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Abstract

This work investigates microbubble dynamics in four-way (with coalescence) coupled

microbubble-laden turbulent channel flows. Upward and downward flows of water at a shear

Reynolds number of Reτ = 150 are predicted using direct numerical simulation (DNS).

Microbubbles, assumed to be non-deformable and spherical, are injected into the water flow

and tracked using a Lagrangian approach. One-way and two-way coupled predictions were

successfully compared against other available DNS-based results and used to demonstrate

different trends in bubble preferential motion, with bubbles pushed by the lift force towards the

wall in upflow and towards the centre of the channel in downflow. Four-way coupled

simulations with bubble coalescence clearly demonstrate that the presence of the bubbles, and

collisions between them, have a non-negligible effect on the fluid phase. Analysis of bubble

collision behaviour highlights that binary collisions most frequently occur at very small

approach angles and with low relative approach velocities. Once a collision is detected, the

occurrence of bubble coalescence is evaluated, with special attention given to the performance

of different bubble coalescence models. The film drainage model returns a 100% coalescence

efficiency, while on the other hand the energy model returns a 0% coalescence efficiency, with

this large discrepancy requiring further investigation and model development. The knowledge

gained from the present results on the mechanisms that underpin bubble collisions is of value

to the further development of more advanced coalescence closure models.

Keywords: Direct numerical simulation, microbubbles, turbulence modulation, bubble

coalescence
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1 Introduction

Dispersed bubbly flows consist of a population of gas bubbles dispersed in a liquid

continuum. Bubbly flows of different kinds are found in a number of natural phenomena and

are also widely used in engineering applications [1]. In nuclear power plants cooled by water,

bubbly flows are commonly encountered when boiling occurs and a large number of bubbles

are generated on the heated walls [2]. Also, bubble columns are widely used in chemical and

petrochemical reaction units, since they remove the need for moving parts and have good

hydrodynamic and mass/heat transfer characteristics, even with large liquid holdup [3,4].

However, bubbly flows hydrodynamics is complex and one of the major complexities derives

from bubble interactions with neighbouring bubbles and with the usually turbulent fluid flow.

When the gas void fraction increases above  3%, bubble-bubble interactions are no longer

negligible [5]. These interactions promote bubble coalescence, with turbulence also leading to

bubble break-up, and these phenomena impact the bubble size distribution within the flow and

make the accurate prediction of bubbly flows in practical applications particularly challenging.

With the development of high performance computing (HPC) platforms in recent decades,

numerical simulations are now capable of resolving fluid dynamic details that are difficult to

capture even with the most advanced experimental techniques. Over the years, numerous

advanced computational fluid dynamic methods have been developed for predicting turbulent

bubbly flows. Among these approaches, direct numerical simulation (DNS) resolves all the

length and time scales in the flow down to the Kolmogorov scale, and has been increasingly

used to advance the understanding of complex flow phenomena across the length scales down

to the smallest scales. The knowledge generated through DNS studies currently often underpins,

together with experimental data, the further improvement of closure relations employed in

more macroscopic treatments, such as the Eulerian-Eulerian multi-fluid model [6]. In the

context of bubbly flows, DNS has started to be applied only relatively recently, once the growth

of HPC made it computationally affordable [7]. In this paper, DNS is used to advance the

current knowledge of some aspects of the fluid dynamics of two-phase bubbly flows.

With knowledge of the flow field obtained using DNS, different methodologies can be

employed for the computation of the flow of the dispersed bubbles, such as Lagrangian or

interface tracking techniques. Of these, coupled Eulerian-Lagrangian approaches treat the

continuous phase in an Eulerian framework and the motion of individual or groups of bubbles

by solving Newton’s second law of motion, accounting for all the forces acting on each bubble.



3

By incorporating bubble-fluid and bubble-bubble interactions (e.g. bubble collisions,

coalescence and break-up), the method provides a means to simulate phase interaction with a

much higher spatial resolution with respect to other methods such as Eulerian-Eulerian

approaches [8]. Over the decades, Eulerian-Lagrangian approaches have successfully been

applied to the simulation of microbubble behaviour in turbulent flows [9-13]. In this work, an

Eulerian-Lagrangian model, with DNS used to predict the liquid phase flow field, is developed

and applied to bubbly flows in a vertical channel.

Of interest in this study is the behaviour of microbubbles, these being bubbles with a

diameter in the range 1 ~ 1000 µm. This size range is relevant in many engineering applications,

such as the treatment of waste water and sewage, where microbubbles help to separate

particulates from potable water due to their high surface area to volume ratio [14]. The flow of

microbubbles in channels has been investigated numerically many times over the last few

decades [9,15-21,13,22], but available studies mainly focus only on aspects such as the

modulation of turbulence by microbubbles, the reduction of turbulent skin friction, and the lift

force effect on the bubble spatial distribution. However, in real life gas-liquid processes,

bubbles constantly collide with each other. Depending on the size, velocity and interfacial

chemistry, the bubbles may break-up or coalescence [23], changing the total number of bubbles

in the flow and the bubble size distribution. These phenomena impact not only the fluid flow

and turbulence field, but sometimes more importantly heat and mass transfer processes through

the available interfacial area.

