action with classical moment map

P ∶ T ∗M̃ → R
2, P(x̃, ξ̃) = (⟨ξ̃, Z⟩, ⟨ξ̃, ∂

∂θ
⟩). (15)
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For notational simplicity, we set

pZ(x̃, ξ̃) ∶= ⟨ξ̃, Z⟩, pθ(x̃, ξ̃) ∶= ⟨ξ̃, ∂
∂θ
⟩.

We also denote the Hamilton vector field of a function f (on any cotangent bundle or sym-
plectic manifold) by Hf and we denote its Hamiltonian flow by exp tHf .

Given ν ∈ R+, the principal symbol of (8) is the Hamiltonian

pν(x̃, ξ̃) = pZ(x̃, ξ̃) − νpθ(x̃, ξ̃). (16)

Definition 0.2. The classical ladder Lν is the double characteristic varietyDCharν = Char(◻̃, Pν),
i.e. the set of (x̃, ξ̃) ∈ Ṫ ∗M̃ such that ⎧⎪⎪⎪⎨⎪⎪⎪⎩

1
2
g̃(ξ̃, ξ̃) = 0,
pν(x̃, ξ̃) = 0.

We assume throughout that (M,g) is a standard stationary spacetime, so that we may
choose a Cauchy hypersurface Σ of M and represent M = R × Σ with Z = ∂

∂t
(see Section

2). We let coordinates (t, x, θ) be corresponding coordinates on M × S1
≃ R ×Σ × S1, and let(τ, ξ, σ) be the dual symplectic coordinates. As explained in more detail in Sections 2.2-(2.3),

pZ(t, x, θ, τ, ξ, σ) = τ, pθ = σ. The equations of the double characteristic variety are then,⎧⎪⎪⎪⎨⎪⎪⎪⎩
(i) g((τ, ξ), (τ, ξ)) + σ2

= 0,

(ii) τ − νσ = 0.
(17)

Thus, σ plays the role of the mass parameter.

Definition 0.3. We say that ν is admissible if 0 is in the range of pν on Ñ and is a regular
value.

Criteria for admissibility in terms of Killing horizons are given in Section 2.4.
In Theorems 1.1 and 1.2 we assume that ν is admissible in the sense of Definition 0.3.

To understand this condition, we use the equations to eliminate σ and find that DCharν
corresponds to points of T ∗M̃ satisfying

g((τ, ξ), (τ, ξ)) + ν−2τ 2 = 0. (18)

As will be proved in Proposition 2.4, the projection of DCharν to M̃ equals set (33) of M̃
where Z −ν ∂

∂θ
is spacelike, and thus is bounded by the Killing horizon. It follows that DCharν

is empty if ν is such that Z −ν ∂
∂θ

is nowhere spacelike. For instance, if M = R×Σ is a product
spacetime with metric −dt2 + h, then the equation states that ∣ξ∣2h = (1 − ν−2)τ 2, which has no
solutions unless ν ≥ 1.

To obtain a Hamiltonian flow on a symplectic manifold, we reduce the classical ladder.
Since pZ , pθ are constant on orbits of the geodesic flow, the moment map is well defined as a
map on (14), and defines a reduced moment map,

PÑ ∶ Ñ → R
2. (19)
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Definition 0.4. A reduced classical ladder Lν is the co-isotropic submanifold,

Lν ∶= {(x̃, ξ̃) ∈ Ñ ∣ pν(x̃, ξ̃) = 0} = P−1Ñ {(νσ, σ)) ∣ σ ∈ R+} . (20)

Lν is a conic hypersurface of Ñ whose null-foliation is given by orbits of the Hamiltonian
flow of pν (16) on the symplectic manifold Ñ .

0.5. The governing dynamical system. As mentioned above, the singularities of (10)
correspond to periods s of a Hamiltonian flow on a symplectic manifold. We say that this
Hamiltonian system ‘controls’ the singularities of (10). The flow for massive ladders is obtained

by reducing the joint Hamiltonian flow of pZ , pθ on Ñ with respect to σ = 1. For the massless
ladder it is obtained by reducing with respect to σ = 0. Setting σ = 1 is arbitrary, reflecting the
fact that taking the product M̃ =M ×S1 is an artifice whose purpose is simply to homogenize
the semi-classical theory. Reducing with respect to σ = 1 is one way to de-homogenize the
theory. Since we will set pν = 0 (16), setting σ = 1 is equivalent to setting pZ = ν in Ṫ ∗M .
First let us consider the reduced symplectic manifold obtained from (17) by setting pθ = σ = 1

in Ñ and quotienting it by the Hamiltonian S1 action. This of course un-does the product
with S1 that converts M to M̃ ; the quotient depends on the level σ = 1. Evidently, the
reduction of the equations (17) in T ∗M gives,⎧⎪⎪⎪⎨⎪⎪⎪⎩

(i) g((τ, ξ), (τ, ξ)) = −1,
(ii) pZ = τ = ν.

(21)

The first equation defines the unit ‘hyperboloid bundle’ of T ∗M (see Section 2.2). The
second equation gives a ‘time-slice of each cotangent space hyperboloid, selecting out a ‘sphere’
in each cotangent space. We note that pZ is constant on Gs-orbits in the hyperboloid bundle,
so it descends to the quotient,

N1 ∶= {(x, ξ) ∈ T ∗M ∣ g(ξ, ξ) = −1}/ ∼, (22)

where ∼ is the equivalent relation of lying on the same orbit of the geodesic flow.

Definition 0.5. Let ν be admissible in the sense of Definition 0.3. The governing dynamical
system for (10) is the Killing flow of etZ on the level set

N1(ν) ∶= {pZ = ν} ⊂ N1. (23)

Remark 0.6. In the massless case of [SZ18], the governing dynamical system is the Hamil-
tonian flow etZ of pZ on the conic symplectic manifold N of null geodesics. Since pZ is
homogeneous, its Hamiltonian flow has the same periods on all non-zero level sets. In this
case the classical dynamical system can be shown to be equivalent to a magnetic flow (see for
example [SZ20] for a discussion of this).

We introduce the following notation for volume forms.

Definition 0.7. As in the notational introduction, we denote by Ω the symplectic volume
form of a symplectic manifold. Given a Hamiltonian H we denote by µL =

Ω
dH

the Liouville
volume form on a level set of H; we also denote it by µ{H=1} when we need to specify the
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relevant manifold. Thus, ΩN1
denotes the symplectic volume form of N1, and µN1(ν) denote

Liouville measure on the set N1(ν).
The Liouville measure of N1(ν) can be computed explicitly for a standard spacetime. When

ν is a regular value of pZ , it is given by

µN1(ν)(N1(ν)) = Vol(Sn−1)∫
Σ

νN(N2 − β2)n2 (ν2 − (N2
− ∣β∣2h))n−32+ dVolh, (24)

The derivation of this formula can be found in the proof of Prop. 2.5.

0.6. Physical interpretation of the governing dynamical system. Propagation of
light and of particles at extremely high energy follows the rules of geometrical optics on
spacetimes in the sense that singularities travel on lightlike geodesics. In this sense the natural
dynamical system associated with the high energy limit of [SZ18] was the dynamics on the
space of lightlike geodesics. Here the ladder theory corresponds to increasing the energy at
the same time as the mass and keeping the ratio between mass and energy at a fixed rate ν.
This amounts to fixing the ratio between energy and momentum. One therefore ends up with
a dynamical system on a space of timelike geodesics, thus corresponding to the dynamics of
particles traveling at less than the speed of light in the gravitational field. The parameter

ν plays as similar role as the famous Lorentz factor (1 − v2)− 1

2 does in Minkowski spacetime
(here units are chosen so that the speed of light c equals 1). To see this in a general stationary
spacetime assume that we have a metric of the form g = −N2dt2 + hij(dxi + βidt)(dxj + βjdt)
as in (28) (see Section 2 for details) with a Lapse function N and a shift vector field β. Now
assume that γ(t) is a timelike geodesic in M corresponding to the dynamics in N1(ν), i.e.
with the property that g( d

dt
γ(t), d

dt
γ(t)) = −1 and such that g(Z, d

dt
γ(t)) = ν. If we fix the

mass m to be one then the covector ξ(t) associated to d
dt
γ(t) corresponds to the relativistic

momentum of the particle: in local coordinates this momentum has the energy as its time
component and the momentum as its spatial component. If we choose a local orthonormal
frame that identifies the tangent space at a point x ∈ M with Minkowski space so that the
Killing vector Z is given at x by the vector

√
N2 − ∣β∣2h∂t0 , then such a geodesic will have

relativistic momentum with t0-component equal to ν(N2− ∣β∣2h)− 1

2 and with spatial component

of length
√

ν2

N2
−∣β∣2

h

− 1. Therefore in this frame the spacelike component of the speed is

v(t) =
√
ν2(N2 − ∣β∣2h)− 1

2 − 1

ν(N2 − ∣β∣2h)− 1

2

=

√
1 −
(N2 − ∣β∣2h)

ν2
,

and thus,

ν =

√
N2 − ∣β∣2h√
1 − v2

.

Note that the speed is not constant since the particle moves in a gravitational field, but ν is a
conserved quantity and has frame-independent meaning once Z is fixed. In the product case
we have N = 1 and β = 0 and this reduces to the Lorentz factor.
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1. Statement of results

Our goal is to determine the singularity at s = 0 of Υ
(1)
ν,ψ(s), and to apply the result to prove

a Weyl law for the joint spectrum along the ray. By elaborating the techniques, we could
develop the theory as in [SZ18] to prove a Gutzwiller formula giving the singularities of the
trace at non-zero s in terms of periods of periodic orbits of the governing Hamiltonian flow
of Section 0.5. However, we do not give the details of the calculations of the singularities at
s /= 0 for the sake of expository brevity. Henceforth we redefine (10) as a Hardy distribution,

Υ
(1)
+,ν,ψ(s) ∶= ∞

∑
m=0

∑
j∈Z

ψ(λj(m) −mν)eims = TrHKGΠν,ψΠ+e
isDθ , (25)

where Π+ is the spectral projection of Dθ onto the non-negative part of the spectrum. Then

up to a constant c = ∑j∈Zψ(λj(0)) the real part of 2Υ
(1)
+ equals Υ(1). The singularities of

Υ
(1)
+ thus determine the singularities of Υ(1). We show that Υ

(1)
+ is a polyhomogeneous Hardy

distribution with a co-normal singularity at s = 0, i.e. it has a singularity expansion as a sum
of model periodic distributions defined by the Fourier series (cf. [GU89, Lemma 7.1])

bk(s;ω) = ∞

∑
m=0

mkω−meims,

where ω ∈ S1. In general the ω arise as holonomies corresponding to singularities at s /= 0. For
the singularity at s = 0, ω = 1 and the singularity is the same as for the model homogeneous
distributions µk(s) on R, defined by the oscillatory integrals (cf. [GS77,GU89])

µk(s) = ∫ ∞

0
eisττ kdτ.

Theorem 1.1. Let (M,g) be a spatially compact stationary globally hyperbolic spacetime with
dimM = n, with timelike Killing vector field Z, let ν be admissible in the sense of Definition

0.3. Let ψ ∈ S(R) with ψ̂ ∈ C∞0 (R). Then the singular support of Υ
(1)
+,ν,ψ(s) is contained in the

set {s ∈ R ∣ ∃s′ ∈ Pν ∩ supp (ψ̂), s− νs′ ∈ 2πZ}, where Pν is the set of periods of periodic orbits

of esZ on N1(ν). In case suppψ ⊂ (−π/ν, π/ν) the distribution Υ
(1)
+,ν,ψ(s) = TrHKGΠν,ψΠ+eisDθ

(25) is a Hardy distribution on S1 with a conormal singularity at s = 0. That is,

Υ
(1)
+,ν,ψ(s) = e0;ν,ψ(s) + ρ0;ν,ψ(s)

where ρ0;ν,ψ(s) is a distribution that is smooth near 0, and e0;ν,ψ(s) is a Lagrangian distribution
with singularity at s = 0 of the form

e0;ν,ψ(s) ∼ (2π)−n+1 µN1(ν)(N1(ν)) ψ̂(0)µn−2(s) + c1(ν,ψ)µn−3(s) + . . . ,
where µL is the Liouville measure on N1(ν) (see Definition 0.5).

There is very similar statement for Υ
(2)
ν,ψ(s).

Dually, we obtain an asymptotic expansion for smoothed ladder Weyl spectral functions.

Theorem 1.2. Let (M,g) satisfy the assumptions of Theorem 1.1. Let {λj(m)}∞j=1 be the

eigenvalues of DZ in Hm (1), and let ν be admissible. Let ψ ∈ S(R) with ψ̂ ∈ C∞0 (R) of
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sufficiently small support around s = 0 so that no other periods of periodic orbits of esZ on Ñ
lie in its support. Then, there exists a complete asymptotic expansion as m→∞,

Nν,ψ(m) ≃mn−2
∞

∑
k=0

ak(ν,ψ)m−k,
where a0(ν,ψ) = (2π)−n+1ψ̂(0)µN1(ν)(N1(ν)).

Theorem 1.2 is deduced from Theorem 1.1 using a Hardy-Fourier Tauberian argument,
[GU89, Section 7]. For the corresponding compact elliptic case, see [GU89, Lemma 7.1-
Corollary 7.2].

The sharp Weyl law for the the counting function (3) of the ladder Hν states:

Theorem 1.3. With the same notation and assumptions as in Theorem 1.2, assume in ad-
dition that the closed orbits of the Killing flow on (23) are non-degenerate. Then the sharp
Weyl function (3) admits the asymptotic expansion,

Nν,C(m) = 2C(2π)−n+1µN1(ν)(N1(ν))mn−2
+ o(mn−2),

as m→∞.

In fact, as in [DG75, Lemma 3.3], the hypothesis of non-degeneracy may be weakened to the
statement that the fixed point sets of the Killing flow etZ on N1(ν) for t /= 0 are of Liouville
measure zero. The need for such an hypothesis is illustrated in the product case in Section
12, where the spectral problem coincides with the one studied in [DG75]. When the Hamilton
flow is periodic, the ladder eigenvalues {λj(m)}∞m=1 cluster along an arithmetic progression
(depending on m), and one does not have two-term Weyl asymptotics. This phenomenon is
well-known in spectral asymptotics and is discussed for compact elliptic ladder asymptotics
on [GU89, page 420]. The sharp Weyl result is deduced from Theorem 1.2 by a Tauberian
theorem as in [BrU91, Theorem 3.2]. To prove it, we will need a slight extension of Theorem

1.2, where we remove the assumption on supp ψ̂.

