. eprints@whiterose.ac.uk
Whlte Rose https://eprints.whiterose.ac.uk

N
(@) Rresearch onii
N’ esearc niine Universities of Leeds, Sheffield and York

Deposited via The University of Leeds.

White Rose Research Online URL for this paper:
https://eprints.whiterose.ac.uk/id/eprint/159074/

Version: Accepted Version

Article:
Pressland, M (2020) Mutation of frozen Jacobian algebras. Journal of Algebra, 546. pp.
236-273. ISSN: 0021-8693

https://doi.org/10.1016/j.jalgebra.2019.10.035

© 2019, Elsevier. This manuscript version is made available under the CC-BY-NC-ND 4.0
license http://creativecommons.org/licenses/by-nc-nd/4.0/.

Reuse

This article is distributed under the terms of the Creative Commons Attribution-NonCommercial-NoDerivs
(CC BY-NC-ND) licence. This licence only allows you to download this work and share it with others as long
as you credit the authors, but you can’'t change the article in any way or use it commercially. More
information and the full terms of the licence here: https://creativecommons.org/licenses/

Takedown

If you consider content in White Rose Research Online to be in breach of UK law, please notify us by
emailing eprints@whiterose.ac.uk including the URL of the record and the reason for the withdrawal request.

ﬁ 32, | University of P UNIVERSITY

UNIVERSITY OF LEEDS %~ Sheffield NS W



mailto:eprints@whiterose.ac.uk
https://doi.org/10.1016/j.jalgebra.2019.10.035
https://eprints.whiterose.ac.uk/id/eprint/159074/
https://eprints.whiterose.ac.uk/

MUTATION OF FROZEN JACOBIAN ALGEBRAS

MATTHEW PRESSLAND

ABSTRACT. We survey results on mutations of Jacobian algebras, while simultaneously extending
them to the more general setup of frozen Jacobian algebras, which arise naturally from dimer
models with boundary and in the context of the additive categorification of cluster algebras
with frozen variables via Frobenius categories. As an application, we show that the mutation
of cluster-tilting objects in various such categorifications, such as the Grassmannian cluster
categories of Jensen—-King—Su, is compatible with Fomin—Zelevinsky mutation of quivers. We
also describe an extension of this combinatorial mutation rule allowing for arrows between frozen
vertices, which the quivers arising from categorifications and dimer models typically have.

1. INTRODUCTION

Jacobian algebras, defined via the data of a quiver with potential, play an important role in
the theory of cluster algebras, particularly in the context of their categorification by triangulated
categories [1, 12, 15, 30]. However, the concept predates this subject, appearing for example in
the mathematical physics of dimer models [22], which has then found applications in algebraic
and noncommutative geometry [6, 9, 10, 14] and mirror symmetry [8]. More recently, it has been
fruitful to replace the quiver by an ice quiver, by declaring a particular subquiver to be frozen,
leading to the more general notion of a frozen Jacobian algebra. These algebras appear naturally
when considering dimer models on surfaces with boundary [18], as well as endomorphism algebras
of cluster-tilting objects in Frobenius categorifications of cluster algebras with frozen variables [4,
12, 34].

The goal of the present paper is to fill a literature gap by extending several key results about
ordinary Jacobian algebras to the frozen case. In outline, our results are as follows.

(i) In Section 3, we explain how to modify an ice quiver with potential, without changing the
isomorphism class of the frozen Jacobian algebra it defines, so that the quiver is the Gabriel
quiver of this algebra.

(ii) In Section 4, we explain how ice quivers with potential are transformed under a local move
called mutation, and conditions on the potential which make this process compatible with
Fomin—Zelevinsky mutation of quivers. Fomin-Zelevinsky mutation is usually defined for
ice quivers not having any arrows between their frozen vertices; since we want to allow such
arrows, we extend the definition accordingly. While this extension is likely already known
to experts, we are not aware of it having been previously formalised in the literature.

(iii) In Section 5, we consider frozen Jacobian algebras arising as endomorphism algebras of
cluster-tilting objects in Frobenius cluster categories [35, Defn. 3.3], which are certain stably
2-Calabi—Yau Frobenius categories well-suited to the additive categorification of cluster
algebras and appear frequently in the literature [12, 20, 26, 34]. Such an algebra can be
mutated in two ways; firstly as a frozen Jacobian algebra, using the combinatorial mutation
procedure of Section 4, and secondly by mutating the cluster-tilting object in the sense of
Iyama—Yoshino [25] and taking the endomorphism algebra of the result. We give sufficient
conditions on the category for these two operations to coincide, and for them to induce an
extended Fomin—Zelevinsky mutation of the Gabriel quiver of the endomorphism algebra.
This leads to new results on several well-studied classes of Frobenius cluster category, such
as the Grassmannian cluster categories of Jensen-King—Su [26].
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2 MATTHEW PRESSLAND

We stress that this paper owes a significant debt to the work preceding it, particularly that
of Derksen—Weyman—Zelevinsky [15] (who deal with points (i) and (ii) in the case of ordinary
Jacobian algebras) and Buan—Tyama—Reiten—Smith [12] (who deal with (iii) for ordinary Jacobian
algebras and triangulated categories), and for this reason we consider the present paper to be in
part a survey of their results. At the same time, the generalisations we present here are by now
applicable enough that we felt it necessary to make them explicit in the literature—the lack of a
clean reference for these statements may be partly responsible for the fact that papers providing
Frobenius categorifications of cluster algebras with frozen variables have often avoided commenting
explicitly on compatibility of mutations in the sense of (iii).

We note that an earlier version of Section 5 was included in the first arXiv version of [34], where
some of the results are applied.

Throughout, all algebras are K-algebras, and all categories K-categories, over a field K. Without
further explanation, ‘module’ is taken to mean ‘left module’. Arrows and functions are composed
from right to left.

2. FROZEN JACOBIAN ALGEBRAS

We begin by introducing the various pieces of combinatorial data needed to define a frozen
Jacobian algebra.

Definition 2.1. A quiver is a tuple Q = (Qo, @1, h, t), where Qg and Q) are sets, and h,t: Q1 — Qg
are functions. Graphically, we think of the elements of Qg as vertices and those of )1 as arrows, so
that each a € Q)1 is realised as an arrow a: ta — ha. We call @ finite if Qg and @1 are finite sets.

Definition 2.2. Let @ be a quiver. A quiver F = (Fy, Fy, ', t') is a subquiver of Q if it is a quiver
such that Fy C Qg, F1 C @ and the functions A’ and t’ are the restrictions of A and ¢ to F;. We
say F' is a full subquiver if F; = {a € Q1 : ha, ta € Fy}, so that a full subquiver of @ is completely
determined by its set of vertices.

Definition 2.3. An ice quiver is a pair (Q, F'), where @ is a quiver, and F is a (not necessarily
full) subquiver of Q. We call Fy, F; and F the frozen vertices, arrows and subquiver respectively.
Vertices of @ not in Fy will be called mutable (cf. Definition 4.1), whereas arrows of () not in F}
will be simply called unfrozen.

Remark 2.4. We note that by not insisting that F' is a full subquiver in the above definition, our
subsequent definitions will differ slightly from those of other authors, e.g. [12, Defn. 1.1], who do
make this insistence. Aside from being more general, allowing for the case that F' is not a full
subquiver of ) is convenient when it comes to describing mutations of ice quivers with potential in
Section 4.

We also note that an ice quiver is part of the data of a seed in a cluster algebra; we recommend
Keller’s survey [28] for an overview of this construction. In this context, while the choice of frozen
vertices is important, since they correspond to the frozen variables appearing in every cluster,
frozen arrows (or indeed any arrows between the frozen vertices) play no role, and so are often
omitted. However, in the context of categorification of cluster algebras, which we will discuss more
in Section 5, these arrows become relevant again; the categorification enhances the data of a seed
by replacing the ice quiver by an algebra, and the Gabriel quiver of this algebra typically does have
arrows between its frozen vertices. Another situation in which such arrows appear naturally is in
the context of dimer models on surfaces with boundary, as we now explain.

