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Abstract

An impact of the equilibrium radial electric field on energy loss processes after the

pedestal collapse is numerically investigated with the BOUT++ framework. Using

linear stability analysis, the resistive ballooning mode (RBM) is shown to be stabi-

lized by the radial shear of equilibrium radial electric field. On the other hand, the

energy loss level after the pedestal collapse increases if the equilibrium radial electric

field is taken into account. The spatio-temporal and phase diagram analyses show that

the equilibrium radial electric field partially cancels the fluctuation driven toroidally

axisymmetric radial electric field and weakens 𝐸 × 𝐵 shearing rate after pedestal

collapse, weakening the turbulence suppression by vortex shearing. The equilibrium

radial electric field therefore increases turbulence intensity in nonlinear cyclic oscil-

lations among pressure gradient,𝐸×𝐵 shearing rate and turbulence intensity, which

gives rise to subsequent bursts of turbulent transport and increases energy loss level.
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1 INTRODUCTION

The high-confinement mode discharge [1] is a baseline operation scenario in ITER [2] and DEMO fusion reactors [3] since the high

energy amplification factor is important for economic viability. The intermittent large heat fluxes released by edge localized

modes (ELMs) [4] however should be avoided or mitigated to a level low enough to remain within heat load constraints on plasma

facing components. Nonlinear MHD codes such as JOREK [5,6], NIMROD [7], M3D-C1 [8] and BOUT++ [9–11] have therefore

been developed and provided qualitative understandings of ELMs and their resultant energy loss processes.

Fluctuation driven toroidal axisymmetric (𝑛 = 0) flows, generally called convective cell modes [12] (CCs), and especially zonal

flows [13] (ZFs) for (𝑚 = 0, 𝑛 = 0) mode, affect energy loss processes during ELMs. It is reported that CCs suppress and also

enhance energy loss by different mechanisms, where 𝑚 and 𝑛 are the poloidal and toroidal mode number respectively. For the

energy loss suppression effect of CCs, JOREK simulation [5] reveals that the 𝐸 × 𝐵 shearing rate [14,15] of CCs generated by the

residual of MHD force balance during the pedestal collapse suppress the filament transport. For the energy loss enhancement

effect of CCs, on the other hand, BOUT++ simulation [16] shows that ZFs with geodesic acoustic modes (GAM) [17] driven by

the residual of flow stress during the pedestal collapse drive secondary instabilities, which results in secondary small crashes

after a large collapse like compound ELMs [18].

In previous BOUT++ studies including Ref. [16], there was a limitation on solving (𝑚 ≠ 0, 𝑛 = 0) component of vorticity

equation and 𝑛 = 0 component of Ohm’s law due to the flute-ordered approximation in Poisson solver, which is explicitly

mentioned in several papers [10,11]. This is because that the flute-ordered Poisson solver cannot reproduce (𝑚 ≠ 0, 𝑛 = 0)
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component of the flow potential from the vorticity and (𝑚 ≠ 0, 𝑛 = 0) component of vorticity equation describing the MHD force

balance is indispensable for self-consistent evolution of 𝑛 = 0 magnetic field. The energy loss suppression by CCs generated by

the residual of MHD force balance was therefore not taken into account in the previous BOUT++ results.

This numerical issue has been recently resolved by introducing a two-dimensional Poisson solver designed for 𝑛 = 0 mode.

This solver was originally developed for the flux-driven edge turbulence BOUT++ module Hermes [19] and has been modified

for a BOUT++ ELM physics module [20]. In this framework, the CCs mainly generated by the residual of MHD force balance

suppress energy loss during the pedestal collapse and the secondary instability accompanied with nonlinear damped oscillations

among pressure gradient, 𝐸 × 𝐵 flow shear and turbulence intensity enhance energy loss in the late nonlinear phase [20].

However, the equilibrium radial electric field is neglected in our previous work, which means that the equilibrium radial force

balance is not satisfied. In this paper, an impact of equilibrium radial electric field on energy loss by an interplay between 𝑛 = 0

net flow and turbulence after the pedestal collapse is numerically investigated.