Lemma 1.4. With the same notation as in Theorem 1.2, assume that the set of periodic orbits
of etZ of period t /= 0 on (26) have measure zero. Let ψ ∈ S(R) with ψ̂ ∈ C∞0 (R). Then,

Nν,ψ(m) =mn−2a0(ν,ψ) + o(mn−2).
Remark 1.5. The Weyl asymptotics are consistent with the elementary product case (74).
They are referred to as ‘differentiated Weyl laws’ in spectral asymptotics, because they count
eigenvalues in short intervals. For this reason, the order of the singularity in Lemma 1.1 and
the order of growth of eigenvalues in Theorem 1.3 differ by 1 from the orders in the massless
case of [SZ18]. As mentioned above, the trace asymptotics of [SZ18] correspond to horizontal
ladders, while the techniques of this paper require that 0 < ν <∞.

1.1. Relation to compact elliptic ladder asymptotics. As mentioned above, Theorem
1.1 is not simply the ladder asymptotics of [GU89] transported to the Lorentzian setting,

because HKG is not an L2 subspace of L2(M̃, dVg̃), and there does not exist an orthogonal
projection from the latter to the former. In Section 12 we specialize the results to the case of
product spacetimes in order to clarify the nature of the results in this special case and to tie
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together the traces (10) on the Hilbert spaces (1) with the compact elliptic ladder asymptotics
as in [GU89], as well as with traditional semi-classical asymptotics.

Let us explain the analogies between objects of this article and objects in [GU89]. The
Hilbert space (5) corresponds to the homogeneous symplectic manifold (14). Since (5) is the
entire Hilbert space in our spectral problem, it plays the role of L2(X) in [GU89]. Hence

Ñ plays the role of T ∗X in that article. As mentioned above, (15) generates a Hamiltonian

R × S1 action on Ñ . Formally, the ladder Hilbert space (7) corresponds to the quotient,

Ñν ∶ {ζ ∈ Ñ ∶ pν(ζ) = 0}/ ∼, (26)

where ∼ is the equivalence relation of belonging to the same orbit of the Hamiltonian flow

etZe−tν
∂
∂θ of pν . We reduce this Hamiltonian system by setting σ = 1 on Ñν and dividing by

the S1 action, reducing to the Hamiltonian flow etZ acting on the set {pZ = ν} ⊂ N1 (22).
In Section 2.3, we show that there exists a symplectic quotient for this action due to global
hyperbolicity of the spacetime.

Remark 1.6. Since there exists a fibration of {ζ ∈ Ñ ∶ pν(ζ) = 0}→ Ñν , there exists an algebra
(denoted RΣ in [GS79]) of Fourier integral operators associated to this null foliation in the
sense of [GS79]. However, the result of [GS79, Proposition 4.1] on existence of projections RΣ

is false in our setting (where the fibers are non-compact).

We defined the governing dynamical system in Section 0.5. Let us compare this flow with
the ‘governing Hamiltonian flow’ in [GU89], especially in its applications to semi-classical
Schrödinger operators. In place of (15) of this article, the R×S1 action in [GU89] is generated
by a positive elliptic operator P of order 1 and the same Dθ as in the present article. In
the semi-classical application, one has Riemannian manifold N and defines M = N × S1. Let
P =
√
−∆N + V D

2
θ where V is the potential. Denote by a = σ, the generator of the S1 action.

Let {ft} be the Hamiltonian flow of the principal symbol p of P . Then the governing flow of
[GU89] is the reduction of ft on the co-isotropic submanifold p = E,a = 1. More precisely, let
Z = a−1(1) and B = Z/S1, and let π ∶ Z → B be the natural projection, and let p̃ ∈ C∞(B) be
the reduced symbol. Let {ϕt} be the Hamilton flow of p̃ on B. The closed trajectories of ϕt
on p̃ = E determine the singularities of Υ. Since Z = T ∗N × {σ = 1}, Z/S1

= T ∗N , and the
governing flow is that of H = ∣ξ∣2 + V on {H = E2}.

As explained above, in this article, Ñ replaces T ∗(N × S1). We set σ = 1 in Ñ and divide
to get N1. We then set pZ = ν on N1 and study the Hamiltonian flow etZ on this level set,
analogously to the Hamiltonian flow on {H = E} in the compact elliptic setting.

1.2. Semi-classical heuristics. It would be natural to work semi-classically throughout
rather than taking the product with S1 and working homogeneously, which is rather arti-
ficial. To do this, one would need a semi-classical parametrix for the Green’s functions of
◻ +m2 (see Section 4.) Such a parametrix exists on Minkowski space, but to our knowledge
it has not been generalized to general stationary spacetimes. Perhaps for this reason, the
physical interpretation of high mass asymptotics has not been developed. In some sense, the
semi-classical parametrix is defined implicitly in this article as a Fourier coefficient of the
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homogeneous parametrix on M̃ . We hope to develop this theory further in a later article.
The strategy of studying semi-classical asymptotics on M by using homogeneous asymptotics
on M × S1 was first used in [GU89].
Although we homogenized the ladder asymptotics problem in Section 0.1, it is useful to

keep in mind the corresponding objects in the semi-classical, non-homogeneous, picture with
large parameter m. The Klein-Gordon operator m−2 ◻g +1 on M has semi-classical symbol
−g(ξ, ξ)+1, and the semi-classical characteristic variety is the unit mass hyperboloid (bundle)
g(ξ, ξ) = 1 (see Section 2.2.) We denote its quotient by the (massive) geodesic flow by N1.
The semi-classical symbol ofm−1DZ is pZ(x, ξ) = ⟨ξ,Z⟩ as above. Weyl asymptotics concerns

the distribution of the eigenvalues λj(m) with m−1λj(m) ≃ ν, which corresponds to the level
set pZ = ν on the quotient N1. Note that the homogeneous approach gives the same governing
Hamiltonian flow.

1.3. Organization. In Section 2 we review the geometry of globally hyperbolic stationary
spacetimes from a more ‘global geometric’ view than in [SZ18]. This will prove useful when

we analyze the symplectic geometry of the null geodesics of M̃ =M × S1 and the symplectic
reduction in Sections 2.2-2.3. In Section 4, we review the existence of advanced/retarded

Green’s functions for the Klein-Gordon equation on M̃ =M × S1 and the Hilbert space inner
product (Definition 3.1), onHKG, which does not differ in any essential way from the discussion
in [SZ18]. In Section 6 we discuss the quantum ladder subspaces Hν,ψ in relation to symplectic
reduction. Using this material, we prove Theorem 1.1 in Section 5.1. We then derive Theorem
1.2 in Section 10. In Section 11 we prove Theorem 1.3. In Section 12 we specialize to product
spacetimes to compare the result with standard Weyl asymptotics.

2. Geometry of globally hyperbolic stationary spacetimes

In this section, we briefly review the geometry of globally hyperbolic stationary spacetimes.
Lorentzian manifolds with a complete timelike Killing vector field are called stationary. If(M,g) is a stationary globally hyperbolic spacetime then (cf. [SZ18])

(M,g) ≃ (R ×Σ,−(N2
− ∣η∣2h)dt2 + dt⊗ η + η ⊗ dt + h), (27)

where (Σ, h) is a Riemannian manifold, N ∶ Σ → R+ is a positive smooth function, and η a
a covector field on Σ. In this case ∂t is a Killing vector field. Such stationary spacetimes
are sometimes referred to as standard stationary spacetimes. If (M,g) is a spatially compact
stationary globally hyperbolic spacetime then (M,g) isometric to a product R×Σ with metric
(27). It is sometimes convenient to write this metric in the form

g = −N2dt2 + hij(dxi + βidt)(dxj + βjdt), (28)

where β (the shift vector field) is the vector field obtained from η by identifying vectors with
covectors using h the above metric, i.e. βi = hijηj in local coordinates. The coefficients are
independent of t so that the vector field Z = ∂

∂t
is a timelike Killing vector field.

We define K =M/R to be the space of Killing orbits, i.e. the quotient of M by the R action
defined by etZ . We thus have an R-principal bundle

π ∶M → K
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whose fibers are Killing orbits [x] ∶= {etZ ⋅ x ∣ t ∈ R}. A model for K is obtained by choosing a
cross section to the Killing flow, and by definition any Cauchy hypersurface Σ defines such a
cross section. A globally hyperbolic spacetime will be called spatially compact if there exists a
compact Cauchy surface. In this case all Cauchy surfaces will be compact. Restriction of the
the projection M → K to Σ gives a diffeomorphism Σ ≃ K. Thus, we obtain an identification
of a product decomposition R×Σ with R×K. In terms of any choice of Cauchy hypersurface;
we may also view the product decomposition as R ×K, namely the R fiber bundle π ∶M → K
is a product bundle.

As in the presentation of Cortier-Minerbe [CM16], the orthogonal distributions to the fibers
determine a connection 1-form Θ for which Θ(Z) = 1,LZΘ = 0. The metric g on the horizontal
spaces kerΘ induces a metric gK on K. Define u by u2 = −g(Z,Z). It is constant along the
fibers (Killing orbits), hence defines a function on K. The spacetime metric is then:

g = −u2Θ⊗Θ + π∗gK, u
2
= −g(Z,Z). (29)

Indeed, by definition, g and −u2Θ⊗Θ+π∗gK agree on Z. Moreover they agree on the orthogonal
complement to Z. Hence they agree on all vectors.

For M̃ =M × S1 as above, g̃ = g + dθ2, so the standard metric on M̃ has the form,

g̃ = −N2dt2 + hij(dxi + βidt)(dxj + βjdt) + dθ2. (30)

2.1. Null geodesics. Since (M̃, g̃) is the product of a Lorentzian spaceM and a Riemannian

space S1, its geodesic flow is the product flow, G̃s(x, ξ, θ, σ) = (Gs(x, ξ),Gs
S1(θ, σ)) where Gs

S1

is the Hamiltonian flow on T ∗S1 generated by σ2. That is, the Hamiltonian generating the
product flow is q(x, t, ξ′, τ, θ, σ) ∶= gx((τ, ξ′), (τ, ξ′)) − σ2 and the Hamiltonian flow on T ∗M̃
is the product flow Gs ×Gs

S1 on T ∗M × T ∗S1.

If (M̃, g̃) is globally hyperbolic and Σ̃ a Cauchy surface then each element in Ñ intersects

Σ̃ exactly once. The tangent (co-)vector of the geodesic is lightlike, and its pullback to Σ̃

defines a covector in Ṫ ∗Σ̃. This defines a diffeomorphisms

ι± ∶ Ñ± → Ṫ ∗Σ̃, (31)

since, for each element η ∈ Ṫ ∗Σ̃, there is precisely one lightlike future/past directed covector

ξ ∈ T ∗M̃ ∖ 0 whose pull-back is η. We quote the following result from [SZ18, Proposition 2.1]:

Proposition 2.1. If (M̃, g̃) is a globally hyperbolic spacetime then the symplectic structure

on Ñ does not depend on the Cauchy surface, and for any Cauchy surface Σ̃ the map (31) is
a homogeneous symplectic diffeomorphism.

2.2. Moment maps. We return to Section 0.4 and continue the discussion there. There are
three commuting operators, 1

2
◻̃,DZ ,Ds on M̃ , whose principal symbols are Poisson-commuting
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functions on T ∗M̃ , given by⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

1
2
σ◻̃(x̃, ξ̃) = 1

2
ξ̃ ⋅ ξ̃ ∶= 1

2 ∑i,j gij(x)ξ̃iξ̃j,
pZ(x̃, ξ̃) = σDZ(x̃, ξ̃) = ⟨ξ̃, Z⟩,
pθ(x̃, ξ̃) = σDθ = ⟨ξ̃, ∂∂θ ⟩.

(32)

They jointly define the moment map,

P̃ ∶ T ∗M̃ → R
3, P̃(x̃, ξ̃) = (1

2
σ◻̃(x̃, ξ̃), σDZ(x̃, ξ̃), pθ(x̃, ξ̃)).

If we omit the first component we get the homogeneous moment map (15).
Both Z and ∂

∂θ
are Killing vector fields, but Z is timelike and ∂

∂θ
is spacelike. This moment

map is not homogeneous and it is better to reduce the dimension and define the degree one
homogeneous moment map (19) of the Hamiltonian action of R ×S1 on Ñ . The Hamiltonian

flow of 1
2
(ξ̃, ξ̃) on Char(◻̃) is the null geodesic flow G̃s. We define the symplectic conic manifold

of null geodesics of M̃ as the orbit space (14). We refer to [SZ18, Section 2.1] for proof that

it is symplectic. It inherits the conic structure from Char(◻̃). On Ñ we have the reduced
moment map (19).

2.3. Ladder varieties, their projections and the Killing horizon. The characteristic
variety of ◻̃ is (⋃

σ∈R

Hσ × S
1
× {σ}) ∖ 0 ⊂ Ṫ ∗M̃,

where Hσ = {(x, t, ξ′, τ ′) ∈ T ∗M ∶ gx((τ, ξ′), (τ, ξ′)) = −σ2} is the mass hyperboloid bundle in
T ∗M . The additional equation τ = νσ of Lν pulls out one sphere

Sσ,ν ∶= {(x, ξ) ∈Hσ ∣ τ = νσ}
in the σ- hyperboloid. Thus, the double characteristic variety, the zero set of the map (1

2
σ◻̃, pν),

is

DCharν = (⋃
σ∈R

Sσ,ν × S
1
× {σ}) ∖ 0.

At the regular points of (1
2
σ◻̃, pν) we have the Liouville density µDCharν induced by this map.

The equations define a codimension two homogeneous co-isotropic submanifold of Ṫ ∗M̃ . The
purpose of this section is, first, to specify this submanifold more precisely for a standard
spacetime. Secondly, we determine its projection to M̃ and compare it to the Killing horizon
of Z − ν ∂

∂θ
. The projection may be viewed as the “classically allowed region” for our problem

and we determine its boundary. We assume the metrics are in standard form (30) on M̃ (see
Definition 0.2) in coordinates (t, x, θ) relative to a splitting M = R × Σ × S1

= R × Σ̃ as in
the previous section. We let τ, ξ, σ be the dual symplectic coordinates, i.e. they pick out the
coefficients of dt,dxj,dσ in a covector df(t, x, θ). We denote by DCharν(θ, σ) ⊂ T ∗M the slice
of DCharν where (θ, σ) is held fixed.
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A symplectic quotient of DCharν is obtained by setting σ = 1 and dividing by the S1 action,
and then dividing by the geodesic flow to obtain N1(ν) = {pZ =mν} ⊂ N1. This hypersurface
also has a symplectic quotient since each mass 1 geodesic intersects Σ exactly once.
The projection of DCharν(s, σ) is closely related to the set of points where the Lorentzian

norm of the Killing vector field Z−ν ∂
∂θ

vanishes. We will refer to this set as the Killing horizon

K̃.