Example 2.5. A dimer model is a pair (3, G) in which ¥ is an oriented surface, possibly with
boundary, and G is a bipartite graph embedded in ¥ such that 9% does not intersect the vertex
set of the graph, together with a collection of arcs in ¥ which intersect the graph in a vertex and
0% in one point, such that ¥\ G is a disjoint union of discs. We usually think of G simply as a
graph, with the additional arcs being half-edges that have one end-point ‘outside’ of ¥. Indeed,
if ¥ is a closed surface, then G is an honest graph, and any dimer model (2, G) can be realised
as (3,XN é) for some dimer model (i @), where ¥ is a closed surface containing 3. A concrete
example of a dimer model drawn in the disk is shown in Figure 1.
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FIGURE 1. A dimer model FIGURE 2. The ice quiver of the dimer

in the disk. model shown in Figure 1. Frozen ar-
rows are dashed, and frozen vertices
shown as white diamonds.

A dimer model (X, G) determines an ice quiver (@, F'), also embedded in X, as follows. The
vertices of ) are the connected components of ¥\ G, which we call the faces of the dimer, and
each edge (or half-edge) of G determines an arrow between the faces it separates; we think of the
arrow and this edge as dual, and orient the arrow so that the black vertex of the dual edge is on its
left. The vertices of F' are the components of ¥\ G meeting 0%, and its arrows are those arrows of
Q@ dual to a half-edge of G. An explicit example is shown in Figure 2.

Each vertex of G determines a cycle in @), by composing the arrows dual to edges incident with
the vertex. This cycle is oriented in a way consistent with the orientation of the surface when the
vertex is black, and with the opposite orientation when the vertex is white.

Originally appearing in the context of statistical mechanics [27, 37], these constructions have
been well-studied in the mathematics and physics literature; see for example [10, 14, 22, 33] in the
case that ¥ is closed, and [4, 18] in the general case.

Definition 2.6. Let @ be a quiver, and let .S be the semisimple K-algebra whose underlying vector
space has the basis {e, : v € Qo}, with multiplication induced from e, - €,, = dye,. Equip KQq
with the structure of an S-bimodule by defining

€habtaq = Q,

noting that this implies e,ae,, = 0 whenever v # ha or w # ta. Then the complete path algebra of
Q is the complete tensor algebra

K{Q)) := S(KQ1)),
so K{@)) has underlying vector space

oo

H(KQ1)®Sd’

d=0

and multiplication induced from the tensor product. We treat K((Q)) as a topological algebra by
equipping it with the J-adic topology, where J is the two-sided arrow ideal

J = ﬁ(KQ1)®Sd-

d=1
This allows us to talk about closed ideals in K{(Q)). In practice, the elements of K{({Q)) are

possibly infinite K-linear combinations of paths of @), and the closure of the ideal generated by a
set R C K{(Q)) is

(R) = {Z airibi : ai, by € K(Q)), ri € R} :
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We may identify S with the subalgebra of K{{(Q)) spanned by the length-zero paths, i.e. with KQo,
by associating each vertex v with the generator e, of S.

Example 2.7. The reader is warned that, when @ has oriented cycles, the complete path algebra
K{(Q)) can be rather different from the ordinary (uncompleted) path algebra K@, whose elements are
finite linear combinations of paths. The key fact is that idempotents can be lifted from S = K{(Q))/J
to K{(@)) (cf. [3, Lem. 1.4.4]), meaning that many techniques used in the representation theory of
finite-dimensional algebras apply equally well to the (often infinite-dimensional) algebra K{(Q)).

An instructive example is to consider the case that ) consists of a single vertex and a loop x, so
that K@ = K][z] is a polynomial ring in one variable, whereas K(@Q)) = K[z] is a ring of power
series. Thus K@ has maximal ideals (x — A) for each A € K, so it has one simple module for each
element of K and its Jacobson radical is zero. On the other hand, K{(@)) is in many ways more like
a finite-dimensional path algebra—its unique maximal ideal is J = {(x)), generated by the arrow,
so the arrow ideal is the Jacobson radical, and there is a unique simple module, up to isomorphism,
corresponding to the unique vertex of Q.

Definition 2.8. Let Q = (Qo,Q1,h,t) be a finite quiver. We may grade K{(Q)) by path length;
since K((Q)) is generated by vertices and arrows, which are homogeneous, we get an induced
grading on the quotient K((@))/[K{(Q)), K{(Q))] by the ideal generated by commutators. Then a
potential on @ is an element W € K{(Q))/[K{(Q)), K{(@))] expressible as a (possibly infinite) linear
combination of homogeneous elements of degree at least 2, such that any term involving a loop
has degree at least 3. An ice quiver with potential is a tuple (@, F, W) in which (@, F) is a finite
ice quiver, and W is a potential on Q. If F' = & is the empty quiver, then (Q, 2, W) =: (Q, W) is
called simply a quiver with potential.

Remark 2.9. While the definition in [15] of a quiver with potential does not allow any loops in
the quiver @, our weaker assumption controlling how they appear in the potential will be sufficient
for some purposes; see Section 3 for some comments on how this assumption is used. We want
to allow this increased level of generality where possible, since quivers with potential including
loops appear naturally in certain contexts, e.g. as contraction algebras in the sense of Donovan and
Wemyss [16]. When we move on to discussing mutations in Sections 4 and 5, we will need stronger
assumptions on the non-existence of loops.

One may think of a potential as a formal linear combination of cyclic paths in @ (of length at
least 2), considered up to the equivalence relation on such cycles induced by
Qp = ~ Qp—1 - Q1 Qp,

since every element K{(Q))/[K{(Q)), K{(®))] is uniquely expressible as a (possibly infinite) linear
combination of equivalence classes of cycles under this relation.

The combinatorial data of an ice quiver with potential can be used to define an algebra, which is
our main object of study.

Definition 2.10. Let p = «, - - - a1 be a cyclic path, with each «; € @1, and let o € Q1 be any
arrow. Then the cyclic derivative of p with respect to « is

Oap = E Q1 Q1 Q- - Qg1

Extending 0, by linearity and continuity, it determines a map K{Q))/[K{(Q)), K{(Q)] — K{Q)).
For an ice quiver with potential (Q, F, W), we define the frozen Jacobian algebra
T(Q,F, W) =K(@)/(0aW : € Q1 \ F1).

If F = @, we omit it from the notation, and call J(Q, W) := J(Q, <, W) the Jacobian algebra of
the quiver with potential (Q, W).

Remark 2.11. To compute the cyclic derivatives 9, W, we pick a representative of W in K{(Q@)).
It is straightforward to check that the result is independent of this choice. Note that not all of the
data in the frozen subquiver F' is used in the definition; rather, we need only the set F; of arrows.
Said differently, any vertices of Fjy not incident with any arrows in F} can be freely chosen to be
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mutable or frozen without affecting the algebra J(Q, F,W). However, recording all the frozen
vertices is more compatible with the defining data of a cluster algebra with frozen variables, and the
choice of which vertices are frozen plays a role in some of our later results, primarily in Section 5.
The choice of frozen vertices—or more precisely the sum of vertex idempotents at these vertices—is
also important in [35, §5].

Jacobian algebras are somewhat ubiquitous; it has been shown by Buan-Iyama—-Reiten—Smith
[12, Cor. 6.8] (see also Keller [29, Thm. 6.12]) that cluster-tilted algebras are finite-dimensional
Jacobian algebras, and Bocklandt [7, Thm. 3.1] has shown that any graded 3-Calabi—Yau algebra is
a (necessarily infinite-dimensional) Jacobian algebra. The author [35, §5] has shown that frozen
Jacobian algebras are good candidates for internally 3-Calabi-Yau algebras (defined in loc. cit.)
which, under some additional ‘smallness’ conditions, can be used to construct Frobenius cluster
categories [35, Thm. 4.1].

