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Superintegrable Systems on 3 Dimensional
Conformally Flat Spaces

Allan P. Fordy* and Qing Huang'
April 28, 2020

Abstract

We consider Hamiltonians associated with 3 dimensional conformally flat spaces, possessing 2, 3
and 4 dimensional isometry algebras. We use the conformal algebra to build additional quadratic first
integrals, thus constructing a large class of superintegrable systems and the complete Poisson algebra
of first integrals. We then use the isometries to reduce our systems to 2 degrees of freedom. For
each isometry algebra we give a wuniversal reduction of the corresponding general Hamiltonian. The
superintegrable specialisations reduce, in this way, to systems of Darboux-Koenigs type, whose integrals
are reductions of those of the 3 dimensional system.

Keywords: Darboux-Koenigs metric, Hamiltonian system, super-integrability, Poisson algebra, conformal
algebra.
MSC: 17B63, 37J15, 37J35,70G45, 70G65, TOHO6

1 Introduction

On spaces of constant curvature, the geodesic equations automatically have higher order integrals, which
are just built out of first order integrals, corresponding to the abundance of Killing vectors. The construction
of these higher order integrals is the first step towards constructing first integrals for Hamiltonians in “natural
form” (the sum of kinetic and potential energies), with the kinetic energy being quadratic in momenta. The
simplest case is that involving quadratic integrals, which also happen to be important in the discussion of
separable systems. Thus for Hamiltonians associated with spaces of constant curvature, the task of building
quadratic or higher order integrals is relatively simple.

This is no longer true for general conformally flat spaces, but in this case there is a large algebra of
conformal symmetries, corresponding to the particular flat metric to which they are related. In 2 dimensions,
as is well known, the conformal algebra is infinite. For m > 3 this algebra is finite and has mazimal
dimension §(n + 1)(n + 2), which is achieved for conformally flat spaces (which includes flat and constant
curvature spaces). Any two conformally equivalent metrics have the same conformal algebra, so we can
describe this in terms of the corresponding flat metric. We can then use the method introduced in [8] to
build homogeneously quadratic integrals from conformal symmetries. This is for the geodesic case (purely
kinetic energy) and again the first step towards building integrals for Hamiltonians with potentials. We are
particularly interested in building enough first integrals, with appropriate Poisson relations, for complete
integrability or superintegrability (see [17] for a general review of superintegrability). In [8], the method
was illustrated by reproducing some well known, non-constant curvature systems in 2 degrees of freedom,
such as the Darboux-Koenigs systems [12-14], with one linear and two quadratic integrals, and a case from
the classification [16] of systems with one linear and a cubic integral. In [11], we applied this method to
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non-constant curvature systems in 3 degrees of freedom, seeking systems with one linear and three quadratic
integrals (since we were interested in maximally superintegrable systems). We found several 3 parameter
systems, corresponding to inequivalent choices of Killing vector (first order integral), but, without further
restriction, the full Poisson algebra is very difficult to determine.

In [11], we found that, by restricting parameters, we could increase the dimension of the isometry algebra
of our metric, which enabled us to derive the full Poisson algebra of first integrals. In the present paper we
also consider the case of 3 degrees of freedom, but now assume the existence of a larger isometry algebra,
whilst not having “too many” isometries, since we wish to avoid constant curvature. In 2 dimensions,
Darboux and Koenigs proved that we can only have 1 isometry (ie 2 implies 3). In 3 dimensions we can
have up to 4 isometries (since 5 implies 6). This “gap phenomenon” occurs in all dimensions and is the
subject of [15]. In the current paper, we consider 2, 3 and 4 dimensional isometry algebras and derive the
corresponding general Hamiltonian systems, with restrictions possessing further quadratic integrals.

In Section 2 we give our basis of the conformal algebra and describe some involutive automorphisms,
which play a very important role in our calculations. We enumerate all subalgebras of dimension 2,3 and 4,
and then the restrict to a smaller list, after taking equivalence with respect to the involutions. We then give
the general Hamiltonian (given by (1) below) which is invariant with respect to each of these algebras.

In Section 3, we describe our main approach to finding first integrals (the method introduced in [8]). Tt is
important to emphasise that for general conformally flat metrics we cannot use isometries to derive all higher
order integrals, so the usual method would fail. Here we build a conformal element from the given conformal
algebra (of first order elements) and require this to be a genuine first integral. The existence of larger (than
1D) isometry algebras makes it possible to make a systematic derivation. The existence of isometries also
enables us to reduce from 3 to 2 degrees of freedom. Our general approach to this was introduced in [7] and
described in Section 3.1, below.

Our main results are in Sections 4-8. In Section 4 we present all superintegrable systems in our class,
associated with the two inequivalent isometry algebras of dimension 2. For each of the resulting seven cases,
we present a 4 dimensional Poisson algebra of linear and quadratic integrals. Since these systems are not
maximally superintegrable, they don’t appear in the known classifications.

In Section 5 we consider the three inequivalent isometry algebras of dimensions 3 and present all super-
integrable systems in our class. There are six examples, but several of these already appeared in [11], so we
only give brief details, except where we have made significant simplifications or where the case is new. The
systems of this section are restrictions of those which appear in the known classifications of superintegrable
systems in 3 degrees of freedom [1, 2, 4]. The specific relations are given in Section 5.

In Sections 6 and 7, we consider the reductions of the systems described in Sections 4 and 5. We give
universal reduction schemes, which only depend on the specific isometry algebra. We give the general form
of reductions in each case, together with a commuting integral for the general case, thus rendering the
2 dimensional system Liouville integrable. When we adapt these reductions to our superintegrable cases,
they reduce to systems of Darboux-Koenigs type (whenever the additional integrals can be reduced). Our
labelling of Darboux-Koenigs systems is taken from [12, 13].

In Section 8 we consider the two 4D isometry algebras that appear in our classification. Having a 4D
isometry algebra is very restrictive, so leads to two specific Hamiltonians. These can be thought of as
specialisations of some of the general classes with smaller isometry algebras. These specific Hamiltonians
reduce to flat and constant curvature systems.

2 The 3D Euclidean Metric and its Conformal Algebra

Consider metrics which are conformally related to the standard Euclidean metric in 3 dimensions, with
Cartesian coordinates (q1, ¢z, q3). The corresponding kinetic energy takes the form

H = ¢(q1,q2,93) (p + P35 +p3) - (1)

A conformal invariant X, linear in momenta, will satisfy {X, H} = A(X)H, for some function A(X). The
conformal invariants form a Poisson algebra, which we call the conformal algebra. In flat spaces, of dimension



n, the infinitesimal generators consist of n translations, %n(n — 1) rotations, 1 scaling and n inversions,
totalling §(n + 1)(n+ 2). This algebra is isomorphic to so(n +1,1) (see Volume 1, p143, of [3]). For special
cases of ¢©(q1,q2,q3) there will be a subalgebra for which {X, H} = 0, thus forming true invariants of H.
These correspond to infinitesimal isometries (Killing vectors) of the metric. Constant curvature metrics
possess in(n + 1) = 6 Killing vectors (when n = 3).

The conformal algebra of the metric (1) has dimension §(n+1)(n+2) = 10 (since n = 3). A convenient
basis is as follows

er=p1, hi=—=2(qp1 + qep2 + @3p3),  f1 = (6 + 45 — q1)p1 — 201202 — 2qugaps,  (2a)
ea =pa, ha=2(qp2—@p1), fo=—4qqp1 —2(q3 — ai — a3)p2 — 442q3p3, (2b)
es =p3, hs=2(qps —qp1), f3=—4qa3p1 — 4q2q3p2 — 2(43 — ¢ — B3, (2¢)
hy = 4q3p2 — 4qop3. (2d)

The Poisson relations of the ten elements in the conformal algebra (2) are given in Table 1. Note that this is

Table 1: The 10-dimensional conformal algebra (2)

N N 2 U O
e1 0 2e1 | —h1 0 —2eg | —2hg 0 —2e3 | —2h3 0
h1 0 | 2f1 || —2es 0 2fs || —2es 0 2fs 0
fi 0 —ho —f2 0 —h3 —f3 0 0
D) 0 2e1 —2h1 0 0 ha des
ha 0 | —4f 0 —hy 0 4hs
fa 0 ha 0 0 4fs
[£) 0 2e; —2h1 —4eg
h3 0 —4f —4hgo
f3 0 —4f2
e r o

an example of the conformal algebra given in [10] (Table 3), corresponding to the case as = a3 = 2, a4 = 0.
The subalgebra g, with basis (2a) is just a copy of s[(2). We then make the vector space decomposition of
the full algebra g into invariant subspaces under the action of g;:

g=g9g1+t9g2+ 93+ g4

The basis elements for g; have the same subscript and are given in the rows of (2).

Table 2: The involutions of the conformal algebra (2)

[ [ [ M [ A e [P ] o [ & [ P2 | 5[] Pa |
t12 €2 hi | 5/ el —h2 | 2f1 €3 —3ha f3 —2h3
13 €3 hi | 5f3 €2 Tha f2 el —hs 2f1 2h2
123 el h1 1 €3 hs f3 €2 ha fo —ha
teg || =f1 | —h1 | —e1 *%fz ha —2e2 f%fs h3 —2e3 ha




The algebra (2) possesses a number of involutive automorphisms:

vz (q1,q2,93) = (g2, 91,43), 13 (q1,G2,93) = (43,492, q1),  te3 = (q1,92,03) — (q1,43,92),

T _ a2 _ a3 )
G+éd+d E+a+a@ d+dd+dd

tef : (q1,92,q3) — (—

whose action is given in Table 2.

2.1 Low Dimensional Subalgebras of the Conformal Algebra g

We are interested in subalgebras of g, having dimensions 2, 3 and 4. Specifically, we enumerate all such
subalgebras, with bases of the form (Ky,..., K,,), m = 2,3,4, where K; are chosen from the list (2).

Table 3: Subalgebras of g

Dimension | Algebras Representative

2D 61,h1> <fz,h1> for ¢ = 1,2,3 61,h1>
eze>7<zvfj>f0r1§i<j§3 €1,62>
)

6“]15 i <f“h5 z> fOI‘ 1= 172,3 61,h4>
hl,h1> fOI‘ 7 = 2 3 4 hl,h2>
3D e1,e2,e3), (f1, f2, f3) e1,e2,e3)
e, ha, fi) fori=1,2,3 e1, hi, f1)
6“6J,h1> <fl,fj,h1> f0r1§i<j§3 61,62,h1>
)
eirej hivi1), (fi, fjs higj1) for 1 <i<j<3 e1, ez, ha)
ha, h3, ha) ha, h3, hy)
4D 61,62,63,h1> (f1, f2, f3,h1) e1,ez,e3,h1)

617627637 > <f1’f27f37 > fori:2a3a4

el,hl,ﬁ) (hs—;) fori=1,2,3

6176]7 O 1,h1>, <fiafj,hi+j*1ah1> f0r1§2<]§3
h27h37h4> <h1>

61762,637h2>
e1, hi, f1) @ (ha)
€1, €2, hla h2>
ha, hs, hy) ® (h1)

( (
( (
( (
( (
( (
( (
( (
<€“h5 z; h1> <fi, h5_i,h1> for i = 1,2,3 <€1,h1,h4
( (
( (
( (
( (
( (
( (
( (

Table 3 shows the list of algebras. We only need to consider one representative algebra from each of these
classes, since other members are related via the involutions of Table 2. The chosen representative is shown
in the final column.

