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The meta distribution of the SIR for LoRaWANSs
with power control

Abstract—To reduce energy consumption, a device in a LoRa
(Long Range) wide area network (LoRaWAN) needs to adjust
its transmit power according to the distance from its tagged
Gateway (GW). It is important to measure the performance
of the LoRaWANs uplink with power control. In this paper,
we focus on the analysis of the coverage probability and the
meta distribution of the signal-to-interference ratio (SIR) for
a LoRaWAN uplink with fractional power control (FPC). The
LoRaWAN uplink is analysed based on the Poisson point process
(PPP). We present the possible reductions in transmit power of
devices whilst ensuring that the received signal power is greater
than the receiver sensitivity. We derive the coverage probability
of a LoRaWAN uplink, and show how power control influences
it. Finally, utilizing the meta distribution of SIR, the fine-grained
information of the LoRaWAN is revealed. The results show that
the power control greatly increases the successful probability of
edge-devices with little effect on the probability of inner-devices
if an appropriate FPC coefficient is chosen. This is because the
LoRa signal can be demodulated at a very low required SIR
threshold.

Index Terms—LoRaWAN, Poisson point process, Power con-
trol, Uplink, Meta distribution

I. INTRODUCTION

A. Motivation

More and more devices used across various fields are
connected to the Internet. Many reports forecast that the
Internet of Things (IoT) smart objects are expected to reach
212 billion entities deployed globally by the end of 2020. By
2022, machine-to-machine (M2M) traffic flows are expected to
constitute up to 45% of the whole Internet traffic. The whole
annual economic impact caused by the IoT is estimated to be
in the range of 2.7 trillion to 6.2 trillion by 2025 [1]-[4].

An important branch of IoT networks is low-power wide
area network (LPWAN) [5], which is designed for massive
numbers of devices connecting from long distance with low
traffic. There are three typical LPWAN technologies: narrow-
band Internet of Things (NB-IoT), long range wide area
network (LoRaWAN), and SigFox. As a part of the 3rd
Generation Partnership Project (3GPP) Releasel3, NB-IoT is
designed to be compatible with Long Term Evolution (LTE)
but kept as simple as possible in order to reduce hardware
costs and minimize battery consumption [6]. NB-IoT devices
directly communicate with base stations (BSs), i.e. eNBs,
thus most of the research results on cellular networks can be
directly used for NB-IoT networks. Both LoRaWAN devices
and Sigfox devices can be organized by Gateways (GWs)
which are deployed by users. These devices access to the
networks independently at a randomly chosen sub-channel
based on pure Aloha protocol in uplink. Comparing to NB-
IoT, LoRaWAN and Sigfox can be deployed quickly with less

cost for some use-case applications, especially where devices
do not move after deployment.

NB-IoT is compatible with cellular networks and Sigfox is
more simple than LoRaWANs, we only consider LoRaWANSs
in this paper. With the rapid growth of IoT market, LoRaWAN
as one of LPWAN technologies has been becoming more and
more popular due to the following factors: massive device
connectivity, the lower required signal-to-noise ratio (SNR)
for demodulation, simple network protocol, and usage of the
industrial scientific medical (ISM) band. But there has been
less research on LoRaWAN networks performance metrics.
Furthermore, in many applications it is desirable for the
devices to work for 10 years, supplied by a primary battery. To
guide the deployment of rapidly developing LoRaWANs and
save energy, it is now necessary to adopt a good mathematical
model to analyse the LoRaWANs and also consider power
control.

B. Related work

In recent years, stochastic geometry has been widely ac-
cepted to model and analyse wireless networks with randomly
placed nodes. Notably, the Poisson point process (PPP) is the
most tractable model for analysis of cellular networks due
to the simple form of its probability generating functional
(PGFL) [7, Theorem 4.9]. Most of the prior works focus on
the standard success (coverage) probability as the performance
metric [8]-[15]. The coverage probability is the spatial aver-
aging over the channel fading and the point process, and gives
some basic information on the signal-to-interference ratio
(SIR) performance. To obtain more fine-grained information
on an individual link such as the proportion of users in a
Poisson network archiving a desired link reliability with a
given SIR threshold, or the differences of two networks with
the same coverage probability, the meta distribution of the SIR
was proposed as a general concept and analysed for Poisson
bipolar and cellular networks in [16].

