
������������	
���
���

	��
�� ���������	�

�����
�������������������������������������	� ���
�����
�����	�������

�� �

�������
���������
��������������
�������	�	���
���	�����	������������
����
�������� !�

"����
���#

�	��$�"����
�

��������
#�$���
�%�&�'��
�
�$�
�(�))))*)))�*��� *����%�+
���,%�-�%���% �.���������/��0
�������
��1�
/ ) )1��������0
$�����(�
��	��
�	�����
��������
����������2� ���$��
���
����2���$���	�����
���
#
���&���������%������		��!�*�))��3++4��5��*6����

���	����$
��
�(��)��)�6�7��
��0��� ) )�)5�)�!

#���
����8����2�����$����������0��
������99*:.*49*4;���
��
��
/���	����
�����8�

00
���
�(���
������2�*�
*�$���)�1�

�	�����<������
����
���
���	�����	������������
����
����

	�
���
���������
������$�����2���$���$����������0��
������9���� �8��9
00
���#����2���
�*4
�9
00��
���*4
;���8��
/99�:.*49*4;1���
��
����������
��
��
�������
����
���
�$
�� �
�$�������
�����$���������������
����������
�(�
����
��
��$�����������
��%�2����
��
��=��
���(����������
�� ������������
���������

00��
�������&
���
���
�0���
����$�������������0��
��������
��
���������� �	����
�����8�

00
���
�(���
�������


��������
3���
��

���$���

����������������
���������
����������
�2 �����2���
��
���>����%�	�������
��������2��
�0�����(��	�����<������
����
������
��$��(���������
���� ����

�$���$���������
���
����������$��������?������



On the modelling of precipitation kinetics in a Turbine
disc nickel based superalloy.

M. J. Andersona,, F. Schulzb , Y. Lu b , H. S. Kitaguchib , P. Bowenb , C.
Argyrakisc, H. C. Basoaltoa

a Department of Materials Science & Engineering, The University of She�eld, Mappin
Street, She�eld S1 3JD, UK

bSchool of Metallurgy and Materials, University of Birmingham, Edgbaston, Birmingham
B15 2TT, UK

c Rolls-Royce plc, Derby, DE24 8BJ, UK

Abstract

The precipitation kinetics of gamma prime in the nickel based superalloy RR1000

has been characterised after solid-solution heat treatments and isothermal aging

conditions relevant to service conditions. Multi-modal precipitate dispersions

are formed within the alloy. Numerical methods are presented for determining

the three dimensional size of the particle populations combining information

obtained from Scanning Electron microscopy and Transmission Electron mi-

croscopy. This information has been used to develop a multi-component mean-

�eld model descriptive of precipitation kinetics. The smallest particle popula-

tion increases in mean size during isothermal aging at 700� C where classical

mean-�eld models of coarsening kinetics suggest that these particles should dis-

solve. A phenomenological model has been proposed to capture this behaviour

within a statistical formulation that is applicable to both processing and service

conditions.

Keywords: Nickel based superalloy, RR1000, particle coarsening, mean-�eld

theory, multi-components systems, multi-modal particle radius distribution

1. Introduction

Critical components within turbine engines are often manufactured from

nickel based superalloys due to their ability to retain their mechanical prop-
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erties at elevated temperature. The polycrystalline powder metallurgy nickel

based superalloy RR1000 is used for turbine disc applications. This alloy is

precipitate strengthened through the presence of the
 0 phase and is carefully

heat treated to obtain a multi-modal particle dispersion in the as-heat treated

condition. By heat treating RR1000 above or below the
 0 solvus temperature

it is possible to obtain coarse-grain or �ne-grain microstructures that provide

di�erent mechanical properties. A sub-solvus solid solution heat treatment re-

tains 
 0, which grow to radii varying between 0.5-1.5� m. These precipitates

impede grain-growth, maintaining the grain size achieved after forging of the

component during solid-solution treatment. The populations of 
 0 which pre-

cipitate during cooling after the solid solution treatment and continue to grow

and coarsen during aging are referred to as secondary and tertiary particles.

The �rst population of particles to precipitate are referred to as secondary par-

ticles, with the following particle populations described as tertiary precipitates.

In the heat-treated condition, secondary particles have sizes varying between

50-500nm, whilst tertiary particles refer to the smaller precipitates observed in

the material.

A super-solvus heat treatment dissolves all
 0 during solid solution heat

treatment. The grains grow until they are restricted by any carbides present.

Mechanical properties such as yield, creep, and fatigue behaviour are sen-

sitive to the size, volume fraction and spatial arrangement of these
 0 particle

populations. The ability to model the kinetics of these precipitates is impor-

tant, and is needed to assist in the design of heat treatments and to capture the

stability of the microstructure during component service. Information regarding

the size and volume fraction of these precipitates can be used in physical based

descriptions of plasticity.

Experiments have been performed to measure the
 0 dispersions after di�er-

ent solid solution treatments, and determine precipitation coarsening kinetics

during conditions relevant to service. Multi-modal 
 0 particle distributions have

been characterised using a combination of Scanning Electron Microscopy (SEM)

and Transmission Electron Microscopy (TEM). The micrographs provide di�er-
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ent information regarding the size of the precipitates, with SEM micrographs

showing the particles revealed in a 2D cross section through the material, and

TEM showing the outline of the 3D particle morphology captured within the

TEM sample. A framework is presented which allows for the merging of exper-

imental data gained from either method for comparison with mean-�eld predic-

tions. The precipitate dispersions have been characterised from specimen that

have undergone SSTs at sub and super-solvus temperatures, followed by either

an air cooling or furnace cooling. The results indicate that for RR1000, the ter-

tiary 
 0 precipitates nucleate during the quench after solid solution treatment

and not during the subsequent aging heat treatment. The isothermal aging ki-

netics of the secondary and tertiary precipitates within the coarse-grain variant

of RR1000 has been measured at temperatures of 700� C, 750� C, and 800� C after

aging times of 50h, 100h, and 500h. The results show that the tertiary particles

have coarsened and are still present the material after exposure to isothermal ag-

ing for 500h at 700� C, however the tertiary precipitate volume fractions reduce

signi�cantly when exposed for similar times at 750� C. The tertiary precipitates

have fully dissolved after 500h at 800� C.

The driving force behind the formation, growth and coarsening of the di�er-

ent populations of 
 0 is the reduction in free energy of the system [1]. Ostwald

ripening kinetics describes the coarsening of particles driven by the reduction

of the interfacial energy. The di�erence in molar volume between the
 0 and 


phases results in a distortion of the lattice. This mis�t strain a�ects growth be-

haviour and in�uences particle morphology [2, 3]. Particle size and morphology

are also impacted by coalescence events. The composition of the di�erent popu-

lations of particles present in as-quenched RR1000 have been measured to di�er

signi�cantly [4]. The local precipitate and matrix chemistries would change the

chemical driving force for phase transformation for the di�erent populations

of precipitates. The di�erences in composition might also impact the molar

volume, and thus the elastic mis�t, further complicating precipitate kinetics.

A mean-�eld modelling approach has been adopted to simulate precipita-

tion kinetics, where the particle morphology is approximated by spheres and
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the growth rate is assumed to be a function of the size of the particle, and com-

position. The particle growth rate may be derived by equating the solute needed

to grow a particle by an increment dR to the amount of solute that can di�use

toward the particle - matrix interface within a time increment dt [5, 6, 7, 8, 9].

Such approaches which resolve the composition and �uxes at the particle-matrix

interface may be referred to as a �local equilibrium� approximation. Svoboda

et al: [10] have developed an alternative approach applying the thermodynamic

extremum principle (TEP) to derive the particle growth rate and chemical driv-

ing force for precipitate phase transformations. One advantage of the Svoboda

et al:'s model is that it does not require the resolution of the composition at

the precipitate interface, accounting for the Gibbs-Thomson e�ect, which is not

trivial when considering a multi-component alloy.

It is convenient to consider particle kinetics in terms of the following distinct

regimes:

(i) The regime of particle nucleation and growth: where the matrix is super-

saturated with precipitate forming solute species.

(ii) The regime of coarsening: where the particle volume fraction approaches

equilibrium and there is conservation of solute within the precipitate phase.

(iii) The regime of dissolution: where the critical particle radius exceeds the

largest particle within the ensemble, and occurs when the volume fraction

of particles is higher than equilibrium.

Gabb et al: [11] applied di�erent growth rates to the precipitates in regimes

of (i) nucleation and growth, and (ii) coarsening. The di�erence in kinetics

is caused by the large matrix super-saturation that develop during nucleation

and growth, accelerating precipitation kinetics. Chen et al: [8] included the

di�usion distance when calculating the di�usive �uxes surrounding precipitates,

accounting for this behaviour. This detail is lacking in other model formulations,

such as those by Jouet al: [12], and Svobodaet al: [10].

