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Multi-Beam Multiplexing Design for Arbitrary Directions
Based on the Interleaved Subarray Architecture
Junwei Zhang, Student Member, IEEE, Wei Liu, Senior Member, IEEE, Chao Gu, Steven Gao, Fellow, IEEE, and
Qi Luo, Senior Member, IEEE

Abstract—Through a common set of analogue coefficients and
a simple digital coding scheme in the form of ones and minus
ones, a previous technique can only multiplex two beams whose
directions satisfy a fixed relationship. In this work, two novel
designs are proposed, which together with the corresponding
inter-subarray coding schemes, can achieve multi-beam multiplexing for arbitrary directions to serve corresponding users. In
the first design, based on the relationship of directions between
the two required beams, the adjacent antenna spacing is regarded
as a variable to be determined, while in the second design, the
adjacent antenna spacing is fixed and an alternate optimisation
procedure is proposed to solve the problem based on a leastsquare formulation. Designed examples based on uniform linear
arrays and uniform planar arrays are provided to demonstrate
the effectiveness of the proposed methods.
Index Terms—interleaved subarray architecture, intersubarray coding, beam multiplexing, adjacent antenna spacing,
arbitrary directions

I. I NTRODUCTION

T

WO key enabling technologies of the next-generation
(5-G) communication systems are massive MIMO and
mmWave communication [1] and both require the employment
of numerous antennas working at high frequencies with a
wide bandwidth. If the traditional beamforming process is
implemented completely in the digital domain, the extremely
high cost associated with the large number of high-speed
analogue to digital converters (ADCs) and the high-level
power consumption will cause it practically infeasible.
One solution to the problem is to employ the well-known
hybrid beamforming structure [2]–[12], which is a combination of the analogue beamforming technique [13]–[15] and the
digital beamforming technique [16]. Analogue beamforming
is employed first to reduce the number of analogue channels,
which are then converted into the digital domain via a reduced
number of ADCs, and after that digital beamforming can then
be employed.
Various hybrid beamforming structures have been proposed
in the past and one of them is the sub-aperture based hybrid
beamformer [10], [12], [17]–[20]. There are mainly two types
of implementation for the subarray scheme: one is the sideby-side type or localised architecture and the other one is
the interleaved architecture [21], [22]. In the side-by-side
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structure, all the antennas belonging to the same subarray are
located within a local region next to each other; as a result,
the beam width generated by this architecture is comparatively
wide. For the interleaved architecture, the antennas of each
subarray are distributed over a much larger aperture and the
spacing between adjacent subarray antennas is much larger
than the standard array spacing. Thus, a much narrower beam
can be formed by the interleaved structure, which makes it a
good candidate for beam multiplexing; however, this narrow
beamwidth is achieved at the cost of generating high sidelobes
or even grating lobes or spatial aliasing, although this effect
can be suppressed at a later stage by digital beamforming
technique to some extent with improved desired beam gain
[23]–[25].
Recently, an interesting hybrid beamforming approach
which involves multiplexing two beams was proposed in [26].
However, as pointed out later in this paper, a limitation of the
proposed method is that the directions of the two beams must
satisfy a specific relationship and therefore it is not suitable for
users located at arbitrary directions. In this work, we propose
two effective designs to achieve multiple-beam multiplexing
for arbitrary directions. For the first design, the adjacent
antenna spacing is treated as a variable which is designed
according to the specific relationship between the required
two beams, but a clear issue is that it may not be practical to
constantly change the spacing to meet the needs of changing
user directions, although this could be solved by performing
antenna switching through preparing more antennas at predefined candidate locations than necessary for a required beam
width [27]. In the second design, to deal with the issue in
the first design, the antenna spacing is fixed and independent
of beam directions, and we optimise the beamformer coefficients in multiple subarrays for best approximation between
the designed and desired beam responses in a least-squares
formulation. Compared to our earlier conference publication
[27], in addition to extending the work from two beams to
multiple beams and proposing a general design approach,
i.e., the second design, we have also considered the design
based on uniform planar arrays (UPAs), which will be widely
used in mmWave communications. As demonstrated by design
examples, the two designs can generate multiple high-quality
beams with arbitrary directions to serve corresponding users.
The remaining part of this paper is organised as follows.
A review of the interleaved subarray architecture is presented
in Section II. An inter-subarray coding scheme with varying
antenna spacing for two users in arbitrary directions is described in Section III and the design based on a fixed antenna
spacing for multiple users is considered in Section IV. Design
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III. T HE PROPOSED DESIGN WITH VARYING ANTENNA
SPACING AND ASSOCIATED INTER - SUBARRAY CODING
SCHEME

In [26], the two-user scenario is considered, where there are
two subarrays in total (M = 2) and two beams are generated
by an inter-subarray coding scheme with a linear combination
of analogue weighting factors for two subarrays. With d = λ2 ,
the analogue weighting factors of the zeroth and first subarrays
are given by
w0,n (ϕ0 ) = e−j2πn sin ϕ0 ,

(3)

1

w1,n (ϕ1 ) = e−j2π(n+ 2 ) sin ϕ1 ,
Fig. 1. An interleaved ULA subarray based hybrid beamforming structure.

examples are provided in Section V and conclusions are drawn
in Section VI.
II. T HE INTERLEAVED SUBARRAY ARCHITECTURE BASED
ON LINEAR ARRAYS

The interleaved subarray structure based on an N -element
uniform linear array (ULA) is shown in Fig. 1, where the
adjacent antenna spacing is d. Suppose the N elements of the
ULA are divided into M interleaved subarrays. Then, each
subarray consists of Ns = N/M antennas with an adjacent
antenna spacing dm = M d. The phase shift between adjacent
d
subarrays is ej2π λ sinθ , where the direction of angle θ is
measured from the broadside of the array.
The beam response Pm (θ, ϕm ), m = 0, 1, · · · , M − 1,
generated by the m-th subarray pointing to the direction ϕm
is given by
Pm (θ, ϕm ) = ej2πpm sin θ


NX
s −1
dm
wm,n (ϕm ) exp j2π
n sin θ ,
λ
n=0

e

j2πpm sin θ

M
−1
X

m=0
NX
s −1
n=0

wD,x,m Pm (θ, ϕm ) =

M
−1
X

(5)

Finally, the responses of two generated beams are
P (θ, ϕ0 ) =

NX
s −1

n=0
NX
s −1

ej2πn(sin θ−sin ϕ0 ) −
(6)
e

j2π(n+ 12 )(sin θ−sin ϕ1 )

,

n=0

P (θ, ϕ1 ) =

NX
s −1

n=0
NX
s −1

ej2πn(sin θ−sin ϕ0 ) +
(7)
e

j2π(n+ 12 )(sin θ−sin ϕ1 )

.

(2)

Ideally (6) should form a beam pointing to direction ϕ0 while
(7) forms a beam pointing to direction ϕ1 . Generally, for a
ULA of 2Ns antennas with adjacent antenna spacing d = λ2 ,
to have a beam response with its main beam direction in ϕx ,
one way is to steer the broadside main beam with uniform
weighting as follows,
P (θ, ϕx ) =

where wD,x,m is the digital weighting factor for the m-th
subarray.

2N
s −1
X

ejπn(sin θ−sin ϕx ) .