Experimental observations in the literature [24-27] have helped to clarify microbubble

dynamics and the effect of bubbles on the fluid flow, as well as some characteristics of their

coalescence behaviour. For example, Park et al. [25] demonstrated that microbubbles in a

turbulent boundary layer favour accumulation in the low-speed streaks close to the viscous

sublayer, and form hairpin shaped clouds in the buffer region. These results help to clarify how

microbubble clouds form in the turbulent boundary layer. However, microbubble coalescence

was not observed in their study, even in the clouds. The authors attributed this to the rigidity

of the microbubbles due to their high surface tension and local repulsion at the

water/microbubble surface. The study was, however, limited to a bubble volume fraction of α

< 0.01%. At higher volume fractions of α = 0.10%, Yonemoto et al. [26] observed microbubble

coalescence even in purified water. They noted that microbubbles can slide along the surface

of another bubble, bouncing off after, although in other cases, the bubbles immediately

coalesced after contact, or after a certain amount of interaction time. In view of this, although
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progress has been made recently, a comprehensive understanding of microbubble collision and

coalescence behaviour is still to be achieved.

In the literature, three methods are employed to predict the coalescence probability of

interacting bubbles [28]: the film drainage model [29,30], the energy model [31] and the critical

approach velocity model [32]. In the commonly used film drainage model, when two bubbles

approach and touch one another, a liquid film is trapped between their interfaces. If the bubbles

remain in contact for enough time to allow the film to drain away to the critical rupture

thickness, bubble coalescence occurs. Otherwise, the two bubbles bounce off each other.

Clearly, this is a complex process to model and is greatly affected by the interface properties.

Most numerical studies [23,33,34] of microbubble coalescence have focused on surfactant-

laden flows and it is well known that tiny amounts of contaminants or surfactants can

drastically modify the air-water interface behaviour [35]. Experimental results reveal that clean

air bubbles coalesce within milliseconds, much faster than when contaminants are present. To

the authors’ knowledge, most research to date has concerned the use of large eddy simulation

to study microbubble flows under four-way coupling with coalescence, e.g. [36,37], with DNS-

based investigations of clean bubbles notable scarce.

In this paper, microbubble-laden channel flows are predicted using DNS and a Lagrangian

particle tracking approach. In line with previous work [17, 22], microbubbles with diameters

110 μm, 220 μm and 330 μm, assumed to be non-deformable and spherical, are injected and 

allowed to collide and coalesce. The predicted bubble dynamics and interactions in the

turbulent flow are evaluated, and the impact of the fluid turbulence on bubble collision,

coalescence and the bubble size evolution are considered.

Section 2 presents the computational approaches employed, specifically the DNS and

Lagrangian particle tracking models. In Section 3, model results are initially validated against

literature results for single-phase, one-way and two-way coupled flows. Subsequently, the

model is extended to four-way coupling with the addition of specific models to detect bubble

collision and evaluate coalescence probability. The capabilities of the four-way coupled model

are evaluated in upward and downward channel flows of water at Reτ = 150, and results for

bubble collision and coalescence efficiency analysed. It should be noted that previous work

[33] has indicated that bubble break-up is negligible in low Reynolds number channel flows of

the order of that studied in this work, and hence it is not considered further in this work. A

summary of the key findings of the work and general conclusions are provided in Section 4.
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2 Numerical Approach

In this section, the numerical model employed for the DNS of turbulent bubbly flow is

described. In Section 2.1, the governing equations for the fluid phase are presented, followed

by the description of the Nek5000 fluid flow solver used in this work. The Lagrangian particle

tracking routine, developed and interfaced with the Nek5000 code, is introduced in Section 2.2.

Finally, in Section 2.3, discretization of the computational domain and the numerical setup are

presented.

2.1 Fluid phase

The high order spectral element Nek5000 code [38] was used to solve for the turbulent fluid

flow. DNS codes rely on accurate and efficient solution algorithms that have low numerical

dissipation and fine time and space discretization to solve for all the turbulent scales in the flow.

Nek5000 is well known for its spectral accuracy, favourable dispersion properties and efficient

parallelization [39]. Nek5000 is a Legendre polynomial-based spectral element code and was

used to solve the continuity and momentum conservation equations for the fluid phase flow,

written in non-dimensional form: ߘ ∙ ࢛∗ = 0 (1)

∗ݐ߲∗࢛߲ + (࢛∗ ∙ ∗࢛(ߘ = ∗݌ߘ− + 1ܴ݁௕ ∗ଶ࢛ߘ + ∗௜ࢌ (2)

Here, u* is the velocity vector of the fluid flow field, and p* is the pressure. Reb is the bulk flow

Reynolds number (Reb = Ub δ / ν, with fluid kinematic viscosity ν). fi
* is an arbitrary forcing

term that incorporates the imposed pressure gradient used to drive the single-phase flow and

feedback from the bubbles to the fluid phase (two-way coupling). All the parameters are

normalized by bulk quantities, using the channel half-height δ as the reference length scale and

the bulk velocity Ub as the reference velocity scale, which gives the reference time scale as δ /

Ub. Further details of the code can be found in [35]. The use of Eqs. (1) and (2), neglecting

effects due to local variations of the bubble volume fraction, is only valid for volume fractions

< 0.1% [5]. For higher volume fractions, according to Ferrante and Elghobashi [21], the

presence of a local positive divergence of the fluid velocity would affect the accuracy of the

method. In the present work, and in view of the results given below, this is only likely to have

any effect in the viscous sublayer in upflow.
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2.2 Bubble phase