For each representative case of the subalgebras listed in Table 3, we solve the equations {K;, H} = 0
for the function ¢(q1, g2, q3) of (1). It often happens that the resulting Hamiltonian has a larger algebra of
isometries, as indicated in Table 4.

As can be seen, there are two cases with genuinely 2D algebras, with the solution depending upon an
arbitrary function, 1, of a single variable. For the three genuinely 3 dimensional cases, the solution depends
upon an arbitrary function, 1, of a single variable. With a 4D isometry algebra, the form of ¢ is explicitly
fixed. There are two genuine cases.

3 Geodesic Flows in 3D with Linear and Quadratic Integrals

In later sections we seek particular cases of the Hamiltonian functions of Table 4 which admit quadratic
integrals of the type described below. We use the method introduced in [8], and used in [11], to construct
quadratic invariants out of conformal invariants.



Table 4: Invariant Hamiltonians for subalgebras of g

=1 <€1,62,€3,h2,h3,h4>
—QQ+Q3 (e1, ha, f1) ® (ha)
(

(

e1,e2,e3, hy)

e1, hi, f1) ® (ha)
61,62,h1,h2> Y =4q
ha, h3, ha) @ (h1) | ¢ = m+%+%

ﬁ ﬁ

e1, ez, hy, fi, f2, ha)
ha, hs, ha) & (h1)

Dimension | Representative @ of Invariant Hamiltonian | Maximal Isometry Algebra
2D (e1,h1) ¢ =aq (Zf) (e1,ha, f1)
(e1,e2) v =1v(g3) (e1,e2, ha)
(e1, ha) p=v(@+a) (e1, ha)
(ha, ha) o=@+ (ghz) | ()
3D <€1,62,63> Y = 1 <6 62,63,h2,h3,h4>
(e1,h1, f1) ¢ =qy (Z;) (e1, 1, f1)
(e1,e2,h1) ©=q; (e1, €2, hi, f1, fo, ha)
(e1,h1, ha) o=a¢+q¢ (e1, b1, f1) ® (ha)
(e1,e2, ha) v =1(g3) (e1, €2, ho)
(h2,h3, ha) Y =gt + 65 +43) (h2,h3, ha)
4D (e1,ea,e3,h1) There are no solutions.
(
(
(
(

A quadratic conformal invariant is any expression of the form

10
F= Z Bi; XiX; + o(q1,q2,93)H, (3a)

4,g=1

where f;; are the (constant) coefficients of a symmetric matrix, X; are linear conformal invariants, and
o(q1,42,q3) is an arbitrary function, which satisfies

3
{FH} = (Z ﬂi(Q1,Q27Q3)Pi> H,

i=1

where p;(q1, g2, g3) are some functions.

We can ask whether there is a choice of coefficients £;; and (g1, g2, ¢3) for which £;(¢1,¢2,¢3) = 0, in
which case F' is a quadratic invariant.

In fact, we will restrict our first quadratic integral to have the simpler form

Fl - XZX] + U(qhQQa Q3)Ha with {FlvH} = 07 (Sb)

for some choice 1 < 4,5 < 10. Since we have already restricted ¢ of (1) to satisfy one of the symmetry
constraints, the single equation (3b) is enough to determine the functions 3 (of the Table 4) and o. From
F} we can then generate a Poisson algebra of integrals by taking Poisson brackets with the isometries K,
along with the action of any involutions which preserve the isometry algebra and the form of . We must
also calculate the quantities {F;, F;}, which may necessitate additional integrals, after which we would need
to calculate further Poisson brackets, and so on. However, for each of the isometry algebras listed in Table
4, the resulting algebras are quite small, with simple Poisson relations. Only occasionally does an additional
integral appear when calculating {F;, F}}.

For a given isometry algebra we can systematically work through all choices of 4, j in (3b) and determine
the list of compatible Hamiltonians (1). Again the action of {X,; X, K,}, and of the appropriate involution(s),
simplifies this calculation.



3.1 Reductions to Two Dimensions

In Sections 4 and 5 we present restrictions of Hamiltonians given in Table 4, for which an integral (3b)
exists, and derive the corresponding Poisson algebras.

In Sections 6 to 8 we use the isometries to reduce our systems from 3 to 2 degrees of freedom. We use
the particular method of reduction introduced in [7], referred to as the “Kaluza-Klein” reduction, since it
is essentially the reverse procedure to the Kaluza-Klein extension. By adapting coordinates to a linear first
integral, we can reduce from 3 to 2 degrees of freedom. In principle, the lower dimensional system would
possess vector potential terms, but in all our examples these can be removed by gauge transformation.

This approach was used in [11], where it was shown that several superintegrable systems in 3 degrees of
freedom can be reduced to Darboux-Koenigs systems in 2 degrees of freedom, but with the addition of a scalar
potential function. In the present paper we present universal reductions associated with each of the isometry
algebras. For each of the (nontrivial) general Hamiltonians given in Table 4 we give two reductions, which
are generally Liouville integrable. Any integral which commutes with the particular isometry, associated
with the reduction, can also be reduced. This gives rise to superintegrable reductions of Darboux-Koenigs
type (one linear and a quadratic integral).

Each reduction is associated with one particular isometry. It can be seen in Table 1 that each conformal
symmetry commutes with exactly 3 others. What is not so apparent is that we can also find 3 other quadratic
expressions which commute with this isometry, and that these 6 elements can be used to build 6 conformal
symmetries of the reduced space, which satisfy the relations of g; + go in Table 1. Our reduced quadratic
integrals are then written in terms of this reduced conformal algebra.

4 Superintegrable Restrictions with 2D Isometry Algebras

In this section, we consider the kinetic energies H, with ¢ given in Table 4, corresponding to the two
nontrivial subalgebras (eq, hy) and (h1, ha), and list the cases consistent with quadratic integrals of the form
(3b). There are many choices of quadratic integrals for a given example, but in all our examples, the resulting
algebra has rank 4, meaning that we only obtain 4 functionally independent integrals, H, Ky, Ko, Fy, so the
corresponding systems are superintegrable, but we have not managed to find the fifth integral needed for
maximal superintegrability. We can always choose F; in such a way that we only need to introduce one
additional integral F5.

We find that, in each case, both functions F; commute with one particular isometry (say K7). This follows
from one of two mechanisms:

{Ki,F1} =0, {Ky, 1} =clFy, {Ki,K}=0, = {Ki,F}=0,
{Ki,F1} =0, 1K1 =K1, twFi=cF, = {K,F}=0,

where c is a constant and ¢4, denotes the relevant involution.

When we consider reductions to 2 dimensional systems in Section 6, we use one particular isometry for
the reduction and any commuting integral will reduce to the 2 dimensional space. We then find that one of
our reductions has one isometry and one or two quadratic integrals, so is of Darboux-Koenigs type, whilst
the other reduction is to a system with an isometry, but no independent quadratic integral.

4.1 Systems with Isometry Algebra (e, hy)

This algebra is commutative and invariant under the action of 193, as is the general Hamiltonian with
conformal factor ¢ = 9 (q% + q%) We are led to three cases of the function 1 (q% + q%), which we list below.

Remark 4.1 (Choice of F;) For each choice of (i,j) in (3b), we find a unique form of the function
P (q% —&—q%), but the same function may arise for different choices of (i,j). For example, the ¥ of (5a)
arises if we choose X;X; to be one of {€3,e3,eses}. This set of quadratic elements is invariant under the




action of 1a3 and {hyg, - }. We could, therefore, have used three integrals F;, but our two functions were
chosen to have simpler relations under both the bracket and the involution.
For all our cases there are similar choices, but we don’t explicitly discuss these.

4.1.1 The Case ¢¥(z) = ;53
The Hamiltonian ) )
93 143 2, .2, .2
= P+ +p3), da
a(q%+f1§)+ﬂ(1 2 +3) (t2)
is derived from quadratic integrals of the form
Fr=hi—4da(d+¢+a3)H, Fr=ehy +2aq H. (4b)

The integrals H,eq, hy, F1, F» form a Poisson algebra with non-zero Poisson brackets given by
{er, Fi} = 4Fy, {e1, Fy} =265 — 2aH, {Fi,Fy} = —de F). (4c)

We therefore have that hy commutes with the entire Poisson algebra. Only four of these functions are
independent, since they obey the algebraic constraint:

1
F} = (el —aH) F\ + 10H (168H — h3) . (4d)
These integrals are invariant under the action of to3.

4.1.2 The Case ¢(z) = .15

The Hamiltonian

1 2,2, 2
= ————-—— (p] + P35 +D3), da
a(q§+Q§)+5(1 2+ 7)) (52)
is derived from quadratic integrals of the form
Fy = ege3 —aquqzH, Fy=ce35—e3+alg —q¢3)H. (5b)

The integrals H, ey, hy, F1, F> form a Poisson algebra with non-zero Poisson brackets given by
{h47F1} = 4F2, {h4,F2} = —16F1, {Fl,FQ} = —O[h4H. (5(3)

We therefore have that e; commutes with the entire Poisson algebra. Only four of these functions are
independent, since they obey the algebraic constraints:

16F2 +4F% — 4(e? — BH)? — ahiH = 0. (5d)

The action of the involution is summarised in o3 : (H,eq, hy, Fy, Fo) — (H,e1, —hg, F1, —F5).

4.1.3 The Case ¥(z) = a\/\/Eiﬁ

The Hamiltonian

o Vié+a

2.2, 2
—=—""— (p} +p3 +p3), (6a)
avy/a; + a3+ B
is derived from quadratic integrals of the form
2 2
Fl = €2h4 — &H, F2 = 63h4 + BQQ (Gb)

_PR g
4+ q3 V@ + 43



These integrals form the Poisson algebra with non-zero Poisson brackets given by
{ha, 1} = —4F,, {hy, 5} =4F,, {F, Fy} = 4hg(aH — €3), (6¢)
We therefore have that e; commutes with the entire Poisson algebra. These functions satisfy the constraint
FY + F7 4+ hj (] — aH) = 4B%H*. (6d)

The action of the involution is summarised in o3 : (H, e1, hq, F1, Fo) — (H, ey, —hy, —F5, —F1).

4.2 Systems with Isometry Algebra (hy, hs)

This algebra is commutative and invariant under the action of both ¢12 and ¢.f, as is the general Hamil-

2
tonian with conformal factor ¢ = (¢ + ¢3)v ( ) We are led to four cases of the function ¥ (quT?’qﬂ,
1 2

d3
qi+a3
which we list below.

4.2.1 The Case ¢(z) = %

The Hamiltonian ( 9 2 2) 2
G+ +a3)q5 , , 2 2
H — p +p +P ] (734)
a(@ +a3) + Be (vi 25 +93)

is derived from quadratic integrals of the form

8 2 _ 2
Fy = hahy + O‘;’;qz H, Fy=4h2—h2—16a L p g, (7h)
3 3

The integrals H, hy, ho, F1, F5 form a Poisson algebra with non-zero Poisson brackets given by
{ho, i} = Fy, {ha, Fo} = —16Fy, {Fy, Fy} = —32ho(h} + h3 +4(2a — B)H). (7c)

We therefore have that h; commutes with the entire Poisson algebra. Only four of these functions are
independent, since they obey the algebraic constraint:

16F2 + FZ +128 (812 + (8 — 2a)h3 — 282H) H — 16 (h2 + h3)* = 0. (7d)
The actions of 12 and ¢y on integrals are summarised in

tig: (H,hi,ho, Fi, Fy) v (H,hy,—ho, F1,—F5), tef: (H,hi,he, F1,F5) — (H,—hy, ho, F1, F»).

