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S. Koyama1, T. Motobayashi2, S. Nagamine1, M. Niikura1, S. Nishimura2, A. Obertelli6, D. Lubos17, V. H. Phong2,
B. Rubio10, E. Sahin18, T. Y. Saito1, H. Sakurai1,2, L. Sinclair14, D. Steppenbeck2, R. Taniuchi1, V. Vaquero3,
R. Wadsworth14, J. Wu2, and M. Zielinska6

1 Department of Physics, The University of Tokyo, Hongo, Bunkyo-ku, Tokyo 113-0033, Japan
2 RIKEN Nishina Center, 2-1 Hirosawa, Wako, Saitama 351-0198, Japan
3 Instituto de Estructura de la Materia, CSIC, E-28006 Madrid, Spain
4 GSI Helmholtzzentrum für Schwerionenforschung, D-64291 Darmstadt, Germany
5 Justus-Liebig-Universität Giessen, D-35392 Giessen, Germany
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Abstract. The N = Z = 36 nucleus 72Kr has been studied by inelastic scattering at intermediate energies.
Two targets, 9Be and 197Au, were used to extract the nuclear deformation length, δN, and the reduced
E2 transition probability, B(E2). The previously unknown non-yrast 2+ and 4+ states as well as a new
candidate for the octupole 3− state have been observed in the scattering on the Be target and placed in
the level scheme based on γ − γ coincidences. The second 2+ state was also observed in the scattering
on the Au target and the B(E2; 2+2 → 0+1 ) value could be determined for the first time. Analyzing the
results in terms of a two-band mixing model shows clear evidence for a oblate-prolate shape coexistence
and can be explained by a shape change from an oblate ground state to prolate deformed yrast band from
the first 2+ state. This interpretation is corroborated by beyond mean field calculations using the Gogny
D1S interaction.

PACS. 2 4.50.+g – 2 9.38.-c

1 Introduction

Self conjugate N = Z nuclei are of special interest for nu-
clear structure physics. Protons and neutrons occupy the
same orbitals leading to a variety of features like enhanced
proton-neutron pairing [1]. In the region of (N,Z) ≈ 34, 36

a
e-mail: k.wimmer@csic.es

shape transitions and coexistence are expected [2]. Be-
tween the shell closures at N = Z = 28 and 50, the
active orbitals are the proton and neutron fp shell and
the deformation-driving g9/2 orbital. In the Nilsson di-
agram, deformed shell closures occur at 34, 36 on the
oblate side, and 34, 38 on the prolate side. Experimen-
tally, evidence for a shape transition has been obtained
along the Kr isotopic chain: Low-energy Coulomb excita-
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tion experiments showed that the ground state of 78Kr is
prolate deformed [3]. In the more neutron-deficient Kr iso-
topes shape mixing occurs with equal mixing amplitudes
for prolate and oblate configurations in the ground state
of 74Kr [4]. 72Kr has been interpreted to have an oblate
deformed ground state [5,6,7]. Due to the dominant occur-
rence of prolate deformed ground states across the nuclear
chart, the case of 72Kr creates a rare opportunity to study
this shape evolution as function of neutron number.

Spectroscopy of 72Kr is known to high spin from fu-
sion evaporation reactions [8,9,10,11]. In particular, the
ground state band is well-deformed and expected to be
prolate at high angular momenta. The discovery of a low-
lying 0+2 shape isomer by conversion-electron spectroscopy [5]
proved the existence of shape coexistence in 72Kr. A two-
level mixing model also revealed evidence for an oblate
dominated ground state. The low-lying structure of 72Kr
was investigated using intermediate energy Coulomb ex-
citation [6]. A B(E2; 2+1 → 0+1 ) = 999(129) e2fm4 re-
sults in a deformation parameter β = 0.33(2), which,
when compared with self-consistent theoretical calcula-
tions, suggested an oblate ground-state deformation for
72Kr. Later, a lifetime measurement found a slightly smaller
B(E2; 2+1 → 0+1 ) value of 810(150) e2fm4, and addition-
ally the B(E2; 4+1 → 2+1 ) = 2720(550) e2fm4 value was
determined [12]. The large value for the 4+1 → 2+1 transi-
tion, similar to the values for 74,76Kr, suggested a transi-
tion to prolate deformation within the ground state band.
Finally, the shape of the ground state of 72Kr was also in-
ferred from a measurements of its β decay to 72Br [7]. The
comparison of the measured summed B(GT) distribution
with QRPA calculations again supported an oblate shape
for the ground state.

Various theoretical models predict shape coexistence
in 72Kr. Calculations using the finite-range liquid-drop
model find triple shape coexistence in 72Kr [13], with an
oblate ground state minimum and a prolate minimum
about 600 keV higher. An oblate ground state is also
predicted by complex excited VAMPIR [14], shell model
Monte-Carlo [15], HFB-based beyond-mean-field models,
using the Gogny D1S interaction and the 5DCHmethod [16,
17] or the SCCM method [18], a schematic pairing plus
quadrupole interaction with local QRPA [19], the Skyrme
SLy6 interaction [20] and the relativistic PC-PK1 interac-
tion [21]. All calculations agree in their prediction for the
B(E2; 0+1 → 2+1 ) value with the experimental data. Some
of these calculations predict a shape change along the
yrast band, as suggested by a two-band mixing model [5].
The present work supports this interpretation and pro-
vides new data on newly identified, non-yrast levels which
allow to extend the two-band mixing model and the com-
parison with theoretical models.

2 Experimental setup and analysis

The experiment was performed at the Radioactive Isotope
Beam Factory, operated by the RIKEN Nishina Center
and the Center for Nuclear Study, University of Tokyo.