In order to model the transport of the dispersed phase, a Lagrangian bubble tracking routine

was developed and interfaced with Nek5000. Each bubble is assumed spherical and represented

by a Lagrangian point. The movement of each bubble is tracked by solving the non-dimensional

form of Newton’s equation of motion, using a fourth-order Runge–Kutta scheme, with a

timestep equal to that of the fluid flow solver. Forces acting on the bubble are drag, lift, virtual

mass, pressure gradient, gravity and buoyancy:

∗௕ߩ ࢛݀௕∗݀ݐ∗ = ୈܥ3
4݀௕∗ ห࢛௙∗ − ࢛௕∗ ห൫࢛௙∗ − ࢛௕∗ ൯+ (1− ୚୑ܥ+∗ࢍ(∗௕ߩ ቆ࢛ܦ௙∗ݐܦ∗ − ࢛݀௕∗݀ݐ∗ ቇ

+
∗ݐܦ∗௙࢛ܦ + ∗୐൫࢛௙ܥ − ࢛௕∗ ൯× ࣓௙∗ (3)

where ∗௕ߩ is the non-dimensional bubble density, ࢛௙∗ and ࢛௕∗ are the non-dimensional fluid and

bubble velocity vectors, CD is the drag coefficient, CVM the virtual mass coefficient and CL is

the lift coefficient. The non-dimensional gravitational acceleration ∗ࢍ� is only set in the

streamwise direction, given the Froude number Fr. ࣓௙∗ the fluid vorticity at bubble position

and is given as ࣓௙∗ = ∇ × ࢛௙∗ . The bubble position is obtained from:݀࢞௕∗݀ݐ∗ = ࢛௕∗ (4)

where ࢞௕∗ represents the coordinates of the bubble position.

The first term on the right-hand side of Eq. (3) is the drag force, which is the force exerted

by the continuous phase that opposes bubble movement. For rising bubbles at steady-state, the

drag force is balanced by the buoyancy force and determines the relative velocity between the

bubble and the continuous phase fluid. The drag coefficient CD is obtained from the model of

Schiller and Naumann [40], which provides a non-linear correction to the Stokesian drag force.

The second term on the right-hand side of Eq. (3) combines the effects of gravity and buoyancy

forces. The added-mass force characterizes the force acting on the bubbles because of the fluid

displaced during bubble motion. In Eq. (3), this is associated with the substantial derivative of

the fluid velocity at the bubble position and the total derivative of the bubble velocity. The

virtual mass coefficient CVM is set to 0.5, which is a reasonable assumption for spherical

bubbles [41]. The pressure gradient force arises because of the presence of pressure gradients

in the fluid phase and the expression used for this force is that given by Maxey and Riley [42].

The lift force is the final term and accounts for the force acting on the bubble in the direction
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perpendicular to its motion due to the presence of shear in the fluid flow, This lift force, as will

be shown in the results section, drives the lateral movement of the bubbles and can be

calculated using: ୐ࡲ = ௙ܸ൫࢛௙ߩ୐ܥ − ࢛௕൯×࣓௙ (5)

The lift coefficient CL is taken from Legendre and Magnaudet [43], which combines large

and small Reynolds number formulations. All the models used are summarized in Table 1.

Table 1. Equations for force coefficients.

Coefficient Formula Source

CD

ୈܥ = ଶସோ௘ಳ (1 + 0.15ܴ݁஻଴.଺଼଻)ܴ݁஻ = ห௨೑ି௨್หௗ್ఔ
Schiller and Naumann

[40]

CVM 0.5 Brennen [41]

CL

୐ܥ = ට[ܥ୐௟௢௪ ோ௘(ܴ݁஻,ܵݎ஻)]ଶ + ୐௛௜௚௛ܥൣ ோ௘
(ܴ݁஻)൧ଶܥ୐௟௢௪�ோ௘(ܴ݁஻,ܵݎ஻) = ଺గమ(ோ௘ಳௌ௥ಳ)బ.ఱ ቂ ଶ.ଶହହ

(ଵା଴.ଶ఍షమ)భ.ఱቃܥ୐௛௜௚௛�ோ௘
(ܴ݁஻) = ଵଶ ோ௘ಳାଵ଺ோ௘ಳାଶଽܵݎ஻ = |ఠ್|ௗ್ଶห௨೑ି௨್ห , ߞ = ቀௌ௥ಳோ௘ಳቁ଴.ହ

Legendre and

Magnaudet [43]

Fr ݎܨ =
௨ഓమ௚ఋ -

Here, SrB is the non-dimensional shear rate, and ReB is the bubble Reynolds number.

Two-way coupling was achieved by including feedback from each bubble to the fluid phase

via the fi
* term in the momentum conservation equation (Eq. (2)).

When the bubble concentration is sufficiently high, the number of bubble collisions

increases significantly. The effect of these on the fluid dynamics of the flow can no longer be

neglected, and it is necessary to move to four-way coupled simulations. In this work, only

binary collisions between bubbles were considered and these were modelled using a hard

sphere collision approach. When two bubbles collide, there are two possible outcomes, i.e. the

two bubbles merge and coalesce or they bounce off each other after the collision. Numerous

models are available to determine whether the bubbles coalesce after collision. These have

been recently summarized in the comprehensive work of Liao and Lucas [28]. In the present

work, the film drainage model proposed by Prince and Blanch [44] was adopted, coupled to

the contact time models of Sommerfeld et al. [45] and Kamp et al. [46]. In addition, an energy

model [47] for the coalescence process was also evaluated.



