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❇✉✐❧❞✐♥❣ ♦♥ ❛ ♣r❡✈✐♦✉s st✉❞② t❤❛t ❛♥❛❧②s❡s s✉r❢❛❝❡ ✇❛✈❡s ✐♥ ♠❛❣♥❡t✐❝ s❧❛❜s ❡♠❜❡❞❞❡❞ ✐♥ ❛ ♥♦♥✲

♠❛❣♥❡t✐❝ ❡①t❡r♥❛❧ ❡♥✈✐r♦♥♠❡♥t✱ ✐♥ t❤✐s st✉❞② t❤❡ ♠♦❞❡❧ ✐s ❣❡♥❡r❛❧✐s❡❞ ❛♥❞ ❡①t❡r♥❛❧ ♠❛❣♥❡t✐❝ ✜❡❧❞s

❛r❡ ❛❞❞❡❞✳ ❚❤❡ s❧❛❜ ✐s ❛ss✉♠❡❞ t♦ ❜❡ t❤✐♥✱ ✇✐t❤ ✇❡❛❦ ♠❛❣♥❡t✐❝ ❛s②♠♠❡tr②✳ ❚❤❡ ❢r❡q✉❡♥❝✐❡s ♦❢ t❤❡

st❛♥❞✐♥❣ ❤❛r♠♦♥✐❝ ♠♦❞❡s ❛r❡ ❞❡r✐✈❡❞ t♦ ❧❡❛❞✐♥❣✲♦r❞❡r ✐♥ t❤❡ s♠❛❧❧ q✉❛♥t✐t✐❡s r❡♣r❡s❡♥t✐♥❣ t❤❡ t❤✐♥

s❧❛❜ ✇✐❞t❤ ❛♥❞ t❤❡ ✇❡❛❦ ❛s②♠♠❡tr②✳ ■t ✐s ❢♦✉♥❞ t❤❛t t❤❡ ❢r❡q✉❡♥❝✐❡s ❛r❡ ♠♦r❡ ♣r♦♥❡ t♦ ❝❤❛♥❣❡s t♦ t❤❡

✇✐❞t❤ ♦❢ t❤❡ s❧❛❜ t❤❛♥ ❝❤❛♥❣❡s ✐♥ t❤❡ ♠❛❣♥❡t✐❝ ❛s②♠♠❡tr②✳ ❚❤❡ ❢r❡q✉❡♥❝② r❛t✐♦ ♦❢ t❤❡ ✜rst ❤❛r♠♦♥✐❝
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▼❛♥② ♦❢ t❤❡ ♠❛❣♥❡t✐❝ str✉❝t✉r❡s ✐♥ t❤❡ s♦❧❛r ❛t♠♦s♣❤❡r❡ ❤❛✈❡ ❜❡❡♥ ♦❜s❡r✈❡❞ t♦ s✉♣♣♦rt ♦s❝✐❧❧❛t✐♦♥s ♦♥ ❛ ✈❛r✐❡t② ♦❢
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✭❆rr❡❣✉✐ ❡t ❛❧✳ ✷✵✶✷✮ t♦ s♣✐❝✉❧❡s ✭❩❛q❛r❛s❤✈✐❧✐ ✫ ❊r❞é❧②✐ ✷✵✵✾❀ ❚s✐r♦♣♦✉❧❛ ❡t ❛❧✳ ✷✵✶✷✮✱ s✉♥s♣♦t ❧✐❣❤t ❜r✐❞❣❡s ✭❨✉❛♥

❡t ❛❧✳ ✷✵✶✹❀ ❨❛♥❣ ❡t ❛❧✳ ✷✵✶✻✱ ✷✵✶✼✮ ❛♥❞ ♠❛❣♥❡t✐❝ ❜r✐❣❤t ♣♦✐♥ts ✭▲✐✉ ❡t ❛❧✳ ✷✵✶✽✮✳ ❆♥ ❛♥❛❧②t✐❝❛❧ ✇❛✈❡ st✉❞② ✉s✐♥❣

t❤❡ ♠❛❣♥❡t♦❤②❞r♦❞②♥❛♠✐❝ ❛♣♣r♦①✐♠❛t✐♦♥ ❝❛♥ ❧❡❛❞ t♦ t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ s♦❧❛r ♠❛❣♥❡t♦✲s❡✐s♠♦❧♦❣② ✭❙▼❙❀ s❡❡ r❡✈✐❡✇s

❜② ◆❛❦❛r✐❛❦♦✈ ✫ ❱❡r✇✐❝❤t❡ ✷✵✵✺❀ ❊r❞é❧②✐ ✷✵✵✻❛✱❜❀ ❆♥❞r✐❡s ❡t ❛❧✳ ✷✵✵✾❀ ❘✉❞❡r♠❛♥ ✫ ❊r❞é❧②✐ ✷✵✵✾✮✱ ✇❤✐❝❤ ♠❛❦❡s ✐t

♣♦ss✐❜❧❡ t♦ ❞❡❞✉❝❡ ✈❛❧✉❡s ❢♦r ❜❛❝❦❣r♦✉♥❞ ♣❛r❛♠❡t❡rs t❤❛t ❛r❡ ♥♦t ❞✐r❡❝t❧② ♠❡❛s✉r❛❜❧❡✳

❆ ♣♦♣✉❧❛r ♠❛t❤❡♠❛t✐❝❛❧ ❢r❛♠❡✇♦r❦ ✉s❡❞ t♦ ❞❡s❝r✐❜❡ t❤❡s❡ ♦s❝✐❧❧❛t✐♦♥s ✇❛s ✐♥tr♦❞✉❝❡❞ ❜② ❘♦❜❡rts ✭✶✾✽✶❛✮✱ ✇❤❡r❡

✇❛✈❡ ♣r♦♣❛❣❛t✐♦♥ ❛t ❛ s✐♥❣❧❡ ✐♥t❡r❢❛❝❡ ✭♠♦r❡ ♣r❡❝✐s❡❧②✱ ❛ ❞✐s❝♦♥t✐♥✉✐t② ✐♥ t❤❡ s②st❡♠ ♣❛r❛♠❡t❡rs s✉❝❤ ❛s t❡♠♣❡r❛t✉r❡

♦r ♠❛❣♥❡t✐❝ ✜❡❧❞ str❡♥❣t❤✮✱ ✇❛s st✉❞✐❡❞✳ ❚❤✐s ✇❛s s❤♦rt❧② ❢♦❧❧♦✇❡❞ ❜② ❛♥♦t❤❡r ✐♥✈❡st✐❣❛t✐♦♥ ♦♥ ✇❛✈❡ ♣r♦♣❛❣❛t✐♦♥

✐♥ ❛ ♠❛❣♥❡t✐❝ s❧❛❜ ❡♠❜❡❞❞❡❞ ✐♥ ❛ ♥♦♥✲♠❛❣♥❡t✐❝ s②♠♠❡tr✐❝ ❡①t❡r♥❛❧ ❡♥✈✐r♦♥♠❡♥t ✭❘♦❜❡rts ✶✾✽✶❜✮✱ ❛♥❞ t❤❡♥ ❢✉rt❤❡r

❣❡♥❡r❛❧✐s❡❞ ❜② ❝♦♥s✐❞❡r✐♥❣ ❛ ♠❛❣♥❡t✐❝ ❡①t❡r♥❛❧ ❡♥✈✐r♦♥♠❡♥t ✭❊❞✇✐♥ ✫ ❘♦❜❡rts ✶✾✽✷✮✳ ❚❤✐s ♠❛t❤❡♠❛t✐❝❛❧ ♠♦❞❡❧ ✐s

❡①tr❡♠❡❧② ♣♦✇❡r❢✉❧ ❛s ✐t ✐s st✐❧❧ ❜❡✐♥❣ ✉s❡❞ ♥❡❛r❧② t✇♦ ❢✉❧❧ s♦❧❛r ❝②❝❧❡s ❛❢t❡r ✐ts ✐♥tr♦❞✉❝t✐♦♥✳ ▼♦r❡ r❡❝❡♥t st✉❞✐❡s ❤❛✈❡

❢✉rt❤❡r ❣❡♥❡r❛❧✐s❡❞ t❤✐s ❢r❛♠❡✇♦r❦✱ ✇❤❡r❡ ❝②❧✐♥❞r✐❝❛❧ ✐♥st❡❛❞ ♦❢ ❈❛rt❡s✐❛♥ ❣❡♦♠❡tr② ✐s ✉s❡❞ ❛♥❞ t❤❡ ✢✉① t✉❜❡ ✐s st✉❞✐❡❞

❛s ♦♣♣♦s❡❞ t♦ t❤❡ ♠❛❣♥❡t✐❝ s❧❛❜ ✭❡✳❣✳ ❆❜❞❡❧❛t✐❢ ✶✾✽✽✮✳ ■♥ ❛❞❞✐t✐♦♥ t♦ t❤✐s✱ ✇♦r❦ ❤❛s ❜❡❡♥ ❢✉rt❤❡r ❡①♣❛♥❞❡❞ ✇✐t❤ t❤❡

❡①❛♠✐♥❛t✐♦♥ ♦❢ ▼❍❉ ✇❛✈❡s ✇✐t❤✐♥ ❛♥ ❛s②♠♠❡tr✐❝ s❧❛❜ s②st❡♠✱ ✇✐t❤ ❜♦t❤ ❛ ♥♦♥✲♠❛❣♥❡t✐❝ ✭❆❧❧❝♦❝❦ ✫ ❊r❞é❧②✐ ✷✵✶✼✮

❛♥❞ ❛ ♠❛❣♥❡t✐❝ ✭❩sá♠❜❡r❣❡r ❡t ❛❧✳ ✷✵✶✽✮ ❡①t❡r♥❛❧ ❡♥✈✐r♦♥♠❡♥t✳ ❆ ❢✉rt❤❡r ❣❡♥❡r❛❧✐s❛t✐♦♥ ♦❢ t❤✐s ♠♦❞❡❧ ✇❛s ♣r♦✈✐❞❡❞ ❜②

❙❤✉❦❤♦❜♦❞s❦❛✐❛ ✫ ❊r❞é❧②✐ ✭✷✵✶✽✮✱ ✇❤♦ ❛♥❛❧②s❡❞ ♠✉❧t✐♣❧❡ s❧❛❜ s②st❡♠s ♣❧❛❝❡❞ s✐❞❡ ❜② s✐❞❡ t♦ ❝r❡❛t❡ t❤❡ ♥✲s❧❛❜ ♠♦❞❡❧✳

❙♦♠❡ ✐♠♣♦rt❛♥t ❛♣♣❧✐❝❛t✐♦♥s ♦❢ t❤❡s❡ r❡❝❡♥t ❛♥❛❧②t✐❝❛❧ ♠♦❞❡❧✐♥❣ st✉❞✐❡s ✇❡r❡ ♣r❡s❡♥t❡❞ ❜② ❆❧❧❝♦❝❦ ❡t ❛❧✳ ✭✷✵✶✾✮✱ ✇❤✐❝❤

✐♥❝❧✉❞❡❞ t❤❡ ❛♠♣❧✐t✉❞❡ r❛t✐♦ ♠❡t❤♦❞ ❛s ❛♥ ❙▼❙ t❡❝❤♥✐q✉❡✳

❆❧❧ t❤❡s❡ ♣r❡✈✐♦✉s ❛♥❛❧②t✐❝❛❧ ❛♣♣r♦❛❝❤❡s ✐♥✈❡st✐❣❛t❡❞ ♣r♦♣❛❣❛t✐♥❣ ▼❍❉ ✇❛✈❡s✳ ❍♦✇❡✈❡r✱ ♦❜s❡r✈❛t✐♦♥s ❤❛✈❡ ❞✐s❝♦✈✲

❡r❡❞ ❛ ❧❛r❣❡ r❛♥❣❡ ♦❢ st❛♥❞✐♥❣ ✇❛✈❡s ✐♥ ▼❍❉ ✇❛✈❡❣✉✐❞❡s ✭❉❡ ▼♦♦rt❡❧ ✷✵✵✾✮✳ ❆ r❡✈✐❡✇ ❜② ❚❛r♦②❛♥ ✫ ❊r❞é❧②✐ ✭✷✵✵✾✮

♣r❡s❡♥ts r❡❝❡♥t ✜♥❞✐♥❣s r❡❧❛t✐♥❣ t♦ ▼❍❉ ✇❛✈❡s ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ ❝♦r♦♥❛❧ ❤❡❛t✐♥❣✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡r❡ ✐s s♦♠❡ ❞✐s❝✉s✲

s✐♦♥ r❡❣❛r❞✐♥❣ st❛♥❞✐♥❣ ✇❛✈❡s ❛♥❞ t❤❡ ♣♦ss✐❜✐❧✐t② ♦❢ ✉s✐♥❣ ❙▼❙ t♦ ❞❡❞✉❝❡ ❞✐❛❣♥♦st✐❝ ✐♥❢♦r♠❛t✐♦♥✱ ✇✐t❤ t❤❡ ♣❛rt✐❝✉❧❛r

❈♦rr❡s♣♦♥❞✐♥❣ ❛✉t❤♦r✿ ❘ó❜❡rt ❊r❞é❧②✐

r♦❜❡rt✉s❅s❤❡✣❡❧❞✳❛❝✳✉❦



✷ ❖①❧❡②✱ ❩sá♠❜❡r❣❡r ✫ ❊r❞é❧②✐

❡①❛♠♣❧❡ ♦❢ ❝♦r♦♥❛❧ ❧♦♦♣s ✐♥❝❧✉❞❡❞✳ ❖t❤❡r st✉❞✐❡s ♦❢ st❛♥❞✐♥❣ ✇❛✈❡s ✐♥ ❝♦r♦♥❛❧ ❧♦♦♣s ✐♥❝❧✉❞❡ ◆❛❦❛r✐❛❦♦✈ ✫ ❖❢♠❛♥

✭✷✵✵✶✮✱ ❲❛♥❣ ❡t ❛❧✳ ✭✷✵✵✼✮ ❛♥❞ ❲❛♥❣ ✭✷✵✶✶✮✳ ❚❤❡s❡ ✐♥✈❡st✐❣❛t✐♦♥s ❛❧s♦ ♣r♦✈✐❞❡ ❡①❛♠♣❧❡s ✇❤❡r❡ ❛♥ ❡st✐♠❛t✐♦♥ ♦❢ t❤❡

♠❛❣♥❡t✐❝ ✜❡❧❞ str❡♥❣t❤ ✐s ♦❜t❛✐♥❡❞ ✉s✐♥❣ st❛♥❞✐♥❣ ▼❍❉ ♦s❝✐❧❧❛t✐♦♥s✳ ❚❤✐s ✐❧❧✉str❛t❡s ❤♦✇ ❛♥ ❛♥❛❧②s✐s ♦❢ st❛♥❞✐♥❣ ▼❍❉

✇❛✈❡s ❝❛♥ ❧❡❛❞ t♦ t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ ❙▼❙✱ ❛♥❞ ❞❡♠♦♥str❛t❡s t❤❡ ♣♦✇❡r ♦❢ t❤✐s t❡❝❤♥✐q✉❡ ❜② s❤♦✇✐♥❣ ❤♦✇ ✐t ♠❛② ❜❡

♣♦ss✐❜❧❡ t♦ ❞❡r✐✈❡ ❞✐❛❣♥♦st✐❝ ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t t❤❡ ✇❛✈❡❣✉✐❞❡✳ ■♥✈❡st✐❣❛t✐♦♥s ♦❢ st❛♥❞✐♥❣ ♦s❝✐❧❧❛t✐♦♥s ✐♥ ♦t❤❡r s♦❧❛r

❢❡❛t✉r❡s ❤❛✈❡ ❜❡❡♥ ❝♦♥❞✉❝t❡❞✱ s✉❝❤ ❛s ❛ s♦❧❛r ♣r♦♠✐♥❡♥❝❡✱ ✇❤✐❝❤ ✐s ✐♥ ❢❛❝t ❛♥ ❡①❛♠♣❧❡ ♦❢ ❛ s♦❧❛r str✉❝t✉r❡ t❤❛t ✐s

✇❡❧❧ s✉✐t❡❞ t♦ t❤❡ ♠❛❣♥❡t✐❝ s❧❛❜ ♠♦❞❡❧ ✭❖❧✐✈❡r ✷✵✵✾❀ ❆rr❡❣✉✐ ❡t ❛❧✳ ✷✵✶✷✮✱ ❛♥❞ ❝♦♥s❡q✉❡♥t❧② ❢✉rt❤❡r ✉♥❞❡rst❛♥❞✐♥❣

st❛♥❞✐♥❣ ♠♦❞❡s ✐♥ ❛ ♠❛❣♥❡t✐❝ s❧❛❜ ❝♦✉❧❞ ❛ss✐st ✐♥ ✉♥❞❡rst❛♥❞✐♥❣ t❤❡ ❜❡❤❛✈✐♦✉r ♦❢ ♣❤❡♥♦♠❡♥❛ s✉❝❤ ❛s t❤❡ s♦❧❛r ♣r♦♠✐✲

♥❡♥❝❡✳ ❚❤❡r❡❢♦r❡✱ ❖①❧❡② ❡t ❛❧✳ ✭✷✵✷✵✮ ❡♠❜❛r❦❡❞ ♦♥ ✐♥✈❡st✐❣❛t✐♥❣ st❛♥❞✐♥❣ ♠♦❞❡s ✐♥ ❛ ♠❛❣♥❡t✐❝ s❧❛❜ ❡♠❜❡❞❞❡❞ ✐♥ ❛

♥♦♥✲♠❛❣♥❡t✐❝ ❛s②♠♠❡tr✐❝ ❡♥✈✐r♦♥♠❡♥t✳

❚❤❡ ❝✉rr❡♥t ♣❛♣❡r ♥♦✇ ❛✐♠s t♦ ❜✉✐❧❞ ♦♥ ❖①❧❡② ❡t ❛❧✳ ✭✷✵✷✵✮ ❜② ✐♥tr♦❞✉❝✐♥❣ ♠❛❣♥❡t✐s♠ t♦ t❤❡ ❡①t❡r♥❛❧ ♣❧❛s♠❛

❡♥✈✐r♦♥♠❡♥t✳ ❇② ❛ss✉♠✐♥❣ ❜♦t❤ t❤❡ t❤✐♥ s❧❛❜ ❛♥❞ ✇❡❛❦ ❛s②♠♠❡tr② ❛♣♣r♦①✐♠❛t✐♦♥s✱ t❤❡ st❛♥❞✐♥❣ ✇❛✈❡s ✇✐❧❧ ❜❡

❡①❛♠✐♥❡❞ ❜② ❞❡r✐✈✐♥❣ t❤❡ ❞✐s♣❡rs✐♦♥ ❡q✉❛t✐♦♥s ❢♦r t❤❡ ❢r❡q✉❡♥❝✐❡s ❛♥❞ ❛♠♣❧✐t✉❞❡s ✐♥ t❡r♠s ♦❢ s♠❛❧❧ ♣❛r❛♠❡t❡rs t❤❛t

r❡♣r❡s❡♥t t❤✐♥ s❧❛❜ ✇✐❞t❤ ❛♥❞ ✇❡❛❦ ♠❛❣♥❡t✐❝ ❛s②♠♠❡tr②✳ ■♥tr♦❞✉❝✐♥❣ t❤❡s❡ s♠❛❧❧ ♣❛r❛♠❡t❡rs ❛❧❧♦✇s ❛♥❛❧②t✐❝❛❧ ♣r♦❣r❡ss

t♦ ❜❡ ♠❛❞❡ ✇❤✐❧❡ st✐❧❧ ❦❡❡♣✐♥❣ s♦♠❡ ❝♦♠♣❧❡① ❛s♣❡❝ts ♦❢ ❛♥ ❛s②♠♠❡tr✐❝ ❡♥✈✐r♦♥♠❡♥t✳ ❚❤❡ ❡①t❡r♥❛❧ r❡❣✐♦♥ ♦❢ ♣❧❛s♠❛ ✇✐❧❧

❜❡ ❛ss✉♠❡❞ t♦ ❜❡ ✐s♦t❤❡r♠❛❧✱ ♠❡❛♥✐♥❣ t❤❡r❡ ✐s ♥♦ ❛s②♠♠❡tr② ✐♥ t❤❡ t❡♠♣❡r❛t✉r❡ ❛♥❞ t❤❡ ❡✛❡❝ts ♦❢ ❛s②♠♠❡tr② ✐♥ t❤❡

❡①t❡r♥❛❧ ♠❛❣♥❡t✐❝ ✜❡❧❞s ❝❛♥ ❜❡ ✐s♦❧❛t❡❞ ❛♥❞ ❡①❛♠✐♥❡❞✳ ❙♦♠❡ ♦❢ t❤❡ ❞❡r✐✈❡❞ q✉❛♥t✐t✐❡s t❤❛t r❡❧❛t❡ t♦ t❤❡ ❢r❡q✉❡♥❝✐❡s