The 72Kr beam was produced in projectile fragmentation
of a 345 MeV/nucleon 78Kr beam on a 5 mm thick pri-
mary Be target. The ions were separated and analyzed
using the BigRIPS fragment separator [22]. Unique iden-
tification of atomic number Z and mass-to-charge ratio
A/q was achieved by measurements of time-of-flight, Bρ,
and energy loss. 72Kr, at an average intensity of 6000
particles per second and a purity of 64 %, impinged on
secondary Be and Au targets at an incident energy of
173.5 MeV/nucleon. The secondary target area was sur-
rounded by the DALI2 NaI(Tl) array [23] with 186 individ-
ual crystals. Energy and efficiency calibrations were per-
formed using standard γ-ray calibration sources. The scat-
tering angle at the secondary target was measured with
two parallel plate avalanche counters (PPAC) located in
front of the target and one behind the target with a preci-
sion of 5 mrad. Behind the target, reaction products were
identified event-by-event in the ZeroDegree spectrometer
using the same techniques as in BigRIPS.

72Kr has a low-lying isomeric 0+ state at 671 keV with
a lifetime of τ = 38(3) ns [5], which could be present in
the beam. The flight time of the secondary beam from
the production target to the secondary target amounted
to ∼ 450 ns, much longer than the lifetime. However,
since the decay from this first excited state is only pos-
sible by internal conversion and the secondary beam was
fully stripped, the effective lifetime of the isomer was much
longer and a significant fraction of the beam could be in
an isomeric state. Therefore, the isomeric ratio was mea-
sured in a separate setting, where the beam was implanted
into the WAS3ABi silicon detector array at the final focal
plane of the ZeroDegree spectrometer [24]. The isomeric
ratio was determined from the number of 72Kr nuclei im-
planted in the first layer of WAS3ABi and the number of
0+ decays which were obtained by comparing the energy
spectrum of the second layer with GEANT4 [25] simula-
tions. The isomeric ratio obtained this way amounted to
4(1) % comparable to the isomeric ratio of 5.5(19) % in
an experiment at lower energies at GANIL [26].

In order to extract the exclusive excitation cross sec-
tion for states in 72Kr, the measured γ-ray energy spectra
were fitted with GEANT4 [25] simulations of the DALI2
response functions and a continuous background. After
subtraction of indirect population, the γ-ray yield together
with the number of detected outgoing ions, corrected for
efficiency and transmission of the ZeroDegree spectrom-
eter and the trigger efficiency, gave the total number of
excitations. The cross section is calculated from the num-
bers of target ions and incident beam particles. The cross
section values carry statistical as well as some systematic
uncertainties. Several systematic uncertainties contribute
to the total uncertainty for the excitation cross sections.
The thickness of the target was measured by weighing the
target, measuring the area and thickness, and also deter-
mined in the experiment from the energy loss of the beam.
The remaining uncertainty on the number of target nuclei
is thus small (less than 1 %). The transmission of the Ze-
roDegree spectrometer as a function of scattering angle
and momentum was investigated, and the measured γ-
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ray yield was corrected. Uncertainties on the transmission
correction depend on the individual reaction setting, but
for the inelastic scattering measurements presented here,
the ZeroDegree spectrometer was centered on 72Kr and
thus 72Kr lied fully within the momentum acceptance. In
the measurement using the Au target, the scattering angle
distribution is affected by the angular acceptance of Ze-
roDegree at large angles. This has been corrected, and sys-
tematic uncertainties of 1 % were taken into account when
calculating cross sections. Lastly, the efficiency of DALI2
was reproduced by the GEANT4 simulations within 5 %,
thus this systematic uncertainty had to be taken into ac-
count as well. All systematic uncertainties were added in
quadrature.

The analysis follows the procedure described in Ref. [27].
In order to obtain the nuclear deformation length δN and
the B(E2) values from the measured cross sections, cal-
culations with the coupled channels distorted waves code
FRESCO [28] were performed. In the present work a modi-
fied version including relativistic kinematics [29] was used.
The optical model potentials were constructed following
the approach described in Ref. [30]. The potentials were
derived from the complex G-matrix interaction CEG07 [31]
using the microscopic folding model. The density distribu-
tions of protons and neutrons were based on the Sao Paulo
parametrization [32]. For the Be target the Sao Paulo
density is not suitable because of the cluster structure of
9Be. Alternatively, the 9Be density was constructed in an
α−α−n cluster model [33,34]. For the Coulomb potential,
a Coulomb radius rC = 1.25 fm was used. The final re-
sults for the B(E2) values change by about 1 % if instead
rC = 1.20 fm is used. Calculations include both the exci-
tation in the nuclear potential, determined by the nuclear
deformation length δN, and the excitation in the electro-
magnetic field of the target nucleus, depending on the E2
matrix element 〈0+gs||E2||2+〉. Both excitation modes in-
terfere and the total excitation cross section thus depends
on both amplitudes and their relative phase. The calcu-
lations for both targets, Be and Au, were thus performed
in an iterative way. A first estimate for δN was obtained
from the Be target data excluding any electromagnetic
excitation, i.e. by setting 〈0+gs||E2||2+〉 = 0. In the next
step, the value of δN was used in the calculation for the
total excitation cross section for the scattering on the Au
target. The resulting E2 matrix element was then used
in the next iteration in the calculations for the Be target
data and the procedure is repeated until convergence was
reached.