In previous work, the particle growth rate derived by Svoboda et al:'s [10]
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was applied to simulate the coarsening behaviour of a bimodal distribution of

precipitates towards a unimodal dispersion in the Ni-based superalloy IN738LC

[13]. The model was then further developed to simulate precipitation kinetics

in both Inconel 718 [14] and Inconel 625 [15]. In this work, Svobodaet al:'s [10]

particle growth rate has been adapted to include changes in the di�usion dis-

tance of the �uxes during regimes of growth to simulate the accelerated growth

kinetics during the quench from a solid solution treatment. The modi�cation is

useful in accelerating growth kinetics, however does not fundamentally change

predicted behaviour.

When applying Svoboda et al:'s [10] particle growth rate to simulate the

coarsening of the secondary and tertiary precipitates in the coarse-grain variant

of RR1000, the tertiary precipitates are predicted to dissolve however experi-

mental data show that they increase in mean radius. The ability to correctly

predict the coarsening behaviour of tertiary particles is vital when simulating

creep in nickel based superalloys. Semiatin et al [16] have developed a �local-

�eld� approximation of the concentration gradients that develop between sec-

ondary particles during a quench from a solid-solution treatment, improving

the description of the nucleation and growth kinetics of tertiary precipitates.

The model does not yet account for the homogenization of these concentration

�elds, which may occur during a slow cool after a solid solution treatment,

during aging, and in service.

This work provides an alternative approach to capturing tertiary kinetics.

The hypothesis is that only a fraction of tertiary particles directly competes with

secondary precipitates, whilst the remaining tertiary particle population com-

pete amongst themselves, allowing for the isolated tertiary particles to coarsen

rather than dissolve. Many mean-�eld formulations of precipitation derive par-

ticle growth rates that can be manipulated into a form that reveals a critical

particle radius [5, 6, 7, 8, 9, 10], where particles larger than this value grow,

and those smaller shrink. Such models apply the critical particle radius to all

precipitates within the dispersion, and assume that the neighbourhood of all

particles are the same. This is not true for the tertiary precipitates, which form

5



in regions of high super-saturation, far from the secondary particles. In addition,

depletion zones develop surrounding the secondary particles [17, 18], separating

the particle populations, reducing the growth rate of the secondary particles,

and increasing di�erences in chemistry considering the two particle populations

It is proposed that the unexpected growth of the tertiary particles is due to the

time needed for the depletion zones to homogenize, and for secondary particles

to come into direct competition with tertiary particles. An Avrami parameter

is used to describe the fraction of tertiary particles which are isolated from the

secondary particle population and capture how the fraction diminishes through

di�usion. Di�erent growth rates are applied to the isolated tertiaries compared

to the tertiaries which compete directly with secondary particles.

The advantage of this approach is that through the simplifying assumptions

regarding the solute concentration �eld and particle morphology, computation

speed is considerably faster than morphologically explicit descriptions of mi-

crostructural evolution [19, 20]. Another bene�t is the ability to capture the

kinetics of a statistically representative number of particles which can prove

challenging when considering the changes in particle concentration that occur

during typical heat treatments applied to nickel based superalloys. The limi-

tations of the model arise due to the treatment of precipitate interactions, the

precipitate morphology, and local variations in composition. Despite these is-

sues, the model is capable of capturing the evolution of the mean size of the

di�erent populations of particles with reasonable accuracy.

The following section presents the experimental methods and the character-

isation of the 
 0 dispersions in di�erent heat treated conditions.

Section 3 presents the mean-�eld model detailing how the treatment of the

isolated tertiary precipitates, followed by a Section outlining the numerical im-

plementation. Section 5 presents the model predictions considering sub-solvus

and super-solvus SST, in addition to isothermal aging. Sections 6 and 7 discuss

and conclude the paper.
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2. Experimental

2.1. Metallurgical methods

Two variants of the nickel based superalloy RR1000 were used in this study;

�ne-grain RR1000 in the as-forged condition and coarse-grain RR1000 in the

as-heat treated condition.

The coarse-grain variant is obtained by applying a solid solution treatment

consisting of a 2h aging at 1170� C followed by 16h at 760� C to the as-forged con-

dition. The nominal composition of RR1000 is given in Table 1. The as-forged

coupons were used to examine sub-solvus and super-solvus heat treatments, fol-

lowed by either an air-quench or furnace-quench. The coarse-grained material

was used to study the aging kinetics of the tertiary and secondary particle pop-

ulations. This involved isothermal aging at temperatures of 700� C, 750� C and

800� C for time intervals of 50 hours, 100 hours and 500 hours.

Scanning Electron Microscopy (SEM) and Transmission Electron Microscopy

(TEM) have been used to obtain micrographs to quantify the distribution in size

and volume \area fraction of the particle dispersions. TEM has been necessary

to measure small tertiary particles with greater accuracy. The measurements of

tertiary particles using SEM is limited by error introduced by etching and poor

resolution of such small particles.

The SEM specimens have been prepared using conventional metallographic

preparation, using an electrochemical etch to remove the
 and reveal the 
 0

particles [21]. This involves mounting each specimen in Bakelite, and then ap-

plying a sequence of abrasive and polishing steps to obtain a surface suitable for

micrography. In order to reveal 
 0 particles, the specimens were electrochemi-

cally etched using a 10% orthophosphoric acid solution in water. A voltage of

2.5 Vdc was applied for 1-2 seconds to obtain a shallow etch, appropriate for the

current image analysis. Backscatter and secondary electron images were taken

using a Jeol JSM-7000F SEM.

TEM samples were obtained by taking thin slices of approximately 0.3 mm

in thickness from the samples using electro-discharge machining. Discs of 3 mm
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Table 1: Nominal composition of RR1000 (at.%)

Al B C Co Cr Hf Mo Ni Ta Ti Zr

6.35 0.08 0.13 17.94 16.49 0.16 2.98 balance 0.63 4.29 0.04

diameter were punched from these slices and manually ground to 80 - 100� m

thickness. The foils were prepared by twin-jet electro-polishing using a Struers

TenuPol-3. The polishing chemical used consisted of 10 vol.% of Perchloric acid

with 90 vol.% of ethanol. The polishing was performed at -25� C, at 20V and

0.5A until a hole appeared.

2.2. Characterisation of the 
 0 dispersions

Quantitative image analysis has been performed to measure particle radius

distributions, area fractions and volume fractions. The SEM and TEM micro-

graphs have been processed following the standard imaging techniques described

by Payton et al: [21] using either ImageJ [22] or the MATLAB Image Processing

Toolbox [23]. Approximations of the area fraction of particles from SEM images

can have errors as high as� 5%.

The SEM and TEM micrographs show di�erent information regarding the 
 '

dispersion. The SEM images show a cross section of the microstructure, whilst

the TEM images provide an elevation view of the 3D microstructure. Stereolog-

ical methods exist to approximate the 3D particle radius from 2D information

obtained from SEM micrographs. Empirical relationships can be used to ap-

proximate the mean 3D particle radius from the mean 2D particle radius [24].

If the 2D particle size distribution has been characterised with su�cient detail,

numerical approximations may be applied to approximate the 3D dispersion

from 2D measurements [25]. Figure 1 illustrates what would be observed in

an SEM when examining a system of spherical non-penetrating particles. The

etching process complicates what is observed in the SEM in a number of ways;

(i) the particles which are mainly embedded in the sample are further exposed as

the surrounding matrix is removed, (ii) the particles which are mainly cut away

during grinding and polishing may be removed completely as the supporting
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Figure 1: (a) A 3D particle system containing spherical non-penetrating particles, and a

cutting plane where the sample has been ground during metallurgical processing. (b) The

cross section of particles created after cutting, grinding, polishing and etching of the sample.

(c) An illustration of the particles that would appear on the SEM.

matrix is etched away, and (iii) the etching of the matrix may reveal additional

particles present just beneath the surface. As a result, the particle distribution

observed in an SEM micrograph of an etched microstructure appears di�erent

to what would be expected when considering the cross sections of spherical par-

ticles created from a planar cut through the dispersion. This is illustrated in

Figure 2 which considers the impact of etching upon the resulting 2D parti-

cle radius distribution (PRD). The distributions are calculated numerically by

generating random ensembles of 3D particle dispersions and examining the par-

ticles found on a plane cutting through the volume. The thickness of the cut

is increased, simulating the etching process with some particles being removed

and others appearing larger. As the amount of matrix removed is increased,

the observed distribution changes shape. Another consideration is that SEM

cannot accurately capture particles below a certain limit, which is why TEM is

needed for characterising small particle populations.