❛♥❞ ❛♠♣❧✐t✉❞❡s ♦❢ ♦s❝✐❧❧❛t✐♦♥ ❤❛✈❡ ❛♥❛❧♦❣♦✉s r❡s✉❧ts ✐♥ t❤❡ st✉❞② ♦❢ ❛ ♠❛❣♥❡t✐❝ s❧❛❜ ❡♠❜❡❞❞❡❞ ✐♥ ❛ ♥♦♥✲♠❛❣♥❡t✐❝

❛s②♠♠❡tr✐❝ ❡♥✈✐r♦♥♠❡♥t ✭❖①❧❡② ❡t ❛❧✳ ✷✵✷✵✮✱ ❛♥❞ s✐♠✐❧❛r✐t✐❡s ✇✐❧❧ ❜❡ ❞✐s❝✉ss❡❞ t❤r♦✉❣❤♦✉t✳

❚❤❡ ♠❛✐♥ ♣✉r♣♦s❡ ♦❢ t❤✐s st✉❞② ✐s t♦ ❢✉rt❤❡r ❛❞✈❛♥❝❡ t❤❡ ♠❛❣♥❡t✐❝ s❧❛❜ ♠♦❞❡❧✱ ❛❧❧♦✇✐♥❣ s♦❧❛r ♠❛❣♥❡t♦✲s❡✐s♠♦❧♦❣②

t♦ ❜❡ ✉s❡❞ ❢♦r ❛ ✇✐❞❡r r❛♥❣❡ ♦❢ s✉✐t❛❜❧❡ s♦❧❛r str✉❝t✉r❡s✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ❜② ❝❛rr②✐♥❣ ♦✉t t❤❡ ❛♥❛❧②t✐❝❛❧ ✐♥✈❡st✐❣❛t✐♦♥✱

q✉❛♥t✐t✐❡s t❤❛t ❞❡♣❡♥❞ ♦♥ ♠❛❣♥❡t✐❝ ❛s②♠♠❡tr② ✭s✉❝❤ ❛s t❤❡ ❛♠♣❧✐t✉❞❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ t✇♦ s✐❞❡s ♦❢ t❤❡ s❧❛❜✮

❛r❡ ❞❡r✐✈❡❞✱ ❛♥❞ ✐t ♠❛② ❜❡ ♣♦ss✐❜❧❡ t♦ ✐♥❢❡r ✈❛❧✉❡s ♦❢ t❤❡ ✐♥t❡r♥❛❧ ♦r ❡①t❡r♥❛❧ ♠❛❣♥❡t✐❝ ✜❡❧❞ str❡♥❣t❤✱ ✇❤✐❝❤ ❛r❡ ♥♦t

❞✐r❡❝t❧② ♦❜s❡r✈❛❜❧❡✳

❙t❛♥❞✐♥❣ ♠♦❞❡s ✐♥ ❛ s♦❧❛r ♣r♦♠✐♥❡♥❝❡ ✇❡r❡ ✐♥✈❡st✐❣❛t❡❞ ✐♥ ❏♦❛r❞❡r ✫ ❘♦❜❡rts ✭✶✾✾✷✮✱ ✉s✐♥❣ ❛ ♠❛❣♥❡t✐❝ s❧❛❜ ♠♦❞❡❧✳

■♥ t❤✐s st✉❞② t❤❡ ❛♥❛❧②t✐❝❛❧ ✇♦r❦ ✇❛s ✈❡r② s❤♦rt✱ ❛♥❞ ✐♥ ❢❛❝t ❝♦♥t❛✐♥❡❞ ❛♥ ❡rr♦r✱ ❛s ✐♥❞✐❝❛t❡❞ ✐♥ ❖①❧❡② ❡t ❛❧✳ ✭✷✵✷✵✮✳

❚❤❡ ♣r❡s❡♥t st✉❞②✱ ❛❧♦♥❣ ✇✐t❤ ❖①❧❡② ❡t ❛❧✳ ✭✷✵✷✵✮✱ ♣r♦✈✐❞❡s ❛ ♠♦r❡ ❞❡t❛✐❧❡❞ ❛♥❞ ❛❝❝✉r❛t❡ ❛♥❛❧②s✐s ♦❢ st❛♥❞✐♥❣ ♠♦❞❡s

✐♥ ❛ ♠❛❣♥❡t✐❝ s❧❛❜ str✉❝t✉r❡✳

❋✐rst✱ ✇❡ ♣r❡s❡♥t t❤❡ ❡q✉✐❧✐❜r✐✉♠ ♦❢ t❤❡ ♠♦❞❡❧ ❛❧♦♥❣ ✇✐t❤ t❤❡ ❛♣♣r♦♣r✐❛t❡ ❧✐♥❡✲t②✐♥❣ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❛♥❞ ♣r❡ss✉r❡

❜❛❧❛♥❝❡ r❡q✉✐r❡♠❡♥ts ✭✇❤✐❝❤ ❛r❡ ♥❡❝❡ss❛r② ✐♥ ♦r❞❡r t♦ ❤❛✈❡ ❛ st❛t✐❝ ✇❛✈❡❣✉✐❞❡ ✇✐t❤ ♥♦ ❜❛❝❦❣r♦✉♥❞ ❜✉❧❦ ♠♦t✐♦♥s✮✳

❚❤❡♥✱ t❤❡ ❣❡♥❡r❛❧ ❞✐s♣❡rs✐♦♥ r❡❧❛t✐♦♥ t❤❛t ❣♦✈❡r♥s t❤❡ s✉r❢❛❝❡ ❛♥❞ ❜♦❞② ✇❛✈❡s ♦❢ t❤❡ s❧❛❜ ✐s ❞❡r✐✈❡❞ ✐♥ ❙❡❝t✐♦♥ ✸✳✶✳

❚❤✐s ✐s ❞♦♥❡ ✐♥ ♦r❞❡r t♦ ✐❞❡♥t✐❢② ✇❤❛t ❢r❡q✉❡♥❝✐❡s ♦❢ ✇❛✈❡s t❤❡ s❧❛❜ ✇✐❧❧ s✉♣♣♦rt✱ ❛♥❞ t❤❡♥ t❤❡s❡ ✜♥❞✐♥❣s ❝❛♥ ❜❡ ✉s❡❞

t♦ ❞❡r✐✈❡ ♣♦t❡♥t✐❛❧❧② ♦❜s❡r✈❛❜❧❡ q✉❛♥t✐t✐❡s✳ ■♥ ❙❡❝t✐♦♥ ✸✳✷✱ t❤❡ t❤✐♥ s❧❛❜ ❛♥❞ ✇❡❛❦ ❛s②♠♠❡tr② ❛ss✉♠♣t✐♦♥s ❛r❡ ❛♣♣❧✐❡❞

✐♥ ♦r❞❡r t♦ ❤❛✈❡ ❛♥ ❛♥❛❧②t✐❝❛❧ ✐♥s✐❣❤t ✐♥t♦ t❤❡ ♣r♦❜❧❡♠✳ ❆ ♠❛❣♥❡t♦✲s❡✐s♠♦❧♦❣② ❡①❛♠✐♥❛t✐♦♥ ♦❢ t❤❡ ❢r❡q✉❡♥❝✐❡s ♦❢ t❤❡

st❛♥❞✐♥❣ ❤❛r♠♦♥✐❝ ♠♦❞❡s ✇✐❧❧ ❜❡ ♣r❡s❡♥t❡❞ ✐♥ ❙❡❝t✐♦♥ ✹✱ ❜② ❞❡r✐✈✐♥❣ ❛♥❛❧②t✐❝ ❡①♣r❡ss✐♦♥s ❢♦r t❤❡s❡ ❡✐❣❡♥❢r❡q✉❡♥❝✐❡s ✐♥

t❡r♠s ♦❢ ♣❛r❛♠❡t❡rs r❡♣r❡s❡♥t✐♥❣ s❧❛❜ ✇✐❞t❤ ❛♥❞ ♠❛❣♥❡t✐❝ ❛s②♠♠❡tr②✳ ❆♥❛❧②s✐s ♦❢ t❤❡ ❛♠♣❧✐t✉❞❡s ♦❢ t❤❡ ❡✐❣❡♥♠♦❞❡s

✐s ❣✐✈❡♥ ✐♥ ❙❡❝t✐♦♥ ✺✳ ❲❡ ❝♦♥❝❧✉❞❡ ✇✐t❤ ❛ s❤♦rt ❞✐s❝✉ss✐♦♥ ♦❢ t❤❡ r❡s✉❧ts✳

✷✳ ❚❍❊ ❊◗❯■▲■❇❘■❯▼ ▼❆●◆❊❚■❈ ❙▲❆❇

❈♦♥s✐❞❡r ❛ ✸✲❞✐♠❡♥s✐♦♥❛❧✱ ✐♥✈✐s❝✐❞✱ st❛t✐❝✱ ✐❞❡❛❧ ♣❧❛s♠❛ s♣❧✐t ✐♥t♦ t❤r❡❡ r❡❣✐♦♥s ✐♥ t❤❡ x✲❞✐r❡❝t✐♦♥✱ ✇✐t❤ t❤❡ ❡q✉✐❧✐❜r✐✉♠

❝♦♥✜❣✉r❛t✐♦♥ s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✶✳ ❲❡ ❛ss✉♠❡ t❤❛t t❤❡ s❧❛❜ ✐s ✉♥❜♦✉♥❞❡❞ ✐♥ t❤❡ y✲❞✐r❡❝t✐♦♥✳ ❚❤❡r❡ ✐s ❛♥ ❡q✉✐❧✐❜r✐✉♠

♠❛❣♥❡t✐❝ ✜❡❧❞ ❣✐✈❡♥ ❜② B(x)êz✱ ✇❤❡r❡

B(x) =











B1 ✐❢ x < −x0✱ ✭✶✮

B0 ✐❢ −x0 ≤ x ≤ x0✱ ✭✷✮

B2 ✐❢ x > x0✱ ✭✸✮

❛♥❞ Bi✱ ❢♦r i = 0, 1, 2✱ ❛r❡ ❝♦♥st❛♥t✳ ❍❡r❡✱ pi✱ Ti ❛♥❞ ρi ❞❡♥♦t❡ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❦✐♥❡t✐❝ ♣❧❛s♠❛ ♣r❡ss✉r❡✱ t❡♠♣❡r❛t✉r❡

❛♥❞ ❞❡♥s✐t②✱ r❡s♣❡❝t✐✈❡❧②✱ ✇❤❡r❡ i = 0 ✐s ❢♦r t❤❡ ✐♥s✐❞❡ ♦❢ t❤❡ s❧❛❜✱ i = 1 ✐s ❢♦r t❤❡ ❞♦♠❛✐♥ t♦ t❤❡ ❧❡❢t ❛♥❞ i = 2 ✐s ❢♦r

t❤❡ ❞♦♠❛✐♥ t♦ t❤❡ r✐❣❤t ♦❢ t❤❡ s❧❛❜✳ ❚❤❡ ❡✛❡❝t ♦❢ ❣r❛✈✐t② ✐s ✐❣♥♦r❡❞ t❤r♦✉❣❤♦✉t ❢♦r s✐♠♣❧✐❝✐t②✱ ✇❤✐❝❤ ♠❛② ❧✐♠✐t t❤❡

r❛♥❣❡ ♦❢ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ t❤❡ r❡s✉❧ts✳ ❆❧s♦✱ t❤✐s ✇♦r❦ ❛✐♠s t♦ ❛♥❛❧②s❡ t❤❡ ❡✛❡❝ts ♦❢ ♠❛❣♥❡t✐❝ ❛s②♠♠❡tr② ♦♥ t❤❡ st❛♥❞✐♥❣

s✉r❢❛❝❡ ✇❛✈❡s✱ ❛♥❞ t❤❡ ♠❛❣♥❡t♦❛❝♦✉st✐❝✲❣r❛✈✐t② ✇❛✈❡ s✉♣♣♦rt❡❞ ❜② t❤❡ ✇❛✈❡❣✉✐❞❡ ✇✐❧❧ ♥♦t ❜❡ ❡①❛♠✐♥❡❞✳



st❛♥❞✐♥❣ ▼❍❉ ✇❛✈❡s ✐♥ ❛s②♠♠❡tr✐❝ ♠❛❣♥❡t✐❝ s❧❛❜s ■■ ✸

x = −x0
x = x0

x

z

y

z = 0

z = L

ρ1✱ p1✱ T1✱ B1 ρ0✱ p0✱ T0✱ B0 ρ2✱ p2✱ T2✱ B2L

2x0

❋✐❣✉r❡ ✶✳ ❱✐s✉❛❧✐s❛t✐♦♥ ♦❢ t❤❡ ❡q✉✐❧✐❜r✐✉♠ st❛t❡ ✐♥s✐❞❡ ✭ |x| ≤ x0✮ ❛♥❞ ♦✉ts✐❞❡ ♦❢ t❤❡ ♠❛❣♥❡t✐❝ s❧❛❜ ✭x < −x0 ❛♥❞ x > x0✮✱
✇❤❡r❡ t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ ✐s ✐♥❞✐❝❛t❡❞ ❜② t❤❡ r❡❞ ❧✐♥❡s✳ ❚❤❡ t✇♦ ✐♥t❡r❢❛❝❡s ♠❛r❦❡❞ ❜② t❤❡ ❞❛s❤❡❞ ❧✐♥❡s ❛t x = −x0✱ x = x0 ♦✉t❧✐♥❡
t❤❡ s❧❛❜✱ ✇❤✐❧❡ t❤❡ ❞❛s❤❡❞ ❧✐♥❡s ❛t z = 0 ❛♥❞ z = L ♠❛r❦ t❤❛t t❤❡ s❧❛❜ ✐s ❜♦✉♥❞❡❞✳

✷✳✶✳ ❇♦✉♥❞❛r② ❈♦♥❞✐t✐♦♥s

❚❤❡ ❢♦❧❧♦✇✐♥❣ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ♠✉st ❜❡ ❛♣♣❧✐❡❞ ❛t t❤❡ ✐♥t❡r❢❛❝❡s✱ x = ±x0✱ ❛♥❞ ❛t t❤❡ ❡♥❞ ♣♦✐♥ts ♦❢ t❤❡ s❧❛❜✱

z = 0, L✳

❚♦t❛❧ ♣r❡ss✉r❡ ❜❛❧❛♥❝❡ ❛❝r♦ss t❤❡ ✐♥t❡r❢❛❝❡s ❛t x = ±x0 ✐s r❡q✉✐r❡❞ ✐♥ ♦r❞❡r ❢♦r t❤❡ ❡q✉✐❧✐❜r✐✉♠ t♦ ❜❡ st❛❜❧❡✿

p1 +
B2

1

2µ0

= p0 +
B2

0

2µ0

= p2 +
B2

2

2µ0

, ✭✹✮

✇❤❡r❡ µ0 ✐s t❤❡ ♣❡r♠❡❛❜✐❧✐t② ♦❢ ❢r❡❡ s♣❛❝❡✳ ❲❡ ❞❡♥♦t❡ t❤❡ s♦✉♥❞ s♣❡❡❞s ❜② ci =

√

γpi
ρi

✱ ❛♥❞ t❤❡ ❆❧❢✈é♥ s♣❡❡❞s ❜②

vAi =
Bi√
ρiµ0

✱ ❢♦r i = 0, 1, 2✱ ✇❤❡r❡ γ ✐s t❤❡ ❛❞✐❛❜❛t✐❝ ❣❛s ✐♥❞❡①✱ ✇❤✐❝❤ ✐s t❛❦❡♥ t♦ ❜❡ ❝♦♥st❛♥t ❛❝r♦ss t❤❡ ❡♥t✐r❡ s②st❡♠✱

✉♥❞❡r t❤❡ ❛ss✉♠♣t✐♦♥ t❤❛t t❤❡ ♣❧❛s♠❛ ❝♦♠♣♦s✐t✐♦♥ ✐s t❤❡ s❛♠❡ t❤r♦✉❣❤♦✉t✳

❲❡ ❛ss✉♠❡ ❧✐♥❡✲t②✐♥❣✱ ✇❤✐❝❤ ❣✐✈❡s ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s t❤❛t ✇❡ ♠✉st ❛♣♣❧② ❛t z = 0, L ❢♦r t❤❡ ❢♦r♠❛t✐♦♥ ♦❢ st❛♥❞✐♥❣

✇❛✈❡s✳ ❚❤❡s❡ ❝♦♥❞✐t✐♦♥s ❛r❡

vx(z = 0) = vx(z = L) = 0, bz(z = 0) = bz(z = L) = 0, pT (z = 0) = pT (z = L) = 0, ✭✺✮

✇❤❡r❡ vx ❛♥❞ bz ❛r❡ t❤❡ x✲❝♦♠♣♦♥❡♥t ♦❢ t❤❡ ✈❡❧♦❝✐t② ♣❡rt✉r❜❛t✐♦♥ ❛♥❞ t❤❡ z✲❝♦♠♣♦♥❡♥t ♦❢ t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ ♣❡r✲

t✉r❜❛t✐♦♥✱ r❡s♣❡❝t✐✈❡❧②✳ ❆❞❞✐t✐♦♥❛❧❧②✱ t❤❡ t♦t❛❧ ♣r❡ss✉r❡ ♣❡rt✉r❜❛t✐♦♥ pT ✐s t❤❡ s✉♠ ♦❢ t❤❡ ❦✐♥❡t✐❝ ♣❧❛s♠❛ ♣r❡ss✉r❡

♣❡rt✉r❜❛t✐♦♥ ❛♥❞ t❤❡ ♠❛❣♥❡t✐❝ ♣r❡ss✉r❡ ♣❡rt✉r❜❛t✐♦♥✳ ❯s✐♥❣ t❤❡ ♣❤②s✐❝❛❧ ❛ss✉♠♣t✐♦♥ ♦❢ ❧✐♥❡✲t②✐♥❣✱ ♠❡❛♥✐♥❣ t❤❡

♣❧❛s♠❛ ❞♦❡s ♥♦t ♠♦✈❡ ❛t z = 0, L✱ t❤❡ ❝♦♥❞✐t✐♦♥ ♦♥ vx ❢♦❧❧♦✇s tr✐✈✐❛❧❧②✳ ❚❤❡ ✬❢r♦③❡♥✲✐♥✬ ♣r♦♣❡rt② ♦❢ t❤❡ ✜❡❧❞ ❧✐♥❡s

✐♠♣❧✐❡s t❤❛t t❤❡ ♠❛❣♥❡t✐❝ ✢✉① t❤r♦✉❣❤ ❛♥ ❛r❜✐tr❛r② ✢✉① ❜✉♥❞❧❡ ♠✉st r❡♠❛✐♥ ❝♦♥st❛♥t✳ ❚❤❡r❡ ✐s ♥♦ ♠♦t✐♦♥ ❛t z = 0, L

❜② t❤❡ ❛ss✉♠♣t✐♦♥ ♦❢ ❧✐♥❡✲t②✐♥❣✱ ♠❡❛♥✐♥❣ t❤❡ ❝r♦ss s❡❝t✐♦♥❛❧ ❛r❡❛ ♦❢ ❛ ✢✉① ❜✉♥❞❧❡ ❞♦❡s ♥♦t ❝❤❛♥❣❡✱ ❛♥❞ ❝♦♥s❡q✉❡♥t❧②

t❤❡ z✲❝♦♠♣♦♥❡♥t ♦❢ t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ str❡♥❣t❤ r❡♠❛✐♥s ❝♦♥st❛♥t✱ ❛♥❞ t❤❡ ❝♦♥❞✐t✐♦♥ ♦♥ bz ✐s ❞❡❞✉❝❡❞✳ ❚❤❡ ❝♦♥❞✐t✐♦♥ ♦♥

pT ✐s ❛❝q✉✐r❡❞ s✐♠♣❧② ❜❡❝❛✉s❡ ❛ ♥♦♥✲③❡r♦ ♣r❡ss✉r❡ ♣❡rt✉r❜❛t✐♦♥ ✇♦✉❧❞ ❝❛✉s❡ ❛ ❢♦r❝❡✱ ❛♥❞ ❝♦♥s❡q✉❡♥t❧② ❝❛✉s❡ ♠♦t✐♦♥✳

✸✳ ❉❊❘■❱❆❚■❖◆ ❖❋ ❚❍❊ ❉■❙P❊❘❙■❖◆ ❘❊▲❆❚■❖◆

■♥ t❤✐s s❡❝t✐♦♥✱ t❤❡ ❞✐s♣❡rs✐♦♥ r❡❧❛t✐♦♥ ❣♦✈❡r♥✐♥❣ t❤❡ ✇❛✈❡s ✐♥ t❤❡ ♠❛❣♥❡t✐❝ s❧❛❜ ❡♠❜❡❞❞❡❞ ✐♥ ❛♥ ❛s②♠♠❡tr✐❝ ♠❛❣♥❡t✐❝