The results of PPP uplink cellular networks can be directly
used for NB-IoT networks because of their compatibility with
cellular networks, but are not suitable for LoRaWAN. In
uplink cellular networks, there is at most one user equipment
in each cell accessing the network in a particular time-
frequency resource block (RB). In LoRaWANS, each active
device independently sends messages to its tagged GW at a
randomly chosen sub-channel. To analyse LPWANs based on
PPP, in [17], a “card tossing” model was proposed to analyse
the interference of 2-dimensional (time-frequency) plane in
LPWANS. A special Aloha network, the bipolar model, was
studied in [18]. The authors derived the density of successful
transmissions and the density of throughput exploiting a PPP



model. The results of Aloha bipolar networks can not be
directly used in LoRaWANSs because all pairs of devices and
GWs have the same distance in bipolar Aloha network.
Moreover, in IoT networks, the devices may transmit data
with power control for power saving and mitigating the
interference. Many existing works about power control fo-
cus on cellular uplink networks. An inter-cell interference
coordination method using coordinated inter-cell interference
power control in uplink cellular networks was proposed in
[19]. A truncated channel inversion power control model was
proposed based on stochastic geometry for cellular uplink
transmission in [20]. The authors analysed the outage prob-
ability and spectral efficiency in both single and multi-tier
cellular wireless networks exploiting the PPP model. In [21],
the authors modelled and analysed the meta distribution of the
SIR for cellular networks with power control based on non-
homogeneous PPP model. As aforementioned, the results of
cellular uplink networks can not be used in LoRaWANSs. To
observe the influence of power control on a LoRaWAN uplink,
such as the coverage probability, its variance, the proportion of
LoRa devices archiving a desired successful probability with a
given SIR threshold, we analyse a PPP uplink LoRaWAN with
power control in our paper using meta distribution of SIR.

C. Contributions

The main contributions of this paper are summarized as
follows:

(a) We discuss the relationship between transmit power
and receiver sensitivity considering the thermal noise and
present the probability of the received signal strength being
greater than the receiver sensitivity. This will guide how
the transmit power could be reduced whilst still ensuring
acceptable reception.

(b) We derive the coverage probability for uplink Lo-
RaWANs based on a PPP model, and analyse the effect
of thermal noise on the coverage probability. The results
show that thermal noise can be ignored when analysing the
LoRaWANSs, because of the high power spectral density.

(c) We derive analytically the b-th moment of SIR for the
Poisson LoRaWANSs with fractional power control and calcu-
late the meta distribution by beta distribution approximation.

(d) We reveal that power control will benefit the success
probability of edge-devices with little effect on the probability
of inner-devices if we choose an appropriate power control
coefficient. This is different from cellular networks where
the success probability of inner-user-equipments is greatly
sacrificed to increase the success probability of edge-user-
equipments with power control.

The remainder of this paper is organized as follows: We
give our system model of LoRaWANs based on Poisson
point process in Section II. In Section III, we analyse the
coverage probability considering the devices send messages
using power control. Exploiting the meta distribution of SIR,
more information is revealed in Section IV. The conclusions
are given in Section V.