Example 2.12. Let (X, G) be a dimer model, as in Example 2.5, defining an ice quiver (Q, F).
We already noted that each vertex v of G determines a cycle C,, of @, with orientation (relative to
that of ¥) determined by the colour of v. We use these cycles to define a potential on @, by

W= > Co— > C,.
v black v white

The Jacobian algebra J(Q, F, W) is called the dimer algebra of (X, G). The relations arising from
the potential are sometimes known as F-term relations, and can be described as follows: each
unfrozen arrow « can be completed in two ways to a cycle around one of the vertices of G, one
winding around a black vertex and the other around a white vertex, and the relation d,W = 0
means that the two paths obtained by removing « from these cycles are equal in the Jacobian
algebra. When « is a frozen arrow, dual to a half-edge, only one of the two cycles will exist, and
the path obtained by removing « from this cycle defines a non-zero element of J(Q, F, W).

In the case that ¥ is closed, Broomhead [10] showed that under various consistency conditions on
G (the strongest of which implies that ¥ =2 S* x S is a torus), the dimer algebra is a 3-Calabi-Yau
noncommutative crepant resolution of a toric singularity. In the case that ¥ is a disk, Baur-King—
Marsh [4] show, for careful choices of G, that the dimer algebra is the endomorphism algebra of a
cluster-tilting object in Jensen-King-Su’s Grassmannian cluster category [26].

3. REDUCTION

In this section, we discuss some operations on an ice quiver with potential (@, F, W) that do not
affect the isomorphism class of J(Q, F, W). Our first reduction is straightforward, and only applies
when the subquiver F' has cycles.

Definition 3.1. Let (Q, F,W) be an ice quiver with potential. We call W, and also (@, F, W),
irredundant if each term of W includes at least one unfrozen arrow.

Proposition 3.2. Let (Q,F,W) be an ice quiver with potential. Then there is an irredundant
potential W° such that J(Q, F,W) = J(Q, F,W°).

Proof. Collecting terms containing only frozen arrows, there is a unique expression W = W° 4+ W?
in which W° is irredundant and W? is a potential on F. Then d,W? = 0 for any a € Q; \ F1, so
J(Q,F,W) = J(Q,F,We). O

The main reduction operation of this section is motivated by the fact that the ideal of K{(Q))
generated by the cyclic derivatives 0, may not be admissible, in the following sense.

Definition 3.3. Let @ be a quiver. An ideal of K{(Q)) is called admissible if it is contained in
J? = T2, (KQ1)®s?. We call an ice quiver with potential (Q, F, W) reduced if W is irredundant
and the Jacobian ideal of K({Q@)) determined by F' and W is admissible.

Remark 3.4. Since we sometimes wish to consider infinite-dimensional algebras, our definition of
admissibility differs from the usual one (e.g. [3, Defn. I11.2.1]) by dropping the requirement that
the ideal is contained in J" = [[52, (KQ1)®s? for some n € N. Since we defined J(Q, F, W) using
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the complete path algebra of @), its quotient by its Jacobson radical is semisimple, and it has the
idempotent lifting property (cf. Example 2.7) and so it has a well-defined Gabriel quiver. It is a
direct consequence of the definition that if (@, F, W) is reduced, this Gabriel quiver is Q.

Remark 3.5. The Jacobian ideal of an irredundant potential W is admissible if and only if no
term of W is a 2-cycle (recalling that we already insist in the definition that no term of W may be
a loop). Thus our definition of reduced is equivalent to that of Amiot—Reiten—Todorov [2, §1.3],
and also agrees with Derksen-Weyman—Zelevinsky’s definition [15, §4] in the case F' = &, in which
case every potential is automatically irredundant.

The main result of this section allows us to replace any ice quiver with potential by a reduced
one, without affecting the isomorphism class of the Jacobian algebra. This is a version of Derksen—
Weyman—Zelevinsky’s splitting theorem [15, Thm. 4.6] for ordinary quivers with potential. Indeed,
our proof will be very similar, so we refer heavily to [15] when the arguments apply essentially
without change, focussing instead on where some adaptation is necessary to deal with frozen arrows.

Theorem 3.6. Let (Q, F, W) be an ice quiver with potential. Then there exists a reduced ice quiver
with pOtential (Qreda Flea, Wred) such that j(Qa F, W) = j(Qreda Flea, Wred)-

The proof of this theorem follows closely that of [15, Thm. 4.6], and so we reproduce the necessary
definitions and results from loc. cit., generalising to ice quivers with potential where necessary.

Definition 3.7 (cf. [15, Def. 4.2]). Let (Q, F) and (Q', F’) be ice quivers such that Qo = Q and
Fy = F{. In particular, this means that K{(Q)) and K{(Q")) are complete tensor algebras over the
same semisimple algebra S = KQy. An isomorphism ¢: K((Q)) — K{(Q")) is said to be a right
equivalence of the ice quivers with potential (Q, F,W) and (Q', F',W') if

(i) ¢ls =ids,

(i) @(K{(F)) = K{(F")), where K{{F)) and K((F")) are treated in the natural way as subalgebras

of K{Q)) and K{(Q")) respectively, and
(iii) (W) is cyclically equivalent to W”.

Remark 3.8. If ¢ is a right equivalence, then so is ¢ ~!. The right equivalences of (Q, F, W) and
(Q', F',W') are precisely the right equivalences of the ordinary quivers with potential (Q, W) and
(Q',W') [15, Def. 4.2] that also satisfy (ii), i.e. they take K((F")) to K{{(F')). Thus the main way in
which arguments from [15] must be modified to fit our context is by ensuring that the necessary
right equivalences can be chosen to respect the frozen subquivers.

We introduce some more notation. Let
K(Q) @x K(@Q) = J] KQu®s™ ox (KQ1)®=",
m,n>0
recalling that S = KQq. For any path p = ay --- a1 of @, and any « € @)1, we may define
Aalp) = D ki1 @i g+ an € K(Q)) Bx K(Q))

and extend by linearity and continuity to a map A,: K(Q)) — K(Q)) ®x K(Q)). For f €
K{(Q)) &x K(Q)) and g € K(Q)), we define f e g € K((Q)) by setting (v ® v) e g = vgu and
extending linearly. These definitions allow us to state a chain rule for cyclic derivatives, proved by
Derksen—Weyman—Zelevinsky.

Lemma 3.9 ([15, Lem. 3.9]). If Q and Q' share a vertezx set Qo, and ¢: K{(Q)) — K{(Q")) is an
algebra homomorphism restricting to the identity on S = KQq, then for any potential W on @ and
any o € QY, we have

Dap(W) = > Au(p(B)) @ p(9sW).
BEQ1
Proposition 3.10 (cf. [15, Prop. 3.7]). If ¢ is a right equivalence of (Q,F,W) and (Q',F',W'),
then o induces an isomorphism J(Q, F,W) = J(Q', F',W").
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Proof. By Lemma 3.9, for any unfrozen arrow «a of Q', we have
Bap(W) = > Au(p(B)) & p(9sW).
BEQ1

Since ¢ restricts to an isomorphism K{(F)) = K((F')), if 8 € Fy then no term of () can include
the unfrozen arrow a, and so we have A, (¢(8)) = 0. Thus we may instead write

Dap(W) = Y Dalp(B)) ® 0(95W),
BeEQT
and see that
GV 0 € QN F]) = Gap(W) : a0 € QLN F])  (@(0:7) : B € Qr \ F),
with the equality coming from the cyclic equivalence of W’ and ¢o(W). Applying the same argument

to ¢!, which is also a right equivalence (Remark 3.8), we obtain the reverse inclusion, and the
result follows. O

If Q and Q' are quivers sharing the same vertex set @, we can define Q @ @’ to be the quiver
with vertex set Qg and arrows @, U Q). If F C Q and F’ C Q' are subquivers, then we write

(Q,F)a (@, F)=QaeQ,FUF),
where F'U F’ is the subquiver with vertex set F U F{j and arrow set F; U FY; note that while the

second union is necessarily disjoint, because of the definition of (Q ® @’)1, the first may not be.
Finally, if W and W' are potentials on Q and Q' respectively, we can define

QFEW)®(Q,F,W)=QoQ,FUF W+ W).