❡♥✈✐r♦♥♠❡♥t ✇✐❧❧ ❜❡ ❞❡r✐✈❡❞✱ ✐♥ ❜♦t❤ t❤❡ ❣❡♥❡r❛❧ ❝❛s❡ ❛♥❞ ✉♥❞❡r t❤❡ ❧✐♠✐ts ♦❢ ❜♦t❤ t❤❡ t❤✐♥ s❧❛❜ ❛♥❞ ✇❡❛❦ ❛s②♠♠❡tr②

❛♣♣r♦①✐♠❛t✐♦♥s✳

✸✳✶✳ ❚❤❡ ●❡♥❡r❛❧ ❉✐s♣❡rs✐♦♥ ❘❡❧❛t✐♦♥



✹ ❖①❧❡②✱ ❩sá♠❜❡r❣❡r ✫ ❊r❞é❧②✐

❋♦❧❧♦✇✐♥❣ t❤❡ ❞❡r✐✈❛t✐♦♥ ❣✐✈❡♥ ✐♥ ❘♦❜❡rts ✭✶✾✽✶❜✮✱ ❖①❧❡② ❡t ❛❧✳ ✭✷✵✷✵✮✱ ❛♥❞ ❛ss✉♠✐♥❣ t❤❛t t❤❡ ✈❡❧♦❝✐t② ♣❡rt✉r❜❛t✐♦♥

✐♥ t❤❡ y✲ ❞✐r❡❝t✐♦♥✱ vy✱ ✐s ③❡r♦✱ ❛♥❞ t❤❛t ❛❧❧ q✉❛♥t✐t✐❡s ❛r❡ ✐♥❞❡♣❡♥❞❡♥t ♦❢ y✱ ✇❡ ❛rr✐✈❡ ❛t t✇♦ ❡q✉❛t✐♦♥s ❢♦r t❤❡ ✈❡❧♦❝✐t②

♣❡rt✉r❜❛t✐♦♥s ✐♥ t❤❡ x✲ ❛♥❞ z✲❞✐r❡❝t✐♦♥s✱ vx ❛♥❞ vz✿

∂2vx
∂t2

= c20
∂

∂x
(∇.v) + v2A∇

2vx, ✭✻✮

∂2vz
∂t2

= c20
∂

∂z
(∇.v) . ✭✼✮

❊q✉❛t✐♦♥s ✭✻✮ ❛♥❞ ✭✼✮ ❣♦✈❡r♥ t❤❡ ❞✐st✉r❜❛♥❝❡s ✐♥s✐❞❡ t❤❡ s❧❛❜✱ ❛♥❞ t♦ ♣r♦❝❡❡❞ ❢✉rt❤❡r ✇❡ ♠✉st ❛♣♣❧② t❤❡ ❜♦✉♥❞❛r②

❝♦♥❞✐t✐♦♥s✳

✸✳✶✳✶✳ ❇♦✉♥❞❛r② ❈♦♥❞✐t✐♦♥s

❚♦ s❛t✐s❢② t❤❡ ❧✐♥❡✲t②✐♥❣ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ❣✐✈❡♥ ❜② ❊q✉❛t✐♦♥ ✭✺✮✱ ✇❡ ❛ss✉♠❡

vx = v̂x(x)e
−iωt sin (kz), vz = v̂z(x)e

−iωtf(z), pT = p̂T (x)e
−iωt sin (kz), ✭✽✮

✇❤❡r❡ f ✐s ❛♥ ❛r❜✐tr❛r② ❢✉♥❝t✐♦♥ t♦ ❜❡ ❞❡t❡r♠✐♥❡❞✳ ❚❤❡ ❧✐♥❡✲t②✐♥❣ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥✱ vx(z = 0) = vx(z = L) = 0✱

❣✐✈❡s ❛ r❡str✐❝t✐♦♥ ♦♥ k✿

k =
nπ

L
, n ∈ Z

+, ✭✾✮

✇❤❡r❡ ✇❡ ❡①❝❧✉❞❡ k = 0 t♦ ❤❛✈❡ ♥♦♥✲tr✐✈✐❛❧ s♦❧✉t✐♦♥s✳ ❯s✐♥❣ ❊q✉❛t✐♦♥s ✭✻✮ ✲ ✭✽✮✱ ✐t ✐s str❛✐❣❤t❢♦r✇❛r❞ t♦ s❤♦✇ t❤❛t

f(z) = Q cos(kz)✱ ❢♦r ❛♥ ❛r❜✐tr❛r② ❝♦♥st❛♥t Q✳ ❚❤❡ ❝♦♥st❛♥t Q ❝❛♥ ❜❡ ❛❜s♦r❜❡❞ ✐♥t♦ v̂z(x)✱ ♠❡❛♥✐♥❣ t❤❛t ✇❡ ❝❛♥ t❤❡♥

t❛❦❡ f(z) = cos(kz)✳

✸✳✶✳✷✳ ❚❤❡ ●♦✈❡r♥✐♥❣ ❊q✉❛t✐♦♥s

❙✉❜st✐t✉t✐♥❣ t❤❡ ❡①♣r❡ss✐♦♥s ❢♦r vx ❛♥❞ vz ❣✐✈❡♥ ❜② ❊q✉❛t✐♦♥ ✭✽✮ ✐♥t♦ ❊q✉❛t✐♦♥s ✭✻✮ ❛♥❞ ✭✼✮ ②✐❡❧❞

d2v̂x
dx2

−m2
i v̂x = 0, ✇❤❡r❡ m2

i =
(k2c2i − ω2)(k2v2Ai − ω2)

(k2c2Ti − ω2)(c2i + v2Ai)
, c2Ti =

c2i v
2
Ai

c2i + v2Ai

. ✭✶✵✮

❚❤✐s ❣♦✈❡r♥✐♥❣ ❡q✉❛t✐♦♥ ❛♣♣❧✐❡s t♦ t❤❡ ♠❛❣♥❡t✐❝ ♣❧❛s♠❛ ❡♥✈✐r♦♥♠❡♥t ❧❡❢t ♦❢ t❤❡ s❧❛❜ ✇❤❡♥ i = 1✱ t♦ t❤❡ r✐❣❤t ✇❤❡♥

i = 2 ❛♥❞ t♦ t❤❡ ♠❛❣♥❡t✐❝ s❧❛❜ ✐♥ t❤❡ ♠✐❞❞❧❡ ✇❤❡♥ i = 0✳ ❲❡ ❛ss✉♠❡ t❤❛t m2
0 > 0 t♦ ❡①❛♠✐♥❡ s✉r❢❛❝❡ ✇❛✈❡s ♦♥❧②✱ ❛♥❞

❛❧s♦ ❛ss✉♠❡ t❤❛t m2
1,m

2
2 > 0 t♦ ❡♥s✉r❡ t❤❡ s♦❧✉t✐♦♥s ❛r❡ ❡✈❛♥❡s❝❡♥t ♦✉ts✐❞❡ ♦❢ t❤❡ s❧❛❜✳

✸✳✶✳✸✳ ❚❤❡ ❉✐s♣❡rs✐♦♥ ❘❡❧❛t✐♦♥

❯s✐♥❣ ❊q✉❛t✐♦♥ ✭✶✵✮ ✇❡ ❝❛♥ ✇r✐t❡ ❞♦✇♥ t❤❡ s♦❧✉t✐♦♥ ❢♦r v̂x ❢♦r ❛❧❧ x✱ ❛♥❞ ✉s✐♥❣ t❤✐s✱ ✐t ✐s ♣♦ss✐❜❧❡ t♦ ❝❛❧❝✉❧❛t❡ t❤❡

t♦t❛❧ ♣r❡ss✉r❡✱ pT ✳ ❆♣♣❧②✐♥❣ t❤❡ ❝♦♥t✐♥✉✐t② ♦❢ pT ❛♥❞ vx ❛❝r♦ss ❜♦t❤ x = ±x0 ❣✐✈❡s t❤❡ ❞✐s♣❡rs✐♦♥ r❡❧❛t✐♦♥ ❢♦r ▼❍❉

✇❛✈❡s ✐♥ ❛ s❧❛❜ ❡♠❜❡❞❞❡❞ ✐♥ ❛♥ ❛s②♠♠❡tr✐❝ ♠❛❣♥❡t✐❝ ❡♥✈✐r♦♥♠❡♥t ✭✇✐t❤ t❤❡ ❞❡t❛✐❧s ❣✐✈❡♥ ✐♥ ❩sá♠❜❡r❣❡r ❡t ❛❧✳ ✭✷✵✶✽✮✮✿

2m2
0(k

2v2A1 − ω2)(k2v2A2 − ω2) + 2
ρ0
ρ1

m1

ρ0
ρ2

m2

(

k2v2A0 − ω2

)2

+m0

(

k2v2A0 − ω2

)

(

ρ0
ρ1

m1(k
2v2A2 − ω2) +

ρ0
ρ2

m2(k
2v2A1 − ω2)

)

(

tanh (m0x0) + coth (m0x0)
)

= 0.

✭✶✶✮

■❢ t❤❡ ❛s②♠♠❡tr② ✐s r❡♠♦✈❡❞✱ ❛❢t❡r s♦♠❡ ❛❧❣❡❜r❛✱ ♦♥❡ r❡❝♦✈❡rs ❊q✉❛t✐♦♥ ✭✶✶✮ ✐♥ ❊❞✇✐♥ ✫ ❘♦❜❡rts ✭✶✾✽✷✮✱ t❤❡ ❞✐s♣❡rs✐♦♥

r❡❧❛t✐♦♥ ❢♦r ▼❍❉ ✇❛✈❡s ✐♥ t❤❡ ♠❛❣♥❡t✐❝ s❧❛❜ ❡♠❜❡❞❞❡❞ ✐♥ ❛ ♠❛❣♥❡t✐❝❛❧❧② s②♠♠❡tr✐❝ ❡♥✈✐r♦♥♠❡♥t✳



st❛♥❞✐♥❣ ▼❍❉ ✇❛✈❡s ✐♥ ❛s②♠♠❡tr✐❝ ♠❛❣♥❡t✐❝ s❧❛❜s ■■ ✺

✸✳✷✳ ❘❡❞✉❝t✐♦♥ ♦❢ t❤❡ ❉✐s♣❡rs✐♦♥ ❘❡❧❛t✐♦♥

❚❤✐s s❡❝t✐♦♥ ✐s ❢♦❝✉s❡❞ ♦♥ s✐♠♣❧✐❢②✐♥❣ t❤❡ ❞✐s♣❡rs✐♦♥ r❡❧❛t✐♦♥ ✉♥❞❡r ✈❛r✐♦✉s ❛ss✉♠♣t✐♦♥s t❤❛t ❤❛✈❡ ♣r❛❝t✐❝❛❧ r❡❧❡✈❛♥❝❡✱

❡✳❣✳ t♦ ❛♣♣❧② s♦❧❛r ♠❛❣♥❡t♦s❡✐s♠♦❧♦❣②✳ ❋✐rst❧②✱ t❤❡ ❡①t❡r♥❛❧ r❡❣✐♦♥s ❛r❡ ❛ss✉♠❡❞ t♦ ❜❡ ✐s♦t❤❡r♠❛❧ ✐♥ ♦r❞❡r t♦ ❡♠♣❤❛s✐③❡

t❤❡ ❡✛❡❝ts ♦❢ t❤❡ ♠❛❣♥❡t✐❝ ❛s②♠♠❡tr②✳ ❚❤❡ ❛ss✉♠♣t✐♦♥ ♠❛♥✐❢❡sts ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡❧❛t✐♦♥s✿

T1 = T2, c1 = c2. ✭✶✷✮

❖♥ t♦♣ ♦❢ t❤✐s✱ t❤❡ t❤✐♥ s❧❛❜ ❛♥❞ ✇❡❛❦ ❛s②♠♠❡tr② ❛♣♣r♦①✐♠❛t✐♦♥s ✇✐❧❧ ❜❡ ✉s❡❞✳ ▲❡t ✉s ✐♥tr♦❞✉❝❡ t❤❡ ♥♦t❛t✐♦♥

ε =
x0

L
, ❛♥❞ v2A2 = v2A1(1 + ζ), ✭✶✸✮

✇❤❡r❡ ζ > 0 ✐s t❛❦❡♥✱ ♠❡❛♥✐♥❣ vA2 > vA1✳ ❚❤❡ q✉❛♥t✐t② ε r❡♣r❡s❡♥ts t❤❡ r❛t✐♦ ♦❢ t❤❡ s❧❛❜✬s ❤❛❧❢✲✇✐❞t❤ t♦ ✐ts ❤❡✐❣❤t✱

❛♥❞ ζ r❡♣r❡s❡♥ts t❤❡ ❛s②♠♠❡tr② ✐♥ t❤❡ ❡①t❡r♥❛❧ ❆❧❢✈é♥ s♣❡❡❞s✳ ❚❤✐s ❛s②♠♠❡tr② ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ t❤r♦✉❣❤ ❛s②♠♠❡tr②

✐♥ ❞❡♥s✐t②✱ ♠❛❣♥❡t✐❝ ✜❡❧❞ str❡♥❣t❤✱ ♦r ❜♦t❤✳

✸✳✷✳✶✳ ❲❡❛❦ ❆s②♠♠❡tr② ❆♣♣r♦①✐♠❛t✐♦♥

❚❤❡ ❛s②♠♠❡tr② ✐♥❝❧✉❞❡❞ ✐♥ t❤❡ ♠♦❞❡❧ ✐s ❝r✉❝✐❛❧ t♦ ❡♥❛❜❧❡ t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ ♥❡✇ s♦❧❛r ♠❛❣♥❡t♦✲s❡✐s♠♦❧♦❣② t❡❝❤♥✐q✉❡s✳

■♥ ♣❛rt✐❝✉❧❛r✱ ❜② ✐♥tr♦❞✉❝✐♥❣ ✇❡❛❦ ❛s②♠♠❡tr②✱ ✐t ✇✐❧❧ ♥♦✇ ❜❡ ♣♦ss✐❜❧❡ t♦ ♠❛❦❡ ❛♥❛❧②t✐❝❛❧ ♣r♦❣r❡ss ✐♥ ❞❡r✐✈✐♥❣ t❤❡

❡✐❣❡♥❢r❡q✉❡♥❝✐❡s t❤❛t t❤❡ ♠❛❣♥❡t✐❝ s❧❛❜ ❡q✉✐❧✐❜r✐✉♠ s✉♣♣♦rts✱ ✇❤✐❧❡ ❛❧s♦ ❦❡❡♣✐♥❣ t❤❡ ❛❞❞❡❞ ❝♦♠♣❧❡①✐t② ♦❢ ❤❛✈✐♥❣

❞✐✛❡r❡♥t ❡①t❡r♥❛❧ q✉❛♥t✐t✐❡s ♦♥ ❡✐t❤❡r s✐❞❡ ♦❢ t❤❡ s❧❛❜✳ ❚❤✐s ❛♣♣r♦❛❝❤ ❛❧s♦ ❛❧❧♦✇s ❢♦r ❛ ❝♦♠♣❛r✐s♦♥ t♦ t❤❡ s♦❧✉t✐♦♥s

♣r❡s❡♥t❡❞ ✐♥ t❤❡ s②♠♠❡tr✐❝ ♠♦❞❡❧ ✭❊❞✇✐♥ ✫ ❘♦❜❡rts ✶✾✽✷✮✳

❚❤❡ ✇❡❛❦ ❛s②♠♠❡tr② ❛ss✉♠♣t✐♦♥ ❝❛♥ ❜❡ ♠❛t❤❡♠❛t✐❝❛❧❧② ❝❛♣t✉r❡❞ ❜② ζ ≪ 1✱ ✇❤✐❝❤ ✇❡ t❤❡♥ ✉s❡ t♦ s✐♠♣❧✐❢② t❤❡

❞✐s♣❡rs✐♦♥ r❡❧❛t✐♦♥✱ ❊q✉❛t✐♦♥ ✭✶✶✮✱ ❢♦r ❛♥❛❧②t✐❝❛❧ ♣r♦❣r❡ss✳ ❚❤❡ ❞✐s♣❡rs✐♦♥ r❡❧❛t✐♦♥ t♦ ❧❡❛❞✐♥❣✲♦r❞❡r ✐♥ ζ ✐s t❤❡♥

(

k2v2A0 − ω2

)

(

ρ0m1

ρ1(k2v2A1
− ω2)

+
ρ0m2

ρ2(k2v2A2
− ω2)

)

+ 2m0

(

tanh

coth

)

(m0x0) ≈ 0, ✭✶✹✮

✇❤❡r❡ ζ ✐s ♥♦t ❡①♣❧✐❝✐t❧② ✇r✐tt❡♥✱ ❤♦✇❡✈❡r✱ ✐t ✐s ✇✐t❤✐♥ t❤❡ q✉❛♥t✐t✐❡s ρ2✱ m2 ❛♥❞ vA2 ✐♠♣❧✐❝✐t❧②✳

❊q✉❛t✐♦♥ ✭✶✹✮ ✐s ❛♥❛❧♦❣♦✉s t♦ ❊q✉❛t✐♦♥ ✭✷✵✮ ✐♥ ❩sá♠❜❡r❣❡r ❡t ❛❧✳ ✭✷✵✶✽✮ ✭✇✐t❤ t❤❡ ❝♦♥❞✐t✐♦♥ t❤❛t c1 = c2 ✐s t❛❦❡♥

❤❡r❡✮✱ ✇❤❡r❡ ♥♦✇ ✐t ✐s ❛ss✉♠❡❞ ✐♥ ❛❞❞✐t✐♦♥ t❤❛t t❤❡ ❡①t❡r♥❛❧ ❞❡♥s✐t✐❡s✱ ♣r❡ss✉r❡s ❛♥❞ ♠❛❣♥❡t✐❝ ✜❡❧❞s ❛r❡ ♦❢ t❤❡ s❛♠❡

♦r❞❡r✳ ▲❡t ✉s ♥♦✇ ❡❧❛❜♦r❛t❡ ♦♥ t❤✐s ❜② t❤❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ t❤❡ s♠❛❧❧ q✉❛♥t✐t② ζ✳ ■❢ ✇❡✱ ❛❣❛✐♥✱ ❝♦♠♣❛r❡ ❊q✉❛t✐♦♥

✭✶✹✮ t♦ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❞✐s♣❡rs✐♦♥ r❡❧❛t✐♦♥ ❢♦r ❛ ♠❛❣♥❡t✐❝ s❧❛❜ ❡♠❜❡❞❞❡❞ ✐♥ ❛ s②♠♠❡tr✐❝ ❡♥✈✐r♦♥♠❡♥t✱ ✇❡ ♥♦t❡ t❤❛t

t❤❡ ✬tanh ✬ ❛♥❞ ✬coth ✬ t❡r♠s ✇♦✉❧❞ ❝♦rr❡s♣♦♥❞ t♦ s❛✉s❛❣❡ ❛♥❞ ❦✐♥❦ ♠♦❞❡s✱ r❡s♣❡❝t✐✈❡❧② ✭❊❞✇✐♥ ✫ ❘♦❜❡rts ✶✾✽✷✮✳ ❚♦

❜❡ ❝♦♥s✐st❡♥t ✇✐t❤ ♥♦t✐♦♥✱ t❤❡ t❡r♠✐♥♦❧♦❣② ✉s❡❞ ✐♥ ❜♦t❤ ❆❧❧❝♦❝❦ ✫ ❊r❞é❧②✐ ✭✷✵✶✼✮ ❛♥❞ ❩sá♠❜❡r❣❡r ❡t ❛❧✳ ✭✷✵✶✽✮ ✇✐❧❧

♥♦✇ ❜❡ ❡♠♣❧♦②❡❞ ❤❡r❡✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ✐♥ ❊q✉❛t✐♦♥ ✭✶✹✮ t❤❡ ✬tanh ✬ t❡r♠ ❝♦rr❡s♣♦♥❞s t♦ q✉❛s✐✲s❛✉s❛❣❡ ❛♥❞ t❤❡ ✬coth ✬
t❡r♠ t♦ q✉❛s✐✲❦✐♥❦ ♠♦❞❡s✳

✸✳✷✳✷✳ ❚❤✐♥ ❙❧❛❜ ❆♣♣r♦①✐♠❛t✐♦♥

❚❤❡ t❤✐♥ s❧❛❜ ❛♣♣r♦①✐♠❛t✐♦♥ ✐s ❡①♣r❡ss❡❞ ❜② ε ≪ 1✱ ❛♥❞ ✇❡ ❝❛♥ ✉s❡ t❤✐s ❝♦♥❞✐t✐♦♥ t♦ s✐♠♣❧✐❢② t❤❡ ❞✐s♣❡rs✐♦♥ r❡❧❛t✐♦♥

❊q✉❛t✐♦♥ ✭✶✹✮ ❢✉rt❤❡r✳ ❚❤❡ ❞✐s♣❡rs✐♦♥ r❡❧❛t✐♦♥ ❢♦r q✉❛s✐✲s❛✉s❛❣❡ ♠♦❞❡s ❜❡❝♦♠❡s

(

k2v2A0 − ω2

)

(

ρ0m1

ρ1(k2v2A1
− ω2)

+
ρ0m2

ρ2(k2v2A2
− ω2)