4.2.2 The Case 1/}(2’) = ﬁ%

g Va4 tata(dfta)
a\/qf + 43 + a3 + g

is derived from quadratic integrals of the form

Fi=hiey— ——DH, Fy=hifs+20\/a + @+ H. (sb)
V41 + 45 + g3

The integrals H, hy, ho, |, F5 form a Poisson algebra with non-zero Poisson brackets given by

The Hamiltonian

(p} + 3 +13). (8a)

{hi, 1} = —2F1, {h1, [} =2F, {Fi,F>} = —2h(2h] + h3 — 4aH). (8¢c)



We therefore have that hs commutes with the entire Poisson algebra. Only four of these functions are
independent, since they obey the algebraic constraint:

2F\Fy + 4H (B*H — ah?) + hi(hi + h3) = 0. (8d)

The actions of ¢12 and ¢ on integrals are summarised in

1
t12: (H,hy,ho, F1, Fy) — (H,h1, —ho, F1,F3), tef: (H,hi,ho, F1, F5) — (H,—h17h272F2,2F1> .

4.2.3 The Case 9(z) = ai;f/z

The Hamiltonian

VE+E (G+63+ad)

H = (Pl +p3 +p3), (92)
a\/qi + g3 + Bas
is derived from quadratic integrals of the form
2842 48q
Fy = hohs — ————=H, Fy;=hohy— —H (9b)
V@i + a3 V@ + 6
The integrals H, hy, hs, F}, F5 form a Poisson algebra with non-zero Poisson brackets given by
{ho, 1} = —F», {ho,Fo} =4F, {Fy, Fo} = 4hy(4aH — hi — 2h3). (9¢)

We therefore have that h; commutes with the entire Poisson algebra. Only four of these functions are
independent, since they obey the algebraic constraint:

AFY + F§ — 16H (B°H + ah3) + 4h3(hi + h3) = 0. (9d)

The actions of ¢12 and ¢y on integrals are summarised in

1
L12 ° (HahlahQaFlvFQ)H (H7h17h272F2a2F1>a Lef : (HahlahQaFlvFQ)H(H77h17h27F17F2)'

4.2.4 The Case ¢(z) = -2

The Hamiltonian ) o
_ (67 + &) a3
a (g} +q3) + B3
is derived from quadratic integrals of the form

(p} + 3 +13) . (10a)

2 2 2\ 2
« Lo q a3 q
Fl 62 H, F. f2 ( 1 3)

H. 10b
a3 a3 (10b)

The integrals H, hy, ho, ', F5 form a Poisson algebra with non-zero Poisson brackets given by
{hi, 1} = —4Fy, {h1, Fy} = 4F,, {Fi, Fy} = 4hy(hi + b — 4o+ B)H). (10c)

We therefore have that hy commutes with the entire Poisson algebra. Only four of these functions are
independent, since they obey the algebraic constraint:

FiF>+2((a+B)hi + (B —a)h; — 2(a— B)°H) H — % (h + h§)2 =0. (10d)

The actions of 12 and ¢y on integrals are summarised in

1
12 ° (H7h17h27F17F2)H(H7h17_h27F17F2)7 Lef: (-P—I7I/L17h27-F117-F‘2)'_> (H7_h17h274F274F1>‘



5 Superintegrable Restrictions with 3D Isometry Algebras

Here we consider the three nontrivial 3D cases listed in Table 4. Since these algebras are not commutative,
they generate larger, more complex Poisson algebras from the given quadratic function Fj.

5.1 Systems with Isometry Algebra (eq, hq, f1)

As given in Table 4, the general conformal factor in this case is ¢ = 31 (g—z). This isometry algebra

is invariant under the action of both t23 and tcy, as is the general form of Hamiltonian with this conformal
factor, although the specific form of ¥ changes in the case of 123. Depending upon our choice of quadratic
integrals, the full Poisson algebra of integrals may or may not be invariant with respect to the involutions.
Up to equivalence under point transformations, we obtain two cases, both of which are invariant under the
action of tcf, but not to3. Since both of these were discussed in [11], only brief details are presented here.

2

5.1.1 The Case ¢(z) = ==

a+z2
The Hamiltonian
%43 ( 2 2 2) (11a)
H = —== (p1 +p2+13), a
adl + B2 1 > T P3
is derived from a quadratic integral of the form
2, 2
qi + ¢
Fy=esfo — o(q1,q2,q3)H, where o=23* 2 2. (11b)
2
The Poisson bracket of F; with the isometries, leads to a further four quadratic integrals Fy, ..., F5, giving

us an 8 dimensional Poisson algebra of first integrals of H. The Poisson relations are given in Table 6
of [11]. Since H,e1,C (where C = ey f; + 1 h? is the Casimir function) are in involution, the system is
Liouville integrable. Furthermore, since H, ey, hy, fi and Fj are independent, the system is maximally
superintegrable.

Remark 5.1 (The Stickel Transform) The Hamiltonian (11a) can be regarded as the Stickel transform
of the Fuclidean kinetic energy with potential V = qﬁz + ;% In the classification of [1], this example corre-
2 3

sponds to a reduction of Vi, Viv and Vs by equating (g1, g2, q3) = (1, x2,23) and (a, 8) = (d, c).
5.1.2 The Case ¢(z) = A5, ﬁ;ﬁﬁz

The Hamiltonian

o ©BVE+EG
a3 + @3 + Bas

is derived from a quadratic integral of the form

(pT +p3 +13), (12a)

B (63 +2¢3) + 20q3\/a3 + 43

1

Fi = —-ehy—o0 ,q3)H, where o= . 12b
1= 5 620 (q1,92,93)H, ‘I%\/m (12b)
The Poisson bracket of F; with the isometries, together with the bracket {Fy, F5}, lead to a further three
quadratic integrals Fy, ..., Fy, giving us an 7 dimensional Poisson algebra of first integrals of H. The Poisson
relations are given in Table 8 of [11]. Since H,e;,C (where C = ey f1 + 1 h? is the Casimir function) are in
involution, the system is Liouville integrable. Furthermore, since H, ey, h1, f1 and F} are independent, the

system is maximally superintegrable.

Remark 5.2 (Comparison with [11]) In [11] we discuss the equivalent system with algebra (es, hy, f3),
so to compare formula we must transform all formulae in accordance with t13.

10



Remark 5.3 (The Stackel Transform) The Hamiltonian (12a) can be thought of as the Stickel transform

of the Euclidean kinetic energy with potential V = % + qz\/ﬁﬁ, which corresponds to a reduction of system

2
i given in [4] by equating (q1,q2,q3) = (x,y,2) and («, B) = (a4,a5), and a reduction of system vii in [4]
as well, by letting (a1, a2, 45) = (2, 2,) and (@, §) = (a1, a5).

5.2 Systems with Isometry Algebra (e, ez, ho)

As given in Table 4, the general conformal factor in this case is ¢ = 1(g3). This isometry algebra
and general Hamiltonian are invariant under the action of ¢15, which helps us build the Poisson algebra of
integrals. Up to equivalence under point transformations, we obtain two cases.

5.2.1 The Case ¢(z) = 7113

The Hamiltonian )
H=——— (p}+p}+13), 13
ags + 8 (P1 D2 Pg) (13)

admits the quadratic integrals

[0 (87
Fy =eihs — EQ%H, Fy =ee3 — §CI1H7 Fy = —eithy + 2e2h3 — 2aq192H,

(14)
@
Fy=ese3 = 5qH, F5= exhy + ag3 H.
They form a Poisson algebra of rank 5, satisfying the relations given in Table 5.
Table 5: The Poisson algebra of first integrals of (13)
(e[ ® D
€1 0 0 *262 *2F2 %H 74F4 0 0
€2 0 261 0 0 —4F2 %H 4F4
hQ 0 Eg 2F4 —4(2F1 + Ff)) —2F2 2Fg
I3 0 —2e1(2e? + €3 — BH) | 4ha(2e? + €3 — BH) —2e3es —dejeshs
F, 0 dey(3e2 + €2 — BH) 0 —4ey e
Fs 0 —4dey(e? + 3e3 — BH) || —8ha(e? + 2¢3 — BH)
Fy 0 —4des(e? + 2¢3 — BH)
Fs 0

The actions of ¢12 on the integrals are summarized in
1
L12 ¢ (H7 613627h27F13F23F37F47F5) — (Ha €2,€1, 7h27 7§F5aF47F37F2; 2F1) .

This algebra satisfies the following four constraints:
qﬂ—@ﬁ—%@H:Q erFy — degFy + 2o Fy = 0,

2e1F5 + egF3 — 2ho Fy = 0, 6162(6% + 63 — BH) + FoFy + %F3H =0.

11



Remark 5.4 This Hamiltonian is related to H = m (p% + p3 —l—pg) of Sec. 4.2 in [11], through a

rotation in the (g2, qs) plane. The Poisson relations of Table 5 are simpler than those of Table 7 in [11].

Remark 5.5 (The Stickel Transform) The Hamiltonian (13) can be regarded as the Stackel transform of
the Euclidean kinetic energy with potential V = aqs+ 5. In the classification of [1], this example corresponds
to a reduction of Vir by equating (g1, g2, s) = (21,72, s) and (a, B) = (b,€) or Vi by setting (g1, qa, gs) =
(x2,23,21) and (o, B) = (b, e).

2

5.2.2 The Case ¢(z) = —3

az?+p
The Hamiltonian )
a3 2 2 2
=—— (pf +p5+p3), 15
aq?g) Iy (p1 P2 P3) (15)
is compatible with the quadratic integral
2, 2
_|_
F1:63f3+2<aq§—6<q1q2q2>) H, (16)
3

which (taking Poisson brackets with the isometries) generates another three quadratic integrals. The resulting
Poisson algebra is equivalent (under to3 and a small change of notation) to that shown in Table 3 of [11].
The algebra has rank 5 and defines a maximally superintegrable system.

Remark 5.6 (The Stackel Transform) The Hamiltonian (15) can be regarded as the Stickel transform
of the Euclidean kinetic energy with potential V = q% + «a. This system corresponds to a reduction of Vy,

3
Vir, Viv, VWi and Voo given by [1] by equating (q1,qz2,q3) = (21, %2, 23) and (o, B) = (e, d).

5.3 Systems with Isometry Algebra (hs, hs, hy)

As given in Table 4, the general conformal factor in this case is ¢ = ¥ (q% +q2 + q§) This isometry
algebra is invariant under the action of all the involutions of Table 2. The general Hamiltonian is invariant
under 3 of the involutions, but not ¢.y. Invariance under t.; implies that ¢ = ¢ + ¢3 + ¢35, which has an
additional isometry, hy, and is discussed in Section 8. The symmetry of the Poisson algebra of integrals, under
involutions, depends upon the choice of quadratic integrals. Up to equivalence under point transformations,
we obtain two cases.