Definition 3.11 (cf. [15, Def. 4.3]). An ice quiver with potential (Q, F, W) is trivial if 7(Q, F, W) =
KQo.

Remark 3.12. Just as in [15, Prop. 4.4], trivial ice quivers with potential are, up to right
equivalence, those in which @; has exactly 2N arrows aq, (1, ..., an, By, all unfrozen, such that
«;B; is a 2-cycle for all ¢, and W = Zf\;l a;f;.

Note that if we allowed the square of a loop to be a term of W, this statement would be false;
for () consisting of a single vertex and a loop «, taking W = o2 gives J(Q, W) = K[[a]]/(2a) = K
provided char K # 2.

Proposition 3.13. Let (Q,F,W) and (Q', F',W') be ice quivers with potential such that Qo = Q)
and Fy = F§. If (Q', F',W') is trivial, then the canonical map K{(Q)) — K{(Q & Q")) induces an
isomorphism

JQFEW)S5JQeQ ,FUF W+W').

Proof. The proof is exactly as in the case that F is empty [15, Prop. 4.5], noting for ease of
comparison that the triviality of (Q', F', W’) implies that F| = @. |

Before proving Theorem 3.6, we give one more lemma, which provides a normal form for
irredundant potentials, up to right equivalence.

Lemma 3.14. Let (Q,F,W) be an ice quiver with potential such that W is irredundant. Then, up
to replacing W by a right equivalent potential, we have

M N
(3.1) W=> afi+ Y (ifi+aip)+W
i=1 =M1

for some arrows o; and B; and elements p; € J?, where
(i) «; is unfrozen for all1 <i < N, and B; is frozen if and only if i > M,
(ii) the arrows o; and B; with 1 < i < M each appear exactly once in the expression (3.1),
(ii7) the arrows f3;, for 1 <i < N, do not appear in any of the p;, and
(iv) the arrows «; and B;, for 1 <i < N, do not appear in the potential W1, and this potential
has no degree 2 terms.
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Proof. Up to cyclic equivalence and rescaling arrows, we have

N
(32) W= (aifi + cipi + 4:3:) + Wo

i=1

for some p;,q; € J? = H;ozz(KQl)@’sd, such that the terms «;3; are the only 2-cycles in W, and
no term of Wy contains «; or f;; cf. [15, Eq. 4.6]. It follows from our definition of an ice quiver
with potential that none of the arrows a; and §; appearing in 2-cycles in W are loops. We can
label these arrows so that «; is always unfrozen, and f; is unfrozen if and only if 1 < ¢ < M for
some M < N, as required by (i). We can also arrange that the arrows f; do not appear in any of
the pj, as required by (iii)—to do this, we cyclically rotate any term of a;p,; containing 3; until it
ends with this arrow, and relabel so that the rest of this term is incorporated into g; instead.

The proof of [15, Lem. 4.7] applies in our situation to show that, up to right equivalence, we may
assume that p; = 0 whenever §; is unfrozen, and ¢; = 0 for all i. Indeed, this lemma can be used
to construct a right equivalence ¢: K(Q)) = K{(Q)) which is the identity on vertices, all frozen
arrows and all unfrozen arrows different from the «; and §;, and takes W to a potential of the
required form. The reader is warned that the various potential terms in [15, Lem. 4.8] should be
relabelled as above to conform to our insistence that the 3; do not appear in any of the p;; this
relabelling then affects the next term of the inductive sequence of right equivalences constructed in
the proof of [15, Lem. 4.7], whose limit is our desired equivalence ¢.

After applying this equivalence, our potential has the form (3.1), and this expression satisfies
conditions (i), (iii) and (iv). To also impose condition (ii), we apply further right equivalences as
follows. First collect terms involving the arrow 1, and write them as

a1+ 61

for some linear combination of paths +; indeed, because of our assumptions on the expression (3.1),
v is even a sum of some of the unfrozen arrows «; for 1 < i < m. Since « is unfrozen, there is a
right equivalence ¢ fixing all arrows except o1 and with ¢(a;) = @1 — 7. Since 31 is not a loop, it
cannot appear in 7. As a result, the right equivalent potential (W) contains 31 exactly once, and
so after relabelling it still has an expression (3.1) satisfying (i), (iii) and (iv). Note that since @(aq)
does not involve any loops, nor can any degree 2 term of (W), and so this is a valid potential.
Now we can collect the terms of (W) involving «y, writing them as

04161 + 041(5

for some linear combination § of paths. Since 5y is unfrozen, there is a right equivalence v fixing
all arrows different from /31, and with (1) = f1 — 0. Since we already arranged that 8; appears
exactly once in the potential (W), the right equivalent potential (W) is obtained by simply
removing the terms a;0, so that in ¥(W) the arrow a; also appears exactly once, and this
potential still has an expression of the form (3.1) satisfying (i), (iii) and (iv). Now we can apply
the same argument to the potential ¥p(W) — a1 51, which involves a strictly smaller number of the
finitely many arrows of @, and inductively obtain a potential of the required form. O

We are now ready to prove the main result of the section.

Proof of Theorem 3.6. By Proposition 3.2, we may assume that W is irredundant, and thus further
assume that W has an expression of the form (3.1) satisfying conditions (i)—(iv) from Lemma 3.14.

Take Q4.iv to be the subquiver of ) consisting of all vertices and the arrows «;, 5; for i < M, and
Wirivy = Zf\il a;f3;, so that (Qiriv, Wiriv) is trivial. Let @' be the subquiver of @ consisting of all
vertices and those arrows not included in Qyiv, and W/ = W — Wi;,; we have arranged things so
that W' does not involve any arrows of Qtyiv, and thus defines a potential on Q’. Then (Q, F,W) =
(Q, F,W") ® (Qtriv, T, Wiriv), and hence J(Q, F,W) = J(Q', F,W') by Proposition 3.13.

Thus to finish the proof, it is enough to find a reduced ice quiver with potential (Qred, Fred, Wred)
such that J(Q', F,W') 2 J(Qred, Fred; Wrea). Simplifying our expression for W, and relabelling
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arrows for simplicity, we have

K
W = Z aiﬁi + Wreda
i=1

where each «; is unfrozen, and each (; is frozen and does not appear in any term of Wy .q—mnote
that we used condition (iii) from Lemma 3.14 here.

Let (Qred, Frea) be the ice quiver obtained from (Q’, F) by deleting f; and freezing «; for
each 1 < i < K. Then, by construction, (Qred, Fred; Wred) is reduced. We claim that the map
©: J(Q, F,W') = T (Qred, Froa, Wied) acting as the identity on vertices, and on arrows by

Vs V#BZforanylgng,
e(v) =
_aai Wredv 7= /Bi)
is an isomorphism.
First we check that ¢ is well-defined. If 7 is unfrozen and not equal to «; for any i, then
@(8’7W1) = @(a'yWred) = 8'yVVred = 07
since f3; does not appear in Wieq, and v is unfrozen in ’. On the other hand,
(p(aoci W/) = (p(ﬁz + aai Wred) = _aai Wied + aai Wiea = 0.

To see that ¢ is an isomorphism, let ¥ : J(Qred, Freds Wred) = J(Q', F, W') be the map acting as
the identity on vertices and arrows. This is also well-defined, as for each unfrozen « in Q..q we have
(04 Wrea) = 0y Wrea = O, W' =0,

as 7y is not one of the «y, which are arrows of Fi..q. Moreover,

'(/)(_aai Wred) = _aai Wred = _8(1,- W/ + ﬁi = Bz
in J(Q', F,WW’), so ¢ and ¢ are inverses. a
Proposition 3.15. Let (Q,F,W) be an irredundant ice quiver with potential. Then the ice quiver

with potential (Qred, Fred, Wred) from Theorem 3.6 is uniquely determined up to right equivalence
by the right equivalence class of (Q,F,W).