Figure 3 illustrates what is observed in a TEM sample, where Figure 3

(a) shows the three dimensional particle system of non-penetrating spherical

particles contained within a portion of the TEM sample. Figure (b) illustrates

the view observed from the TEM, looking through the sample.

PRD functions are used to characterise the particle dispersions. Let the size

of the precipitates be de�ned by the radius of a circle or sphere of equivalent

9



Figure 2: The impact of etching upon the observed particle radius distribution (PRD) from

a cross section of the microstructure.

Figure 3: (a) A 3D particle system containing spherical non-penetrating particles where

the height of the 3D domain is similar to the thickness of the TEM specimen (b) The view

observed when examining such a particle dispersion using a TEM.
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area or volume depending on whether we are considering a cross section of

the particle or the 3D size of the particle. Histograms have been generated

from the measured particle equivalent radii from SEM and TEM micrographs.

Di�erent distribution functions are needed to describe the information obtained

from SEM and TEM. Let F2D (r )dr describe the number of particles with a

radius varying within the closed interval of [r; r + dr ] found within a unit area.

Similarly, F3D (R)dR describe the number density of particles found within a

unit volume considering particles with a radius within the closed interval of

[R; R + dR]. The area fraction and volume fraction of spherical particles are

equivalent, and are calculated as follows

� 2D = �
Z 1

0
r 2F2D (r ) dr

� 3D =
4�
3

Z 1

0
R3F3D (R) dR

(1)

where � 2D and � 3D describe the area fraction and volume fraction, respectively.

The functions f2D (r )dr and f3D (R)dR are the probability density functions

associated with F2D (r )dr and F3D (R)dR. Let H 2D (r ) describe the histogram

obtained from particle radii from an SEM micrograph. The radius probability

functions f2D (r )dr is obtained from the histogram as shown below

f2D (r ) = H 2D (r )
� Z 1

0
H 2D (r 0) dr0

� � 1

(2)

Similarly

f3D (R) = H 3D (R)
� Z 1

0
H 3D (R0) dR0

� � 1

(3)

If the volume fraction or area fraction of particles is known, the radius prob-

ability functions can be corrected to determine F2D (r )dr and F3D (R)dR. For

example

F2D (r ) = � 2D f2D (r )
�
�

Z 1

0
f2D (r 0)[r 0]2 dr0

� � 1

(4)

and to convert f3D to F3D

F3D (R) = � 3D f3D (R)
�

4�
3

Z 1

0
f3D (R0)[R0]3 dR0

� � 1

(5)
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The particle area fraction can be measured from quantitative image analysis

of SEM micrographs with some error. The error may arise from defects intro-

duced during metallurgical preparation, over or under etching, the resolution

and quality of the micrograph, and the ability to accurately detect the edges of

the precipitate.

A method has been developed to approximate the size and volume fraction

of particles from conventional TEM micrographs. The approach aims to re-

construct the 3D microstructure utilising the information available from the

TEM image and builds upon the framework developed by Sonderegger [26].

Sonderegger [26] used numerically generated particle dispersions to verify the

calculations of the particle size and volume fraction. In the method developed

in this work, numerically generated particle dispersions are used to iteratively

approximate the particle dispersion, comparing features directly with the TEM

micrographs. The thickness of the TEM specimen must be known and can

be calculated using the convergent-beam-electron-di�raction method [27]. As

illustrated in Figure 3, the TEM micrographs shows overlapping particles within

a 3D volume. Some of the particles are partially within the volume, as they have

been cut when creating the TEM specimen.

To obtain the information needed for this method, the TEM micrographs

are processed twice. The �rst step is to determine the 3D size of the particles

from the micrograph, and is described in Figure4a). Individual particles are

identi�ed and measured in the image, creating a distribution of particle radii.

These measurements are not the true 3D size of the particles, as some particles

may not be totally present within the TEM specimen. By knowing the TEM

foil thickness, the 3D size can be approximated, using the associated particle ra-

dius accumulative probability to generate particles numerically, and randomly

placing them within the thickness of the TEM specimen. The largest radius

of the particle within the TEM volume is then calculated, creating a distribu-

tion of cut particles that can be compared to the data obtained from the TEM

micrograph. An example of the results are illustrated in Figure 5. The approx-

imated 3D particle size can be adjusted until the experimental data is captured

12



Figure 4: a) A �owchart describing the steps taken to approximate the 3D size of particles

from TEM micrographs. b) A �owchart describing the steps taken to approximate the volume

fraction of particles from TEM micrographs.

adequately.

The purpose of the second step is to determine the volume fraction of par-

ticles, and is described in Figure4b). Using the previously calculated 3D size

distribution of particles, three dimensional particle dispersions are then gener-

ated numerically with di�erent volume fractions of particles. The size of the

volume created is made such that the thickness is the same as the TEM speci-

men thickness. The mask of the generated particles are then projected onto an

elevation view, recreating what is observed in the TEM micrograph. The area

fraction of the projection is then compared with the area fraction measured from

image processing of the TEM micrograph. An iterative process is then used to
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Figure 5: The approximated 3D PRD of the secondary particle population and the distri-

bution of maximum particle radii totally within the TEM thickness. This is compared with

experimental data measured from TEM micrographs.
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determine the volume fraction of particles that best reproduces the measured

area fraction. Error is incurred as the thickness of the TEM specimen is not

uniform. This error can be quanti�ed by repeating the analysis for the upper

and lower approximations of the sample thickness.

The information obtained from the TEM and SEM analysis can be displayed

together by either approximating the 3D particle size distribution of particles

observed in SEM images, or by calculating the 2D cross sectional data from the

TEM measurements.

The 3D! 2D conversion can be calculated analytically as follows [28],

f2D (r ) =
1

M c

Z 1

0

f3D (R)

R
p

R2 � r 2
dR (6)

where r is the radius of the 2D cross section of interest, andR is the 3D radius

of the particles. M c is a constant used to ensure unity of the zeroth moment of

the f2D function Alternatively, the f2D (r ) may be calculated numerically [25].

It is di�cult to view multi-modal particle radius distribution functions using

either the F2D (r ) or F3D (R) distribution functions. The number density con-

centrations of F3D (R) for the di�erent particle populations can vary by orders

of magnitude, making it necessary to apply a logarithm to the y-axis to view

all particle populations. Alternatively, the distributions can be displayed in the

area/volume fraction reformulation using the G2D (r ) and G3D (R) functions,

respectively. They are calculated as shown below

G2D (r ) = �r 2F2D (r ) (7)

G3D (R) =
4�
3

R3F3D (R) (8)

2.3. Solid solution treatment

Test specimens have been cut from a forged disc of RR1000, provided by

Rolls-Royce plc. The coupons have been subject to solid solution heat treat-

ments (SST) at temperatures of either 1120� C or 1160� C for 2 hours, followed
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by an air-cool or a furnace cool. The temperature of the specimens were mon-

itored using N-type thermocouples, which were inserted into 1mm deep holes,

and secured using thermal cement. The thermal history applied to the speci-

mens is presented in Figure 6. Figure 7 presents the as-forged microstructure

and the particle dispersions obtained after an air cool and furnace cool from a

sub-solvus solid solution treatment. Figure 8 shows representative micrographs

taken of specimens after a super-solvus SST followed by an air quench or furnace

quench.

The measurements from the SEM and TEM data are summarised in Ta-

ble 2. The slower cooling rates considering both sub-solvus and super-solvus

conditions result in larger secondary and tertiary precipitates. The sub-solvus

furnace cooled secondary precipitates are roughly half the size of the furnace

cooled super-solvus specimen. The area fraction of primary particles in the

sub-solvus furnace cooled specimen has increased compared to the sub-solvus

air cool condition, indicating that the primary particles have grown during the

furnace cool. The area fraction of secondary particles is greater in the air-cooled

conditions compared to the furnace cooled conditions for both sub and super-

solvus SST heat treatments. The size of the tertiary precipitates is greater in

the furnace cooled conditions compared to the air-cooled conditions however the

trend in volume fractions di�ers. For the sub-solvus SST condition, an air-cool

results in a higher volume fraction of tertiary precipitates. For super-solvus

conditions, this trend is reversed with the furnace cooled condition having a

higher volume fraction of tertiary 
 0.

2.4. Isothermal aging

Isothermal aging has been performed on specimens of as-heat treated coarse-

grain RR1000. SEM images of the initial microstructure is shown in Figure

9. Figures 10 and 11 present the micrographs taken of the aged specimens

for di�erent times and temperatures focusing on the secondary and tertiary

particles, respectively.