(8)

n=0

The key is to find some appropriate parameters so that (6)
and (7) will be transformed into the form of (8) with x = 0, 1,
respectively. To realise this, (6) is expanded into the following
form


dm
n sin θ ,
wm,n (ϕm ) exp j2π
λ


1].

n=0

wD,x,m

m=0

wD,1 = [wD,1,0 , wD,1,1 ] = [1

(1)

where pm = m λd denotes the initial location of the m-th
subarray in terms of the signal wavelength λ, and wm,n (ϕm )
denotes the analogue weighting factor of the n-th antenna of
the m-th subarray for the main beam direction pointing to ϕm .
Through inter-subarray coding, the M beams are generated by
the M -subarray based hybrid beamforming scheme configured
by the interleaved subarray architecture. The overall beam
response using the M subarrays with a main beam in the
direction ϕx is
P (θ, ϕx ) =

where ϕ0 and ϕ1 are the desired directions for two users.
This interleaved-subarray beamforming system generates the
zeroth user’s own beam naturally and the first user’s beam in
the direction of the zeroth user’s grating lobe and vice versa,
and as a result, data for the zeroth user is divided in opposite
phase and data for the first user is divided in the same phase.
Specifically, as proposed in [23], [26], the digital beamformer
coefficient vector wD,x (x = 0, 1) can be characterized as
follows
wD,0 = [wD,0,0 , wD,0,1 ] = [1 −1],
(4)

P (θ, ϕ0 ) =

NX
s −1

ej2πn(sin θ−sin ϕ0 ) −

n=0

NX
s −1
n=0

e

(9)

jπ(2n+1)(sin θ−sin ϕ0 ) jπ(2n+1)(sin ϕ0 −sin ϕ1 )

e

.
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To find α, similar to (9), we modify (16) into

It can be observed that as long as
e

jπ(sin ϕ0 −sin ϕ1 )

= −1,

(10)
P (θ, ϕ0 ) =

or equivalently
|sin ϕ0 − sin ϕ1 | = 1,

(11)

(6) and (7) will be converted into the form of (8) with x =
0, 1, respectively. Hence, in [26], [28], there is an important
limitation to this scheme: the two user directions cannot be
arbitrary and have to follow this specific relationship. Although
in practice, it is hard to find two user directions meeting
exactly this relationship, it theoretically verifies for the first
time that it is possible to use a simple hybrid analogue and
digital beamforming technique to produce two beams without
spatial aliasing.
Now in the following we try to overcome the restriction of
the scheme in [26], [28] and design a new scheme with two
interleaved subarrays which can form beams in two arbitrary
directions. First, given the simple form of the digital beamformer coefficients wD,0 and wD,1 in (4) and (5), respectively,
they are still adopted in the new scheme. Consider a general
ULA with adjacent spacing d = α λ2 , where α is a coefficient
whose value will be determined later. Hence, the adjacent
antenna spacing for the m-th subarray is supposed as
λ
(12)
dm = M d = M α = αλ,
2
where M = 2 has been used for two subarrays and the initial
position pm of the m-th subarray is
α
d
(13)
pm = m = m .
λ
2
To form a beam to direction ϕx using a ULA of 2Ns antennas
with adjacent antenna spacing d = α λ2 , similar to (8), the
desired beam response for the x-th beam can be achieved
by beam steering in combination with uniform weighting as
follows
2N
s −1
X
(14)
ejαπn(sin θ−sin ϕx ) .
P (θ, ϕx ) =
n=0

Moreover, based on (2), the new antenna analogue weighting
factors for the zeroth and first subarrays can be chosen to
compensate for the phase difference corresponding to look
directions only with uniform magnitudes as follows
w0,n (ϕ0 ) = e−j2απn sin ϕ0 ,

(15)

1

w1,n (ϕ1 ) = e−j2απ(n+ 2 ) sin ϕ1 .

P (θ, ϕ0 ) =

n=0
NX
s −1

e

j2απn(sin θ−sin ϕ0 )

e

j2απ(n+ 12 )(sin θ−sin ϕ1 )

−

P (θ, ϕ1 ) =

n=0
NX
s −1
n=0

n=0

NX
s −1

e

(18)

jαπ(2n+1)(sin θ−sin ϕ0 ) jαπ(2n+1)(sin ϕ0 −sin ϕ1 )

e

(16)

For (18) to match (14) when x = 0, similar to (10), one
solution can be obtained by satisfying
ejαπ(sin ϕ0 −sin ϕ1 ) = −1.

(19)

For arbitrary ϕ0 and ϕ1 , the value of α can then be calculated
by
1
.
α=
(20)
|sin ϕ0 − sin ϕ1 |
IV. T HE PROPOSED DESIGN WITH FIXED ANTENNA
SPACING AND ASSOCIATED INTER - SUBARRAY CODING
SCHEME

As mentioned, it may not be practical to constantly change
the spacing to meet the needs of changing user directions. In
this section, the beamformer coefficients will be redesigned,
while maintaining the adjacent antenna spacing d as a fixed
value. Although the approach introduced in this section in
general can be applied to arbitrary number of beams with
arbitrary directions, it is difficult to have a single general
formulation to cover all the cases. As a result, we will only
consider the two-beam and three-beam cases as representative
examples and following the same approach, it can be extended
to more than three beams without difficulty. Moreover, as
uniform planar arrays (UPAs) will be widely used for mmWave
communications, we will also consider a design based on
UPAs to show that the approach can also be applied to twodimensional arrays.
A. Uniform Linear Array
i) Two beams
The steering vector of the m-th interleaved subarray is given
by
(m+M )d
d
sm (θ) =[ej2πm λ sin θ , ej2π λ sin θ ,
(21)
d
..., ej2π(m+M (Ns −1)) λ sin θ ]T ,
where [.] denotes the transpose operation with m = {0, 1}.
Then, the beam response generated by the m-th subarray is
H
Pm (θ) = wm
sm (θ),

(22)

,

where [.] denotes the Hermitian transpose and wm denotes
the analogue coefficients for the m-th subarray containing
corresponding coefficients
wm =[wm,0 , wm,1 , ..., wm,Ns −1 ]T .

ej2απn(sin θ−sin ϕ0 ) +
(17)
e

j2απ(n+ 12 )(sin θ−sin ϕ1 )

.

n=0

H

n=0

NX
s −1

ej2απn(sin θ−sin ϕ0 ) −

T

Then, the designed beam responses for the two beams are
given by
NX
s −1

NX
s −1

.

(23)

We employ a general digital coding scheme in the interleaved
structure, whose coefficients for the beam in direction ϕx is
given by
wD,x = [wD,x,0 , wD,x,1 ] = [ax,0

ax,1 ],

(24)
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where ax,0 , ax,1 (x = {0, 1}) are four digital coefficients to be
determined later. So the designed beam response for the beam
pointing to direction ϕx in vector form is
Pϕx (θ) = ax,0 P0 (θ) + ax,1 P1 (θ)
= ax,0 w0H s0 (θ) + ax,1 w1H s1 (θ).