The remainder of this paper is organized as follows. Section 2 presents the four-field model including the equilibrium radial

electric field and the shifted circular equilibrium. An impact of the equilibrium radial electric field on energy loss process after

the pedestal collapse is reported in Sec. 3. Finally this paper is summarized in Sec. 4.

2 FOUR-FIELD REDUCED MHD MODEL AND MHD EQUILIBRIUM

A scale separated four-field reduced MHD model describing peeling-ballooning modes with non-ideal effects including ion

diamagnetism, electron drift wave, resistivity, hyper-resistivity, flow compression and mean radial electric field is employed.

The model consists of equations for vorticity 𝜛1, magnetic potential 𝐴∥1, plasma pressure 𝑝1 and ion parallel flow 𝑣∥1 as,
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The four-field model is normalized with poloidal Alfvén units with the plasma major radius at the magnetic axis 𝑅ax, the

magnetic field intensity at the magnetic field 𝐵ax the reference ion number density 𝑛𝑖, and poloidal Alfvén time 𝑡𝐴 = 𝑅ax∕𝑉𝐴.

where 𝑉𝐴 = 𝐵ax∕
√
𝜇0𝑚𝑖𝑛𝑖 is the Alfvén velocity, 𝜇0 is the permittivity in vacuum and 𝑚𝑖 is the ion mass respectively. In the

derivation of Eqs.(1)-(4), the iso-thermal approximation, the charge quasi-neutrality with 𝑍𝑖 = 1 and the Boussinesq approxi-

mation with a flat ion number density profile have been assumed. The equilibrium electrostatic potential designed to make the

equilibrium 𝐸 × 𝐵 flow cancel with the equilibrium ion diamagnetic flow can be therefore expressed as 𝜙0 = −𝛿𝑖𝑝0, where the

neoclassical poloidal flow and its return flow are not taken account in this work.

For the generation mechanism of 𝑛 = 0 net flow, we derive the equation of 𝑛 = 0 perpendicular kinetic energy 𝑊 𝑛=0
𝑘

=

⟨|∇
⟂
𝐹 𝑛=0
1

|2∕(2𝐵0)⟩𝑉 by multiplying Eq.(1) by 𝑛 = 0 generalized flow potential −𝐹 𝑛=0
1

and integrating it over the entire domain,

𝑑

𝑑𝑡
𝑊 𝑛=0
𝑘

= 𝑇 𝑛=0
𝑘,𝑅

+ 𝑇 𝑛=0
𝑘,𝐼𝐷

+ 𝑇 𝑛=0
𝑘,𝐿𝐵

+ 𝑇 𝑛=0
𝑘,𝐾

+ 𝑇 𝑛=0
𝑘,𝑀

+ 𝑇 𝑛=0
𝑘,𝐶

+ 𝑇 𝑛=0
𝑘,𝐷

. (5)



SETO ET AL 3
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Here, ⟨𝑓⟩𝑉 = ∫
𝑉
𝑓𝑑𝑉 represents the volume integral over the entire domain.

A shifted circular equilibrium is employed, which is one of a series of equilibria for code benchmark [8] and is marginally

unstable against the ideal ballooning mode, (see Fig.2 in Ref. [20]). The equilibrium pressure 𝑝0, flux-surface averaged equilibrium

radial electric field ⟨𝐸𝑟0⟩𝑆 = −⟨𝜕𝑟𝜙0⟩𝑆 , equilibrium parallel current 𝐽∥0 on the outer mid-plane as well as safety factor 𝑞 over the

radial domain labeled with 𝜓 are shown in Fig. 1 , where ⟨𝑓⟩𝑆 represents the flux-surface averaged value of 𝑓 , 𝜕𝑟𝑓 = 𝐵𝑝𝑅𝜕𝜓𝑓

is the derivative of 𝑓 with the geometrical radial label,𝐵𝑝 is the poloidal magnetic field, 𝜓 is the poloidal magnetic flux function

respectively. Here, physical quantities have been normalized with 𝑅ax = 3.5 [m], 𝐵ax = 2.0 [T], 𝑛𝑖 = 1.0 × 1019 [m−3] and the

deuterium mass. The last closed flux surface or 𝜓 = 1.0 is defined as the flux surface where 𝑝0 and 𝐽∥0 are set to zero.