Definition 2.2. The Killing horizon K̃ of Z −ν ∂
∂θ

is the subset in R×M̃ where g(Z,Z) = −ν2.
Lemma 2.3. The Killing horizon of Z − ν ∂

∂θ
is the product R ×KΣ(ν) × S1, where

KΣ(ν) ∶= {∣β∣2h = N2
− ν2}.

Proof. Consider (x, θ) ∈ Σ̃ and V ∈ T(x,θ)Σ̃. Then V = (VM , V ′) where VM ∈ TxM,V ′ ∈ TθS1

and g̃(V,V ) = g(VM , VM) + ∣V ′∣2. �

The set
Aν ∶= {(x, θ) ∈ Σ̃ ∣ N2

− ∣β∣2h > ν2} (33)

is the set where Z − ν ∂
∂θ

is spacelike, and we give it the term ‘allowed region’ by analogy
with allowed regions {V ≤ E} for non-relativistic Schrödinger operators −h2∆+V . The region
where Z − ν ∂

∂θ
is timelike plays the role of the ‘forbidden’ region.

We now determine DCharν in phase space. For any manifold X, let π ∶ T ∗X → X be the
natural projection.

Proposition 2.4. In a standard spacetime, for fixed (θ, σ), DCharν(θ, σ) is the set of solutions(t, x; τ, ξ, σ) of the equation,

(τ − (β, ξ))2 −N2h−1(ξ, ξ) −N2σ2
= 0, τ = νσ,

or equivalently,

(τ(ν2 −N2) − (β, ξ)ν2)2 = ν2N2 ((β, ξ)2 + h−1(ξ, ξ) (ν2 −N2)) , τ = νσ,

and DCharν = ⋃(θ,σ)∈T ∗S1 DCharν(θ, σ)× {(θ, σ)}. The projection of DCharν(θ, σ) to M is the

set (33) of points where Z − ν ∂
∂θ

is spacelike. The boundary of the projection is the Killing
horizon.

Proof. Let H̃(t, x, θ; τ, ξ, σ) denote the norm-square function ξ̃ ∈ T ∗M̃ → g̃∗(ξ̃, ξ̃) of the dual

co-metric metric g̃∗ on T ∗M̃ . The dual co-metric has the form,

g̃−1 = N−2

⎛⎜⎜⎜⎜⎜⎝

−1 β 0

βT N2h−1 − β ⊗ β 0

0 0 N2

⎞⎟⎟⎟⎟⎟⎠
,

and a little bit of algebra gives,

H̃ = −N−2τ 2 + 2N−2τ(β, ξ) + (h−1 −N−2β ⊗ β)(ξ, ξ) + σ2

= −N−2[(τ − (β, ξ))2 − (β, ξ)2 − (N2h−1 − β ⊗ β)(ξ, ξ) −N2σ2].



16 ALEXANDER STROHMAIER AND STEVE ZELDITCH

hence the double characteristic variety is defined by⎧⎪⎪⎪⎨⎪⎪⎪⎩
(τ − (β, ξ))2 −N2h−1(ξ, ξ) −N2σ2

= 0,

τ = νσ.

Eliminating σ by the second equation, as in (18), we get a constraint equation for (τ, ξ) ∈
T ∗M :

(τ(ν2 −N2) − (β, ξ)ν2)2 = ν2N2 ((β, ξ)2 + h−1(ξ, ξ) (ν2 −N2)) , (34)

Obviously, a necessary condition that (t, x, θ; τ, ξ, σ) solve the equation is that (x, ξ) lies in
the following set,

DΣ(ν) ∶= {(x, ξ) ∈ T ∗Σ ∣ (β, ξ)2
h−1(ξ, ξ) ≥ (N2

− ν2)}. (35)

Since h(β, β) ≥ (β,ξ)2
h−1(ξ,ξ) for all ξ /= 0, the projection of DΣ to Σ lies in (33). When Z − ν ∂

∂θ

is timelike, the orthogonal complement of Z − ν ∂
∂θ

has empty intersection with the null cone
bundle. It follows that the projection of DCharν is contained in (33) . Conversely, if (t, x, θ) ∈
Aν then ξ = β ∈ DΣ. Hence, the projection equals (33).

Since the equations are independent of t, πDCharν is the set R ×DΣ(ν) × S1. For (x, ξ) ∈
DΣ(ν), there exist two solutions (t, x, τ, ξ) ∈ DCharν(s, σ) (with multiplicity) of the defining
equation in Lemma 2.4, and DCharν is the union over DΣ(ν)×S1 ×R of the pair of solutions
times {(θ, ν−1τ)}.

�

The reduction DCharν with respect to the Hamiltonian flow of σ◻̃ and further reduction of
the level set σ =m gives the level set τ = νm on Nm and therefore Nm(ν).
Proposition 2.5. The Liouville measure µ of the level set τ − νσ = 0 in Nm is given by

µ =mn−2µN1(ν)(N1(ν)) =mn−2Vol(Sn−2)∫
Σ

Nν(N2 − β2)n2 (ν2 − (N2
− ∣β∣2h))n−32+ dVolh.

Proof. We first remark that reduction with respect to the Hamiltonian flow of 1
2
σ◻̃ can be

achieved by choosing T ∗Σ̃ as a cross section. The level σ = m and further reduction shows
that Nm can be identified with Hm∣Σ × {1} × {m} ⊂ T ∗M̃ ∣Σ.

We compute the volume over a point in R×Σ×S1 with respect to Riemann normal coordi-
nates y on Σ, so that h at this point is the identity matrix. We can choose these coordinates
in such a way that dy1(β) = ∣β∣h and dyk(β) = 0 for k > 1. We denote the coordinates of
a covector in T ∗Σ in this coordinate system by (ξ1, ξ⊥), where ξ⊥ = (ξ2, . . . , ξn−1). Inserting
τ = νm + q in the equation for the unit hyperboloid bundle we obtain

(νm + q − ∣β∣hξ1)2 = N2ξ2 +N2σ2
= N2ξ21 +N

2ξ2
⊥
+N2m2.

A little bit of algebra gives

(ξ1 + ∣β∣h(νm + q)
N2 − ∣β∣2h )

2 (N2
− ∣β∣2h) +N2ξ2

⊥
=

N2m2

N2 − ∣β∣2h ((ν + q/m)2 − (N2
− ∣β∣2h)) ,
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which defines a distorted ellipsoid of volume

Vol(Bn−1) Nmn−1

(N2 − ∣β∣2h)n2 ((ν + q/m)2 − (N2
− ∣β∣2h))n−12 ,

taking the derivative in q gives

Vol(Sn−1)Nmn−2(ν + q/m)(N2 − ∣β∣2h)n2 ((ν + q/m)2 − (N2
− ∣β∣2h))n−32 ,

which yields the claimed formula for q = 0. Setting m = 1 gives the Liouville measure for
N1(ν). �

We close this section with the following observation:

Lemma 2.6. If K̃ is regular and (t, x, θ) ∈ K̃ then (t, x, θ,Z − ν ∂
∂θ
) ∈ DCharν . Hence, N∗(K̃)

is a Lagrangian submanifold of T ∗M̃ contained in DCharν.

Proof. If (t, x, θ) ∈ K̃, then by definition, identifying covectors and vectors using the metric,(t, x, θ,Z − ν ∂
∂θ
) ∈ Char(◻̃). Also, if (t, x, θ) ∈ K̃ then pν(Z − ν ∂

∂θ
) = ⟨(Z − ν ∂

∂θ
), (Z − ν ∂

∂θ
)⟩ = 0.

Since K̃ has codimension one in M̃ , {(t, x, θ, r(Z − ν ∂
∂θ
)) ∶ (t, x, θ) ∈ K̃, r ∈ R} = N∗(K̃) is a

Lagrangian submanifold of T ∗M̃ contained in DCharν . �

2.4. Admissibility. We now give equivalent criteria for admissibility in the sense of Defini-
tion 0.3.

Proposition 2.7. ν is admissible unless ν =
√
N2 − ∣β∣2 at a point x ∈ Σ where d(N2 − ∣β∣2) =

0. In particular, if ν > maxx∈Σ
√
N2 − ∣β∣2, then ν is admissible and Z − ν ∂

∂θ
is everywhere

spacelike.

Proof. Setting σ = 1 in DChar produces the equation for N1 ⊂ T ∗M :

(τ − (β, ξ))2 = N2 (h−1(ξ, ξ) + 1) ⇐⇒ τ = (β, ξ) ±N√(h−1(ξ, ξ) + 1).
This equation is independent of t and we may regard it as an equation on T ∗Σ. Hence we
would like levels ν and find (x, ξ) such τ = ν and that

dτ = d(β, ξ) ± d[N√(h−1(ξ, ξ) + 1)] = 0.
Take the derivative in ξ first, a necessary condition is,

β = ±
Ndξh−1(ξ, ξ)√(h−1(ξ, ξ) + 1) = ±

Nh−1(ξ)√(h−1(ξ, ξ) + 1) ⇐⇒
β

N
= ±

h−1(ξ)√(h−1(ξ, ξ) + 1) .
For β(x) /= 0, there exist two distinct solutions in ξ. We claim that the solution in the future
sheet is,

ξ =
h(β, ⋅)√
N2 − ∣β∣2 =

β

N
.



18 ALEXANDER STROHMAIER AND STEVE ZELDITCH

One has the corresponding values
√
h−1(ξ, ξ) + 1 = N√

N2
−∣β∣2 , and the value of τ in the future

pointing sheet is,

τ+ =
√
N2 − ∣β∣2.

It is the minimum value of τ on the forward sheet, and this fiber-wise critical point exists and

is unique (on the forward sheet) for all (t, x) ∈ M . It follows that, if ν > maxx∈Σ
√
N2 − ∣β∣2,

then ν is a regular value.
We have not yet considered derivatives in x, so that these values of τ+ are only necessary

conditions for a critical point. Fully critical points are those points x ∈ Σ which additionally
satisfy d(N2 − ∣β∣2) = 0.

�

By Lemma 2.3, the Killing horizon of Z −ν ∂
∂θ

is the product R×KΣ(ν)×S1, where KΣ(ν) ∶={(x, θ) ∈ M̃ ∶ ν2 = N2 − ∣β∣2h}. Thus it consists of points (t, x, θ) where (t, x) ∈ M and ν is
the ‘height’ τ of the bottom of the unit mass hyperboloid. Since the bottom exists over all(t, x) ∈M , admissibility is not simply the condition that ν is never the bottom height, unless
(as in the case of product spacetimes), the bottom height is constant. Indeed, by Sard’s
theorem, the set of critical values has measure zero, while the bottom height usually fills out
an interval.

3. Hilbert space topology on HKG and quantum ladders

The space ker ◻̃ ∩ C∞ of smooth solutions of ◻̃u = 0 is naturally a symplectic space, with
symplectic form defined by

σ(u, v) = ∫
Σ̃
((νx̃u)(x̃)v(x̃) − v(x̃)(νx̃u)(x̃))dVolΣ̃, (36)

where integration is over any Cauchy surface Σ̃, and ν denotes the future directed unit normal
vector field to Σ̃. By Green’s identity, the definition does not depend on the choice of Cauchy
surface.

We now equip ker ◻̃ ∩C∞, as in (5) with the energy inner product. Let g̃ = g + dθ2 be the

Lorentzian metric on M̃ . For u ∈ C∞(M̃), we define the stress-energy tensor T (u) by
T (u) ∶= du⊗ du −

1

2
∣du∣2g̃. (37)

Definition 3.1. The energy (quadratic) form on the space ker ◻̃ ∩ C∞(M̃) is defined by
polarization of

Q(u, u) = ∫
Σ̃
⟨T (u)(Z), ν⟩dVolΣ̃

where ν is the unit normal to Σ̃, a spacelike hypersurface and Z is the timelike Killing vector
field.

The following is a standard observation:

Lemma 3.2. If ◻̃u = 0 then the covector field T (u)(Z) is divergence free.
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We extend the definition of the quadratic form in a sesquilinear manner to complex valued
functions. This quadratic form is independent of the chosen Cauchy surface. As verified in
[SZ18, Section 3.2],

Lemma 3.3. The energy quadratic form is invariant under the Killing flow, i.e.

Q(eisDZu, eisDZu) = Q(u, u)
for all u ∈ ker ◻̃ and related to the symplectic form by

Q(u, v) = i

2
σ(ū,DZv) = 1

2
σ(ū,LZv).

The quadratic form is positive definite in du and therefore only positive semi-definite on
ker ◻̃. The kernel of Q is one dimensional and spanned by the constant function. In ker ◻̃
we have the two dimensional invariant subspace spanned by the functions 1 and t. On this
subspace the operator DZ is not diagonalisable but has a nontrivial Jordan-block. We will
denote this space spanned by {1, t} by V0 as it is the generalized eigenspace of the operator
DZ with eigenvalue 0. If V is the symplectic complement of V0 then V is an invariant for DZ

and we have

ker ◻̃ ∩C∞ = V0 ⊕ V.

This direct sum is orthogonal with respect to Q and Q restricted to V is positive definite.
We can therefore complete V to a Hilbert space HcKG. Choosing any inner product on V0 this
defines the topology of a Hilbert space (a Hilbertisable locally convex topology) on ker ◻̃∩C∞.
The completion with respect to the uniform structure induced by this locally convex topology
then is the space

HKG = V0 ⊕H
c
KG.

The symplectic form extends to HKG and it is easy to see using the explicit representation in
standard form that HKG coincides with the space of solutions with Cauchy data in H1(Σ̃)⊕
L2(Σ̃) and that the Cauchy data map is a continuous bijection (see [SZ18, Section 3] for
details). Since the space V0 is finite dimensional HKG is essentially a Hilbert space.

Using Theorem 5.1 below, the following is proved in [SZ18, Theorem 5.2]. We simplify the
statement because the potential V in that article is zero here.

Theorem 3.4. Suppose that (M̃, g̃) is a spatially compact globally hyperbolic stationary space-
time. Then DZ is a self-adjoint operator on HcKG with discrete spectrum that consists of
infinitely many real eigenvalues of finite multiplicity that accumulate at −∞ and +∞.

Since complex conjugation anti-commutes with DZ the spectrum is symmetric about the
origin. This means apart from the non-trivial Jordan block in V0 the operator DZ can be
completely diagonalised.