Proof. As in [15, Prop. 4.9], if (Q', F/,W’) and (Q", F",W") are reduced and (Qiriv, D, Whriv)
is a trivial ice quiver with potential such that (Q' ® Qtriv, F', W’ + Wiyiy) is right equivalent to
(Q" ® Quriv, F", W" + Wiiy), then (Q', F',W') is right equivalent to (Q", F”,W"). Indeed, the
proof of this proposition goes through without change in our more general setting, with the key
lemmas in fact now being more general than we need—for example, [15, Lem. 4.11] is only used in
the case that by, = 0 whenever ay is a frozen arrow.

Now let (Q, F,W) be an irredundant ice quiver with potential. Then, as in [15], it is clear
from the construction that the trivial quiver with potential (Qtyiv, @, Wiriv) from the proof of
Theorem 3.6 is determined up to right equivalence by the right equivalence class of (Q, F, W), and
then the statement of the previous paragraph implies that the same is true of (Qred, Fred; Wred). O

Definition 3.16. When (Q, F, W) is an irredundant ice quiver with potential, bearing in mind
Proposition 3.15, we call (Qred; Fred, Wriea) from Theorem 3.6 the reduction of (Q, F,W).

Example 3.17. We give a simple example of reduction, illustrating the additional feature appearing
in the case of ice quivers. Consider the ice quiver

Y4

(Q.F) = 7\/

2

in which F' consists of the boxed vertices 1 and 3 and the arrow 3, with potential W = ~v1v2v3+7y374.
This ice quiver with potential is not reduced; while W is irredundant, the relation

Oy W =7172 + 4
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includes a term consisting of a single arrow, and hence is not admissible. Following the proof of
Theorem 3.6, we rewrite

W = 9371 + 137172-
This expression satisfies the conditions of Lemma 3.14; in the notation of (3.1), N = 1, and we
have a; = 73, b1 = V4, p1 = 7172, and ¢1 = Wy = 0. Since 1 = 74 is frozen, we do not require
that p; = 0.

Since there are no 2-cycles in W consisting only of unfrozen arrows, the quiver (Q’, F, W’)
constructed in the proof of Theorem 3.6 is just (Q, F, W) as above; that is, there is no trivial part
to split off. The proof then tells us that (@, F, W) has frozen Jacobian algebra isomorphic to that
of the reduced ice quiver with potential (Qred, Fred; Wrea) Where Wieq = v37172 (the term of W
not given by a 2-cycle), and (Qyed, Fred) is obtained by deleting 74, the frozen arrow appearing in
the 2-cycle in W, and freezing 73, the unfrozen arrow in this term. That is,

(Qreds Frea) = k /72

2

The reader may readily check that there is an isomorphism J(Q, F, W) = J(Qred;, Frods Wred),
given by the recipe in the proof of Theorem 3.6.

4. MUTATION

In this section, we discuss how ice quivers with potential transform under a local move at a
mutable vertex, called a mutation. Unlike the operations in Section 3, this does not leave the
isomorphism class of the Jacobian algebra invariant in general, even in the case that FF = &. The
name is chosen because of the connection to mutation in cluster algebras, which we discuss in more
detail below, and corresponds to the physical operation of Seiberg duality [5, 32] (sometimes called
urban renewal) on the dimer models discussed in Example 2.5; see for example [38]. As in Section 3,
many of the arguments in this section carry over essentially without change from those in [15] for
the unfrozen case, so we focus on pointing out where modifications are necessary.

Definition 4.1. Let (Q, F, W) be an irredundant ice quiver with potential, and let v € Qg \ Fp be
a mutable vertex such that no loops or 2-cycles of @) are incident with v. Then the ice quiver with
potential 1, (Q, F, W) = (1, Q, o F, 1, W), called the mutation of (Q, F, W) at v, is the output of
the following procedure.
(i) For each pair of arrows a: u — v and f: v — w, add an unfrozen ‘composite’ arrow
[Ba]: u — w to Q. Since v is not incident with loops or 2-cycles, [Sa] cannot be a loop.

(ii) Replace each arrow a: u — v by an arrow a*: v — u, and each arrow : v — w by an
arrow 3*: w — v; these arrows are necessarily unfrozen, since v is.

(iii) Pick a representative of W in K{(Q)) such that no term of W begins at v (which is possible
since there are no loops at v). For each pair of arrows «, 8 as in (i), replace each occurrence
of fa in W by [Ba], and add the term [Ba]aV3Y—each term of the resulting potential
still has degree at least 2, since Sa cannot be a 2-cycle, and no degree 2 terms involve
loops, since [Ba] is not a loop. This potential is also irredundant, since the arrows [Sa] are
unfrozen, but it need not be reduced even if (Q, F, W) is.

(iv) Replace the resulting ice quiver with potential by its reduction, as in Theorem 3.6, this
being unique up to right equivalence by Proposition 3.15.

It will sometimes be useful to consider the ice quiver with potential i, (Q, F, W) = (11,Q, F, 11, W)
obtained after steps (i)—(iii), i.e. before taking the reduction. Note that 1, (Q, F, W) and ., (Q, F, W)
define isomorphic frozen Jacobian algebras, by Theorem 3.6. When F' = &, this definition of
mutation agrees with that given by Derksen—Weyman—Zelevinsky [15, §5], by Remark 3.5. The
quiver pu,Q may have 2-cycles, even if @) did not, although these cannot be incident with v.

For any ice quiver with potential (Q, F, W), let (Q, W) be the quiver with potential in which @
is the full subquiver of @ on the mutable vertices, and W is the image of W under the canonical
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quotient map K{(@Q))/[K({(Q)), K{(Q))] — K{(Q))/[K{(Q)), K{(Q))]. If v is a mutable vertex of Q,
and hence also a vertex of @, it is immediate from the definition that (f,Q, f,Q) = [, (Q, W).
Bearing in mind Remark 3.5, we even have (1, Q, p, W) = 1, (Q, W).

We now study further properties of the operations fi, and x,. Since fi, does not affect the frozen
subquiver (and agrees with p, after taking frozen Jacobian algebras), we will be able to import

even more arguments directly from [15] than in Section 3. For example, we have the following.

Proposition 4.2 (cf. [15, Cor. 5.4]). Let (Q,F,W) be an ice quiver with potential and v € Qg \ Fo
a mutable vertex not incident with any loops or 2-cycles of Q. Then the right equivalence class of
Wy (Q, F, W) is determined by that of (Q,F,W).

Proof. The proof of [15, Thm. 5.2], for the case that F' = &, is local to the mutable vertex v,
and so applies equally well in this case to show that the right equivalence class of j1,(Q, F, W) is
determined by that of (@, F, W); in particular, the right equivalences of (fi, @, f1, W) constructed
in this argument are also right equivalences of (f1,Q, i, F, i, W), since there are no arrows of F
incident with v. The result then follows from Proposition 3.15. |

Theorem 4.3 (cf. [15, Thm. 5.7]). Let (Q,F,W) be a reduced ice quiver with potential and
v € Qo \ Fy a mutable vertex not incident with any 2-cycles. Then u2(Q, F, W) is right-equivalent
to (Q,F,W).

