
This is a repository copy of Phase inconsistency error compensation for multichannel 
spaceborne SAR based on the rotation-invariant property.

White Rose Research Online URL for this paper:
https://eprints.whiterose.ac.uk/159370/

Version: Accepted Version

Article:

Gao, H., Chen, J., Liu, W. orcid.org/0000-0003-2968-2888 et al. (2 more authors) (2021) 
Phase inconsistency error compensation for multichannel spaceborne SAR based on the 
rotation-invariant property. IEEE Geoscience and Remote Sensing Letters, 18 (2). pp. 301-
305. ISSN 1545-598X 

https://doi.org/10.1109/lgrs.2020.2972402

© 2020 IEEE. Personal use of this material is permitted. Permission from IEEE must be 
obtained for all other users, including reprinting/ republishing this material for advertising or
promotional purposes, creating new collective works for resale or redistribution to servers 
or lists, or reuse of any copyrighted components of this work in other works. Reproduced 
in accordance with the publisher's self-archiving policy.

eprints@whiterose.ac.uk
https://eprints.whiterose.ac.uk/

Reuse 

Items deposited in White Rose Research Online are protected by copyright, with all rights reserved unless 
indicated otherwise. They may be downloaded and/or printed for private study, or other acts as permitted by 
national copyright laws. The publisher or other rights holders may allow further reproduction and re-use of 
the full text version. This is indicated by the licence information on the White Rose Research Online record 
for the item. 

Takedown 

If you consider content in White Rose Research Online to be in breach of UK law, please notify us by 
emailing eprints@whiterose.ac.uk including the URL of the record and the reason for the withdrawal request. 



IEEE GEOSCIENCE AND REMOTE SENSING LETTERS, VOL. X, NO. X, JULY 2019 1

Phase Inconsistency Error Compensation for

Multi-channel Spaceborne SAR Based on the

Rotation-Invariant Property
Heli Gao, Student Member, IEEE, Jie Chen, Senior Member, IEEE, Wei Liu, Senior Member, IEEE,

Chunsheng Li, and Wei Yang, Member, IEEE

Abstract—The azimuth multi-channel technique has been
widely used in synthetic aperture radar (SAR) systems for
improving the resolution and expanding the illumination area.
However, due to phase inconsistency of different channels, the
image quality deteriorates significantly, including resolution loss
and appearance of ghost targets. In this work, by exploiting the
rotation-invariant property of the steering vector of the multi-
channel SAR signal, a phase inconsistency error compensation
method is proposed based on the estimation of signal parameters
by rotation invariance technique (ESPRIT). Experimental results
are presented using both simulated and real data to demonstrate
the performance of the proposed method.

Index Terms—multi-channel, phase inconsistency, synthetic
aperture radar (SAR), estimation of signal parameters by ro-
tation invariance technique (ESPRIT).

I. INTRODUCTION

H IGH azimuth resolution and wide-swath imaging present

conflicting demands on synthetic aperture radar (SAR)

system design. In order to acquire a wide illumination area

in range, low pulse repetition frequency (PRF) has to be

adopted in the single-channel SAR system, which inevitably

limits the azimuth processing bandwidth and results in azimuth

resolution loss. Multi-channel SAR systems can effectively

alleviate this problem by adding the azimuth receiving channel

[1], [2], which means more sampling points can be obtained

in the low PRF case. Nowadays, multi-channel technology has

been verified by Radarsat-2 [3] and TerraSAR-X [4] and is

planned for future advanced SAR systems. Corresponding pro-

cessing algorithms for multi-channel SAR have been discussed

by many researchers [1], [5]. However, there exist channel

inconsistency errors among azimuth receiving channels due to

various environmental factors, such as temperature fluctuation

and electromagnetic radiation, which will degrade the ultimate
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image results, including loss of azimuth resolution and appear-

ance of ghost targets.