8

According to the film drainage model, when two bubbles collide a thin liquid film remains

trapped between them [48,49]. Coalescence only happens if the interaction between the bubbles

lasts long enough to allow the liquid to drain and the film to thin down to a thickness at which

film rupture occurs. In the model, this happens only when the bubble contact time tcontact is

greater than the film drainage time tdrainage. The contact time was first modelled according to

Sommerfeld et al. [45]:

௖௢௡௧௔௖௧ݐ = ௡ݑ௘௤ݎ௖ܥ (6)

Here, req is the equivalent bubble radius of two colliding unequal sized bubbles of radius r1 and

r2. Cc is a constant that determines the deformation distance as a fraction of the effective bubble

radius and un is the normal component of the relative impact velocity.The drainage time was

taken from Prince and Blanch [44]:

ௗ௥௔௜௡௔௚௘ݐ = ඨݎ௘௤ଷߩ஼
ߪ16 ݈݊ ቆℎ଴ℎ௙ቇ (7)

where σ is the surface tension and ρc the density of the continuous fluid phase. For an air-water

system, the initial film thickness ℎ଴ and the final thickness before rupture ℎ௙ were taken to be

10-4 m and 10-8 m, respectively [41]. The contact time from Kamp et al. [46] was also tested.

In this model, the contact time is obtained from a balance between the increasing surface free

energy and the corresponding reduction in the kinetic energy of the system during collision:

௖௢௡௧௔௖௧ݐ = ߨ
4

ቆ8ߩ௖ܥ௏ெݎ௘௤ଷ
ߪ3 ቇଵ/ଶ

(8)

In contrast to the film drainage model, a different approach is followed in the energy model

developed by Howarth [31]. In this model, coalescence depends on the impact of the colliding

bubbles, i.e. the relative velocity of two colliding bubbles should be larger than a critical value

for coalescence to occur. Based on this, Sovová [47] proposed the energetic collision model,

in which coalescence occurs if the kinetic collision energy Ekin exceeds the surface energy Es:

௦ܧ = ߪ4 ቀߨ
6

ቁଶ/ଷ
ଵଶݎ) + (ଶଶݎ (9)

௞௜௡ܧ = ߨ2
3

௥௘௟ଶݑ௚ߩ ଵଷݎଶଷݎଵଷݎ + ଶଷݎ (10)
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The new bubble’s radius after coalescence was calculated on a volume balance:

௡௘௪ݎ = ଵଷݎ) + ଶଷ)ଵ/ଶݎ (11)

2.3 Flow configuration

The flow domain studied is a vertical channel, modelled with two parallel walls. The size of

the computational domain is 14δ × 2δ × 6δ, and it is discretized into 27 × 18 × 23 elements and

3.8 M Gauss-Lobatto-Legendre (GLL) grid-points, using 7th order spectral elements. The

geometrical dimensions are comparable to those used by other authors studying turbulent

bubble-laden channel flows [50-52]. The grid resolution is also comparable to, or higher than,

other available literature studies of the same flow condition [17,22]. Streamwise, wall-normal

and spanwise directions are denoted by x, y and z, respectively, and periodic conditions were

assumed in both the streamwise and spanwise directions. The elements were uniformly

distributed in the streamwise and spanwise directions, corresponding to grid spacings in the x

direction of Δx+ = 11.1 and in z direction of Δz+ = 5.6 (in wall units). To capture the small-scale

vortices in the near-wall region, elements were clustered in the wall-normal direction, so that

on average the largest grid spacing equalled Δy+
c = 6.5 in the channel centre, with the smallest

equal to Δy+
w = 0.6 in the near-wall region. The no-slip condition was imposed at the walls and

the flow was driven by an imposed pressure gradient in the streamwise direction, determined

from the desired Reynolds number. In this case, the fluid is water with density of 1000 kg·m-3

and kinematic viscosity of 10-6 m2·s-1. The non-dimensional channel height δ is equal to 0.02

m and the shear velocity is 7.5 × 10-3 m·s-1, based on a shear Reynolds number Reτ = 150 which

corresponds to a bulk mean velocity of 0.113 m·s-1.

Initially, a single-phase flow at Reτ = 150 was simulated until a statistically steady-state was

reached. Then, a total of 181,340 and 22,659 bubbles of diameters db = 110 μm and 220 μm, 

respectively, were injected for the one-way and two-way coupled cases considered for model

validation. These numbers of bubbles correspond to a void fraction of 0.01% which is low

enough for bubble-bubble interactions to be neglected. The bubbles were injected with a

random spatial distribution in the fully developed turbulent channel flow, with the initial bubble

velocities matching those of the fluid at the bubble centre. When a bubble reached a periodic

boundary, it was re-injected at the corresponding boundary on the other side of the channel,

keeping the average void fraction of the bubbles constant. Both upflow and downflow cases

were studied and the results validated against the DNS-based simulations of Giusti et al. [22]
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and Molin et al. [17]. For the four-way coupled cases, the number of 110 μm diameter bubbles 

was increased to 1,928,513. This number of bubbles was used to obtain a void fraction of 0.1%,

necessary to record a significant number of bubble collisions. These simulations were also

performed with 71,426 330 μm diameter bubbles giving the same void fraction. The 

nondimensional Eotvos number (Eo) can be introduced to describe bubble deformability:

݋ܧ = ௖ߩ) − ߪ௕)݀௕ଶ݃ߩ (12)

The Eotvos number is proportional to the buoyancy force divided by the surface tension force.