II. SYSTEM MODEL

We consider an uplink LoRaWAN consisting of GWs and
devices, where GWs and devices are randomly deployed
according to some homogeneous Poisson point process ®,
and ®4 with density Az and Aq in a 2-dimensional space as
shown in Fig. 1. For simplicity, we assume that all GWs and
devices are fixed after deployment for a particular LoORaWAN
application, i.e. the information of distances from devices to
GWs is well know by GWs and devices. In this case, each
device associates with its closest GW (the nearest GW in
Euclidean distance) and the fading between the GWs and the
devices is Rayleigh fading with unit mean. Using the known
distances, devices transmit data with fractional power control
(FPC) to save energy. Without loss of generality, we denote
GWs and devices by their locations. According to Slivnyak-
Mecke theorem [22, Theorem 1.4.5], we consider the typical
GW located at the origin, a common device located at x,
R = ||zo|| is the Euclidean distance from z( to origin. So,
the received signal strength from the device x( to the typical
GW is PixhR™*. P is the transmit power of devices xg. h
is the small-scale fading and h ~ exp(1l). R~ is the path
loss and o > 2 is the path loss exponent. We consider two
paradigms, one is that all devices send messages to their tagged
GWs with a fixed transmit power Pix = Phpax; the other is
that devices send messages to their tagged GWs with FPC, i.e
Py = P;R*¢, where P; is the minimum transmit power and
defined as the transmit power when R equals the unit distance.
€ > 0 is the fractional power control coefficient. ¢ = 0 defines
no power control, ¢ = 1 defines totally compensating path-loss
power control and € > 1 defines over-compensating power
control.
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Fig. 1. LoRaWAN uplink model. The typical GW is at the origin, active
devices transmit in a same sub-channel with the same SF.

In LoRaWANSs, devices communicate with their tagged
GWs using a grant-free pure Aloha protocol as the medium
access mechanism, which allows multiple devices to send mes-
sages simultaneously without any handshaking. LoRaWAN
adopts a chirp spread spectrum (CSS) modulation technique
to accommodate multiple devices in a single channel. Differ-
ent spreading factors (SFs) employed by LoRa devices are
orthogonal and provide interference immunity at the receiver
end [23], [24]. Moreover, LoRa devices enter into sleep to
preserve energy when there is no data to send. Each active
device (with same SF) transmits data at a randomly chosen
sub-channel from total N, channels. Letting p, denote the



probability of active devices, then the probability of the active
devices simultaneously transmitting data in the same sub-
channel with the same SF is p,/(N, - Nsr), where Ngg = 6
(from SF7 to SF12) is the number of SFs. As shown in
Fig. 1, it is worth noting that some interfering devices may
be closer to the typical GW than the desired device. This
is different from practical cellular downlink scenarios which
are best modelled via a soft-core process as a repulsive point
process if the typical BS is not considered [25]. In LoRaWAN,
according to the thinning theorem [22, Proposition 1.3.5], the
set of active devices (with same SF) is still a PPP (®,) with
density of A, = P2Rd.

In very dense deployment scenarios, LoORaWANs will in-
evitably become interference-limited, rather than noise limited
due to the Co-SF interference, caused by other uncoordinated
systems using the same SF and channel [23]. In [26], the
authors analysed the coverage probability of LoORaWANs con-
sidering the influence of thermal noise and Co-SF interference.
The results show that the coverage probability is mainly
affected by the thermal noise when the devices are far away
from the GWs, such as several kilometres. So, whether the
thermal noise can be neglected in LoORaWAN should be care-
fully considered. On the one hand, LoRaWAN devices should
transmit data with transmit power as low as possible for power
saving because the SIR theoretically will not be influenced by
fixed transmit power when neglecting the thermal noise. On
the other hand, the receiver will have a minimum sensitivity
and will miss the received signal if the transmit power is too
low. It is worth knowing how much lower the transmit power
can be to ensure the receiver is sensitive to the received signal
with the thermal noise not affecting reception.

Definition 1. In wireless networks, the receiver sensitivity is
defined as

RXS = 10log (KTB) + Np + S = Py + 5. (1)

Equation (1) is in logarithmic, where K is Boltzmann con-
stant, 7" is the temperature in Kelvin, B is the bandwidth, and
Nr is the noise figure. Py is the logarithmic power of noise
and S, is the required (predefined) SNR for demodulation at
a defined bit error rate.