Proof. The proof of [15, Thm. 5.7] also applies here, as follows. The quiver 2@ differs from Q
only by the addition of a 2-cycle, consisting of unfrozen arrows [fa]: v — w and [a*5*]: w — u,
for each pair of arrows «: © — v and 8: v — w of Q. (Formally, we also make the identifications
(a*)* = aand (B*)* = B for these arrows.) Moreover, the frozen subquiver of 2(Q, F, W) is F by
definition, and

AW =W+ > ([Bal + fa)a”57),

a: u—v
B v—w

where [IW] is obtained from W by replacing each occurrence of a path Sa through v by [Bal, as in
Definition 4.1(iii) (cf. [15, Eq. 5.20]).
Now let Qyriv be the subquiver of @ consisting of all vertices and the arrows [Sa] and [o*5*], and

Wiiv = Z [504 [a*ﬁ*]a

a: u—v
B:v—w

so that (Qtriv, @, Wiriv) is a trivial ice quiver with potential. To conclude the argument, one can
show exactly as in [15, Thm. 5.7] that 2 (Q, F, W) is right equivalent to (Q, F, W) & (Qtriv, T, Wiriv)-
Indeed, the three right equivalences of ordinary quivers with potential constructed by this argument
act as the identity on all arrows of [12Q) except those incident with v or of the form [Ba] or [a*3*],
all of which are unfrozen. Since (Q, F, W) is reduced by assumption, it follows from Proposition 3.15
that p2(Q, F,W) = (Q, F,W), as required. O

We now compare mutation of ice quivers with potential to the combinatorial process of Fomin—
Zelevinsky mutation (see [17, Def. 4.2] for the original definition in terms of matrices, or [28, §3.2]
in the language of quivers). First we recall this procedure, while also extending it slightly to cover
the situation of ice quivers (@, F') which have arrows between their frozen vertices.

Definition 4.4. Let (Q, F') be an ice quiver, and let v € Qg \ Fy be a mutable vertex not incident with
any loops or 2-cycles. Then the extended Fomin—Zelevinsky mutation p5%(Q, F) = (u52Q, u¥4F)
of (@, F) at v is defined to be the output of the following procedure.

(i) For each pair of arrows a: u — v and §: v = w, add an unfrozen arrow [Sa]: u — w to Q.
(ii) Replace each arrow a: u — v by an arrow a*: v — u, and each arrow : v — w by an
arrow 8*: w — v.
(iii) Remove a maximal collection of unfrozen 2-cycles, i.e. 2-cycles avoiding the subquiver F.
(iv) Choose a maximal collection of half-frozen 2-cycles, i.e. 2-cycles in which precisely one
arrow is frozen. Replace each 2-cycle in this collection by a frozen arrow, in the direction of
the unfrozen arrow in the 2-cycle.
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Note that, because of the choices involved in steps (iii) and (iv), this operation is only defined up to
quiver isomorphism. If we ignore all arrows between frozen vertices, as is typical in cluster theory,
then step (iv) has no effect, and we obtain the usual (unextended) definition of Fomin—Zelevinsky
mutation.

Example 4.5. The rules for removing 2-cycles in steps (iii) and (iv) of Definition 4.4 appear
naturally as equivalences of dimer models on surfaces with boundary, where they correspond to
integrating out massive terms—on the bipartite graph, this amounts to removing a bivalent vertex
and, if this vertex is not incident with a half-edge, merging the two adjacent vertices. This has the
effect on the quiver of removing the 2-cycle around this vertex when both arrows in this cycle are
unfrozen, and replacing it by a frozen arrow (with the predicted orientation) if one of the arrows is
frozen; see Figure 3 (cf. [4, Lem. 12.1]).

FIGURE 3. Removing bivalent vertices from a dimer model, either in the interior
(left) or at the boundary (right), and the effect on the dual ice quiver. (The colours
of the vertices are not important, and can be swapped, causing the orientations of
arrows to be reversed.)

Our goal now is to understand conditions on a potential W such that the ice quiver (u,Q, ppF)
of 11,(Q, F, W) coincides with the extended Fomin-Zelevinsky mutation uf%(Q, F). Since the first
two steps of the two mutation procedures are the same, we need only decide when Definition 4.1(iv),
the reduction step, induces the required cancellation of 2-cycles in Definition 4.4(iii)—(iv). The first
observation is essentially immediate from the proof of Theorem 3.6.

Proposition 4.6. Let (Q,F,W) be an ice quiver with potential, and v € Qo \ Fo. If (1o @, o F)
has no 2-cycles containing unfrozen arrows, then it agrees with u£(Q, F).

Proof. The ice quiver of [i,(Q, F, W) is the result of applying the first two steps of the operation
pE% to (@, F). The construction of the reduction of fi,(Q, F, W), given in the proof of Theorem 3.6,
modifies the ice quiver only by removing unfrozen 2-cycles, as in Definition 4.4(iii), and performing
the replacement operation on half-frozen 2-cycles described in Definition 4.4(iv). Thus if no 2-cycles
of these types remain in (u, @, 1, F'), the collections of such 2-cycles that were removed or replaced
as part of the reduction process must have been maximal, and so (u,Q, o F) = uf%(Q, F). ]

Definition 4.7. We say that an ice quiver with potential (Q, F, W) is non-degenerate if, for any
(Q', F',WW') obtained from (Q, F, W) by a sequence of mutations, (Q’, F’) has no 2-cycles containing
unfrozen arrows, or equivalently if (Q', F’) coincides precisely with the result of performing the
corresponding sequence of extended Fomin—Zelevinsky mutations to (@, F).

This condition is typically difficult to check—for a quiver with potential whose Jacobian algebra
is the endomorphism algebra of a cluster-tilting object in a suitable category, sufficient conditions
for non-degeneracy are given in Section 5. Alternatively, non-degeneracy is implied by the following
algebraic condition on J(Q, F, W).

Definition 4.8. The trace space of A= 7J(Q,F,W) is
Tr(A) = A/{A, A},



MUTATION OF FROZEN JACOBIAN ALGEBRAS 13

where {A, A} is the vector subspace spanned by commutators—note that this is typically different
from the ideal generated by commutators, which we denoted earlier by [A, A]. Abusing notation
by denoting the image of K{{(F)) under the projection from K{Q)) to Tr(A) again by K({(F)), and
recalling that we may treat S as the subalgebra of A spanned by the vertex idempotents, the
deformation space of W is Def(Q, F, W) := Tr(A)/(S + K{(F))). We call W a rigid potential for
(Q, F) if Def(Q, F,WW) = 0.

Remark 4.9. A potential W for (Q, F)) is rigid if and only if every cycle in @ containing an
unfrozen arrow is cyclically equivalent to an element of the Jacobian ideal; cf. [15, (8.1)].

Proposition 4.10 (cf. [15, Prop. 8.1, Cor. 6.11]). If (Q, F, W) is rigid and reduced, then it has no
2-cycles containing unfrozen arrows. Moreover, all of its mutations are also rigid and reduced.

Proof. The proof of [15, Prop. 8.1] applies in this context to show that (@, F, W) has no 2-cycles
containing unfrozen arrows; in short, such a cycle would violate the condition of Remark 4.9 implied
by rigidity of W. Since we only allow mutation at mutable vertices, and reduction does not affect
the isomorphism class of the Jacobian algebra by Theorem 3.6, the proof of [15, Cor. 6.11] also
applies to show that all mutations of (Q, F, W) are rigid. They are reduced by definition. O

Combining this with Proposition 4.6, we immediately obtain the following corollary.

Corollary 4.11 (cf. [15, Prop. 7.1]). Let (Q,F,W) be rigid and reduced. Then for any mutable
vertex v of Q, the ice quiver (1, Q, o F') of 1, (Q, F, W) agrees with the extended Fomin—Zelevinsky
mutation pb%(Q, F).

Example 4.12. Consider the ice quiver with potential (Q, F, W) given by

where F' is the full subquiver on {1,3} C Qg; we denote frozen subquivers in this way, with
boxed vertices and dashed arrows, throughout the example. We pick the potential W = azasaq,
which is reduced since every cycle in @ is cyclically equivalent to an element of its Jacobian ideal
(13, agan). Mutating at vertex 2 produces

a3

(12Q, F) wzaﬂ/

with potential fiosW = ab[asai]af + azlazay]; the only frozen arrow is az. This ice quiver with
potential is not reduced, but us(Q, F, W) is given by its reduction, which is the ice quiver

(12Q, p2F') = al\ /;

with potential oW = ablasai]af, as computed in Example 3.17. Note that this ice quiver is the
extended Fomin-Zelevinsky mutation u5%(Q, F), as predicted by Corollary 4.11. Mutating at 2
again gives

[Ch‘lz]

(H2p2Q, p2F) = \"‘2‘11’]/
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where we write (af)* = a; for simplicity. The potential is fiopueW = [aoaq][afad] + [afad]aza, so
a similar reduction gives

<,,[a§f”§],,,

(15Q, n3F) = Ox /%

2

with potential [afaj]asa;. Thus we have recovered the original ice quiver with potential, as
predicted by Theorem 4.3.