5.3.1 The Case ¢(z) = a\/‘/giﬁ

The Hamiltonian

g Vata+a
o/ai+q+a3+ 8

(p? + 3 +13) (17)
has the three quadratic integrals
4 (2a\/q§ +a3+a5+ B)
H,
V@i +a;+ 43

These integrals form a Poisson algebra with the Poisson relations given in Table 6 and satisfy the constraints

F; =e;h1 + 1=1,2,3. (18&)

1
hyFy + 2h3Fy — 2hy Fy = 0, F%H€+@—ﬂ%ﬁ—mﬁ+@+zﬁm:& (18b)

The actions of the involutions on the integrals are summarized in Table 7.

12



Table 6: The Poisson algebra of integrals of (17)

ha  hs hy I Iy F3
b | 0 —hs, dh; |26,  —2F, 0
hs 0  —dhy | 2F, 0 R,
ha 0 | 0 —4F AF,
F1 0 —20[th —2ah3H
F2 0 Oéh4H
F3 0

Table 7: The actions of the involutions on (17) and its integrals

H ha hs hy P F F
o | H | —hy  —Lhi —2hs | By B B
vz | H| 3ha  —hs  2hy | F3 F F
toz | H | hg ha —hy | Fy F3 Iy

Remark 5.7 (The Stickel Transform) The Hamiltonian (17) can be thought of as the Stdckel transform
of the Euclidean kinetic energy with potential V = 8 + . Equating (¢1,42,93) = (2,9, 2), (o, 8) =

VaE+a3+a3

(ag,a0) and (a, ) = (aq,as), this system corresponds to a reduction of system ii and system viii in [4]
separately.

1

5.3.2 The Case ¥(z) = ;13

The Hamiltonian .

H =
algf +a3+a3) + 8
has the quadratic integral Fy; = €3 — ag?H, which generates a further five quadratic integrals. These 10

integrals satisfy Poisson relations equivalent to those given in Table 10 of [11], which is invariant under the
action of t93.

(p} + 13 +13). (19)

Remark 5.8 (The Stickel Transform) The Hamiltonian (19) is the Stackel transform of the Fuclidean
kinetic energy with potential V = a(q? + q3 + q3) + B, which corresponds to a reduction of Vi, Vi1, Vo in [1]
and Virr in [2] by setting (q1,q2,q3) = (x1,x2,23) and (o, B) = (a,e).

6 Reduction to 2 Dimensional Systems: 2D Isometry Algebras

In this section we use the approach described in Section 3.1 to reduce our systems of Section 4 to
2 dimensional spaces. Since the two isometries commute, we can simultaneously adapt coordinates and
then adjust the canonical transformation so that the resulting Hamiltonian takes “conformal form” in the
remaining 2 dimensions. Any integrals which commute with this isometry will reduce to give an integral in
the two dimensional space, which can be expressed in terms of the reduced conformal algebra.

Since all our systems have integrals that commute with just one of the isometries, we obtain two types
of reduction: systems of Darboux-Koenigs type, when the quadratic integrals can reduce, or systems with
just one 2D isometry and no quadratic integrals.

13



6.1 Systems with Isometry Algebra (eq, hy)

We give a pair of universal reductions of the general Hamiltonian in this class:

H=1v(¢+q3) (p}+p5+p3). (20)

We then give the reductions of the three cases presented in Section 4.1.
Since the isometries commute, we can simultaneously reduce them to (ei, hy) = (P1, Ps), giving us the
form of Q1,Q3, up to arbitrary functions of ¢3 + ¢3, which is the common invariant of e; and hy4. Since

1 QQ> }
,eit =< —arctan | — ) ,hy p =1,
{q1,e1} {4 <q3 4

the most general canonical transformation which achieves this is:
1
S =(q1 +wi(2))Py +wa(z)Pa+ (4 arctan (?) + U)g(Z)) Ps, where z=¢3+q3. (21)
3
We first require that the coefficients of P;P; are zero, giving

wi(2)wy(2) = wh(2)wy(2) = wi(2)wy(2) =0 = wi(z) = ws(z) =0,

since wh(z) cannot be zero. We can therefore take wy(z) = ws(z) = 0. The variable Q3 is then chosen
to equate coefficients of P2, P§ or of P2, PZ, giving an ODE for wq(z) in each case, leading to the two
transformations.

Reduction with respect to e;

Here we have the generating function

1 1
S=qP + 5 log (63 +4q3) P>+ 1 arctan <gj> P, (22a)
giving the Hamiltonian
1
H= e 8@ 4 (e897) (P§ + P§ + 16392 P7) . (22b)

We can think of this as corresponding to a conformally flat metric in the 2 — 3 space, defined by P; = const.,
with 16892 PZ (times the conformal factor) corresponding to a potential. Since the conformal factor is a
function of only @2, the momentum Pj corresponds to a Killing vector (in 2D), and, in this case, is a first
integral of the entire Hamiltonian.

As remarked in Section 3.1, we can build the 6 dimensional conformal algebra for this 2D metric (kinetic
energy). First note that eq, es, hg, e1f1 + ih%, eafo — %h%, esfs — %h% commute with e;. Writing these
in terms of Q;, P; and discarding the P? components in the quadratic ones, we can derive the following 6
conformal elements:

1 1 1
Te, = 164% (Pysind@s — P3cos4Qs), Tp, = §P2, Tr = —16_4Q2(P2 sin 4Qs + P3 cos 4Q3),

(22¢)
1 1 1
Te, = 164692 (Pycos4Qs 4+ Pysin4Qs), Th, = —5Bs, Tr, = 56*4% (Pssin4Qs — Py cos 4Q3),
which satisfy the relations of g; + go in Table 1, together with the algebraic constraints:
1, 1 1,5
7:317}1 + Z’Thl + 5 7-827}2 - 5722 =0, 7;17}2 - 27:327}1 + 7—h177l2 =0. (22d)
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Reduction with respect to hy

Here we have the generating function

1
S=qP+\/BE+E P+ 1 arctan (q2> Ps, (23a)
a3

giving the Hamiltonian

P2
H=1v4(Q3) (PE+P5+ 2. (23b)

16Q5
This case corresponds to a conformally flat metric in the 1 — 2 space, defined by P; = const., with %
2

(times the conformal factor) corresponding to a potential. Since the conformal factor is a function of only
()2, the momentum P; corresponds to a Killing vector (in 2D), and, again, is a first integral of the entire
Hamiltonian.

Again, we can build the 6 dimensional conformal algebra for this 2D metric (kinetic energy). First note
that ey, hi, f1, €3+ €3, h3 + h3, f3 + f3 commute with hy. Writing these in terms of @;, P; and discarding
the P? components in the quadratic ones, we can derive the following 6 conformal elements:

7::‘1 = Plv 7711 = _2(Q1P1 + Q2P2)7 7}1 = (Q% - Q%)Pl - 2Q1Q2P27

(23c¢)
Teo = P2 Thy =2(Q1P2 — Q2P1), Ty, = 2(QF — Q3) P2 — 4Q1Q2 Py,
which satisfy the relations of g; 4+ go in Table 1, together with the algebraic constraints (22d).
6.1.1 The Case ¥(z) = ;53
With s
% +4 2, 2, 2
H=—F—5°— (pi +p3+p3), 24a
B+ @) Tp R (240)
we find that the Hamiltonians (22b) and (23b) give
~ 1
H = ————— (P} + P} +16*% P} 24b
16(0[686224-5)( 2+ 3+ € 1)’ ( )
~ Q3 ( 2 2 p3 )
H = —2 _(p>y+pi+—2). 24c
agz+5 TP g (2

The second of these is the Ds kinetic energy with the potential of “type A” (parameter ag), in the classification
of [12]. Since this corresponds to reduction with respect to hy, which commutes with all our integrals, the
latter can be reduced to the 2D space. We have that P is an integral (not just a Killing vector of the metric)
and the integrals F; and Fy take the forms

P =T —4a(@3+Q)H, Fo = PiTi, +20Qu 1, (24d)

where Tj, is a conformal symmetry from the list (23c). These integrals satisfy the Poisson relations (4c) and
constraint (4d), after the replacement (e, hg, F;) — (P, Pg,ﬁi).

The reduction (24b) possesses a Killing vector, corresponding to the Noether constant Ps, but no other
quadratic integrals, so is certainly not of Darboux-Koenigs type.

6.1.2 The Case 9(z) =
With

_1
az+p

1
H=——s—5——(p? +p3+p3), 25a)
a(q§+q§)+ﬂ(l >+ p5) (
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we find that the Hamiltonians (22b) and (23b) give

- e 8@ 2 2 8 2
H = 6 15 (P§ + P} +16e*9>P}) (25b)
. 1 P2
= —— (P?+ P? 5. 2
aQ%+ﬁ< i 2*16@%) (25¢)

Now the first of these is the Dj3 kinetic energy with the potential of “type B” (parameter b3), in the
classification of [12]. Since this corresponds to reduction with respect to e;, which commutes with all our
integrals, the latter can be reduced to the 2D space. The integrals F; and F5 take the forms

1 T | .
F=— 57}1 Tr, + %esQ? sin (8Q3)H, Fp = 17}22 -T7 - e®?2 cos (8Q3)H, (25d)

where Ty, are conformal symmetries from the list (22¢). These integrals satisfy the Poisson relations (5¢)
and constraint (5d), after the replacement (e, ha, F;) — (P1, Ps, E}).

The reduction (25¢) possesses a Killing vector, corresponding to the Noether constant P;, but no other
quadratic integrals, so is certainly not of Darboux-Koenigs type.

6.1.3 The Case ¢(z) = /2

/i B
With
2 2
Va4 + a3 2., .2, 2
H=——7="— (p1 +p3 +p3) ) (26a)
v/ +¢5+ 5
we find that the Hamiltonians (22b) and (23b) give
L (P37 + P} +16e*?2 P}) (26b)
T 16(aeiQz 4 ) V2 T3 v

2 Q2 ( 2, p2, 5 >
H = ———(P/+P+ . 26¢
aQ+p " TP 1603 (26

The first of these is the D3 kinetic energy with a potential. Since this corresponds to reduction with respect
to e1, which commutes with all our integrals, the latter can be reduced to the 2D space. The integrals F}
and F, take the forms

1 - ~ -
F1 = — 5 P37—]02 + 26 sin (4623)[17 F2 = P37;v1 —|— 26 COS (4623)[17 (26(1)

where Ty, are conformal symmetries from the list (22c). These integrals satisfy the Poisson relations (6c)
and constraint (6d), after the replacement (e, ha, F;) — (P1, Ps, E}).

The reduction (26¢) possesses a Killing vector, corresponding to the Noether constant P;, but no other
quadratic integrals, so is certainly not of Darboux-Koenigs type.