In wireless networks, receivers work under the condition
that the received signal strength is greater than the receiver
sensitivity. We measure this performance as the probability
that the received signal strength is greater than the receiver
sensitivity and it is given as

P [Ptth_a

o2

> 9} =P [h > o®0P'R"]
2
@ exp (—0?0P'R"),
where (a) follows from h ~ exp(1l), 6 is the linear form of
S,. Also note 02 = N, B is the linear power of noise, where
N, is the power spectral density of noise. In fact, the form in
ratio of Eq. (2) is just the probability of received SNR being
greater than the required SNR for demodulation.
LoRaWAN devices can work under significant interference
because the LoRa signal can be demodulated with a very lower
SNR. For example, the minimum required SNR is —20 dB

for spreading factor 12 (SF'12) LoRa signal and —7.5 dB for
SF'7 LoRa signal [27]. This leads to a link budget exceeding
140 dB in LoRaWANs. We consider P, = 20 dBm when
a device transmits without power control and P, = —20 dBm
when a device transmits with FPC. The bandwidth of each
sub-channel is B = 125 kHz [28], the noise spectral density
N, = —173 dBm/Hz. The typical GW receives signals from
a device with distance R. Fig. 2 illustrates how the probability
of Eq. (2) changes with the distance R.

Sensitivity = NO*B +6

t:**:

= T
S ———

ARl s

5

o
©
a

—e=02,

€=03,
——e=0.2,
€=0.3,

-20 dBm, ¢ = -20 dB
-20 dBm, ¢ = -20 dB
-20dBm, §= -5dB
-20dBm, = -5dB
20 dBm, 6 =-20 dB
= 20 dBm 6= -5dB

0.8 L 1 L
0 500 1000 1500

R(m)

Probability
o
©

o
©
a

R R

-+ -€=0,

U U U U U U

tx
-+-€=0,

2000 2500 3000

Fig. 2. The probability that received signal strength is larger than the receiver
sensitivity varies with the distance. This reveals what the transmit power
should be to ensure the reception, for o = 4.

As shown in Fig. 2, the probabilities are strongly influenced
by the transmit power, required SNR for demodulation, and
distance from the device to its tagged GW. For example, when
the distance is more than 2 kms, only two lines are close to
’1’, which represent no power control, § = —20 dB, and FPC
(e = 0.3), 8 = —20 dB, respectively. When the distance is less
than 1 km and ¢ = 0.3, the probabilities of FPC are always
close to ’1’, although the P is vary small (—20 dBm). Within
a given distance range, we can neglect the thermal noise for all
SFs and focus on the C'o — SF interference, if the appropriate
transmit power is adopted (without power control or with FPC)
when we model and analyse the LoRaWANS. This is because
LoRa signals can be demodulated at a very low SNR threshold
and the power spectral density is very high with lower transmit
power but much narrower bandwidth (mostly at 125 kHz for
each sub-channel).

Power control can reduce the energy consumption of the
devices which are closer to their tagged GWs. Hence it prox-
imity improves transmit power saving. This is very important
for LPWAN devices which are mainly powered by batteries.
Theoretically, ¢ = 1 means totally compensating the path-
loss and statistically all device have the same received signal
strength. But a larger ¢ means a wider transmit power range,
which may lead to the transmit power of some devices far
away from their tagged GWs exceeding the maximum power
limit.

For a quick reference, the notations and symbols used in
this paper are summarized in the Table L.