3 Results

3.1 Inelastic scattering off a 9Be target

The nuclear inelastic scattering was measured using a 9Be
reaction target. At the center of the 703(7) mg/cm2 thick
target, the beam energy amounted to 146.6 MeV/nucleon.
The γ-ray energy spectrum measured in coincidence with
72Kr nuclei identified in the BigRIPS and ZeroDegree spec-
trometers is shown in Fig. 1. Five transitions are observed
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Fig. 1. Doppler-corrected γ-ray energy spectrum for the in-
elastic scattering of 72Kr on a Be target. Only events where the
multiplicity of DALI crystals with signals above threshold was
less than five are shown. The data are superimposed with the
result of a likely-hood fit (green) of the GEANT4 simulations
of the DALI2 response function for the individual transitions
(blue) and a continuous background (red). The insets shows a
zoom on the low energy region. The fits were performed with
and without an additional transition at 434 keV.

in the spectrum. The 710 and 611 keV transitions were
known before and assigned to the 2+1 → 0+gs and 4+1 → 2+1
decays, respectively. The transitions at 947(7), 1148(5),
and 1744(5) keV were observed for the first time. The tran-
sition energies were determined using a maximum likely-
hood fit of simulated response functions. Known transition
energies in 72Kr and neighboring isotopes were reproduced
within 5 keV. The level scheme was constructed using
the information from γ coincidences shown in Fig. 2. The
1744 keV transition was in coincidence with the 2+ → 0+gs
transition, establishing a new state at 2454 keV. No di-
rect ground state transition was observed. This state is
therefore a fitting candidate for a 3− state, which is typ-
ically strongly excited in inelastic nuclear scattering [35].
For example, an octupole deformation of β3 = 0.1 gives
rise to a cross section σ(3−) of about 2 − 3 mb. The 947
and 1148 keV transitions are in mutual coincidence (see
Fig. 2 (b,c)), but not in coincidence with the 710 keV
transition. As the 1148 keV transition has higher inten-
sity, it is placed below, feeding the ground state. Based
on the intensity pattern, systematics of neighboring iso-
topes, and isotones they are assigned as the 2+2 and (4+2 )
states at 1148(5) and 2095(9) keV, respectively. However,
these two transitions could in principle also be built on
top of the isomeric 0+2 state at 671 keV [5] instead of the
ground state. In order to exclude this possibility we looked
for other possible decay branches of the second 2+ state.
A ground state transition from a state at 1819 keV can
be excluded (< 1 % branching ratio at 95 % confidence
level). Assuming a 2+2 state at 1148(5) keV, a decay to
either the 710 keV 2+1 or the 671 keV 0+2 state would al-
low for transitions at 438(5) or 477(5) keV. The inset of
Fig. 1 shows the low energy region of the γ-ray energy
spectrum. An excess of counts around these energies can
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Fig. 2. γ − γ coincidence spectra gated on the 1744, 947,
and 1148 keV transitions. The green curves show simulated
response functions scaled for the number of expected coinci-
dences based on the proposed level scheme. For the 947 keV
gate, this includes the branching ratio for the decay to the 2+1
state determined from Fig. 1. For panels (b) and (c) addition-
ally the expected coincidence yield for the 710 keV transition is
shown (red curve), assuming that these transitions would feed
the 2+1 state directly.

be seen. An additional transition was therefore included
in the fit. By varying the simulated transition energy, a
value of 434(9) keV was obtained from a maximum likely-
hood fit, in excellent agreement with the difference be-
tween the 2+2 and 2+1 states. The branching ratio amounts
to 16(3) % of the ground state transition. For the 477 keV
2+2 → 0+2 transition, an upper limit of 3.5 % (at 95 %
confidence level) of the 1148 keV transition was deter-
mined. The proposed level scheme is shown in Fig. 3. A
transition at 1139 keV, close to the proposed 2+2 → 0+1
transition, has been previously observed [10]. It was as-
signed to the decay of a Jπ = (3−) state at 1849 keV,
but it is not clearly separated from a close-lying 1134 keV
transition. The absence of a coincidence with the 2+1 → 0+1
transition established in this work shows that a different
state is observed here. A transition at around 1150 keV
has also been observed in the two-neutron removal reac-
tion 9Be(74Kr,X)72Kr [12]. The lifetime of the decaying
state, τ = 2+1

−0.5 ps, was determined from a line-shape
analysis. Using this lifetime and the branching ratio of the
present work the reduced transition probability amounts
to B(E2; 2+2 → 0+1 ) = 176+67

−59 e2fm4.
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Fig. 3. Level scheme of 72Kr deduced from this work. In addi-
tion to the transitions observed in the scattering of 72Kr on the
Be target, the excited 0+2 state at 671(1) keV [5] is included.

The results for the exclusive cross sections for the pop-
ulation of the 2+ states are summarized in Table 1. The

Table 1. Cross sections for the excitation of the 2+ states on
the Be and Au targets. The numbers are inclusive with respect
to the beam composition of ground and isomeric state, i.e.,
σ = (1− r)σ(0+1 → 2+)+ rσ(0+2 → 2+) with the isomeric ratio
r = 4(1) %. Deformation parameters and reduced transition
probabilities for the excitation of the 2+ states in 72Kr are
given in the lower part of the table. The numbers in paren-
thesis represent the statistical, systematical, and theoretical
uncertainties, respectively. See text for details.