(25)

The following cost function based on least squares (LS)
formulation is used in the design [16], [29], [30]
Z
2
F (θ) |H(θ) − D(θ)| dθ,
JLS =
(26)
θ∈Θ

zLSxq = (1 − β)

X

sq (θ),

(33)

1,

(34)

θ∈Θmx

dLSx = (1 − β)

X

θ∈Θmx

Sq (θ) = sq (θ)sq (θ)H ,

(35)

where {x, q} = {0, 1}. Combining the analogue coefficients
w0 and w1 into one vector, given by
 
w0
,
(36)
wA =
w1

where Θ denotes the overall angle range of interest, F (θ) is equation (29) can be rewritten as


a positive real weighting function, and H(θ) and D(θ) are
H
H
H
the designed and desired beam responses, respectively. In our JLS = wA QLS + PLS ĨLS wA − wA zLS − zLS wA + dLS0
designs, without loss of generality, we use F (θ) = 1 − β
+ dLS1 ,
and D(θ) = 1 over the mainlobe region (one single direction)
(37)
and F (θ) = β and D(θ) = 0 over the sidelobe region for with


0
GLS0
each beam, where β is the trade-off parameter between the
QLS =
,
(38)
0
GLS1
mainlobe and sidelobe regions. To balance the minimisation


in the mainlobe and sidelobe regions for two beams, Ng is
0
HLS0
introduced to represent the number of sample points in the
PLS =
,
(39)
0
HLS1
sidelobe region for each beam. A specific cost formulation


combining the above two beams is given by
0 1
ĨLS =
,
(40)
1 0

X−1
X
X
X
β
2
2


JLS =
(1 − β)
|Pϕx (θ) − 1| +
|Pϕx (θ)| ,
a0,0 zLS00 + a1,0 zLS10
N
g
,
(41)
z
=
LS
x=0
θ∈Θmx
θ∈Θsx
a0,1 zLS01 + a1,1 zLS11
(27)
where Θsx and Θmx denote the sidelobe and mainlobe regions
GLSq = a20,q QLS0q + a21,q QLS1q ,
(42)
for the x-th beam and X denotes the number of the designed
HLSq = a0,0 a0,1 PLS0q + a1,0 a1,1 PLS1q ,
(43)
beams with X = 2 in this case. Substituting (25) into (27),
the cost function JLS can be rewritten as
where 0 and 1 are Ns × Ns null and identity matrices,

respectively. For a given set of ax,q ({x, q} ∈ {0, 1}), wA
X−1
X
X
2
H
H
JLS =
(1 − β)
ax,0 w0 s0 (θ) + ax,1 w1 s1 (θ) − 1 can be obtained by taking the gradient of the cost function in
(37) with respect to wA and then setting it to zero, given by
x=0
θ∈Θmx


−1
X
2
(44)
+ (β/Ng )
ax,0 w0H s0 (θ) + ax,1 w1H s1 (θ)
,
wA = QLS + PLS ĨLS
zLS .
θ∈Θsx

(28)

which can be expanded as
JLS =

with

X−1
X

a2x,0 w0H QLSx0 w0 + a2x,1 w1H QLSx1 w1

x=0

+ ax,0 ax,1 w0H PLSx0 w1 + w1H PLSx1 w0


H
H
−ax,0 w0H zLSx0+zH
LSx0 w0 −ax,1 w1 zLSx1+zLSx1 w1

+ dLSx ,
(29)

QLSxq = (1 − β)

X

θ∈Θmx

β X
Sq (θ),
Ng

(30)

θ∈Θsx

β X
s0 (θ)s1 (θ)H ,
Ng
θ∈Θsx
θ∈Θmx
(31)
X
β X
H
s1 (θ)s0 (θ) +
= (1 − β)
s1 (θ)s0 (θ)H ,
Ng
θ∈Θmx
θ∈Θsx
(32)

PLSx0 = (1 − β)

PLSx1

Sq (θ) +

X

s0 (θ)s1 (θ)H +

Joint optimisation of the digital coefficients a0,0 , a0,1 , a1,0 ,
a1,1 and the corresponding analogue coefficients wA can be
achieved by the following iterative process:
1) First, via initialising the digital coefficients a0,0 = 1,
a0,1 = −1, a1,0 = 1, and a1,1 = 1, as in [26], the
values of wA are obtained by substituting a0,0 , a0,1 ,
a1,0 , and a1,1 into (44).
2) Given the obtained values of wA in step 1), we find
the closed-form solution of digital coefficients a0,0 , a0,1 ,
a1,0 , a1,1 by minimising the cost function (29), given by
−1

  H
H
wA
P̂LSx ĨLS wA
ax,0
wA Q̂LSx0 wA
=
H
ax,1
wA
Q̂LSx1 wA
wH P̂LSx ĨLS wA
 A

H
H
wA ẑLSx0 + ẑLSx0 wA
,
H
wA
ẑLSx1 + ẑH
LSx1 wA
(45)
with


2QLSx0 0
Q̂LSx0 =
,
(46)
0
0


0
0
Q̂LSx1 =
,
(47)
0 2QLSx1
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ẑLSx0




0
PLSx0
,
0
PLSx1




0
zLSx0
,
, ẑLSx1 =
=
0
zLSx1

P̂LSx =

(48)
(49)

(50)

where δ is a preset threshold value.
5) The final digital coefficients wD,0 , wD,1 and the corresponding analogue coefficients wA are then obtained.
The convergence of the above iterative process is guaranteed. To see this, we define wD = [wD,0 wD,1 ] and use
JLS (wA , wD ) to represent the whole cost function. An important property of the cost function is that when wA is
fixed, JLS (wA , wD ) is a convex function, while when wD
is fixed, JLS (wA , wD ) is a convex function. As a result, at
each iteration, given an optimized wD in the last round, the
newly optimized wA will at least not increase the value of the
cost function, while given an optimized wA in the last round,
the newly optimized wD will at least not increase the value
of the cost function, i.e., the cost function will not increase
during the alternate optimization process.
ii) Three beams
In this section, consider the case of M = X = 3. The
steering vector of the m-th interleaved subarray is given by
(21) with m = {0, 1, 2}. Then, similar to (24), the coefficients
of the general digital coding scheme for the beam in direction
ϕx are
wD,x = [wD,x,0 , wD,x,1 , wD,x,2 ] = [ax,0

ax,1

ax,2 ], (51)

with x = {0, 1, 2}. Thus, the designed beam response for the
beam pointing to direction ϕx changes to
Pϕx (θ) = ax,0 P0 (θ) + ax,1 P1 (θ) + ax,2 P2 (θ)
= ax,0 w0H s0 (θ) + ax,1 w1H s1 (θ) + ax,2 w2H s2 (θ).
(52)
Similar to (29), the cost function JLS combining the above
three beams can be expanded as
JLS =
X−1
X

β X
si (θ)sk (θ)H ,
Ng
θ∈Θsx
θ∈Θmx
(54)
QLSxq , zLSxq , dLSx and Sq (θ) are the same as (30), (33), (34)
and (35) with {q, i, k} = {0, 1, 2} but i 6= k. Similar to (36),
via combining the analogue coefficients w0 , w1 and w2 into
one vector, given by
 
w0
(55)
wA = w1  ,
w2
PLSikx = (1 − β)

where 0 in (49) is an Ns × 1 null matrix.
3) Given the obtained values of a0,0 , a0,1 , a1,0 and a1,1 in
step 2), the new set of values of wA can be obtained by
(44).
4) Repeat the steps of 2) and 3) until the cost function
converges, i.e., the change of the cost function between
the k-th and (k+1)-th iteration satisfies
k JLS (k + 1) − JLS (k) k2 ≤ δ k JLS (k) k2 ,

with
X

si (θ)sk (θ)H +

equation (53) can be rewritten as


H
H
QLS + PLS ĨLS0 + RLS ĨLS1 wA − wA
JLS = wA
zLS
− zH
LS wA + dLS0 + dLS1 + dLS2 ,

with



zLS

(56)