In this paper, the surface tension is assumed to be 0.0728 N·m-1, and the densities of the fluid

and bubbles are 1000 kg·m-3 and 1.3 kg·m-3, respectively, leading to Eo ≈ 1.63 × 10-3 for 110

μm diameter bubbles, and Eo ≈ 6.51 × 10-3 and 1.46 × 10-2 for 220 and 330 μm diameter bubbles. 

Considering that Eo < 0.2 for all bubble sizes, and the level of turbulence considered in this

study, it is reasonable to assume that each microbubble is non-deformable and spherical [53].

3 Results and Discussion

3.1 Model validation

The instantaneous single-phase velocity field is displayed in Fig. 1 for the Reτ = 150 flow,

together with the GLL grid-points. The streamwise velocity is seen to be at a maximum in the

centre of the channel and decreases to a minimum towards the walls due to the non-slip

boundary conditions applied there. Validation of these results was obtained by comparison with

the DNS predictions of Molin et al. [17]. Time- and space-averaged predictions, normalized by

shear variables (the shear velocity uτ is used as the reference velocity scale rather than the bulk

velocity Ub), are compared in Fig. 2. The present results for the single-phase flow are plotted

as solid lines, while the circles correspond to the predictions of Molin et al. [17]. Excellent

agreement is obtained for the mean streamwise velocity in Fig. 2(a) and the root-mean-square

(rms) of the velocity fluctuations in Fig. 2(b). Predictions of the ௬ᇱାݑ௫ᇱାݑ shear stress from the

present computations are also included in the latter, although similar values were not provided

by Molin et al. [17]. Although not shown, comparable agreement to that shown in Fig. 2 was

also obtained for a Reτ = 395 single-phase channel flow considered by Molin et al. [17].
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∗ݔݑ = ݔܷݑ
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Figure 1. Computational mesh and non-dimensional instantaneous streamwise velocity in the

single-phase channel flow at Reτ = 150.

Figure 2. Comparisons for single-phase fluid flow at Reτ = 150: ― present work; ○ Molin et 

al. [17]. (a) Mean streamwise fluid velocity ;(௫ାݑ) (b) wall-normal ௬,௥௠௦ᇱାݑ) ), spanwise ௭,௥௠௦ᇱାݑ) )

and streamwise ௫,௥௠௦ᇱାݑ) ) rms of velocity fluctuations, and shear stress .(௬ᇱାݑ௫ᇱାݑ)

Turning to the simulations of microbubble-laden flows, microbubbles of diameters db = 110

µm and 220 µm were injected into the statistically steady single-phase flow solution at Reτ =

150. Results for the bubble distribution in the one-way coupled upflow with db = 220 μm 

bubbles are presented in Fig. 3. The lateral movement of bubbles is driven by the lift force

(Eq.(5)), which pushes spherical bubbles, due to the asymmetrical fluid circulation around the

bubble in a shear flow, towards the side of higher relative velocity [54]. In upflow, since the

bubbles travel faster than the liquid, the higher relative velocity is found on the side of the

bubble towards the wall, where the fluid is slower (Fig. 3(a)). In contrast, in downflow (not

shown), the bubble is slower than the liquid and, accordingly, the highest relative is found on

the side towards the centre of the channel, where the fluid velocity is higher. Fig. 3(b) shows

the bubble distribution close to the wall in the same upward channel flow, superimposed on

0 30 60 90 120 150
0

5

10

15

20(a)

u
+ x

y
+ 0 30 60 90 120 150

-1

0

1

2

3

y
+

(b)

N
o

rm
a

l
a

n
d

sh
ea

r
st

re
ss

es

u
'+

y
'
rms

u
'+

x
u

'+

y

u
'+

z
'
rms

u
'+

x
'
rms



12

contours of the fluid velocity field. Clearly, the bubbles preferentially concentrate in the well-

known regions of low fluid velocity (or low speed streaks) near the walls, caused by quasi-

streamwise vortices, i.e. long, thin tubes of vorticity, that are orientated mainly in the

streamwise direction.

x

z

x

y
z

―0.6709

―0.5031

―0.3354

―0.1677

―0.0000

∗ݔݑ = ݔܷݑ
b
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―0.8250
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ܾݑ ∗ݔ, =
ܾݑ ݔ,
bܷ

(a) (b)

Figure 3. Instantaneous bubble distribution in upflow at Reτ = 150 for db = 220 μm bubbles: 

(a) distribution with contour levels of bubble streamwise velocity in the whole channel; and (b)

distribution in a thin slice of the viscous sublayer with contour levels of fluid streamwise

velocity.

Two-way coupled simulations, where the effects of bubbles on the carrier fluid are

accounted for, were also validated against the Molin et al. [17] database used for the single-

phase flow simulation. For the validation, the pressure gradient was modified in agreement

with that used by Molin et al. [17] to include the reduced gravitational gain or loss consequence

of the lighter mixture. As discussed in Molin et al. [17], this leads to a higher/lower wall shear,

and mean velocity, in the upward/downward two-way coupled flows with respect to the single-

phase flow. For the downward flow, the comparison with Molin et al. [17] is presented in Fig.