6.2 Systems with Isometry Algebra (hi, ho)

We give a pair of universal reductions of the general Hamiltonian in this class:

7

H= q2+q2¢(
G+al| 73 g

> (p? +p5+p3) (27a)

We then give the reductions of the four cases presented in Section 4.2.
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Since the isometries commute, we can simultaneously reduce them to (hy,hs) = (P1, P3), giving us the
2
q3

form of @1, @3, up to arbitrary functions of the common invariant z = paw
1 2

. We solve the equations

{Qi,h} =1, {Qi1,he} =0 = Q1= —% log (¢5 + a3) + wi(z),
{Q2,h} =0, {Q2,h2} =0 = Q2=wz(2),

{Qs,h1} =0, {Qs,h}=1 = Q3= —% arctan <(11> + w3 (2),

q2

to obtain:

S = (—i log (qf + 43) + wl(z)) Py 4wy (z) Py + (—; arctan (Z;) + w3(2)> Ps. (27b)

We first require that the coefficients of P;P; are zero, giving

(1+4(1 + 2)wi (2))wh(2) = wy(2)ws(2) = (1 +4(1 + 2)wy (2))wy(2) =0,

with solution w1 (2) = —1 log(1+2), ws(z) = 0, since w}(z) cannot be zero. This leaves only wo(z) arbitrary
in . )
S = ~1 log (qf +q2 + q?,) Py 4+ wa(z) Po — B arctan <Zl) Ps, (27¢)
2

with the variable @ being chosen by equating coefficients of P2, PZ or of P2, P, giving an ODE for ws(z)
in each case, leading to the two transformations.

Reduction with respect to h,

Here we have the generating function

1 1 2 2 2 1
S=—-1log (¢t +d+q3) Pr+= log st q12 + qz + 4 P, — — arctan <Q1) P, (28a)
4 2 Vi + ¢ 2 &
giving the Hamiltonian
1
H=v (sinh® 2Q2) (P5 + P§ + sech?® (2Q2) P7) . (28b)
This case corresponds to a conformally flat metric in the 2 — 3 space, defined by P; = const., with

sech? (2Q2) P? being an additional potential term. Since the conformal factor is a function of only Qa,
momentum P5 corresponds to a Killing vector (in 2D), as well as a first integral of the entire Hamiltonian.

Again, we build the 6 dimensional conformal algebra for this 2D metric (kinetic energy). First note that
ha, hs, ha, e1fi + 2R3, eafa, e3fs commute with hy. Writing these in terms of @;, P; and discarding the P?
components in the quadratic ones, we can derive the following 6 conformal elements:

Te,

1 1
§e2Q2 (Pysin2Q3 — P3cos2Q3), Thy, =P, Ty = —56_2% (P sin 2Q3 + Ps cos 2Q03),
(28¢)
1
To, = §€2Q2 (Pycos2Qs + P3sin2Qz), Th, = —Ps, Ty, = e 292(Pysin2Qz — Py cos 2Q3),

which satisfy the relations of g; + go in Table 1, together with the algebraic constraints (22d).
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Reduction with respect to ho

Here we have the generating function

1 1 1
S = ~1 log (¢7 + 5 +a3) P + 3 arctan <q3> P, — 3 arctan ( ) P, (29a)
a2

Vai+a;

giving the Hamiltonian
1
H=7 cos?(2Q2) ¥ (tan®2Q2) (PP + P§ + sec*(2Q2)P5) . (29b)

This case corresponds to a conformally flat metric in the 1—2 space, defined by P; = const., with sec?(2Q2) P3
being an additional potential term. Since the conformal factor is a function of only @2, the momentum P;
corresponds to a Killing vector (in 2D), and, again, is a first integral of the entire Hamiltonian.

Again, we build the 6 dimensional conformal algebra for this 2D metric (kinetic energy). First note that
es, h1, f, €3 +e€3, h3 + ihi, f2 +4f2 commute with hy. Writing these in terms of @Q;, P; and discarding the
P2 components in the quadratic ones, we can derive the following 6 conformal elements:

1
Te, = 5e32Q1 (Pycos2Qy — Pisin2Qs), Th, =P, Ty = e 291(Pycos2Qs + P sin2Qz),
(29¢)
1
Tey = §e2Q1 (P2sin2Qs + P1cos2Q1), Th, = Pa, Ty, = € 291 (Pysin2Qa — Pi cos 2Qs),

which satisfy the relations of g; + g2 in Table 1, together with the algebraic constraints (22d).

6.2.1 The Case ¢(z) = (iizﬁ);
With

_(d+a+a)a v
" a(@+ad) + B
we find that the Hamiltonians (28b) and (29b) give

T+ +D3), (30a)

_ sinh? (4Q2) ) ) ) )
B = SiBcosh (40y) + 20— B) (P + Py + sech®2Q5 PY) (30b)
.-

4(acos? (2Q2) + Bsin® (2Q2))

The first of these is the Dy kinetic energy (but with hyperbolic functions in place of trigonometric ones) with
a potential. Since this corresponds to reduction with respect to ki, which commutes with all our integrals,
the latter can be reduced to the 2D space. The integrals F; and F5 take the forms

in(4Qs) - - -y - 1Qs) -
S0 g py iz 24 16019 g (30d)
sinh” (2Q)2) sinh” (2Q2)

Fl = ;L3]~7,4 — 4o
where hy = Ter — This hy = 27, — Ty,, with Te,, Ty, being conformal symmetries from the list (28c).
These integrals satisfy the Poisson relations (7c) and constraint (7d), after the replacement (hy, ha, F;)
(P17 P37 FZ)

The reduction (30c) possesses a Killing vector, corresponding to the Noether constant P;, but no other
quadratic integrals, so is not of Darboux-Koenigs type.

18



6.2.2 The Case '(/)(Z) = ﬁ—fﬁ\ﬁ

With

g Ve +a+da (df+a)
oV ai + g3 + 6 + Bas

we find that the Hamiltonians (28b) and (29b) give

cosh (2Q2)
4(acosh (2Q2) + S sinh (2Q2))
i - cos? (2Q2)

4(a + Bsin (2Q2))

The second of these is the D4 kinetic energy (after a shift Q2 — Q2 — %) with a potential of “type A”

(parameter as) in the classification of [12]. Since this corresponds to reduction with respect to he, which

commutes with all our integrals, the latter can be reduced to the 2D space. The integrals F} and F5 take

the forms

(p} + 3 +13) . (31a)

H

(P§ + P§ +sech®2Q, PP), (31Db)

(PP + P +sec® (2Q2)P5) . (31c)

Fl = P17;1 - ﬂeQQl}N{, FQ = 2P17}1 + 26672Q1H7 (Sld)

where 7., Ty, are conformal symmetries from the list (29¢c). These integrals satisfy the Poisson relations
(8c) and constraint (8d), after the replacement (hy, ho, Fy) — (Py, P3, F}).

The reduction (31b) possesses a Killing vector, corresponding to the Noether constant Ps, but no other
quadratic integrals, so is not of Darboux-Koenigs type.

6.2.3 The Case 9(z) = ai—,gfﬁ

o Va+a (6 +d+a)
ay/qi + 63 + Bas

we find that the Hamiltonians (28b) and (29b) give

With

(p? + 13 +13) . (32a)

cosh? (2Q)
4(a + Bsinh (2Q2))
cos (2Q2)
4(acos (2Q2) + Bsin (2Q2))
The first of these is the Dy kinetic energy (but with hyperbolic functions in place of trigonometric) with a

potential. Since this corresponds to reduction with respect to hy, which commutes with all our integrals, the
latter can be reduced to the 2D space. The integrals F, and F5 take the forms

H

(P37 + P} +sech®2Q, P}) , (32h)

H

(P? + P§ +sec® (2Q2)P5) . (32¢)

Fl =P (7}1 - 7;1) - 2ﬂ cos (2Q3)}~I7 FQ =D (7}2 - 27;2) + 4ﬂ sin (2Q3)Hv (32(:1)

where Te,, Ty, are conformal symmetries from the list (28c). These integrals satisfy the Poisson relations
(9c) and constraint (9d), after the replacement (hy, hy, Fy) — (Py, Ps, F).

The reduction (32c) possesses a Killing vector, corresponding to the Noether constant P;, but no other
quadratic integrals, so is not of Darboux-Koenigs type.

6.2.4 The Case 1)(z) = afﬂz
With

. (@ +a3) 43

2 2 2
= p] +Dp5+Dp3), 33a
a(q%—i—q%)—i—ﬁqg, ( 1 2 3) ( )
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we find that the Hamiltonians (28b) and (29b) give

i sinh? (2Q2) 2 2 2 2
H= Tt pome? gy 2 T8 et 20 P, (330)

_— sin? (4Q2) 5 ) ) )
b @ Bcos(1Qs) v a+ B) (P74 P34 sec” (2Q2) P5) - (33¢)

The second of these is the D, kinetic energy with a potential. Since this corresponds to reduction with
respect to hs, which commutes with all our integrals, the latter can be reduced to the 2D space. The
integrals F; and F5 take the forms

aet@ ~ 4oe™4@r
FI=T? - ——H, F,=4T7 - ———H, 33d
! ‘. sin? (2Q2) 2 fr gin? (2Q2) (33d)

where Te,, Ty, are conformal symmetries from the list (29¢c). These integrals satisfy the Poisson relations
(10c) and constraint (10d), after the replacement (hq, he, F;) — (P1, Ps, F3).

The reduction (33b) possesses a Killing vector, corresponding to the Noether constant Ps, but no other
quadratic integrals, so is not of Darboux-Koenigs type.

7 Reduction to 2 Dimensional Systems: 3D Isometry Algebras

In this section we use the approach described in Section 3.1 to reduce our systems of Section 5 to 2
dimensional spaces. This time the isometries do not form a commutative algebra, so we cannot simultaneously
adapt coordinates to more than one isometry. Nevertheless, we can still reduce the systems in a “universal”
way, transforming each Hamiltonian into a pair of “conformal forms” in the remaining 2 dimensions. In fact,
the conformal factor is the same for both reductions, but the added “potential” is different.

Any integrals which commute with this isometry will reduce to give an integral in the two dimensional
space. Hence, our superintegrable cases reduce to superintegrable systems in 2D, with one Killing vector
and two second order Killing tensors, so reduce to Darboux-Koenigs systems.

7.1 Systems with Isometry Algebra (eq, hq, f1)

We give a pair of universal reductions of the general Hamiltonian in this class:
43
H = g3y (qz) (pi +p3 +93). (34)

We then give the reductions of the two cases presented in Section 5.1.

We give two transformations, corresponding to e; — P; and h; — Ps, respectively. The transformation
using fi can be obtained from that involving e; by applying the involution ¢. s, which preserves the general
Hamiltonian.

In each case, we choose (02 to be a function of 25 = £, which is the common invariant of e; and hy and,
as a consequence, the variable which appears in the arbitrary function 1, of the Hamiltonian. In fact, it
turns out that Qs is exactly the same function of z5 in each case, so that the conformal factor of the reduced
metric is the same in each case.

7.1.1 Reduction using the Isometry e; — P;

In view of {g1,e1} =1 and {g2,e1} = {¢3,e1} = 0, we consider the generating function

S = (g1 +wi(qa,q3)) Pr +wa(22) P +ws(qa,q3) Ps, where 2o = x (35a)

q2
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We first require that the coefficients of P;P; are zero, giving
wh(22) (204, w1 — g304,w1) = w)(22) (4205 W3 — 430, W3) = Oy W10g, W3 + Dgy w10, w3 = 0.

