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Abstract

Small pelagic fish lack clear stock-recruitment relationships. This is a problem
because such relationships are taken to be the primary descriptors of density de-
pendence, responsible for regulating population density. In this paper, we show
that a small pelagic fish species, anchovy, living in a stochastic environment, can be
strongly regulated without a stock-recruitment relationship emerging. This is done
through numerical analysis of a size-spectrum model, in which fish grow by eating
and die in part from being eaten, with the result that birth, growth and death
are all density dependent. The model includes cannibalism, and growth-dependent
larval mortality, both of which have been suggested as regulatory mechanisms in
anchovy, together with growth and reproduction later in life. Despite the lack of a
clear stock-recruitment relationship in the presence of stochasticity, signals of den-
sity dependence in the vital rates remain clear, suggesting that they might prove
to be better indicators of density dependence than stock-recruitment relationships
in small pelagic fish.
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1 INTRODUCTION

Small pelagic fish (e.g. anchovy) are striking for the lack of clear stock-recruitment
relationships (SRRs) (Gilbert, 1997; Szuwalski et al., 2015; Hilborn et al., 2017).
Abundance often varies unpredictably over several orders of magnitude from year
to year (Schwartzlose et al., 1999; Hilborn et al., 2017). This variability is thought
to be caused by changes in environmental conditions (Checkley et al., 2017). Nu-
merous studies explain the weakness or absence of SRRs in small pelagic fish as a
consequence of climatic fluctuations that affect survival from hatching to recruit-
ment, so that recruitment is largely uncoupled from spawning biomass (Szuwalski
et al., 2015). Such uncoupling stems from noise, rather than from a pattern of re-
cruitment that remains unchanged as biomass increases, which would imply infinite
compensation (Rose et al., 2001).

Usually, it is taken as granted that SRRs are the basic descriptors of density
dependence limiting the abundance of fish stocks (Ricker, 1954; Beverton and Holt,
1957; Rothschild, 2000). The weakness of SRRs in small pelagic fish is therefore
a serious issue, as it could lead to an inference that density-dependent constraints
on population growth are weak or absent. However, it could alternatively be that
the SRR is itself the problem (Andersen et al., 2017). For instance, body growth
can be density-dependent beyond recruitment, and therefore not detected in the
SRR (Lorenzen, 2008). Also, spawning biomass may not be a good reflection of egg
production, if the latter depends on maternal feeding conditions (Takasuka et al.,
2019b). In addition, random variation in the environment may hide SRRs, while
leaving ‘soft’ floors and ceilings on abundance that regulate populations (Turchin,
1995)—the absence of an SRR does not imply an absence of density-dependent
regulation.

SRRs have to emerge from density-dependent processes, and these processes are
less well documented in small pelagic fish that fluctuate strongly in abundance,
than in other marine fish (Takasuka et al., 2019a). MacCall (1980) suggested two
basic mechanisms by which mortality could play a role in regulation of anchovy
density. First, as large individuals become more abundant, their cannibalism on
anchovy eggs and larvae may increase, restricting further population growth, lead-
ing to a Ricker-like SRR. In support of this, egg cannibalism has been reported
widely since the late 1960s in several species of anchovy, such as Engraulis japon-

icus, Engraulis mordax, Engraulis ringens, Engraulis capensis, Engraulis anchoita

(Hayasi, 1967; Hunter and Kimbrell, 1980; Alheit, 1987; Valdés-Szeinfeld, 1991;
Pájaro, 1998; Pájaro et al., 2007). Cannibalism on anchovy larvae is less well doc-
umented, possible due to the short digestion time of the larvae stages (Hunter and
Kimbrell, 1980). However, Pájaro and Ciechomski (1996) identified cannibalism
on post-larval stages of Engraulis anchoita. Such cannibalism would occur when
massive spawning takes place in areas where food is scarce (Pájaro et al., 2007). As
a consequence, cannibalism operates as a density-dependent regulatory mechanism
in anchovy populations (Pájaro, 1998).
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MacCall’s second mechanism brings together mortality and density-dependent
body growth in the larval stage (MacCall, 1980). Slow body growth through a
risky stage of life leaves fish vulnerable for longer, thereby increasing the risk of
death before safer stages of life can be reached. If body growth slows down as larval
density increases, or as plankton density decreases, then more death is accumulated.
The mortality itself does not need to be density dependent—the important thing
is that the mortality rate is greater during the period of slower density-dependent
body growth. MacCall did not develop this, but the idea, which has its roots
in a paper by Ricker and Foerster (1948), has been been central to theoretical
and empirical research on recruitment in fish populations (Anderson, 1988; Sogard,
1997). Although evidence is scarce in anchovy, growth and survival during yolk
absorption were reduced by low food availability in an experiment on Engraulis

mordax (O’Connell and Raymond, 1970). Houde (1989), in a simulation study on
Anchoa mitchilli, found density-dependent declines in larval anchovy growth rate as
egg (or larval) density increased, stabilising recruitment levels. Also, simulations by
Cowan et al. (1999) found that density-dependent effects on growth and survival,
solely due to effects of anchovy on prey abundance, resulted in a dome-shaped
relationship between adult production and the reduction in larval survival.

Density-dependent mechanisms also operate later in life, beyond the larval
stage. Indeed, Anderson (1988) recognised that factors effecting growth and sur-
vival change as fish grow. Evidence of density-dependent growth was found in
early studies of Engraulis ringens in Peruvian waters (Palomares et al., 1987). This
showed that the growth performance index of juveniles and young adults, known
as Φ, was negatively correlated with annual anchovy biomass from 1954 to 1982.
These results confirmed previous findings by Jordan (1980) indicating a shift of
anchovy maximum length as a consequence of changes in the growth rate. There
is also evidence of food-dependent egg production in anchovy living in Tampa Bay,
Florida (Peebles et al., 1996). As in other marine fish groups (Cowan et al., 2000;
Stige et al., 2019), density dependence evidently can operate at multiple life stages
in small pelagic fish.

Given the evidence for density-dependent processes in small pelagic fish, why
are their SRRs so weak or absent? This paper is a numerical investigation of
the problem, using a size-spectrum model (for background to these models, see
Benôıt and Rochet, 2004; Andersen and Beyer, 2006; Datta et al., 2010; Hartvig
et al., 2011; Blanchard et al., 2014). Density dependence in somatic growth and
reproduction is built into this modelling framework, so it can be used to examine
the potential role (a) of growth through the larval stage, and (b) of competition
for food for reproduction (MacCall, 1980; Takasuka et al., 2019a). Previous studies
using size-spectrum models in this research area include analysis of the role of
trophic interactions in generating SRRs in multispecies assemblages (Rossberg et al.,
2013), effects of spatial dependence on the stage in life at which regulation of fish
stocks could occur (Andersen et al., 2017), and exploration of whether strength
of density-dependent growth in fish stocks is sufficiently strong to reduce optimal
fishery size-at-entry to below size-at-maturity (van Gemert and Andersen, 2018).
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Our results show that a SRR could emerge from the density-dependent pro-
cesses in a deterministic setting. However, the addition of random fluctuations in
the plankton can hide the signal of density dependence in the SRR, while leaving
the density-dependent processes fully operational beneath this noise. In sum, a
population can be both strongly regulated by density-dependent processes, and at
the same time exhibit no relationship between stock and recruitment.