III. COVERAGE PROBABILITY WITHOUT POWER CONTROL

It is worth pointing out that the received signal-to-
interference-plus-noise ratio (SINR) must be greater than the



TABLE I
NOTATIONS AND SYMBOLS USED IN THE PAPER
Notation | Description
Dy The set of gateways
[ The set of devices
[ The set of active devices with same SF
R The set of interfering devices
Ag The density of gateways
Ad The density of devices
i The density of interfering devices
Pa The active probability of gateways with same SF
Nc The number of total sub-channels
R Distance from the typical device to its closest GW
Ry Distance from the device x to its closest GW
Dy Distance from the device x to the typical GW
No Power spectral density of Noise
B The bandwidth
Pix The transmit power of device =
Py The minimum transmit power of devices
Prax The maximum transmit power of devices
« Path loss exponent
ha Small-scale fading
€ coefficient of FPC
S The area of networks
0 Required SIR for demodulation

required threshold SINR to demodulate the LoRa signal. The
>N’ in SNR of [27] means both thermal noise and interference
and so should really be SINR. Eq. (2) and Fig. 2 only consider
the influence of thermal noise on sensitivity, coming to the
conclusion that thermal noise can be neglected in some cases.
In this section, we consider both thermal noise and interference
to validate that thermal noise can be ignored and only focus
on the interference in a LoRaWAN.

Definition 2. The coverage probability of LoRaWANs is
the probability of the received SINR being greater than the
predefined threshold 0, i.e. the standard success probability

s (0) 2 P[SINR > 0.

For our LoORaWAN model, the uplink SINR of the typical
GW from the typical device is given by

PhR™®
SINR = ———— 3
where I = > Pichg|lz|| ™. hy is the small-scale fading

zePy
between interfering device x and its tagged GW. We assume all

h; (including h) obey independent and identically distributed
(i.i.d) and h, ~ exp(1l). D, = |z| is the distance from
the interfering device = to the typical GW. ®¢ is the set of
interfering devices, i.e. all the other active devices except
the typical device x, denoted as &¢ = ®,\{z,}. This is
different from both the downlink Poisson cellular networks
where the typical transmitter (BS) is the closest BS to the
user equipment, and the uplink Poisson cellular network where
there is at most one user equipment in each cell transmitting
in the same RB. In an uplink Poisson LoRaWANSs, the typical
transmitter (device) can be any one of the devices, and the
distance from an interfering device to the receiver (typical
GW) may be less than the distance from the wanted transmitter
(typical device). Adding z, into ®; does not influence on the
distribution of ®¢ [22, Chapter 1.4 Palm Theory], i.e. ®; is

2-pa-Ad

still a PPP with density of A\ = 2- Ay = & = because
the collision time is twice the sending cycle in a pure Aloha
systems.

Theorem 1. In LoRaWANSs, devices associate with their clos-
est GWs. considering the Rayleigh fading with unit mean, the
coverage probability is expressed as

ps (0) :/ exp (—QUQPt;l()\gw)_a/zza/Q
0

A “)
- (1 + ZLp2lay (a)) z) dz,
Ag
where o )
f(a) :/0 mdu. &)

Proof: According to the definition 2, we have:
P hR™¢
() =E|P| —- >0|R
=5 ()
=E[P(h> (I +0%) 0P R|R)] ©)

Wy [exp (—0?0P;'R*) L1 (s)]

where s = AP 'R®. The Laplace transform of random
variable I in Eq. (6) can be expressed as

Lr(s) =E; (e_SI)
=E [exp (—0P;'R*I)]

exp (—opnga > Ptxhwa"‘ﬂ

zePs

=E

b

(7

—
=

E

H 1
oed; 146D, R

(Zc)exp (—2)\f7r /OO (1 — 71 ) vdv)
0 Qv—are
= exp (—Afwr292/“f (a)) ,
the probability density function (PDF) of R is given as [8]
fr(r)= 2)\gﬂ'ref>‘gw2, (8)

where (a) follows from the h ~ exp(l) and the Laplace
transform of PPP. (b) follows from the i.i.d. distribution of
hy ~ exp(1) and (c) follows from the probability generating
functional. Combining Eq. (8) and Eq. (7) with Eq. (6) yields
Eq. (4).