4. Bubbles travel slower than the fluid in this case and, although some differences are found in

the shape of the predicted streamwise mean bubble velocity, this and the rms values given in

Fig. 4(b) are in acceptable agreement. The same results for the upflow case are provided in Fig.

5. Here, the bubbles travel faster than the fluid, but the difference in the mean streamwise
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bubble velocity with respect to Molin et al.’s [17] results is more marked than in the downflow

case, but with generally good agreement for rms values. This can be explained by the fact that,

in the present simulations, the pressure gradient was fixed to exactly match that estimated in

Molin et al.’s [17] study after the injection of the bubbles. In the latter study, however, it is

shown that the real wall shear in the simulation does not reach this estimated value but remains

lower, causing the fluid, and the bubbles, to travel slower with respect to the present simulation,

where the estimated wall shear is effectively reached. Additionally, the present computations

used 3.8 M grid-points compared to the 2.1 M nodes used by Molin et al. [17].

Figure 4. Comparison of bubble velocity statistics for two-way coupled downflow at Reτ = 150

with db = 110 μm: ― present work; ○ Molin et al. [17]. (a) Mean streamwise bubble velocity 

௕௫ାݑ) ); (b) wall-normal ௕௬,௥௠௦ᇱାݑ) ), spanwise ௕௭,௥௠௦ᇱାݑ) ) and streamwise ௕௫,௥௠௦ᇱାݑ) ) rms of bubble

velocity fluctuations, and shear stress ௕௫ᇱାݑ) ௕௬ᇱାݑ ).
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Figure 5. Comparison of bubble velocity statistics for two-way coupled upflow at Reτ = 150

with db = 110 μm: ― present work; ○ Molin et al. [17]. (a) Mean streamwise bubble velocity 

௕௫ାݑ) ); (b) wall-normal ௕௬,௥௠௦ᇱାݑ) ), spanwise ௕௭,௥௠௦ᇱାݑ) ) and streamwise ௕௫,௥௠௦ᇱାݑ) ) rms of bubble

velocity fluctuations, and shear stress ௕௫ᇱାݑ) ௕௬ᇱାݑ ).

Although not shown, good agreement was found in comparisons with the continuous and

dispersed phase DNS-based results of Giusti et al. [23] for Reτ = 150 upward and downward

channel flows containing db = 220 μm bubbles that were one-way coupled to the flow.

3.2 Four-way coupled flows with db = 110 μm bubbles 

After validation, the four-way coupled model was applied to upward and downward flows

at Reτ = 150 with db = 110 μm bubbles, and a void fraction of 0.1%. The bubble mean 

streamwise velocity profiles, and normal and shear stresses, for both upflow and downflow are

compared in Fig. 6. Fig. 6(a) shows that, as expected, bubbles travel faster in upflow than in

downflow. Similar levels of bubble normal and shear stresses are found in the two flows (Fig.

6(b)), except for the peaks in the near-wall region where the streamwise normal stress and the

shear stress are greater in upflow. This follows from the tendency of bubbles to enhance the

fluid flow turbulence in upflow and suppress it in downflow [17,55]. Only in the immediate

vicinity of the wall do rms values in downflow become higher, but this is simply a consequence

of the small number of bubbles in this region that prevented statistically meaningful averaging.

Therefore, results very close to the wall are not shown for the downflow case.
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Figure 6. Bubble velocity statistics for four-way coupled (―) upflow and (- - -) downflow at 

Reτ = 150 with db = 110 μm. (a) Mean streamwise velocity (ݑ௕௫ା ); (b) wall-normal ௕௬,௥௠௦ᇱାݑ) ),

spanwise ௕௭,௥௠௦ᇱାݑ) ) and streamwise ௕௫,௥௠௦ᇱାݑ) ) rms of bubble velocity fluctuations, and shear

stress ௕௫ᇱାݑ) ௕௬ᇱାݑ ).

This effect is explained by the results given in Fig. 7, where the bubble number density,

normalized by its initial value, is plotted as a function of the distance from the wall. Under the

effect of the lift force, more bubbles travel towards the wall in upflow, with the bubble

concentration peaking at the wall. Conversely, in downflow, the same lift force pushes the

slower bubbles towards the centre of the channel and a bubble depleted region is formed in the

near-wall region.

Figure 7. Four-way coupled bubble number density profiles normalized by the initial bubble

concentration in (―) upflow and (- - -) downflow at Reτ = 150 with db = 110 μm. 
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The Lagrangian bubble tracking technique employed allowed the systematic tracking of all

bubble collisions and, for each of these, the velocity of the colliding bubbles and the collision

angles. These quantities are of particular interest since detailed quantitative information on

these parameters is generally not available, with many aspects of bubble collision and

coalescence in turbulent flows still poorly understood. In Fig. 8, the probability density

function (PDF) of relative bubble collision velocities in the streamwise direction are plotted in

different regions of the channel (namely the viscous sublayer, buffer layer, log-law region, and

bulk flow region) for the downflow case. In Fig. 9, similar information is provided for the

bubble collision angles. The relative velocities, and angles, are always very small. Thus, despite

the turbulent nature of the flow (albeit at low levels given the flow Reynolds number), these

results indicate that most collisions involve bubbles colliding at low relative velocities whilst

moving in only slightly different directions. It is notable that the largest collision angles, and

velocities, are found in the viscous sublayer region, where the largest mean flow velocity

gradients occur, but the lowest turbulence levels are found. At the shear Reynolds number

considered, therefore, shear-induced collisions still play a significant role and turbulence

affects bubble motion mainly in the streamwise direction, resulting in collisions that are almost

rectilinear and with streamwise-only relative velocities.
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Figure 8. PDF of relative bubble collision velocities in the streamwise (x), wall-normal (y) and

spanwise (z) directions in different regions of the channel in downflow at Reτ = 150 with db =