The first two give w; = w; (¢3 +q3), @ = 1,3, since wh(z2) cannot be zero. The third then gives wjw}s = 0.
Since wj cannot be zero, we have w; = 0, so the canonical transformation (35a) now takes the form

S =q Py 4+ wy(22) Py +ws(z1) Ps, where 23 =¢34+ ¢2, 2= Z—S (35Db)
2
At this stage, the transformed Hamiltonian is diagonal:
~ 4
= (1 + )ole)ufi() P+ S0 () B 4 20 p (35¢)
+ 25 14235

We must choose ws and w3 so that (35¢) is “conformal” in the P, — P3 components, which requires

1
o) =1, QL+ i) = o
giving
_ _ a3 1 1 2 2
wo = arctan zo = arctan [ — |, ws = =logz; = = log (q2 + q3) .
q2 2 2
This gives us the final form of the canonical transformation
1
S = q, P, + arctan (33) P+ 5 log (q% + qg) Ps, (35d)
2
and the Hamiltonian ~
H = cos® Qs Y(tan Q2) (P5 + P + e*9PP). (35¢)
This corresponds to a conformally flat metric in the 2 — 3 space, defined by P; = const, with e?9s P2

corresponding to a potential term. Since the conformal factor is a function of only @5, the momentum Pj
corresponds to a Killing vector (in 2D), but not a first integral of the entire Hamiltonian. However, the
Casimir function of the original isometry algebra does reduce to a first integral of H:

1
C=ef1+ Zh% = P} 4 2@ P2 (35f)

Thus, for arbitrary 1, the Hamiltonian H is Liouville integrable and, indeed, separable. The form of the
potential and of the Casimir are independent of the form of 1, so are universal properties of this reduction.
Again, we build the 6 dimensional conformal algebra for this 2D metric (kinetic energy). First note
that es, es, hq, e1f1 + ih%, eafo — %h%, e3fs — %h% commute with e;. Writing these in terms of @Q);, P; and
discarding the P2 components in the quadratic ones, we can derive the following 6 conformal elements:

Te, = €93 (PasinQa + P3cosQ2), Th, =2Ps, Ty = e~ s (P2 sin Q2 — P3 cos Q2),
(35g)
Tey = e9s (Pycos Q2 — PssinQq), Tp, = —2Py, Ty, = 2¢~Ws (P2 cos Q2 + P3sin Q2),

which satisfy the relations of g1 + g2 in Table 1, together with the algebraic constraints (22d).
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7.1.2 Reduction using the Isometry h; — Ps

In view of {—% log q1, h1} =1 and {%’ hl} = {Z—i’, hl} = 0, we consider the generating function

1
S = wl(zl’ZS) P1 + U}Q(ZQ) P2 + (—2 Iqul + U}3(21723)> P3, (36&)

where z1 = £, 2z =2 23 =2 We first require that the coefficients of P, P; are zero, giving
q1’ q2’ a1 J )

wh(22) (210,5w1 — 230, w1) = wh(22) (210.,w3 — 230, w3) = 0,
((2(1 + 23)0., w3 + 221 230.,w3 + 21)0, w1 + (2(1 + 23)0., w3 + 221230, w3 + 23)8231111) =0.

The first two give

2 2
+ .
w; = wi (23 + 23) = w; <q2q2q3), 1=1,3,
1

since wh(z2) cannot be zero. The third then gives

g + di
(4(1 + zg)wh(z4) + 1) wi(z4) =0, where 24 = 22
a1
Since w} cannot be zero, we have
1 1 (d+a+d
wz = —Zlog(l +2z4) = —Zlog <q% ,
so the canonical transformation (36a) now takes the form
%+ 4 a3 1 5, 9 o
S =w 5 Pi+wy (=) Po—=log(qi + a5+ ¢3) Ps. (36b)
ay q2 4
At this stage, the transformed Hamiltonian is diagonal:
o AY(z2) 2, 12 2 2 2 2 z47)(22) 2
H = 14 z4)zqwi™(z4) PP+ (1+ 2 z2)Wy (22) Py + Ps. 36¢
1+Z%( 4)4 1(4) 1 ( 2)1/}( 2) 2(2> 2 4(1+Z§)(1+Z4) 3 ( )

We must choose w; and ws so that this Hamiltonian is “conformal” in the P; — P, components, which
requires

1 1
(At e)Fufe) = 3 (4 Dufle) = 5o
giving
1 VIitzi+1\ 1 Va+a+a+a B B a
wy; = =log | ———— | = = log , wg = arctan zg = arctan .
2 Vitz -1/ 2 G +aG+aE @ G2

This gives us the final form of the canonical transformation

1 /2 2 2 1
S = 3 log ( UteBrast+a Py + arctan ((]3) Py — 1 log (q% + ¢35 + q%) Ps, (36d)

G+a+a-a q2

and the Hamiltonian

N 1
H = cos® Qy ¢ (tan Qy) <P12 + P2 + 4COSthlP§> : (36¢)
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This corresponds to a conformally flat metric in the 1 — 2 space, defined by P; = const, with MR)?
corresponding to a potential term. Since the conformal factor is a function of only ()2, the momentum P;
corresponds to a Killing vector (in 2D), but not a first integral of the entire Hamiltonian. However, the

Casimir function of the original isometry algebra does reduce to a first integral of H:
1 2

1
evfi+-h=P’+———_P
1/ 4! Y7 4cosh? Q1 3

(361)
Thus, for arbitrary @, the Hamiltonian H is Liouville integrable and, indeed, separable. The form of the
potential and of the Casimir are independent of the form of 1, so are universal properties of this reduction.

Again, we build the 6 dimensional conformal algebra for this 2D metric (kinetic energy). First note that
ha, hs, ha, e1f1 + 2R3, esfa, e3fs commute with hy. Writing these in terms of @;, P; and discarding the P}
components in the quadratic ones, we can derive the following 6 conformal elements:

Te, = et (PysinQo + PrcosQ2), Tn, =2P1, Tp = e~ @ (P2 sin Q2 — Py cos Q2),
(36g)
Te, = et (Pycos Qo — PisinQs), Th, = —2P>, Ty, = 2¢~ @ (P2 cos Q2 + P sin Q2),

which satisfy the relations of g; + go in Table 1, together with the algebraic constraints (22d).

7.1.3 Specific Cases Listed in Section 5.1

In Section 5.1 we gave two specific choices of the function v, which allowed the addition of quadratic
integrals. A detailed analysis of the reduction of these was given in [11], so we just include a brief discussion
here to fit these into the above framework. To obtain a superintegrable system in the 2 dimensional context,
we need two first integrals which commute with the reducing isometry. One of these can be the Casimir of
the isometry algebra, the other coming from the algebra of functions F;.

The Case ¥(z) =

=
a+Bz2

When we reduce equation (11a), using e, the Hamiltonian (35e) and Casimir (35f) take the form

o sin?(2Q5) o
H o= T 2t - fleosaoy (2 0+ P, (37a)
Ji = Pj+e*pL (37b)

This is the D4 kinetic energy, with potential (equivalent to the “a;” part of Case A in [12]).
It is easily seen that F3 = e3 — q% H is a first integral, satisfying {H, F3} = {e1, F3} = 0 (see Table 6 of
2
[11] for the full Poisson algebra). This gives another (independent) quadratic integral for the 2 dimensional
system:

Jo = ’7‘21 — Be 2P sec? Qy H, (37¢)

where Ty, is a conformal symmetry in the 2 dimensional space, listed in (35g). These integrals, together
with the cubic J3 = {Jy, Jo}, satisfy the relations

(1, J3} = 16J,.J5 + 8P? <J1 +(B— a)ﬁ) . {Ja, s} = =8y (Jo + P2),

J3 =16 (N1a(Ja + P?) + PR (8~ a)J2 + BPY) ) .

When we reduce equation (11a), using h;, the Hamiltonian (36e) and Casimir (36f) take the form

o sin?(2Q2) 1
H = P2 P2 - h2 P2
2(a+ B) + 2(o — B) cos(2Q2) ( |+ Py + g sech” G 3) 7 (38a)
1
Ji = PP+ 1 sech? Q; P2 (38h)
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This is the Dy kinetic energy, with potential (equivalent to the “b3” part of Case B in [12]).
Tt is easily seen that the first integral F (see (11b)) satisfies {h1, F1} = 0 (see Table 6 of [11] for the full
Poisson algebra). This gives another (independent) quadratic integral for the 2 dimensional system:

1 ~ 1
Jy = Q(Tel + T1,)? + B(cos 2Q2 — cosh 2Q) sec? Qo H — 3 P2 cos® Qg sech® Q, (38¢)

where T¢, and Ty, are conformal symmetries in the 2 dimensional space, listed in (36g). These integrals,
together with the cubic J3 = {Jy, Jo}, satisfy the relations

(J1,Js) = 4 (J1 (407, + J2) + P2) — H (4(a + B)J1 + (o — /3)33)) ,
{Ja, 3} = —A(4Jy + Jo)(2J2 + PE) + 8H (2(a + B)J> + (2a + B)P§) — 32a8H?,
Ji = 8J1(2J1 + Jo)(2Jo + P§) — 4H (2a(41 T2 + (Jo + 4J1) P5)

+B(4J1 — P§)(2Jo + P§)) + 16aH* (4811 + (a — B)P3).

The Case ¢(z) = P s A ﬁ;iﬁz

The details of this case can be found in [11] (Sections 5.1 and 9.1), but see Remark 5.2.

When we reduce equation (12a), using e, the Hamiltonian (35e) and Casimir (35f) take the form

. cos®(Q2)

H = P2 4 P2 4 ¢2Qs p2 39
a+5sinQ2(2+ 3 te 1)7 (89a)

Ji. = P}+e*@p2 (39h)

This is the D4 kinetic energy, with potential (equivalent to the “a;” part of Case A in [12]).
It is easily seen that Fy (see (12b)) satisfies {e1, F1} = 0 (see Table 8 of [11] for the full Poisson algebra).
This gives another (independent) quadratic integral for the 2 dimensional system:

Jo =2P Ty — %6_Q3 sec? Q2 (38 — B cos(2Qz) + 4asin Q.)H, (39¢)

where Ty, is a conformal symmetry in the 2 dimensional space, listed in (35g). These integrals, together
with the cubic J3 = {Jy, Jo}, satisfy the relations

{J1,J3} =41 Ja,  {Jo, 3} = —2J2 4 8P} (2J1 — af{) ,

J2 =40, J2 +4H (4aJ1 - 52ﬁ> — 16P2J2.

When we reduce equation (12a), using h;, the Hamiltonian (36e) and Casimir (36f) take the form

~ cos?(Q2) 1
H = — %2 (P24 P?+ Zsech®? QP2 40
a+ Bsin Qo ( 1t 2+45ec @by ), (40a)
1
J = P12+Zscch2Q1P32. (40D)

This is the Dy kinetic energy, with potential (equivalent to the “b3” part of Case B in [12]).

It is easily seen that Fy = hohy — 410 H (where o is defined in (12b)) is a first integral, satisfying
{H,F4} = {h1, F4} = 0 (see Table 8 of [11] for the full Poisson algebra). This gives another (independent)
quadratic integral for the 2 dimensional system:

Jo = 4Py (To, — T7,) + 2sec® Qo (Bcos2Qq — 36 — dasin Qy) sinh @y H, (40c)

24



where 7, and Ty, are given in (36g). These integrals, together with the cubic Js = {Ji, Jo}, satisfy
(J1, 3} = 400 ds,  {Jo, 3} =2 (fJQ2 — 32J,(6J; — P2) + 16a(8J, — P2)H — 16ﬂ2H2) ,

J2 =4 (J1 (J2+16J1(4Jy — P§)) — 16, H(a(4y + P§) — ﬁQfJ)) + 16P2H (8a.J, — B2H).