Fig. 3 illustrates the influence of noise power density on
the coverage probability when the bandwidth of sub-channel
B =125 kHz and o = 4. The red line denotes the coverage
probability when noise is neglected, and it is not influenced
by the transmit power theoretically. As shown in Fig. 3, when
the transmit power is —10 dBm, the noise has little effect on
the coverage probability even N, = —160 dBm/Hz; when
the transmit power is —20 dBm and N, = —173 dBm/Hz,
the coverage probability (blue dotted line) coincide with the
red line; when the transmit power is —20 dBm and N, =
—160 dBm/Hz, the coverage probability (cyan dotted line) is
still close to the red line with a small gap. So, the thermal noise
can be neglected when the transmit power is relatively large.



This is because the bandwidth of LoRaWAN sub-channel is
very narrow, it leads to very high power spectral density (even
higher than that of cellular networks) although the transmit
power is low.
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Fig. 3. Coverage probabilities change with the predefined SINR, where o = 4
and N. = 8. Dotted lines with marks represent additive noise.

Corollary 1. The coverage probability of theorem 1 is the
spatial averaging of all devices accessing their tagged GWs
successfully. To get fine-grained information of devices access-
ing their tagged GWs successfully, we give the probability of
a device with distance R from the origin accessing the typical
GW successfully as

pr (0) =exp (—00>P'R*) L1 (0P'R*). )

In fact, the first term on the right of Eq. (9) equals Eq. (2),
i.e. the probability of P (SNR > ).

IV. META DISTRIBUTION OF SIR WITH POWER CONTROL

In order to get more fine-grained information for each
individual link in the network, the meta distribution of the
SIR is defined by [16] as

Fp (z)=P° (P (0) > ),z €[0,1], (10)

where P (6) = P (SIR > 6|®) is the conditional success
probability taken over the fading and the random activities
of the interferers, given the point process. IP° (-) denotes the
reduced Palm measure of the point process, given that the
receiver is at the origin [7, Definition 8.8].

We focus on the moments of P (6) because it is most likely
impossible to calculate the meta distribution directly from the
definition in Eq. (10). The b-th moment of P (6) is denoted
by

1
My (0) £ E° (Ps(ef’) = /O b’ Fp, (z)dz,b € C, (11)

where E° (+) is the expectation w.r.t. the Palm measure. Hence
we easily have the standard success probability p, () =
M; (9) and the variance of Py (#) equals My (0) — MZ (6).
The meta distribution of the uplink SIR can be obtained from
the Gil-Pelaez theorem [29] as

o > T —jtrcM‘
Fp (x)= 1 + l/ Mdt (12)
0

s 2 T t )

where Im (z) denotes the imaginary of the complex number
zand j 2 /1.

As in [16], some classic bounds and a simple approximation,
the beta distribution, were given for the meta distribution of
Eq. (12). We only consider the beta distribution approximation
in this paper. Since P,(f) is supported on [0,1], it is natural
to approximate its distribution with the beta distribution [16].
The PDF of a beta distributed random variable X with mean
u i

R (1—xz)"!

B(uB/(1—u),B)

where B (a,b) = fol t*=1(1 — )’ *dt is the beta function.
The variance is given by

fx (z) =

13)

u(l —u)?
B+1—u

Matching the mean v = M; and variance var X = My —
M} yields

var X = (14)

(1= My)(1 - M)
(My — M?)

B = 15)

As aforementioned and shown in Fig. 2 and 3, in very dense
deployment scenarios, the thermal noise can be neglected
when we model and analyse a LoRaWAN if the appropriate
transmit power is adopted by each device. In LoRaWAN, the
maximum transmit power is 14 dBm in Europe and 27 dBm
in the U.S.A. [28]. In this paper, we set the Py = 20 dBm as a
middle value, for simplicity, when LoORaWAN devices transmit
data without power control i.e. € = 0; and set Py = P;R“¢
when LoRaWAN devices transmit data with power control,
where Py, = —20 dBm and ¢ = 0.3. This ensures the receivers
work properly as shown in Fig. 2 (the received signal strength
is greater than the receiver sensitivity with a probability very
close to ‘1°), and the transmit power is in the transmit power
range of most LoORaWAN devices. For example, a device with
distance 1000 m from its tagged GW will transmit data with
power of 16 dBm when o = 4 using these settings.