4. Fundamental solutions and parametrices on M × S1

In this section, we review the basic results on retarded/advanced Green’s functions on

globally hyperbolic spacetimes, and apply them to M̃ =M × S1.
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We consider the Klein-Gordon operator ◻̃ = ◻g −
∂2

∂θ2
. A fundamental solution of ◻̃ is a

distribution kernel F ∶ C∞0 (M̃) → C∞(M̃) such that ◻̃F = F ◻̃ = idC∞
0
(M̃). A parametrix is a

map F ∶ C∞0 (M̃) → C∞(M̃) such that ◻̃F = F ◻̃ = idC∞
0
(M̃) mod C∞. A fundamental solution

Eret/adv(x, y) is called retarded/advanced if supp (Eret/advf) ⊂ J±(supp f), where J±(K) refers
to the causal future/past of a subset K ⊂M .

Let T ∗0 M̃ be the set of null covectors (the bundle of light-cones in cotangent space). Then

T ∗0 M̃ ∖ 0 is a closed conic subset in T ∗M̃ and the set

C̃ = {(x̃, ξ̃, x̃′, ξ̃′) ∈ (T ∗0 M̃ ∖ 0)2 ∣ (x̃, ξ̃) ∈ Char(◻̃), (x̃, ξ̃) = G̃s(x̃′, ξ̃′) for some s ∈ R} (38)

defines a homogeneous canonical relation from T ∗M̃ ∖0 to T ∗M̃ ∖0. Here G̃s denotes the null
geodesic flow of M̃ .

A basic result of Duistermaat-Hörmander [DH72, Theorem 6.5.3] (see also Theorem 3.4.7
in [BGP] and [SZ18, Theorem 7.1]) is the following,

Theorem 4.1. If (M̃, g) is a globally hyperbolic spacetime, then there exist unique retarded

fundamental solutions Ẽret/adv for ◻̃. The difference Ẽ = Ẽret − Ẽadv is a Fourier integral

operator in I−
3

2 (M̃ × M̃, C̃ ′) with principal symbol ∓ i
2

√
2π∣ds∣ 12 ⊗ ∣µchar( 1

2
◻̃)∣ 12 on C ′

±
.

4.1. Cauchy extension and restriction operators. We now define Cauchy extension
and restriction operators for general globally hyperbolic spacetimes M̃ with compact Cauchy
hypersurfaces Σ̃.

For f, g ∈ C∞0 (Σ̃) we define the distributions δΣ̃,g and δ
′

Σ̃,f
by

δΣ̃,g(ϕ) = ∫
Σ̃
g(x̃)ϕ(x̃) dVolΣ̃(x̃), δ′

Σ̃,f
(ϕ) = −∫

Σ̃
f(x̃)(νΣ̃ϕ)(x̃) dVolΣ̃(x̃). (39)

where νΣ̃ is the future directed normal vector field to Σ̃.

Definition 4.2. We define the Cauchy extension operators E0,E1 and E as the operators

E0 ∶H
1(Σ̃)→ ker ◻̃, f ↦ Ẽ(δ′

Σ̃,f
),

E1 ∶ L
2(Σ̃)→ ker ◻̃, g ↦ Ẽ(δΣ̃,g),

E ∶H1(Σ̃)⊕L2(Σ̃)→ ker ◻̃, (f, g)↦ Ẽ(δ′
Σ̃,f
+ δΣ̃,g) = E0f + E1g.

By the mapping properties of Fourier integral operators in I−
3

2 (M̃ × M̃, C̃ ′) the function

u = E(f, g) is well defined for f, g ∈ C∞(Σ̃), and by Green’s identity applied to the causal

future of Σ̃, u is the unique solution of the Cauchy problem

◻̃u = 0, (f, g) = (u∣Σ̃, νΣ̃u∣Σ̃).
Indeed, by the support properties of retarded and advanced fundamental solutions we have
u = u+ − u−, where u± = Ẽret/adv(δ′Σ̃,f + δΣ̃,g) is supported in J±(Σ̃) =∶ M̃±. If ϕ ∈ C∞0 (M̃) is an
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arbitrary test function, then,

(δ′
Σ̃,f
+ δΣ̃,g, ϕ) = (u+, ◻̃ϕ) = ∫

M̃+

(u◻̃ϕ)dVolg
= ∫

M̃+

(u◻̃ϕ −ϕ◻̃u)dVolg = ∫
Σ̃
−u(x̃)(νΣ̃ϕ)(x̃) +ϕ(x̃)(νΣ̃u)(x̃)dVolΣ̃(x̃).

Since this is true for all test functions ϕ this shows u has Cauchy data (f, g).
The following corollary is well known and can also be proved more directly [D96, Theorem

5.1.2].

Corollary 4.3. If (M̃, g) is a globally hyperbolic spacetime, and Σ̃ is a Cauchy hypersurface,
then the Cauchy extension operators E0 and E1 of Definition 4.2 are Fourier integral operators

in I−
1

4 (M̃ × Σ̃, C̃Σ

′) and I− 5

4 (M̃ × Σ̃, C̃Σ

′), respectively, where
C̃Σ = {(x̃, ξ̃, q̃, p̃) ∈ T ∗M̃ × T ∗Σ̃ ∶ g(ξ̃, ξ̃) = 0;∃η̃ ∈ T ∗Σ̃M̃ ∶ η̃∣TqΣ̃ = p̃,∃s ∶ G̃s(q̃, η̃) = (x̃, ξ̃)}.

Proof. We may view E = Ẽ ○ δ where δ ∶ H1(Σ̃) ⊕ L2(Σ̃) → D′(M̃) is defined by δ(f, g) =(δ′
Σ̃,f
+ δΣ̃,g). We then obtain the wave front relation of E as the composition of the wave front

relations of Ẽ given in Theorem 4.1 and the wave front relation of δ, or equivalently the wave
front relations of δ′

Σ̃,f
, δΣ̃,g). Both of these are extension operators, extending a distribution

on Σ̃ to a distribution on M̃ ; they are easily seen to be adjoints of the restriction operators
γΣ̃, γ

ν

Σ̃
, where γΣ̃(u) = u∣Σ̃, γνΣ̃(u) = (∂νu)∣Σ̃. It is well-known that the wave front relation of

either restriction operator is the graph of the restriction of a covector ν on M̃ to T Σ̃, and
the wave front relation of the extension operator is the adjoint relation. The composition is
transversal and hence is a Fourier integral operator.

�

We further define the Cauchy restriction operator as follows:

Definition 4.4. Let Σ be any Cauchy hypersurface in M and let Σ̃ = Σ × S1. Define the
associated Cauchy restriction map by,

R◻̃ ∶ ker ◻̃→H1(Σ̃)⊕L2(Σ̃), R◻̃(u) = (u∣Σ̃, ∂νΣ̃u)∣Σ̃.
Comparison with (39) shows that if u = E(f, g) then, (u∣Σ̃, ∂νΣ̃u)∣Σ̃ = (f, g), i.e. R◻̃ is

invertible as a bounded operator on (5) and

R−1
◻̃
= E . (40)

Although R◻̃,E obviously depend on the choice of Cauchy hypersurface, we suppress the
dependence in the notation.

We also need the ‘global’ restriction operator on all of C1(M̃), defined by the same formula
as in Definition 4.4.

Lemma 4.5. The global restriction operator R is in I1/4(Σ̃ × M̃,Λ), where
Λ = {(q̃, η̃; q̃, ξ̃) ∣ q̃ ∈ Σ̃, ξ̃∣T Σ̃ = η̃}.
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We refer to [D96, Page 113] for the proof. Another proof is given in [ToZ13, Section 5.2],
along with a discussion of a complication in the statement due to normal and tangential
directions to Σ̃. Namely, the canonical relation contains points (q̃,0; q̃, ξ̃) when ξ̃ ∈ N∗Σ̃
and such points are not allowed in the Hörmander definition of homogeneous Fourier integral
operators in Ik(X,Λ). To deal with this problem, one needs to introduce a cutoff away from
normal direction, as in [ToZ13, Section 5.1], and then the cutoff restriction operator does
satisfy the statement of Lemma 4.5. As long as such conormal directions do not arise in the
compositions defining the trace, they may be ignored. For the sake of expository brevity, we
ignore the conormal directions in Lemma 4.5 and only verify during the trace calculations
that they do not arise in the compositions.

5. The wave trace of DZ in HKG and ladder Hilbert spaces

In this section we review [SZ18, Theorem 4.1] and [SZ18, Theorem 5.2], since we need these

results in the present article. Define Ũ(s) to be translation by esZ on ker ◻̃. This clearly
extends to the spaces HKG and HcKG.

Theorem 5.1. Suppose that ϕ ∈ C∞0 (R). Then the operator

Ũϕ = ∫
R

ϕ(s)Ũ(s)ds ∶HKG →HKG
is trace-class, and its trace equals

Tr (Ũϕ) = ∫
Σ̃
∫
R

ϕ(s) (νx̃ei(DZ)x̃tẼ(x̃, ỹ) − νỹei(DZ)x̃sẼ(x̃, ỹ))ds∣ỹ=x̃ dVΣ̃(x̃).

As explained in [SZ18, Section 4], a coordinate invariant way to state Theorem 5.1 is that

Tr (Ũ(s)) = ∫Σ̃ ∗ (dx̃Ẽs(x̃, ỹ) − dỹẼs(x̃, ỹ)) ∣ỹ=x̃, (41)

where ∗ is the Hodge star operator on M and where

Ẽs(x̃, ỹ) = ei(DZ)x̃sẼ(x̃, ỹ). (42)

Since E is skew-symmetric and commutes with the flow,

Ẽs(x̃, ỹ) = −Ẽ−s(ỹ, x̃).
Hence, we also have

Corollary 5.2. The distributional trace defined above equals

Tr (Ũ(s)) = ∫
Σ̃
∗ (dx̃(Ẽs(x̃, ỹ) + Ẽ−s(x̃, ỹ))) ∣ỹ=x̃. (43)

5.1. The trace of U(t, s). We now consider the joint propagator

U(t, s) ∶= eitDZeisDθ (44)

We also define,

Ẽt,s ∶= e
i(DZ)tei(Dθ)sẼ. (45)

Since Ẽ is skew-symmetric and commutes with the flow,



SEMI-CLASSICAL MASS ASYMPTOTICS ON STATIONARY SPACETIMES 23

Ẽt,s = −Ẽ−t,−s.

Similar to [SZ18, Theorem 4.1], we have,

Theorem 5.3. Suppose that ϕ ∈ C∞0 (R × S1). Then the operator

Uϕ = ∫
R
∫
S1

ϕ(t, s)U(t, s)dtds ∶HKG →HKG
is trace-class, and its trace equals

TrHKG(Uϕ) = ∫
Σ×S1

∫
R

ϕ(t, s) (νx̃ei(DZ)x̃tei(Dθ)sẼ(x̃, ỹ) − νyei(DZ)x̃tei(Dθ)sẼ(x̃, ỹ))dt∣ỹ=x̃dVolΣ̃
The integral is independent of the choice of Cauchy surface Σ.

There is a more coordinate invariant way to write this expression, namely,

TrHKG(U(t, s)) = ∫Σ×S1 ∗ (dx̃Ẽt,s(x̃, ỹ) − dỹẼt,s(x̃, ỹ)) ∣ỹ=x̃, (46)

where ∗ is the Hodge star operator on M̃ .
We consider the commuting joint eigenvalue problem on M̃ ,

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

◻̃u = (◻g +D2
θ)u = 0,

DZu = λu

Dθu =mu.

The following result follows from Theorem 3.4

Proposition 5.4. The joint spectrum of the eigenvalue problem

DZu = λu, Dθu =mu.

in HKG on M̃ = M × S1 is discrete in R × R, and the eigenfunctions (um,λj(m))λj /=0 are C∞

and define an orthonormal basis of HcKG.

6. Quantum Ladders and ladder traces

Next we define the quantum ladders corresponding to the classical ladders in Section 2.3.
Let Dθ =

1
i
∂
∂θ

and DZ =
1
i
∇Z . Suppose ψ̂ ∈ C∞0 (R). We define the Fourier integral operator,

ψ(DZ − νDθ) ∶= 1

2π ∫R ψ̂(s)e−isνDθ ○ eisDZds ∶ L2(M̃)→ L2(M̃). (47)

Note that the operator ψ(DZ − νDθ) is a properly supported Fourier integral operator.
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6.1. Quantum ladder traces. To prove Theorem 1.1, we express the generating functions
(10) as ladder traces.

Definition 6.1. Let ψ̂ ∈ C∞0 (R). The ‘fuzzy ladder’ projector (9) of slope ν defined by ψ is
the approximate projector,

Πν,ψ = ψ(DZ − νDθ) ∶HKG →HKG. (48)

We can then represent the generating functions (10) by traces:

Lemma 6.2. ⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
Υ
(1)
ν,ψ(s) ∶= TrHKGΠν,ψeisDθ ,

Υ
(2)
ν,ψ(s) ∶= TrHKGΠν,ψeisDZ

. (49)

Proof. This follows directly from the definitions (10) and the spectral theory of Proposition
5.4.

�

We concentrate on the first trace, since it is sufficient for the proof of our main results. We
now express the traces in (49) explicitly in terms of kernels. As mentioned in the introduction,

HKG is not a subspace of L2(M̃) so we cannot express the restriction to HKG by an orthogonal

projection. But, the map Ẽ maps onto the space of smooth solutions we have

Πν,ψẼ = ψ(DZ − νDθ)Ẽ. (50)

We now express traces in terms of the kernel of this operator.

Lemma 6.3. For any g ∈ C∞0 (R) the distribution

G = ∫
R

g(s)eisDθψ(DZ − νDθ)Ẽds (51)

is smooth. Hence, the operator G is trace-class.