7.2 Systems with Isometry Algebra (eq, ez, ho)

We give a pair of universal reductions of the general Hamiltonian in this class:

H =1(qs) (b7 +p5 +p3) - (41)

We then give the reductions of the two cases presented in Section 5.2.

We give transformations corresponding to e; — P; and ha — Ps, respectively. Under the involution ¢
we have e; <> ea, hg — —ho. The first transformation is very simple, just relabelling coordinates so that
the conformal factor of the reduced metric is a function of Q5.

7.2.1 Reduction using the Isometry e; — P;

This transformation is very simple, with
Qi=q, Q:=q, Q=¢ = H=y(Q)(P;+Pi+P]), (42a)

so Pj3 is a first integral.

Again, we build the 6 dimensional conformal algebra for this 2D metric (kinetic energy). First note
that eq, es, hq, e1f1 + ih%, eafo — %h%, esfs — %h% commute with e;. Writing these in terms of @Q);, P; and
discarding the P? components in the quadratic ones, we can derive the following 6 conformal elements:

Ter = P3, Ty = —2(Q2P2 + Q3P3), Ty = (Q3 — Q3)P5 — 2Q2Q3 P,
(42b)

Teo = Po,  Thy =2(Q3P2 — Q2P3), Ty, =2(Q3 — Q3) P — 4Q2Q3 P,

which satisfy the relations of g; + g2 in Table 1, together with the algebraic constraints (22d).
7.2.2 Reduction using the Isometry hy — Ps
In view of {—% arctan £, hz} =1 and {¢} + ¢3, ha} = {g3,h2} = 0, we consider the generating function

1
S =wi(z,q3) P1 + wa(qs) Po + (—2 arctan (?) + IU3(Z7(]3)> Ps, where z=q}+qs. (43a)
2

We first require that the coefficients of P;P; are zero, giving
wy(g3)0gs w1 = wh(gqs)Ogyws = 0,  420,w10, w3 + Oy w1045w3 = 0.

The first two give
wi =wi(z) =w; (¢ +¢3), i=13,

since wh(gq3) cannot be zero. The third then gives
wi(2)wi(z) =0, =  ws(z) =0,

since w) cannot be zero, so the canonical transformation (43a) now takes the form

1
S =wi(¢? +¢3) Py + walqs) Py — 3 arctan (?) Ps. (43b)
2
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At this stage, the transformed Hamiltonian is diagonal:

7 = 0 (g) () PP+ 0las)ufd(as) P+ 0

P} (43c)

We must choose w; and wy so that this Hamiltonian is “conformal” in the P; — P, components, which
requires

LwP(z) =1, wi(gs)=1 = wi=vVz=1\/¢d+¢, ws2=gqs.

This gives us the final form of the canonical transformation

1
S=/E¢+q3Pi+qs P,— 3 arctan <Zl> Ps, (43d)
2

and the Hamiltonian

- 1
H=14(Qs2) (P} +P;+—P5 ). (43e)
4Q3
This corresponds to a conformally flat metric in the 1 — 2 space, defined by P; = const, with ﬁPg
1

corresponding to a potential term. Since the conformal factor is a function of only @2, the momentum P;
corresponds to a Killing vector (in 2D), but not a first integral of the entire Hamiltonian. However, the
Casimir function of the original isometry algebra does reduce to a first integral of H:

el +ei =P+ —P; (43f)

1
4Q%
Thus, for arbitrary 1, the Hamiltonian H is Liouville integrable and, indeed, separable. The form of the
potential and of the Casimir are independent of the form of 1, so are universal properties of this reduction.

Again, we build the 6 dimensional conformal algebra for this 2D metric (kinetic energy). First note that
e3, h1, f3, €3 +¢€3, h3 + %hi, f2 +4f? commute with hy. Writing these in terms of @Q;, P; and discarding the
P2 components in the quadratic ones, we can derive the following 6 conformal elements:

Ter =P, Thy = —=2(Q1P1 + Q2P), T;, = (Q3 — Q)P —2Q1Q2Ps,
(43g)
Teo = P2y, Ty =2(Q1P2 — QaP1), Ty, =2(Q7 — Q3) P2 — 4Q1Q2 P,

which satisfy the relations of g; + go in Table 1, together with the algebraic constraints (22d).

7.2.3 Specific Cases Listed in Section 5.2

In Section 5.2 we gave two specific choices of the function v, which allowed the addition of quadratic
integrals. To obtain a superintegrable system in the 2 dimensional context, we need two first integrals which
commute with the reducing isometry. One of these can be the Casimir of the isometry algebra, the other
coming from the algebra of functions Fj;.

The Case ¥(z) = ﬁ

When we reduce equation (13), using e;, the Hamiltonian (42a) takes the form

;(
aQa +

and the commuting isometry e, = Pj is a first integral. This is the D; kinetic energy, with potential
(equivalent to the “by” part of Case 1 in [13]).

H= P} + P} +P}), (44a)
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It can also be seen in Table 5, that F; commutes with e;, so can be reduced to
1 N
J1:P2P3—§OZQ3H, (44b)

satisfying the relation {Ps, J1} = § H.
When we reduce equation (13), using ha, the Hamiltonian (43e) and Casimir (43f) take the form
1 P2 P?

a2+ 407 4Q3

This is the D; kinetic energy, with potential (equivalent to the “b3” part of Case 1 in [13]).

It is easily seen in Table 5, that the first integral 2F} — F5 commutes with hy. This gives another
(independent) quadratic integral for the 2 dimensional system:

Jo = =2PyTh, — (4(B+ 0Q:2)Q2 + aQ?) H, (45Db)

where Tj, is a conformal symmetry in the 2 dimensional space, listed in (43g). These integrals, together
with the cubic J3 = {Ji, Jo}, satisfy the relations

H= <P12+P22+ ) Jy =P+ (45a)

(I, Js} = —8adiH, {Jo,Js} =8 (onglfI — 8B, H + 12J12> :

J2 =16, <4ﬂ.]1[§l —aJdyH — 4J12) — 4a2H?P2.

The Case ¥(z) = #15

When we reduce equation (15), using e;, the Hamiltonian (42a) takes the form
Q3
aQ3 + 8
and the commuting isometry es = Pj3 is a first integral. This is the D> kinetic energy, with potential of

“Type D” in [12].

It can also be seen that Fy = eghy + 452‘12 H is a first integral, which satisfies {e1, F4} = 0, so can be
3

H= (P;+P;+P]), (46a)

reduced, giving

4 -
Ty = 2Py, + 8 (460)
@3
where Tj,, is given in (42b), satisfying the relation {Ps, J;} = 4 (a H—- P} - Plz)
When we reduce equation (15), using hs, the Hamiltonian (43e) and Casimir (43f) take the form

: Q3 ( 2, p2, B8 ) 2, F3
H=—7F"— |P+P+—|, Jh=P+—75. 47a
OéQ% +B 1 2 4Q% 1 1 4Q% ( )

This is the D kinetic energy, with potential (equivalent to the “b3” part of “Type B” in [12]).
It can also be seen that the first integral Fy (see (16)) commutes with hg, giving another (independent)
quadratic integral for the 2 dimensional system:

Jo = P27}2 +2 (an - i)%%) 1:{7 (47b)
2

where Ty, is a conformal symmetry in the 2 dimensional space, listed in (43g). These integrals, together
with the cubic J3 = {J, Jo}, satisfy the relations

(11, J5)} = 167, (aﬁl - Jl) e, Jsl =16 <2J1J2 —al (Qﬁﬁ + J2) + P2 (Jl - aH)) ,

J2 =32, (aﬁf (QBFI + JQ) - J1J2) —16P2 (J1 - aﬁ[)2 .
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7.3 Systems with Isometry Algebra (hs, hs, hy)

We give a universal reduction of the general Hamiltonian in this class:

H=4v(q+d+d) (p}+p3+p3). (48)

We then give the reduction of the two cases presented in Section 5.3.

We give one transformation, corresponding to hy — P3. The transformations using either ho or hg are
equivalent under the involutions ¢13 and ¢12, respectively.

We choose Q2 to be a function of zo = ¢% + ¢35 + ¢3, which is the common invariant of hy, h3 and hy and,
as a consequence, the variable which appears in the arbitrary function v, of the Hamiltonian.

7.3.1 Reduction using the Isometry hy +— Ps
In view of {% arctan (%) ,h4} =1and {¢3 +¢3, ha} = {q1, ha} = 0, we consider the generating function
1
S =wi(z1,q1) P1 + wa(22) Po+ (4 arctan (?) + wg(zl,q1)> Ps, (49a)
3

where z; = q% —l—q?, and zp = q% +CJ§ +Q§~

We first require that the coefficients of P;P; are zero, giving
wh(22) (22102, w1 + 105, w1) = wh(22) (22105, w3 + @104, w3) = 4210, W10, w3 + Oy, w19y, w3 = 0.

The first two give w; = w; (;—;) , @ = 1,3, since wh(z2) cannot be zero. The third then gives wjw} = 0.
1

Since w cannot be zero, we have ws = 0, so the canonical transformation (49a) now takes the form

5 1 ¢ _B+a
=wi(z3) P1 + s2(22) Py + 1 arctan [ — | P3, where z3= 5 (49b)
q3 a3
At this stage, the transformed Hamiltonian is diagonal:
H = 4231+ 23)2w’12(23)wiz2) P? + dzptp(z0)wi (22) PE + fézj) P} (49¢)
2 1

We must choose w; and ws so that this Hamiltonian is “conformal” in the P; — P, components, which

requires
1

4z3(1 + 23)%wi(23) = 1, dzywi(z2) = —,
22
giving
2.2 1 1
wy = arctan (y/z3) = arctan <\/quTq3> , w2=g log zo = 3 log (¢} + 43 + ¢3).
1

This gives us the final form of the canonical transformation

/2 2 1 1
S = arctan (w’) P+ 3 log (¢ + G5 + ¢3) Py + 1 arctan <QZ> P, (49d)
T a3
and the Hamiltonian .
H=e2%q(*) (P} + P} + ——5—PF ). 49e
¥ (e*92) | Pi 2T T6sin?Q, (49e)

This corresponds to a conformally flat metric in the 1 — 2 space, defined by P3 = const, with %cosecQQl P2
corresponding to a potential term. Since the conformal factor is a function of only @2, the momentum P;
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corresponds to a Killing vector (in 2D), but not a first integral of the entire Hamiltonian. However, the
Casimir function of the original isometry algebra does reduce to a first integral of H:

1 1
C= E(4(h§ +h3)+h3) =P+ mpg. (49f)
Thus, for arbitrary @, the Hamiltonian H is Liouville integrable and, indeed, separable. The form of the
potential and of the Casimir are independent of the form of 1, so are universal properties of this reduction.
Again, we build the 6 dimensional conformal algebra for this 2D metric (kinetic energy). First note that
e1, h, f1, €5 +e3, h3 + h, f3 + f3 commute with hy. Writing these in terms of @;, P; and discarding the
PZ components in the quadratic ones, we can derive the following 6 conformal elements:

Teo = e (PrsinQ + PrcosQ1), Thy, =2P, Tp, =e P (PrsinQ — PrcosQy),

(49g)
7:32 = 6Q2 (P1 COS Ql — P2 sin Q1)7 777,2 = 72P1, 7}2 = 267Q2 (Pl COS Ql + P2 sin Ql),

which satisfy the relations of g; + go in Table 1, together with the algebraic constraints (22d).