GLS0
0
0
0 ,
GLS1
QLS =  0
0
0
GLS2


0
0
HLS0
0 ,
HLS1
PLS =  0
0
0
HLS2


0
0
YLS0
0 ,
YLS1
RLS =  0
0
0
YLS2


0 1 0
ĨLS0 = 0 0 1
1 0 0


0 0 1
ĨLS1 = 1 0 0 ,
0 1 0


a0,0 zLS00 + a1,0 zLS10 + a2,0 zLS20
= a0,1 zLS01 + a1,1 zLS11 + a2,1 zLS21  ,
a0,2 zLS02 + a1,2 zLS12 + a2,2 zLS22

GLSq = a20,q QLS0q + a21,q QLS1q + a22,q QLS2q ,

(57)

(58)

(59)

(60)

(61)

(62)
(63)

HLS0 = a0,0 a0,1 PLS010 +a1,0 a1,1 PLS011 +a2,0 a2,1 PLS012 ,
HLS1 = a0,1 a0,2 PLS120 +a1,1 a1,2 PLS121 +a2,1 a2,2 PLS122 ,
HLS2 = a0,0 a0,2 PLS200 +a1,0 a1,2 PLS201 +a2,0 a2,2 PLS202 ,
(64)
YLS0 = a0,0 a0,2 PLS020 +a1,0 a1,2 PLS021 +a2,0 a2,2 PLS022 ,
YLS1 = a0,0 a0,1 PLS100 +a1,0 a1,1 PLS101 +a2,0 a2,1 PLS102 ,

a2x,0 w0H QLSx0 w0 +a2x,1 w1H QLSx1 w1 +a2x,2 w2H QLSx2 w2

x=0

+ ax,0 ax,1 w0H PLS01x w1 + w1H PLS10x w0

+ ax,0 ax,2 w0H PLS02x w2 + w2H PLS20x w0






+ ax,1 ax,2 w1H PLS12x w2 + w2H PLS21x w1


H
H
−ax,0 w0H zLSx0+zH
LSx0 w0 −ax,1 w1 zLSx1+zLSx1 w1


−ax,2 w2H zLSx2+zH
LSx2 w2 + dLSx ,
(53)

YLS2 = a0,1 a0,2 PLS210 +a1,1 a1,2 PLS211 +a2,1 a2,2 PLS212 .
(65)
Similar to (44), for a given set of ax,q ({x, q} ∈ {0, 1, 2}), wA
can be obtained by

−1
(66)
wA = QLS + PLS ĨLS0 + RLS ĨLS1
zLS .

Joint optimisation of the digital coefficients ax,q ({x, q} ∈
{0, 1, 2}) and the corresponding analogue coefficients wA can
be achieved by the following iterative process:

6

1) First, via initialising the digital coefficients a0,0 =
a0,1 = a1,0 = a1,2 = a2,0 = a2,1 = a2,2 = 1 and
a0,2 = a1,1 = −1, the values of wA are obtained by
substituting ax,q ({x, q} ∈ {0, 1, 2}) into (66).
2) Given the obtained values of wA in step 1), we find the
closed-form solution of digital coefficients ax,q ({x, q} ∈
{0, 1, 2}) by minimising the cost function (53), given by


ax,0
ax,1  =
ax,2
"
#−1
H
H
H
wA Q̂LSx0 wA

H
wA
Q̂LSx1 wA

H
H
P̂LSx1 ĨLS4 wA
wA
P̂LSx2 ĨLS3 wA wA
H
A LSx0 +ẑLSx0 wA
H
wA ẑLSx1 +ẑH
LSx1 wA
H
wA
ẑLSx2 +ẑH
LSx2 wA

with

iii) More than three beams
Following the approach introduced for two beams and three
beams, we can extend it to more than three beams without
difficulty. To save space, it is omitted here.

wA P̂LSx0 ĨLS2 wA wA P̂LSx2 ĨLS3 wA

H
wA
P̂LSx0 ĨLS2 wA

" wH ẑ

4) Repeat the steps of 2) and 3) until the cost function
converges and the final digital coefficients wD,0 , wD,1 ,
wD,2 and the corresponding analogue coefficients wA
are then obtained.

#

H
wA
P̂LSx1 ĨLS4 wA
H
wA
Q̂LSx2 wA

B. Uniform Planar Array

,
(67)


2QLSx0
0
0



0 0
0 0 ,
(68)
0 0


0
0
0
Q̂LSx1 = 0 2QLSx1 0 ,
(69)
0
0
0


0 0
0
0 ,
(70)
Q̂LSx2 = 0 0
0 0 2QLSx2


PLS01x
0
0
PLS10x 0 ,
(71)
P̂LSx0 =  0
0
0
0


0
0
0
0 ,
P̂LSx1 = 0 PLS12x
(72)
0
0
PLS21x


0
PLS02x 0
0
0 ,
P̂LSx2 =  0
(73)
0
0 PLS20x


0 1 0
(74)
ĨLS2 = 1 0 0 ,
0 0 1


0 0 1
ĨLS3 = 0 1 0 ,
(75)
1 0 0


1 0 0
ĨLS4 = 0 0 1 ,
(76)
0 1 0






0
0
zLSx0
ẑLSx0 =  0  , ẑLSx1 = zLSx1  , ẑLSx2 =  0  .
0
0
zLSx2
(77)
Note that 0 in (77) is an Ns × 1 null matrix.
3) Given the obtained values of ax,q ({x, q} ∈ {0, 1, 2}) in
step 2), the new set of values of wA can be obtained by
(66).
Q̂LSx0 = 

Fig. 2. A UPA with interleaved subarray architecture.

Fig. 3. A UPA with localised subarray architecture.

The approach introduced for designing uniform linear arrays
can be extended to uniform planar arrays too and the only thing
to change is the steering vector and the desired beam response,
as for planar arrays, both elevation angle and azimuth angle
are needed to specify a beam response in the three dimensional
space [16], [31], [32].
Similar to the linear array case, for hybrid beamforming
based on a UPA, there are also two different structures, i.e.,
interleaved and localised, and an example for each case with
M = 2 are displayed in Figs. 2 and 3, which contain 2Nx and
2Ny antennas along the x-axis and y-axis, respectively. The
adjacent antenna spacings along the x-axis and y-axis are dx
and dy . Moreover, the elevation angle is θ ∈ [−90◦ , 90◦ ] and
azimuth angle is φ ∈ [−90◦ , 90◦ ]. Thus, the steering vectors
of the two interleaved subarrays as a function of θ and φ are
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0

given by

Beam 0

[1, e

2d
j2π λy

e

j2π( dλx

e

j2π( dλx

sin θ sin φ

sin θ

d
cos φ+ λy

sin θ

(2Ny −1)dy
cos φ+
λ

(2Nx −1)dx
j2π(
λ

e
s1 (θ, φ) =
[ej2π
e

dy
λ

j2π dλx

..., e

, ..., e

2(Ny −1)dy
j2π
λ

sin θ

sin θ sin φ
sin θ cos φ

sin θ sin φ)

, ..., e

(2Nx −1)dx
j2π(
λ

(2Ny −1)dy
λ

j2π( dλx

sin θ

,

, ...,

sin θ sin φ)

(2Ny −1)dy
cos φ+
λ

, ..., ej2π

sin θ sin φ

Beam strength (dB)

s0 (θ, φ) =

sin θ

, ...,

sin θ sin φ) T

] ,

sin θ sin φ

Beam 1

-10
-15
-20
-25
-30
-80

,

2(Ny −1)dy
cos φ+
λ

2(Ny −1)dy
cos φ+
λ

-5

sin θ sin φ)

, ..., e

j2π

2(Ny −1)d
λ

] .

sin θ sin φ

,

0
1
2
3
4
5
6
7
8
9

d

ej2π λ (sin θ cos φ+(2Ny −1) sin θ sin φ) , ...,
d

ej2π λ ((2Nx −1) sin θ cos φ+(2Ny −1) sin θ sin φ) ]T ,

(79)

s1 (θ, φ) =

..., e

, ..., e

d
j2π λ
(sin θ

sin θ sin φ

,

cos φ+2(Ny −1) sin θ sin φ)

60

80

w0

w1
0.6911-0.7228i
-0.7530-0.6580i
-0.6236+0.7817i
0.8089+0.5880i
0.5511-0.8344i
-0.8583-0.5132i
-0.4742+0.8804i
0.9008+0.4343i
0.3935-0.9193i
-0.9360-0.3519i

,

d
j2π λ
((2Nx −1) sin θ cos φ+2(Ny −1) sin θ sin φ) T

] .