2 METHODS

Size-spectrum models provide a good platform on which to study density depen-
dence encompassing body growth, because they contain the key couplings involving
growth, that fish grow as a consequence of eating other organisms, and that fish
die at least in part by being eaten. In addition, once maturity is reached, some
part of incoming mass is transferred to reproduction, which makes births density-
dependent as well. Importantly, no SRR needs to be assumed in these models—the
dynamics decide internally what, if any, SRR emerges from the density-dependent
processes, as happens in reality. This is the approach we take here. Models of
multispecies, size-spectra dynamics have often imposed an SRR as an input (Scott
et al., 2014), but it is not necessary to do so. (See also: Rossberg et al. (2013);
Andersen et al. (2017)).

The framework for this study is a population of anchovy, chosen as an instance
of an abundant, small, pelagic fish. The fish are supported by a size spectrum of
autotrophic plankton, aggregated over taxa. Body growth is a central process in
the fish size spectrum, but not in the plankton spectrum as these taxa are mostly
unicellular. The dynamics of these two classes are therefore treated separately, and
coupled together by feeding, and the deaths that follow from being eaten.

2.1 Fish population dynamics

The life history of a fish species entails growth in body mass w, and hence a size
structure, which can be encapsulated in a function φ(w, t) describing the density of
individuals as a function of their mass, often called a size spectrum. This is a density
in volume as well as in mass, so φ(w, t)dw gives the density in volume in a small
size range [w,w+dw] at time t. The function unfolds over time through the action
of births, growth and death (the vital rates), and can be described by a partial
differential equation containing the key mechanisms affecting these vital rates, at
simplest a size-based version of the McKendrick–von Foerster equation (Silvert and
Platt, 1978). The main expressions used in the rate of change of density of fish are
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as follows in this paper:

∂φ

∂t
= −

∂

∂w
[ǫ̃g̃φ]

︸ ︷︷ ︸

(a)

− d̃φ
︸︷︷︸

(b)

− µ̃φ
︸︷︷︸

(c)

+ ǫRR̃
b̃

wegg
︸ ︷︷ ︸

(d)

. (2.1)

We explain the notation and meaning of each term in the following paragraphs, and
motivate them by means of the sketch in Fig. 1. Technical details are in Appendix
A, starting with Eq. (A.1).
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Figure 1: Sketch showing how to interpret terms (a), (b), (c) and (d) in
the fish dynamics, Eq. (2.1). The equation operates at every body mass
w in the size range of the fish population, and allows its density φ(w, t)
(heavy dotted curve) to change over time. Body-mass values show the
approximate location of anchovy in the scheme. The horizontal grey bars
are two examples from a continuum of feeding ranges of anchovy, for a
consumer at the size given by the connected circle; feeding leads to growth
of the consumer (term a) and death of the prey (term b); additional causes
of death are larval at small sizes (term c), and background at all sizes (term
c). The population is replenished by reproduction (term d). Dynamics of
the plankton size spectrum φp(w, t) (heavy dash-dot curve) are different,
and are given in Eq. (2.2).

Term (a) deals with rates at which fish grow both into and out of the small
mass range [w,w + dw]. Term (b) deals with the death from cannibalism in this
size interval. Terms (a) and (b) both contain a size-dependent feeding rate; this
crops up in the per-capita death rate d̃ from cannibalism caused by larger anchovy
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(Eq. (A.3)), and also in the rate g̃ at which mass accumulates from feeding on
smaller organisms (Eq. (A.4)). The extra term ǫ̃ partitions incoming mass between
somatic growth and reproduction as the fish reach maturity (Eq. (A.8)), making
ǫ̃g̃ the per capita rate of somatic growth. Term (c) deals with intrinsic (density-
independent) deaths in the same size interval (Eq. (A.7)), which we separate into
two parts, to allow larval mortality (Eq. (A.5)) plus some background mortality
(Eq. (A.6)). The rather complicated-looking term (d) simply turns the total rate
at which reproductive mass, R̃, is generated into a rate at which eggs appear at
the smallest mass wegg (Eq. (A.9)). Note that, for clarity we have suppressed the
arguments of the tilde-functions: in fact they all depend on body size (except for R̃).
In addition, g̃, d̃ and R̃ are density-dependent; since density is the state variable,
this makes them functions of time as well. We also include a diffusion term (Datta
et al., 2010), not shown in Eq. (2.1), which allows growth trajectories of fish to
spread out as the fish grow (see Eqs (A.1), (A.10)).

At the heart of the model is a dimensionless feeding kernel that allows the gain
in body size of a consumer to be coupled to death and body size of the prey it
eats. This makes births, growth and deaths density-dependent, for the following
reasons. First, mature fish have more resources to allocate to reproduction when
food is plentiful, and less to allocate when food is scarce. Secondly, when food is
plentiful, the fish grow relatively fast; when food is scarce, they grow more slowly.
Thirdly, when larger fish (cannibals) are abundant, the death rate from cannibalism
is relatively high; when larger fish are scarce, this death rate falls. The shape of a
feeding kernel is a biological matter. Anchovy, being a planktivore, feeds mostly by
filtering water through gill rakers, although it can also feed as an active predator
when large (Espinoza and Bertrand, 2008). We use a kernel that is unselective
within a given size range (Eq. (A.2)), to reflect the filter feeding. The per-capita
death rate from cannibalism d̃ then takes the feeding kernel, multiplies density of
cannibals, and sums over all cannibal sizes (Eq. (A.3)). This summation contains
a weighting that scales with cannibal size, on the grounds that larger fish filter
a greater volume of water per unit time. The flip side of this death process is
the growth g̃ that comes from feeding, which can in principle include both small
anchovy and plankton (Eq. (A.4)). The contribution from cannibalism to the food
of anchovy is set by a parameter θ (Eq. (A.4), also in Eq. (A.3)). θ = 0 switches off
cannibalism, and θ = 1 makes feeding indiscriminate with respect to cannibalism
and planktivory. Anchovy feed on plankton under all circumstances.

Mortality from cannibalism above is dynamic and changes with time because it
depends on the abundance of larger fish. In addition, we introduce a fixed larval
death rate to represent the special vulnerability of the larval state. This is taken to
be a reverse-sigmoid function, starting high at egg size and tending to zero as the
fish leave the larval stage (Eq. (A.5)). We also include a fixed background mortality
that decreases as body mass increases over most of the size range of anchovy, but
starts to increase again, as the fish get near to the asymptotic mass (Eq. (A.6)). The
decrease is in keeping with slower dynamics of larger organisms, and the increase
near the largest body size is a device to prevent a build-up of density at body sizes
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invulnerable to other causes of death. The increasing component can be thought
of as predation by larger taxa that would in reality be eating them, or simply as a
term describing senescence. Summing the two fixed death rates (Eq. (A.7)), gives
the per-capita death rate µ̃ used in Eq. (2.1). Together with cannibalism, the death
terms generate a U-shaped mortality schedule for the life history as a function of
body size (Hall et al., 2006).

Reproduction depends on the proportion of incoming mass partitioned to re-
productive activities, given by a function 1 − ǫ̃ (Eq. (A.8)). This function allows
gradual maturation of the fish, and also allows an increasing proportion of incoming
mass to go to reproduction after maturation. The proportion reaches unity at the
maximum body mass because, at this point, there is no further somatic growth;
this defines the upper limit of the size spectrum. Using the function 1− ǫ̃, the total
population rate R̃ at which reproductive mass is created is obtained as a summa-
tion over body size (Eq. (A.9)). The total mass rate R̃ is then partitioned into a
number density rate at which eggs appear, using the function b̃, allowing for some
inefficiency ǫR. We simply assume that eggs are all the same size wegg, and this sets
the smallest body size in the size spectrum.