7.3.2 Specific Cases Listed in Section 5.3

In Section 5.3 we gave two specific choices of the function v, which allowed the addition of quadratic
integrals. To obtain a superintegrable system in the 2 dimensional context, we need two first integrals which
commute with the reducing isometry. One of these can be the Casimir of the isometry algebra, the other
coming from the algebra of functions F;.

The Case ¥(z) = a\/‘/ziﬁ

When we reduce equation (17), using hy4, the Hamiltonian (49e) takes the form

Q2

Fe
oe@2 + f8

P2
PP+PIy —3 |, 50
(1 27 T6sin® O, (50a)

which is the D3 kinetic energy, with a potential.
We already have the integral Ji, derived from the Casimir of the isometry algebra (see (49f)). It can also
be seen in Table 6, that F; commutes with h4, so can be reduced to

Jo =2PT;, + (B+ 2aeQ2) cos Q1 H, (50b)

where Ty, is a conformal symmetry in the 2 dimensional space, listed in (49g).
These integrals, together with the cubic J3 = {Jy, Ja}, satisfy the relations

T, JsY = —4dvda, {Jo,Js} = 2J2 — H (262H +16aJ; — P2,
2 3

1 - .
J3 = —A1J3 + 1 (16, - PY) (820 +da) .
__1
The Case ¥(z) = ;13
When we reduce equation (19), using hy, the Hamiltonian (49e) takes the form
e~ 2Q2

H=——
ae?Qz 4+ 3

2
(P4 P+ o). (51a)
16sin® Q

which is again the D3 kinetic energy, with potential (equivalent to the “by” part of Case B in [12]).
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We already have the integral Ji, derived from the Casimir of the isometry algebra (see (49f)). It can also
be seen that F; commutes with hy (see Table 10 of [11], for the full Poisson algebra), so can be reduced to

Jy = 7}21 — e®?2 cos? Q) H, (51b)

where Ty, is a conformal symmetry in the 2 dimensional space, listed in (49g).
These integrals, together with the cubic Js = {Jy, J2}, satisty the relations

1 o
[ s} = =161 T+ 5 BH (161 = P}, {Ja, Js} = 8. (Jo = BH ) — ol (1611 = P),

1 -
J§ _ —16J1J22 + TﬁH (16J1 — P32) (160[J1 +168J2 — O‘-P32> :

8 Reduction to 2 Dimensional Systems: 4D Isometry Algebras

We can see in Table 4 that there are two genuinely 4D isometry algebras which, therefore, do not
correspond to flat or constant curvature metrics. Having 4 isometries completely determines the Hamiltonian,
so there are no arbitrary functions 1.

8.1 The Algebra (e, hy, f1) @ (hy)

It can be seen in Table 1 that (e, hq, f1) is just the algebra g; (a copy of s[(2)) and that hy commutes
with g;. This means that we can simultaneously straighten the pairs (e1, hy) or (h1, hy) (with (f1, ha) being
related to (e, ha) through tey).

The general Hamiltonian with this isometry algebra is given by a Casimir

1 1
H = (¢ + @) +p3+p3) =eLf +Zh§+ﬁhi~ (52)

The more general Casimir, with vh3, has terms p;p;.

This can be considered as a restriction of the cases of several smaller algebras listed in Table 4, with the
forms of the function . Clearly (e, hys) is a subalgebra and this restriction is achieved through ¥(z) = z.
Similarly (e, hy, fi) is a subalgebra and this restriction corresponds to 9(z) = 1 + 22. The subalgebra
(h1,he) is equivalent to (h1, hs) under the involution ¢13 and this restriction corresponds to ¥(z) = 1.

8.1.1 Reductions with the Pair (e, hy)

Here we can use the canonical transformations of Section 6.1 to set (e1, hy) — (Py, Ps3).
The canonical transformation (22a) reduces (52) to

1

H
16

(P7 + P} +16e*?2P}) | (53)

corresponding to a flat metric. This is a consequence of two commuting Killing vectors in the 2 dimensional
domain. Since e; commutes with hy and the s1(2) Casimir ey f; + ih%, these can be reduced:

1 1
<h4761f1 + 4h%> = (Pd’ T6 (P22 + 16€8Q2P12)) 3

giving the Noether constants (Ps, Ps3).
The canonical transformation (23a) reduces (52) to

1
H = Q2 (Pf + P2+ 16P32) , (54)
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corresponding to a constant curvature metric. This is a consequence of the existence of three Killing vectors
in the 2 dimensional domain, with s[(2) relations. Since hy commutes with g1, each element can be reduced:

(e1,h1, f1) = (P1,—2(Q1P1 + Q2P2), (QF — Q1) P — 2Q1Q2P,)
which satisfy the same Poisson relations as g .

8.1.2 Reductions with the Pair (hi, hy)

Here we can use the canonical transformations of Section 6.2 to set (hy, hy) — (P1, P3).
The canonical transformation (28a), under ¢13, gives us

1 1 +V4 + 45+ 4 1
S—-plog( 4@+ ) Py tog [ PIVIELEG ) b Larcn (2) 2o (550)
Va5 + a3 q2
and reduces (52) to
-1
H= (P + P+ dsech®4Q, PP), (55b)

corresponding to a flat metric. This is a consequence of two commuting Killing vectors in the 2 dimensional
domain. Since hy commutes with hy and the sl(2) Casimir ey f; + %h%, these can be reduced:

1 1
(h4,€1f1 + 4h%> — <P3, TG(Pzz + 4sech®4Q; Pf)) ;

giving the Noether constants (Ps, Ps3).
The canonical transformation (29a), under ¢13, gives us

1 1 1
S=-=log(qf +¢ +q3) P + - arctan % P, — — arctan <q3> P, (56a)
4 2 g5 +q3 4 q2

and reduces (52) to
- 1 1
H= 1 cos? 2Qo <P12 + P+ 1 sec? 2Q, P32> , (56b)

corresponding to a constant curvature metric. This is a consequence of the existence of three Killing vectors
in the 2 dimensional domain, with s((2) relations. Since hy commutes with g;, each element can be reduced:

1 1
(ex,hn, f1) = (2 ¢*@1 (P08 2Qs — Pr5in2Qs), Py, 5 7% (Py cos2Q + Py sin 2Q2)) ,

which satisfy the same Poisson relations as g .

Remark 8.1 (Direct Transformation) The system (54) can be directly related to (56b) within the 2 di-
mensional domain (by composing the above canonical transformations):

Q1 =e 2 5in2Qy, Q2 =e 29 c0s2Q2, Q3= Qs.

8.2 The Algebra (hy, hs, hy) @ (hq)

It can be seen in Table 1 that (ho, hg, hy) is just the algebra s0(3) and that h; commutes with this algebra.
This means that we can simultaneously straighten the pair (hy, ho) (with the pairs (h1, h3) and (h1, hy) being
related through 13 and t13 respectively).
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The general Hamiltonian with this isometry algebra is given by a Casimir
2 2 202 a2 2 Ly 1/, 2, 1.9
H = (¢ + a2 + ¢3)(p1 + P2 +P3):Zh1+1 h2+h3+1h4 : (57)

The more general Casimir, with yh?, has terms Dip;j-

This can also be considered as a restriction of the cases of some smaller algebras listed in Table 4, with the
forms of the function ¢. Clearly (h1, h2) is a subalgebra and this restriction is achieved through ¥ (z) = 1+ z.
Similarly (hg, hs, ha) is a subalgebra and this restriction corresponds to ¥(z) = z.

8.2.1 Reductions with the Pair (hi, hs)

Here we can use the canonical transformations of Section 6.2 to set (hy, he) — (P1, Ps).
The canonical transformation (28a) reduces (57) to

-1
H=7 cosh®2Qs (P§ + P + sech®2Q, PE), (58)

corresponding to a constant curvature metric. This is a consequence of the existence of three Killing vectors
in the 2 dimensional domain, with so(3) relations. Since h; commutes with s0(3), each element can be
reduced:

(hg, h3, h4) — (Pg, P2 cosh 2Q2 COSs 2Q3 + P3 sinh 2Q2 sin 2Q37 2P3 sinh 2Q2 COs 2Q3 — 2P2 cosh 2@2 sin 2@3) y

which satisfy the same Poisson relations as (ha, hs, hq) in Table 2.
The canonical transformation (29a) reduces (57) to

-1 1

= (Pl2 +P; + 1 sec? 202 P§) : (59)
corresponding to a flat metric. This is a consequence of two commuting Killing vectors in the 2 dimensional
domain. Since hy commutes with h; and the so(3) Casimir h3 + h3 4+ +h3, these can be reduced:

1 1
(hl,h§+h§+4hi> — <P17P22+4SQCQ2Q2P§>,

giving the Noether constants (Py, P»).

9 Conclusions

This paper has continued our work of [8, 10, 11] on building higher order integrals out of conformal
symmetries, and, more generally, building Poisson algebras related to superintegrable systems. We emphasise
that whilst all higher order integrals can be built out of Killing vectors in the constant curvature case, there
was no such algebraic method available for more general spaces. The method used here, described in
Section 3, is the only one available for general conformally flat spaces. Our approach is to start with the
basic definition of conformal flatness and a given conformal algebra and then to consider a simple algebraic
process to build first integrals.

In this paper we have constructed a class of superintegrable Hamiltonians, representing geodesic flows
on a conformally flat manifold. We specifically constructed systems with 2, 3 or 4 Killing vectors, but no
more (wishing to avoid constant curvature spaces) and then used the conformal algebra to build further
quadratic integrals, corresponding to rank 2 Killing tensors, and derived the full Poisson algebra of first
integrals. By adapting coordinates to different Killing vectors we derived universal reductions for Hamilto-
nians, corresponding to each specific isometry algebra. In particular, superintegrable geodesic systems in
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3 degrees of freedom were reduced to Hamiltonians with Darboux-Koenigs kinetic energy and a potential
function associated with the original isometry algebra.

The interplay between first order integrals (Killing vectors) and higher order ones greatly simplifies the
full Poisson algebra. Such explicit Poisson algebras can be very useful in the study of abstract Poisson
algebras (for example, see [5], which studies a Poisson algebra found in [6]).

In this paper we have not considered the addition of potential functions, which can lead to very compli-
cated Poisson algebras in the case of 3 degrees of freedom (see [10]). However, imposing invariance under one
or more of the isometries of the kinetic energy can simplify the calculations. For example, a fully rotationally
invariant potential can be added to the Hamiltonian (17) and this gives a curved space generalisation of the
Kepler problem, with the extended F; just being generalisations of the Runge-Lenz integrals. This topic is
left for a future paper.

An important, but difficult, problem is to construct higher (than second) order integrals. Some third
order integrals were considered in [8], where one of the cases of [16] was constructed, but even in 2 degrees of
freedom this was complicated. This general problem is discussed in [18], for systems in 2 degrees of freedom,
with one Killing vector.

Another important extension is the study of systems with more degrees of freedom. This is generally a
difficult task, but our approach should be computationally simpler. Certainly, there are specific classes of
Hamiltonian which could be studied. In particular, this approach has been used to construct a new invariant
in the context of the Eisenhart lift in General Relativity [9].
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