For tokamak edge simulations, BOUT++ employs the quasi-ballooning coordinate system [9] (𝜓, 𝑦, 𝑧), where 𝜓 is the radial

label, 𝑦 is the parallel label and 𝑧 is the binormal label respectively. An 1∕5-th of annular wedge torus grid with the radial grid

points 𝑁𝜓 = 1536, the parallel grid points 𝑁𝑦 = 64 and the binormal grid points 𝑁𝑧 = 128 is employed for nonlinear pedestal

collapse simulations. It should be noted that the fine radial grid is required to resolve fine filament structures of perturbed

vorticity 𝜛1 and perturbed parallel current 𝐽∥1 generated by the energy cascade during the pedestal collapse.

A lowpass filter is set at the 32nd harmonics in the binormal direction to avoid aliasing error in the pseudo-spectral method for

nonlinear Poisson brackets, which is the well-known as 2∕3-rule [21]. We therefore take 𝑛 = 0, 5, 10,⋯ 160 modes into account,

where high-𝑛 modes are introduced as an energy sink for energy cascade during the pedestal collapse. The radial boundary

conditions used are 𝜕𝜓𝜛1 = 0, 𝜕𝜓𝑝1 = 0, 𝜕𝜓𝐴∥1 = 0, 𝜕𝜓𝑣∥1 = 0,𝜕𝜓𝜙1 = 0 and 𝜕𝜓𝐽∥1 = 0 on the inner radial boundary at

𝜓 = 0.4 and 𝜛1 = 0, 𝑝1 = 0, ∇2
⟂
𝐴∥1 = 0, 𝑣∥1 = 0, 𝜙1 = 0 and 𝐽∥1 = 0 on the outer radial boundary at 𝜓 = 1.2 respectively.

3 SIMULATION RESULTS

In this section, an impact of the equilibrium radial electric field on energy loss processes is investigated by comparing pedestal

collapse simulations without and with the equilibrium radial electric field shown in Fig.1 (a). Here, we set the normalized

resistivities to 𝜂 = 10−8 and 𝜆 = 10−12 and the normalized numerical dissipations to 𝜇
⟂
= 𝜒

⟂
= 𝜈

⟂
= 10−7 and 𝜇∥ = 𝜒∥ = 10−1

for numerical stability. The linear stability against the resistive ballooning mode (RBM) instability described by Eqs.(1)-(4)

with the above parameter set and without equilibrium radial electric field has been tested in Ref. [20] and is summarized again in

Fig.2 (a) and (b) with red colored symbols, where 𝜔𝐴 is the poloidal Alfvén frequency. In this case, RBM is stabilized mainly

by ion diamagnetism. On the other hand, the equilibrium radial electric field rotates the plasma in the electron diamagnetic

direction 𝜔 > 0 more strongly and stabilizes RBM more strongly, which is summarized in Fig.2 (a) and (b) with blue colored

symbols. In other words, the mean 𝐸 × 𝐵 shearing rate 𝜔𝐸×𝐵0 = ⟨(𝑅2𝐵2
𝑝
∕𝐵0)𝜕𝜓 (𝐸𝑟0∕(𝐵𝑝𝑅))⟩𝑆 makes the plasma more stable.

As a starting point for discussion on the impact of equilibrium radial electric field on energy loss process after the pedestal

collapse, we briefly report the impact of 𝑛 = 0 net flow and 𝑛 = 0 magnetic field generation on energy loss levels in both

FIGURE 1 Shifted circular equilibrium profiles: (a) pressure (red solid) and flux-surface averaged radial electric field (blue

dashed) and (b) parallel current on the outer mid-plane (red solid) and safety factor (blue dashed).
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FIGURE 2 (a): linear growth rate versus toroidal mode number in the case without (red) and with (blue) equilibrium radial

electric field, (b): plasma rotating frequency versus toroidal mode number in the case without (red) and with (blue) equilibrium

radial electric field, (c): time evolution of energy loss level Δ𝑊ped∕𝑊ped in the case without (red) and with (blue) equilibrium

radial electric field, where the dashed curves are energy losses assuming 𝐹 𝑛=0
1