)

+ 2m2
0x0

(

1− m2
0x

2
0

3

)

≈ 0, ✭✶✺✮

❛♥❞ ❢♦r t❤❡ q✉❛s✐✲❦✐♥❦ ♦s❝✐❧❧❛t✐♦♥s ✐t ✐s

(

k2v2A0 − ω2

)

(

ρ0m1

ρ1(k2v2A1
− ω2)

+
ρ0m2

ρ2(k2v2A2
− ω2)

)

+
2

x0

≈ 0. ✭✶✻✮

✸✳✷✳✸✳ ❖r❞❡r✐♥❣ ♦❢ ε ❛♥❞ ζ

■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ O(ζ) ∼ O(ε) ✇✐❧❧ ❜❡ t❛❦❡♥ ✐♥ ♦r❞❡r t♦ ✉s❡ ❊q✉❛t✐♦♥s ✭✶✺✮ ❛♥❞ ✭✶✻✮ t♦ ❞❡r✐✈❡ t❤❡ ❢r❡q✉❡♥❝✐❡s ❛♥❞

❦❡❡♣ s❡❝♦♥❞✲♦r❞❡r t❡r♠s ♦❢ s✐③❡ εζ ❛♥❞ ε2✳ ❲❡ ❤❛✈❡ ✐❣♥♦r❡❞ t❡r♠s ♦❢ s✐③❡ ζ2 ✐♥ ♦r❞❡r t♦ ♦❜t❛✐♥ t❤❡ ❞❡❝♦✉♣❧❡❞ ❞✐s♣❡rs✐♦♥

r❡❧❛t✐♦♥s ❢♦r t❤❡ q✉❛s✐✲s❛✉s❛❣❡ ❛♥❞ ✲❦✐♥❦ ♠♦❞❡s✳ ❚❤❡s❡ ❛ss✉♠♣t✐♦♥s ❛r❡ ♠❛❞❡ ✐♥ ♦r❞❡r t♦ ✐♥❝❧✉❞❡ t❤❡ ❧❡❛❞✐♥❣✲♦r❞❡r

t❡r♠s t❤❛t ❛r❡ r❡❧❛t❡❞ t♦ ❛s②♠♠❡tr②✳



✻ ❖①❧❡②✱ ❩sá♠❜❡r❣❡r ✫ ❊r❞é❧②✐

✹✳ ❊■●❊◆❋❘❊◗❯❊◆❈■❊❙ ❖❋ ❙❚❆◆❉■◆● ❍❆❘▼❖◆■❈ ▼❖❉❊❙

❚❤❡ ❢♦❝✉s ✐♥ t❤✐s s❡❝t✐♦♥ ✐s t♦ ❞❡r✐✈❡ t❤❡ ❡✐❣❡♥❢r❡q✉❡♥❝✐❡s ♦❢ t❤❡ ❛s②♠♠❡tr✐❝ ♠❛❣♥❡t✐s❡❞ s❧❛❜ s②st❡♠ ❛♥❛❧②t✐❝❛❧❧②✳ ❚❤❡

❡✐❣❡♥❢r❡q✉❡♥❝② ✐s ❛ ♣♦♣✉❧❛r ♠❡❛s✉r❛❜❧❡ q✉❛♥t✐t②✱ t♦ ❞❡t❡r♠✐♥❡ ✐♥ t❤❡ ♦❜s❡r✈❛t✐♦♥s✱ ❛♥❞ ✇❡ st✉❞② ✐t ✐♥ ♦r❞❡r t♦ ✐❞❡♥t✐❢②

❤♦✇ s❡♥s✐t✐✈❡ t❤❡ ❡✐❣❡♥❢r❡q✉❡♥❝✐❡s ❛r❡ t♦ ❝❤❛♥❣❡s ✐♥ t❤❡ ❡①t❡r♥❛❧ ❡♥✈✐r♦♥♠❡♥t✳ ❲❡ ✇✐❧❧ ✜rst ❞❡r✐✈❡ t❤❡ ❢r❡q✉❡♥❝✐❡s ♦❢ t❤❡

st❛♥❞✐♥❣ ♠♦❞❡s t❤❛t ♠❛② ❡①✐st ❛s ❢✉♥❝t✐♦♥s ♦❢ t❤❡ s♠❛❧❧ q✉❛♥t✐t✐❡s ε ❛♥❞ ζ✱ ✉s✐♥❣ ❛ s✐♠✐❧❛r ❛♣♣r♦❛❝❤ t♦ t❤❛t ♦❢ ❖①❧❡②

❡t ❛❧✳ ✭✷✵✷✵✮✳ ❚❤❡ ♣r❡❝✐s❡ ❞❡t❛✐❧s ♦❢ t❤❡ ♠❡t❤♦❞ ❛r❡ ♥♦t ✐♥❝❧✉❞❡❞ ❤❡r❡✱ ❛♥❞ ♠♦r❡ ✐♥❢♦r♠❛t✐♦♥ ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❖①❧❡②

❡t ❛❧✳ ✭✷✵✷✵✮✳ ❈❛r❡ ♠✉st ❜❡ t❛❦❡♥ ✇❤❡♥ ✉s✐♥❣ t❤❡ s♦❧✉t✐♦♥s✱ ❛s ✐t ✇❛s ❛ss✉♠❡❞ t❤❛t m2
0,m

2
1,m

2
2 > 0✱ s♦ t❤❡ s♦❧✉t✐♦♥s

❛r❡ ♦♥❧② ✈❛❧✐❞ ✇❤❡♥ t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ s♣❡❡❞s ❛r❡ ♦r❞❡r❡❞ s✉❝❤ t❤❛t t❤❡s❡ r❡❧❛t✐♦♥s ❛r❡ s❛t✐s✜❡❞✳ ■♥ t❤❡ ❝❛s❡ ♦❢ t❤❡

q✉❛s✐✲s❛✉s❛❣❡ ✇❛✈❡s✱ t❤✐s ✇✐❧❧ ❜❡ ❢♦❧❧♦✇❡❞ ❜② ❞❡t❡r♠✐♥✐♥❣ t❤❡ ❢r❡q✉❡♥❝② r❛t✐♦ ♦❢ t❤❡ ✜rst ❤❛r♠♦♥✐❝ t♦ t❤❡ ❢✉♥❞❛♠❡♥t❛❧

♠♦❞❡✳ ❚❤❡ ❢r❡q✉❡♥❝② r❛t✐♦ ✇✐❧❧ ♥♦t ❜❡ ❝❛❧❝✉❧❛t❡❞ ❢♦r t❤❡ q✉❛s✐✲❦✐♥❦ ❢r❡q✉❡♥❝✐❡s✱ ✇✐t❤ t❤❡ r❡❛s♦♥s ❞✐s❝✉ss❡❞ ✐♥ ❙❡❝t✐♦♥

✹✳✷✳ ❲❡ ✇✐❧❧ ✉s❡ t❤❡ q✉❛♥t✐s❛t✐♦♥ ♦❢ k ❣✐✈❡♥ ✐♥ ❊q✉❛t✐♦♥ ✭✾✮✱ ❛♥❞ ❡①♣r❡ss t❤❡ ❢r❡q✉❡♥❝✐❡s ♦❢ t❤❡ st❛♥❞✐♥❣ ❤❛r♠♦♥✐❝

♠♦❞❡s ❛s ωn✳

✹✳✶✳ ◗✉❛s✐✲s❛✉s❛❣❡ ▼♦❞❡s

❚❤❡ ♠♦st s✐♠♣❧❡ s♦❧✉t✐♦♥ t♦ ❊q✉❛t✐♦♥ ✭✶✺✮ ✐s ω = kvA0✱ ❜✉t ✇❡ ✇✐❧❧ ✐❣♥♦r❡ t❤✐s ❝❛s❡✳ ❚❤✐s s♦❧✉t✐♦♥ ✇♦✉❧❞ ♠❡❛♥

m2
0 = 0✱ ❛♥❞ ✉s✐♥❣ t❤✐s ✐♥ ❊q✉❛t✐♦♥ ✭✶✵✮ ❛❧♦♥❣ ✇✐t❤ t❤❡ r❡q✉✐r❡♠❡♥t t❤❛t t❤❡ s♦❧✉t✐♦♥ ✐s ❡✈❛♥❡s❝❡♥t✱ ✇♦✉❧❞ ❣✐✈❡ ❛

tr✐✈✐❛❧ s♦❧✉t✐♦♥✳

■♥tr♦❞✉❝❡ t❤❡ ♥♦t❛t✐♦♥

Π̄ = −ρ1c
2
0(c

2
T0 − v2A1)

1/2(c2T0 − c2T1)
1/2(c21 + v2A1)

1/2

ρ0v2A0
(c21 − c2T0

)1/2(c20 + v2A0
)

. ✭✶✼✮

❚❤❡♥✱ ❜② ❡①❛♠✐♥✐♥❣ ❊q✉❛t✐♦♥ ✭✶✺✮✱ t❤❡ s✐♠♣❧✐✜❡❞ ❞✐s♣❡rs✐♦♥ r❡❧❛t✐♦♥ ❢♦r q✉❛s✐✲s❛✉s❛❣❡ ✇❛✈❡s✱ ✇❡ ✜♥❞ t❤❡ ❢♦❧❧♦✇✐♥❣

s♦❧✉t✐♦♥✿

ω2
n ≈ n2π2c2T0

L2

{

1 + εnπΠ̄

+ ε2n2π2



Π̄2c2T0

(

1

2(c21 − c2T0
)
− 1

2(c2T1
− c2T0

)
− 1

2(v2A1
− c2T0

)
− 1

(c20 − c2T0
)

)

+
c2T0

3(c20 + v2A0
)





+ εζ
nπΠ̄

4





v2A1

v2A1
− c2T0

(

1 +
(c21 − c2T0)(v

2
A1 − c2T0)

(c2T1
− c2T0

)(c21 + v2A1
)

)

− 2v2A1γ

2c21 + v2A1
γ





}

,

✭✶✽✮

✈❛❧✐❞ ✇❤❡♥ vA1 < cT0 < c1✱ t♦ ❡♥s✉r❡ t❤❛t m2
i > 0 ❢♦r i = 0, 1, 2✳ ◆♦t❡ t❤❡ ❢♦r♠ ✐♥ ✇❤✐❝❤ ✇❡ ♣r❡s❡♥t t❤❡ s♦❧✉t✐♦♥s

s✉❣❣❡sts t❤❡ ♦r❞❡r✐♥❣ c1 < cT0 < vA1 ❝♦✉❧❞ ❜❡ ✈❛❧✐❞✳ ❍♦✇❡✈❡r✱ t❤❡ q✉❛♥t✐t② Π̄ ❤❛s ❜❡❡♥ s✐♠♣❧✐✜❡❞ ✉s✐♥❣ t❤❡ ♦r❞❡r✐♥❣

vA1 < cT0 < c1✱ ❛♥❞ ❜② ❞❡r✐✈✐♥❣ t❤❡ ♠♦r❡ ❣❡♥❡r❛❧ ❢♦r♠ ♦❢ t❤✐s q✉❛♥t✐t②✱ ✐t ✐s ♦❜s❡r✈❡❞ t❤❛t t❤❡ ♦r❞❡r✐♥❣ c1 < cT0 < vA1

✇♦✉❧❞ r❡s✉❧t ✐♥ ❛ s♦❧✉t✐♦♥ ❢♦r t❤❡ ❢r❡q✉❡♥❝② ✇❤❡r❡ t❤❡ ❝♦♥❞✐t✐♦♥ m2
i > 0 ❢♦r i = 0, 1, 2 ✐s ♥♦t s❛t✐s✜❡❞✳ ❲❡ t❤❡r❡❢♦r❡ ❞♦

♥♦t ✐♥❝❧✉❞❡ t❤✐s ❧❛tt❡r s♦❧✉t✐♦♥ ✐♥ ♦✉r st✉❞② ❛s ✇❡ ♦♥❧② ❝♦♥s✐❞❡r s✉r❢❛❝❡ ✇❛✈❡s✳

❚❤❡ ❞❡r✐✈❛t✐♦♥ ♦❢ ❡✐❣❡♥❢r❡q✉❡♥❝✐❡s ✐s ❛♥❛❧♦❣♦✉s t♦ t❤❛t ✐♥ t❤❡ s②♠♠❡tr✐❝ s❧❛❜ ♠♦❞❡❧ ♣r❡s❡♥t❡❞ ✐♥ ❊❞✇✐♥ ✫ ❘♦❜❡rts

✭✶✾✽✷✮✳ ■♥ t❤❛t ✇♦r❦✱ ♠✉❧t✐♣❧❡ s♦❧✉t✐♦♥s ❛r❡ ♣r❡s❡♥t❡❞✱ ❛s t❤❡ ❢r❡q✉❡♥❝② ✐s ❞✐✛❡r❡♥t ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ♦r❞❡r✐♥❣s ♦❢ t❤❡

❝❤❛r❛❝t❡r✐st✐❝ s♣❡❡❞s✳ ❚❤❡ s♦❧✉t✐♦♥ ❣✐✈❡♥ ❜② ❊q✉❛t✐♦♥ ✭✶✽✮ ✐s ❛♥❛❧♦❣♦✉s t♦ ❊q✉❛t✐♦♥ ✭✶✻❞✮ ✐♥ ❊❞✇✐♥ ✫ ❘♦❜❡rts ✭✶✾✽✷✮✳

❲❤✐❧❡ ✐t ✐s ♣♦ss✐❜❧❡ t♦ ❞❡r✐✈❡ ❛♥❛❧♦❣✉❡s ♦❢ ❊q✉❛t✐♦♥s ✭✶✻❜✱ ❝✮ ✉♥❞❡r s♣❡❡❞ ♦r❞❡r✐♥❣s s✐♠✐❧❛r t♦ t❤❡ ♦♥❡s ♣r❡s❡♥t❡❞ t❤❡r❡✱

t❤♦s❡ s♦❧✉t✐♦♥s ❞❡s❝r✐❜❡ ❛ s✉r❢❛❝❡ ✇❛✈❡✱ ✇❤✐❝❤✱ ✐♥ ❛ t❤✐♥ s❧❛❜✱ ❝❤❛♥❣❡s ✐ts ❝❤❛r❛❝t❡r t♦ t❤❛t ♦❢ ❛ ❜♦❞② ✇❛✈❡✳ ❊①❝❧✉❞✐♥❣

t❤❡s❡ t②♣❡s ♦❢ ♠♦❞❡s✱ ✇❡ ♥♦✇ ♣r♦❝❡❡❞ ♦♥❧② ✇✐t❤ t❤❡ ❛♥❛❧②s✐s ♦❢ s♦❧✉t✐♦♥s t❤❛t ❤❛✈❡ t❤❡ ❝❤❛r❛❝t❡r ♦❢ s✉r❢❛❝❡ ✇❛✈❡s ✐♥

❜♦t❤ ✇✐❞❡ ❛♥❞ t❤✐♥ s❧❛❜s✱ ❛♥❞ t❤❡r❡❢♦r❡ s❛t✐s❢② m2
i > 0 ❢♦r i = 0, 1, 2✳

❆ ❝♦♠♣❛r✐s♦♥ t♦ t❤❡ ♠❛❣♥❡t✐❝ s❧❛❜ ❡♠❜❡❞❞❡❞ ✐♥ ❛ ♥♦♥✲♠❛❣♥❡t✐❝ ❛s②♠♠❡tr✐❝ ❡♥✈✐r♦♥♠❡♥t✱ st✉❞✐❡❞ ❜② ❖①❧❡② ❡t ❛❧✳

✭✷✵✷✵✮✱ ❝❛♥ ❛❧s♦ ❜❡ ♠❛❞❡ ❤❡r❡✳ ■❢ ✇❡ ✇❡r❡ t♦ s❡t B1 = B2 = 0 ❛♥❞ ❝♦♥s❡q✉❡♥t❧② vA1 = vA2 = 0✱ t❤❡♥ t❤❡ q✉❛♥t✐t② Π̄

✇♦✉❧❞ r❡❞✉❝❡ t♦ t❤❡ q✉❛♥t✐t② −Π✱ ✇❤❡r❡ Π ✐s ❣✐✈❡♥ ❜② ❖①❧❡② ❡t ❛❧✳ ✭✷✵✷✵✮✳ ■t ❝❛♥ t❤❡♥ ❜❡ s❤♦✇♥ t❤❛t t❤❡ t❡r♠s ♦❢

♦r❞❡r 1✱ ε ❛♥❞ ε2 ✐♥ ❊q✉❛t✐♦♥ ✭✶✽✮ ❛r❡ ❡❛❝❤ ❡q✉❛❧ t♦ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ t❡r♠s ♦❢ t❤❡ s❛♠❡ ♦r❞❡r ✐♥ ❊q✉❛t✐♦♥ ✭✷✻✮ ✐♥



st❛♥❞✐♥❣ ▼❍❉ ✇❛✈❡s ✐♥ ❛s②♠♠❡tr✐❝ ♠❛❣♥❡t✐❝ s❧❛❜s ■■ ✼

❖①❧❡② ❡t ❛❧✳ ✭✷✵✷✵✮✳ ❆❧t❤♦✉❣❤ t❤❡ t❡r♠ ♦❢ ♦r❞❡r εζ ❤❡r❡ s❤❛r❡s ❛ s✐♠✐❧❛r ❢♦r♠ t♦ t❤❡ t❡r♠ ♦❢ ♦r❞❡r εδ ✐♥ ❖①❧❡② ❡t ❛❧✳

✭✷✵✷✵✮✱ ♦♥❡ ❞♦❡s ♥♦t r❡❞✉❝❡ t♦ t❤❡ ♦t❤❡r ❛s ζ ❛♥❞ δ r❡♣r❡s❡♥t ❞✐✛❡r❡♥t t②♣❡s ♦❢ ❛s②♠♠❡tr②✳

▲❡t ✉s ♥♦✇ ❡①♣r❡ss t❤❡ ❢r❡q✉❡♥❝② r❛t✐♦✱ ❛ ♣♦♣✉❧❛r q✉❛♥t✐t② ✐♥ ❙▼❙ st✉❞✐❡s✿

ω2

ω1

≈ 2

{

1 + ε
πΠ̄

2
+ ε2π2





Π̄
2

8

(

6c2T0

c21 − c2T0

− 6c2T0

c2T1
− c2T0

− 6c2T0

v2A1
− c2T0

− 12c2T0

c20 − c2T0

− 5

)

+
c2T0

2(c20 + v2A0
)





+ εζ
πΠ̄

8





v2A1

v2A1
− c2T0

(

1 +
(c21 − c2T0)(v

2
A1 − c2T0)

(c2T1
− c2T0

)(c21 + v2A1
)

)

− 2v2A1γ

2c21 + v2A1
γ





}

.