2.2 Plankton dynamics

Density-dependent body growth of fish requires that less food—here mostly plankton—
should be available as population density increases, so that body growth slows down.
The plankton dynamics have therefore to be specified. Plankton themselves form
complicated, multispecies, size-structured assemblages, simplified here to a contin-
uum of cell sizes (a size spectrum), with dynamics specified at each size, as in earlier
size-spectrum models (e.g. Hartvig et al., 2011). Over most of this size range, the
plankton are unicellular, and we therefore assume that plankton populations in-
crease directly by cell division without somatic growth. The absence of somatic
growth calls for a modelling framework quite different from the McKendrick–von
Foerster equation above (Eq. (2.1)). Typically a linear semi-chemostat dynamic has
been assumed in the size-spectrum literature, to account both for local population
dynamics and also for invasions from outside (Hartvig et al., 2011). We make these
two processes explicit here, using a local logistic dynamic plus an immigration term.
Population growth rate can then potentially decline as density falls (depending on
the rate of immigration), rather than always tending to its maximum value.

The plankton size spectrum is given as a function φp(w, t) of cell size w, changing
over time through its own dynamics and through its interactions with anchovy. The
rate of change of density at body mass w is written as:

∂φp

∂t
= r̃φp

(
1− φp/ã

)

︸ ︷︷ ︸

(a)

+ ĩ
︸︷︷︸

(b)

− d̃pφp
︸︷︷︸

(c)

. (2.2)

The motivation for the terms in Eq. (2.2) is given below; technical details are in
Appendix A, starting with Eq. (A.11). (Note that parameters r̃, ã and ĩ are all
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functions of cell size (Eqs (A.12)). Term (a) is the basic logistic dynamic that would
ultimately lead an isolated plankton assemblage to a size spectrum corresponding to
the carrying-capacity (equilibrium-density) function, ã, in a deterministic setting.
How rapidly plankton of different cell sizes get to equilibrium depends in part on
the function r̃ describing the intrinsic rate of increase. Term (b) is an immigration
rate, independent of local dynamics, that replenishes the plankton, and allows some
control over the sensitivity of the plankton to planktivory. Term (c) is the effect of
planktivory on the plankton spectrum. The function d̃p is the per-capita death rate
of plankton at cell mass w from feeding by anchovy (Eq. (A.13)). This is similar
to cannibalism (Eq. (A.3)), being a function of anchovy body-size and density, and
therefore a function of time.

2.3 Numerical methods

In fisheries science, SRRs are obtained from time series of spawning biomass and
recruitment. We took the same approach for obtaining SRRs in the model, con-
structing time series of the anchovy-plankton system, solving the partial differential
equations (2.1), (2.2) by numerical integration. Prior to doing this, the equations
were transformed to a logarithmic scale of body size, x = log(w/w0), where w0 is
an arbitrary constant, as described in Appendix A (see Eqs (A.1), (A.11)). This
transformation was used because cell and body mass span about twelve orders of
magnitude in the model. Parameter values for the equations were motivated as far
as possible by knowledge of anchovy and plankton, as described in Appendix C.

Unless otherwise stated, the equations were discretised into small size steps
δx = 0.1, and numerical integrations were done on the resulting system of ordinary
differential equations. Such equations operate in continuous time, and were solved
numerically with a step size δt = 0.001 yr (unless otherwise stated), using the Euler
method. The speed of computation was increased by applying fast Fourier trans-
forms to the convolution integrals in Eqs (A.3), (A.4), (A.10) and (A.13). Numerical
integrations were initiated with arbitrary size structures, and were allowed to relax
to a more natural state over the first ten years. At this point, the anchovy size
spectrum was reduced by a factor 107, without altering the current size structure,
and then allowed to recover. The purpose of this was to allow a large change in
density from which signals of SRRs could be extracted when the dynamics were
deterministic.

Because the model operates in continuous time, it was not structured in cohorts
appearing say once a year. However, the growth trajectory of cohorts of individu-
als born at the same time is given approximately by the solution of a differential
equation

dx/dt = ǫ(x)g(x, t), (2.3)

from an initial condition set as the logarithm of egg mass at time 0, where ǫ(x) and
g(x, t) are defined in Eq. (A.8), (A.4) respectively (Law et al., 2009; Datta et al.,
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2010). We obtained numerical solutions of this differential equation to follow the
growth of cohorts.

To generate a random environment for anchovy, the carrying-capacity function
of the plankton was turned into a random variable, altered at half-year intervals.
This was done by multiplying the carrying-capacity function a(x) (Eq. (A.12))
by a random factor, uniformly distributed on a logarithmic scale, over a range
from about half to double the baseline value. The same factor was applied at all
plankton cell sizes, thereby moving the whole function up and down. This created
better or worse conditions for plankton, to which they rapidly responded. This in
turn generated more food or less food for anchovy, and correspondingly faster or
slower body growth, leading to fluctuations in anchovy biomass over time similar
in magnitude to those observed in the sea (Hilborn et al., 2017). We took a 25
yr time period to construct SRRs starting in year 15, taking a single measurement
each year, in keeping with the way in which these relationships are constructed in
practice. The random variable above generates white noise in the log of the carrying
capacity. As there is evidence for both red and white noise (Di Lorenzo and Ohman,
2013), we did a check that the results were not dependent on the white noise, using
the discretisation of the Ornstein-Uhlenbeck process to generate a reddened noise
spectrum.

The numerical analysis was carried out using code written in C. As an in-
dependent check, the key computations were repeated independently in the R
software package Mizer (Scott et al., 2014), without the diffusion term in Eq.
(A.1). The mizer code and results are available at https://rpubs.com/gustav/

plankton-anchovy.

3 RESULTS

3.1 Deterministic dynamics: effects of mortality

To show how cannibalism and larval growth (MacCall, 1980) can affect dynamics
of small pelagic fish, we introduce them in a stepwise manner into a model system
based on Eqs (A.1), (A.11), with parameter values as in Appendix C, Tables 1, 2.
These equations describe how density (or biomass density), expressed as a function
of body size (i.e. a size-spectrum), unfolds over time. It is important to keep in
mind that the dynamics give the time evolution of these whole size spectra, although
we collapse them to total population biomass densities in the graphs below. To
emphasize this point, Fig. 2a shows an example of biomass-density functions of
plankton and anchovy at a particular time; aggregated measures are constructed
from functions like these.

The first step just puts in place a baseline comprising planktivory and fixed
background mortality (Fig. 2b). As the anchovy population builds up, it causes
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Figure 2: Changing size-spectrum dynamics as cannibalism and larval mor-
tality are added to a baseline model. The state variables are plankton and
anchovy size spectra, illustrated at one point in time in (a). (b), (c) Base-
line in which anchovy feeds on plankton with background mortality present.
(d), (e) Baseline + cannibalism. (f), (g) Baseline + cannibalism + larval
mortality. (b), (d), (f) Size-specific death rates. (c), (e), (g) Time series of
total biomass densities, obtained by summing over the size ranges in which
feeding occurs at each time. Dashed line in (e) is biomass density of anchovy
summed over a small size range 0.01 to 0.4 g. Background and larval mortal-
ity are fixed over time; cannibalism changes as anchovy abundance changes
and is shown at the start of year 30 in (d) and (f). Size spectra in (a) are
those at the start of year 30 in (c). 12



a large reduction in part of the plankton spectrum, and a corresponding large
reduction in the rate of somatic growth of anchovy that feed on these plankton.
This is great enough to stop the anchovy population from increasing (Fig. 2c). The
effect on the biomass spectra can be seen in Fig. 2a, illustrated in year 30, after the
anchovy population has stopped increasing. The peak in biomass here is caused by
a bottleneck due to slow somatic growth. Evidently, density-dependent growth of
individuals can constrain population increase, even without invoking extra larval
mortality. The fall in somatic growth here is too great to be realistic, but we
show below that, once cannibalism and larval mortality have been incorporated,
the growth trajectories that emerge are realistic for anchovy.