110 μm. (a), (b), (c) Viscous sublayer; (d), (e), (f) buffer layer; (g), (h), (i) log-law region; (j), 

(k), (l) bulk flow region.
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Figure 9. PDF of bubble collision angles in different regions of the channel in downflow at

Reτ = 150 with db = 110 μm. (a) Viscous sublayer; (b) buffer layer; (c) log-law region; (d) bulk 

flow region.

Similar to the predictions of Figs. 8 and 9, the results for bubble collision velocities and

collision angles in upflow are presented in Figs. 10 and 11, again confirming the generally low

values of velocities and angles at which collisions occur, with the largest values of both again

being found in the viscous sublayer. Due to the larger number of bubbles in the near-wall region

in this case due to the influence of the lift force, and the higher turbulence levels and larger

mean velocity gradients induced by bubbles moving faster in upflow than in downflow, the

relative velocities and angles in the viscous sublayer are larger than in downflow, with collision

angles up to 15 degrees observed. That said, collision velocities and angles are still generally

small, confirming bubble collisions again happen on nearly rectilinear paths and with

streamwise-only relative velocities.
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Figure 10. PDF of relative bubble collision velocities in the streamwise (x), wall-normal (y)

and spanwise (z) directions in different regions of the channel in upflow at Reτ = 150 with db =

110 μm. (a), (b), (c) Viscous sublayer; (d), (e), (f) buffer layer; (g), (h), (i) log-law region; (j), 

(k), (l) bulk flow region.
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Figure 11. PDF of bubble collision angles in different regions of the channel in upflow at Reτ

= 150 with db = 110 μm. (a) Viscous sublayer; (b) buffer layer; (c) log-law region; (d) bulk 

flow region.

3.3 Four-way coupled flows with db = 330 μm bubbles 

To further understand bubble collision dynamics, the bubble size effect was also considered.

A total of 71,426 microbubbles with a larger diameter db = 330 μm, again corresponding to a 

void fraction of 0.1 %, were injected in the channel flow. Results for the upward and downward

flows in terms of bubble velocity statistics and number density profiles were qualitatively

similar to those given above for the smaller bubble diameter case, so are not reproduced here.

Likewise, bubble collision velocities and angles in the four regions of the flow were again

qualitatively similar. Because of this, comparison between results for the two bubble sizes is

presented for the two regions of the flow that exhibited the greatest differences, namely the

buffer layer in downflow and the viscous sublayer in upflow. PDFs for these cases are presented

and compared in Figs. 12 and 13, respectively.

Overall, relative collision velocities and collision angles remain small in both regions of the

flow, which confirms that, for the microbubbles considered, both bubble sizes tend to move

and collide in nearly rectilinear paths. The results of Fig. 12 for the buffer layer in downflow

show that, for the larger microbubbles, the range of both bubble velocities and collision angles
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tends to be slightly larger than in the case of the 110 μm bubbles. The cause of this is worthy 

of further consideration, since shorter ranges might have been expected given that the larger

inertia of 330 μm bubbles should make them less prone to be affected by the fluid flow. 

However, different phenomena may be responsible for the larger ranges, such as the higher

shear across the bubble, and hence lift force, instantaneously experienced by the 330 μm 

bubbles in the most turbulent region of the flow. At the same time, as soon as coalescence

begins, larger more buoyant bubbles are formed. The increase in bubble size with coalescence,

and the corresponding difference in velocity, can be expected to be much larger for coalescing

330 μm bubbles than for 110 μm bubbles. These bubble size broadening effects would cause 

the 110 μm bubbles to have smaller relative streamwise velocities and collision angles, with 

peak probability values at lower levels.

In contrast, in Fig. 13 for the viscous sublayer region in upflow, a generally similar range

of relative velocity and collision angle magnitudes is found for both bubble sizes. Qualitative

differences in the PDFs are, however, in general apparent. In particular, coalescence leading to

larger bubble sizes was found to give rise to the accumulation of large coalesced 330 μm 

bubbles in the laminar viscous sublayer, again with much larger sizes than for the 110 μm case. 

These large bubbles remained close to the wall, decreasing through buoyancy effects the

streamwise relative velocity and collision angle, and also shifting the probability distributions

to lower values.
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Figure 12. Comparison of PDFs of relative bubble collision velocities and angles in the buffer

layer of the channel in downflow at Reτ = 150. (a), (b), (c) Collision velocities in the streamwise

(x), wall-normal (y) and spanwise (z) directions; (d) collision angles (■ db = 330 μm; ■ db =

110 μm). 
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Figure 13. Comparison of PDFs of relative bubble collision velocities and angles in the viscous

sublayer of the channel in upflow at Reτ = 150. (a), (b), (c) Collision velocities in the streamwise

(x), wall-normal (y) and spanwise (z) directions; (d) collision angles (■ db = 330 μm; ■ db =

110 μm). 