✭✶✾✮

❚❤❡ ❢r❡q✉❡♥❝② r❛t✐♦ ❣✐✈❡♥ ❜② ❊q✉❛t✐♦♥ ✭✶✾✮✱ ❤❡r❡✱ ❝❛♥ ❜❡ ❝♦♠♣❛r❡❞ ✇✐t❤ t❤❡ ❢r❡q✉❡♥❝② r❛t✐♦ ❣✐✈❡♥ ❜② ❊q✉❛t✐♦♥ ✭✷✼✮

✐♥ ❖①❧❡② ❡t ❛❧✳ ✭✷✵✷✵✮ ✐♥ ❡①❛❝t❧② t❤❡ s❛♠❡ ✇❛② ❛s t❤❡ ❢r❡q✉❡♥❝✐❡s ❤❛✈❡ ❜❡❡♥ ❝♦♠♣❛r❡❞ ✐♥ t❤❡ ❛❜♦✈❡ ❞✐s❝✉ss✐♦♥✳

◆❡①t✱ t❤❡r❡ ✐s ❛♥♦t❤❡r s♦❧✉t✐♦♥ t♦ ❊q✉❛t✐♦♥ ✭✶✺✮✱ ❜✉t ❧❡t ✉s ✜rst ❞❡✜♥❡ Π̃ ❜②

Π̃ =
ρ21c

2
1(c

2
0 − c21)

2(v2A1 − c21)

ρ20(c
2
T0

− c21)
2(c20 + v2A0

)2
. ✭✷✵✮

❚❤❡♥✱ t❤❡ s♦❧✉t✐♦♥ t♦ ❊q✉❛t✐♦♥ ✭✶✺✮ ✉♣ t♦ ❛♥❞ ✐♥❝❧✉❞✐♥❣ t❤❡ ✜rst t❡r♠ ✐♥✈♦❧✈✐♥❣ ζ ❝❤❛r❛❝t❡r✐s✐♥❣ t❤❡ ❡①t❡r♥❛❧ ❛s②♠♠❡tr②

✐s

ω2
n ≈ n2π2c21

L2

{

1 + ε2n2π2Π̃ + ε2ζ
n2π2Π̃v2A1

2

[

1

v2A1
− c21

− 2γ

2c21 + γv2A1

]}

. ✭✷✶✮

❚❤✐s s♦❧✉t✐♦♥ ✐s ❛♥❛❧♦❣♦✉s t♦ t❤❛t ♦❜t❛✐♥❡❞ ❜② ❊❞✇✐♥ ✫ ❘♦❜❡rts ✭✶✾✽✷✮ ✐♥ t❤❡✐r ❊q✉❛t✐♦♥ ✭✶✻❛✮ ❢♦r t❤❡ s②♠♠❡tr✐❝ s❧❛❜

♠♦❞❡❧✱ ❛♥❞ ♦♥❡ ❝❛♥ r❡❞✉❝❡ t♦ t❤❛t s♦❧✉t✐♦♥ ❜② t❛❦✐♥❣ ζ = 0 ❤❡r❡✳ ❋♦r t❤✐s ❢r❡q✉❡♥❝②✱ ❛ ❝♦♠♣❛r✐s♦♥ t♦ ❖①❧❡② ❡t ❛❧✳

✭✷✵✷✵✮ ❝❛♥♥♦t ❜❡ ♠❛❞❡✳ ❚❤✐s ❢r❡q✉❡♥❝② ❝❛♥ ♦♥❧② ❡①✐st ❞✉❡ t♦ t❤❡ ❝♦♥❞✐t✐♦♥ t❤❛t t❤❡ ❡①t❡r♥❛❧ ♣❧❛s♠❛ ✐s ✐s♦t❤❡r♠❛❧✱

✇❤✐❝❤ ✐s ♥♦t t❤❡ ❝❛s❡ ✐♥ t❤❡ st✉❞② ♦❢ ❖①❧❡② ❡t ❛❧✳ ✭✷✵✷✵✮✳

❚❤❡ ❢r❡q✉❡♥❝② r❛t✐♦ ✐s t❤❡♥

ω2

ω1

≈ 2







1 + ε2
3π2Π̃

2
+ ε2ζ

3π2Π̃v2A1

4

[

1

v2A1
− c21

− 2γ

2c21 + γv2A1

]







. ✭✷✷✮

■❧❧✉str❛t✐♦♥s ♦❢ t❤❡ ❢r❡q✉❡♥❝② r❛t✐♦ ♦❢ t❤❡ ✜rst ❤❛r♠♦♥✐❝ t♦ t❤❡ ❢✉♥❞❛♠❡♥t❛❧ ♠♦❞❡ ♦❢ t❤❡ ❛s②♠♠❡tr✐❝ ♠❛❣♥❡t✐❝ s❧❛❜

❡q✉✐❧✐❜r✐✉♠ s②st❡♠ ❛r❡ ❣✐✈❡♥ ✐♥ ❋✐❣✉r❡s ✹ ❛♥❞ ✺✳ ❋♦r ❜♦t❤ s♦❧✉t✐♦♥s✱ ✇❡ s❡❡ ❛ q✉❛❞r❛t✐❝✲❧✐❦❡ ❞❡♣❡♥❞❡♥❝② ♦♥ ε ❛s

❡①♣❡❝t❡❞✱ ✇❤❡r❡❛s ❛ ❧✐♥❡❛r r❡❧❛t✐♦♥s❤✐♣ ✇✐t❤ ζ ✐s ♦❜s❡r✈❡❞✱ ✇❤✐❝❤ ✐s ✇❡❛❦✳ ❚❤✐s ✐s ❜❡❝❛✉s❡ t❤❡ ✜rst ζ✲t❡r♠ ✐♥ t❤❡

s♦❧✉t✐♦♥ ❣✐✈❡♥ ❜② ❊q✉❛t✐♦♥ ✭✶✾✮ ❛♣♣❡❛rs ❛s ❛ s❡❝♦♥❞✲♦r❞❡r q✉❛♥t✐t② ✐♥ t❤❡ s♠❛❧❧ ♣❛r❛♠❡t❡rs ζ ❛♥❞ ε✱ ❛♥❞ t❤❡ ✜rst

ζ✲t❡r♠ ✐♥ t❤❡ s♦❧✉t✐♦♥ ❣✐✈❡♥ ❜② ❊q✉❛t✐♦♥ ✭✷✷✮ ❛♣♣❡❛rs ❛s ❛ t❤✐r❞✲♦r❞❡r q✉❛♥t✐t② ✐♥ t❤❡ s♠❛❧❧ ♣❛r❛♠❡t❡rs ζ ❛♥❞ ε✳ ❲❤❡♥

❝♦♠♣❛r✐♥❣ ❤♦✇ ❝❤❛♥❣❡s ✐♥ t❤❡ ♠❛❣♥❡t✐❝ ❛s②♠♠❡tr② ❛♥❞ t❤❡ s❧❛❜ ✇✐❞t❤ ❛✛❡❝t t❤❡ ❡✐❣❡♥❢r❡q✉❡♥❝② r❛t✐♦✱ ✐t ✐s ❡✈✐❞❡♥t

t❤❛t ❝❤❛♥❣❡s t♦ t❤❡ ♠❛❣♥❡t✐❝ ❛s②♠♠❡tr② ✇✐❧❧ ❤❛✈❡ ❛ ❧❡ss s✐❣♥✐✜❝❛♥t ❡✛❡❝t✳ ❚❤❡ ✈❛❧✉❡s ❢♦r t❤❡ ❜❛❝❦❣r♦✉♥❞ ♣❛r❛♠❡t❡rs

♦❢ t❤❡ s②st❡♠ ❤❛✈❡ ❜❡❡♥ ❝❤♦s❡♥ t♦ s❛t✐s❢② t❤❡ ♦r❞❡r✐♥❣ ♥❡❝❡ss❛r② ❢♦r m2
0 > 0 ❛♥❞ m2

1 > 0 ❛♥❞ t♦ ❞❡♠♦♥str❛t❡ t❤❡

❞❡♣❡♥❞❡♥❝② ♦❢ ❜♦t❤ s♦❧✉t✐♦♥s ♦♥ ε ❛♥❞ ζ ❝❧❡❛r❧②✳

■♥ ❛❞❞✐t✐♦♥ t♦ t❤❡ ❛♥❛❧②t✐❝❛❧ s♦❧✉t✐♦♥s✱ s♦♠❡ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥s ❤❛✈❡ ❜❡❡♥ ✐♥❝❧✉❞❡❞ ✐♥ t❤❡ ♣❧♦ts ♦❢ ❊q✉❛t✐♦♥s ✭✶✾✮

❛♥❞ ✭✷✷✮✳ ❚❤❡s❡ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥s ❛r❡ ✐♥❝❧✉❞❡❞ t♦ ✐♥❞✐❝❛t❡ ✇❤❛t ✈❛❧✉❡s ♦❢ ε ❛♥❞ ζ ♠❛② ❜❡ ❝♦♥s✐❞❡r❡❞ s♠❛❧❧ ❡♥♦✉❣❤

t♦ ✉s❡ t❤❡ ❛♥❛❧②t✐❝❛❧ s♦❧✉t✐♦♥s✳ ❋♦r ❡①❛♠♣❧❡✱ ❛ r❡❛s♦♥❛❜❧❡ ✬❝✉t✲♦✛✬ ❢♦r t❤❡ ♣❛r❛♠❡t❡r ε ♠❛② ❜❡ ✇❤❡♥ t❤❡ ❛♥❛❧②t✐❝❛❧

s♦❧✉t✐♦♥ ❤❛s ❞❡✈✐❛t❡❞ ❢r♦♠ t❤❡ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥ ❜② 20%✳ ❚❤✐s ✜rst ♦❝❝✉rs ❛r♦✉♥❞ ε = 0.2✱ ❛♥❞ ❛s ε ✐s ✐♥❝r❡❛s❡❞ ♣❛st

t❤✐s ✈❛❧✉❡✱ t❤❡ ❛♥❛❧②t✐❝❛❧ s♦❧✉t✐♦♥s ❞❡✈✐❛t❡ s✐❣♥✐✜❝❛♥t❧② ❢r♦♠ t❤❡ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥s✳ ❋♦r ❋✐❣✉r❡ ✹✱ t❤❡ ♣❛r❛♠❡t❡r ε

r❛♥❣❡s ❢r♦♠ 0 t♦ 0.3✳ ❍♦✇❡✈❡r✱ t❤❡ ✜rst s♠❛❧❧ ♣♦rt✐♦♥ ♦❢ t❤❡ ♣❛r❛♠❡t❡r r❛♥❣❡ ♠✉st ❜❡ ❞✐s❝❛r❞❡❞ ✭❡✳❣✳ ε < 0.02✮ ❛s ❢♦r
t❤✐s ♣❧♦t ζ = 0.1 ❛♥❞ t❤❡ ♦r❞❡r✐♥❣ ζ2 ≪ ε ♠✉st ❜❡ ♦❜❡②❡❞ ❢♦r t❤❡ s♦❧✉t✐♦♥s t♦ ❜❡ ✈❛❧✐❞✳ ❆ s✐♠✐❧❛r ❝♦♥s✐❞❡r❛t✐♦♥ ♠✉st

❛❧s♦ ❜❡ ♠❛❞❡ ❢♦r ❋✐❣✉r❡ ✺✳

■❧❧✉str❛t✐♦♥s ♦❢ t❤❡ ❢✉♥❞❛♠❡♥t❛❧ ❛♥❞ ✜rst ❤❛r♠♦♥✐❝ st❛♥❞✐♥❣ q✉❛s✐✲s❛✉s❛❣❡ ✇❛✈❡s ❛r❡ ❣✐✈❡♥ ✐♥ ❋✐❣✉r❡s ✷ ❛♥❞ ✸✳



✽ ❖①❧❡②✱ ❩sá♠❜❡r❣❡r ✫ ❊r❞é❧②✐

x

z

y

ρ1✱p1✱T1✱B1 ρ0✱p0✱T0✱B0 ρ2✱p2✱T2✱B2

z = 0

z = L

x = −x0
x = x0

❋✐❣✉r❡ ✷✳ ■❧❧✉str❛t✐♦♥ ♦❢ ❛ ❢✉♥❞❛♠❡♥t❛❧ st❛♥❞✐♥❣ q✉❛s✐✲
s❛✉s❛❣❡ ♠♦❞❡ ♦s❝✐❧❧❛t✐♦♥ ✐♥ t❤❡ ♠❛❣♥❡t✐❝ s❧❛❜ ❡♠❜❡❞❞❡❞
✐♥ ❛ ♠❛❣♥❡t✐❝❛❧❧② ❛s②♠♠❡tr✐❝ ❡♥✈✐r♦♥♠❡♥t✳

x

z

y

ρ1✱p1✱T1✱B1 ρ0✱p0✱T0✱B0 ρ2✱p2✱T2✱B2

z = 0

z = L

x = −x0
x = x0

❋✐❣✉r❡ ✸✳ ❙❛♠❡ ❛s ❋✐❣✉r❡ ✷ ❜✉t ❢♦r t❤❡ ✜rst ❤❛r♠♦♥✐❝✳

❋✐❣✉r❡ ✹✳ ❚❤❡ r❛t✐♦ ♦❢ t❤❡ ❢r❡q✉❡♥❝✐❡s ♦❢ t❤❡ ✜rst ❤❛r♠♦♥✐❝
t♦ t❤❡ ❢✉♥❞❛♠❡♥t❛❧ ♠♦❞❡ ♦❢ t❤❡ q✉❛s✐✲s❛✉s❛❣❡ ✇❛✈❡s ✭❙♦❧✉✲
t✐♦♥ ✶ ❣✐✈❡♥ ✐s ❜② ❊q✉❛t✐♦♥ ✭✶✾✮ ❛♥❞ ❙♦❧✉t✐♦♥ ✷ ❜② ❊q✉❛t✐♦♥
✷✷✮✱ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ ε r❛♥❣✐♥❣ ❢r♦♠ 0 t♦ 0.3✱ ✇✐t❤ ζ = 0.1

✜①❡❞✳ ❚❤❡ ♦t❤❡r r❡❧❡✈❛♥t q✉❛♥t✐t✐❡s ❛r❡ ❣✐✈❡♥ ✐♥ t❤❡ ✐♥❧❡t
♦❢ t❤❡ ✜❣✉r❡✳ ◆♦t❡ t❤❛t ❞✉❡ t♦ t❤❡ ✐s♦t❤❡r♠❛❧ ❛ss✉♠♣t✐♦♥
c1 = c2✳

❋✐❣✉r❡ ✺✳ ❙❛♠❡ ❛s ✐♥ ❋✐❣✉r❡ ✹✱ ❜✉t t❤❡ r❛t✐♦ ✐s ♣❧♦tt❡❞ ❛s ❛
❢✉♥❝t✐♦♥ ♦❢ ζ r❛♥❣✐♥❣ ❢r♦♠ 0 t♦ 0.3✱ ✇✐t❤ ε = 0.1 ✜①❡❞✳

✹✳✷✳ ◗✉❛s✐✲❦✐♥❦ ▼♦❞❡s

▲❡t ✉s ❞❡✜♥❡ t❤❡ ❦✐♥❦ s♣❡❡❞✱ vk ❜②

v2k =
ρ1v

2
A1 + ρ2v

2
A2

ρ1 + ρ2
≈ v2A1

(

1 +
ζ

2

)

, ✭✷✸✮

✇❤❡r❡ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ✐s ✇r✐tt❡♥ ✉s✐♥❣ ❊q✉❛t✐♦♥ ✭✶✸✮ ❛♥❞ ❦❡❡♣✐♥❣ ♦♥❧② ✜rst✲♦r❞❡r t❡r♠s ✐♥ ζ✳ ❚❤❡♥✱ ❜② ❡①❛♠✐♥✐♥❣

❊q✉❛t✐♦♥ ✭✶✻✮✱ ✇❡ s❡❡ t❤❡r❡ ✐s ❛ s♦❧✉t✐♦♥ ❣✐✈❡♥ ❜② ω2 = k2v2k(1 + α1)✱ ✇❤❡r❡ α1 ∼ O(ε2)✳ ❚❤❡ q✉❛♥t✐t② v2k ❝♦♥t❛✐♥s ❛♥

❛s②♠♠❡tr② t❡r♠ ❛s s❤♦✇♥ ✐♥ ❊q✉❛t✐♦♥ ✭✷✸✮✱ ❛♥❞ ✐t ✇♦✉❧❞ ❜❡ ♣♦ss✐❜❧❡ t♦ ♠❛❦❡ ❛ s✐♠✐❧❛r ❡①♣❛♥s✐♦♥ ❛❜♦✉t ❜♦t❤ k2v2A1

♦r k2v2A2✱ ❛s t❤❡② ❜♦t❤ ❞✐✛❡r ❢r♦♠ k2v2k ❜② ❛ ❢❛❝t♦r ♦❢ ζ/2 t♦ ✜rst✲♦r❞❡r✳ ❍♦✇❡✈❡r✱ ✉s✐♥❣ t❤❡ ❦✐♥❦ s♣❡❡❞ ✐s ♠✉❝❤ ♠♦r❡

♥❛t✉r❛❧✱ ❛s ✇❤❡♥ t❤❡ s❧❛❜ ✇✐❞t❤ ✐s r❡❞✉❝❡❞ t♦ ③❡r♦✱ ✇❡ ♠✉st r❡❝♦✈❡r t❤❡ s♦❧✉t✐♦♥ ❣✐✈❡♥ ✐♥ ❘♦❜❡rts ✭✶✾✽✶❛✮ ❢♦r ✇❛✈❡s

❛t ❛ s✐♥❣❧❡ ✐♥t❡r❢❛❝❡✱ ❛♥❞ t❤✐s s♦❧✉t✐♦♥ ✐s ω2 = k2v2k✳ ❚❤❡ ❛ss✉♠♣t✐♦♥ t❤❛t m2
1✱ m

2
2 > 0✱ ❛❧♦♥❣ ✇✐t❤ ♦✉r ❞❡s✐r❡ t♦ ♠❛❦❡

❛♥❛❧②t✐❝❛❧ ♣r♦❣r❡ss✱ ❝❛✉s❡ ❛ ❝❤❛♥❣❡ ✐♥ t❤❡ ♦r❞❡r✐♥❣s ♦❢ ζ ❛♥❞ ε✳ ▼♦r❡ s♣❡❝✐✜❝❛❧❧②✱ t❛❦❡ ε3 ≪ ζ ≪ ε2 ≪ ε ≪ 1✳ ❆

s♦❧✉t✐♦♥ ❝❛♥ ❜❡ ❞❡r✐✈❡❞ ♦❢ t❤❡ ❢♦r♠

ω2 ≈ k2v2k(1 +Aε2 +B
ζ2

ε2
), ✇❤❡r❡ A,B ∼ O(1). ✭✷✹✮



st❛♥❞✐♥❣ ▼❍❉ ✇❛✈❡s ✐♥ ❛s②♠♠❡tr✐❝ ♠❛❣♥❡t✐❝ s❧❛❜s ■■ ✾

❯♥❢♦rt✉♥❛t❡❧②✱ t❤❡ ❧✐♠✐t❛t✐♦♥s ♦❢ t❤❡ ♠❡t❤♦❞ ✉s❡❞ ❤❡r❡ ❛r❡ ❡✈✐❞❡♥t✱ ❛♥❞ t❤❡ t❡r♠ ♦❢ s✐③❡ ζ2/ε2 ✐s ♦❢ ❝♦♠♣❛r❛❜❧❡ s✐③❡ t♦

t❤❡ t❡r♠s ✐❣♥♦r❡❞ ✐♥ ♦r❞❡r t♦ ❞❡❝♦✉♣❧❡ t❤❡ ❢✉❧❧ ❞✐s♣❡rs✐♦♥ r❡❧❛t✐♦♥✳ ❈♦♥s❡q✉❡♥t❧②✱ ❛ ✈❛❧✐❞ s♦❧✉t✐♦♥ t❤❛t ✐♥❝❧✉❞❡s t❤❡ ✜rst

❡①♣❧✐❝✐t t❡r♠ ❞✉❡ t♦ ❛s②♠♠❡tr② ❝❛♥♥♦t ❜❡ ❞❡t❡r♠✐♥❡❞✳ ❋r♦♠ ❤❡r❡✱ ✐t ✇♦✉❧❞ ❜❡ ♣♦ss✐❜❧❡ t♦ t❛❦❡ ❛ ❢✉rt❤❡r ♦r❞❡r✐♥❣✱ s❛②

ε4 ≪ ζ ≪ ε3 ≪ 1✱ ❤♦✇❡✈❡r✱ t❤✐s ✇♦r❦ ❛✐♠s t♦ ❛♥❛❧②s❡ t❤❡ ❡✛❡❝t ♦❢ ❛s②♠♠❡tr②✱ ❛♥❞ t❤❡ s♠❛❧❧❡r ✇❡ t❛❦❡ t❤❡ ❛s②♠♠❡tr②

t♦ ❜❡✱ t❤❡ ❧❡ss s✐❣♥✐✜❝❛♥t ✐ts ❡✛❡❝t✳ ❆ s♦❧✉t✐♦♥ ❝❛♥ ❜❡ ❢♦✉♥❞ ✉♣ t♦ t❤❡ ε2✲t❡r♠ ❛s ❢♦❧❧♦✇s✿

ω2
n ≈ n2π2v2k

L2

(

1− ε2
n2π2ρ20(v

2
k − v2A0)

2(v2k − c21)

v6kρ
2
1

)

. ✭✷✺✮

❊①♣r❡ss✐♦♥ ✭✷✺✮ ✐s ❛ s✐♠✐❧❛r r❡s✉❧t t♦ ❊q✉❛t✐♦♥ ✭✶✽❛✮ ✐♥ ❊❞✇✐♥ ✫ ❘♦❜❡rts ✭✶✾✽✷✮✱ ❤♦✇❡✈❡r✱ t❤❡r❡ ✐s ❛ s♠❛❧❧ ❡rr♦r ✐♥ t❤❡

♣❛♣❡r ❜② ❊❞✇✐♥ ❛♥❞ ❘♦❜❡rts✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ✐♥ ❊q✉❛t✐♦♥ ✭✶✽❛✮ t❤❡ ❢❛❝t♦r (1 − v2A/v
2
Ae) s❤♦✉❧❞ ❤❛✈❡ ❜❡❡♥ sq✉❛r❡❞✳

❈❛r❡ ♠✉st ❜❡ t❛❦❡♥ ✇❤❡♥ ✉s✐♥❣ t❤✐s s♦❧✉t✐♦♥ ❛s t❤❡ ♠❡t❤♦❞ ✉s❡❞ ✐♥ t❤❡ ❞❡r✐✈❛t✐♦♥ ✐♥✈♦❧✈❡s sq✉❛r✐♥❣ t❡r♠s✱ ❛♥❞ s♦

t❤❡ s♦❧✉t✐♦♥ ♦♥❧② s❛t✐s✜❡s t❤❡ ❞❡❝♦✉♣❧❡❞ ❞✐s♣❡rs✐♦♥ r❡❧❛t✐♦♥ ❊q✉❛t✐♦♥ ✭✶✻✮ ✇❤❡♥ t❤❡ ❝♦rr❡❝t sq✉❛r❡✲r♦♦t ✐s t❛❦❡♥ ❢♦r ❛