Proof. This is proved by showing that the wave front set WF(G) of G is empty. More detailed
wavefront set computations are performed in the next section and we therefore only sketch
the argument. The wavefront set of the distributional kernel of Ẽ only contains non-zero
lightlike covectors of the form (ζ, ζ ′) such that ζ and −ζ ′ are on the same orbit of the geodesic

flow on T ∗M̃ (see for example [SZ18, Theorem 3.2]). One then computes directly (see for
example the proof of Lemma 8.2) that the wavefront set of G is contained in the set of non-
zero lightlike covectors (ζ, ζ ′) with pν(ζ) = 0, pθ(ζ) = 0 such that there exists t, s ∈ R with
Gt exp(s∂θ)ζ = −ζ ′. The equations pν(ζ) = 0, pθ(ζ) = 0 imply ζ = 0 for lightlike covectors. �

Theorem 6.4. As a distribution on R,

Υ
(1)
ν,ψ(s) = ∫R ∫Σ×S1 ψ̂(s′)(dx̃Ẽs′,s−νs′(x̃, ỹ)∣ỹ=x̃ − dỹẼs′,s−νs′(x̃, ỹ)∣x̃=ỹ dVolΣ̃ds′. (52)

Equivalently,

Υ
(1)
ν,ψ(s) = ∫

Σ̃
eisDθ{νx̃ψ(DZ − νDθ)Ẽ(x̃, ỹ) − νỹψ(DZ − νDθ)Ẽ(x̃, ỹ)}∣x̃=ỹ dVolΣ̃ (53)
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More precisely, for any g ∈ C∞0 (R),
∫ g(s)Υ(1)ν,ψ(s)ds = ∫

Σ̃
(νx̃G(x̃, ỹ) − νỹG(x̃, ỹ)) ∣ỹ=x̃ dVolΣ̃.

The integrals are independent of the Cauchy surface chosen.

Here, dVolΣ̃ is the Lorentzian surface measure. In case g is even and ψ is even this simplifies
to

∫ g(s)Υ(1)ν,ψ(s)ds = 2∫
Σ̃
(νx̃G(x̃, ỹ)) ∣ỹ=x̃ dVolΣ̃(x̃).

Proof. The trace formula follows from Theorem 5.3, in particular the simpler form (46). To
obtain (52) from (46), it suffices to observe that the trace in (52) replaces (s, s′) by α(s′, s) =(s′, s − νs′) and then integrates in s′ against ψ̂(s′). �

We now give a second proof that does not use [SZ18, Theorem 4.1] or Theorem 5.3 explicitly.

Proof. We introduce the Σ-dependent ladder projector:

ΠΣ̃
ν,ψ ∶= ∫

R

ψ̂(s)Re−isDθ ○ eisνDZEds ∶H1(Σ̃)⊕L2(Σ̃)→H1(Σ̃)⊕L2(Σ̃). (54)

as an operator on the Cauchy data space H1(Σ̃)⊕L2(Σ̃).
Note that under the extension-restriction identification in Definition 4.2-Definition 4.4, the

S1 action acts by rotations on H1(Σ̃)⊕L2(Σ̃). Although (54) depends on the choice of Σ̃, the
trace formula it induces does not.

By (40), and by (48)-(54), Υ
(1)
ν,ψ(s) = TrHKGΠν,ψeisDθ is given by,

Υ
(1)
ν,ψ(s) = Tr Σ̃Π

Σ̃
ν,ψe

isDθ

= ∫
R

∫̃
Σ

ψ̂(s′) ∗ (dx̃Ẽ(x̃, es ∂∂θ ○ es′(Z−ν ∂
∂θ
)ỹ) − dỹẼ(x̃, es ∂∂θ ○ es′(Z−ν ∂

∂θ
)ỹ)∣x̃=ỹds′ dVolΣ̃(x̃)

= ∫
R

∫̃
Σ

ψ̂(s′) ∗ (dx̃Ẽs′,s−νs′(x̃, ỹ) − dỹẼs′,s−νs′(x̃, ỹ))∣x̃=ỹds′ dVolΣ̃(x̃).
(55)

In the first line, Tr Σ̃ denotes the trace on the finite energy Cauchy data space. The first line
holds because R◻̃ is an invertible operator (see Definition 4.4) conjugating Ψν,ψ on HKG and
(54). �

7. Microlocal calculation of the singularity of Υ
(1)
ν,ψ(s)

Our goal now is to determine the singular support of Υ
(1)
ν,ψ(s), and to calculate the coefficient

of the leading singularity at s = 0. We use the symbol calculus of Fourier integral operators as
in [DG75,GU89] in the calculation. By Theorem 6.4, the distribution trace may be expressed
in several ways as a composition of simpler Fourier integral operators. We consider two ways
to group the compositions, each of some independent interest in related problems.
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The first is to use (53) and to consider each term of the trace as the composition

(ΠΣ̃)∗∆∗Σ̃RΣ̃×Σ̃νx̃e
isDθψ(DZ − νDθ)Ẽ

of the following Fourier integral operators:

● νx̃, the unit normal vector field extended to a neighborhood of the Cauchy surface.
● Ẽ.
● ψ(DZ − νDθ)Ẽ ∈ D′(M̃ × M̃).
● eisDθ , the translation operator on S1 by eis.
● RΣ̃×Σ̃ ∶ M̃ × M̃ → Σ̃ × Σ̃, the restriction operator, i.e. pullback under the embedding

Σ̃ × Σ̃→ M̃ × M̃ .
● ∆Σ̃ ∶ Σ̃→ Σ̃ × Σ̃,∆Σ̃(x̃) = (x̃, x̃), pullback under the diagonal embedding.

● ΠΣ̃ ∶ R × Σ̃→ R ×R,ΠΣ̃(t, x̃) = t, i.e. the pushforward is integration over Σ̃.

A second grouping is to compose in the order:

Υ
(1)
ν,ψ(t) = ρ∗ψ̂ (ΠΣ̃)∗α∗∆∗Σ̃RΣ̃×Σ̃νx̃Ẽt,s, (56)

with a sequence of pullbacks and pushforwards under the maps defined by:

● Ẽt,s(x̃, ỹ) = U(t, s)Ẽ(x̃, ỹ)
● α(s, t) = (s, t − νs).
● ρ(t, s) = t.
● ΠΣ̃ ∶ R ×R × Σ̃→ R ×R,ΠΣ̃(t, s, x̃) = (t, s).

The first method emphasizes the fundamental operator ψ(DZ − νDθ)Ẽ, and so we follow
this approach. The second is useful if one would to study the singularities of the two-variable
trace TrHKGU(t, s)Ẽ first.

7.1. Background on Fourier integral operators and their symbols. The advantage of

expressing Υ
(1)
ν,ψ(s) in terms of pullback and pushforward is the symbol calculus of Lagrangian

distributions is more elementary to describe for such compositions. We refer to [HoIV,GS77,
D96] for background but quickly review the basic definitions. Assume that f ∶ X → Y is a
smooth map between manifolds. Let Λ ⊂ T ∗Y be a Lagrangian submanifold. Then its pullback
is defined by,

f∗Λ = {(x, ξ) ∈ T ∗X ∣ ∃(y, η) ∈ Λ, f(x) = y, f∗η = ξ}. (57)

On the other hand, let Λ ⊂ T ∗X. Then its pushforward is defined by,

f∗Λ = {(y, η) ∈ T ∗Y ∣ y = f(x), (x, f∗η) ∈ Λ}. (58)

The principal symbol of a Fourier integral operator associated to a canonical relation C is a
half-density times a section of the Maslov line bundle on C. We refer to [HoIV, Section 25.2]
and to [D96, Definition 4.1.1] for the definition; see also [DG75,GU89] for further expositions
and for several calculations of principal symbols closely related to those of this article.
The order of a homogeneous Fourier integral operator A∶L2(X) → L2(Y ) in the non-

degenerate case is given in terms of a local oscillatory integral formula

KA(x, y) = 1(2π)n/4+N/2 ∫RN eiϕ(x,y,θ)a(x, y, θ)dθ
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by

ordA =m +
N

2
−
n

4
, where n = dimX + dimY, m = ord a (59)

where the order of the amplitude a(x, y, θ) is the degree of the top order term of the polyho-
mogeneous expansion of a in θ, and N is the number of phase variables θ in the local Fourier
integral representation (see [HoIV, Proposition 25.1.5]); in the general clean case with excess
e, the order goes up by e

2
(see [HoIV, Proposition 25.1.5’] ). The order is designed to be inde-

pendent of the specific representation of KA as an oscillatory integral. The space of Fourier
integral operators of order µ associated to a canonical relation C is denoted by

KA ∈ I
µ(Y ×X,C ′).

If A1 ∈ Iµ1(X × Y,C ′1),A2 ∈ Iµ2(Y × Z,C ′2), and if C1 ○ C2 is a ‘clean’ composition, then by
[HoIV, Theorem 25.2.3],

A1 ○A2 ∈ I
µ1+µ2+e/2(X ×Z,C ′), C = C1 ○C2,

where e is the ‘excess’ of the composition, i.e. if γ ∈ C, then e = dimCγ, the dimension of the
fiber of C1 ×C2 ∩ T ∗X ×∆T ∗Y × T ∗Z over γ.
Pullback and pushforward of half-densities on Lagrangian submanifolds are more difficult

to describe. They depend on the map f being a morphism in the language of [GS77, page
349]. Namely, if f ∶ X → Y is a smooth map, we say it is a morphism on half-densities if it

is augmented by a section r(x) ∈ Hom(∣Λ∣ 12 (TYf(x), ∣Λ∣ 12TxX), that is, a linear transformation
mapping densities on TYf(x) to densities on TxX. As pointed out in [GS77, page 349], such a
map is equivalent to augmenting f with a special kind of half-density on the co-normal bundle
N∗(graph(f)) to the graph of f , which is constant along the fibers of the co-normal bundle.
In our application, the maps are all restriction maps or pushforwards under canonical maps,
and they are morphisms in quite obvious ways. Note that under pullback by an immersion,
or under a restriction, the number n of independent variables is decreased by the codimension
k and therefore the order goes up by k

4
. Pullbacks under submersions increase the number n.

Pushforward is adjoint to pullback and therefore also decreases the order by the same amount.
As examples relevant to this article, we record some basic calculations of canonical relations

and orders in [DG75] in the setting of half-wave groups eitQ generated by positive elliptic first
order pseudo-differential operators Q on a Riemannian manifold X. Let ∆ ∶ X → X ×X be
the diagonal embedding. The corresponding pullback operator, the operator of restriction to
the diagonal, ∆∗ is a Fourier integral operator of order n

4
where n = dimX, and has canonical

relation,

WF ′(∆∗) = {((x, ξ − η), (x, ξ), (y, η)) ∈ (T ∗X × T ∗X × T ∗X) ∖ 0}.
Moreover, the wave group U(t) = eitQ of any positive elliptic operator is a Fourier integral
operator of order −1

4
associated to the space-time graph of the bi-characteristic flow Φt, i.e.

Hamilton flow of the principal symbol σQ of Q. It follows that ∆∗U is a Fourier integral
distribution on R ×X with canonical relation,

WF ′(∆∗(U)) = {(((t, τ), (x, ξ − η)), τ + ∣ξ∣g = 0, (x, ξ) = Gt(x, η)}.
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Moreover, if Π ∶ R ×X → R denotes the natural projection, then the associated push-forward
Π∗ has order

1
2
−
n
4
when n = dimX, and

WF ′(Π∗) = {(((t, τ), ((t, τ), (x,0)))}.
The wave trace σ̂(t) = Tr eitQ is a Fourier integral distribution on R of order −1

4
+
d
2
= −

1
4
+

2n−1
2

where d = dimS∗X, and

WF ′(σ̂(t)) = {(t, τ) ∣ τ < 0,∃(x, ξ), (x, ξ) = Φt(x, ξ), τ + ∣ξ∣g = 0}.
The principal symbol of Tr eitQ at t = 0 on T ∗0 R is a half-density on the negative sub-cone and

is calculated in [DG75, Proposition 2.1] and equals CnVol(S∗M)∣dτ ∣ 12 where S∗M = {σQ =
1}. Homogeneous Fourier integral distributions on R of order 2n−1

2
−

1
4
that are microlocally

supported on {0} ×R− have the form ∫ ∞0 s
d−1
2 eitsds, where d = 2n − 1.

8. Proof of Theorem 1.1

We now prove Theorem 1.1. In keeping track of the orders (and universal dimensional
constants) of the many compositions to follow, it is helpful to keep in mind that they all
must agree with the product case of Section 12. Although we provide details on orders and
symbols of the partial compositions en route to the final result, it is not really necessary to do
so because we only need to know the order of the final composition, and we have computed it
in the product case in Section 12. For this reason, we only give full details on the canonical
relations, and do not always give full details on orders. To simplify statements when dealing
with principal symbols given with respect to parametrizations we introduce the following
notation. If ι ∶ M → N is a local diffeomorphism and ρ a compactly supported half-density
on M we define the push-forward ι∗ρ by ι∗ρ(y) = ∑κ((ικ)−1)∗ρ(xκ), where {xκ} is the set
of elements in ι−1(y) ∩ suppρ and (ικ)−1 are local inverses of ι defined near xκ. This sum is
always finite and defines a half-density on N .
We will need the following calculation from [SZ18, Section 8] in all the computations below.

The geodesic vector field, i.e. the Hamiltonian vector field of 1
2
g−1, defines a local flow on the

null covectors T ∗0,±M̃ and the space of orbits is the symplectic manifold Ñ . The flow parameters

s1, s2 and the symplectic volume form dVÑ =
1
d!
ωd on Ñ then define a half-density,

∣dC ∣ 12 = ∣ds1∣ 12 ⊗ ∣ds2∣ 12 ⊗ ∣dVÑ ∣ 12 = ∣ds1∣ 12 ⊗ ∣dµT ∗
0
M̃)∣ 12 , (60)

where dµT ∗
0
M̃ is the Liouville measure on T ∗0 M̃ . We record

dimM = n,dimT ∗M = 2n,dimT ∗M0,± = 2n − 1,dimC = 2n,dim Ñ = 2n − 2, and d = n − 1.

The operator with kernel dxẼt,s(x, y) has order −1 and principal symbol equal to

±
1

2
(2π)(ξ∧)∣ds∣ 12 ⊗ ∣dt∣ 12 ⊗ ∣dC ∣ 12 ,

on each component C+ and C−, where (ξ∧) denotes the operator of exterior multiplication by

ξ (dxẼt(x, y) is a one form). The proof is essentially the same as for [SZ18, Lemma 8.2]. The

principal symbol of dx̃(Ẽt,s(x̃, ỹ) + Ẽ−t,−s(ỹ, x̃))∣x̃=ỹ is easily computed using (64).
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Remark 8.1. When computing the ∗dx̃Ẽ(x̃, ỹ) and restricting to Σ̃, we often use below the
general formula that ι∗Σ(∗dxE) = νxEdVΣ̃, where ι ∶ Σ→M is the embedding.