Again, suppose the coefficients vector for the two subarrays
are represented by w0 and w1 , respectively. Then, similar
to (36), by combining w0 and w1 into one vector wA and
using the same approach as in Section IV-Ai), the final digital
and analogue coefficients can be obtained for the UPA based
hybrid beamforming structure.
V. D ESIGNED EXAMPLES
In this section, some design examples are provided for the
two proposed methods. Assume that each subarray consists of
ten and fifteen antennas with ULA, i.e., Ns = 10 and Ns = 15
for the two-user and three-user cases, respectively. Moreover,
for UPA, each subarray contains Nx = Ny = 6 antennas along
the x and y axes, respectively. The performance of the scheme
in [26] and the two proposed designs in Sections III and IV
are compared for multiple arbitrary directions.
A. Design example with the scheme in [26]
Suppose that the two desired beam directions are −48◦
and 20◦ . For the scheme in [26], the two-beam multiplexing
performance of one desired beam pointing to −48◦ and
one pointing to 20◦ are shown in Fig. 4 and Fig. 5. The
corresponding analogue coefficients are displayed in Table I
and Table II, respectively.

0
Beam 0

Beam strength (dB)

e

sin θ cos φ

(2Ny −1)d
λ

40

1.0000+0.0000i
-0.0431-0.9991i
-0.9963+0.0860i
0.1289+0.9917i
0.9852-0.1714i
-0.2137-0.9769i
-0.9668+0.2556i
0.2970+0.9549i
0.9412-0.3378i
-0.3780-0.9258i

n

d

d

20

TABLE I
Analogue coefficients w0 and w1 with its zeroth beam pointing to
◦
−48 using the scheme in [26].

ej2π λ (sin θ cos φ+sin θ sin φ) , ...,

[ej2π λ sin θ sin φ , ..., ej2π

0

Fig. 4. Beam pattern of two interleaved subarrays when ϕ0 = −48◦ with
the scheme in [26].

sin θ sin φ) T

m

j2π 2d
λ sin θ sin φ

-20

,

s0 (θ, φ) =

d
j2π λ

-40

(degree)

(78)
If all antennas are equally spaced in x and y axes, i.e.,
dx = dy = d, the steering vectors of two subarrays in (78)
change to

[1, e

-60

-5

Beam 1

-10
-15
-20
-25
-30
-80

-60

-40

-20

0

20

40

60

80

(degree)
Fig. 5. Beam pattern of two interleaved subarrays when ϕ1 = 20◦ with the
scheme in [26].

We can clearly observe that in Fig. 4, the first beam has
pointed to the direction 14.9◦ instead of the required 20◦ by
the design, while in Fig. 5, the zeroth beam has pointed −41.1◦
instead of the required −48◦ , highlighting the issue of the
design in [26].
B. Design example for the first proposed scheme
For the first proposed design with varying antenna spacing,
according to (20), α can be calculated as 0.92 for ϕ0 = −48◦
and ϕ1 = 20◦ . Thus, the adjacent antenna spacing for the two
subarrays is d0 = d1 = αλ = 0.92λ. The two resultant beams
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TABLE II
Analogue coefficients w0 and w1 with its first beam pointing to 20◦
using the scheme in [26].
m

w0

w1

1.0000+0.0000i
-0.5497-0.8354i
-0.3957+0.9184i
0.9847-0.1742i
-0.6868-0.7268i
-0.2296+0.9733i
0.9393-0.3432i
-0.8030-0.5960i
-0.0565+0.9984i
0.8651-0.5016i

0.4762-0.8793i
-0.9967+0.0818i
0.6132+0.7900i
0.3265-0.9452i
-0.9700+0.2432i
0.7337+0.6794i
0.1680-0.9858i
-0.9174+0.3980i
0.8347+0.5507i
0.0051-1.0000i

n
0
1
2
3
4
5
6
7
8
9

For the two-user case, the trade-off factor in the weighting function is chosen as β = 0.65 and the convergence
factor is δ = 1 × 10−5 . Because the sidelobe regions are
all sampled at 1◦ and the same beam directions as in the
first proposed design are adopted, the mainlobe direction of
the zeroth beam is Θm0 = −48◦ with the sidelobe region
Θs0 ∈ [−90◦ , −53◦ ] ∪ [−43◦ , 90◦ ], and the mainlobe direction
of the first beam is Θm1 = 20◦ with the sidelobe region
Θs1 ∈ [−90◦ , 15◦ ] ∪ [25◦ , 90◦ ] and Ng = 172.

by the first proposed design with varying antenna spacing are
displayed in Fig. 6. The corresponding analogue coefficients
are listed in Table III. It is clear that the two beams are in
the desired directions and the first proposed design is working
effectively.
0

Beam strength (dB)

Beam 0

-5

Beam 1

-10
-15
-20
-25
-30
-80

-60

-40

-20

0

20

40

60

i) Two-user case

80

(degree)
Fig. 6. Beam pattern of two interleaved subarrays when ϕ0 = −48◦ and
ϕ1 = 20◦ for the first proposed scheme in Section III.

With d = λ3 , the zeroth and first beams obtained using
the scheme in Section IV (‘2nd proposed method’) are shown
in Figs. 7 and 8, respectively. The corresponding digital and
analogue coefficients are displayed in Tables IV and V and the
change of the cost function JLS with respect to the iteration
number is shown in Fig. 9. Furthermore, we also showed the
design results obtained using the method in Appendix, where
the zeroth subarray in the interleaved structure is directly used
to design a beam pointing to −48◦ and the first subarray for the
beam pointing to 20◦ ; there are no digital schemes combining
these two subarrays and each subarray operates independent
of the other. They are indicated in Figs. 7 and 8 as ‘Separate
direct design0 ’. Moreover, we have also showed the separate
design results using the method in Appendix based on the
localised subarray structure, i.e., for the whole ULA with 2Ns
sensors, the first Ns of them are used to design the bream
pointing to −48◦ and the last Ns of them are used to design
the beam pointing to 20◦ ; there is no digital inter-subarray
coding schemes to combine these two together. This result is
represented by ‘Separate direct design1 ’ in Figs. 7 and 8.

TABLE III
Analogue coefficients w0 and w1 when ϕ0 = −48◦ and ϕ1 = 20◦ for
the first proposed scheme in Section III.