2+1 2+2

inelastic scattering off Be target
σ (mb) 27.2(4)(15) 4.5(3)(2)

inelastic scattering off Au target
σ (mb) 468(9)(29) 79(4)(5)

0+1 → 2+1 0+1 → 2+2
δN (fm) 1.541(11)(46)(38) 0.613(21)(25)(16)
βN 0.309(2)(9)(8) 0.123(4)(5)(3)
B(E2) e2fm4 4023(81)(290)(380) 665(39)(58)(63)
βC 0.296(3)(11)(13) 0.112(3)(4)(5)

nuclear deformation length was extracted from the mea-
sured cross section on the Be target as discussed in Sec-
tion 2. The excitation of the 2+ states by the Coulomb
field of the Be target was taken into account and the
E2 matrix elements determined from the scattering on
the Au target described in Section 3.2 were used. In this
way a nuclear deformation length of δN = 1.54(6) fm and
0.61(4) fm was obtained for the 2+1 and 2+2 states, respec-
tively. These values correspond to deformation parameters
βN = δN/R = 0.31(1) and 0.12(1) with the nuclear radius



K. Wimmer et al.: Shape coexistence revealed in the N = Z isotope 72Kr through inelastic scattering 5

R = 1.2 ·A1/3 fm. If instead of the α−α−n cluster model,
the Sao Paulo parametrization is used for the Be optical
model potential, the cross sections change by less than
2 %. The isomeric ratio of the beam has little influence
on the extracted deformation length for the 2+1 state. For
the second 2+ state, the uncertainty amounts to 5 %. The
values for the deformation parameters for the excitation
from the ground state are listed in Table 1.

3.2 Coulomb excitation on a 197Au target

The Doppler corrected γ-ray energy spectrum for the mea-
surement with the 405(4) mg/cm2 thick Au target is shown
in Fig. 4. The Doppler correction is applied for a mid-
target energy of 163.8 MeV/nucleon. Two transitions are
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Fig. 4. Doppler corrected γ-ray energy spectrum for the inelas-
tic scattering of 72Kr on a 197Au target. The Doppler correction
assumes γ-ray emission at the velocity in the center of the tar-
get. The data are fitted with simulated response functions for
the two transitions and a continuous background (red). Only
forward DALI2 crystals (θlab < 75◦) are shown to reduce back-
ground from atomic processes.

observed, the known 710 keV 2+1 → 0+1 transition and
the 1148 keV transition that was newly assigned to the
2+2 → 0+1 decay (see Section 3.1). The γ-ray yield was
extracted by fitting simulated response functions for the
two transitions and a double exponential background to
the data. The resulting fit is shown in Fig. 4. For the an-
gular distribution prolate alignment was assumed. Using
the semi-classical Alder-Winther theory of Coulomb ex-
citation [36], 96 % (92 %) prolate alignment is predicted
for the 2+1 (2+2 ) state. The γ-ray yield was determined
using only forward DALI2 crystals (θlab < 75◦) to re-
duce background from atomic processes, but the result
is consistent with other angular ranges for the γ rays if
prolate alignment is assumed. In order to determine the
cross section, the γ-ray yield has to be corrected for the
finite transmission of the ZeroDegree spectrometer shown
in Fig. 5 (a). In the region of scattering angles below 2◦,
where the maximum yield is expected, the transmission
is well determined and corrections are small. Using this
angle dependent transmission, the exclusive cross sections
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Fig. 5. (a) Transmission of the ZeroDegree spectrometer as a
function of the scattering angle θlab for the scattering on the Au
target. (b) Theoretical differential cross sections of Coulomb,
nuclear and total excitation cross section to the first 2+ state.
The dashed line indicates the scattering angle corresponding
to the impact parameter for a “safe” distance.

for the excitation of the two 2+ states have been deter-
mined. For the 2+1 state, indirect population from the 2+2
state with the branching ratio determined in Section 3.1
was subtracted. No other discrete transition feeding the 2+

states was observed in the present experiment. No excess
of counts beyond the background was observed, limiting
this indirect population to 2 % for any individual tran-
sition. However, the strength might be distributed over
several states, and thus not directly observed. Theoret-
ical calculations predict the 2+3 and higher states to be
significantly less collective than the 2+1 state. In the less
neutron-deficient 74,76Kr isotopes the B(E2; 0+1 → 2+3 )
values are factors of 20 and 50 smaller than for the 2+1
state [4]. In order to estimate the contributions to the in-
direct population of the 2+1,2 states, theoretical calculation

were employed (see Section 4.2). The cross sections for all
states up to the proton separation energy were calculated
using the predicted B(E2) values, and predicted decay
branching ratios to the 2+1,2 states were assumed. The in-

direct population of the 2+1 state was dominated by the
2+2,3 states, states above 3 MeV excitation energy could
be ignored in the estimate. The total theoretical indirect
population amounts to 6.9 mb for the 2+1 state and 2.8 mb
for the 2+2 state. This reduces the cross section for the 2+1
state by less than 2 %, and by 4 % for the 2+2 state. Sys-
tematic uncertainties for the cross sections are estimated
to be of the same order.

The isomeric content of the beam has two influences on
the extracted B(E2) value. Firstly, the amount of beam
particles that is in an isomeric state when arriving at the
secondary reaction target needs to be subtracted from the
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72Kr beam intensity to determine the B(E2; 0+1 → 2+x )
values. Secondly, the 2+ states can also be excited from
the 0+2 isomeric state, and therefore lead to a higher or
lower yield of γ-ray counts compared to the absence of an
isomeric state in the beam. For the first 2+ state the iso-
meric content of the beam presents a small correction of
2 %, with a systematic uncertainty of the same order. In
the case of the second 2+ state, the theoretical B(E2) val-
ues, together with the experimental isomeric ratio in the
beam yield σ(2+2 ) = 38 mb for the HFB-5DCH calcula-
tions, compatible with the experimental data. The SCCM
calculations yield a cross section of 99 mb for the 2+2 state.
But, as discussed below, the calculations are at variance
with the upper limit for the branching ratio of the decay
of the 2+2 state. Fig. 6 shows the experimental constraints
on the B(E2) values that reproduce the measured cross
section. The cross section for the population of the 2+2
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Fig. 6. Constraining the B(E2) values for the second 2+ state.
The blue band indicates the values of B(E2; 0+x → 2+2 ) that
agree with the experimental value of the cross section observed
for the 2+2 state given the measured isomeric ratio of the beam.
The limit on the branching ratio for the 2+2 → 0+2 of 5 % of the
ground state transition results in a limit for the B(E2) values
shown in green. The red dot indicates the calculated B(E2)
values (see Section 4.2).

state together with the measured isomeric ratio results
in possible B(E2; 0+x → 2+2 ) values shown by the blue
band in Fig. 6. The upper limit for the branching ratio
of the 2+2 → 0+2 transition of 3.5 % limits the range of
possible B(E2) values as shown by the green band and
allows for the determination of an upper limit for the
B(E2; 0+2 → 2+2 ) value of < 1833 e2fm4.