The first step in proving Theorem 1.1 in the first approach of Section 7 is to prove,

Lemma 8.2. Let ν be admissible. Then, ψ(DZ − νDθ)Ẽ is a Fourier integral operator,

ψ(DZ − νDθ)Ẽ ∈ I−2(M̃ × M̃, L̃ν),
with canonical relation,

L̃ν ∶= {(ζ ′, ζ) ∈ Ṫ ∗M̃ × Ṫ ∗M̃ ∶ ∃t ∈ supp ψ̂, s ∈ R ∶ G̃s exp tHpν(ζ) = ζ ′, pν(ζ) = g̃(ζ, ζ) = 0}.
This canonical relation is parametrized by the local diffeomorphism

(t, s, ζ) ∈ R ×R ×Char(◻̃, Pν)→ (G̃s exp tHpν(ζ), ζ)
and its principal symbol is the push-forward of the half-density (− i

2
)ψ̂(t)∣dt∣ 12⊗∣ds∣ 12⊗∣µDCharν ∣ 12 ,

where Char(1
2
◻̃, Pν) = DCharν is the double-characteristic variety of Definition 0.2, and

µDCharν is the natural Liouville surface measure on this variety.

Proof. By [TU92, Proposition 2.1], ψ(DZ − νDθ) ∈ I− 1

2 (M̃ × M̃,I), where
I = {(ζ1, ζ2) ∈ Ṫ ∗M̃ × Ṫ ∗M̃ ∣ pν(ζ1) = 0,∃t ∈ supp ψ̂, exp tHpν(ζ2) = ζ1} (61)

By [TU92, Lemma 2.6], the principal symbol of ψ(DZ − νDθ) is (2π)− 1

2 ψ̂(t)∣dt∣ 12 ⊗ ∣dµL∣ 12 . We

then compose this canonical relation with that of Ẽ, given in Theorem 4.1, to obtain L̃ν .
Further, we compose the principal symbol of νxẼ (also computed from Theorem 4.1) with the
principal symbol of ψ(DZ − νDθ) to obtain the stated order and principal symbol. �

Next we compose with eitDθ to obtain,

Lemma 8.3. νx̃eitDθψ(DZ − νDθ)Ẽ is a Fourier integral operator,

νx̃e
itDθψ(DZ − νDθ)Ẽ ∈ I− 5

4 (R × M̃ × M̃, Γ̃ν),
with canonical relation,

Γ̃ν ∶=
{(t, pθ(ζ), ζ ′, ζ) ∈ T ∗R × Ṫ ∗M̃ × Ṫ ∗M̃ ∣ ∃t′ ∈ supp ψ̂,∃s, t ∈ R,
et

∂
∂θ G̃s exp t′Hpν(ζ) = ζ ′, pν(ζ) = g̃(ζ, ζ) = 0} .

Its principal symbol is the push-forward of

σνx̃eitDθψ(DZ−νDθ)Ẽ = ∣⟨ξ, νx⟩∣(− i2(2π) 14 )ψ̂(t′)∣dt∣ 12 ⊗ ∣dt′∣ 12 ⊗ ∣ds∣ 12 ⊗ ∣µDCharν ∣ 12 .
Here, we use Remark 8.1, the composition formula, and that eitDθ introduces the new

variable t and is of order −1
4
.
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We then compose with RΣ̃×Σ̃, the pullback under the embedding ιΣ̃ × ιΣ̃ = ιΣ̃×Σ̃ ∶ Σ̃ × Σ̃ →

M̃ × M̃ , and use (57) to calculate that the canonical relation of RΣ̃×Σ̃νx̃e
itDθψ(DZ − νDθ)Ẽ is

ι∗
Σ̃×Σ̃

Γν○C̃ =

{(t, pθ(q, ξ), q, ξ, q′, ξ′) ∣ (q, ξ, q′, ξ′) ∈ Ṫ ∗Σ̃ × Ṫ ∗Σ̃,∃t′ ∈ supp ψ̂, s ∈ R,∃(ζ, ζ ′)
∈ T ∗q M̃ × T

∗

q′M̃, ζ ∣TqΣ̃ = ξ, ζ ′∣Tq′ Σ̃ = ξ′, pν(ζ) = g(ζ, ζ) = 0, et ∂∂θ G̃s exp t′Hpν(ζ) = ζ ′)}.
We note that pθ(q, ξ) = pθ(ζ), where ζ ∣T Σ̃ = ξ, since Σ̃ = Σ × S1 and the restriction does not
touch the S1 factor.

The next step is to compose with the diagonal embedding ∆Σ̃. Using its canonical relation
in 7.1, the canonical relation of

∆∗
Σ̃
RΣ̃×Σ̃νx̃e

itDθψ(DZ − νDθ)Ẽ(x, y)
is

∆∗
Σ̃
ι∗
Σ̃×Σ̃

Γ̃ν =

{(t, pθ(q, ξ), q, ξ − ξ′) ∣ (q, ξ), (q, ξ′) ∈ Ṫ ∗Σ̃ × Ṫ ∗Σ̃ ∶ ∃t′ ∈ supp ψ̂,
∃(ζ, ζ ′) ∈ Ṫ ∗q M̃ × Ṫ ∗q M̃, ζ ∣ṪqΣ̃ = ξ, ζ ′∣TqΣ̃ = ξ′, pν(ζ) = g̃(ζ, ζ) = 0,
et

∂
∂θ G̃s exp t′Hpν(ζ) = ζ ′)}.

The final step is to compose with (ΠΣ̃)∗ (integration over Σ̃) and use the wave front relation
for this operator in Section 7.1 to get that

(ΠΣ̃)∗∆∗Σ̃ι∗Σ̃×Σ̃Γ̃ν =
{(t, τ) ∣ ∃t′ ∈ supp ψ̂,∃(q, ξ) ∈ Ṫ ∗Σ̃ ∶ ∃ζ ∈ Ṫ ∗q M̃, ζ ∣ṪqΣ̃ = ξ, τ = pθ(ζ),
pν(ζ) = g̃(ζ, ζ) = 0, et ∂∂θ G̃s exp t′Hpν(ζ) = ζ)}.

We re-write the fixed point equation as e(t−νt′) ∂∂θ et′ZGs(ζ) = ζ. Since e(t−νt′) ∂∂θ , et′Z act on

different components of ζ and G̃s
= exp sHσ2 ○Gs is a product flow, the fixed point equation

splits into two equations:

● ∃ζ ∈ N1 ∩ {pZ = νσ} so that et
′Z(ζ) = ζ, i.e. t′ lies in the set Pν of periods of et

′Z on
N1 ∩ {pZ = νσ}.
● t − νt′ ∈ 2πZ for some t′ ∈ Pν∩supp ψ̂. In particular, this includes t = t′ = 0.

This proves the statement

sing − suppΥ(1)(t) ⊂ {t ∈ [0,2π] ∶ ∃t′ ∈ Pν∩supp ψ̂, t − νt′ ∈ 2πZ}
in Theorem 1.1.

Remark 8.4. If we change the circle S1 from R/2πZ to R/TZ, then the second condition
becomes t − νt′ ∈ 2π

T
Z for some t′ ∈ Pν .

Next we compute the singularity at t = 0 under the assumption that supp ψ̂ ∈ (−π/ν, π/ν).
Then the equation et

∂
∂θ G̃s exp t′Hpν(ζ) = ζ ′ f implies that t−νt′ = 0. Since Σ̃ is a Cauchy surface

the fixed point equation determines s uniquely as a function of t′ as long as t is sufficiently
close to zero.
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As explained in [SZ18, Section 1.1], the restriction of a null covector to Σ̃ defines a covector

in T ∗Σ̃ ∖ 0, defining a smooth maps Ñ± to T ∗Σ̃ ∖ 0, since for each element η ∈ Ṫ ∗Σ̃ there
is precisely one lightlike future/past directed covector ξ ∈ T ∗M̃ ∖ 0 whose pull-back is η.

The Hamiltonian pν (16) also restricts to T ∗Σ̃ and thus defines a codimension one conic
submanifold we denote by

p−1
ν,Σ̃
(0) = {(q, ξ) ∈ T ∗Σ̃ ∣ pν(q, ξ) = 0}.

Remark 8.5. Note that Z is transverse to Σ̃; in the special case of static spacetimes, one
may define Σ to a hypersurface normal to Z. In that case, the restriction pν ∣T ∗Σ̃ would be
equal νσ∣T ∗Σ̃ and its zero set would be T ∗Σ.

The order of the singularity is given by e
2
, where is the excess e of the composition defining

the trace. As in [DG75, Theorem 4.5], if the dimension of the fixed point in the level set N1(ν)
is d, then the principal singularity is the homogeneous distribution µ̃ d−1

2

= ∫R s
d−1
2 e−istds. For

t = 0, the fixed point set all of N1(ν) ∶= {(x, ξ) ∈ N1 ∶ ⟨ξ,Z⟩ = ν}, and has dimension d = 2n−3.
Hence the leading singularity is of type µ̃n−2. Note that, as mentioned above, N1 ≃ T ∗Σ (of
dimension 2n − 2).

Finally, we must compute the symbol. As computed in [SZ18, Lemma 8.4 - Lemma 8.5],
the factor of ∣⟨ξ, νx⟩∣ in Lemma 8.3 is cancelled when in the composition with RΣ∆∗, and the
principal symbol is,

σR
Σ̃
∆∗νx̃e

itDθψ(DZ−νDθ)Ẽ = (− i2(2π)− 1

2 )ψ̂(t′)∣dt∣ 12 ⊗ ∣dt′∣ 12 ⊗ ι∗
Σ̃
∣µ{pν=0}∩T ∗

0,Σ̃
∣ 12 .

Here, µ{pν=0}∩T ∗
0,Σ̃

is the Liouville measure on the codimension two submanifold of T ∗Σ̃ of

T ∗M̃ defined by the pullback of the defining functions ιΣ̃−1(12g(ξ, ξ), pν(ξ)) of the double
characteristic variety.

It follows that the principal symbol of the pushforward to R on T ∗0 R is given by,

σ
Υ
(1)
ν,ψ

∣T ∗
0
R = (2π)3/4−(n−1)ψ̂(0) µN1(ν)(N1(ν)) ∣τ ∣n−2∣dτ ∣ 12 .

This gives a leading singularity of the form

Υ
(1)
ν,ψ(s) ∼ (2π)−n+1ψ̂(0) µN1(ν)(N1(ν))µ̃n−2(s) + c1µ̃n−3(s) + . . . ,

where

µ̃k(s) = ∫ ∞

−∞

eisτ ∣τ ∣kdτ.
Since Υ

(1)
+,ν,ψ can be constructed from Υ

(1)
ν,ψ by projecting to the non-negative Fourier coefficients

we obtain that Υ
(1)
+,ν,ψ has leading singularity of the form

(2π)−n+1ψ̂(0) µN1(ν)(N1(ν))µn−2(t) (62)

as stated in Theorem 1.1. This completes the proof of Theorem 1.1.
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9. Further Fourier integral operator calculations

Although we do not need them to prove Theorem 1.1, we provide some further calculations
of canonical relations and principal symbols using the second approach to the composition in
Section 7, since they are also of interest and are closer to the calculations in [SZ18].

9.1. TrHKGU(t, s) as a Fourier integral distribution. The next Proposition is analogous

to the calculations in [SZ18, Section 8]. In the following, we compose Ẽ with U(t, s) rather
than with ψ(DZ − νDθ) and take the trace. We will assume throughout that s and t are
sufficiently close to zero.

Proposition 9.1. The distributional trace

TrHKG(U(t, s)Ẽ) = ∫
Σ×S1

∗ (dx̃(Et,s(x̃, ỹ) +E−t,−s(x̃, ỹ))) ∣ỹ=x̃, (63)

is a Fourier integral distribution on R × S1 of order n − 1, with wave front relation,

WF′(TrHKG(U(t, s))) ⊆ {(t, τ, s, σ) ∈ T ∗(R × S1) ∣ ∃ℓ ∈ R, (x̃, ξ̃) ∈ T ∗M̃ ∶
Gℓ ○ etZeisDθ(x̃, ξ̃) = (x̃, ξ̃), (ξ̃, ξ̃) = 0, τ = pZ(x̃, ξ̃), σ = pθ(x̃, ξ̃)}

= {(t, τ, θ, σ) ∈ T ∗(R × S1) ∣ ∃[γ] ∈ Ñ ∶
etZeisDθ[γ] = [γ], τ = pZ[γ], σ = pθ[γ]}

Remark 9.2. Recalling the analogy with the trace σ̂ of the wave group in [DG75], with

Ñ playing the role of T ∗X, we see that the order is consistent with the order −1
4
+

2n−1
2

with
2n−1 = dimS∗X of σ̂ mentioned in Section 7.1. There is an extra time variable by comparison

with σ̂ so the order should be −1
2
+

dim Ñ−1
2

.

Proof. The proof is very similar to that of [SZ18, Theorem 1.4] for the case of TrU(t) on
HKG. The only difference is that we now consider the two-parameter flow U(s, t) (44).
We first describe U(t, s) as a Fourier integral operator. Define the ‘moment Lagrangian’,

Γ = {(t, τ, θ, σ, ζ,−(fs ○ gt)(ζ)), ζ ∈ T ∗M̃},
where τ = pZ(ζ), σ = pθ(ζ).
Lemma 9.3. U ∈ I−

1

2 (R ×R × M̃ × M̃,Γ).
The statement and proof are the same as in [GU89, Lemma 3.1], where U(t, s) = ei(tP+sQ).

Here, P =DZ ,Q =Dθ.

Remark 9.4. In the setting of compact Riemannian manifolds, the multi-variable trace for-
mula was analyzed in [CdV79], and the analysis is similar in the present Lorentzian setting.

We next describe Ẽt,s = U(t, s)Ẽ as a Fourier integral operator. The description is almost
immediate from the Duistermaat - Hörmander theorem reviewed in Theorem 4.1.
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Lemma 9.5. Ẽt,s ∈ I−2(R × S1 × M̃ × M̃,C), where
C = {(t, pZ(ζ1), s, pθ(ζ1), (ζ1, ζ2)) ∈ T ∗(R × S1) × C̃, es

∂
∂θ etZ(ζ1) = ζ2}.

Here, C̃ is defined in (38). The canonical relation C is parametrized by

Rt × S
1
s ×Rw ×Char(◻̃)→ C, (t, s,w, ζ)→ (t, s, ζ1(Z), (es ∂∂θ etZG̃w(ζ), ζ).

The principal symbol pulls back under the parametrization to,

σEt,s ∣C± = ∓ i2(2π)∣dt∣ 12 ⊗ ∣ds∣ 12 ⊗ ∣dw∣ 12 × ∣dµChar◻̃∣ 12 . (64)

Proof. This follows by the composition calculus using that Ẽt,s = U(t, s)Ẽ. Composing with

Ẽ is transversal, so U ○ Ẽ ∶= Ẽt,s is also a Fourier integral operator, whose canonical relation
is the composition of the Hamiltonian flows of the three principal symbols in (32). The order
of the composition is given by the sum rule in Section 7.1 with e = 0, using Theorem 4.1 and
Lemma 9.3.