The second step introduces cannibalism by a single change to the cannibalism
parameter θ: 0 → 1 (Fig. 2d). Feeding by anchovy then no longer discriminates
between the plankton and anchovy of the same size. The effect is to generate os-
cillations in abundance of anchovy (Fig. 2e). The fluctuations in total biomass
mask much larger oscillations taking place in a restricted part of the anchovy spec-
trum, shown as the dashed line in Fig. 2e. The extra mortality from cannibalism
fluctuates over time, and is shown at the start of year 30 in Fig. 2d (also in Fig.
2f).

The third step introduces an additional high rate of larval mortality (Fig. 2f).
This is constant over time, and acts as a brake on anchovy population growth,
holding it at lower population densities (Fig. 2g). There are two effects of this:
first the effect of anchovy on plankton is smaller; secondly it changes anchovy’s per
capita death rate from cannibalism. The consequences for the dynamics are far
reaching, damping the oscillations caused by cannibalism (Fig. 2e), as illustrated
in Fig. 2g. As larval mortality increases, damping becomes stronger; we used a
death rate at birth of ll = 21 yr−1 (Fig. 2f), close to the smallest value that would
stabilise the dynamics.

A realistic trajectory for somatic growth of anchovy cohorts (Fig. 3a) emerges
from the dynamics described in Fig. 2f, g. The trajectory was constructed from the
time series in Fig. 2f, g, and gives maturation around 10 g, at an age of about 1 year.
Note that growth curves of cohorts are dynamic features of size-spectrum models
that emerge from feeding (Eq. (A.4)); they are obtained by solving Eq. (2.3),
and are independent of any assumed model of growth. The trajectory motivates a
SRR based on recruitment at 10 g as a function of the spawning-stock biomass one
year earlier. For much of the time the SRR sits near a single point, because the
population was close to equilibrium by year 20. But the early period of population
growth is sufficient to show the emergence of a SRR (Fig. 3b). The SRR has
some resemblance to the Beverton and Holt equation, because the approach to
equilibrium is nearly monotonic (Fig. 2g). But emergent SRRs also depend on the
shape of the initial size spectra, and could be much more complicated in time series
with damped or sustained fluctuations, unlike the standard forms usually assumed.
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Figure 3: An emergent stock-recruitment relationship, with a time lag of 1
year from egg to recruitment at 10 g. (a) Somatic growth of a cohort born
at the start of year 30 shows that it takes ∼1 year to grow from egg to 10
g (horizontal line). (b) Density of recruits, as a function of spawning stock
biomass one year earlier. The graphs were constructed from the example
shown in Fig. 2f, g.

3.2 Stochasticity and loss of the stock-recruitment relation-

ship

The model in Section 3.1 builds several core processes into anchovy population
dynamics, namely: plankton dynamics, planktivory, cannibalism, somatic growth,
reproduction, and death (background, larval, cannibalistic). However, it is still
missing the large, irregular fluctuations over time, characteristic of small pelagic
fish (Schwartzlose et al., 1999). We therefore make the plankton a random vari-
able. Stochasticity could be introduced in many different ways. Here the carrying-
capacity of plankton in Eq. (2.2) was transformed into a random variable, as de-
scribed in Section 2.3. In other respects, the system was as in Fig. 2f, g. Since this
generated white noise, we also checked that similar fluctuations could be generated
by a reddened noise spectrum.

Random variation in the plankton causes fluctuations in anchovy (Fig. 4a),
which has its own inbuilt tendency to oscillate. The relationship between spawning
stock biomass and recruitment one year later is plotted as Fig. 4b. Consistent with
empirical studies on small pelagic fish (Szuwalski et al., 2015), there is little sign of
a relationship between stock biomass and recruitment. We used a time lag of one
year for recruitment because the fish grew to the region of 10 g by then (Fig. 3a),
but note that random fluctuations in the plankton food can lead to considerable
variation in the age at which they reach this size. Similar results were obtained
when the random variation had a reddened noise spectrum (Fig. 4c, d).

The random fluctuations in plankton illustrate how density-dependent body
growth and larval mortality can work together to regulate a population (MacCall,
1980). Fig. 4e shows the growth of two nearby cohorts from the time series in
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Figure 4: Absence of a stock-recruitment relationship with random varia-
tion in plankton. (a) Time series obtained by adding white noise to the
system shown in Fig. 2f, g; the time series starts at 15 yrs, after recovery of
the anchovy population. (b) Relationship between spawning stock biomass
and density of recruits at size 10 g 1 year later, plotted once a year, starting
in year 16. (c), (d) Plots as (a), (b), but with red noise instead of white.
(e) Growth of two nearby cohorts with contrasting amounts of food, born
at time 29.5 and 30.0 years in (a); the horizontal line marks the body size
around which the fish leave the larval stage. (f) Proportion of individuals
in the two cohorts surviving to each age (survivorship); the sources of mor-
tality used for survivorship are: larval mortality (heavy lines), and larval
mortality + cannibalism (light lines).
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Fig. 4a, one born at time 29.5 years, when plankton were relatively abundant, and
the other born at time 30 when plankton were relatively scarce. The horizontal
line in Fig. 4e shows the body size (0.03 g) around which emergence from the
larval stage happens (Appendix C): the more limited supply of food in the year-30
cohort approximately doubles the age at which this cohort is able to escape from
high larval mortality. Consequently, the fish are vulnerable to mortality at the
larval stage for longer, and fewer survive to become juveniles, evident as the age
at which the survivorship curves become less steep in Fig. 4f. Survivorship can be
partitioned into its components of cannibalism and larval mortality (see Appendix
B), and we show separately the component from larval death and the combined
larval mortality + cannibalism in Fig. 4f. Fixed background mortality is small at
this stage in life and is not included (Fig. 2f). Survivorship from larval mortality
was about 2.5 orders of magnitude greater in the faster-growing cohort by the end
of the larval stage, and survivorship from aggregated larval mortality + cannibalism
was about 4 orders of magnitude greater. This mechanism of density-dependence
is potentially a powerful means of population regulation.

3.3 Stochasticity and signals of density dependence

Although a SRR is no longer evident when the plankton environment is a random
variable (Fig. 4b), the system was identical to the deterministic one that gave a
clear SRR (Fig. 3b), except for the added stochasticity in the plankton. So all the
density-dependent processes were still fully operational, and strong signals of density
dependence at the lower level of vital rates can still be detected in the presence
of random variation in plankton. We show this first for the larval mechanisms
of density dependence (MacCall, 1980), and secondly for mechanisms of density
dependence that operate later on in life (Andersen et al., 2017).