Statistical measurements of the secondary and tertiary particle dispersions
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Table 2: Summary of measured particle dispersions in SST specimens. This includes the as-

received forged condition, and solid solution treated (SST) specimens heat treated above and

below the 
 ' solvus temperature for 2h, followed by either an air cool (AC) or furnace cool

(FC)

Condition

Primary Secondary Tertiary

� 2D hR2D i � 3D hR3D i � 3D hR3D i

(%) (nm) (%) (nm) (%) (nm)

As-forged 25 524 16.0 44.6 1.4 5.5

1120� C SST + AC 9 608 34.1 39.6 1.9 4.0

1120� C SST + FC 14.5 502 30.5 65.6 0.5 7.6

1160� C SST + AC 0 0 44.9 44 0.2 8.5

1160� C SST + FC 0 0 41.3 112 3.0 22.4

Figure 6: The thermal history of the a) sub-solvus heat treatments and b) the super-solvus

heat treatments.
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Figure 7: Micrographs of the 
 ' particles in the (a) forged condition, (b) sub-solvus SST and

air cooled condition, and (c) the sub-solvus SST and furnace cooled condition. The left images

are SEM backscatter micrographs wand the right images are conventional TEM micrographs.

The SEM micrographs show the primary precipitates, whilst the TEM micrographs show both

the secondary and tertiary precipitates.
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Figure 8: Micrographs of the 
 ' particles in the (a) super-solvus SST and air cooled condition,

and (b) the super-solvus SST and furnace cooled condition. The top right image is taken from

a conventional TEM sample, whilst the others are backscatter SEM micrographs.
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Figure 9: SEM secondary electron images of the as-received coarse grain RR1000 specimens

showing (a) the secondary particles, and (b) the tertiary particles.

are summarised in Table 3. The secondary precipitates show small changes

in size after 500h of aging at 700� C. Noticeable coarsening of the secondary

precipitates is observed during isothermal aging at 800� C. At 700� C and 750� C

the tertiary particles increase in size during isothermal aging within an exposure

time of 500h. At 800� C the tertiary precipitates have increased in mean size

after 100h, however have dissolved after 500h. At 700� C a small increase in

tertiary volume fraction is observed, however after an exposure of 500h at this

temperature, there is no signi�cant change. At 750� C, the tertiary dissolves

signi�cantly, reducing from 9% to 2.7% after 500h. The tertiary precipitates

have fully dissolved after 500h at 800� C.

Figure 12a) presents the predicted equilibrium property diagram for RR1000,

using the thermodynamic database TTNi8. The equilibrium volume fractions at

700 � C, 750� C and 800� C shown in Figure 12 are 46.2%, 45.3%, and 44.1%, re-

spectively. The dissolution observed in the tertiary
 0 can be partially attributed

to the reduction in equilibrium 
 0 phase fraction with an increase in tempera-

ture, with the thermodynamic database suggesting a 2.1% drop in equilibrium

phase fraction considering the temperature range of interest. The remaining

reduction in volume fraction of tertiary 
 0 volume fraction is likely a result of

competitive growth between secondary and tertiary precipitates.
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Figure 10: SEM secondary electron images of the secondary 
 ' after isothermal aging coarse-

grain RR1000 for di�erent times and temperatures.
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Figure 11: SEM secondary electron images of the tertiary 
 ' after isothermal aging coarse-

grain RR1000 for di�erent times and temperatures.
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Table 3: Summary of the 
 ' measurements taken from isothermally aged coarse grain RR1000.

Some of the measurements have been obtained by quantitative analysis of TEM micrographs,

whilst others from SEM micrographs.

Condition
Measurement

technique

Secondary Tertiary

� (%) hRi (nm) � (%) hRi (nm)

As-received TEM 37.8 87.0 8.3 10.5

700� C for 50h TEM 36.6 88.5 9.4 11.5

700� C for 100h TEM 36.2 91.0 9.9 13.5

700� C for 500h TEM 37.3 99.5 8.8 16.5

750� C for 50h SEM 36.0 103.0 9.0 17.0

750� C for 100h TEM 39.8 94.5 5.2 20.5

750� C for 500h SEM 42.3 101.5 2.7 23.5

800� C for 50h SEM 42.0 97.5 1.5 25.0

800� C for 100h TEM 42.7 101.0 0.8 30.0

800� C for 500h SEM 43.5 112.0 0.0 0.0

3. Numerical modelling

3.1. Mean-�eld modelling

In this modelling approach, the particles are treated as spherical with their

growth rate a function of the particle size and the composition of the matrix

and particle phases. Let the distribution function F (R; t )dR describe the three

dimensional radius of the particle distribution at a given time, t. Statistical

information of interest regarding the particle dispersion is calculated from mo-

ments of F (R; t ) with respect to R

Nv (t) =
Z 1

0
F (R; t ) dR

hR(t)i =
Z 1

0
RF dR

� Z 1

0
F (R; t ) dR

� � 1

� (t) =
4�
3

Z 1

0
R3F (R; t ) dR

(9)
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The evolution of the particle distribution is determined by solving the continuity

equation

@F (R; t )
@t

+
@F (R; t )V (R; t )

@R
= _F + (R; t ) � _F � (R; t ) (10)

where _F + (R; t ) and _F � (R; t ) refer to source and sink terms respectively. The

generalised particle growth rate descriptive of Ostwald ripening kinetics is

V (R; t ) =
A(t)

R

�
1

Rc(t)
�

1
R

�
z(R; t ) (11)

where the term A(t) includes the rate of di�usion of alloying elements at the

particle-matrix interface. The term Rc is the critical particle radius, with par-

ticles smaller than this value dissolving and those larger growing. The term

z(R; t ) accounts for the impact of the overlap of di�usion �elds between neigh-

bouring particles, accelerating particle growth kinetics. Marqusee and Ross [29]

derived the following correction factor

z(R; t ) = 1 + R
p

4�N v hRi (12)

A description of the nucleation rate may be obtained from classical nucleation

theory, considering homogenous nucleation of spherical particles [30]. The tran-

sient nucleation rate is given by Andersonet al: [14],

_F + (R; t ) = Z� � Nc(R) exp
�

� � G�

kbT

�
Pinc (13)

where the Z term refers to the Zeldovitch factor, � � is the atomic attachment

rate, Nc(R) is the number density concentration of nuclei, and � G� is the

nucleation barrier. The terms kb and T refer to the Boltzmann constant and

the absolute temperature respectively.Pinc is the nuclei incubation probability

and is given by

Pinc = exp
�

� �
t

�
(14)

where � is the incubation time.

3.2. Particle nucleation

To implement a classical description of nucleation, expressions for the nucle-

ation barrier, � G� , the atomic attachment rate, � � and the number density of
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nuclei, Nc are needed. This model makes use of Svobodaet al:'s [10] description

of the atomic attachment rate and uses the Gaussian waveform adopted by Jou

et al: [12] to describe the distribution of nuclei.

The nucleation barrier for spherical particles is

� G� =
16�
3

� 3

(� Gc � U)2 (15)

where U is the mis�t strain energy and � Gc is the chemical driving force

� Gc = �
nX

i =1

cki (� ki � � 0i ) (16)

� ki and � 0i are the chemical potentials of the particle and matrix phases,

respectively, for an alloy containing n many alloying elements. The chemical

composition of the i th alloying element within the matrix and particle is given

by c0i and cki , respectively.

The mis�t strain energy is approximated by

U =
"2

0E
(1 � v)

(17)

where E is the Young's modulus, v is Poisson's ratio, and"0 is the mis�t vol-

ume strain. Svobodaet al:'s [10] approximation of a multicomponent atomic

attachment rate is given by

� � =
4�R 2

c

a4Vm
� (18)

where Rc is the critical particle radius, a is the lattice parameter and Vm is the

molar volume. The term � is given by

� =

"
nX

i =1

(cki � c0i )2

c0i D0i

#� 1

(19)

where D0i is the di�usivity of the i th element in the matrix. Jou et al: [12]

used the Gaussian waveform shown in equation 20 to describe the distribution

of nuclei, whereN0 is the concentration of nuclei sites and� is the variance of

the nuclei size distribution.

Nc(R) =
N0

�
p

2�
exp

 

�
(R � Rc)2

2� 2

!

(20)
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An expression for � may be obtained from the Zeldovitch parameter. The Zel-

dovitch parameter is descriptive of the �atness of@G=@Rat Rc and is given by

Z =

s

 2�

4� 2kB T R4
c

(21)

where kB is Boltzmann's constant and 
 is the atomic volume. It is calculated

by considering the width, � R, of a thermal �uctuation kbT from Rc. The

variance may be related to� R, as shown in equation 22.