5. CLUSTER-TILTING OBJECTS

In this section we discuss the mutation of cluster-tilting objects in Frobenius cluster categories,
beginning with some definitions.

Definition 5.1. Let C be an additive category, and D a full subcategory. A left D-approzimation
of an object X € C is a morphism f: X — D such that D € D and Home(f, D’) is surjective for
any D’ € D. It is minimal if any endomorphism g: D — D such that gf = f is an isomorphism. A
minimal right D-approximation is defined dually.

Definition 5.2. An exact category &£ [13] is a Frobenius category if it has enough projective and
injective objects, and these two classes of objects coincide.

Theorem 5.3 ([23, §1.2]). Let £ be a Frobenius category. Then the stable category &, formed
by factoring out all morphisms factoring over a projective object, is a triangulated category, with
suspension induced from the inverse syzyqy functor Q~1, taking the cokernel of an injective envelope.

Definition 5.4. A triangulated category C with suspension functor X is said to be d-Calabi—Yau
if ¥¢ is a Serre functor, i.e. there are isomorphisms

Home (X,Y) = D Home (27Y, X),

functorial in X, Y € C, where D = Homg (—, K). We call a Frobenius category & stably d-Calabi-Yau
if the stable category £ is d-Calabi—Yau.

Definition 5.5. Let C be a triangulated or exact category. We call T' € C cluster-tilting if
{X €C:Ext (X, T) =0} =addT = {Y € C: Exty(T,Y) = 0}.

Definition 5.6 ([35, Defn. 3.3]). A Frobenius cluster category is a Krull-Schmidt® stably 2-Calabi—
Yau Frobenius category £ with cluster-tilting objects, such that gl. dim Endg(7T)°P < 3 for any
cluster-tilting object T € £.

Most of the results in this section hold in more general situations than that of Definition 5.6, since
we will not require the assumption on the global dimension of endomorphism algebras (although
this assumption is not as strong as it might appear, and holds for most examples of Frobenius
categorifications of cluster algebras; see Example 5.13).

Let £ be a Frobenius category, and let T' = @, _, T € £ be a cluster-tilting object. If £ is
2-Calabi—Yau, then Iyama—Yoshino’s mutation theory for such triangulated categories [25] allows us
to mutate T' € £ at any indecomposable summand T;—the indecomposable summands of T in the
stable category are precisely the non-projective indecomposable summands of T" € £. This induces
a mutation of T in the Frobenius category £, at any non-projective indecomposable summand T},
summarised as follows.

Theorem 5.7 ([25]). Let £ be a stably 2-Calabi-Yau Frobenius category, and let T = @, _, T), € €
be a cluster-tilting object, decomposed into indecomposable summands. Choose a non-projective
summand Ty, and a minimal left add(T/Ty)-approzimation Ty, — Xy of Ty. Then this map is an
admissible monomorphism, meaning it yields a short exact sequence

0 Ty X T 0,

IThis strengthens the original definition in [35], which required only idempotent completeness.
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in the exact structure of €. If the Gabriel quiver of Endg(T)°P has no loops or 2-cycles incident
with the vertex corresponding to Ty, then T} is indecomposable and p,T = (T'/T}) ® T} is again
cluster-tilting. One can also compute T} as the kernel of a minimal right add(T'/T},)-approzimation
of Ty, which is necessarily an admissible epimorphism.

Under the assumptions of Theorem 5.7, if Endg (T)°P = J(Q, F, W) is a frozen Jacobian algebra,
with Gabriel quiver @), we would like the categorical mutation of T at T} to be compatible with
the combinatorial mutation of (Q, F, W) at the vertex k corresponding to this indecomposable
summand. Precisely, we want an isomorphism

Endg (1 T)°P =2 T (11 Q, i s e W).

In this section, we explain conditions on £, T" and T}, which ensure this compatibility, by generalising
results of Buan, Iyama, Reiten and Smith [12], who provide an analogous theory in triangulated
categories. Our arguments and exposition follow [12] closely, with modifications as necessary to
handle the frozen arrows and vertices appropriately.

This result has applications to cluster categorification. It is employed by the author in [34] to show
that mutation of cluster-tilting objects in categorifications of polarised principal coefficient cluster
algebras, constructed in loc. cit., is compatible with Fomin—Zelevinsky mutation of quivers. We will
explain at the end of the section how to deduce the corresponding result for the Grassmannian
cluster categories of Jensen, King and Su [26], for which it was not previously known.

Let (Q, F,W) be a quiver with potential, and let k € Qf*. Let (Q', F,W') := jix(Q, F, W) be the
ice quiver with potential obtained after step (iii) of the calculation of the mutation (1@, pxF, W),
i.e. before the reduction step. By Theorem 3.6, there is an isomorphism

j(leFa W/) = j(lu‘anu’ka N’kW)v

but the former description of the algebra is more useful for the homological arguments in this
section. The reader should note, however, that one may need to pass to the reduction in order to
carry out iterated mutations, since this step can remove 2-cycles that would otherwise prohibit
mutations at their vertices.

For each arrow « € Q, there is an operation 9% : K{(Q)) — K{(Q)) of right differentiation,
defined on paths by

0" o o — Qg - -0, Q1 = Q,
o oo = X
0, otherwise.

There is also a left derivative !, defined analogously. The main advantage of using W’ rather than
W in this section is that we may use the more explicit description of W’ to compute the right
derivatives of the relations it defines. For later use, we record these right derivatives, which are
calculated directly from the definition, in the following lemma.

Lemma 5.8 (cf. [12, Lem. 5.8)). Let (Q,F,W), (Q', F,W') and k be as above. Let a,3 € Q1 be
arrows with ta = k = hB3, and let v,v" € Q1 N Q). Then
(i) 950 W' =050 W,
(1) 03000 W' = 030101 W] = 050,05 and 0,0, TV" = 0,0, (W] = 04050,7
D o o
(iii) O], 50a-W' = B,
(iv) 6g*8[amW’ = Oé*,
(v) Oh-0pW' = [af], and
(vi) For any 6,0’ € Q) such that 050sW' was not calculated in (i)-(v), we have 9§0;W' =0. O

Given an additive category C, and objects X,Y € C, let Rad¢(X,Y") denote the subspace of
Home (X,Y) consisting of maps f such that idx — gf is invertible for all g: Y — X. We then
define Radg'(X,Y") to be the subspace of Homg(X,Y') consisting of maps that may be written as a
composition f,,, o---o fi with f; € Rade(X;-1,X;) for some X; € C (so that necessarily Xy = X
and X,, =Y). We extend this notation by

Rad(X,Y) := Home(X,Y).
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Note that, for any m, the subspace Radg' (X, X)) is an ideal of End¢(X)°P. Moreover, if D C C is a
full subcategory, then Radp (X,Y) = Radg'(X,Y) if m = 0 or m = 1, but this equality need not
hold if m > 2. More information about the radical of a category may be found in [3, §A.3].

We will consider K-linear categories C satisfying the conditions

(C1) C is Krull-Schmidt, and

(C2) for any non-zero basic object X € C, we have

(A1) End¢(X)°P/Rade(X, X) = K™ for some n > 0, and
(A2) Ende(X)° = lim _ Ende(X)/Radg' (X, X).
For example, if B is a finite-dimensional Iwanaga—Gorenstein algebra, then the category
GP(B) = {X € mod B : Ext"(X, B) = 0 for all i > 0}
of Gorenstein projective B-modules is a Frobenius category satisfying (C1) and (C2); indeed, (C2)
is satisfied by any Hom-finite K-linear category.