�

Next, we consider the canonical relation and principal symbol of the operator

RΣ ○ dx̃(Ẽt,s(x̃, ỹ) + Ẽ−t,−s(ỹ, x̃)).
Lemma 9.6. Let ι ∶ Ñ → Σ̃ be the map (31). The order of RΣ̃ ○∆

∗ ○ dx̃Ẽt,s(x̃, ỹ) is −1 + n+2
4

and its canonical relation is given by,

Λ = {(t, τ, s, σ, ιes ∂∂θ etZι−1η − η)) ∣ η ∈ T ∗Σ̃ ∖ 0, τ = pZ(η), σ = pθ(η)}.
Proof. Except for the fact that we have two flows, etZ , es

∂
∂θ , the proof is essentially the same as

for [SZ18, Lemma 8.4]. Therefore, we only sketch the proof and concentrate on the additional
features. Λ is the composition ΛΣ̃ ○ C, namely,

{(ζ ∣T Σ̃, ζ) ∈ Ṫ ∗Σ × Ṫ ∗Σ̃M̃} ○ {(t, τ, s, σ, ζ1, ζ2) ∈ Ṫ ∗(R × M̃ × M̃) ∣ τ = ζ1(Z), (es ∂∂θ etZ(ζ1), ζ2) ∈ C}
= {(t, τ, s, σ, (es ∂∂θ etZζ1)∣T Σ̃, ζ2) ∣ τ = ζ1(Z), σ = pθ(ζ1), (ζ1, ζ2) ∈ C ∩ T ∗Σ̃M̃ × T ∗M̃}
We pull back to the diagonal using the definitions in Section 7.1 to determine the canonical
relation. Regarding the order, we use the statement in Section 7.1 that under pullback the
order increases by k

4
where k is the codimension. The composite pullback to the diagonal

of M̃ (increasing the order by n+1
4

and then by restriction to Σ̃ (increasing the order by 1
4
)

implies the order statement in the Lemma. �

Finally, we consider the pushforward defined by integration over Σ̃.

Lemma 9.7. The order of π∗(RΣ∆∗dx̃Ẽt,s(x̃, ỹ))) is −1 + n+2
4
+ 1 − n

4
+

2n−3
2
= n − 1 and its

canonical relation is given by,

WF(π∗(RΣ∆∗dx̃Et,s(x̃, ỹ))) ⊆ {(t, τ, s, σ) ∣ ∃γ, es ∂∂θ etZγ = γ ∈ Ñ , τ = pZ(γ), σ = pθ(γ)}.
(65)
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Proof. The canonical relation is the pushforward of the one in the previous Lemma. As in
the calculation of the order of the pushforward in Section 7.1, the order of the pushforward

is 1 − dim Σ̃
4

(since we have two time variables). The composition is not transversal, but has

an excess e = 2n − 2 equal to the dimension of the fixed point set, which is all of SÑ and has
dimension 2n − 3.

�

This proves Proposition 9.1. �

9.1.1. Principal symbol of TrHKGU(t, s) at (t, s) = (0,0). Proposition 9.1 implies the first
statement of Theorem 1.1, namely that the pair of singular times are a subset of the periods

of (s, t) → es
∂
∂θ etZetZ acting on Ñ . The calculation of the principal symbol of the trace at(s, t) = (0,0) is essentially the same as in [SZ18, Section 8.2.1].

The principal symbol is a homogeneous half-density on T ∗(0,0)R2 and therefore may be rep-

resented as a homogeneous multiple of ∣dτ ∧dσ∣ 12 . The coefficient density is the volume of the

fiber P−1
N
(τ, σ) ⊂ Ñ , where PN = (pZ , pθ) with respect to the natural ‘Leray form’ ΩN

dpZ∧dpθ
(see

e.g. [CdV79]). By definition, this is the Liouville measure on the codimension-two fiber. We
denote it by µL(P−1N (s, τ). Then,
Corollary 9.8. The order of TrHKGU(t, s) at (t, s) = (0,0) equals n − 1 and the principal
symbol at (s, t) = (0,0) is the half density on T ∗(0,0)R2 given by

CnµP−1
N
(s,τ)∣dτ ∧ dσ∣ 12 .

Proof. By Lemma 9.5 and Lemma 64, the operator with kernel dx̃Et,s(x̃, ỹ) has order −1 and

principal symbol equal to 1
2
(2π)(ξ∧)∣dt∣ 12 ⊗ ∣ds∣ 12 ⊗ ∣dC ∣ 12 on each component C+ and C−, where(ξ∧) denotes the operator of exterior multiplication by ξ. Restriction to R × Σ̃ × Σ̃ gives an

operator of order −1
2
.

Restriction to the diagonal and integration over Σ̃ gives an element in I(n−1)(R2) with
principal symbol

CnµP−1
N
(s,τ)∣dτ ∧ dσ∣ 12

at s = t = 0, where Cn is a dimensional constant. Note that dim Ñ = 2(n + 1)− 2 and the fiber
has dimension 2n − 2, so µP−1

N
(s,τ) is homogeneous of degree n − 1. �

9.2. Completion of the proof of Theorem 1.1 by the second approach. To complete
the proof of Theorem 1.1, we further need to change variables with α in TrHKGU(t, s), to
multiply by ψ̂ and then integrate in s, i.e. we need to find the wave front set and principal
symbol of

∫
R

ψ̂(s) (TrHKGU(s, t − νs))ds. (66)

Note that U(s, t − νs) = ei(t−νs)DθesDZ (44). As above, let α(t, s) = (s, t − νs).
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The change of variables results in composing the canonical relation of Lemma 9.7 with the
graph of the canonical transformation (t, s, τ, σ) ∈ T ∗R2

→ (α(t, s), (dα)∗−1(τ, σ)), or equiva-
lently, pulling it back under this map. Thus, the canonical relation of α∗π∗(RΣ∆∗νx̃Et,s(x̃, ỹ)))
is given by,

WF(α∗π∗(RΣ∆
∗νx̃Et,s(x̃, ỹ))) ⊆ {(α(t, s),−(dα)

∗−1(τ, σ)) ∣ ∃γ, es ∂∂θ etZγ = γ ∈ Ñ ,
τ = pZ(γ), σ = pθ(γ)}. (67)

We then pushforward under ρ(s, t) = t to get,

WF(ρ∗α∗π∗(RΣ∆
∗νx̃Et,s(x̃, ỹ))) ⊆ {(t,−τ) ∣ ∃(s,0) ∶(α(t, s), (dα)∗−1(τ, σ)) ∈WF(α∗π∗(RΣ∆∗νx̃Et,s(x̃, ỹ)))}.

(68)
If α(t, s) = (s, t − νs), then α−1∗(τ, σ) = (ντ + σ, τ), and the condition that

(α(t, s), (dα)∗−1(τ, σ)) ∈WF(α∗π∗(RΣ∆
∗νx̃Et,s(x̃, ỹ)))

is,

∃γ, es
∂
∂θ e(t−νs)Zγ = γ, (pZ(γ), pθ(γ)) = (τ, σ).

The condition that (t, τ, s,0) ∈WF(α∗π∗(RΣ∆∗νx̃Et,s(x̃, ỹ))) further adds the condition that
the WF point is (s, t − νs, ντ, τ). Note that pν(ντ, τ) = 0. If we denote the equivalence class

of γ ∈ Ñ with respect to the S1 action by [γ] the condition is that

exp sHpν([γ]) = [γ], pν[γ] = 0,
as claimed in Theorem 1.1.

9.3. Comparison to [GU89]. The distribution Υ(1)(t) is the analogue of

Υ(s) = ∞∑
j=0

ϕ(k⊥ ⋅ λj)eisλj ⋅ℓ.
[GU89, (4.2)]. In [GU89, Theorem 2.8] they calculate its order and principal symbol at s = 0.
Let

F = {(s, t, ζ) ∈ R ×R × T ∗M̃ ∣ ζ ∈W,fsgt(ζ) = ζ}
be the fixed point variety [GU89, (2.5)], where W =X1 ∩X2 is a codimension two coisotropic
submanifold, with X1 = p−1(k1),X2 = q−1(k2), where p = σP , q = σQ and k = (k1, k2) generates
the ladder (line) L. S ∶ F → R is [GU89, (2.8)], the map,

S(T1, T2, ζ) = s = T ⋅ k.
The dimension of F for a given t is the excess of the composition in [GU89, (3.10)] and the
order of Υ at a singularity s is dimS−1(s)/2 − 3/2

At s = 0 its order (or “degree”) is d
2
− 1 where d = dimS−1(0) ⊂ F . The half-density part of

the symbol is defined as follows: first, define the density α on F [GU89, (4.11)] by

α = ∣dt∣ 12 ⊗ ∣α1∣ 12 ⊗ ∣dθ∣ 12 ⊗ ∣α2∣ 12 ,
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where α1 is Liouville density on {p = 1}, α2 is Liouville density on {q = 1}. The principal
symbol of Υ by the integral over S−1(0) of the density

2πψ̂(t)α
times a Maslov and sub-principal phase which is zero in our case.

As mentioned in the introduction, our result on Υ(1) is not simply the Lorentzian analogue
of theirs because HKG is not a subspace of L2(M̃). But, at least intuitively, we may relate our
result to theirs as follows: our Υ(1), as in [GU89, (4.2)], corresponds to the case ℓ1 = 0, ℓ2 = 1,
k1 = ν, k2 = 1. The cotangent bundle T ∗M of [GU89] should be replaced by Char(◻̃) (or, more

precisely, by its quotient Ñ by the geodesic flow.) The co-isotropic cone of the present article
is σ(σDZ −νσDθ) = 0 or ⟨ξ,Z⟩ = ν⟨ξ, ∂θ⟩. For us, ξ = (ξ′, σ) and the equation is ⟨Z, ξ′⟩ = νσ. The
base of the cone may be fixed by setting σ = 1 and from the equation, our W is {τ = ν, σ = 1}.
Thus, our ℓ is R+(ν,1).

10. Proof of Theorem 1.2

In this section we study the asymptotics of the smooth Weyl functions (4).

Nν,ψ(m) ∶=∑
j∈Z

ψ(λj(m) − νm). (69)

We determine the asymptotics as m → ∞ by studying the singularity of (25) at s = 0 and
applying a Hardy Tauberian theorem.

Thus, we study the Hardy distribution,

dN
(1)
ν,ψ(x) = ∑

j∈Z,m≥0

ψ(λj(m) − νm)δ(x −m), (70)

Its Fourier transform is the Hardy space distribution,

Υ
(1)
+,ν,ψ(s) ∶= ∑

m∈Z+,j∈Z

ψ(λj(m) −mν)eims, (71)

which may be regarded as a Hardy Fourier series on S1. We now give background on Hardy
Fourier series.

The space of Hardy distributions H+(S1) is the space of distributions with only positive
Fourier coefficients. Such distributions are boundary values of holomorphic functions in the
upper half-plane. Hardy Lagrangian distributions are sums of Hardy homogeneous distribu-
tions, for which the Fourier coefficients are homogeneous in m. We define the space H+r (S1)
of homogeneous Hardy distributions of degree s to be the one-dimensional space spanned by

νr(t) = ∑∞m=1mreimt. (72)

It has singularities only at t ∈ 2πZ.
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Proposition 10.1. Assume that the fixed point sets of the flow of etZ on (26) are clean.
Then, there exist coefficients Ak,Ajk such that:

Υ
(1)
+,ν,ψ(s) ∼ ∑∞k=0Akνn−2−k(s)

+ ∑j∶τj /=0∑∞k=0Ajkνnj−2−k(s − τj);
Proof. It is clear that Υ

(1)
+,ν,ψ(s) is periodic and by definition has only positive frequencies.

Moreover, it is a Lagrangian distribution, i.e. a sum of homogeneous distributions near 0.
Since the distributions (72) span the periodic Lagrangian Hardy distributions, it follows that
it may be expressed as a sum of these distributions. We only need to know the order of the
terms, and these are given in Theorem 1.1. �

To complete the proof of Theorem 1.2, we combine Proposition 10.1 with (72). We are only
interested in the singularity at s = 0 so we ignore the second term, which has homogeneous
singularities away from s = 0. We thus have,

∑
m∈Z+,j∈Z

ψ(λj(m) −mν)eims ≃ ∞

∑
m≥0,k=0

Akm
n−2−keims

where ≃ means that the difference of the two sides is smooth in a neighborhood of s = 0. By
matching Hardy Fourier expansions, it follows that (cf. (4))

Nν,ψ(m) =∑
j∈Z

ψ(λj(m) −mν) ≃ ∞∑
k=0

Akm
n−2−k,

where ≃ means here that the two sides differ by a rapidly decaying function of m. Comparing
with (62) shows that

A0 = a0(ν,ψ) = (2π)−n+1ψ̂(0)µL(N1(ν)).
This is precisely the statement of Theorem 1.2 .

11. Proof of Theorem 1.3

In this section we prove Theorem 1.3 for the sharp Weyl functions (3),

Nν,C(m) ∶=#{j ∣ λj(m)
m

∈ [ν − C
m
,ν +

C

m
]}, (73)

where C > 0 is a given constant. The main point is to use ψ in Theorem 1.2 to approximate
an indicator function.

First we will need a proof of Lemma 1.4. We now need to take into account the other
periods τj in Proposition 10.1. Under a cleanliness assumption we can drop the assumption

on the support of ψ̂ and conclude that Υ1(s) is a Fourier-Hardy distribution with isolated
conormal singularities. A non-degeneracy condition then implies that the dimensions nj of
the fixed point set at periods other than 0 are strictly smaller than n. Hence, the additional
terms for non-zero periods contribute O(mn−3), under the assumption of cleanliness and non-
degeneracy. This assumption is however not necessary and can be replaced by the stated
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zero-measure condition. Indeed, in this case the remainder is of order o(mn−2). This follows
from the now-standard Duistermaat-Guillemin-Ivrii argument as in [HoIV, Theorem 29.1.5].
The argument is to introduce microlocal cutoffs b to an open set of volume O(ǫ) around the
set of points on periodic orbits of period ≤ T , and break up the trace using I = B + b where
B = I − b. In our setting this cut-off is introduced in the integral formula for the trace in
Theorem 5.1. Both B and b are pseudo-differential operators on Σ̃. The Tauberian theorem
gives ‘credit’ O(ǫ) for the volume of the micro-support of B, and O( 1

T
) for the length of the

interval around 0 where the trace composed with b is free of singularities for t /= 0. Since
ǫ, T are arbitrary, one obtains the remainder o(mn−2). We then complete the proof using the
argument of [DG75,BrU91].