� =
�

3

2(� )3=2

1
Z

� 1
3

(22)

The temporal evolution of the incubation probability is determined from

Anderson et al: [14]

dPinc

dt
=

�
teq

Pinc

�
1

teq
+

�
1
�

d�
dT

�
2

Rc

dRc

dT
+

1
�

d�
dT

� 1
�

dT
dt

�
(23)

where Pinc (t) > 0 and Pinc (t) < 1. The term teq is the equivalent incubation

time for the conditions of interest

teq = �
�

ln (Pinc)
(24)

3.3. The particle growth rate

Svoboda et al:'s [10] derived a multi-component description of precipita-

tion kinetics by considering N moles with n many alloying elements and a

dispersion containing m many particles. This approach has been extended to

include more detail regarding the concentration gradients within the matrix

during regimes of nucleation and growth. Svobodaet al:'s [10] particle growth

rate is obtained from the application of the thermodynamic extremum principle

[10], which states that
@G
@Rk

= �
1
2

@Q

@_Rk
(25)

where G is the Gibbs energy andRk is the radius of the kth particle. _Rk is

the growth rate of the kth particle and Q is the total rate of Gibbs energy

dissipation given by Q = Q1 + Q2 + Q3. The three contributions to the rate of

dissipation of the Gibbs free energy considered by Svobodaet al:'s [10] are
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1. The migration of interfaces driven by the mobility of the interfaces.

2. The di�usion of chemical species within the precipitate.

3. The di�usion of chemical species within the matrix.

The dissipation rates are given by

Q1 =
mX

k=1

4�R 2
k

_R2
k

M k

Q2 =
mX

k=1

nX

i =1

4�R gT R5
k _c2

ki

45cki D ki

Q3 =
mX

k=1

nX

i =1

Z Z

R k

RgT
c0i D0i

4�r 2J 2
ki dr

(26)

where M k is the mobility of the interface, Rg is the gas constant, andT is

the absolute temperature. Similarly, the di�usivity of the i th alloying element

is given by D0i and D ki for the matrix and particle phases. The third rate

of dissipation, Q3, describes the dissipation of the Gibbs free energy through

di�usion of species within the matrix. Let x describe the distance from the

particle centre of particle Rk . The di�usive �ux entering the particle is assumed

to be radial and approximated by

Jki = J �
ki

R2
k

x2

Z 3 � x3

Z 3 � R3
k

(27)

wherex varies betweenRk and Z . The distanceZ de�nes the concentration gra-

dient created by solutes absorbed or emitted by the particle within the matrix.

Substituting Equation 27 into Q3 in Equation set 26 gives,

Q3 =
mX

k=1

nX

i =1

RgT
c0i D0i

4� (J �
ki )2R4

k

Z Z

R k

1
x2

�
Z 3 � x3

Z 3 � R3
k

� 2

dx (28)

The distanceZ can be calculated as a function of the super-saturation of particle

forming species [31]. LetZ = R(1 + � i ), where � i is given by � i = ! i =(2� i )

and accounts for the di�usion distance as described by Chenet al: [8]. The

term is modi�ed to describe the distance from the particle centre. ! i is the

dimensionless super-saturation and is given by,

! i =
c0i � �c0i

�cki � �c0i
(29)
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where �c0i and �cki are compositions at the particle-matrix interface within the

matrix and particle, respectively. The term � i is calculated to satisfy

2� i � 2� 3
i

p
�exp (� 2

i )erfc (� i ) = ! i (30)

Svoboda et al:'s [10] provide the following approximation of the �ux at the

particle-matrix interface

J �
ki = _Rk (cki � c0i ) +

Rk _cki

3
(31)

Equation 31 can then be substituted into Equation 28. The di�usion distance

is de�ned by Z = R(1 + � i ) = R� i , resulting in the following solution for the

integral

Q3 =
mX

k=1

nX

i =1

RgT
c0i D0i

4�R 3
k � i

�
_Rk (cki � c0i ) +

Rk _cki

3

� 2

� i =
� 6

i � 9=5� 5
i + � 3

i � 1=5
(� 3

i � 1)2

(32)

The total rate of dissipation of the Gibbs energy is now given by

Q =
mX

k=1

4�R 2
k

_R2
k

M k
+

mX

k=1

nX

i =1

4�R gT R5
k _c2

ki

45cki D ki

+
mX

k=1

nX

i =1

RgT
c0i D0i

4�R 3
k � i

�
_Rk (cki � c0i ) +

Rk _cki

3

� 2 (33)

The partial derivative of Equation 33 with respect to _Rk is

@Q

@_Rk
=

mX

k=1

8�R 2
k

_Rk

M k
+

nX

i =1

RgT
c0i D0i

4�R 3
k

_Rk � i (cki � c0i )
2

+
8�R gT R4

k

3

nX

i =1

� i (cki � c0i ) _cki

c0i D0i

(34)

The partial derivative of the Gibbs free energy with respect to Rk is

@G
@Rk

= 8 �R k � + 4 �R 2
k (� Gc � U) (35)

The particle growth rate is obtained by substituting Equations 35 and 34 into

Equation 25, and then rearranging for _Rk .

28



Assuming that _cki has a negligible impact upon the particle growth rate

[10], the following parameters for the generic particle growth rate described in

Equation 11 are obtained

Rc =
2�

� Gc � U

A =
2�

RgT
�

(36)

The term � is now updated to include � i

� =

"
nX

i =1

� i (cki � c0i )2

c0i D0i

#� 1

� i =
� 6

i � 9=5� 5
i + � 3

i � 1=5
(� 3

i � 1)2

(37)

The modi�ed term can be used within the atomic attachment rate, shown

in Equation 18. Setting � i = 1 recovers Svobodaet al:'s [10] original particle

growth rate.

3.4. Isolated tertiary particles

The measured coarsening kinetics during isothermal aging presented in Fig-

ures 11 show that during aging at 700� C the tertiary particles are relatively

stable under conditions where Ostwald ripening would suggest they should dis-

solve.

Mean-�eld models assume that the di�usion within the matrix has reached

a quasi-static state, however Singhet al: [32] and Li et al: [17] have observed

di�erences in chemical composition in the matrix comparing di�erent particle

populations when examining quenched specimens of the nickel based superalloy

Rene88DT and FGH96, respectively. Liet al: [17] and Radiset al: [18] observed

depletion zones surrounding the secondary particles with the tertiary particles

nucleating the super-saturated regions between secondary precipitates. The

di�erent matrix and particle chemistries considering the secondary and tertiary

environments would alter the chemical driving force for the particle populations,

impacting the stability of the tertiary precipitates. Until the depletion zones

within the matrix homogenise, the secondary and tertiary precipitates would not
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be in direct competition. Tertiary free zones surrounding the secondary particles

can be observed in Figure 11. Chenet al: [4] measured signi�cant di�erences in

composition between the secondary and tertiary particles in quenched RR1000,

suggesting that similar behaviour occurs in RR1000.

A phenomenological model has been developed to capture the formation

of isolated pockets of tertiary which do not directly compete with secondary

particles for solute. Let � describe the fraction of isolated tertiary . It is

assumed that � evolves through di�usion using an Avrami expression as shown

below

� (t) = exp(�K tn )

K = D0exp
�

� Qv

RgT

� (38)

where D0, Qv , and n are the di�usivity constant, activation energy and the

exponent term which de�ne how the fraction of isolated tertiary evolve with

time. The temporal evolution is given by

_� (t) = �K n t n � 1
eq � (t)

teq =
�

� log(� )
K

� 1
n

(39)

where � (t) > 0 and � (t) < 1.

Let the 
 0 precipitates be split into separate distribution functions to distin-

guish the primary, secondary, tertiary, and isolated tertiary precipitate, given

by Fp, F s, F t , and F �
t respectively. It is assumed that during nucleation,� = 1 ,

and � only evolves whenRc > hR�
t i , where hRt i is the mean size of the iso-

lated tertiary precipitates. All nucleated tertiary precipitates are assumed to be

isolated. When � is evolving, the kinetics of the isolated tertiary particles are

given by

@F �
t (R; t )
@t

+
@F �

t (R; t )V � (R; t )
@R

= _F � +
t (R; t ) � _F ��

t (R; t ) � _Q� (R; t ) (40)

where _F � +
t (R; t ) and _F ��

t (R; t ) are source and sink terms describing the nu-

cleation and the dissolution of tertiary particles, respectively. The term _Q� (R; t )
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is a sink term and describes the rate at which isolated tertiaries start to interact

directly with the rest of the precipitate dispersion, and is approximated by

_Q� (R; t ) = � _� F �
t (R; t ) (41)

A complementary source term is added to the advection equation for tertiary

particles, F t (R; t )

@F t (R; t )
@t

+
@F t (R; t )V (R; t )

@R
= � _F �

t (R; t ) + _Q+ (R; t ) (42)

where _Q+ (R; t ) = � _Q� (R; t ). The isolated tertiary precipitates are assumed to

evolve following their own particle growth rate

V � (R; t ) =
A � (t)

R

�
1

R�
c (t)

�
1
R

�
z(R; t ) (43)

where A � (t) = CA(t). The constant C was introduced to re�ect the impact

of di�erent local chemistries and thus thermodynamic states considering the

regions of isolated tertiary precipitates compared to the rest of the dispersion.