= 0 and 𝐴𝑛=0
∥1

= 0 and the solid curves are those

with 𝐹 𝑛=0
1

and 𝐴𝑛=0
∥1

generations respectively.

simulations with and without equilibrium radial electric field. For this purpose, energy loss levels in pedestal collapse simulations

without 𝑛 = 0 net flow and 𝑛 = 0 magnetic field generation [10,11] are plotted with the dashed curves in Fig 2 (c) as well as

those with 𝑛 = 0 net flow and 𝑛 = 0 magnetic field generation are also plotted with the solid curves in Fig 2 (c). The energy

loss level Δ𝑊ped∕𝑊ped is defined as a ratio of released energy Δ𝑊ped = ∫
𝑉ped

𝑝1𝑑𝑉 to the energy 𝑊ped = ∫
𝑉ped

𝑝0𝑑𝑉 stored in

0.4 ≤ 𝜓 ≤ 0.856 corresponding to the shaded area in Fig. 1 . Here, 𝜓 = 0.856 is the position where the equilibrium pressure

gradient takes the maximum value.

In the simulations without 𝑛 = 0 net flow and magnetic field generation, CCs do not transport the 𝑛 = 0 perturbed pressure

for 𝜙𝑛=0
1

= −𝛿𝑖𝑝
𝑛=0
1

. The energy loss level is therefore determined mainly by the non-local transport described by the nonlinear

coupling with 𝜙𝑛=𝑛
′

1
and 𝑝𝑛=−𝑛

′

1
in the 𝐸 × 𝐵 convection −[𝜙𝑛=𝑛

′

1
, 𝑝𝑛=−𝑛

′

1
] for 𝑛′ ≠ 0. There are therefore little differences in

the energy loss levels but the timing of pedestal collapse by the early nonlinear phase 𝑡 < 600𝑡𝐴. On the other hand, in the

simulations with 𝑛 = 0 net flow and 𝑛 = 0 magnetic field generation, the equilibrium radial electric field gives a clear difference

in energy loss level after the pedestal collapse 𝑡 > 200𝑡𝐴.

In the simulation without the equilibrium radial electric field shown with the red solid curve in Fig 2 (c), the energy loss

level decreases due to the partial recovery of pressure profile by 𝐸 × 𝐵 convection by CCs and then increases by the non-local

transport triggered by the secondary instability accompanied with damped oscillations [20]. In the simulation with equilibrium

radial electric field shown with the blue solid curve in Fig 2 (c), on the other hand, the energy loss level increases after the

pedestal collapse and its amplitude is larger than that in the simulation without equilibrium radial electric field although the

equilibrium radial electric field stabilizes the RBM as is shown in Fig. 2 (a).

It should be noted that the energy loss level also decreases by 𝑛 = 0 net flow and magnetic field generation in the simulation

with the equilibrium radial electric field. From the next section, the mechanism increasing the energy loss level after the pedestal

collapse in the case with equilibrium radial electric field is investigated.

3.1 Impact of equilibrium radial electric field on 𝑛 = 0 net flow generation and perpendicular
flow fluctuations after the pedestal collapse

The energy loss level is highly related with the interaction among CCs and 𝐸 × 𝐵 fluctuations. The radial electric field shear

due to ZFs generation suppresses turbulence and the poloidal asymmetric component of CCs gives radial transport of 𝑛 = 0

perturbed pressure 𝑝𝑛=0
1

. It is therefore useful to investigate the relation among energy loss level Δ𝑊ped∕𝑊ped, the toroidal power

spectrum of the perpendicular kinetic energy 𝑊 𝑛=𝑛′

𝑘
., and generation mechanism of 𝑛 = 0 perpendicular flow. Hereafter, all

figures show results including 𝑛 = 0 net flow and magnetic field generation.