The exclusive cross sections listed in Table 1 include
both the excitation through the nuclear and the Coulomb
interaction (see Fig. 5 (b)). The nuclear interaction only
contributes for sufficiently small impact parameters, cor-
responding to a maximum scattering angle for which the
excitation can be considered to be purely electromagnetic.
The “safe” distance, typically the sum of two radii with
additional 2 fm, corresponds to a scattering angle of 1.4◦

in the present case. As shown in Fig. 5 (b) the nuclear in-
teraction already contributes to the excitation cross sec-
tion at this angle. Elimination of the nuclear excitation

would thus require a gate on scattering angles less than
1◦ which reduces the statistics by a factor of two. Instead
distorted wave coupled channels calculations were used,
taking into account the nuclear and electromagnetic ex-
citations. Fig. 5 (b) shows the differential cross sections
for the combined nuclear and Coulomb excitation of 72Kr
on 197Au. The interference of the two excitation modes to
the total excitation cross section can be observed in the
reduction of the maximum of the dominating Coulomb ex-
citation process at 1.2◦. The experimental resolution for
the scattering angle is not sufficient to resolve the struc-
ture of the differential cross section. In order to deter-
mine the B(E2) value, the nuclear deformation length ex-
tracted in Section 3.1 was fixed in the FRESCO calcula-
tion, while the E2 matrix element was varied to repro-
duce the experimental cross section. The statistical error
includes, besides the number of beam particles, contribu-
tions from the fitting of the spectrum shown in Fig. 4 and
from the subtraction of the observed feeding from the 2+2
state. The systematical uncertainties comprise the uncer-
tainty of the target thickness, the beam intensity, the effi-
ciency of the DALI2 array, and the transmission through
the ZeroDegree spectrometer. Also the effects of the indi-
rect population estimated above and the isomeric content
of the beam were included in the systematic uncertainty.
The individual contributions to the experimental error are
shown in Table 2. In addition to the experimental statis-

Table 2. Contribution to the error in the extracted B(E2)
value for the two 2+ states in 72Kr. See text for details.

2+1 2+2

statistical for σ(2+)
fitting of spectrum 1.3 % 6.5 %
subtraction of observed feeding 1.4 % -

systematic for σ(2+)
particle gates 1.2 %
isomeric content of the beam 2.0 % 5.0 %
unobserved feeding 1.5 % 4.0 %
ZeroDegree efficiency 0.2 %
ZeroDegree transmission 1.0 %
DALI2 efficiency 5.0 %
target thickness 1.0 %
trigger efficiency 2.0 %
γ-ray angular distribution 2.0 %

theoretical for B(E2; 0+1 → 2+x )
reaction energy < 0.2 %
optical potentials 8 %
relativistic dynamics 5 %
nuclear deformation 0.7 % 1.0 %

tical and systematic uncertainties, an uncertainty arising
from the reaction model contributes. For the analysis, the
mid-target energy was used in the calculation of the opti-
cal model potential and the reaction cross section. How-
ever, the beam lost about 11 % of its initial energy in the
Au target. The effect of the beam energy on the excitation
cross section was investigated and found to be very small
(< 0.2 %).
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The present analysis used a modified version of the
FRESCO code which includes relativistic kinematics [29].
Dynamical relativistic corrections to the potentials were
not performed. However, these are considered to be small
for the present projectile energies [29,27] and therefore a
conservative 5 % theoretical uncertainty due to the in-
complete description of the reaction dynamics has been
employed.

The reaction model calculations used optical model po-
tentials based on the Sao-Paulo neutron and proton den-
sity distributions, which were adjusted for stable nuclei.
In the present case of very neutron-deficient nuclei, this
parametrization might not be valid anymore. Thus, also
optical model potentials were constructed using the tρρ-
approximation [37] with different Skyrme interactions to
calculate the densities. These lead to slightly different val-
ues for the B(E2) value, and thus a theoretical uncertainty
of 8 % has been assumed for the effect of the optical model
potential.

Lastly, the uncertainty for the nuclear deformation ex-
tracted in Section 3.1 influences the extractedB(E2) value.
For both states the nuclear deformation length δN has
been varied within the error bars to estimate the contri-
bution to the theoretical uncertainty for the B(E2) value.
All uncertainties are listed in Table 2 for both states, and
are added in quadrature to obtain the final uncertainties
for the B(E2) values and the deformation parameters βC

shown in Table 1.

For the first 2+ state, B(E2; 0+1 → 2+1 ) = 4023(81)stat.
(290)syst.(380)theo. e2fm4 was obtained. The value is in
good agreement with the result of a lifetime measurement,
(B(E2; 0+1 → 2+1 ) = 4050(750) e2fm4) [12] and slightly
lower than B(E2) = 4997(647) e2fm4 determined in an
earlier Coulomb excitation measurement [6]. The differ-
ence is partially related to the fact that in the earlier mea-
surement the feeding from the second 2+ state could not
be taken into account. The value for the B(E2; 0+1 → 2+2 )
= 665(39)stat(58)syst.(63)theo. e2fm4 was determined for
the first time in this work. For the 2+2 → 2+1 transition
the measured branching ratio also allows for the extrac-
tion of the B(E2; 2+1 → 2+2 ) = 13800(2600)stat(1200)syst.
(1200)theo. e

2fm4, under the assumption of a pure E2 tran-
sition with a mixing ratio δ(M1/E2) = 0. The branching
ratio limit for the decay to the 0+2 state provides an upper
limit B(E2; 0+2 → 2+2 ) < 1880 e2fm4.