The critical particle radius of the isolated tertiary precipitates is calculated

assuming conservation of solute within the isolated tertiary particles and thus

a constant isolated tertiary volume fraction. For a particle growth rate that

can be expressed in the generic form shown in Equation 43, the critical particle

radius assuming a constant volume fraction is

R�
c (t) =

R1
0 F �

t (R; t ) R z(R; t )dR
R1

0 F �
t (R; t ) z(R; t )dR

(44)

For a dilute volume fraction of precipitates, z(R; t ) approaches unity, and the

critical particle radius of a coarsening dispersion is given by the mean particle

radius. The derivation of Equation 44 is presented in the appendix.

4. Implementation

The chemical potentials and di�usivities needed for the precipitation calcu-

lations have been obtained from the TTNi8 thermodynamic database combined
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Figure 12: a) The predicted equilibrium property diagram for the 
 0 and 
 phases using

the composition in Table 4 and the thermodynamic database TTNi8. b) The predicted 
 0

equilibrium composition for 
 0 forming elements using the TTNi8 database.

Table 4: Simpli�ed chemical composition of RR1000 (at%)

Al Co Cr Hf Mo Ni Ta Ti Zr

6.35 17.94 16.49 0.16 2.98 bal 0.63 4.29 0.04

with the MOBNi1 mobility database. The calculations have been performed us-

ing the TQ FORTRAN interface in the commercial software ThermoCalc [33].

A simpli�ed chemical composition descriptive of RR1000 has been used, and is

presented in Table 4.

The 
 0 property diagram and predicted equilibrium composition of 
 0 form-

ers are shown in Figure 12 a) and b), respectively. The predicted precipitate

compositions are in reasonable agreement with the experimental measurements

of Kitaguhi et al: [34]. The calculations apply an energy contributions of -

71.38J/mol to the 
 0 phase to obtain a solvus temperature of� 1150� C.

The model parameters are given in Table 5, where the variableC is used in

Equation set 43. The interfacial energy, Young modulus, and Poisson's ratio

have been implemented using polynomials as a function of absolute tempera-

ture. The polynomial coe�cients are given in Table 6, and use the polynomial
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expression in in Equation 45.

x =
nX

i =0

ai T i (45)

The mean-�eld model is implemented by solving the following continuity

equations for primary, secondary, isolated tertiary, and tertiary particles, re-

spectively

@Fp(R; t )
@t

+
@Fp(R; t )V (R; t )

@R
= � _Fp(R; t )+

@F s(R; t )
@t

+
@F s(R; t )V (R; t )

@R
= H _F +

s (R; t ) � _F �
s (R; t )

@F �
t (R; t )
@t

+
@F �

t (R; t )V � (R; t )
@R

= (1 � H ) _F � +
t (R; t ) � _F ��

t (R; t ) � _Q� (R; t )

@F t (R; t )
@t

+
@F t (R; t )V (R; t )

@R
= � _F �

t (R; t ) + _Q+ (R; t )

(46)

The model requires the initial PRD functions for each type of precipitate

and simulates the nucleation of secondary and tertiary particles during a solid-

solution treatment. The term H is a Heaviside step function used to determine

the transition from nucleating isolated tertiary particles instead of secondary

particles. The default value for H is unity, and has a value of zero depending

upon two criteria; The �rst criteria used to determine whether to make the

transition from secondary to tertiary particle nucleation is to check whether the

mean size of the secondary particles has exceeded 25nm. Another criteria uses

the combination of the secondary volume fraction exceeding 1% and the mean

secondary particle radius exceeding 5nm. If any of the criteria are met, isolated

tertiary particles are nucleated rather than secondary particles with H = 0 .

It is assumed that the di�usion �elds within the locations of isolated tertiary

precipitates are relatively �at so that the z(R; t ) factor for isolated tertiary

precipitates is approximated by unity, and in addition � i for the isolated tertiary

precipitates is also approximated by unity. The mean particle radius and particle

concentration that enters the z(r; t ) factor shown in Equation 12 uses moments

taken of the combined primary, secondary, and tertiary particle distribution
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Table 5: Model parameters: The temperature dependence of the interfacial energy, � , is given

in Kelvin.

Variable Value Units

M v 7.44E-06 m3/mol

C 0.5 dimensionless

D v 2.0e24 1/s

Qv 650 kJ/mol

n 1.5 dimensionless

Table 6: Polynomial coe�cients for the interfacial energy � , the Young modulus E , the

Poisson's ratio v, and the lattice mis�t " 0 . The interfacial energy is given in Jm � 2 , and the

Young modulus in GP a. The temperature dependencies are given in Kelvin.

a0 a1 a2 a3 a4

� 4.78103908E-02 -2.66430E-05 0 0 0

E 1.9829E+02 2.1467E-01 -5.8385E-04 5.1745E-07 -1.6877E-10

v 2.4545E-01 4.0896E-04 -5.2834E-07 2.4370E-10 -1.7328E-15

"0 9.95844E-04 - 6.90512E-07 - 1.38068E-09 1.55934E-12 -3.31439E-16

functions, omitting the isolated tertiary particles.

The continuity equations, particle growth rates, and the nucleation rate are

normalised and reformulated following the method outlined by Andersonet al:

[14]. The advection equations are solved using �nite di�erence, using the scheme

described by Andersonet al: [13]. The method used to describe nucleation

follows that of Jou et al: [12], using a distribution functions to describe the

variation in size of stable nuclei. This requires a su�ciently �ne discretization

of the particle radius distribution function to capture the nuclei distribution

accurately.
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5. Results

5.1. Solid solution treatment

The model described in section 3 has been applied using the parameters

outlined in section 4 to the heat treatments shown in Figure 6. A comparison

of the model predictions and measurements is shown in Figures 14 and 15,

considering a sub-solvus SST and super-solvus SST respectively. The initial

microstructure is in the as-forged condition, shown in Figure 7 a).

The Figures display the PRDs using bothG2D and G3D formulations using

Equations 7 and 8, respectively. Figure 13 presents the approximated 3D PRD

of the as-forged condition for use in simulation. Figures 14 a) and b) compare

the model predictions with experimental data for the air-cooled specimen, whilst

�gures c) and d) is a comparison of the furnace cooled condition. Figures b)

and d) compare predictions with SEM measurements, calculating the 2D PRD

from the predicted primary dispersion. Figure 15 a) compares the predicted and

measured distribution for the air-cool after a super-solvus SST, whilst Figure

b) presents the comparison for the furnace cool.

The model captures the primary particle PRDs with good agreement, how-

ever under predicts the size of the secondary particle population in the sub-

solvus conditions. The model is more accurate in capturing the mean sizes

of the secondary and tertiary particles in the super-solvus conditions. In all

predictions, the shape of the predicted dispersions are narrower compared to

measurements.

The model helps rationalise the kinetics of the secondary and tertiary pre-

cipitates detailed in section 2.3. The predicted evolution of the
 0 forming alloy

elements in the matrix during quenching is presented in Figure 16, where Figure

16 a) and b) present the predictions for super-solvus SSTs, and Figures c) and d)

describe the sub-solvus SSTs. The initial matrix super-saturation is higher in the

super-solvus heat treatments compared to the sub-solvus conditions, due to the

presence of primary particles that reduce the solute available to form secondary

and tertiary precipitates. For Figure 16 a) and b), the reduction in matrix
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super-saturation corresponds with the nucleation of precipitates. For Figure

16 c) and d), the growth of primary particles absorbs matrix super-saturation,

reducing the amount of solute and chemical driving force for nucleation.

The impact of the primary precipitates is re�ected in the temperature at

which the secondary and tertiary precipitates are predicted to nucleate, which is

presented in Table 7. For the super-solvus conditions, the secondary precipitates

nucleate at a temperature of � 1142� C, and in the sub-solvus conditions the

secondary precipitates nucleate at� 1110� C. The secondary precipitates in the

air cooled conditions are predicted to nucleate at temperatures� 2� C lower than

the furnace cooled conditions.The small delay is a result of the incubation time

which has a greater impact upon quenches that have a faster cooling rate.