The time evolution of energy loss and the toroidal mode spectrum of perpendicular kinetic energy 𝑊𝑘 are summarized in

Fig. 3 . 𝑛 = 0 perpendicular kinetic energy or 𝑛 = 0 net flow is strongly generated by the energy inflow from the resonant (𝑛 ≠ 0)

modes during the pedestal collapse (𝑡 ∼ 200𝑡𝐴) in both simulations. Subsequent small energy cascades and their resultant energy

loss however occur more frequently in the simulation with equilibrium radial electric field while the small energy cascade occurs
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FIGURE 3 Time evolution of energy loss level Δ𝑊ped∕𝑊ped (white solid) and that of toroidal mode spectrum of perpendicular

kinetic energy𝑊𝑘 (color map) in the simulation without (left) and with (right) equilibrium radial electric field respectively. Here

𝑊 𝑛=𝑛′

𝑘
has been normalized to set its maximum amplitude unity at every time step.

once at 𝑡 ∼ 800𝑡𝐴 in the simulation without equilibrium radial electric field. The activity of 𝑛 ≠ 0 modes of perpendicular kinetic

energy also affects the 𝑛 = 0 net flow generation after the pedestal collapse via Reynolds stress and ion diamagnetic flow stress.

Figure 4 summarizes the time evolution of change rate of 𝑛 = 0 perpendicular kinetic energy 𝑊 𝑛=0
𝑘

described in Eq. (5)

in the simulation without and with equilibrium radial electric field respectively. During the pedestal collapse, the line-bending

term 𝑇 𝑛=0
𝑘,𝐿𝐵

is strongly generated to balance with the toroidal curvature term 𝑇 𝑛=0
𝑘,𝐶

in both simulations, which means that 𝑛 = 0

magnetic field or 𝐽 × 𝐵 force is generated to balance with the pressure deformation during the pedestal collapse [20,22].

On the other hand, the time evolution of change rate of 𝑛 = 0 perpendicular kinetic energy after the pedestal collapse is

qualitatively different between two simulations. The contributions from Reynolds stress and ion diamagnetic flow stress to 𝑛 = 0

perpendicular kinetic energy𝑊 𝑛=0
𝑘

have peaks corresponding to small energy inverse cascades from unstable modes periodically

in the simulation with equilibrium radial electric field. On the other hand, they have a small peak at 𝑡 ∼ 800𝑡𝐴 in the simulation

without equilibrium radial electric field.

To clarify this difference, the time evolution of the residual of MHD force balance 𝑇 𝑛=0
𝑘,MHD force

= 𝑇 𝑛=0
𝑘,𝐿𝐵

+𝑇 𝑛=0
𝑘,𝐾

+𝑇 𝑛=0
𝑘,𝑀

+𝑇 𝑛=0
𝑘,𝐶

and that of flow stress 𝑇 𝑛=0
𝑘,f low stress

= 𝑇 𝑛=0
𝑘,𝑅

+ 𝑇 𝑛=0
𝑘,𝐼𝐷

after the pedestal collapse are plotted with the change rate of 𝑊 𝑘
𝑛=0

in Fig. 5 .

It is clear that the contribution from the residual of flow stress is comparable to that from the residual of MHD force in the

simulation with equilibrium radial electric field, while the contribution from the residual of MHD force is dominant in the

simulation without equilibrium radial electric field.

3.2 Impact of equilibrium radial electric field on spatio-temporal structures of 𝑛 = 0 net flow and
turbulence

The analyses reported in the previous sections are based on the quantities integrated over the volume, and the spatio-temporal

structure of 𝑛 = 0 net flow and that of turbulence have not been discussed, while it has been shown that the radial electric field

shear suppresses turbulence by vortex shearing [13]. We therefore investigate the impact of equilibrium radial electric field on

FIGURE 4 Time evolution of breakdown of change rate of the 𝑛 = 0 perpendicular kinetic energy 𝑊 𝑛=0
𝑘

in the case without

(left) and with (right) equilibrium radial electric field respectively.
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FIGURE 5 Time evolution of the rate of change of 𝑛 = 0 perpendicular kinetic energy (black), dissipation (gray), residual of

flow stress (red) and that of MHD force balance (blue) in the simulation without (left) and with (right) equilibrium radial electric

field respectively.

the spatio-temporal structure of flux-surface averaged radial electric field ⟨𝐸𝑟⟩𝑆 , pressure gradient ⟨−𝜕𝑟𝑝⟩𝑆 , 𝐸 × 𝐵 shearing

rate 𝜔𝐸×𝐵 = ⟨(𝑅2𝐵2
𝑝
∕𝐵0)𝜕𝜓 (𝐸𝑟∕(𝐵𝑝𝑅))⟩𝑆 and turbulence intensity  = [

∑
𝑚′

∑
𝑛′≠0 |𝜙𝑚=𝑚

′,𝑛=𝑛′ |2]0.5, which is summarized in

Fig. 6 .