In Fig. 7, the calculated differential cross sections are
compared to the experimental data. The experimental res-
olution for the scattering angle amounts to 0.43◦ and is
dominated by the angular straggling in the 0.2 mm thick
Au target. Therefore, the theoretical differential cross sec-
tions were convoluted with the experimental resolution,
including the angular straggling in the target and the po-
sition resolution of the PPAC detectors. The shape of the
calculated differential cross section agrees very well for
the known 2+1 state with the experimental data. In par-
ticular, the destructive interference of Coulomb and nu-
clear excitation is visible in the reduction of the cross
section near the maximum of the distribution. Also for
the 2+2 state good agreement is observed, providing addi-
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Fig. 7. Differential excitation cross section for the 2+1 state (a)
and the 2+2 state (b). Panel (a) shows the same calculations as
Fig. 5 (b), but convoluted with the experimental resolution.
The error bars are showing the statistical uncertainties and
the total uncertainties with the systematic contribution added
in quadrature. The data are compared with the results of the
coupled channels calculations (blue line). The contribution of
the Coulomb excitation alone (green line) is reduced by the
interference with the nuclear excitation (red line).

tional confirmation for the total angular momentum for
this state as the shape of the angular distribution would
be narrower(wider) for 1+(3−) possibilities. The present
experiment establishes the second 2+ state at 1148 keV in
72Kr.

4 Discussion

The B(E2) value can be related to the deformation pa-
rameter βC by [38]:

B(E2; 0+1 → 2+1 ) =

(

3

4π
ZeR2βC

)2

(1)

with the nuclear radius R = 1.2 · A1/3 fm. The βC values
together with their uncertainties are listed in Table 1. The
results with two very different deformations indicate shape
coexistence in 72Kr. The values for the deformation βN/C

extracted from the two data sets agree very well within
their uncertainties.
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4.1 Two-band mixing model

Following earlier work for the proton-rich Kr nuclei [39,
40,5], the mixing of states can be investigated by a sim-
ple two-band mixing model. Here it is assumed that the
physical Jπ = 0+, 2+, and 4+ states are the results of the
mixing of two pure configurations

|J+
1 〉 = +aJ |J+

p 〉+ bJ |J+
o 〉

|J+
2 〉 = −bJ |J+

p 〉+ aJ |J+
o 〉 (2)

where a and b denote the amplitudes of the prolate (p)
and oblate (o) configurations with a2J + b2J = 1. From the
energy differences of these states, ∆Eper = E2(J)−E1(J)
and ∆Eunp = Eo(J)− Ep(J), the mixing matrix element
V and the mixing amplitudes a and b can be determined.
At high spins J ≥ 6 the yrast bands of the proton-rich
Kr isotopes are well deformed and assumed to be pro-
late [39,41]. In order to determine the energies of the
unperturbed states, the moments of inertia in the yrast
band have been extrapolated to Jπ = 0+ using a vari-
able moment of inertia parametrization I = I0 +ω2I1. As
demonstrated in Ref. [5], this leads in 72Kr to an inver-
sion of the two shapes, with the excited 0+2 as the prolate
band head, and the amplitude of the oblate configuration
in the ground state amounts to b20 = 0.881. Considering
only the known 2+ and 4+ states and ignoring the po-
tential mixing with other states, the same procedure can
now be applied to higher spins. The results of the two-
band mixing model for the admixture in the 0+, 2+, and
4+ states in 72Kr are also shown in Fig. 8. For 72Kr, the

+

1
0

+
p0

+
1

2

+
p2

+
1

4
+
p4

band 1

Kr
72

+

2
0

+
o0

+
2

2
+
o2

)
+

2
(4 +

o4

band 2

Fig. 8. Two-band mixing model for 72Kr. The unperturbed
energies of prolate states are extrapolated from higher spins
following the method described in [39,40,5]. The length of the
colored bars for the physical J+

i
states shows the amplitudes of

the prolate (red) and oblate (blue) configurations in the wave
functions.

oblate amplitude in the 2+1 state is already significantly
smaller with b22 = 0.256. This shows that, while the ground

state has a large oblate fraction, a quick evolution towards
prolate character is observed in the ground state band.
This is in agreement with the interpretation of the large
B(E2; 4+1 → 2+1 ) value which suggests a similar structure
of the 2+1 and 4+1 states [12]. The 4+1 state is almost purely
prolate with a24 = 0.972.

The mixing model can be extended using the reduced
transition probabilities B(E2) and ρ2(E0). Assuming that
transitions between the pure configurations are forbidden,
i.e. 〈Jo||Eλ||J ′

p〉 = 0, the matrix elements between the
physical states can be expressed as

〈2+1 ||E2||0+1 〉 = b0b2〈2+o ||E2||0+o 〉+ a0a2〈2+p ||E2||0+p 〉
〈2+2 ||E2||0+1 〉 = b0a2〈2+o ||E2||0+o 〉 − a0b2〈2+p ||E2||0+p 〉
〈4+1 ||E2||2+1 〉 = b2b4〈4+o ||E2||2+o 〉+ a2a4〈4+p ||E2||2+p 〉
〈0+2 ||E0||0+1 〉 = a0b0(〈0+o ||E0||0+o 〉 − 〈0+p ||E0||0+p 〉). (3)

The matrix elements are related to the intrinsic quadrupole
moments with pure oblate or prolate deformation and thus
the deformation parameters βo and βp [38]:.