The secondary precipitates during the furnace cooled conditions are pre-

dicted to nucleate and grow quickly to reach the equilibrium volume fraction.

As the temperature drops, the particles reach a state where their continued

growth cannot keep up with the increase in matrix super-saturation of precipi-

tate forming solute. When the matrix solute super-saturation reaches a su�cient

amount and the chemical driving force is large enough, the tertiary precipitates

begin to nucleate and grow.

The tertiary precipitates are predicted to nucleate at higher temperatures

in the air quenched condition (815-830� C) compared to the furnace cooled con-

ditions (650 - 690� C). Despite the tertiary nucleating at a higher temperature

in the air cooled conditions, the tertiary in the furnace cooled conditions are

predicted to grow to larger mean sizes in comparison to the air cooled condi-

tion. This is because the tertiary in the furnace cooled conditions are exposed

to temperatures where they can grow and coarsen for a greater duration of time.

The measurements indicate a larger volume fraction of tertiary particles in

the furnace cooled super-solvus condition compared to the furnace cooled sub-

solvus furnace cooled condition. The model suggests that this may be due to

the signi�cantly larger secondary particles in the super-solvus furnace cooled

condition whose growth kinetics would be sluggish, allowing for a greater build

up of super-saturation of precipitate forming solutes, and thus more tertiary
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Table 7: The predicted temperature at which the secondary and tertiary precipitate popula-

tions nucleate.

Heat treatment
Nucleation temperature (\degree C)

Secondary particles Tertiary particles

Super-solvus SST + Air quench 1142.4 827.8

Super-solvus SST + Furnace quench 1143.7 689.9

Sub-solvus SST + Air quench 1108.6 816.7

Sub-solvus SST + Furnace quench 1111.1 648.4

precipitates. The smaller secondary particles in the sub-solvus condition would

be able to grow and absorb more solute during the quench in comparison to the

super-solvus furnace cooled condition.

5.2. Aging

The initial coarse-grain RR1000 microstructure is shown in Figure 9. The

approximated 3D PRD of the secondary and tertiary particle populations is

shown in Figure 17. The predicted aging behaviour of this dispersion is pre-

sented in Figure 18, comparing measured and predicted PRDs. The model

predictions and tertiary data obtained from TEM has been converted into F2D

using Equation 6. The results shown in Figure 9 are shown in the area frac-

tion reformulation given in Equation 7. The model captures the coarsening of

both the secondary and tertiary particle populations with reasonable accuracy.

The shape of the tertiary particle radius distribution shown in Figure 18 c) is

not captured. The wider bimodal distribution of tertiary may be a result of

coalescence.

6. Discussion

6.1. Tertiary precipitate kinetics

Figure 19 compares the predicted and measured volume fraction of tertiaries

during isothermal aging of as-heat treated coarse grain RR1000. Two vari-

ants of the model are presented; one with the phenomenological treatment of
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Figure 13: The approximated 3D PRD in the as-forged condition. Figure a) compares the

measured primary PRD from SEM micrographs with the approximated PRD of particle cross

sections. Figure b) presents the approximated 3D PRD for primary particles, showing the

associated PRD of cross sections. Figures c) and d) presents the approximated 3D PRDs for

secondary and tertiary particle populations, respectively, using TEM micrographs.
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Figure 14: A comparison of the predicted and measured PRDs for sub-solvus SST with

Figures a) and b) showing the results for an air cool and Figures c) and d) showing the results

for the furnace cool. Figures a) and c) compare predictions with data obtained from analysis

of TEM data, considering the 3D size of the precipitates.

Figure 15: A comparison of experimental data with the predicted dispersions considering

a super-solvus SST with either a) an air cool, or b) a furnace cool. Figure a) compares the

3D size of the precipitates, utilising data obtained from TEM micrographs, whilst Figure b)

calculates the 2D PRD from the predicted dispersion for comparison with data obtained from

SEM micrographs.
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Figure 16: The predicted evolution of the matrix composition during SST and quench from

a super-solvus temperature and a sub-solvus temperature. Figures a) and b) describe the

SST followed by a furnace quench and air quench, respectively. Figures c) and d) describe a

sub-solvus SST followed by a furnace quench and air quench, respectively.
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Figure 17: The calculation of the initial PRD descriptive of coarse-grain RR1000 for use

in mean-�eld modelling. Figure a) compares the PRD measured from SEM micrographs

with the approximated dispersion. Figure b) shows the approximated 3D distribution and the

associated 2D distribution of particle cross sections. Figure c) shows the PRD used to capture

the 3D size of the tertiary particles.

Figure 18: A comparison of the measured and predicted PRDs during isothermal aging of

coarse-grain RR1000. The tertiary distributions shown in grey originate from SEM micro-

graphs.
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the tertiary precipitates, and one without. These are denoted by "Anderson

et al: (2020)" and "Anderson et al: (2018)", respectively. During coarsening,

the mean-�eld precipitation model predicts minimal solute super saturation in

the matrix. As a result, the value of � i in Equation 37 approaches unity, and the

model predicts similar behaviour to that presented by Andersonet al: [14] dur-

ing coarsening. Figure 19 a), b), and c) show the coarsening kinetics at 700� C,

750� C and 800� C, respectively. It can be seen that without the phenomenolog-

ical model, the volume fraction of tertiaries is predicted to decrease from the

onset of aging, and does not capture the stability of the tertiary precipitates

observed at 700� C. The measurements suggest an increase in tertiary volume

fraction during aging at 700� C. The model does not capture this behaviour,

with the volume fraction of particles rapidly growing to reach the equilibrium

volume fraction. Figure 19 c) shows two drops in the volume fraction of ter-

tiary when examining the predictions of the model presented in this work. This

behaviour is caused by a shift from coarsening to dissolution kinetics of the

tertiary particles as � approaches zero.

It is possible that the precipitate dispersion is still within the regime of

growth during the aging heat treatments examined in this work. Precipitate

forming solute may be trapped within the depletion zones that develop dur-

ing the quench. During aging, the trapped solute would slowly di�use to the

surrounding particles, allowing the tertiary to grow rather than dissolve.

Other explanations that may contribute to the stability of the tertiary parti-

cles include local spatial variations in both composition and lattice distortion. It

is possible to model the evolution of the precipitate compositions of the particle

populations as they nucleate and grow in a mean-�eld formulation. The compo-

sitions of the particle populations vary due to the di�erent conditions at which

the particles nucleate. The compositions of the precipitates evolve towards a

dynamic equilibrium, however the larger particles take longer to change compo-

sition resulting in the di�erences in composition being locked in. The tertiary

precipitates have a composition closer to the dynamic equilibrium, contributing

to their stability. Svoboda et al:'s [10] model framework includes the ability
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to capture the evolution of the precipitate composition. A key detail such a

model lacks is the di�erence in matrix composition neighbouring the di�erent

precipitate populations and how the matrix composition evolves with time. The

matrix composition would not stay static, and the depletion zones homogenize

during exposure to elevated temperature. The simplest model that captures

this behaviour are the 1D phase �eld modelsdescribed by Kitashima et al: [35]

and Fleck et al: [36]. This approach o�ers the bene�ts of capturing coalescence

events, the formation and homogenization of the depletion zone, including the

impact of the mis�t strain energy upon particle the growth rate, and captur-

ing the interacting di�usion �elds explicitly . A 1D description still requires

signi�cant computation to determine the spatial variation of chemical poten-

tials with su�cient resolution to capture the di�usion pro�les of a statistically

representative number of particles.

The increase in mis�t strain interaction energy between secondary precipi-

tates could slow their growth, allowing for the continued growth and stability

of the tertiary precipitates. Thornton et al: [37] coined the expression "inverse

coarsening" to describe the scenario where a smaller precipitate grows at the

expense of a larger precipitate due to energy minimisation considering contri-

butions from both interfacial energy and elastic mis�t energy. The secondary

particles may grow into cuboidal geometry rather than continuing to grow iso-

topically, reducing their growth rate compared to the tertiary precipitates.

Coalescence of tertiary precipitates would allow their size to increase quickly,

prolonging the time needed to dissolve the precipitates when they eventually

come into direct competition with secondary particles for solute.

Another approach is to determine precipitate kinetics as a direct function

of the particle's immediate environment through modelling the spatial arrange-

ment of the precipitates [38, 39]. The clustered tertiary precipitates would com-

pete with their immediate neighbours rather than the secondary particles, until

the secondary particles grow to directly compete with the tertiary particles.