The deep well of the equilibrium radial electric field partially cancels the strong hill of fluctuation driven radial electric field

⟨𝐸𝑛=0
𝑟1

⟩𝑆 after the pedestal collapse in the simulation with equilibrium radial electric field, which decreases the 𝐸 ×𝐵 shearing

rate intensity |𝜔𝐸×𝐵| or the turbulence suppression by vortex shearing. The spatio-temporal structure of turbulence intensity

becomes more bursty and the non-local energy transport increases if the equilibrium radial electric field is taken into account.

This is the reason why subsequent small energy cascades occur more frequently in the toroidal mode spectrum of perpendicular

kinetic energy in the simulation with equilibrium radial electric field.

Our previous work [20] based on simulations without equilibrium radial electric field indicates that the subsequent turbulence

bursts can be triggered by a pressure-driven damped oscillation [23] where the pressure gradient is prey and the turbulence is the

predator. This is a kind of electromagnetic nonlinear cycle in order of the pressure gradient, the flow shear and the turbulence

in the left of Fig. 7 while the turbulence changes in prior to the ZFs in the electrostatic turbulence-driven oscillation [24].

The phase diagram analysis in the right of Fig. 7 indicates that the subsequent small turbulence bursts in the simulation with

equilibrium radial electric field is also triggered the pressure-driven oscillation although the contribution from the residual of

FIGURE 6 Spatio-temporal structure of (a) flux-surface averaged radial electric field ⟨𝐸𝑟⟩𝑆 , (b) flux-surface averaged pressure

gradient ⟨−𝜕𝑟𝑝⟩𝑆 , (c) 𝐸 × 𝐵 shearing rate 𝜔𝐸×𝐵 and (d) turbulence intensity 𝑆 in the simulation without (left) and with (right)

equilibrium radial electric field respectively.
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FIGURE 7 (a) time evolution of pressure gradient ⟨−𝜕𝑟𝑝⟩𝑆 (red), 𝐸 ×𝐵 shearing rate 𝜔𝐸×𝐵 (blue) and turbulence intensity  ,

(b) Lissajous diagram between pressure gradient and 𝐸 × 𝐵 shearing rate and (c) Lissajous diagram between 𝐸 × 𝐵 shearing

rate and turbulence intensity in the case without (left) and with (right) equilibrium radial electric field respectively.

flow stress to 𝑛 = 0 net flow generation is comparable with that from the residual of MHD force balance. It should be noted

that subsequent turbulence bursts by pressure-driven nonlinear oscillation might be a possible mechanism of compound ELMs

like the subsequent collapse reported in Ref. [16]. Further analyses including validation of the simulation results with compound

ELM experiments are required, which is left for a future work.

4 SUMMARY

In summary, an impact of equilibrium radial electric field on energy loss processes has been numerically investigated by com-

paring the simulations without and with equilibrium radial electric field. According to the temporal-spatio analyses, the deep

well of the equilibrium radial electric field partially cancels the strong hill formation by the fluctuation driven radial electric

field after the pedestal collapse, which decreases the 𝐸 × 𝐵 shearing rate intensity. This increases energy loss by subsequent

turbulence bursts while the equilibrium radial electric field stabilizes RBM in the linear phase. The energy transfer rate analysis

has shown that the equilibrium radial electric field increases the contribution from residual of flow stresses to 𝑛 = 0 perpen-

dicular kinetic energy to be comparable to that from the MHD force balance. The phase diagram analysis however has shown

that the subsequent turbulent bursts is also driven by the pressure-gradient driven nonlinear oscillation in the simulation with

equilibrium radial electric field.
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