As an instance of the first mechanism of density dependence through cannibalism
(MacCall, 1980), Fig. 5a shows a clear relationship between the per capita death
rate of eggs from cannibalism and the biomass of anchovy that eat eggs. These
values were taken from the time series in Fig. 4a, b, at the start of each year,
beginning in year 15. Although the relationship is clear, it does contain some noise.
This is because a given biomass of cannibals can be obtained from a variety of
cannibal size spectra. Since cannibals of different sizes have different effects on
death rate of their prey (Eq. A.3), the death rate changes to some extent as the
shape of the anchovy size spectrum fluctuates in the random environment.

MacCall’s second mechanism, combining density-dependent growth with mor-
tality (MacCall, 1980), is more intricate. To examine this, we extracted from the
time series in Fig 4a, b, a sequence of cohorts, born at the start of each year, be-
ginning in year 15. In each cohort, we followed body growth and the accumulated
mortality up to an age of 0.4 years, this age being guided by the fast- and slow-
growing cohorts in Fig 4e and the survivorship curves in Fig 4f. The faster the
growth, the larger the fish would be by 0.4 years. Also, the faster the growth, the
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Figure 5: Signals of density dependence early in the life of anchovy living
in a stochastic environment. (a) Egg death rate from cannibalism increases
with the biomass of anchovy that eat eggs. (b) Cohort survivorship at age
0.4 yr increases with growth rate through the larval stage. (c) Component
of cohort survivorship from larval mortality. (d) Component of survivorship
from cannibalism. Cohorts were extracted at the start of each year from
the time series on which Fig. 4 a, b was based, beginning in year 15.

earlier the escape from the larval stage, and the lower the accumulated mortality
by age 0.4 years. Thus Fig. 5b shows a positive relationship between survivorship
to age 0.4 years and body size at this age, as required by McCall’s mechanism. It
does however contain a lot of noise. To see where the noise comes from, it helps to
disaggregate the contributions of larval mortality and cannibalism to the survivor-
ship (Appendix B explains how this can be done). The signal from larval mortality
is strong (Fig. 5c), but the signal from cannibalism is weak (Fig. 5d). Fig. 5b
is essentially a product of these two survivorships, because the only other cause of
death (background mortality) was small at this stage in life. Therefore, cannibal-
ism was largely responsible for the noise, its fluctuations over time being uncoupled
for the most part from the current biomass of plankton on which growth of larval
anchovy depends.

Importantly, density dependence is not confined to early stages in life: it is
pervasive through the whole life history because all growth depends on availability
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of food. To illustrate this, Fig. 6 shows the dependence of mass-specific growth
rate on the biomass of food available to anchovy at body size 1 g (Fig. 6a), and at
15 g shortly after maturation (Fig. 6b). As food goes down, so does growth. After
maturation, this also means that there is less food to allocate to reproduction (open
squares in Fig. 6b), so reproduction is density-dependent, just as somatic growth
is. Note that no variation is created by fluctuations in the prey size spectra (c.f.
Fig. 5a). This is because the integral on which the growth rate depends (Eq. (A.4))
is directly proportional to the food biomass, in the case of a box-shaped feeding
kernel. We increased the precision of the numerical integration for Fig. 6, to show
this.

However, the clear signal of density dependence in mass-specific, reproductive
allocation (open squares at body size 15 g in Fig. 6b) is weakened by aggregating
over the population to get the total rate of egg production. First, the mass-specific
rate has to be multiplied by the biomass density of anchovy at 15 g to get the
population rate of allocation to reproduction at 15 g. This biomass carries a longer
history of random events in the plankton, which generates variation between cohorts
in feeding and growth in anchovy before they reach this size. The biomass also
carries the effects of anchovy’s inherent tendency to fluctuate (Fig. 6c). These
processes introduce noise into direct relationship between current feeding conditions
and the contribution to reproduction at 15 g. Secondly, the total allocation to
reproduction of the population (and hence total rate of egg production) brings
together the variation between cohorts at all adult body sizes (Fig. 6d). In this
way reproduction becomes uncoupled from current feeding conditions, and it would
be optimistic to expect to see a strong signal of density dependence remaining. A
positive signal is left between egg production rate and spawning biomass, but this
does not involve a negative feedback, and does not contribute to regulation of the
population (results not shown).

4 DISCUSSION

The basic message from this numerical study is that population regulation of small
pelagic fish can operate without generating a SRR. This suggests that a SRR may
not be the best place to look for evidence of density dependence. At the fine
level of vital rates (birth, growth, death), density dependence was built into our
model, irrespective of whether the plankton was deterministic or stochastic. A SRR
would need to emerge from these density-dependent processes, since no SRR was
imposed by the model. In a deterministic environment, a relationship resembling
a Beverton-Holt SRR did indeed emerge from our model, as parameterised for
anchovy. (This is not to suggest that such a relationship would be found in general:
the range of emergent SRRs is potentially much richer than the Beverton-Holt and
Ricker equations would allow, as Rossberg et al. (2013) observed in a multispecies
size-spectrum model). However a random plankton environment can disturb size
spectra in ways that mask the effects of density dependence, so that little trace of
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Figure 6: Signals of density-dependence in juvenile and adult anchovy living
in a stochastic environment. (a) Mass-specific growth rate at 1 g. (b) Mass-
specific growth rate after maturation at 15 g; here the total rate (filled
circles) is partitioned into somatic growth (filled squares), and reproduction
(open squares). Growth rates were calculated from the feeding kernels at
the given body sizes, and included food both from plankton and from small
anchovy. (c) Total population rate at which incoming mass is allocated to
reproduction at 15 g. (d) Rate of egg production summed over all adult
body sizes. Measurements were taken at the start of each year from the time
series on which Fig. 4a, b was based, beginning in year 15. Integrations
were run with δx = 0.025, and δt = 0.0002 for precision.
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a SRR is left, despite the density-dependent processes still being fully operational.
A population can both be strongly regulated by density-dependent processes and,
at the same time, show little or no relationship between stock and recruitment.

Much of the core density dependence in the model comes from the action of fish
growing by eating other organisms, and dying in part by being eaten. This makes
growth a quadratic function of density at the level of the population, because it de-
pends on a product of food density and consumer density. A mass-specific growth
rate removes the consumer mass density, but the food mass density stays in place,
so the mass-specific growth rate remains density-dependent (Eq. A.4). Density-
dependent body growth is not a standard part of fisheries modelling (Lorenzen,
2016), and it has taken the size-based McKendrick–von Foerster equation and re-
lated models to bring it to the heart of population dynamics (Benôıt and Rochet,
2004; Andersen and Beyer, 2006; Datta et al., 2010; Blanchard et al., 2014). These
size-based models generate a much richer set of density-dependent feedbacks, includ-
ing those between food availability and body growth and reproduction. The feed-
backs are consistent with the empirical evidence of density dependence in growth,
nutritional condition, maturation and reproductive parameters of fish (Cowan et al.,
1999; Rose et al., 2001; Lorenzen and Enberg, 2002; Skjæraasen et al., 2012; Svedäng
and Hornborg, 2015; Takasuka et al., 2019a).