A phenomenologicalC parameter was introduced to reduce the kinetics of

isolated tertiary particles in Equation 43. The need for this reduction in kinetics
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may arise from a number of possibilities. Composition di�erences are known to

develop between the di�erent populations of
 0 in RR1000 [4]. It is likely that the

fast di�using 
 0 forming solutes are quickly absorbed by secondary precipitates.

The tertiary 
 0 are likely to form from the slower di�using elements remaining

in the matrix, which may contribute to their slower growth kinetics. Ardell

and Ozolins [40] proposed that during certain regimes, the growth rate of a

particle may be limited by the rate at which solute is absorbed through the

particle/matrix interface opposed to the rate at which solute di�uses through

the matrix. This may explain or contribute to the need to reduce the tertiary

precipitate growth rate by the coe�cient C. Plotnikov et al: [41] have observed

the reduction of the 
 / 
 0 interface during coarsening of
 0 in binary Ni-Al alloys.

This would suggest that the tertiary precipitates have a larger interface, with

slower kinetics following the Trans-Interface di�usion-controlled (TIDC) model

[40].

It is likely that all the mechanisms discussed contribute to the relative sta-

bility of the tertiary particles.

6.2. Psuedo-binary descriptions

This work has utilised commercial thermodynamic and mobility databases to

determine precipitate kinetics, however a pseudo-binary approximation may be

utilised to determine both the chemical driving force and mobility parameters

[42]. The chemical driving force can be approximated by [43]

� Gc =
(C
 � C
 0) RgT ln (C
 =Cm )

(1 � C
 ) Tf

Tf = 1 +
@v

@C


(47)

where C
 and C
 0 are the summation of 
 0 forming equilibrium compositions

within the matrix and particles, respectively. The term v is the activity and Tf

is the thermodynamic factor. Cm is the pseudo-binary solute fraction of particle

forming species within the matrix, which is calculated from

Cm =
Cb � �C 0




1 � �
(48)
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Figure 19: A comparison of the predicted and measured evolution of the volume fraction of

tertiary precipitates considering kinetics at a) 700 � C, b) 750 � C, and c) 800 � C. The predictions

using the proposed model are compared against those without the phenomenological treatment

of the isolated tertiary precipitates.
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Cb is the bulk composition of particle forming species. The binary form of the

� expression appearing in both the particle grow rate and atomic attachment

rate (Equations 18 and 36), including the super-saturation term is given below

� = � m Cm D v Vm (49)

where � m is the di�usion distance term considering the pseudo-binary matrix

composition and D v is the rate limiting di�usivity. The equilibrium pseudo

binary composition has been approximated by summing the
 0 formers (Al, Hf,

Ta, and Ti in RR1000) from equilibrium calculations for 
 0 and 
 in RR1000

using the thermodynamic database TTNi8 shown in Figure 12 b). The chem-

ical driving force calculated from Equation 16 and 47 are compared in Figure

20 a), b) and c) for di�erent volume fractions of 
 0 up to the equilibrium vol-

ume fraction, and for three temperatures. The temperatures assessed have been

normalised by the solvus temperatureTs. The thermodynamic factor was set

to Tf = 1 for the pseudo-binary chemical driving force. At high temperature

the results are similar as seen in Figure 20 c), however the trend in behaviour

deviates signi�cantly at lower temperature, as observed in Figure 20 a). The

multi-component description of the chemical driving force is capturing interac-

tion e�ects between the alloying elements which is missing in the pseudo-binary

approximation. The impact of these interactions reduce with an increase in

temperature [44]. A more detailed approximation of the thermodynamic factor

shown in Equation 47 may resolve this de�ciency.

The model has been implemented using the pseudo-binary approximations

for the chemical driving force and the mobility term shown in Equations 47

and 49). The e�ective di�usivity and interfacial energy have been calibrated to

capture the size of the secondary precipitates. Figure 20 d) and e) compares

the predicted precipitation dispersions with measurements using both the multi-

component formulation, and the pseudo-binary formulation, considering the air

cooled and furnace cooled super-solvus SST conditions. The pseudo-binary

approximation predicts larger secondary precipitates in the furnace cooled con-

dition shown in Figure 20 e), however is still within the data. Di�erences are
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Figure 20: a), b) and c) The chemical driving force for the 
 ! 
 0 phase transformation com-

paring the multi-component and pseudo-binary approximations shown in Equations 16 and

47, respectively. The x-axis shows the volume fraction of particles normalised by the equi-

librium volume fraction. The temperatures considered are shown as a fraction of the solvus

temperature of 
 0 in 
 (Ts � 1150� C). d) A comparison of the measured and predicted disper-

sions considering the furnace cooled super-solvus SST using the multi-component and pseudo-

binary formulations respectively. e) A comparison of the measured and predicted dispersions

considering the air-cooled super-solvus SST using the multi-component and pseudo-binary

formulations respectively.

also observed when comparing the tertiary precipitates, with the pseudo-binary

approximation predicting larger tertiary particles in the case of the air cooled

specimen, and an additional population of tertiary precipitates for the furnace

cooled condition. It can be seen that the multi-component formulation of the

chemical driving force and di�usivities using the TTNi8 and MOBNi1 databases

is successful in capturing e�ects arising from strong coupling between thermo-

dynamic and kinetic e�ects which are missing from the pseudo-binary approxi-

mation considering 
 0 kinetics in RR1000.
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7. Conclusions

ˆ The precipitation kinetics of 
 0 in the Ni based superalloy RR1000 has

been characterised, examining conditions relevant to alloy processing and

service conditions in aerospace applications.

ˆ A framework is presented for the collation of data obtained from SEM

and TEM for comparison with mean-�eld predictions. This includes the

development of a new method for estimating the size and volume fraction

of precipitates from TEM micrographs and an analytical solution for the

3D! 2D conversion of the PRD function.

ˆ Measurements of the tertiary precipitates during isothermal aging of as-

heat treated course grain RR1000 show that these particles coarsen dur-

ing conditions where mean-�eld precipitation models suggests that they

should dissolve.

ˆ A phenomenological mean-�eld model has been developed that captures

the observed coarsening behaviour of the tertiary precipitates. Continuity

equations and particle growth rates are presented for each type of precip-

itate, and are linked using appropriate source and sink terms. An Avrami

parameter describes the evolution of the fraction of isolated tertiary pre-

cipitates. During the regime of coarsening, the critical particle radius of

the isolated tertiary particles is determined through the conservation of

solute within the isolated tertiary particle population.

Appendix: Determination of the critical particle radius of a coarsen-

ing dispersion

During coarsening of a precipitate dispersion, solute within the particle phase

is conserved, and the volume fraction remains constant. The change in volume

fraction of the dispersion is given by

d�
dt

=
4�
3

d
dt

Z 1

0
F R3 dR (50)
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Performing the derivative leads to

d�
dt

=
4�
3

Z 1

0

�
dF
dt

R3 dR + 3F R2 V dR + F R3 d
dR

(dR)
�

(51)

where V is the particle growth rate. We can make use of the following

relationship

d
dR

(dR) =
@V
@R

dR (52)

Substituting Equation 52 into Equation 51 gives

d�
dt

=
4�
3

Z 1

0

�
dF
dt

R3 dR + 3F R2 V dR + F R3 @V
@R

dR
�

(53)

The material derivative of F is given by

dF
dt

=
@F
@t

+ V
@F
@R

(54)

Equation 54 may be substituted into Equation 53 and then by grouping

terms we arrive at

d�
dt

=
4�
3

Z 1

0

��
@F
@t

+ V
@F
@R

+ F
@V
@R

�
R3 + 3F R2V

�
dR (55)

This may be simpli�ed using the chain rule

d�
dt

=
4�
3

Z 1

0

��
@F
@t

+
@

@R
(F V)

�
R3 + 3F R2V

�
dR (56)

The continuity equation governing precipitate kinetics may be de�ned by

@F
@t

+
@

@R
(F V) = I (57)

where the term I groups together source and sink terms (_F + (R; t ) and

_F � (R; t ) in Equation 10). Substituting Equation 57 into Equation 56 and then

separating variables gives

d�
dt

=
4�
3

Z 1

0
I R3 dR + 4 �

Z 1

0
F R2 V dR (58)
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The �rst integral shows how the volume fraction changes as a response to

any source and sink terms, such as nucleation. The second integral is the change

in volume fraction as a result of the particle growth rate, V . During coarsening,

I = 0 and d�
dt = 0 simplifying Equation 58 to

Z 1

0
F R2 V dR = 0 (59)

An expression for the critical particle radius can be obtained by inserted the

generic form for the particle growth rate shown in Equation 11 into Equation

59, and rearranging forRc

Rc =

R1
0 F R z dR
R1

0 F z dR
(60)
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