Lemma 11.1. For ν admissible, C > 0, there exists a constant k = k(ν,C) so that

#{j ∣ ∣λj(m) −mν∣ ≤ C} ≤ k mn−2.

This is an immediate corollary of Lemma 1.4, using a test function satisfying ψ ≥ 1 on the
indicated set.

Now we choose a non-negative even smooth function ψ with non-negative compactly sup-
ported Fourier transform ψ̂ and ψ̂(0) = 1. For δ > 0 define the scaled ψδ(x) = δ−1ψ(δ−1x).
Then define,

χC,δ ∶= ψδ ∗ 1[−C,C].

Lemma 11.2. For any 0 < γ < C and N sufficiently large, there exist constants kN ,KN such
that

Nν,C−γ(m)(1 − kN ( δ
γ
)N) ≤∑

j≥1

χC,δ(λj(m) − νm) ≤ Nν,C+γ(m) +KN ( δ
γ
)Nmn−1.

The proof is essentially identical to that of [DG75, Lemma 3.3] and [BrU91, Lemma 3.4],
and is omitted.

To complete the proof of Theorem 1.3, we use Lemma 11.1-Lemma 11.2 to obtain,⎧⎪⎪⎪⎨⎪⎪⎪⎩
Nν,C−γ(m)(1 − kN(δ/γ)N) ≤ (2π)−n+12CVmn−2 + oδ,γ(mn−2),
Nν,C+γ(m) +KN(δ/γ)Nmn−2

≥ (2π)−n+12CVmn−2 + oδ,γ(mn−2),
where V is the Liouville volume in Theorem 1.3. Dividing by mn−2 and letting m → ∞ first
and then δ → 0 one gets,

lim sup
m→∞

m−(n−2)Nν,C−γ(m) ≤ (2π)−n+12CV ≤ lim inf
m→∞

m−(n−2)Nν,C+γ(m).
Letting C → C + γ and then C → C − γ and letting γ → 0 concludes the proof.

12. Product ultra-static spacetimes

As mentioned in the Introduction, the ‘ladder’ asymptotics of this article are non-standard
even in the case of product spacetimes. To clarify the symplectic geometry in the simplest
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setting, we briefly run through the ladder theory of this article in the case of product space-
times R × Σ where Σ is compact. In particular, we aim to clarify the relation between the
massive geodesic flow on the unit mass hyperboloid and the space Ñν (26).

We first identity the function Nν,ψ(m) of Theorem 1.2 and of Nν,C(m) of Theorem 1.3
in the case of product (ultra-static) spacetimes (M,g) = (R × Σ,−dt2 + h) , where (Σ, h) is
a compact Riemannian manifold of dimension n − 1. Of course, the results in this case are
the well-known Weyl asymptotics for Laplacians of compact Riemannian manifolds, but the
calculations illuminate the nature of the asymptotics in the general stationary setting and
given simple tests of the numerology.

Let ∆ = ∆h denote the Laplacian of (Σ, h) and let (ϕj,−ω2
j ) denote its spectral data, i.e.(∆ + ω2

j )ϕj = 0. The solutions of the system (2) obviously have the form, uj(t, x) = eitλjϕj(x)
where λ2j = m

2 + ω2
j . Thus, λj(m) = ±√m2 + ω2

j . We also have rather explicitly Q(uj, uj) =
λ2j∥uj∥2L2(Σ) which shows directly that the topology on the Cauchy data space induced by Q

is H1(Σ) ⊕ L2(Σ). The quantum ladder Lν is defined, roughly speaking, by
λj(m)
m
≃ ν or

equivalently, ωj ≃m
√
ν2 − 1.

We only count the positive eigenvalues of DZ , where we have,

Nν,C(m) =#{j ∣ √m2 + ω2
j ∈ [νm −C, νm +C]}.

The condition is equivalent to (νm − C)2 −m2
≤ ω2

j ≤ (νm + C)2 −m2 and has no solutions
unless (ν − 1)m + C ≥ 0. For large m, there are no solutions unless ν ≥ 1. In that case, we
have,

Nν,C(m) =#{j ∣ ωj ∈m [
√
(ν − C

m
)2 − 1,

√
(ν + C

m
)2 − 1]}.

The interval is centered at the point m
√
ν2 − 1 and has diameter ≃ 2C ν√

ν2−1
. Hence,

Nν,C(m) ≃#{j ∣ ωj ∈ [m√ν2 − 1 −C ν√
ν2 − 1

,m
√
ν2 − 1 +C

ν√
ν2 − 1

]}.
The asymptotics depend on the periodicity properties of the geodesic flow Gt

h of (Σ, h). For

instance, if Σh = S3 is a standard S3, then the eigenvalues of
√
−∆ occur only at the points√(N + 1)2 − 1 ≃ N + 1 and have multiplicity N2. On the other hand, if the set of closed

geodesics of (Σ, h) has Liouville measure zero, then it follows from the two-term Weyl law
with remainder estimates of [DG75] that

Nν,C(m) ≃ αn−1Vol(Σ, h)(m√ν2 − 1)n−2[2C ν√
ν2 − 1

], n − 1 = dimΣ. (74)

Here, αn−1 is (2π)−n+1 times the Euclidean surface measure of the unit sphere in Rn−1. Al-
though the calculation pertains to a special and well-known case, the order of growth in m

and the geometric coefficient are universal and corroborate the details in Theorem 1.3.
The smoothed counting function Nν,ψ(m) has a complete asymptotic expansion in m irre-

spective of the periodicity properties of the geodesic flow. We can see this by studying the
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simpler Weyl function,

N+ν,ψ(m) = ∞∑
j=1

ψ(√m2 + ω2
j − νm) = Trψ(√m2 −∆h − νm),

using that

ψ(√m2 −∆h − νm) = ∫
R

ψ̂(t)eitm(√1−m−2∆h−ν)dt.

The operator
√
1 −m−2∆h is a positive elliptic semi-classical pseudo-differential operator of

order zero, and one may construct a semi-classical parametrix for it and apply stationary
phase.

The leading singularity at s = 0 of Υ
(1)
ν,ψ(s) ∶= ∑m,j∈Zψ(λj(m) −mν)eims is essentially the

same as for the flat case of M̃ = Rt ×R
n−1
x ×Rθ, as long as we do not integrate in the space

variable (x, θ) ∈ Rn × S1; for expository simplicity we only give the details in this model case.
It is of interest because the leading coefficient in Theorem 1.1 is universal, and the details
of the coefficients and order of singularity may be checked in this explicitly computable case.
In fact, instead of homogenizing and summing in m, we work on Σ = Rn−1 and compute the
semi-classical asymptotics as m→∞ of

∑
j∈Z

ψ(λj(m) −mν) = ∫
R

ψ̂(t)Tr eit√m2
−∆

Rn−1e−itmνdt (75)

directly from the semi-classical kernel,

eit
√
m2
−∆(x, x) = ∫

Rn−1
eit
√
m2
+∣ξ∣2dξ.

(We repeat that we do not integrate in x, so the integrals are well-defined distributions with
the same singularities as in the compact spacelike case). Then

(75) ≃ ∫R ∫Rn−1 ψ̂(t)eit√m2
+∣ξ∣2e−itmνdtdξ = mn−1 ∫R ∫Rn−1 ψ̂(t)eitm√1+∣ξ∣2e−itmνdtdξ

= αn−1mn−1 ∫R ∫ ∞0 ψ̂(t)eim(t√1+ρ2−tν)
ρn−2dρdt

.

Here ξ = ρω in polar coordinates and αn−1 is the surface area of the sphere in Rn−1. The

phase is stationary when (and only when)
√
1 + ρ2 = ν, t = 0 if supp ψ̂ is sufficiently small.

Stationary phase then gives the expansion,

(75) ≃ αn−1 ψ̂(0)(ν2 − 1)n−22 ν√
ν2 − 1

mn−2,

consistently with the asymptotics in Theorem 1.2. It follows that the principal singularity at
t = 0 of (10) is given by,

Υ(1)(s) ∼ αn−1 (ν2 − 1)n−22 ν√
ν2 − 1

ψ̂(0) ∞∑
m=0

mn−2eims = αn−1 (ν2 − 1)n−22 ν√
ν2 − 1

ψ̂(0) µn−2(s).
For the trace in the compact case, we would integrate over Σ and pick up the extra factor of
Volh(Σ). The result then agrees with Theorem 1.1, once we show that µL(N1(ν)) = αn−1(ν2 −
1)n−22 Volh(Σ) in this case (see (77) below.)
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If instead we follow the homogenization procedure of this article by letting m ∈ Z be eigen-
values of S1 and study ladders in Σ̃ = Σ × S1. We then define M̃ = Rt ×Σ × S1 and

◻̃ =
∂2

∂t2
−∆ −

∂2

∂θ2
,

where ∆ =∆h. The null solutions of ◻̃ then have the form,

um,j(t, x, θ) = eimθeit√ω2

j
+m2

ϕj(x).
We then consider

ψ(√∆Σ̃ − νDθ) = ∫
R

ψ̂(t)e−itνDθeit√∆
Σ̃dt.

eit
√
∆

Σ̃ is the half-wave operator Ũ(t, (x, θ), (x′, θ′)) of Σ̃ and has the parametrix used in
[DG75]. The operator e−itνDθ is translation in s by t units. Then,

Υ
(1)
ν,ψ(s) = Tr eisDθψ(√∆Σ̃ − νDθ) = ∫

R
∫
S1
∫
Σ
ψ̂(t)Ũ(tν + s, (x, θ), (x, θ))dV (x)dθdt.

The singularity at s = 0 is determined in by the same Fourier integral techniques as in [DG75,
GU89] or as in previous sections. Note that in the product case,

Ẽ(t, t′) = (∆̃)− 1

2 sin((t − t′)(∆̃) 12 ).
We now identify the set of admissible ν in the sense of Definition 0.3, the double character-

istic variety DCharν(s, σ) of Definition 0.2, the allowed region Aν where ∂
∂t
− ν ∂

∂θ
is spacelike,

the governing flow etZ on N1(ν), and the volume of N1(ν).
Lemma 12.1. We have:

(1) The set of admissible ν is the set {ν > 1}.
(2) For ν > 1, Aν = M̃ , i.e. ∂

∂t
− ν ∂

∂θ
is everywhere spacelike.

(3) For ν > 1, Dcharν(s, σ) = {τ = σν, ∣ξ∣ = σ√ν2 − 1}.
(4) N1(ν) = {τ = 1, ∣ξ∣ =√ν2 − 1}/ ∼ (divide by the Hamiltonian flow.)

(5) a0(ν,ψ) = (2π)−n+1ψ̂(0)µL(N1(ν)) = αn−1 (√ν2 − 1)n−2 ν√
ν2−1

volh(Σ),
(6) The governing Hamiltonian flow is the geodesic flow of Σ (for any ν).

The characteristic variety of ◻̃ is defined by

C̃har = ⋃
σ∈R

Hσ,

where Hσ is the “mass σ hyperboloid bundle’

Hσ = {((t, x, θ; τ, ξ, σ) ∈ T ∗(M̃) ∣ τ 2 − (∣ξ∣2 + σ2) = 0}.
Evidently, σ is a homogeneous coordinate playing the role of m. We then define Ñ by quoti-
enting C̃har by the Hamiltonian flow of σ◻̃ = −τ 2 + (∣ξ∣2 + σ2). Since the flow preserves each
hyperboloid,

Ñ = ⋃
σ∈R

Hσ/ ∼ .
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In Section 2.1 we defined a homogeneous symplectic isomorphism ι ∶ Ñ → T ∗Σ̃ (31), which

amounts here to restricting the null covector (τ, ξ, σ) to Tt,x,θΣ̃. Since Σ̃ is a level set of the

time variable t, dt = 0 (and so τ = 0) on T Σ̃, and ι(t, x, θ; τ, ξ, σ) = (t, x, θ; 0, ξ, σ).
The Killing vector field in this context is Z = ∂

∂t
, and the principal symbol of DZ is⟨(τ, ξ, σ), ∂

∂t
⟩ = τ . The ladder is non-empty if and only if ν ≥ 1; since the equations to not

involve the base variables (t, x, θ), Aν = M̃ when ν ≥ 1 and is empty otherwise. We henceforth
assume ν > 1.

The classical ladder in T ∗M̃ (or in Ñ ) is defined by pµ(t, x, θ; τ, ξ, σ) = τ − νσ = 0, and is
given by

Lν = ⋃
(θ,σ)∈T ∗S1

{τ = σν, ∣ξ∣ = σ√ν2 − 1} × {(θ, σ)}. (76)

Under ι (31), the ladder is taken to

ι(Lν) = ⋃
(θ,σ)∈T ∗S1

{∣ξ∣ = σ√ν2 − 1} × {(θ, σ)} = {(∣ξ∣ = σ√ν2 − 1} ⊂ T ∗Σ × T ∗S1.

For fixed (θ, σ), the classical ladder is the τ -slice of a mass hyperboloid (bundle),

{τ = σν, ∣ξ∣ = σ√ν2 − 1}.
As above, we fix σ = 1 to de-homogenize and then obtain the spherical slice,

{τ = ν, ∣ξ∣ =√ν2 − 1} ⊂ Char(◻) ⊂ T ∗M.

We then quotient by time translation. The quotient is N1(ν) (23)
N1(ν) ≃ {(x, ξ) ∈ T ∗Σ ∣ ∣ξ∣ =√ν2 − 1}.

The Liouville volume µL(N1(ν)) is by definition the usual Liouville volume of the right side,
namely,

µL(S∗√
ν2−1

Σ) = Vol(Sn−2) (√ν2 − 1)n−2 ν√
ν2 − 1

Volh(Σ). (77)

Indeed, the Liouville measure satisfies µL(S∗√
ν2−1

Σ) = d
dν
VolΩ{∣ξ∣ ≤ √ν2 − 1}. Compared to

(74), the additional factor of 2C comes from the width of the interval (i.e. the test function).
The governing dynamical system underlying the ladder trace Tr etZ ∣Hν is identified by ι with

the null foliation of the sphere bundle {∣ξ∣ = √ν2 − 1} ⊂ T ∗Σ, i.e. with its geodesic flow. It
follows that the zero-measure condition on periodic orbits in Theorem 1.3 is independent of
ν, and is the well-known condition that the set of periodic orbits of Gt has measure zero for
t /= 0.
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