The channel inconsistency errors are composed of ampli-

tude, phase, timing delay and equivalent phase center position

errors. The amplitude inconsistency errors can be corrected

by channel balancing [6] and timing delay errors can be

estimated using azimuth cross-correlation [7]. The along-

tracking position inconsistency errors can be neglected while

position inconsistency errors in line of sight can be integrated

into the phase inconsistency (PI) errors [8]. To tackle the

challenge caused by PI errors, several methods were proposed

in literature. The Multiple Signal Classification (MUSIC) tech-

nique was introduced for estimation of PI errors in [9], which

treats clutter spectrum components as the known “virtual”

calibration sources. Based on MUSIC technology, orthogonal

subspace (OS) method [9], signal subspace comparison (SSC)

method [6], and conjugation method [10] (collectively referred

to as MUSIC methods) were proposed by constructing several

different cost functions. Unfortunately, the signal-to-noise-

ratio (SNR) is not considered in these methods. In order

to improve estimation accuracy, an adaptively weighted least

squares (AWLS) algorithm was proposed [11], which is based

on minimizing the impact on the spectrum outside main

bandwidth caused by PI errors. Although SNR is involved

in this method, its performance degrades significantly in

the case of near coincidental sampling [12], which means

high sampling non-uniformity. Another drawback of MUSIC

methods and the AMLS method is that the available Doppler

bins for estimation may be insufficient when the equivalent

PRF is only a little larger than the 3dB bandwidth of the

signal. Similarly, a Doppler spectrum optimization (DSO)

algorithm which aims to maximize the spectrum power in

main bandwidth is proposed in [13]. Although it can employ

enough Doppler bins as calibration sources, it still faces the

challenge of coincidental sampling, and is time-consuming due

to the iterative processing. Moreover, the above mentioned

methods need an accurate Doppler centroid estimator to select

suitable Doppler bins as calibration sources, which may not be

practical in multi-channel SAR due to Doppler ambiguity. The

spatial cross-correlation coefficient (SCCC) method based on

azimuth interferometry was introduced [7], which incorporates

Doppler centroid estimation in its procedure. However, its

estimation accuracy is worse than other methods for inhomo-

geneous scenes, which limits its application.

There are mainly four factors to be considered for an

estimation method for PI errors, including accuracy against

SNR, robustness against uniformity, computational efficiency
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Fig. 1: Effective mode of multi-channel SAR in azimuth.
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Fig. 2: Doppler spectrum of multi-channel SAR and index

of ambiguity spectrum segments. A(t) and fa represent the

spectrum amplitude and Doppler frequency, respectively. The

curved segments in the grey shadow are the aliased spectrums

of multi-channel SAR. The subfigure at right represents the

relationship between Doppler frequency and baseband fre-

quency. The three colored backgrounds (pink, blue and gold)

indicate the spectrums with different ambiguity indexes.

and ability to estimate Doppler centroid. Considering these

factors, in this paper, a novel PI error estimation method

based on the ESPRIT [14] is proposed. First, the rotation

invariance property of the steering vector of the multi-channel

SAR signal in one Doppler bin is derived. By this property,

eigenvalues of the spectrum matrix of multi-channel signals

are uniformly distributed in the ideal case. In the case with

PI errors, by contrast, the distribution of these eigenvalues

is non-uniform. Therefore, the PI errors can be estimated

by minimizing this kind of difference. In order to solve the

cross-interference between the eigenvalues, a quick estimation

strategy is introduced, and the Doppler centroid estimation can

be conveniently incorporated into this strategy.

This letter is organized as follows. The data model for a

multi-channel SAR is reviewed in Section II and its rotation

invariance property is analyzed in Section III. The proposed

ESPRIT based estimation method is proposed in Section IV.

In Section V, simulation results are provided to show the

effectiveness of the proposed method in comparison with

exiting methods. Conclusions are drawn in Section VI.