0
1
2
3
4
5
6
7
8
9

w0

w1

1.0000+0.0000i
-0.3982-0.9173i
-0.6829+0.7305i
0.9420+0.3356i
-0.0673-0.9977i
-0.8885+0.4590i
0.7748+0.6322i
0.2715-0.9624i
-0.9910+0.1342i
0.5177+0.8556i

0.5486-0.8361i
-0.9854-0.1703i
0.2362+0.9717i
0.7973-0.6035i
-0.8711-0.4911i
-0.1036+0.9946i
0.9536-0.3010i
-0.6558-0.7549i
-0.4314+0.9022i
0.9993+0.0365i

0
2nd proposed method
Separate direct design0

-5

Beam strength (dB)

m
n

Separate direct design1

-10
-15
-20
-25
-30

C. Design examples for the second proposed scheme based
on ULA
As to the second proposed design using ULA, we consider
two fixed antenna spacings d = λ3 and d = 2λ
9 for the two-user
and three-user cases, respectively.

-80

-60

-40

-20

0

20

40

60

80

(degree)
Fig. 7. Beam pattern of the zeroth beam when ϕ0 = −48◦ for the second
proposed scheme in Section IV-Ai) and the separate direct designs with the
interleaved and localised architectures using the method in Appendix (d =
1
λ).
3

9

0
-5

Beam strength (dB)

better than the two separate direct designs, as the sidelobes
have been suppressed to a much lower level compared to the
‘Separate direct design0 ’, while its mainlobe beamwidth is
much narrower than that of the ‘Separate direct design1 ’.

2nd proposed method
Separate direct design0
Separate direct design1
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-80
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(degree)
Fig. 8. Beam pattern of the first beam when ϕ1 = 20◦ for the second
proposed scheme in Section IV-Ai) and the separate direct designs with the
interleaved and localised architectures using the method in Appendix (d =
1
λ).
3

In addition, to show the effect of the constraint imposed
by the hybrid beamforming structure, we design the zeroth
beam using the whole array directly using the method in Appendix (without inter-subarray coding and without the hybrid
structure, just a classic beamformer with the same number
of coefficients as the number of antennas) and then design
the first beam using the whole array in the same way. With
the same other parameters, the two resultant beams designed
by the second proposed method and the design based on the
whole array (‘Total design’) are compared in Fig. 10.

TABLE IV
Digital coefficients wD,0 and wD,1 when ϕ0 = −48◦ and ϕ1 = 20◦
for the second proposed scheme in Section IV-Ai) (d = 13 λ).
wD,0

wD,1

2.3775
-1.5846

0.7983
0.3237

m
0
1

Beam 0

TABLE V
Analogue coefficients w0 and w1 when ϕ0 = −48◦ and ϕ1 = 20◦ for
the second proposed scheme in Section IV-Ai) (d = 13 λ).

Beam 0 (Total design)

-5

Beam strength (dB)

x

0

Beam 1
Beam 1 (Total design)

-10
-15
-20
-25
-30
-80

m

w0

w1

0.0515+0.0411i
-0.0297+0.0886i
-0.0638+0.0192i
-0.0533-0.0901i
0.1000-0.0467i
0.0412+0.0683i
-0.0399+0.0723i
-0.0853-0.0404i
0.0320-0.0692i
0.0249-0.0367i

0.0263+0.1422i
-0.0793+0.0753i
-0.1161-0.0371i
0.0458-0.1666i
0.1349+0.0547i
0.0051+0.1066i
-0.1311+0.0543i
-0.0340-0.1297i
0.0515-0.0600i
0.0531-0.0413i

n
0
1
2
3
4
5
6
7
8
9

JLS (dB)

-12 (1,-11.7380)

-60

-40

-20

0

20

40

60

80

(degree)
Fig. 10. Beam pattern of the two designed beams when ϕ0 = −48◦ and
ϕ1 = 20◦ for the second proposed scheme in Section IV-Ai) and the total
separate direct design in Appendix (d = 31 λ).

As clearly shown in Fig. 10, the mainlobe beamwidths of the
two designed beams in ‘Total design’ are narrower than those
of the second proposed scheme, in addition to a much lower
sidelobe level, as more degrees of freedom are available by
removing the constraint of the hybrid beamforming structure.

-13

ii) Three-user case
-14

Fig. 9. Cost function JLS with respect to the iteration number k for the
two-user case when ϕ0 = −48◦ and ϕ1 = 20◦ with two ULAs (d = 31 λ).

Now, we consider examples for the three-user case. Suppose
that the three desired beam directions are −55◦ , −5◦ and 40◦ ,
the corresponding sidelobe regions are Θs0 ∈ [−90◦ , −60◦ ] ∪
[−50◦ , 90◦ ], Θs1 ∈ [−90◦ , −10◦ ] ∪ [0◦ , 90◦ ] and Θs2 ∈
[−90◦ , 35◦ ]∪[45◦ , 90◦ ], and Ng = 172. The trade-off factor is
β = 0.7 and the convergence factor changes to δ = 1 × 10−4 .

For the deign example in Fig. 8, although the improvement
for the first beam is not prominent enough compared to the
design by ‘Separate direct design0 ’, the quality of the zeroth
beam in Fig. 7 by the second proposed scheme is much

With d = 92 λ, the three resultant beams are shown in Figs.
11, 12 and 13 and the corresponding digital and analogue
coefficients are listed in Tables VI and VII, respectively. A
similar observation can be made as in the two-beam case.

(57,-14.6954)
0

10

20

30

40

50

k (Iteration number)

10

0
-5

Beam strength (dB)

TABLE VI
Digital coefficients wD,0 , wD,1 and wD,2 when ϕ0 = −55◦ ,
◦
◦
ϕ1 = −5 and ϕ2 = 40 for the second proposed scheme in Section
IV-Aii) (d = 92 λ).

2nd proposed method
Separate direct design0
Separate direct design1

-10

x
m

-15

0
1
2

-20

wD,0

wD,1

wD,2

5.4556
3.3085
-0.2327

0.9683
-0.2793
0.0070

4.7700
4.0944
0.4455
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Fig. 11. Beam pattern of the zeroth beam with ϕ0 = −55◦ for the second
proposed scheme in Section IV-Aii) and the separate direct designs with the
interleaved and localised architectures using the method in Appendix (d =
2
λ).
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Fig. 12. Beam pattern of the first beam with ϕ1 = −5◦ for the second
proposed scheme in Section IV-Aii) and the separate direct designs with the
interleaved and localised architectures using the method in Appendix (d =
2
λ).
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0
2nd proposed method
Separate direct design0

Beam strength (dB)

-5

Separate direct design1

-10
-15

TABLE VII
Analogue coefficients w0 , w1 and w2 when ϕ0 = −55◦ , ϕ1 = −5◦ and
ϕ2 = 40◦ for the second proposed scheme in Section IV-Aii) (d = 29 λ).
m
n
0
1
2
3
4
5
6
7
8
9
10
11
12
13
14

w0

w1

w2

0.0165+0.0017i
0.0184-0.0057i
0.0366-0.0307i
0.0203-0.0451i
0.0061-0.0609i
-0.0163-0.0496i
-0.0387-0.0551i
-0.0532-0.0345i
-0.0635-0.0131i
-0.0569+0.0139i
-0.0552+0.0243i
-0.0317+0.0391i
-0.0109+0.0500i
0.0026+0.0409i
-0.0049+0.0154i

-0.0202-0.0021i
-0.0411+0.0199i
-0.0452+0.0496i
-0.0253+0.0820i
0.0014+0.0767i
0.0380+0.0820i
0.0586+0.0680i
0.0929+0.0439i
0.0810+0.0044i
0.0917-0.0301i
0.0652-0.0349i
0.0386-0.0732i
0.0063-0.0636i
-0.0043-0.0551i
0.0125-0.0068i