3.4 Bubble coalescence efficiency analysis

The distribution of recorded collision and coalescence events in the wall-normal direction

predicted using the film drainage model is presented in Fig. 14. In upflow, because of the

migration of bubbles towards the channel walls and the resulting high concentration of bubbles

in that region, more collisions are found in the immediate vicinity of the wall than in the channel

centre, as shown in Fig. 14(a). The same is true, even if less markedly, in downflow, despite

the migration of bubbles towards the channel centre due to the lift force. This occurs since,

even if the concentration of bubbles is low near the wall, the near-wall region remains the area

of the channel flow with the highest levels of turbulence and the largest velocity gradients, both

of which promote collisions. However, in contrast with the upflow case, the number of

collisions in downflow decreases in the very near-wall region (Fig. 14(b)) because of the very

small number of bubbles that are found there. Similar results were obtained for the 330 μm 

bubbles.
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Figure. 14 Number of bubble collisions (□) and coalescences (■) in the wall-normal direction 

in (a) upflow and (b) downflow at Reτ = 150 with db = 110 μm. 

In the results of Fig. 14, the coalescence efficiency is always found to be 100%, such that

every collision in the channel results in a coalescence. These results were obtained using the

model of Sommerfeld et al. [45], which estimates the bubble contact time from the time taken

by a bubble with a certain relative collision velocity to travel a distance equal to a specified

fraction of the bubble radius. This fraction is arbitrarily set to 0.25, and deceleration of the

bubble during the collision process is neglected. For further verification, the contact time model

of Kamp et al. [46] was also tested. The results, however, also showed the same 100%

efficiency in both flows, with the contact time between the bubbles being always sufficient to

allow drainage of the liquid film trapped between them. In contrast, additional results obtained

with the energy model showed totally opposite behaviour, and a 0% coalescence efficiency

was found for both flows. This suggests further development of more realistic coalescence

models is desirable in future works.

An explanation for the 100% efficiency of the film drainage model, and 0% for the energy

model, can be found in the results of Figs. 8 to 11. Due to the small bubble relative velocities

and collision angles, nearly rectilinear collisions are predicted to occur. As a consequence of

the type of collision, the predicted contact time is always high, which explains the 100%

efficiency returned by the film drainage model. Conversely, according to the energy model of

Sovová [47], a high critical bubble velocity is required to give rapid coalescence, otherwise

coalescence is unlikely. Therefore, given the low relative velocity observed, which implies

low-energy collisions, the 0% efficiency returned by the energy model is not entirely surprising.
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Asiagbe et al. [56] employed large eddy simulation (LES) to examine air bubble collision

and coalescence in water flows at Reτ = 150 with db = 220 μm bubbles using a similar film 

drainage coalescence model. In evaluating coalescence efficiency, the authors observed that,

in the near-wall region, the bubbles experience shorter contact times. In these regions, this

resulted in not all collisions leading to coalescence in both upward and downward flows,

although towards the centre of the channel, where turbulence levels are lower, 100% or near-

100% coalescence efficiency was achieved. Nevertheless, collisions efficiencies were always

high (> 95%), even in the near-wall region, apart from in the upflow case where the efficiency

was significantly reduced. Similarly, Asiagbe et al. [36], in considering a Reτ = 150 horizontal

channel flow with db = 110 μm bubbles, observed an effectively 100% coalescence efficiency 

throughout the flow, with this attributed to the low flow Reynolds number. The work of

Asiagbe et al. [36,56] used a high resolution LES with 2.1 M nodes although, clearly, not all

the velocity scales were resolved, with the smallest scaled modelled after filtering. The

unresolved scales, particularly near the wall, will have some effect on the bubble motion, and

may be responsible for the differences found between the DNS- and LES-based simulations.

Nevertheless, the differences between results based on the two simulation approaches are

relatively small, particularly in view of the 100% efficiency returned by the film drainage

model, and the 0% by the energy model, in the present work. As noted, therefore, further

assessment of existing coalescence models, and the development of more realistic models, is

required for use in Lagrangian bubble tracking approaches.

4 Summary and Conclusions

Turbulent upward and downward flows of microbubbles in a channel were studied using a

four-way coupled Eulerian-Lagrangian approach. The accuracy of the model was successfully

verified by comparison with single-phase and two-way coupled results available in the

literature. The four-way coupled model provided a quantitative description of the microbubble

flows and highlighted the mechanisms responsible for bubble collision and coalescence, driven

by the continuous phase fluid flow. At the levels of turbulence investigated, collisions mainly

occur on quasi-rectilinear bubble trajectories. Therefore, the angle of collision is usually very

small and the relative approach velocity between the two colliding bubbles is generally low.

These low-energy collisions favour use of the film drainage coalescence model over the energy

model, but the contradictory predictions obtained from these two approaches is in need of

further investigation. The development of more accurate and generally applicable coalescence



26

models, possibly extended to cover recently observed behaviours specific to small

microbubbles, such as clouding in vortices and low-speed streaks, will be pursued. The

understanding generated on the dynamics of bubble-bubble interactions, which at the level of

turbulence employed mainly occur on nearly rectilinear patterns, is of value to the further

development of such models, and the closure relations used in macroscopic Eulerian-Eulerian

approaches.
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