II. MODEL OF MULTI-CHANNEL SAR SIGNAL

Generally, the transmitter and receivers are separated in

a multi-channel SAR system (see Fig. 1). Subject to phase

compensation [2], it is equivalent to a mono-static SAR whose

phase centers are virtually located at the midpoint between

transmitter and receivers. The multi-channel SAR signal can

be considered as a replica of the reference single-channel SAR

signal with a delay. Assuming M is the number of azimuth

channels, the signal received by the m-th channel of a multi-

channel SAR system can be expressed as

s(m) (τ, t) = u (τ,M · t−∆tm) , 1 ≤ m ≤ M, (1)

in which τ is the range fast time, t is the azimuth slow time

and u(τ, t) represents the reference single-channel SAR signal.

∆tm denotes the equivalent time delay, given as

∆tm =

(
m−

M + 1

2

)
∆t, ∆t =

∆d

2v
, (2)

where v is the velocity of the SAR sensor, ∆t and ∆d are the

along-track equivalent time delay and displacement interval of

adjacent channels, respectively. Since the Doppler bandwidth

is larger than PRF in each channel, the spectrum after applying

the Fast Fourier Transform (FFT) is aliased as

S(m)(τ, f)=ejδm
∑

k

U(τ, f+k ·fprf ) e
j2π(f+k·fprf )∆tm (3)

where U(τ, f) is the spectrum of the single-channel strip-map

SAR signal u(τ, t), δm is the PI error in the m-th channel, f

is the baseband Doppler frequency, fprf represents the pulse

repetition frequency and k denotes the index of the ambiguity

components at a certain Doppler gate with k1≤k≤k2. Note

that k1 and k2 are the minimum and maximum of k for an

arbitrary Doppler gate, and the ambiguity number K is defined

as k2 − k1 + 1.

A demonstration of the ambiguity number in a five-channel

SAR system is shown in Fig. 2. It can be seen that the index

of ambiguity is different along Doppler frequency, such as,

k=−1, 0, 1, 2 in the pink frequency block, k=−2,−1, 0, 1, 2
in the blue frequency block and k=−2,−1, 0, 1 in the gold

frequency block. In MUSIC methods, the ambiguity number is

required to be smaller than M to ensure existence of at least

one separate noise eigenvector. Therefore, only the Doppler

gates in pink and gold blocks can be used to estimate PI errors.

By replacing U(τ, f+k · fprf ) by Uk(τ, f) and combining

the data received by different channels, (3) can be expressed

in matrix form as

S0 (τ, f) = ΓH (f)U (τ, f)+N0 (τ, f) (4)

where S0 (τ, f) is the spectrum vector of the multi-channel

SAR data, Γ is the PI error matrix, H (f) is the transfer matrix,

U (τ, f) is the spectrum vector of the strip-map single-channel

SAR data and N0 (τ, f) represents noise, given as

S0 (τ, f) =
[
S(1) (τ, f) , S(2) (τ, f) , · · · , S(M) (τ, f)

]T
(5)

Γ = diag
{
ejδ1 , ejδ2 , · · · , ejδM

}
(6)

H (f) = [hk1
(f) ,hk1+1 (f) , · · · ,hk2

(f)] (7)

hk (f) =
[
ej2π(f+kfprf )∆t1 , · · · , ej2π(f+kfprf )∆tM

]T
(8)

U (τ, f) = [Uk1
(τ, f) , Uk1+1 (τ, f) , · · · , Uk2

(τ, f)]
T

(9)

Notice that H (f) is dependent of Doppler frequency and

this will bring high computation load when averaging the

estimators of PI errors along the Doppler gates. In order to

tackle this problem, H (f) can be decomposed as

H (f) = P (f) H̃ (10)

in which

P (f) = diag
{
ej2πf∆t1 , ej2πf∆t2 , · · · , ej2πf∆tM

}
(11)
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H̃ = [hk1
,hk1+1, · · · ,hk2

] (12)

h =
[
ej2π·kfprf∆t1 , · · · , ej2π·kfprf∆tM

]T
(13)

By multiplying by the conjugate of P (f), H (f) can be

made independent with Doppler frequency [15] and (4) is

transformed to:

S (τ, f) = P
∗ (f)S0 (τ, f)

=P
∗ (f)ΓH (f)U (τ, f)+P

∗ (f)N0 (τ, f)

= ΓH̃U (τ, f)+N

(14)

where [•]
∗

represents the conjugate operation. Usually, the

covariance matrix of multi-channel SAR can be estimated

from the sample covariance matrix R̂, which is the statistical

average along the range dimension. Here, since the steering

vector H̃ is independent of Doppler frequency, R̂ can then be

estimated along both range dimension and Doppler dimension

[15]. As a result, the computational load will be significantly

reduced and the SNR will increase, which is beneficial to the

estimation of PI errors. For simplicity, the variables τ and f

are hidden in the following derivation.