MacCall (1980) envisaged two density-dependent mechanisms at the egg and lar-
val stages that could regulate anchovy, first cannibalism, and secondly slow growth
that would prolong a period of high larval mortality. Both of these are connected
to density-dependent feeding in anchovy, and both contribute to the feedbacks in
the size-spectrum model used here (Fig. 5). Moreover, density dependence extends
beyond the larval stage, as illustrated in Fig. 6, because growth continues through-
out life (Lorenzen, 2008; Takasuka et al., 2019a; van Gemert and Andersen, 2018).
However, cannibalism on its own is not a process that helps to stabilise anchovy
in our system (Fig. 2e). Although cannibalism can generate stable size spectra
under certain conditions, to do so it needs some conspecific prey to be close to the
consumer size, to provide short enough feedback loops and time delays (Plank and
Law, 2012). Planktivores filter-feed low down in the food chain, and are unlikely to
meet this requirement. We set the largest prey mass at 1/100 that of the consumer,
large enough to allow some feeding beyond the plankton by adult anchovy (Es-
pinoza and Bertrand, 2008). But this still allowed large oscillations in the absence
of compensating mechanisms (Fig. 2e). (In an earlier paper with different model
assumptions, we set the ratio at 1/10, and this did usually stabilise the dynamics
(Canales et al., 2016).) If a large separation between prey and consumer size is a
general feature of planktivory, cannibalism is unlikely to contribute to planktivore
regulation, even though it is density dependent. As Turchin (1995) pointed out,
density dependence is a necessary, but not sufficient, condition for regulation.

Where do the signals of density dependence, so clear at the fine level of growth
and death rates, get lost in the SRR of a random environment? One clue lies in the
partition of survivorship between fixed larval mortality, which left the signal largely
intact (Fig. 5c), and cannibalism, which introduced a lot of noise to the signal (Fig.
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5d). Survivorship from cannibalism is rather uncoupled from random variation in
plankton that determines how fast anchovy larvae grow. There are two reasons for
this. First, cannibals, being much older and larger than the larvae, had also been
influenced by random conditions at earlier times, as well as by the current state
of the plankton. Secondly, fish populations have their own inherent tendency to
fluctuate, and cannibalism is itself a potential driver of these oscillations (Fig. 2e).
Random changes to the plankton may be needed to get the fluctuations started, but
there is no obvious reason why the fluctuations should then synchronise themselves
to the plankton. (The period of oscillations from cannibalism did get longer as
somatic growth rate went down; results not shown here.) Fluctuations in abundance
are known to be particularly large in small pelagic fish (Schwartzlose et al., 1999;
Hilborn et al., 2017), and could help mask the signal of density dependence in mass-
specific growth. Further weakening of the SRR could come from random variation
in the larval mortality (we held it fixed), and larval mortality from predation by
other species, with dynamics that are also uncoupled from the random plankton.
These are just a few of the many ways in which a signal of density dependence could
be weakened on the path to a SRR.

On the other side of the coin, what conditions might favour the emergence of
SRRs? Clearly, less variability in processes uncorrelated with driving variables such
as plankton food would help. Thus SRRs are more likely to be seen in fish species
with life histories that generate relatively small fluctuations in abundance. This
includes behaviour that permits feeding on at least some conspecific prey relatively
close to the predator body size. Such feeding promotes stability of size spectra
(Plank and Law, 2012), in contrast to the planktivorous feeding by small pelagic
fish. Also, certain life-history traits lead to less fluctuation, including long life,
in particular long adult life, and repeated spawning (Murphy, 1967; Hsieh et al.,
2010). This consistent with the existence of SRRs in some long-lived species of the
Gadiformes (Szuwalski et al., 2015). However, human exploitation is a potential
driver of fluctuations (Essington et al., 2015); truncation of age and size structures
by preferentially removing fish that are large for their species could contribute to
this (Hsieh et al., 2010). So it could be that exploitation of fish stocks is a further
reason why SRRs can be hard to observe.

What are the implications of these results? Clearly, the role of density depen-
dence in management of fish stocks is important to understand, because it offsets
losses of individuals, from anthropogenic activities such as fishing, and from natural
fluctuations in environmental conditions (e.g climate, predators) (Rose et al., 2001).
Models of SRRs directly affect estimates of biological reference points (Takasuka
et al., 2019a), and are currently at the core of fishery management based on max-
imum sustainable yield. However, attempts to document density dependence in
small pelagic fish through standard SRRs have been largely unsuccessful (Szuwal-
ski et al., 2015), and this paper shows some reasons why this should be so. Yet,
beneath the noise, density-dependent processes can remain fully operational and
measurable, at the level of vital rates of birth, growth and death. Thus the main
implication of our results is that it might be better to look for the signals of den-
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sity dependence closer to the vital rates themselves, before they are scrambled by
processes weakly correlated with density dependence.

This work is essentially a numerical example, structured as far as possible to
match the life history of a small pelagic fish species (anchovy). The model encom-
passes several core population processes, including plankton dynamics, planktivory,
cannibalism, somatic growth, reproduction, and death (background, larval, canni-
balistic), but is still a simplification of processes operating in the sea. First, for
simplicity, neither plankton food nor anchovy population dynamics were seasonal;
it would be feasible to investigate this (Datta and Blanchard, 2016). Neither does
the stochastic plankton model deal realistically with fluctuations, such as the El
Niño/La Niña oscillations and decadal-scale shifts (Salvacetti et al., 2018); we have
simply used random variation in plankton to generate fluctuations of anchovy sim-
ilar to those observed empirically. Secondly, in reality, anchovy is embedded in a
multispecies fish community. Predation by other species is important and will be
included in future work. To some extent, the fixed larval and background mortality
we used acts as a placeholder for predation mortality by other species; including
other species explicitly would probably mask the SRR still further. Thirdly, we
made a compromise over the feeding kernel, moving its lower limit to keep it a fixed
proportion of the body size of the fish. This was a technical assumption, made
for computational efficiency, as it allowed a fast Fourier transform on the convolu-
tion integrals. An alternative assumption would be to allow feeding kernels to get
broader as planktivores get larger, spreading feeding over a greater range of plank-
ton, and weakening the effect of anchovy on plankton of a specific size (Canales
et al., 2016), but this would have been costly in computational terms. The dynam-
ics of size-spectrum models are affected by the choice of feeding kernel, and aligning
kernels more closely to observed feeding behaviour would be helpful in future work.
Fourthly, the level at which larval mortality was fixed, while consistent with infor-
mation available (Contreras et al., 2017), placed the anchovy close to the point of
bifurcation between a stable equilibrium and an oscillatory solution in the determin-
istic dynamics. As a result, fluctuations in anchovy in the stochastic system were
large, although still consistent with those observed in practice (Schwartzlose et al.,
1999). We also assumed the law of mass action, setting interactions proportional to
densities averaged over space. Spatial variation in densities could have important
effects on the dynamics (Andersen et al., 2017); the problem is deciding what to
replace the law of mass action with.
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APPENDICES

A Mathematical model

Because body mass of size spectra can span many orders of magnitude, it helps to
make a transformation from body mass to a dimensionless logarithm of body mass,
x = ln(w/w0), where w is body mass and w0 is an arbitrary body mass of, say, 1 g.
We adopt this transformation throughout.

A.1 Fish population dynamics

We work with a state variable for a single species of fish, u(x, t)dx = φ(w, t)dw,
with dimensions L−3, which corresponds to the density of individuals with log body
mass in a small range [x, x + dx] at time t. This is referred to as a size spectrum,
and is a function of body size x, changing shape over the course of time t.