B(E2; Ji → Jf ) =
5

16π
(eQ0)

2 |〈JiKi20|JfKf 〉|2

Q
o/p
0 = ZR2 3√

5π

(

βo/p +
2

7

√

5

π
β2
o/p

)

(4)

The 4+1 state is thought to be prolate deformed [12], and
the configuration as deduced from the perturbation of the
rotational energies is almost pure. It is thus reasonable to
assume a4 = 1, b4 = 0. This leads to a set of four equations
for the four unknowns βo, βp, a0, a2.
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B(E2; 2+1 → 0+1 ) =

(

3

4π
ZeR2

)2

|〈2020|00〉|2 [b0b2(1 + 0.36βo)βo + a0a2(1 + 0.36βp)βp]
2

B(E2; 2+2 → 0+1 ) =

(

3

4π
ZeR2

)2

|〈2020|00〉|2 [b0a2(1 + 0.36βo)βo − a0b2(1 + 0.36βp)βp]
2

B(E2; 4+1 → 2+1 ) =

(

3

4π
ZeR2

)2

|〈4020|20〉|2 [a2(1 + 0.36βp)βp]
2

ρ2(E0; 0+2 → 0+1 ) =

(

3

4π
Ze

)2

a20b
2
0 (βo − βp)

2
. (5)

The solution to this set of equations still has several
ambiguities due to the different possible signs. Using the
mixing amplitudes derived above, a20 = 0.119, a22 = 0.744,
quartic equations connect βo and βp. The solutions of
these equations are represented by the bands in Fig. 9. The

0.0 0.1 0.2 0.3 0.4 0.5
βo

0.0

0.2

0.4

0.6

0.8

1.0

β
p

B(E2; 2+
1 → 0+

1 )

B(E2; 2+
2 → 0+

1 )

B(E2; 4+
1 → 2+

1 )

ρ2(E0; 0+
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Fig. 9. Relation of the intrinsic deformation parameters βo

and βp in the two-band mixing model. The constraints by
the experimental B(E2) values for the transitions from the
2+ states (from this work), the B(E2; 4+1 → 2+1 ) [12], and
ρ2(E0; 0+2 → 0+1 ) [5], overlap in the region around βo = 0.24
and βp = 0.45. The width of the bands represent the 1σ ex-
perimental uncertainty.

1σ experimental uncertainty bands intersect at around
βo = 0.24 and βp = 0.45. The good agreement and over-
lap gives further confidence in the validity of the simple
mixing model and suggests that no other close-lying, yet
unknown states do play a major role and mix with the
two bands.

4.2 Beyond mean-field calculations

Beyond mean-field calculations allow for the prediction of
many nuclear properties, including spectroscopic informa-
tion, for a wide range of nuclei based on the same prin-
ciples. Two types of beyond mean field calculations were
used for comparison with the experimental data. Both of

them use the Gogny D1S effective interaction and con-
straints in the mass quadrupole operators Q̂20 and Q̂22,
thus spanning the full β−γ plane. They do, however, vary
in the methods applied for the configuration mixing.

In the HFB-5DCH method [17] the HFB calculations
are mapped on a five-dimensional collective quadrupole
Hamiltonian (HFB-5DCH), which can be extracted from a
microscopic generator coordinate method (GCM) assum-
ing that the overlaps between the different HFB states
have a Gaussian form. In this way the couplings of the
three rotational and two vibrational degrees of freedom
are considered simultaneously without any restrictions. In
the symmetry conserving configuration-mixing (SCCM)
method [18], the different many-body states are calcu-
lated by mixing particle-number and angular-momentum-
restored intrinsic Hartree-Fock-Bogoliubov-type wave func-
tions (HFB), which have different (axial and non-axial)
quadrupole shapes. The intrinsic HFB states are found
with the variation after particle number projection method
which is more suitable to include pairing correlations than
the plain HFB [42]. Finally, the mixing is performed within
the GCM computing the overlaps between the different in-
trinsic shapes in an exact manner.

The HFB-5DCH calculations already showed very good
agreement with experimental data for the energies and
B(E2) values of 74,76Kr [4]. In view of the softness of the
potential energy surface for 72Kr and a pronounced min-
imum at β ≈ 0.6 [16], the model space has been enlarged
compared to the earlier calculations up to a deformation
of β = 1.2. For both types of calculation the model space
has been expanded to 11 major spherical harmonic oscil-
lator shells. The calculated level schemes are compared to
the experimental results in Fig. 10. The agreement for the
excitation energies of the 2+ and 4+ states calculated in
the HFB-5DCH approach with the experimental data is
very good. However, the 0+2 state is predicted significantly
higher (at 1038 keV) than experimentally observed. The
B(E2; 2+1 → 0+1 ) value is well reproduced by the calcu-
lation, for the transitions from the 2+2 state the experi-
mental values are larger, indicating a more pronounced
mixing than theoretically predicted. The quadrupole mo-
ments for the first two 2+ states are predicted to beQ = 11
and −65 efm2, indicating moderately oblate and stronger
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Fig. 10. Experimental excitation energies in keV, B(E2) val-
ues in e2fm4, and branching ratios in comparison to theoreti-
cal calculations using the Gogny D1S interaction in the HFB-
5DCH [17] and SCCM [18] approaches. The width of the arrows
indicates the magnitude of the B(E2) values. For the decay of
the 2+2 state a pure E2 transition to the 2+1 state has been
assumed to determine an upper level for the B(E2) value. For
the decay branch to the 0+2 state experimentally only an upper
limit could be determined.

prolate deformation, respectively. The first 4+ state, cal-
culated at 1516 keV, has a negative quadrupole moment
Q = −69 efm2, indicating prolate deformation in agree-
ment with the shape change along the yrast states dis-
cussed in the previous section.