❣✐✈❡♥ ♦r❞❡r✐♥❣ ♦❢ ❝❤❛r❛❝t❡r✐st✐❝ s♣❡❡❞s✳

▲❡t ✉s ♥♦✇ ❞❡✜♥❡ t❤❡ ❛✈❡r❛❣❡ ❡①t❡r♥❛❧ t✉❜❡ s♣❡❡❞✱ cTA ❜②✿

c2TA =
c2T1 + c2T2

2
≈ c2T1

(

1 +
ζc2T1

2v2A1

)

, ✭✷✻✮

✇❤❡r❡ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ✐s ✇r✐tt❡♥ ✉s✐♥❣ ❊q✉❛t✐♦♥s ✭✶✵✮ ❛♥❞ ✭✶✸✮ ❛♥❞ ❦❡❡♣✐♥❣ ♦♥❧② ✜rst✲♦r❞❡r t❡r♠s ✐♥ ζ✳ ❚❤❡♥✱ t❤❡r❡

✐s ❛♥♦t❤❡r s♦❧✉t✐♦♥ t♦ ❊q✉❛t✐♦♥ ✭✶✻✮✱ ♥❛♠❡❧② ❣✐✈❡♥ ❜② ω2 = k2c2TA(1 + α2)✱ ✇❤❡r❡ α2 ∼ O(ε2)✳ ❚♦ ♠❛❦❡ ❛♥❛❧②t✐❝❛❧

♣r♦❣r❡ss ✇❡✱ ❛❣❛✐♥✱ ❛ss✉♠❡ ε3 ≪ ζ ≪ ε2 ≪ ε ≪ 1✱ ❣✐✈✐♥❣

ω2
n ≈ n2π2c2TA

L2

(

1− ε2
n2π2ρ20(c

2
TA − v2A0)

2(c21 − c2TA)

v4A1
c2TAρ

2
1

)

, ✭✷✼✮

✈❛❧✐❞ ♦♥❧② ✇❤❡♥ cTA > vA0✳ ❆❞❞✐t✐♦♥❛❧❧②✱ cTA < c0 ♠✉st ❜❡ t❛❦❡♥ ❢♦r r❡❛s♦♥s ❞✐s❝✉ss❡❞ ✐♥ t❤❡ ✐♥tr♦❞✉❝t✐♦♥ t♦ ❙❡❝t✐♦♥

✹✳ ❆s ✇✐t❤ t❤❡ ✜rst q✉❛s✐✲❦✐♥❦ s♦❧✉t✐♦♥✱ ❛♥ ❡①♣r❡ss✐♦♥ ✐♥✈♦❧✈✐♥❣ t❤❡ ✜rst ❡①♣❧✐❝✐t ❛s②♠♠❡tr② t❡r♠ ❝❛♥♥♦t ❜❡ ❞❡t❡r♠✐♥❡❞

✭❛♣❛rt ❢r♦♠ t❤❡ ❛s②♠♠❡tr② ❝♦♥t❛✐♥❡❞ ✐♥ c2TA✮✳ ❚❤✐s ✐s s✐♠✐❧❛r t♦ t❤❡ ❡①♣r❡ss✐♦♥ ♦❜t❛✐♥❡❞ ✐♥ ❊q✉❛t✐♦♥ ✭✶✽❜✮ ✐♥ ❊❞✇✐♥

✫ ❘♦❜❡rts ✭✶✾✽✷✮✱ ❛♥❞ ✇❡ ❝❛♥ r❡❞✉❝❡ ❊q✉❛t✐♦♥ ✭✷✼✮ t♦ t❤❛t ❡q✉❛t✐♦♥ ❜② t❛❦✐♥❣ ζ = 0✳

❇♦t❤ s♦❧✉t✐♦♥s ❢♦r q✉❛s✐✲❦✐♥❦ ✇❛✈❡s ❞♦ ♥♦t ❞✐s♣❧❛② ❛♥② ❡①♣❧✐❝✐t ❞❡♣❡♥❞❡♥❝❡ ♦♥ t❤❡ ♠❛❣♥❡t✐❝ ❛s②♠♠❡tr② ♣❛r❛♠❡t❡r

ζ✳ ❍♦✇❡✈❡r✱ ❞❡✜♥✐♥❣ t❤❡ s♣❡❡❞s vk ❛♥❞ cTA✱ t❤❡ ❛s②♠♠❡tr② ❞❡♣❡♥❞❡♥❝❡ ✐s ❝♦♥t❛✐♥❡❞ ✐♥ t❤❡s❡ q✉❛♥t✐t✐❡s ❛♥❞ ❛❧❧♦✇ ❢♦r

❛♥ ❡①♣❛♥s✐♦♥ ♦❢ t❤❡ s♦❧✉t✐♦♥ s✉❝❤ t❤❛t t❤❡ t❡r♠ ♦❢ s✐③❡ ζ ❞✐s❛♣♣❡❛rs✳ ❚❤❡r❡❢♦r❡ t❤❡ ❡✛❡❝ts ♦❢ ♠❛❣♥❡t✐❝ ❛s②♠♠❡tr② ❛r❡

♣r❡s❡♥t ✐♥ t❤❡ s♣❡❡❞ t❤❛t t❤❡ ❡①♣❛♥s✐♦♥ ✐s ❛❜♦✉t✳

❚❤❡ ❢r❡q✉❡♥❝② r❛t✐♦ ♦❢ t❤❡ ✜rst ❤❛r♠♦♥✐❝ ❡✐❣❡♥♠♦❞❡ t♦ t❤❡ ❢✉♥❞❛♠❡♥t❛❧ ♠♦❞❡ ✐s ♥♦t ❝❛❧❝✉❧❛t❡❞ ❢♦r ❡✐t❤❡r ♦❢ t❤❡

q✉❛s✐✲❦✐♥❦ ❢r❡q✉❡♥❝② s♦❧✉t✐♦♥s✳ ❚❤✐s ✐s ❜❡❝❛✉s❡ t❤❡ st✉❞② ✐s ❝♦♥❝❡r♥❡❞ ✇✐t❤ ❛♥❛❧②s✐♥❣ ♠❛❣♥❡t✐❝ ❛s②♠♠❡tr②✱ ❛♥❞ ❛s

t❤❡ ❡✐❣❡♥❢r❡q✉❡♥❝② s♦❧✉t✐♦♥s ❝♦♥t❛✐♥ ♥♦ ❡①♣❧✐❝✐t ❛s②♠♠❡tr② t❡r♠s✱ t❤❡ ❢r❡q✉❡♥❝② r❛t✐♦ ✇✐❧❧ ♥♦t ❝♦♥t❛✐♥ t❡r♠s ❡①♣❧✐❝✐t❧②

✐♥✈♦❧✈✐♥❣ t❤❡ ♠❛❣♥❡t✐❝ ❛s②♠♠❡tr② ♣❛r❛♠❡t❡r ζ ❛♥❞ ✐s t❤❡r❡❢♦r❡ ♥♦t ♦❢ ✐♥t❡r❡st✳

◆♦♥❡ ♦❢ t❤❡ ❡✐❣❡♥❢r❡q✉❡♥❝✐❡s ❢♦r t❤❡ q✉❛s✐✲❦✐♥❦ ♠♦❞❡s ❝❛♥ ❜❡ ❝♦♠♣❛r❡❞ t♦ t❤❡ s♦❧✉t✐♦♥s ❣✐✈❡♥ ✐♥ ❖①❧❡② ❡t ❛❧✳ ✭✷✵✷✵✮✳

❚❤✐s ✐s ❜❡❝❛✉s❡ t❤❡ s♦❧✉t✐♦♥s ❢♦✉♥❞ ❤❡r❡ ❛r❡ ❞❡r✐✈❡❞ ✉♥❞❡r t❤❡ ❛ss✉♠♣t✐♦♥ t❤❛t t❤❡ ❡①t❡r♥❛❧ ♠❛❣♥❡t✐❝ ✜❡❧❞ ✐s ♥♦t

✐♥s✐❣♥✐✜❝❛♥t ✇❤❡♥ ❝♦♠♣❛r❡❞ t♦ t❤❡ ✐♥t❡r♥❛❧ ♠❛❣♥❡t✐❝ ✜❡❧❞✱ ❛♥❞ ✐❢ ✇❡ ✇❡r❡ t♦ tr② ❛♥❞ r❡❞✉❝❡ t❤❡ s✐③❡ ♦❢ t❤❡ ❡①t❡r♥❛❧

✜❡❧❞ B1 t♦ ③❡r♦✱ ✇❡ ✇♦✉❧❞ ❤❛✈❡ t♦ ♠❛❦❡ ❛ s❡♣❛r❛t❡ ❛♥❛❧②s✐s✳ ❉♦✐♥❣ s♦ ✇♦✉❧❞ r❡❝♦✈❡r ❛ s✐♠✐❧❛r s♦❧✉t✐♦♥ t♦ ❊q✉❛t✐♦♥

✭✸✶✮ ✐♥ ❖①❧❡② ❡t ❛❧✳ ✭✷✵✷✵✮✱ ❤♦✇❡✈❡r✱ t❤❛t ❛♥❛❧②s✐s ✉♥❞❡r ❧✐♠✐t✐♥❣ ❝♦♥❞✐t✐♦♥s ✐s ♥♦t ✐♥❝❧✉❞❡❞✳ ❚❤❡ ♠❛✐♥ r❡❛s♦♥ ❢♦r t❤✐s

✐s t❤❛t ♦✉r st✉❞② ✐s ❢♦❝✉s❡❞ ♦♥ t❤❡ ❡✛❡❝ts ♦❢ t❤❡ ❡①t❡r♥❛❧ ♠❛❣♥❡t✐s♠ ♦♥ t❤❡ st❛♥❞✐♥❣ ✇❛✈❡s✳

■❧❧✉str❛t✐♦♥s ♦❢ t❤❡ ❢✉♥❞❛♠❡♥t❛❧ ❛♥❞ ✜rst ❤❛r♠♦♥✐❝ st❛♥❞✐♥❣ q✉❛s✐✲❦✐♥❦ ✇❛✈❡s ❛r❡ ❣✐✈❡♥ ✐♥ ❋✐❣✉r❡s ✻ ❛♥❞ ✼✳

✺✳ ❆▼P▲■❚❯❉❊❙ ❖❋ ❙❚❆◆❉■◆● ❍❆❘▼❖◆■❈ ▼❖❉❊❙

❚❤❡ ❢♦❝✉s ✐♥ t❤✐s s❡❝t✐♦♥ ✐s t♦ ❞❡r✐✈❡ t❤❡ ❛♠♣❧✐t✉❞❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ t✇♦ s✐❞❡s ♦❢ t❤❡ ♠❛❣♥❡t✐❝ s❧❛❜ ❡♠❜❡❞❞❡❞ ✐♥

❛ ♠❛❣♥❡t✐❝❛❧❧② ❛s②♠♠❡tr✐❝ ❡♥✈✐r♦♥♠❡♥t✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ✇❡ ✇✐❧❧ t❛❦❡ t❤❡ ♠❛❣♥✐t✉❞❡ ♦❢ t❤❡ ❞✐✛❡r❡♥❝❡ ♦❢ t❤❡ ❛♠♣❧✐t✉❞❡s

♦❢ t❤❡ st❛♥❞✐♥❣ ♦s❝✐❧❧❛t✐♦♥s ❛t t❤❡ t✇♦ s✐❞❡s ♦❢ t❤❡ s❧❛❜✳ ❚❤✐s q✉❛♥t✐t② ✇✐❧❧ ❜❡ ❞❡♥♦t❡❞ DS ❛♥❞ DK ❢♦r t❤❡ q✉❛s✐✲s❛✉s❛❣❡

❛♥❞ q✉❛s✐✲❦✐♥❦ ♠♦❞❡s✱ r❡s♣❡❝t✐✈❡❧②✳ ❯s✐♥❣ ❊q✉❛t✐♦♥ ✭✶✵✮✱ t❤❡ s♦❧✉t✐♦♥ ❢♦r t❤❡ ✈❡❧♦❝✐t② ♣❡rt✉r❜❛t✐♦♥ ✐♥s✐❞❡ t❤❡ s❧❛❜ ❝❛♥

❜❡ ✇r✐tt❡♥ ❛s v̂x = B cosh(m0x) + C sinh(m0x)✱ ❛♥❞ t❤❡ ❛r❜✐tr❛r② ❝♦♥st❛♥ts ❇ ❛♥❞ ❈ ✇✐❧❧ ❛♣♣❡❛r ✐♥ t❤❡ s♦❧✉t✐♦♥s ❢♦r

t❤❡ ❛♠♣❧✐t✉❞❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ t✇♦ s✐❞❡s ♦❢ t❤❡ s❧❛❜✳ ❚❤❡ r❡❧❛t✐♦♥ ξ̂x(x) = iv̂x(x)/ω ✐s ✉s❡❞ ❛t x = ±x0✱ ✇❤❡r❡



✶✵ ❖①❧❡②✱ ❩sá♠❜❡r❣❡r ✫ ❊r❞é❧②✐

x

z

y

ρ1✱p1✱T1✱B1 ρ0✱p0✱T0✱B0 ρ2✱p2✱T2✱B2

x = −x0
x = x0

z = 0

z = L

❋✐❣✉r❡ ✻✳ ■❧❧✉str❛t✐♦♥ ♦❢ ❛ ❢✉♥❞❛♠❡♥t❛❧ st❛♥❞✐♥❣ q✉❛s✐✲
❦✐♥❦ ♠♦❞❡ ♦s❝✐❧❧❛t✐♦♥ ✐♥ t❤❡ s❧❛❜ ❡♠❜❡❞❞❡❞ ✐♥ ❛ ♠❛❣♥❡t✲
✐❝❛❧❧② ❛s②♠♠❡tr✐❝ ❡♥✈✐r♦♥♠❡♥t✳

x

z

y

ρ1✱p1✱T1✱B1 ρ0✱p0✱T0✱B0 ρ2✱p2✱T2✱B2

z = 0

z = L

x = −x0
x = x0

❋✐❣✉r❡ ✼✳ ❙❛♠❡ ❛s ❋✐❣✉r❡ ✻ ❜✉t ❢♦r t❤❡ ✜rst ❤❛r♠♦♥✐❝✳

ξ̂x(x0) ❛♥❞ ξ̂x(−x0) ❛r❡ t❤❡ ❛♠♣❧✐t✉❞❡s ♦❢ ♦s❝✐❧❧❛t✐♦♥ ❛t t❤❡ s❧❛❜ ❜♦✉♥❞❛r✐❡s ✭❆❧❧❝♦❝❦ ✫ ❊r❞é❧②✐ ✷✵✶✽✮✳ ❙✐♠✐❧❛r❧②✱ ❛s

✇✐t❤ t❤❡ ❡✐❣❡♥❢r❡q✉❡♥❝✐❡s✱ t❤❡ ♣r❡❝✐s❡ ❞❡t❛✐❧s ♦❢ t❤❡ ❞❡r✐✈❛t✐♦♥ ❛r❡ ♥♦t ✐♥❝❧✉❞❡❞✳ ❈♦✉♥t❡r♣❛rt s✐♠✐❧❛r q✉❛♥t✐t✐❡s ❛r❡

❞❡r✐✈❡❞ ✐♥ ❜♦t❤ ❖①❧❡② ❡t ❛❧✳ ✭✷✵✷✵✮ ❛♥❞ ❆❧❧❝♦❝❦ ✫ ❊r❞é❧②✐ ✭✷✵✶✽✮✱ ❛♥❞ ♠♦r❡ ✐♥❢♦r♠❛t✐♦♥ r❡❣❛r❞✐♥❣ t❤❡ ❞❡r✐✈❛t✐♦♥ ❝❛♥

❜❡ ❢♦✉♥❞ ✐♥ ❜♦t❤ ♦❢ t❤❡s❡ st✉❞✐❡s✳ ❈❛r❡ ♠✉st ❜❡ t❛❦❡♥ ♦♥❝❡ ❛❣❛✐♥ ❛s t❤❡ s♦❧✉t✐♦♥s ❛r❡ ♦♥❧② ✈❛❧✐❞ ✉♥❞❡r ❝❡rt❛✐♥ ♦r❞❡r✐♥❣s

♦❢ ❝❤❛r❛❝t❡r✐st✐❝ s♣❡❡❞s ❛s ❞✐s❝✉ss❡❞ ✇❤❡r❡ t❤❡ ❡✐❣❡♥❢r❡q✉❡♥❝✐❡s ❛r❡ ♣r❡s❡♥t❡❞ ✐♥ ❙❡❝t✐♦♥ ✹✳

❚❤❡ ❛♠♣❧✐t✉❞❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ t✇♦ s✐❞❡s ♦❢ t❤❡ ♠❛❣♥❡t✐❝ s❧❛❜ ✐♥ ❛ ♠❛❣♥❡t✐❝❛❧❧② ❛s②♠♠❡tr✐❝ ❡♥✈✐r♦♥♠❡♥t

t❛❦❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ❢r♦♠ ❢♦r ❜♦t❤ t❤❡ q✉❛s✐✲s❛✉s❛❣❡ ❛♥❞ q✉❛s✐✲❦✐♥❦ ♦s❝✐❧❧❛t✐♦♥s✿

∣

∣

∣

∣

∣

∣

∣
ξ̂x(x0)

∣

∣

∣
−
∣

∣

∣
ξ̂x(−x0)

∣

∣

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

1

ω

(

∣

∣v̂x(x0)
∣

∣−
∣

∣v̂x(−x0)
∣

∣

)

∣

∣

∣

∣

. ✭✷✽✮

✺✳✶✳ ◗✉❛s✐✲s❛✉s❛❣❡ ▼♦❞❡s

■♥ t❤❡ ❝❛s❡ ♦❢ t❤❡ q✉❛s✐✲s❛✉s❛❣❡ ♠♦❞❡s✱ v̂x(x0) ❛♥❞ v̂x(−x0) ✭❛❧♦♥❣ ✇✐t❤ ξ̂x(x0) ❛♥❞ ξ̂x(−x0)✮ ✇✐❧❧ ❤❛✈❡ ♦♣♣♦s✐t❡

s✐❣♥s✱ s♦ ❊q✉❛t✐♦♥ ✭✷✽✮ r❡❞✉❝❡s t♦

DS =
∣

∣

∣
ξ̂x(x0) + ξ̂x(−x0)

∣

∣

∣
=

∣

∣

∣

∣

1

ω

(

v̂x(x0) + v̂x(−x0)
)

∣

∣

∣

∣

. ✭✷✾✮

❚❤❡ ❛♠♣❧✐t✉❞❡ ❞✐✛❡r❡♥❝❡ ♦❢ t❤❡ q✉❛s✐✲s❛✉s❛❣❡ ♠♦❞❡ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ❡✐❣❡♥❢r❡q✉❡♥❝② ❣✐✈❡♥ ❜② ❊q✉❛t✐♦♥ ✭✶✽✮ ✐s

DS ≈ ζ
√
ε|C|

√
−Π̄Lρ0v

2
A0(c

2
0 + v2A0)

1/2(c21 − c2T0)
1/2

√
nπρ1c20(c

2
T0

− v2A1
)1/2(c2T0

− c2T1
)1/2(c21 + v2A1

)1/2
×

∣

∣

∣

∣

∣

∣

v2A1

2(v2A1
− c2T0

)

(

1 +
(c21 − c2T0)(v

2
A1 − c2T0)

(c2T1
− c2T0

)(c21 + v2A1
)

)

− v2A1γ

2c21 + v2A1
γ

∣

∣

∣

∣

∣

∣

, ✭✸✵✮

✇❤❡r❡ t❤❡ ♦r❞❡r✐♥❣ vA1 < cT0 < c1 ✐s t❛❦❡♥✱ ❥✉st ❛s ✇✐t❤ t❤❡ s♦❧✉t✐♦♥ ❢♦r t❤❡ ❡✐❣❡♥❢r❡q✉❡♥❝② ❣✐✈❡♥ ✐♥ ❊q✉❛t✐♦♥ ✭✶✽✮✳

◆❡①t✱ t❤❡ ❛♠♣❧✐t✉❞❡ ❞✐✛❡r❡♥❝❡ ♦❢ t❤❡ q✉❛s✐✲s❛✉s❛❣❡ ♠♦❞❡ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ❡✐❣❡♥❢r❡q✉❡♥❝② ❣✐✈❡♥ ❜② ❊q✉❛t✐♦♥

✭✷✶✮ ✐s

DS ≈ ζε|C|
ρ0L

√

∣

∣

∣
Π̃
∣

∣

∣

∣

∣v2A0 − c21
∣

∣

1/2∣
∣c2T0 − c21

∣

∣

1/2
(c20 + v2A0)

1/2

ρ1c21
∣

∣c20 − c21
∣

∣

1/2∣
∣v2A1

− c21
∣

∣

1/2

∣

∣

∣

∣

∣

v2A1

2(v2A1
− c21)