The dynamics can be written in terms of the following partial differential equa-
tion describing the flux in density u(x, t) (Law et al., 2016):

∂u

∂t
= −

∂

∂x
[ǫgu]

︸ ︷︷ ︸

(a)

− du
︸︷︷︸

(b)

− µu
︸︷︷︸

(c)

+ ǫRR
b

w0ex
︸ ︷︷ ︸

(d)

+
1

2

∂

∂x

[

e−x ∂

∂x
[ǫGu]

]

︸ ︷︷ ︸

(e)

, (A.1)

where function arguments x and t have been suppressed for clarity. This equation
is based on a second-order approximation to a jump-growth model, which itself is a
systematic expansion of a master equation from a stochastic predator-prey process
in which organisms grow and die through eating one another (Datta et al., 2010).

In Eq. (A.1), term (a) describes the flux in density due to somatic growth,
where ǫ(x) is the proportion of incoming food mass allocated to somatic growth, and
g(x, t) is a mass-specific growth rate. Term (b) describes cannibalism, where d(x, t)
is the per-capita death rate from this source. Term (c) deals with intrinsic deaths,
including both larval and background mortality, at per capita rate µ(x). Term (d)
describes the total birth rate, obtained by transforming the total rate R(t) at which
reproductive mass is created into a distribution at which eggs of different sizes are
created, through an egg-size distribution function b(x); this rate is weighted by an
efficiency ǫR with which the reproductive mass is turned into female eggs. Term (e)
is a second-order diffusion process that allows growth trajectories to spread out as
the fish grow, where G(x, t) is a second-order growth term. The motivation for and
description of the functions are described below.

Note that the lower and upper bounds of body size in Eq. (A.1) are determined
by features of reproduction. Specifically, the lower boundary is set by the function
b(x), assumed here to be a Dirac delta function that renews the population at a
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single egg size w0e
x0 . The upper boundary is set by the maximum size w0e

x∞ to
which fish grow, which is typically very close to the size at which all incoming food
is allocated to reproduction.

Feeding kernel. At the heart of the model there is a function describing the
preference of consumers for the size of prey items, relative to their own size, often
called a feeding kernel. This has usually been thought of as a Gaussian function
on the scale of log body mass, centred on a preferred predator-prey mass ratio
for a consumer species, around which feeding declines to zero (Benôıt and Rochet,
2004; Andersen and Beyer, 2006; Datta et al., 2010). However, planktivores filter
water through gill rakers, more passively removing prey items, and may be bet-
ter described by an unselective function. We therefore use a box kernel which is
unselective on the log scale of body mass over a chosen size range relative to the
consumer:

s(x′
− x) =







1

6σ
x− β − 3σ < x < x′ − β + 3σ

0 otherwise

. (A.2)

normalised by 1
6σ

to integrate to 1. The function is given in this form so that the
parameters β and σ can be interpreted in the same way as those in a Gaussian
feeding kernel, β being the centre of the kernel, and 6σ being its width, beyond
which particles are not filtered.

Cannibalism. The feeding kernel is needed for the per capita death rate d(x)
from cannibalism at body size x:

d(x) =

∫

A(w0e
x′

)αs(x′
− x)θu(x′)dx′. (A.3)

This equation is the convolution of the feeding kernel and cannibal densities over
cannibal sizes x′, to get the overall effect of consumers on the death rate at size x.
The expression A(w0e

x′

)α introduces a scaling of the feeding rate with cannibal size
(parameter α). The parameter A sets the dimensions of the death rate to 1/time.

Mass-specific growth rate. Closely related to Eq. (A.3) is the growth rate of
the fish at body size x, as they themselves feed on smaller particles, including both
plankton and smaller anchovy. This is given here as a mass-specific growth rate
g(x) at size x:

g(x) = AK(w0e
x)αe−x

∫

ex
′

s(x− x′)

(

up(x
′) + θu(x′)

)

dx′. (A.4)

The convolution in this case is over food items (x′), both small fish u(x′) and
plankton up(x) (see Eq. (A.11)), and is converted to mass by the term w0e

x′

.
Parameters A and α are as in Eq. (A.3). The extra parameter θ allows cannibalism
to be switched on or off. K is the food conversion efficiency, i.e. the efficiency with
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which prey biomass is converted into consumer biomass; for the sake of simplicity,
this is as far as the model goes into metabolic processes.

Larval mortality rate. We assume the extra risks of mortality at the larval stage
are represented by a per-capita larval mortality rate µl(x) of body size x:

µl(x) = µl

eρl(xl̄−x)

1 + eρl(xl̄−x)
. (A.5)

This is a reverse-sigmoid function that starts large on eggs, and falls to zero as
the fish get big enough to leave the vulnerable stage. The function contains three
parameters: (1) the magnitude of the extra mortality rate µl, as the larval stage
begins, (2) the body size xl̄ at which fish are growing out of the vulnerable larval
stage, and (3) the range of body size ρl over which this escape takes place.

Background mortality rate. This accounts for all intrinsic mortality other than
the larval component. In keeping with earlier work (Hartvig et al., 2011), this per-
capita mortality rate µb(x) scales to decrease with body size x for the most part.
However, as the fish get near to their asymptotic mass, it starts to increase again,
taking the form:

µb(x) =

{
µ0 e

−ρb(x−x0) x0 ≤ x ≤ xs

µb(xs) e
ρs(x−xs) xs < x ≤ x∞

. (A.6)

Here µ0 is the background death rate at birth, µb(xs) is the background death rate
at size xs where the death rate starts to increase, and ρb, ρs are the exponents for
the sensitivity of death to body size.

Total intrinsic mortality rate. Summing the per-capita rates of larval and back-
ground mortality gives the total per-capita intrinsic death rate:

µ(x) = µl(x) + µb(x), (A.7)

i.e. the term µ(x) in Eq. (A.1).

Reproduction. The function 1− ǫ(x) describes the proportion of incoming food
allocated to reproduction, and uses an expression suggested by Hartvig et al. (2011)
and Law et al. (2012)

1− ǫ(x) =







(a)
︷ ︸︸ ︷

[1 + exp(−ρm(x− xm))]
−1

(b)
︷ ︸︸ ︷

exp(ρ∞(x− x∞)) x < x∞

1 otherwise.

(A.8)

Part (a) deals with maturation, where xm is the body size at which 50 % of the fish
are mature, and ρm defines the body-size range over which fish are maturing. Part
(b) describes allocation to reproduction once maturity is reached. The maximum
body size x∞ is typically very close the size at which all incoming mass is allocated
to reproduction and no further somatic growth is possible, the approach to x∞ being
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scaled by a parameter ρ∞. The total rate R at which reproductive mass density is
created is then given by:

R =

∫

(1− ǫ(x))g(x)u(x)w0e
xdx. (A.9)

This takes the mass-specific rate at which reproductive mass is created at size x,
converts it to the total rate at size x by multiplying by density and mass at size x,
and lastly integrates over all sizes x. The total mass rate is converted into a rate
of egg production, using an egg distribution function b(x). Dividing by the size of
eggs at x, then converts the mass density rate into the rate at which eggs appear
at this size, ǫR R b(x) / (w0e

x), where the term ǫR < 1 allows some inefficiency in
converting the reproductive mass into eggs. For simplicity, we take b(x) to be a
Dirac delta function at x0, so all eggs appear at the single size w0e

x0 .

Diffusion. The second-order diffusion term allows growth trajectories of fish to
spread as they get older—without this all fish born at the same time would have
identical trajectories of growth (Datta et al., 2010). The diffusion term contains a
function

G(x) = AK2(w0e
x)αe−x

∫

e2x
′

s(x− x′)

(

up(x
′) + θu(x′)

)

dx′, (A.10)

for the most part resembling the mass-specific growth rate in Eq. (A.4) where the
terms are defined.