III. ROTATIONAL INVARIANCE PROPERTY

According to the definition of equivalent time delay in (2),

an arbitrary column of matrix H̃, namely the steering vector in

the field of array signal processing, is a geometric progression.

Therefore, H̃ is a Vandermonde matrix. In order to facilitate

the subsequent analysis, the geometric proportions of steering

vectors in all columns, called rotation matrix, are written as

D = diag
{
ej2πk1·fprf∆t, · · · , ej2πk2·fprf∆t

}
(15)

Extracting the first (M−1) rows and the last (M−1) rows of

multi-channel SAR signal in (14) and ignoring the PI errors

temporarily, two equations can be built as

S1 = H1U+N1 (16)

S2 = H2U+N2 (17)

According to the definition, H2 = H1D. Combine (16) and

(17) into a matrix as

S =

[
S1

S2

]
=

[
H1

H1D

]
U+

[
N1

N2

]
= HU+N. (18)

The corresponding covariance matrix is give by

R = E
τ,f

[
SS

H
]
= H E

τ,f

[
UU

H
]
H

H
+RN (19)

where [•]
H

represents the conjugate-transpose operation, E [•]
is expectation and RN is the noise covariance matrix. With

eigen-decomposition, R can be decomposed as R = G · Λ ·
G

H, where Λ and G are the eigenvalues and corresponding

eigenvectors, respectively. Based on the spectral analysis the-

ory, we can obtain the signal subspace Gs and noise subspace

Gn and Gs is the same as that spanned by H [14]. Then there

exists a unique non-singular matrix T that satisfies

Gs = HT (20)

and Gs can be decomposed into

Gs =

[
G1

G2

]
=

[
H1

H1D

]
T (21)

where G1 and G2 are the signal eigenvectors corresponding

to the first (M − 1) channels sub-array and the last (M − 1)
channels sub-array, respectively. Then, we have

G2 = H1DT = G1T
−1

DT = G1Φ (22)

where Φ = T
−1

DT. In the area of direction of arrival (DOA)

estimation, the rotation matrix D is unknown, and it can be

obtained once the matrix Φ is solved as

Φ = G
+
1 G2 (23)

in which [•]+ denotes the pseudoinverse. By contrast, the

rotation matrix D is known in the SAR system. Therefore,

the diagonal matrix consisting of the eigenvalues of Φ should

be the same as the rotation matrix D, ie.,

λ {Φ} = D (24)

Since the derivation above is similar with ESPRIT, this

property is named as the ‘rotational invariance property’ for

multi-channel SAR, which essentially indicates the inherent

distribution property of equivalent phase centers. It is neces-

sary to point out that the restriction on ambiguity number K

can be relaxed. In the terms of DOA estimation, the array

element number (channel number M in our work) should be

larger than signal source number (ambiguity number K in our

work) to make sure that all DOAs can be found. However,

this is not an issue in multi-channel SAR. If M < K, then

only (M−1) elements in rotation matrix D correspond to the

eigenvalues of Φ. An an extreme case, assuming M = 2 or

only using two channels’ data to estimate, Φ will collapse to

a complex number φ, which is equal to the steering element

d corresponding the maximum spectrum power out of D as

φ = d = ej2π(0)·fprf∆t = 1 (25)

From the aspect of ambiguities, the 3dB criteria, which is com-

monly used to discriminate the signal with ambiguities, is not

definitely required. Reference [12] provides another definition

of effective bandwidth to separate signal and ambiguities. In

the extreme, effective bandwidth can be set as the PRF, and

then the ambiguity number will become one, which means two

channels’ data can exhibit the ‘rotational invariance property’.