0.0755+0.0916i
0.0294-0.1041i
0.1522-0.0870i
-0.0601-0.1700i
0.0721-0.1488i
-0.1750-0.1031i
-0.0619-0.2022i
-0.2044+0.0554i
-0.1623-0.0924i
-0.1145+0.1449i
-0.1752+0.0275i
0.0299+0.1772i
-0.0765+0.0943i
0.0686+0.0643i
-0.0863+0.0597i

Overall, from both sets of design examples, it can be seen
that the second proposed method with a fixed antenna spacing
is working effectively with the resultant beams pointing to the
desired directions, while the separate direct designs based on
each subarray using the method in Appendix is not as good
and in the interleaved subarray architecture, it even leads to a
grating lobe as shown in Fig. 7 for the two-user case and Figs.
11 and 13 for the three-user case due to a spacing larger than
half wavelength. Furthermore, based on the performances with
two types of sub-array architectures in the above two cases, the
interleaved subarray architecture provides a better result with a
narrower mainlobe beamwidth than the localised architecture.
Note that when d = 31 λ and 29 λ for the two and three users,
respectively, the antenna spacing for each subarray is 32 λ and
grating lobes are expected. This also highlights the positive
effect of the digital scheme, which can combine the multiple
subarrays together in an effective way to eliminate grating
lobes.
D. Design examples for the second proposed scheme based
on UPA
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Fig. 13. Beam pattern of the second beam with ϕ2 = 40◦ for the second
proposed scheme in Section IV-Aii) and the separate direct designs with the
interleaved and localised architectures using the method in Appendix (d =
2
λ).
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For the design based on UPA with M = 2, one fixed antenna
spacing dx = dy = 13 λ is employed for the two users and the
number of the antennas in the whole array is 2Nx × 2Ny =
144. In addition, the mainlobe direction in the azimuth angle
for both designed beams is selected as φm = 0◦ and the
corresponding sidelobe region is φs ∈ [−90◦ , −5◦ ] ∪ [5◦ , 90◦ ].
The desired elevation angles and the corresponding sidelobe
regions for the two designed beams are the same as the twouser case in Section V-C. Moreover, the trade-off factor in the

11

weighting function is β = 0.65 and the convergence factor
is δ = 1 × 10−10 . The two resultant beams by the second
proposed scheme are shown in Figs. 14 and 15, where a
satisfactory design performance is achieved with both of their
sidelobes being lower than -10 dB.

A PPENDIX
To show the improvement by the proposed hybrid beamforming design methods from another angle, we consider a
least squares design based on three other structures: design
based on the interleaved subarray only without any intersubarray coding scheme, design based on the localised subarray only without any inter-subarray coding scheme, and design
based on the whole original array. That is, for the first two
cases, the m-th subarray generates a beam pointing to ϕx with
m = x, and all subarrays operate independent of each other;
For the third case, the whole array is used directly to form a
beam (without inter-subarray coding and without the hybrid
structure, just a classic beamformer with the same number of
coefficients as the number of antennas).
The starting point is to obtain the steering vector of the
considered array first. For the first case based on a ULA, the
steering vector has been given by (21). For the second case
based on a ULA, i.e., the localised case, its steering vector is
given by
d

d

sm (θ) =[ej2πmNs λ sin θ , ej2π(mNs +1) λ sin θ ,
d

Fig. 14. Beam pattern of the zeroth beam with ϕ0 = −48◦ and φm = 0◦
for the second proposed scheme in Section IV-B (dx = dy = 13 λ).

..., ej2π((m+1)Ns −1) λ sin θ ]T .

(80)

For the second case based on a UPA, as shown in Fig. 3, the
steering vectors of the two localised planar subarrays are given
by
s0 (θ, φ) =
[1, ej2π
..., e
e
e

dy
λ

sin θ sin φ

(N −1)d
j2π x λ x

(N −1)d
j2π( x λ x

j2π( Nxλdx

..., e

, ..., ej2π

sin θ cos φ

sin θ cos φ+

sin θ

sin θ

sin θ sin φ

,

, ...,

(Ny −1)dy
λ

N d
cos φ+ yλ y

(2Nx −1)dx
j2π(
λ

(Ny −1)dy
λ

sin θ sin φ)

sin θ sin φ)

,

,

(2Ny −1)dy
cos φ+
λ

sin θ sin φ) T

] ,

s1 (θ, φ) =
[ej2π
e
e
20◦

Fig. 15. Beam pattern of the first beam with ϕ1 =
and φm =
the second proposed scheme in Section IV-B (dx = dy = 31 λ).

0◦

for

e

In this paper, two millimetre-wave beam multiplexing design schemes, with varying and fixed antenna spacings, respectively, have been proposed based on the interleaved subarray
architecture. The two new designs overcome the limitation of
an existing one so that with one set of analogue coefficients,
multiple beams serving multiple arbitrary user directions can
be generated. As demonstrated by provided design examples
based on both ULAs and UPAs, the first proposed design
works effectively but the antenna spacing is not fixed any
more, while using the least squares approach, the second design achieves multi-beam multiplexing for arbitrary directions
by considering the antenna spacing as a fixed parameter again.

sin θ sin φ

(N −1)d
j2π( x λ x
(N −1)d
j2π( x λ x

j2π Nxλdx

..., e
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Ny d y
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λ

sin θ

N d
cos φ+ yλ y

sin θ

(2Ny −1)dy
cos φ+
λ

sin θ cos φ

(2Nx −1)dx
λ

, ..., e
sin θ

sin θ sin φ

sin θ sin φ)

j2π( Nxλdx

, ...,

sin θ sin φ)

,

sin θ cos φ+

(N −1)d
cos φ+ y λ y

, ...,

(Ny −1)dy
λ

sin θ sin φ)

,

sin θ sin φ) T

] .

(81)
For the third case, the steering vector based on a ULA is given
by
d

d

d

s(θ) =[1, ej2π λ sin θ , ej2π2 λ sin θ , ..., ej2π(2Ns −1) λ sin θ ]T .
(82)
Now we use s(θ) to represent a general steering vetor and w
to represent the corresponding beamforming coefficients. Then
the cost formulation of the beam pointing to ϕx generated by
the array is given by
X
2
JLS = (1 − β)
wH s(θ) − 1
θ∈Θmx

+ (β/Ng )

X

θ∈Θsx

2

wH s(θ) ,

(83)
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where Θmx represents the main lobe area and Θsx represents
the sidelobe region.
Equation (83) can be expanded into a quadratic form
JLS = wH QLSxq w − wH zLSxq − zH
LSxq w + dLSx ,

(84)

where QLSxq , zLSxq , and dLSx have been defined by (30),
(33), and (34) using corresponding types of steering vectors.
Overall, the minimisation of (84) with respect to wH , gives
the following solutions
w = Q−1
LSxq zLSxq .