A.2 Plankton dynamics

We work with a state variable for the plankton up(x, t)dx = φp(w, t)dw, correspond-
ing to the density of cells with log cell mass in a small range [x, x + dx) at time t.
The rate of change of plankton density up(x) at size x, is written as:

∂up

∂t
= rup

(
1− up/a

)

︸ ︷︷ ︸

(a)

+ i
︸︷︷︸

(b)

− dup
︸︷︷︸

(c)

. (A.11)

Here the intrinsic rate of increase r(x), the carrying capacity a(x), and the immi-
gration rate i(x) scale with body mass w (= w0e

x) as:

r(x) = r0(w0e
x)ρ−1

a(x) = a0(1000w0e
x)−λ+1

i(x) = i0(1000w0e
x)−λ+1

(A.12)

The function r(x) takes into account a scaling of cell division rate with cell size with
an exponent ρ− 1, over a range of cell sizes (Marañón et al., 2013); the parameter
r0 sets the overall rate. The function a(x) is the carrying capacity in the absence
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of immigration and planktivory; it ensures that, in the absence of planktivory,
plankton would settle to an equilibrium size spectrum that scales with cell size
with an exponent −λ + 1; the parameter a0 locates the function that describes
the equilibrium. The function i(x) scales with body size in the same way as the
carrying capacity. The function d(x) is the per-capita death rate from planktivory
by anchovy. This is similar to cannibalism in anchovy, Eq. (A.3):

dp(x) =

∫

A(w0e
x′

)αs(x′
− x)u(x′)dx′, (A.13)

except that the planktivory by anchovy is always present.

B Partitioning mortality within cohorts

The key equation for following a cohort over time is Eq. (2.3) in the text. The
numerical solution of this describes cohort growth as the cohort ages, i.e. the
average size of individuals in the cohort at each age τ , given birth at time t0,
xc(τ ; t0); for shorthand, we write this as xc(τ). Components of mortality in the
cohort at age τ correspond to components of mortality in the size-spectrum model
at t = t0 + τ as follows:

d(xc(τ)) = d(x, t)

µl(xc(τ)) = µl(x, t)

µb(xc(τ)) = µb(x, t), (B.1)

where the death rates d(x, t), µl(x, t) and µb(x, t) are defined in Eqs (A.3), (A.5)
and (A.6) respectively. In other words, the component death rates in the cohort
are extracted directly from the numerical integration of the size-spectrum model.
The proportion ST in the cohort surviving to age T is then:

ST = e
∫ T

0
d(xc(τ))+µl(xc(τ))+µb(xc(τ)) dτ

= ST,d ST,µl
ST,µb

. (B.2)

In this way, the components of survivorship to age T from birth at time t0 are
partitioned into survival from cannibalism ST,d, survival from larval death ST,µl

,
and survival from background death ST,µb

.

Importantly, the cohort interacts with all other cohorts that are present in the
population during its life. For instance, a cohort born before t0 that suffered greater
fixed larval mortality resulting in a lower density as an adult would contribute less
to cannibalism in the cohort born at time t0. This is because the earlier, depleted
cohort makes a smaller contribution to d(x) (Eq. (A.3)), and hence to d(xc).
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C Parameter values

This appendix gives values of parameters as used for simulations of the mathemat-
ical model in Appendix A. Parameter values for anchovy and plankton are in Table
1 and 2 respectively. The parameter w0 is set at 1 g.

Lower and upper bounds for the anchovy size spectrum were set by an egg mass
at 0.0003 g, and a maximum body mass at 66.5 g (Castro et al., 2009; Cubillos,
1991).

We used a ‘box’-shaped feeding kernel (Eq. (A.2)) to reflect the relatively un-
selective filter-feeding of planktivores. Lower and upper limits of the kernel were
set relative to the size of the feeding anchovy at 1/30000, and 1/100 respectively.
This means, for instance, that an individual at egg size would filter particles in the
range from 10−8 g to 3× 10−6 g. An individual at 30 g would consume particles in
the range from 10−3 g to 3 × 10−1 g; this upper limit is consistent with copepods
and euphausiids forming part of the diet of large anchovy (Espinoza and Bertrand,
2008). Anchovy always fed on plankton (θp = 1, Eq. (A.4), (A.10)), and cannibal-
ism was switched off (θ = 0), or on (θ = 1), as required. A value of the feeding-rate
parameter A = 750 m3 yr−1 g−α was chosen so that anchovy would grow from egg
mass to 10 g in approximately 1 yr (Canales and Leal, 2009), when the deterministic
system with cannibalism was near to steady state. The food conversion efficiency
was set at K = 0.1.

Following the literature (Contreras et al., 2017), a large larval mortality rate
was used at egg size, the exact value µl = 21 yr−1 (Eq. (A.5)) being chosen to
be close to the smallest value that would stabilise the deterministic dynamics. We
assumed the fish would be leaving the larval stage at around 100 times the egg
weight (around 0.03 g), after which this component of mortality became negligible.
This body mass was reached at an age of about 90 d when the deterministic system
with cannibalism was near to steady state (Contreras et al., 2017). On the basis that
most mortality would be associated with the larval state early in life, background
mortality was taken to be a small proportion of it (Eq. (A.6)) µ0 = 1 yr−1, falling
with increasing body size up to 0.5 g, at which size it started to increase again.

For reproduction, anchovy was assumed to mature around 10 g (Canales and
Leal, 2009). Reproductive efficiency was set at 0.1, lower than the value that would
apply just on the basis of a standard sex ratio of 0.5, on the grounds that some
extra costs are likely in gonad development and reproductive behaviour.
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Table 1: Anchovy parameters.

parameter value interpretation
w0e

x0 0.0003 g egg mass
w0e

x∞ 66.5 g maximum body mass
β 7.46 centre of feeding kernel
σ 0.951 measure of the width of feeding kernel
A 750 m3 yr−1 g−α feeding rate constant
α 0.85 search-rate scaling exponent
K 0.1 ecological conversion efficiency
µl 21 yr−1 larval death rate at egg size
w0e

xl̄ 0.03 g size around which larval death → 0
ρl 5 exponent scaling size range as larval death → 0
µ0 1 yr−1 background death rate at birth
w0e

xs 0.5 g body mass at minimum background death rate
ρb 0.25 exponent scaling falling death rate with size
ρs 1 exponent scaling increasing death rate with size
w0e

xm 10 g body mass at 50 % maturity
ρm 15 exponent scaling size range of maturation
ρ∞ 0.2 exponent scaling approach to xi,∞

ǫR 0.1 reproductive efficiency

Table 2: Plankton parameters.

parameter value interpretation
w0e

xp,0 10−10 g minimum cell mass
w0e

xp,∞ 10−1 g maximum body mass
r0 10 g1−ρ yr−1 sets intrinsic rate to 10 yr−1 at 1 g
a0 100 m−3 gλ−1 sets ‘equilibrium’ density to 100 m−3 at 1 mg
i0 100 m−3 gλ−1 yr−1 sets immigration rate 100 m−3 yr−1 at 1 mg
ρ 0.85 scales intrinsic rate with respect to x
λ 2 scales slope of ‘isolated’ size spectrum

The term ‘equilibrium’ refers to an isolated plankton assemblage at cell size 1 mg. The term

‘isolated’ refers to a plankton spectrum lacking immigration and predation.
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