In this section, we focus on the meta distribution of the
SIR with FPC. In this case, 6 denotes the required SIR for
demodulation. The uplink SIR of the typical GW from the
typical device with FPC is

Ra(efl)h

S Rech, Dy’
zedy

SIR = (16)

where R, is the distance from the interfering device x to its
tagged GW.

Remark 1. According to the strategy that all devices associate
with their closest GWs, for any device x, R, has the same
PDF with R and R, < D;“ because the distance from x to
its tagged GW is nearer than the distance from x to the typical
GW.

We can easily get the distribution of R, by conditioning on
D, as

2)\g7rre_/\g’”"2

fRr. D, (1) = (17

1— e—)\gﬂ'Di .



The conditional coverage probability is

P,(0)=P (h >0 hyRED;*RY) q>>
(18)

rePs
1

e T+ 0Re= DO Ro(—9)

Theorem 2. In LoRaWANs, the b-th moment of Ps(0) of
the conditional success probability of uplink with FPC is
expressed as

M, = / exp(—z— fy (b,2)dz, bEC,  (19)
0
where
STNAGE==
(20)
5 | dzdy.
(1 +exae/an(efl)/ZZa(lfe)/Q)
Proof:
1
M, =E I]
€Dy (1+97RQRQ<1 E))
1
=E [] Ex, PRI |D., R
oo\ (1 0m=2)
= 2\ te et 1
=E H / 1 e v o pat
ced; /0 —e e (1+9tO‘EDI fRa(lfe))
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1— e—)\gﬂvQ

(i) 1 v
=Egrexp | —2X\¢7m 1-—
0 0
1
. pdt | vdv
(1 + ftacy—aRa(i—0)
:/ 27 AgT exp —2)\f7r/ 1 —/
0 0 0

1 .
. sdt | vdv e_’\gmzdr,
(1+9taefufara(lfe))
(21)

where (a) follows from the probability generating functional
of PPP. Letting )\gﬂ'tQ =z, )\g7w2 =w, y=t/v, )\gﬂ'TQ =z
yields Eq. (19).
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Corollary 2. Based on Theorem 2, let b = 1, the probability of
a device with distance R from the origin successfully accessing
the typical GW with FPC is then given as

b (0) = e~ 02T,

Fig. 4 shows how the first moment, i.e. the standard success
probability and the variance of the conditional coverage proba-
bility vary with the required SIR when FPC coefficient € = 0.3
and path loss exponent o = 4. To validate our numerical
results, we compare them with Monte Carlo simulations. In
each simulation, 25 (1 GW/km?) GWs and 50,000 devices
(2000 devices/km?) are randomly deployed following the PPP

(22)

in a bkm x 5km square range and the tagged GW is located
at the origin. The values of other parameters are produced
by the simulation as numerical results. The loop of Monte
Carlo simulation is 10,000. The purple dotted line with marks
correspond to simulation results. With power control, the
coverage probability (M7) in the high-6 regime is lower than
the coverage probability without power control. In the low-6
regime, coverage probability is also higher than the coverage
probability without power control. This is because power
control balances the success probability in whole networks by
sacrificing the good-link devices (mostly, the inner-devices) to
compensate the bad-link devices (mostly, the edge-devices).
This can be proved by considering the variance of the con-
ditional coverage probability, which is lower when devices
transmit data with power control than that when devices
transmit data without power control because power control
reduces the difference between the individual links, resulting
in better fairness.

1 GW/km?, 2000 Devices/km?, P, = 0.02

T
—M1,e=0
——M1,6e=03 -10.18
= ©-M1, =0, Sim
* =M1, ¢=0.3, Sim []0.16
-+ -Variance, ¢ = 0
+ -Variance, ¢ = 0.3|70.14

Variance

SIR Threshold (dB)

Fig. 4. Comparison of M and variance of Ps () for no power control € = 0,
and power control e = 0.3, where = 4, and N, = 8. Purple dotted line
with marks correspond to simulation results.