The SCCM calculation underpredicts the excitation
energies in 72Kr. In this case a much better agreement
is observed for the heavier isotones [18]. This could be
related to an overestimation of the deformation both in
the prolate and oblate bands. In fact, also the B(E2) val-
ues are predicted to be larger than the experimental ones
for the 2+1 → 0+1 and 2+2 → 0+2 transitions. Finally, the
quadrupole moments of the 2+1 and 2+2 states are −2 and
−39 efm2, smaller than in the previous SCCM calculations
with 9 harmonic oscillator shells (i.e. 66 and −105 efm2,
respectively) [18]. As will be discussed below, this is a con-
sequence of the strong mixing of the oblate and triaxial-
prolate configurations at J = 2 that was not present in
the calculation with a smaller number of oscillator shells.

In Fig. 11, we compare the probability densities cal-
culated with the HFB-5DCH method (left) with the col-
lective wave functions calculated with the SCCM (right)
approach for the two lowest bands in 72Kr. In the 5DCH
method these are actually provided by the wave functions
(including the metric) obtained after solving the collective

Hamiltonian [17]. In the SCCM case, the collective wave
functions represent the weights of each intrinsic HFB state
in the building of each individual GCM state [18]. Never-
theless, both definitions can serve as a guidance to inter-
pret the nuclear states in the intrinsic reference frame.

Both calculations show a clear picture of shape coex-
istence: In the HFB-5DCH calculations the ground state
and the first 2+ state are predominantly oblate deformed,
with a shape change towards prolate deformation at J =
4. The yrare 0+ and 2+ states are predominantly prolate
deformed, but with an increasing oblate deformed com-
ponent, which becomes dominant in the 4+2 state. A clear
picture of a shape inversion for the yrast band emerges,
in agreement with the conclusion drawn from the exper-
imental excitation energies, but later between J = 2 and
4.

The SCCM approach also predicts 72Kr to exhibit shape
coexistence, but with weak mixing of the intrinsic config-
urations of the ground (mostly oblate) and first excited
(triaxial-prolate) 0+ states. The 2+ states, on the other
hand, show strong mixing between these configurations
reproducing the experimental trend. The shape inversion
occurs at J = 4, where the mixing disappears, the triaxial-
prolate band becomes yrast and the oblate band is at a
higher excitation energy. These results are slightly differ-
ent to the ones reported previously [18]. These earlier cal-
culations were performed with only nine oscillator shells,
in view of the large computational burden for calculating
long isotopic chains. Both the excitation energies and the
shape mixing were not fully converged for this previous
model space.

Although the present SCCM calculations show a qual-
itative agreement with the experimental results (shape co-
existence observed in the first 0+ states, shape mixing in
the 2+ states), some quantitative discrepancies are found
(see Fig. 10), i.e. the excitation energies are too small and
the in-band B(E2) values are too large. These deficien-
cies could be related to two effects. On the one hand,
proton-neutron pairing correlations are missing and are
expected to be large in N = Z systems. Such correla-
tions could push down the ground-state energy, resulting
in larger excitation energies for the 0+2 and 2+ states. On
the other hand, the present SCCM calculations tend to
overestimate the deformation due to the use of a nuclear
interaction with the D1S parametrization. However, fit-
ting the Gogny force including SCCM techniques, albeit
desirable, is beyond the scope of the present study.

5 Summary

The N = Z nucleus 72Kr has been studied by inelastic
scattering. Four new transitions have been observed for
the first time in the scattering off a low-Z Be target and
placed in the level scheme using γ-ray coincidences. The
new 2+2 state at 1148 keV has also been observed in the
scattering off a high-Z Au target. The consistent anal-
ysis of both data sets allowed for the extraction of nu-
clear deformation parameters and B(E2) values for the
2+ states. The value for the 2+1 state, B(E2; 0+1 → 2+1 )
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Fig. 11. Probability densities calculated with the HFB-5DCH method (left) [17] and collective wave functions calculated with
the SCCM method (right) [43] for the first and second 0+, 2+ and 4+ states in 72Kr (see text for details).

= 4023(81)stat.(290)syst.(380)theo. e
2fm4, is in agreement

with previous measurements [6,12], while B(E2; 0+1 →
2+2 ) = 665(39)stat(58)syst.(63)theo. e

2fm4 was obtained for
the first time in the present experiment. The analysis
in a two-band mixing model corroborates the interpre-
tation of shape coexisting states, with an oblate-deformed
ground state and a prolate deformed 0+ shape isomer
and an inversion of the shape of the yrast states start-
ing already with the 2+ states. HFB-5DCH calculations
with the Gogny D1S interaction predict an oblate-prolate
shape-inversion scenario and describe the measured B(E2)
values reasonably well. Calculations using the SCCMmethod,
also predict a shape coexistence of less oblate and more
triaxial-prolate deformed configurations. A strong shape
mixing is found for the first two 2+ states. However, the
current SCCM method predicts larger B(E2) values and
smaller excitation energies than the experimental values
due to an overestimation of the deformation.
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New National Excellence Program of the Ministry of Human
Capacities of Hungary. G. K. acknowledges support from the
János Bolyai research fellowship of the Hungarian Academy of
Sciences. K. W. acknowledges the support from the Spanish
Ministerio de Economı́a y Competitividad RYC-2017-22007.

References

1. S. Frauendorf, A. Macchiavelli, Prog. Part. Nucl. Phys. 78,
24 (2014)
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