(85)

R EFERENCES
[1] F. Boccardi, R. W. Heath, A. Lozano, T. L. Marzetta, and P. Popovski,
“Five disruptive technology directions for 5G,” IEEE Commun. Mag.,
vol. 52, no. 2, pp. 74–80, Feb. 2014.
[2] S. A. Busari, K. M. S. Huq, S. Mumtaz, et al., “Generalized hybrid
beamforming for vehicular connectivity using THz massive MIMO,”
IEEE Trans. Veh. Technol., vol. 68, no. 9, pp. 8372–8383, Sept. 2019.
[3] K. Satyanarayana, M. El-Hajjar, P. Kuo, A. Mourad, and L. Hanzo,
“Hybrid beamforming design for full-duplex millimeter wave communication,” IEEE Trans. Veh. Technol., vol. 68, no. 2, pp. 1394–1404,
Feb. 2019.
[4] S. Payami, M. Ghoraishi, M. Dianati, and M. Sellathurai, “Hybrid
beamforming with a reduced number of phase shifters for massive
MIMO systems,” IEEE Trans. Veh. Technol., vol. 67, no. 6, pp. 4843–
4851, June 2018.
[5] Z. Zheng and H. Gharavi, “Spectral and energy efficiencies of millimeter
wave MIMO with configurable hybrid precoding,” IEEE Trans. Veh.
Technol., vol. 68, no. 6, pp. 5732–5746, June 2019.
[6] M. M. Molu, P. Xiao, M. Khalily, K. Cumanan, L. Zhang, and R. Tafazolli, “Low-complexity and robust hybrid beamforming design for multiantenna communication systems,” IEEE Trans. Wireless Commun., vol.
17, no. 3, pp. 1445–1459, Mar. 2018.
[7] A. Li and C. Masouros, “Energy-efficient SWIPT: From fully digital
to hybrid analog–digital beamforming,” IEEE Trans. Veh. Technol., vol.
67, no. 4, pp. 3390–3405, Apr. 2018.
[8] Q. Luo, S. Gao, W. Liu, and C. Gu, Low-cost Smart Antennas, Wiley
Press, Mar. 2019.
[9] W. Roh, J. Seol, J. Park, et al., “Millimeter-wave beamforming as
an enabling technology for 5G cellular communications: Theoretical
feasibility and prototype results,” IEEE Commun. Mag., vol. 53, no.
2, pp. 106–113, Feb. 2014.
[10] S. Han, C. I, Z. Xu, and C. Rowell, “Large-scale antenna systems with
hybrid analog and digital beamforming for millimeter wave 5G,” IEEE
Commun. Mag., vol. 53, no. 1, pp. 186–194, Jan. 2015.
[11] A. F. Molisch, V. V. Ratnam, S. Han, et al., “Hybrid beamforming for
massive MIMO: A survey,” IEEE Commun. Mag., vol. 55, no. 9, pp.
134–141, Sept. 2017.
[12] F. Sohrabi and W. Yu, “Hybrid analog and digital beamforming for
mmWave OFDM large-scale antenna arrays,” IEEE J. Sel. Areas
Commun., vol. 35, no. 7, pp. 1432–1443, July 2017.
[13] V. Venkateswaran and A. van der Veen, “Analog beamforming in
MIMO communications with phase shift networks and online channel
estimation,” IEEE Trans. Signal Process., vol. 58, no. 8, pp. 4131–4143,
Aug. 2010.
[14] O. Oliaei, “A two-antenna low-IF beamforming MIMO receiver,” in
Proc. IEEE Global Communications Conference, Washington, DC, USA,
Nov. 2007, pp. 3591–3595.
[15] C. Miller, W. Liu, and R. J. Langley, “Reduced complexity MIMO
receiver with real-valued beamforming,” in Proc. IEEE International
Conference on Computer and Information Technology, Liverpool, UK,
Oct. 2015, pp. 31–36.
[16] W. Liu and S. Weiss, Wideband Beamforming: Concepts and Techniques,
John Wiley & Sons, Mar. 2010.
[17] X. Huang and Y. Guo, “Frequency-domain AoA estimation and
beamforming with wideband hybrid arrays,” IEEE Trans. Wireless
Commun., vol. 10, no. 8, pp. 2543–2553, Aug. 2011.
[18] T. S. Rappaport, S. Sun, R. Mayzus, et al., “Millimeter wave mobile
communications for 5G cellular: It will work!,” IEEE Access, vol. 1,
pp. 335–349, May 2013.

[19] J. A. Zhang, X. Huang, V. Dyadyuk, and Y. J. Guo, “Massive hybrid
antenna array for millimeter-wave cellular communications,” IEEE
Wirel. Commun., vol. 22, no. 1, pp. 79–87, Feb. 2015.
[20] Ching-Tai Lin and Hung Ly, “Sidelobe reduction through subarray
overlapping for wideband arrays,” in Proc. IEEE Radar Conference,
Atlanta, GA, USA, May 2001, pp. 228–233.
[21] Y. Guo, X. Huang, and V. Dyadyuk, “A hybrid adaptive antenna array for
long-range mm-wave communications,” IEEE Antennas Propag. Mag.,
vol. 54, no. 2, pp. 271–282, Apr. 2012.
[22] S. Fujio, C. Kojima, T. Shimura, et al., “Robust beamforming method
for SDMA with interleaved subarray hybrid beamforming,” in Proc.
IEEE 27th Annual International Symposium on Personal, Indoor, and
Mobile Radio Communications (PIMRC), Valencia, Spain, Sept. 2016,
pp. 1–5.
[23] T. Shimura, T. Ohshima, H. Ashida, et al., “Millimeter-wave TX
phased array with phase adjusting function between transmitters for
hybrid beamforming with interleaved subarrays,” in Proc. 46th European
Microwave Conference (EuMC), London, UK, Oct. 2016, pp. 1572–
1575.
[24] P. Rocca, R. Haupt, and A. Massa, “Sidelobe reduction through element
phase control in uniform subarrayed array antennas,” IEEE Antennas
Wireless Propag. Lett., vol. 8, no. 1, pp. 437–440, Feb. 2009.
[25] Z. Li, A. Honda, T. Shimura, et al., “Multi-user mmwave communication
by interleaved beamforming with inter-subarray coding,” in Proc. IEEE
28th Annual International Symposium on Personal, Indoor, and Mobile
Radio Communications (PIMRC), Montreal, QC, Canada, Oct. 2017, pp.
1–6.
[26] M. Shimizu, “Millimeter-wave beam multiplexing method using subarray type hybrid beamforming of interleaved configuration with intersubarray coding,” Int. J. Wirel. Inf. Netw., vol. 24, no. 3, pp. 217–224,
Sept. 2017.
[27] J. Zhang, W. Liu, C. Gu, S. Gao, and Q. Luo, “Two-beam multiplexing
with inter-subarray coding for arbitrary directions based on interleaved
subarray architectures,” in Proc. IEEE 30th Annual International
Symposium on Personal, Indoor and Mobile Radio Communications
(PIMRC), Istanbul, Turkey, Sept. 2019, pp. 1–5.
[28] M. Shimizu, A. Honda, S. Ishikawa, et al., “Millimeter-wave beam
multiplexing method using hybrid beamforming,” in Proc. IEEE 27th
Annual International Symposium on Personal, Indoor, and Mobile Radio
Communications (PIMRC), Valencia, Spain, Sept. 2016, pp. 1–6.
[29] S. Doclo and M. Moonen, “Design of broadband beamformers robust
against gain and phase errors in the microphone array characteristics,”
IEEE Trans. Signal Process., vol. 51, no. 10, pp. 2511–2526, Oct. 2003.
[30] Y. Zhao, W. Liu, and R. Langley, “Application of the least squares approach to fixed beamformer design with frequency-invariant constraints,”
IET Signal Processing, vol. 5, no. 3, pp. 281–291, June 2011.
[31] S. Kim and Y. E. Wang, “Two-dimensional planar array for digital
beamforming and direction-of-arrival estimations,” IEEE Trans. Veh.
Technol., vol. 58, no. 7, pp. 3137–3144, Sept. 2009.
[32] W. Liu, “Design and implementation of a rectangular frequency invariant
beamformer with a full azimuth angle coverage,” J Franklin Inst, vol.
348, no. 9, pp. 2556 – 2569, Nov. 2011.