IV. ESTIMATION METHOD

A. Estimation method of PI errors

Section III shows that the rotational invariance property is

based on the Vandermonde matrix H. However, this prop-

erty will not hold when PI errors Γ exist. As a result, the

eigenvalues of Φ calculated by (23) will not be the same as

the rotation matrix D. To illustrate this effect, a set of six-

channel experimental data collected in a SAR ground test are

analyzed. The parameters are listed in Table I. Fig. 3 shows the

distribution of eigenvalues of Φ and D with PI errors between

channels in the complex plane. It can be seen that eigenvalues

of D are uniformly distributed on the unit circle whereas those

of Φ are spread around the unit circle.

Naturally, the PI errors can be determined by the distortion

of eigenvalues of Φ. To estimate PI errors between channels,
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TABLE I: Parameters of the SAR ground test equipment.

Antenna length Slant range Velocity PRF Wavelength

1.5m x 6 770km 7236m/s 1500Hz 0.03m

Fig. 3: Distribution of eigenvalues of D and Φ with red ‘△’

and blue ‘�’, respectively, in the complex plane.

the minimum eigenvalue distance between Φ and D is adopted

in this work. The optimization problem can be formulated as

Γ̂ = arg min
Γ

‖D− λ (Φ)‖2 (26)

in which ‖•‖2 denotes the l2 norm.

B. The quick estimation strategy

In practice, there exists cross-interference between the

eigenvalues in the optimization process, which lead to a

wrong convergence point. To solve this problem, an efficient

alternative method is to deal with two adjacent channels of data

at a time. Considering the effect of PI error between adjacent

channels, (25) becames

φm=ej(δm−δm−1)d = ej(δm−δm−1) (27)

where the subscript ‘m’ represents the estimated φ in the m-th

channel. Then, δm can be calculated as

δm = δm−1 + ∠φm (28)

where δ1 = 0 and ∠(•) denotes the phase-extraction opera-

tor. By using the quick estimation strategy, the interference

between channels can be removed and higher estimation

efficiency can be achieved than the optimization approach.

The flowchart of the proposed estimation method is shown

in Fig. 4. By applying the FFT, the multi-channel SAR signals

are transformed into the Doppler domain. After compensating

the conjugate of P (f), the signals of adjacent channels can

be used to construct the covariance matrix R. With eigen-

decomposition, the signal subspace Gs can then be estimated,

which is a combination of G1 and G2. Finally, φm can be

calculated by (23) and PI error δm is calculated by (28).

C. Estimation of Doppler centroid

In the multi-channel SAR, it is difficult to estimate the

Doppler centroid using conventional methods due to the

undersampling. Considering the effect on the matrix Φ, the

Doppler centroid will introduce a spectrum shift on each of

its eigenvalues. If the Doppler centroid is not exact, the error

will result in a residual Doppler centroid term in (27) as

φ̄m = ej(δm−δm−1+2π·∆fd∆t) (29)

PI error   l

S(1)(τ, f )FFT
s(1)(τ, t)

S(m-1)(τ, f )s(m-1)(τ, t)

S(m)(τ, f )s(m)(τ, t)

S(M)(τ, f )s(M)(τ, t)

...  R

×P
*( f ) 

Gs (G1, G2)

mδ

S(τ, f )S0(τ, f )

FFT

FFT

FFT

...

. . .
. . .

...
...

mφ

Fig. 4: The flowchart of proposed estimation method.

TABLE II: Experimental results of PI errors.