− γv2A1

2c21 + γv2A1

∣

∣

∣

∣

∣

, ✭✸✶✮

✇❤❡r❡✱ ❢♦r ❜♦t❤ s♦❧✉t✐♦♥s✱ C ✐s ❛♥ ❛r❜✐tr❛r② ❝♦♥st❛♥t t❤❛t ❝❛♥ ❜❡ s❡t ❡q✉❛❧ t♦ ♦♥❡✳ ❚❤❡ ❛♠♣❧✐t✉❞❡ ❞✐✛❡r❡♥❝❡ ♦❢

♦s❝✐❧❧❛t✐♦♥s ❜❡t✇❡❡♥ t❤❡ t✇♦ s✐❞❡s ♦❢ t❤❡ ♠❛❣♥❡t✐❝ s❧❛❜✱ ❢♦r ❜♦t❤ q✉❛s✐✲s❛✉s❛❣❡ ❢r❡q✉❡♥❝✐❡s✱ s❤♦✇s ❛ r❛t❤❡r ❝♦♠♣❧❡①

❞❡♣❡♥❞❡♥❝❡ ♦♥ t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ s♣❡❡❞s✳ ❇♦t❤ ❡①♣r❡ss✐♦♥s ❛r❡ ❧✐♥❡❛r❧② ❞❡♣❡♥❞❡♥t ♦♥ t❤❡ ♠❛❣♥❡t✐❝ ❛s②♠♠❡tr② ♣❛r❛♠✲

❡t❡r ζ✱ ✇❤✐❧❡ ❜♦t❤ s♦❧✉t✐♦♥s ❛r❡ ❞✐r❡❝t❧② r❡❧❛t❡❞ t♦ ε t❤r♦✉❣❤ ❞✐✛❡r❡♥t ❡①♣♦♥❡♥ts✳ ❚❤❡ ✜rst ❛♠♣❧✐t✉❞❡ ❞✐✛❡r❡♥❝❡✱ ❣✐✈❡♥



st❛♥❞✐♥❣ ▼❍❉ ✇❛✈❡s ✐♥ ❛s②♠♠❡tr✐❝ ♠❛❣♥❡t✐❝ s❧❛❜s ■■ ✶✶

❜② ❊q✉❛t✐♦♥ ✭✸✵✮✱ s❤♦✇s ❛ sq✉❛r❡✲r♦♦t ❞❡♣❡♥❞❡♥❝❡ ♦♥ ε✱ ✇❤✐❧❡ t❤❡ s❡❝♦♥❞ ♦♥❡✱ ❣✐✈❡♥ ❜② ❊q✉❛t✐♦♥ ✭✸✶✮✱ s✐♠♣❧② s❤♦✇s

❛ ❧✐♥❡❛r r❡❧❛t✐♦♥s❤✐♣ ✇✐t❤ ε✳ ❉✉❡ t♦ t❤❡ ❛ss✉♠♣t✐♦♥s t❤❛t m2
0,m

2
1 > 0✱ ❛♥❞ t❤❡ ❝♦♥s❡q✉❡♥t❧② ♦r❞❡r❡❞ ❝❤❛r❛❝t❡r✐st✐❝

s♣❡❡❞s✱ t❤❡ ✜rst s♦❧✉t✐♦♥✱ ❣✐✈❡♥ ❜② ❊q✉❛t✐♦♥ ✭✸✵✮✱ ❤❛s ❜❡❡♥ s✐♠♣❧✐✜❡❞✳

❆ ❝♦♠♣❛r✐s♦♥ t♦ t❤❡ ❝♦✉♥t❡r♣❛rt q✉❛♥t✐t✐❡s ❣✐✈❡♥ ✐♥ ❖①❧❡② ❡t ❛❧✳ ✭✷✵✷✵✮ ❝❛♥ ❜❡ ♥♦t❡❞ ❤❡r❡✱ ❤♦✇❡✈❡r✱ t❤❡ s♦❧✉t✐♦♥s

❣✐✈❡♥ ❜② ❊q✉❛t✐♦♥s ✭✸✵✮ ❛♥❞ ✭✸✶✮ ❜♦t❤ ❝♦♥t❛✐♥ ❛ ❢❛❝t♦r ♦❢ t❤❡ ♠❛❣♥❡t✐❝ ❛s②♠♠❡tr② ♣❛r❛♠❡t❡r ζ✱ ❛♥❞ ❛s t❤✐s r❡♣r❡s❡♥ts

❛ ❞✐✛❡r❡♥t t②♣❡ ♦❢ ❛s②♠♠❡tr② t♦ t❤❛t ❝♦♥s✐❞❡r❡❞ ✐♥ ❖①❧❡② ❡t ❛❧✳ ✭✷✵✷✵✮✱ t❤❡ ❡q✉❛t✐♦♥s ❤❡r❡ ❞♦ ♥♦t r❡❞✉❝❡ t♦ ❛♥② ✐♥

t❤❡✐r st✉❞②✳

✺✳✷✳ ◗✉❛s✐✲❦✐♥❦ ▼♦❞❡s

❊✈❡♥ t❤♦✉❣❤ ❛ s♦❧✉t✐♦♥ ❢♦r t❤❡ q✉❛s✐✲❦✐♥❦ ❢r❡q✉❡♥❝✐❡s ✇❛s ♥♦t ❞❡t❡r♠✐♥❡❞ ✇✐t❤ t❤❡ ✐♥❝❧✉s✐♦♥ ♦❢ ❛ t❡r♠ r❡♣r❡s❡♥t✐♥❣

♠❛❣♥❡t✐❝ ❛s②♠♠❡tr② ❡①♣❧✐❝✐t❧②✱ ✇❡ ❝❛♥ st✐❧❧ ❝❛❧❝✉❧❛t❡ t❤❡ ❛♠♣❧✐t✉❞❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ t✇♦ s✐❞❡s ♦❢ t❤❡ ♠❛❣♥❡t✐❝

s❧❛❜ t♦ ❧❡❛❞✐♥❣✲♦r❞❡r✳ ❚❤✐s ✐s ❜❡❝❛✉s❡✱ ✇❡ ♦♥❧② ♥❡❡❞ t♦ ✉s❡ ❛ s♦❧✉t✐♦♥ ❢♦r ❡✐❣❡♥❢r❡q✉❡♥❝② t❤❛t ✐♥❝❧✉❞❡s t❤❡ ✜rst ❝♦rr❡❝t✐♦♥

t❡r♠ ✭✐✳❡✳ t❤❡ t❡r♠ ♦❢ ♦r❞❡r ε2✮✳ ❚❤❡s❡ s♦❧✉t✐♦♥s ❛r❡ ❣✐✈❡♥ ✐♥ ❊q✉❛t✐♦♥s ✭✷✺✮ ❛♥❞ ✭✷✼✮✳

■♥ t❤❡ ❝❛s❡ ♦❢ t❤❡ q✉❛s✐✲❦✐♥❦ ♠♦❞❡s✱ v̂x(x0) ❛♥❞ v̂x(−x0) ✭❛❧♦♥❣ ✇✐t❤ ξ̂x(x0) ❛♥❞ ξ̂x(−x0)✮ ✇✐❧❧ ❤❛✈❡ t❤❡ s❛♠❡ s✐❣♥✱

s♦ ❊q✉❛t✐♦♥ ✭✷✽✮ r❡❞✉❝❡s t♦

DK =
∣

∣

∣
ξ̂x(x0)− ξ̂x(−x0)

∣

∣

∣
=

∣

∣

∣

∣

1

ω

(

v̂x(x0)− v̂x(−x0)
)

∣

∣

∣

∣

. ✭✸✷✮

❚❤❡ q✉❛s✐✲❦✐♥❦ ❛♠♣❧✐t✉❞❡ ❞✐✛❡r❡♥❝❡ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ❡✐❣❡♥❢r❡q✉❡♥❝② ❣✐✈❡♥ ❜② ❊q✉❛t✐♦♥ ✭✷✺✮ ✐s

DK ≈
∣

∣

∣

∣

∣

ζB
Lv5kρ

2
1(c

2
0 − v2k)

2nπρ20(c
2
T0

− v2k)(c
2
0 + v2A0

)(v2A0
− v2k)(v

2
k − c21)

∣

∣

∣

∣

∣

. ✭✸✸✮

❚❤❡ q✉❛s✐✲❦✐♥❦ ❛♠♣❧✐t✉❞❡ ❞✐✛❡r❡♥❝❡ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ❡✐❣❡♥❢r❡q✉❡♥❝② ❣✐✈❡♥ ❜② ❊q✉❛t✐♦♥ ✭✷✼✮ ✐s

DK ≈ ζ|B| Lv2A1c
3
TAρ

2
1(c

2
0 − c2TA)

2nπρ20(c
2
TA − c2T0

)(c20 + v2A0
)(c2TA − v2A0

)(c21 − c2TA)
, ✭✸✹✮

✇❤❡r❡ t❤❡ ♦r❞❡r✐♥❣ vA0 < cTA < c0 ✐s t❛❦❡♥✱ ❥✉st ❛s ✇✐t❤ t❤❡ s♦❧✉t✐♦♥ ❢♦r t❤❡ ❢r❡q✉❡♥❝② ❣✐✈❡♥ ✐♥ ❊q✉❛t✐♦♥ ✭✷✼✮✳

❋♦r ❜♦t❤ q✉❛s✐✲❦✐♥❦ ❛♠♣❧✐t✉❞❡ ❞✐✛❡r❡♥❝❡ s♦❧✉t✐♦♥s B ✐s ❛♥ ❛r❜✐tr❛r② ❝♦♥st❛♥t t❤❛t ❝❛♥ ❜❡ s❡t ❡q✉❛❧ t♦ ♦♥❡✳ ❚❤❡

❛♠♣❧✐t✉❞❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ t✇♦ s✐❞❡s ♦❢ t❤❡ s❧❛❜✱ ❢♦r ❜♦t❤ q✉❛s✐✲❦✐♥❦ ❡✐❣❡♥❢r❡q✉❡♥❝✐❡s✱ ❛❧s♦ s❤♦✇s ❛ ❝♦♠♣❧❡①

❞❡♣❡♥❞❡♥❝❡ ♦♥ t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ s♣❡❡❞s✱ ❥✉st ❛s ❢♦r t❤❡ q✉❛s✐✲s❛✉s❛❣❡ ♠♦❞❡s✳ ❇♦t❤ ❛r❡ ❧✐♥❡❛r❧② ❞❡♣❡♥❞❡♥t ♦♥ t❤❡

♠❛❣♥❡t✐❝ ❛s②♠♠❡tr② ♣❛r❛♠❡t❡r ζ✱ ❛♥❞ ❞♦ ♥♦t ❞❡♣❡♥❞ ♦♥ ε t♦ ❧❡❛❞✐♥❣✲♦r❞❡r✳ ❉✉❡ t♦ t❤❡ ❛ss✉♠♣t✐♦♥s t❤❛t m2
0,m

2
1 > 0✱

❛♥❞ t❤❡ ❝♦♥s❡q✉❡♥t❧② ♦r❞❡r❡❞ ❝❤❛r❛❝t❡r✐st✐❝ s♣❡❡❞s✱ t❤❡ s❡❝♦♥❞ s♦❧✉t✐♦♥✱ ❣✐✈❡♥ ❜② ❊q✉❛t✐♦♥ ✭✸✹✮✱ ❤❛s ❜❡❡♥ s✐♠♣❧✐✜❡❞✳

❆s ❞✐s❝✉ss❡❞ ✐♥ ❙❡❝t✐♦♥ ✹✳✷✱ ♥♦♥❡ ♦❢ t❤❡ ❞❡r✐✈❡❞ ❢r❡q✉❡♥❝✐❡s ❢♦r t❤❡ q✉❛s✐✲❦✐♥❦ ♠♦❞❡s ❝❛♥ ❜❡ ❝♦♠♣❛r❡❞ t♦ t❤♦s❡

❞❡r✐✈❡❞ ✐♥ ❖①❧❡② ❡t ❛❧✳ ✭✷✵✷✵✮✱ ❛♥❞ ❝♦♥s❡q✉❡♥t❧② t❤❡ ❛❜♦✈❡ ♦❜t❛✐♥❡❞ ❛♠♣❧✐t✉❞❡ ❡①♣r❡ss✐♦♥s ❝❛♥♥♦t ❜❡ ❝♦♠♣❛r❡❞ ✇✐t❤

t❤♦s❡ ❞❡r✐✈❡❞ ❜② ❖①❧❡② ❡t ❛❧✳ ✭✷✵✷✵✮✳

✻✳ ❉■❙❈❯❙❙■❖◆

❚❤✐s st✉❞② ❤❛s ❜✉✐❧t ♦♥ t❤❡ ▼❍❉ ✇❛✈❡ st✉❞✐❡s ✐♥ s②♠♠❡tr✐❝ ♠❛❣♥❡t✐❝ s❧❛❜ ♠♦❞❡❧s ✐♥tr♦❞✉❝❡❞ ❜② ❊❞✇✐♥ ✫ ❘♦❜❡rts

✭✶✾✽✷✮✱ ✇❤✐❝❤ ✇❛s ❢✉rt❤❡r ❣❡♥❡r❛❧✐s❡❞ ❢♦r st✉❞②✐♥❣ ♣r♦♣❛❣❛t✐♥❣ ▼❍❉ ✇❛✈❡s ❜② ❩sá♠❜❡r❣❡r ❡t ❛❧✳ ✭✷✵✶✽✮ t❤r♦✉❣❤ t❤❡

✐♥❝❧✉s✐♦♥ ♦❢ ♠❛❣♥❡t✐❝ ❛s②♠♠❡tr②✱ ❜② ❝♦♥s✐❞❡r✐♥❣ ♥♦✇ st❛♥❞✐♥❣ ✇❛✈❡s✳ ❖✉r ✇♦r❦✱ ❤❡r❡✱ ✐s ❛❧s♦ ❛ ❣❡♥❡r❛❧✐s❛t✐♦♥ ♦❢

❖①❧❡② ❡t ❛❧✳ ✭✷✵✷✵✮ ✇❤♦ ❝♦♥s✐❞❡r❡❞ t❤❡ ❛s②♠♠❡tr② ✐♥ ❡①t❡r♥❛❧ ❞❡♥s✐t② ✇✐t❤ ♥♦ ❡①t❡r♥❛❧ ♠❛❣♥❡t✐❝ ✜❡❧❞s ♣r❡s❡♥t✳ ◆♦✇✱

✇❡ ✐♥tr♦❞✉❝❡❞ ❛s②♠♠❡tr② ❜❡t✇❡❡♥ t❤❡ ❡①t❡r♥❛❧ ♠❛❣♥❡t✐❝ ✜❡❧❞s✱ ❛♥❞ ❡①❛♠✐♥❡❞ ✐ts ❡✛❡❝t ♦♥ t❤❡ st❛♥❞✐♥❣ ♠♦❞❡s✳ ❋♦r

❛♥❛❧②t✐❝❛❧ ♣r♦❣r❡ss✱ t❤❡ t❤✐♥ s❧❛❜ ❛♥❞ ✇❡❛❦ ♠❛❣♥❡t✐❝ ❛s②♠♠❡tr② ❛♣♣r♦①✐♠❛t✐♦♥s ❛r❡ ✉s❡❞✳

❚❤❡ ❞❡r✐✈❡❞ ❡q✉❛t✐♦♥s ❢♦r t❤❡ ❡✐❣❡♥❢r❡q✉❡♥❝✐❡s ♦❢ t❤❡ st❛♥❞✐♥❣ ❤❛r♠♦♥✐❝ ♠♦❞❡s ✐♥ ❙❡❝t✐♦♥ ✹ s❤♦✇ t❤❛t t❤❡② ❛r❡ ♠♦r❡

♣r♦♥❡ t♦ ❝❤❛♥❣❡s ✐♥ t❤❡ ✇✐❞t❤ ♦❢ t❤❡ ♠❛❣♥❡t✐❝ s❧❛❜ t❤❛♥ t❤❡② ❛r❡ t♦ ❝❤❛♥❣❡s ✐♥ t❤❡ ❡①t❡r♥❛❧ ♠❛❣♥❡t✐❝ ✜❡❧❞✱ ✉♥❞❡r t❤❡

❛ss✉♠♣t✐♦♥ ♦❢ ❛♥ ✐s♦t❤❡r♠❛❧ ♣❧❛s♠❛✳

❲❤❡r❡ ✐t ✇❛s ♣♦ss✐❜❧❡ t♦ ❞❡r✐✈❡ ❡q✉❛t✐♦♥s ❢♦r t❤❡ ❡✐❣❡♥❢r❡q✉❡♥❝② ✇❤✐❝❤ ✐♥❝❧✉❞❡❞ ❞❡♣❡♥❞❡♥❝❡ ♦♥ ζ✱ ✇❤✐❝❤ ❤❛♣♣❡♥❡❞

t♦ ❜❡ t❤❡ q✉❛s✐✲s❛✉s❛❣❡ ♠♦❞❡s✱ t❤❡ ❢r❡q✉❡♥❝② r❛t✐♦ ♦❢ t❤❡ ✜rst ❤❛r♠♦♥✐❝ t♦ t❤❡ ❢✉♥❞❛♠❡♥t❛❧ ♠♦❞❡ ✇❛s ❛❧s♦ ❝❛❧❝✉❧❛t❡❞✳

❙✉❝❤ ❢r❡q✉❡♥❝② r❛t✐♦s ❛r❡ ♣♦♣✉❧❛r t♦♦❧s ✇❤❡♥ ❝♦♥❞✉❝t✐♥❣ t❤❡ ❛♥❛❧②s✐s ♦❢ s✐❣♥❛t✉r❡s ♦❢ ▼❍❉ ✇❛✈❡ ♦❜s❡r✈❛t✐♦♥s ✇✐t❤

❞✐❛❣♥♦st✐❝s ✐♥ ♠✐♥❞✳ ■t ✐s ❝♦♥✜r♠❡❞ t❤❛t ❛s t❤❡ ♣❛r❛♠❡t❡r ε ✐s r❡❞✉❝❡❞ t♦ ③❡r♦✱ s♦ t❤❡ s❧❛❜ ❜❡❝♦♠❡s ✐♥✜♥✐t❡❧② t❤✐♥✱

t❤❡ ❢r❡q✉❡♥❝② r❛t✐♦ ✐s r❡❞✉❝❡❞ t♦ ω2/ω1 = 2✳ ❚❤✐s ✐s ❛s ❡①♣❡❝t❡❞ ❛s t❤❡ s❧❛❜ s❤♦✉❧❞ t❤❡♥ ❜❡❤❛✈❡ ❧✐❦❡ ❛ ❤♦♠♦❣❡♥❡♦✉s



✶✷ ❖①❧❡②✱ ❩sá♠❜❡r❣❡r ✫ ❊r❞é❧②✐

♠❛❣♥❡t✐❝ str✐♥❣ ✇✐t❤ ✜①❡❞ ❡♥❞s✱ r❡♣r❡s❡♥t✐♥❣ ❧✐♥❡✲t②✐♥❣✳ ◆♦t❡ t❤❛t ❛s ✇❡ t❛❦❡ ε → 0✱ ✇❡ ❛❧s♦ ♥❡❡❞ t♦ r❡❞✉❝❡ t❤❡ ❢ ζ t♦

♦❜❡② t❤❡ ♦r❞❡r✐♥❣ ✉s❡❞ t♦ ❞❡r✐✈❡ t❤❡ ❛♥❛❧②t✐❝ ❡①♣r❡ss✐♦♥s✳ ❍♦✇❡✈❡r✱ ♣r♦✈✐❞❡❞ ζ ✐s ♥♦♥✲③❡r♦✱ t❤❡r❡ ✐s st✐❧❧ ❛ t❛♥❣❡♥t✐❛❧

❞✐s❝♦♥t✐♥✉✐t② ✭✐✳❡✳ ♠❛❣♥❡t✐❝ ✐♥t❡r❢❛❝❡✮ ❛♥❞ s✉r❢❛❝❡ ✇❛✈❡s ♠❛② ❡①✐st✳

❚❤❡ ❡q✉❛t✐♦♥s ❞❡r✐✈❡❞ ❢♦r t❤❡ ❡✐❣❡♥❢r❡q✉❡♥❝② r❛t✐♦ ♦❢ t❤❡ ✜rst ❤❛r♠♦♥✐❝ t♦ t❤❡ ❢✉♥❞❛♠❡♥t❛❧ ♠♦❞❡ ❝❛♥ ❜❡ ❛♣♣❧✐❡❞

t♦ ♦❜s❡r✈❛t✐♦♥❛❧ r❡s✉❧ts✳ ❇♦t❤ s♦❧✉t✐♦♥s✱ ❣✐✈❡♥ ❜② ❊q✉❛t✐♦♥s ✭✶✾✮ ❛♥❞ ✭✷✷✮✱ ❝♦✉❧❞ ❜❡ ✐♥✈❡rt❡❞ ❛♥❞ ❛♥ ❡①♣r❡ss✐♦♥ ❢♦r

t❤❡ ❛s②♠♠❡tr② ♣❛r❛♠❡t❡r ζ ❝♦✉❧❞ ❜❡ ❞❡t❡r♠✐♥❡❞✳ ❚❤❡♥✱ ❣✐✈❡♥ ❛♥ ♦❜s❡r✈❛t✐♦♥❛❧ ♠❡❛s✉r❡♠❡♥t ❢♦r t❤❡ ❢r❡q✉❡♥❝② r❛t✐♦