In uplink cellular networks, the dencities of users and BSs
do not influence the successful probability of users because
there is only one user transmits data to its tagged BS and other
interfering users are far from the considered user’s tagged
BS. In LoRaWAN, any device randomly starts a transmission
leading to the success probability of devices is mainly affected
by the active probability of devices p, and the density of
GWs. Moreover, in uplink cellular networks, the required SIR
for demodulation is very high, to support user transmit data
with high baud rate. A smaller FPC coefficient € will lead
to larger reduction of success probability of inner-devices.
In LoRaWANsSs, the LoRa signal can be demodulated at very
lower SIR threshold (—20 dB for SF'12 LoRa modulation
signal). As shown in Fig. 4, the coverage probability with
FPC increases comparing to that without power control even
when # = —7.5 dB, which is the minimum required SIR
threshold for SF'7 LoRa signal. This means the average
success probability of the whole network increases while the
success probability of edge-devices increases, and the FPC has
little effect on inner-device.

Fig. 5 illustrates the success probability as a function of
the distance from devices to their tagged GWs when the FPC



coefficient € = 0.3 and the loss exponent o = 4.
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Fig. 5. The probability of a device with distance R from the origin
successfully accessing its tagged GW when neglecting the noise and N. = 8.

As shown in Fig. 5, power control strongly influences

the probability when the SIR threshold § = —20 dB but
only lightly influences the probability when the SIR threshold
0 = —7.5 dB. This is because when § = —20 dB and

@ = —7.5 dB the required SIR thresholds for demodulation
are circa 0.01 and 0.178, respectively. The smaller value of
SIR threshold is more readily achieved across the nodes when
power control is implemented.

Furthermore, the proportion of devices with a given success
probability can be obtained with the aid of the meta distri-
bution of SIR. Fig. 6 shows the meta distribution from both
the beta distribution approximation and simulation result when
0 =—-10dB and o = 4.
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Fig. 6. The simulated meta distribution and the beta approximation, where
€=03,0=-10dB, «a =4 and N. = 8.

As shown in Fig. 6, for example, there are about 50% of
devices with a success probability (received SIR greater than
—10 dB) is greater than 60% (xz = 0.6) when ¢ = 0; the
number of devices reaches 60% when ¢ = 0.3. Moreover,
about 70% (F' (x), 72% Numerical) of devices’ success prob-
abilities significantly increase at the expense of a very small
reduction of the remaining devices’ success probabilities. The
maximum reduction is less than 4%. This means power control

can greatly benefit the edged-devices with little effect on the
inner-devices if an appropriate € is adopted.

V. CONCLUSIONS

In this paper, we utilize meta distribution to analyse the
LoRaWANSs based on the Poisson point process model. We
discussed the relationship between transmit power and re-
ceiver sensitivity. Each device must transmit data with a
very high power to ensure the received signal strength is
greater than the receiver sensitivity, when power control is
not used. Comparatively, with power control, the received
signal strength is greater than the receiver sensitivity with a
very high probability even if devices transmit data with much
lower power. For example, the inner-devices can transmit with
—20 dBm and the probability of received signal strength being
greater than the receiver sensitivity is still very close to ‘1°.

Then, we derived the coverage probability of LoRaWANS,
the numerical and simulation results show the noise can be
neglecting although the transmit power is small but the power
spectral density is very high due to vary narrow bandwidth.
Applying the b-th moment of the conditional coverage proba-
bility, and Beta distribution approximation, we found the meta
distribution of SIR for uplink LoRaWANs with power control.
The numerical and simulation results show that the coverage
probabilities of edge-devices have been greatly improved at
the small expense of coverage probabilities of inner-devices
with power control. Moreover, the meta distribution of SIR can
reveal more information about the individual link distribution
in a LoRaWAN realization.
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