Channel 1 2 3 4 5 6

PI error (◦) 0 40 -30 18 35 -5
Proposed method (◦) 0 40.35 -29.58 18.86 35.44 -4.53

IOS method (◦) 0 42.02 -28.39 17.72 33.39 -5.99
AWLS method (◦) 0 44.10 -30.43 10.78 21.50 -10.6

To remove the added Doppler centroid term, another group

of virtual adjacent channels, consisting of the M-th channel

in the first pulse and the first channel in the following pulse,

are also employed to estimate φ. Using φ̄1 to represent the

estimated result, we have

φ̄1 = ej(δ1−δM+2π·∆fd∆tp) (30)

where ∆tp=v/fprf−(M−1)∆t. Then the PI errors can be

cancelled out by the product of φ̄m and Doppler centroid error

can be obtained as

∆fd = ∠

(∏
φ̄m

)/
(2π · v/fprf ) (31)

After compensating for the residual Doppler centroid in (31),

the PI errors can then be estimated by (28).

V. EXPERIMENTAL RESULTS

To demonstrate the performance of the proposed method,

experiments with both simulated and real data are carried out.

A. Simulated Data

The parameters listed in Table I are used to simulate a set

of spaceborne multi-channel SAR data. The added PI errors

and corresponding results estimated by the proposed method in

comparison with improved OS method (IOS) [15] and AWLS

method are shown in Table II. It is obvious that the proposed

method has better estimation results. To further demonstrate

its performance, Monte Carlo simulations with 100 runs are

conducted. The PI errors are set randomly between ±40◦ and

the average root-mean-square error (ARMSE) [6] is used to

quantize the estimation performance versus SNR and sampling

uniformity Fu, which is defined as the ratio of operating PRF

to PRF in case of uniform sampling [11].

From the results in Fig. 5 (a), the proposed method (called

ESPRIT method) can achieve better estimation results against

SNR than the other two methods. ESPRIT method is also more

robust against Fu than its competitors, especially in the case

of high non-uniformity (see Fig. 5 (b)). When the PRF is low

(Fu = 0.9), there are not enough Doppler bins for the other

two methods. In the case of coinciding sampling (Fu = 1.2),

the noise, especially at the edge segments of bandwidth, will
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(a) (b)

Fig. 5: PI error estimation precisions of IOS method, AWLS

method and proposed method versus SNR (a) and Fu (b).

TABLE III: Parameters of the Airborne SAR System.

Antenna length Slant range Velocity PRF Wavelength

0.16m x 4 12km 120m/s 380Hz 0.05m

be significantly amplified by the reconstruction filter, which

will significantly effects the performance of AWLS.

As for the computational load, the proposed method shares a

similar complexity with the IOS method on O(M3) [15] since

they both adopt the Doppler-independent H in the procedures

while the computational complexity of AWLS method is

Na·O(M3) where Na is the number of Doppler bins used.

Note that a Doppler centroid error (100 Hz) was added for

the proposed ESPRIT method in this experiment to show its

ability to estimate and remove the Doppler centroid error.

B. Real Data

Real airborne SAR data are used here to show the effective-

ness of the proposed method. The parameters of the SAR data

are given in Table III. After processing the four-channel data

with the chirp scaling algorithm, an image is obtained. There

are serious ambiguity issues in Fig. 6 (a), since the PI error

between channels is not estimated and compensated. Using the

proposed method, the phase inconsistency errors are estimated

as 0◦, 123.2◦, 29.2◦ and 161.0◦. After phase compensation,

the resultant image is focused excellently without obvious

ambiguities as shown in Fig. 6 (b).

VI. CONCLUSION

Based on the analysis of a multi-channel SAR mode, the

rotation invariance property of its steering vector was obtained.

It was found that the eigenvalues of spectrum matrix of multi-

channel signals are not uniformly distributed when phase

errors exist. Therefore, a novel PI error estimation method,

which exploits the distortion in the eigenvalue distribution, is

proposed. As demonstrated by experimental results based on

simulated and real data, the proposed method can estimate the

Doppler centroid effectively and outperforms the conventional

AmbiguityTarget

R
an
g
e

Azimuth

(a)

AmbiguityTarget

R
an
g
e

Azimuth

(b)

Fig. 6: Images of airborne SAR before and after PI correction.

methods, especially in the high non-uniform sampling case. It

also benefits from lower computational complexity.
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