ω2/ω1✱ ✐t ✇♦✉❧❞ ❜❡ ♣♦ss✐❜❧❡ t♦ ❝❛❧❝✉❧❛t❡ t❤❡ ♣❡r❝❡♥t❛❣❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ str❡♥❣t❤ ♦♥ t❤❡ t✇♦ s✐❞❡s

♦❢ t❤❡ s❧❛❜✱ ✉♥❞❡r t❤❡ ❛ss✉♠♣t✐♦♥ t❤❛t ❡✳❣✳ ❞❡♥s✐t② r❡♠❛✐♥s ❝♦♥st❛♥t ❛♥❞ t❤❡ ❛s②♠♠❡tr② ❝♦♠❡s ♦♥❧② ❢r♦♠ t❤❡ ♠❛❣♥❡t✐❝

✜❡❧❞s✳ ❖❢ ❝♦✉rs❡✱ ✐❢ ❞❡♥s✐t②✲s❡♥s✐t✐✈❡ ✐♥t❡♥s✐t② ♠❡❛s✉r❡♠❡♥ts ✇♦✉❧❞ ❛❝❝♦♠♣❛♥② t❤❡ ❢r❡q✉❡♥❝② r❛t✐♦ ♠❡❛s✉r❡♠❡♥ts✱ t❤❡

r❡str✐❝t✐♦♥ ♦♥ ❛ss✉♠✐♥❣ ❛ ❝♦♥st❛♥t ❞❡♥s✐t② ♠❛② ❜❡ r❡♠♦✈❡❞✳ ❍❡r❡✱ ❢♦r t❤❡ s❛❦❡ ♦❢ ♠❛❦✐♥❣ ♦✉r ♣♦✐♥t✱ ✇❡ r❡t❛✐♥ t❤❡

❛ss✉♠♣t✐♦♥ ♦♥ ❞❡♥s✐t②✳

❈♦♥s✐❞❡r✱ ❛s ❛♥ ❡①❛♠♣❧❡✱ ❛ s✉♥s♣♦t ❧✐❣❤t ❜r✐❞❣❡ ✉s✐♥❣ t❤❡ ♠❛❣♥❡t✐❝ s❧❛❜ ♠♦❞❡❧ ♣r❡s❡♥t❡❞ ✐♥ t❤✐s st✉❞②✱ ✇✐t❤ ❛♣✲

♣r♦①✐♠❛t❡ ❡st✐♠❛t❡s ♦❢ ✇✐❞t❤ ❛♥❞ ❧❡♥❣t❤ ❣✐✈❡♥ ❜② ✵✳✼ ▼♠ ❛♥❞ ✷✳✺ ▼♠ ✭❙❝❤❧✐❝❤❡♥♠❛✐❡r ❡t ❛❧✳ ✷✵✶✻❀ ❨❛♥❣ ❡t ❛❧✳ ✷✵✶✼✮✱

r❡s♣❡❝t✐✈❡❧②✱ ❣✐✈✐♥❣ ε ≈ 0.14✳ ❊st✐♠❛t❡s ♦❢ ✐♥t❡r♥❛❧ ❛♥❞ ❡①t❡r♥❛❧ s♦✉♥❞ s♣❡❡❞s ❛r❡ c0 ≈ 7 ❦♠✴s ❛♥❞ c1 ≈ 6 ❦♠✴s

✭❙♦❜♦t❦❛ ❡t ❛❧✳ ✷✵✶✸✮✳ ❊st✐♠❛t✐♥❣ t❤❡ ♣❧❛s♠❛✲β ✐♥ t❤❡ ✐♥t❡r✐♦r ❛♥❞ ♦♥ t❤❡ ❧❡❢t✲❤❛♥❞ s✐❞❡✱ s❛②✱ β0 ≈ β1 ≈ 2.5 ✭❇♦rr❡r♦

✫ ■❝❤✐♠♦t♦ ✷✵✶✶❀ ❋❡❧✐♣❡ ❡t ❛❧✳ ✷✵✶✻❀ ▲✐✉ ❡t ❛❧✳ ✷✵✶✻✮✱ ❛❧❧♦✇s ❛♣♣r♦①✐♠❛t❡ ✈❛❧✉❡s ❢♦r t❤❡ ❆❧❢✈é♥ s♣❡❡❞ t♦ ❜❡ ❝❛❧❝✉❧❛t❡❞✱

❛♥❞ ❝♦♥s❡q✉❡♥t❧② ❛♣♣r♦①✐♠❛t❡ ✈❛❧✉❡s ❢♦r t❤❡ t✉❜❡ s♣❡❡❞ ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞✳ ❯s✐♥❣ ♣r❡ss✉r❡ ❜❛❧❛♥❝❡ ❣✐✈❡♥ ❜② ❊q✉❛t✐♦♥

✭✹✮✱ ❛ ✈❛❧✉❡ ❢♦r t❤❡ r❛t✐♦ ♦❢ t❤❡ ❡①t❡r♥❛❧ ✭r❡❝❛❧❧✱ ❤❡r❡ ✇❡ ✉s❡ ρ1 = ρ2✮ t♦ t❤❡ ✐♥t❡r♥❛❧ ❞❡♥s✐t② ❝❛♥ ❜❡ ❞❡t❡r♠✐♥❡❞ ✭t❛❦✐♥❣

γ = 5/3✮✳ ◆♦✇✱ ❛ss✉♠❡ ❛ ❞❡✈✐❛t✐♦♥ ♦❢ s❛② 2.5% ✐s ♦❜s❡r✈❡❞ ✐♥ t❤❡ ❢r❡q✉❡♥❝② r❛t✐♦✱ ω2/ω1 ≈ 1.95✳ ❯s✐♥❣ ❊q✉❛t✐♦♥ ✭✷✷✮✱

❛♥ ❡st✐♠❛t❡ ❢♦r ζ ❝❛♥ ♥♦✇ ❜❡ ❞❡t❡r♠✐♥❡❞✳ ❈♦♥s❡q✉❡♥t❧②✱ ❛ ✈❛❧✉❡ ❢♦r t❤❡ ♣❡r❝❡♥t❛❣❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ ♠❛❣♥❡t✐❝

✜❡❧❞ str❡♥❣t❤ ♦♥ t❤❡ t✇♦ s✐❞❡s ♦❢ t❤❡ s❧❛❜ ❝❛♥ ❜❡ ❝❛❧❝✉❧❛t❡❞✳ ❆♣♣❧②✐♥❣ t❤❡ ❡①♣❧✐❝✐t ✈❛❧✉❡s ❣✐✈❡♥ ❤❡r❡✱ ✐t ✐s t❤❡♥ ❢♦✉♥❞

t❤❛t t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ str❡♥❣t❤ ♦♥ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ✐s ≈ 8.5% ❧❛r❣❡r t❤❛♥ t❤❡ ❧❡❢t✲❤❛♥❞ s✐❞❡✳

❚❤❡ ❛♠♣❧✐t✉❞❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ t✇♦ s✐❞❡s ♦❢ t❤❡ ♠❛❣♥❡t✐❝ s❧❛❜✱ ❛ ♣♦t❡♥t✐❛❧❧② ♣r❛❝t✐❝❛❧ q✉❛♥t✐t② t♦ ❜❡ ✉t✐❧✐s❡❞

t❤r♦✉❣❤ s♦❧❛r s♣❛t✐♦✲♠❛❣♥❡t♦✲s❡✐s♠♦❧♦❣② ❢♦r ❡✳❣✳ ▼❍❉ ❞✐❛❣♥♦st✐❝s✱ ✇❛s ❛❧s♦ ❝❛❧❝✉❧❛t❡❞ ❢♦r ❜♦t❤ t❤❡ q✉❛s✐✲s❛✉s❛❣❡ ❛♥❞

q✉❛s✐✲❦✐♥❦ ♦s❝✐❧❧❛t✐♦♥s✳ ❚❤❡ ❛♠♣❧✐t✉❞❡ ❞✐✛❡r❡♥❝❡s r❡❞✉❝❡ t♦ ③❡r♦ ✇❤❡♥ t❤❡ ♠❛❣♥❡t✐❝ ❛s②♠♠❡tr② ✐s r❡♠♦✈❡❞ ❢r♦♠ t❤❡

s②st❡♠✱ ❛s ❡①♣❡❝t❡❞✳ ❚❤❡ ❛♠♣❧✐t✉❞❡ ❞✐✛❡r❡♥❝❡ ✐s ❛ ♣♦t❡♥t✐❛❧❧② ♦❜s❡r✈❛❜❧❡ q✉❛♥t✐t②✱ ❛♥❞ ❝♦♠❜✐♥✐♥❣ ♦❜s❡r✈❛t✐♦♥❛❧ ❞❛t❛

✇✐t❤ ✐♥✈❡rs✐♦♥ ♦❢ t❤❡ ❡q✉❛t✐♦♥ ❢♦r t❤❡ ❛♠♣❧✐t✉❞❡ ❞✐✛❡r❡♥❝❡ ❝♦✉❧❞ ②✐❡❧❞ ❡①♣r❡ss✐♦♥s ❢♦r t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ str❡♥❣t❤ ✐♥

♦♥❡ ♦❢ t❤❡ r❡❣✐♦♥s✳ ❆♣♣❧②✐♥❣ s✉❝❤ ✐♥✈❡rs✐♦♥s t♦ t❤❡ ♦❜s❡r✈❛t✐♦♥s ♣r♦✈✐❞❡s ❛♥ ❡①❛♠♣❧❡ ♦❢ t❤❡ ♣♦✇❡r ♦❢ s♦❧❛r ♠❛❣♥❡t♦✲

s❡✐s♠♦❧♦❣②✳ ■t ✐s ❡①♣❡❝t❡❞ t❤❛t ♦❜s❡r✈❛t✐♦♥s ✇✐t❤ ✉❧tr❛✲❤✐❣❤ s♣❛t✐❛❧ r❡s♦❧✉t✐♦♥ ✇✐❧❧ ❜❡ ♥❡❡❞❡❞ t❤❛t ♦♥❧② ♠❛② ❜❡ ②✐❡❧❞❡❞

❜② t❤❡ ❝❛♣❛❜✐❧✐t✐❡s ♦❢ ❉❛♥✐❡❧ ❑✳ ■♥♦✉②❡ ❙♦❧❛r ❚❡❧❡s❝♦♣❡ ✭❉❑■❙❚✮✳

■♥ ❖①❧❡② ❡t ❛❧✳ ✭✷✵✷✵✮✱ ❛ s✐♠✐❧❛r ♣r♦❝❡❞✉r❡ ✇❛s ❡♠♣❧♦②❡❞ t♦ st✉❞② ❛ ♠❛❣♥❡t✐❝ s❧❛❜ ❡♠❜❡❞❞❡❞ ✐♥ ❛ ♥♦♥✲♠❛❣♥❡t✐❝

❛s②♠♠❡tr✐❝ ❡♥✈✐r♦♥♠❡♥t✱ ❛♥❞ t❤❡ ❡✐❣❡♥❢r❡q✉❡♥❝✐❡s ❛♥❞ ❛♠♣❧✐t✉❞❡s ✇❡r❡ ❛♥❛❧②s❡❞ ✉♥❞❡r t❤❡ t❤✐♥ s❧❛❜ ❛♥❞ ✇❡❛❦ ❛s②♠✲

♠❡tr② ❛ss✉♠♣t✐♦♥s✳ ❆s t❤❡ ♣r❡s❡♥t st✉❞② ♣r♦✈✐❞❡s ❛ s✐♠✐❧❛r ❛♥❛❧②s✐s ✇✐t❤ t❤❡ ❝♦♠♣❧✐❝❛t✐♦♥ ♦❢ ❛♥ ❡①t❡r♥❛❧ ♠❛❣♥❡t✐❝

✜❡❧❞✱ ❛ ❝♦♠♣❛r✐s♦♥ ❝❛♥ ❜❡ ❝❛rr✐❡❞ ♦✉t ❜❡t✇❡❡♥ t❤❡ s♦❧✉t✐♦♥s ❢♦r ❡✐❣❡♥❢r❡q✉❡♥❝✐❡s ❛♥❞ ❛♠♣❧✐t✉❞❡s ♦❢ t❤❡ t✇♦ st✉❞✐❡s✳

■t ✐s ❡✈✐❞❡♥t t❤❛t t❤❡ ❡✐❣❡♥❢r❡q✉❡♥❝② ❣✐✈❡♥ ❜② ❊q✉❛t✐♦♥ ✭✶✽✮ r❡❞✉❝❡s t♦ t❤❛t ❣✐✈❡♥ ❜② ❊q✉❛t✐♦♥ ✭✷✻✮ ✐♥ ❖①❧❡② ❡t ❛❧✳

✭✷✵✷✵✮ ♣r♦✈✐❞❡❞ t❤❡ ❛s②♠♠❡tr② ✐♥ ❜♦t❤ st✉❞✐❡s ✐s r❡❞✉❝❡❞ t♦ ③❡r♦ ❛♥❞ t❤❡ ❡①t❡r♥❛❧ ♠❛❣♥❡t✐s♠ ✐s r❡♠♦✈❡❞ ❢r♦♠ t❤✐s

♠♦❞❡❧✳ ❉✉❡ t♦ t❤❡ ❞✐✛❡r❡♥t t②♣❡s ♦❢ ❛s②♠♠❡tr② ❝♦♥s✐❞❡r❡❞ ✐♥ t❤❡ t✇♦ st✉❞✐❡s✱ t❡r♠s ✐♥✈♦❧✈✐♥❣ ❛s②♠♠❡tr② ❛r❡ ♥♦t

❝♦♠♣❛r❡❞✳ ❋✉rt❤❡r✱ t❤❡r❡ ❛r❡ s♦❧✉t✐♦♥s ♣r❡s❡♥t❡❞ ❤❡r❡ t❤❛t ❤❛✈❡ ♥♦ ❝♦✉♥t❡r♣❛rt ✐♥ t❤❡ ♠❛❣♥❡t✐❝ s❧❛❜ ❡♠❜❡❞❞❡❞ ✐♥ ❛

♥♦♥✲♠❛❣♥❡t✐❝ ❡①t❡r♥❛❧ ❡♥✈✐r♦♥♠❡♥t✳

❆ ❞❡r✐✈❛t✐♦♥ ♦❢ ❡st✐♠❛t✐♥❣ ❜♦t❤ t❤❡ r❡❧❛t✐✈❡ ❡✐❣❡♥❢r❡q✉❡♥❝② ❛♥❞ t❤❡ r❡❧❛t✐✈❡ ❛♠♣❧✐t✉❞❡ ❞✐✛❡r❡♥❝❡s ❞✉❡ t♦ ❛s②♠♠❡tr②

✇❡r❡ ❝❛rr✐❡❞ ♦✉t ✐♥ ❖①❧❡② ❡t ❛❧✳ ✭✷✵✷✵✮✳ ❇② ❝♦♥s✐❞❡r✐♥❣ t❤❡ ♣❤❡♥♦♠❡♥♦♥ ♦❢ ✇❡❛❦ ❛s②♠♠❡tr② ❛s ❛ ♣❡rt✉r❜❛t✐♦♥ t♦ ❛

s②♠♠❡tr✐❝ ♠❛❣♥❡t✐③❡❞ ♣❧❛s♠❛ s❧❛❜✱ ❛♥ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ t❤❡ ❘❛②❧❡✐❣❤✲❘✐t③ t❡❝❤♥✐q✉❡ ✇❛s ♠❛❞❡✳ ❍❡r❡✱ ✇❡ ❤❛✈❡ ❝❛rr✐❡❞

♦✉t ❛ ❞❡r✐✈❛t✐♦♥ ♦❢ t❤❡ ❡✐❣❡♥❢r❡q✉❡♥❝✐❡s ♦❢ t❤❡ q✉❛s✐✲s❛✉s❛❣❡ ✇❛✈❡s✱ ✉♥❞❡r t❤❡ ❛ss✉♠♣t✐♦♥s ♦❢ ζ ❛♥❞ ε ❜❡✐♥❣ ♦❢ t❤❡ s❛♠❡

♦r❞❡r✱ ❛♥❞ t❛❦✐♥❣ ❛ s✐♠✐❧❛r ❛♣♣r♦❛❝❤ t♦ t❤❛t ✐♥ ❖①❧❡② ❡t ❛❧✳ ✭✷✵✷✵✮ ✐s ♣♦ss✐❜❧❡ ❤❡r❡✳ ❈♦♥s✐❞❡r t❤❡ s♦❧✉t✐♦♥ ❣✐✈❡♥ ❜②

❊q✉❛t✐♦♥ ✭✶✽✮✱ t❤❡ r❡s✉❧ts ✇♦✉❧❞ ②✐❡❧❞ t❤❛t t❤❡ r❡❧❛t✐✈❡ ❞✐✛❡r❡♥❝❡s ✐♥ t❤❡ ❡✐❣❡♥❢r❡q✉❡♥❝② ❞✉❡ t♦ ♠❛❣♥❡t✐❝ ❛s②♠♠❡tr②

✇♦✉❧❞ ❜❡ ♦❢ t❤❡ ♦r❞❡r ζε✱ ✇❤❡r❡❛s t❤❡ r❡❧❛t✐✈❡ ❛♠♣❧✐t✉❞❡ ❞✐✛❡r❡♥❝❡ ❞✉❡ t♦ ❛s②♠♠❡tr② ✇♦✉❧❞ ❜❡ ♦❢ t❤❡ ♦r❞❡r ζ✳ ❚❤✐s
✜♥❞✐♥❣ s❤♦✇s✱ ❛s ♣r❡❞✐❝t❡❞ ❜② t❤❡ ❘❛②❧❡✐❣❤✲❘✐t③ t❡❝❤♥✐q✉❡✱ t❤❛t t❤❡ ❡✐❣❡♥❢r❡q✉❡♥❝✐❡s ❛r❡ ❛✛❡❝t❡❞ ❜② ❛s②♠♠❡tr② t♦

❤✐❣❤❡r✲♦r❞❡r ✐♥ s♠❛❧❧ q✉❛♥t✐t✐❡s t❤❛♥ t❤❡ ❛♠♣❧✐t✉❞❡s✳

❘✳❊✳ ✐s ❣r❛t❡❢✉❧ t♦ ❙❝✐❡♥❝❡ ❛♥❞ ❚❡❝❤♥♦❧♦❣② ❋❛❝✐❧✐t✐❡s ❈♦✉♥❝✐❧ ✭❙❚❋❈✱ ❣r❛♥t ♥✉♠❜❡r ❙❚✴▼✵✵✵✽✷✻✴✶✮ ❯❑ ❛♥❞ t❤❡ ❘♦②❛❧

❙♦❝✐❡t② ❢♦r ❡♥❛❜❧✐♥❣ t❤✐s r❡s❡❛r❝❤✳ ❘✳❊✳ ❛❧s♦ ❛❝❦♥♦✇❧❡❞❣❡s t❤❡ s✉♣♣♦rt r❡❝❡✐✈❡❞ ❜② t❤❡ ❈❆❙ Pr❡s✐❞❡♥ts ■♥t❡r♥❛t✐♦♥❛❧

❋❡❧❧♦✇s❤✐♣ ■♥✐t✐❛t✐✈❡ ●r❛♥t ◆♦✳ ✷✵✶✾❱▼❆✵✺✷ ❛♥❞ t❤❡ ✇❛r♠ ❤♦s♣✐t❛❧✐t② r❡❝❡✐✈❡❞ ❛t ❯❙❚❈ ♦❢ ❈❆❙✱ ❍❡❢❡✐✱ ✇❤❡r❡ ♣❛rt



st❛♥❞✐♥❣ ▼❍❉ ✇❛✈❡s ✐♥ ❛s②♠♠❡tr✐❝ ♠❛❣♥❡t✐❝ s❧❛❜s ■■ ✶✸

♦❢ ❤✐s ❝♦♥tr✐❜✉t✐♦♥ ✇❛s ♠❛❞❡✳ ◆✳❩✳ ✐s ❛❧s♦ ❣r❛t❡❢✉❧ t♦ t❤❡ ❙❝❤♦♦❧ ♦❢ ▼❛t❤❡♠❛t✐❝s ❛♥❞ ❙t❛t✐st✐❝s ❛t t❤❡ ❯♥✐✈❡rs✐t② ♦❢

❙❤❡✣❡❧❞✱ ❛♥❞ t♦ t❤❡ ❯♥✐✈❡rs✐t② ♦❢ ❉❡❜r❡❝❡♥✳

❘❊❋❊❘❊◆❈❊❙
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