Let C be a category satisfying (C1) and (C2), and let @ be a finite quiver. For each vertex i € Q,
choose an indecomposable object T; € C, and for each arrow a: i — j in @, choose a morphism
®a € Home (T}, T;). This data is equivalent to specifying an algebra homomorphism

®: K{Q)) — Ende(T)°P,

where T' = @, o, Ti [12, Lem. 3.5], with ®(e;) = idr, for each vertex idempotent e;. Let R be
a finite subset of the closed ideal of K((Q)) generated by arrows, such that each r € R is basic,
meaning it is a formal linear combination of paths of @ with the same head and tail, and let
I = (R) < K{(Q)). For example, the set of cyclic derivatives of a potential on Q is a set of basic
elements. Buan-Iyama—Reiten—Smith [12, Prop. 3.6] characterise when the homomorphism & above
induces an isomorphism ®: K((Q))/I = End¢(T)°P in terms of certain complexes in add 7' being
right 2-almost split, a definition we now recall.

Definition 5.9 ([12, Def. 4.4]). Let C be an additive category, and let T' € C be any object. Let

U, f1 Us fo X
be a complex in add T such that f; is not a split epimorphism, and consider the induced sequence
Home(T,U;) —— Home(T,Uy) — Rade (T, X) — 0.

We say that fo is right almost split in add T' if this induced sequence is exact at Rade (T, X), that
f1 is a pseudo-kernel of fy in add T if this induced sequence is exact at Home (T, Up), and that the
sequence (f1, fo) is right 2-almost split if both of these conditions hold simultaneously.

We define left almost split maps, pseudo-cokernels and left 2-almost split sequences in add T
dually, using the contravariant functor Home(—,T'), and call a complex

Yy f2 U, f1 Us fo X

weak 2-almost split in add T if (f1, fo) is a right 2-almost split sequence in add T" and (fa, f1) is a
left 2-almost split sequence in add 7.

To establish our isomorphisms, we will use [12, Prop. 3.3] (see also [12, Prop. 3.6], which is the
same result in more categorical language). The following statement specialises this proposition to
the case of frozen Jacobian algebras.

Proposition 5.10 (cf. [12, Prop. 3.3]). Let (Q, F, W) be an ice quiver with potential, C an additive
category satisfying (C1) and (C2), and ®: K{(Q)) — Endc(T)°P an algebra homomorphism. Write
T, = ®(e;)(T). Then the following are equivalent:

(i) ® induces an isomorphism J(Q, F,W) = End¢(T)°P,

(ii) for everyi € Qo, the complex

(5.1) @ Ty M @ Tha _ Pa T,

beQY acQ:
hb=1 ta=1



MUTATION OF FROZEN JACOBIAN ALGEBRAS 17

is right 2-almost split in add T, and
(iii) for every i € Qo, the complex

B9, W
(5.2) T, —2— P 1 ——"— P T
beQ: aceQy
hb=1 ta=1

is left 2-almost split in add T'.

Remark 5.11. If 7 is a mutable vertex, then the sequences (5.1) and (5.2) glue together into a
weak 2-almost split sequence in add T with both outer terms given by Tj; see [12, Lem. 4.1] for the
equality

AL OW = DLOW .

Thus in the context of [12, §5], which deals with ordinary Jacobian algebras, it is both possible and
convenient to phrase assumptions and conclusions in terms of the existence of such weak 2-almost
split sequences, even though one then proves more than is strictly necessary to obtain the mutation
results. Since this symmetry breaks down at frozen vertices, we must make a choice, and we choose
to use right 2-almost split sequences in these cases. Indeed, it is this breaking of symmetry that
results in the main differences between our arguments and those of [12]; we have to pick out which
of the two dual arguments provided by loc. cit. applies at each step of our proof.

Under the notation and assumptions of Proposition 5.10, let & € Qf* be a mutable vertex. Let
T € C be an indecomposable object not in addT', and write T = T/T, & T}}. We make the
following assumptions, labelled for consistency with the corresponding assumptions of [12, §5.2].
Our assumptions differ from these only by additional conditions at frozen vertices in (O) and (IV),
and conventions on composing maps.

(O) The map ® induces an isomorphism 7 (Q, F, W) = End¢(7)°P. By Proposition 5.10, this
condition may be phrased equivalently as follows: for every ¢ € Qf', the complex

DT W
T, —2— P Tw P 1. —2— 1T
bEQ1 acQ1
hb=1 ta=1

is a weak 2-almost split sequence in add 7', which we abbreviate to

fi2 fi1 fio

T, U; Uio T,

and for each ¢ € Fp, the complex

@6:55W
@ 1 N, @1, T,

beQ" a€Q1
hb=i ta=i

is a right 2-almost split sequence in add T', which we abbreviate to

U, I Uy L T

(I) There exist complexes
fr2 hy « « 9k fro
Ty — Uy — 17, T; — U — T}

in C such that fx1 = grhg.
(IT) The complex

frofrz hi

Ty —2— Uk Uk1 Ty

is a weak 2-almost split sequence in add(uiT).
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(III) The sequences

Home (T}, T)) —— Home (Upy, T) —22— Home (Tk, T}),

Home (T{, Ty) —2— Home (T}, Uro) LN Home (T3, k),
obtained from those of (I) by applying Home(—, 7)) and Home (7}, —) respectively, are
exact.
(IV) For all i € Qq, we have Ty, ¢ (add U;1) N (add Uyp); equivalently there are no 2-cycles of @
incident with k. For ¢ € Q' the sequences

Home (T}, Uiy ) — Home (T}, Usp) —2— Home (T}, T)),

Home (Usg, Tj) —2 Home (Ui, T}) —22— Home (T}, T}),
obtained by applying Home (T}, —) and Home(—, T}) respectively to the weak 2-almost
split sequence from (O), are exact. For each i € F, we have an exact sequence

Home (T}, Uy) —2 Home (T}, Usg) —2% Home (T}, Th),

obtained by applying Home (T}, —) to the right 2-almost split sequence from (O).

Lemma 5.12. Let £ be a stably 2-Calabi—Yau Frobenius category satisfying (C1) and (C2), let
(Q, F,W) be an ice quiver with potential, and let T € £ be a cluster-tilting object. Let ®: K{(Q)) —
Endg(T)°P be an algebra homomorphism inducing an isomorphism

&: J(Q,F,W) = Endg (T)°P.

If k € QF is not incident with any loops or 2-cycles, and ®(ex)(T) is not projective, then there
exists T & addT such that ®, T and T} satisfy the assumptions (O)-(IV).

Proof. By the assumptions on ®, we have that T} is an indecomposable non-projective summand
of the cluster-tilting object T'. Since £ is stably 2-Calabi—Yau and @ has no loops or 2-cycles at
k, we may take T} as in Theorem 5.7. For this choice of T}, most of our desired statements are
proved in [12, Lem. 5.7]. Note in particular that the complexes in (I) are in fact the short exact
sequences from Theorem 5.7; we will use this below. It remains to check the statements of (O) and
(IV) dealing with frozen vertices.

The existence of the required right 2-almost split sequence in (O) follows from the statement
(i) = (ii) of Proposition 5.10. Since there are no 2-cycles of @) incident with %, the statement that
Ty ¢ (add U;1) N (add Uyg) holds when 4 is frozen exactly as when 7 is unfrozen. For the remaining
statement in (IV), consider the diagram

0 0

1 1 i

Homg (1), Uj1) —— Homge (T, Uyy) —— Home (T, T;) —— 0

| | |

(5'3) HOIng(Uko,Ui ) — Homg(Uko,Ui ) — Homg(UkO,T%)

| | |

Homg (TF,U;1) —— Homg (T3, Uso) —— Home (T3, T;)
0 0 0

in which the lowest non-zero row is the sequence we wish to prove is exact. The columns are
obtained by applying Homg(—, X) to the short exact sequence

fro

0 Ty~ Uko Ty, 0
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for various X € add T'; since T is cluster-tilting, we have Exté(Tk, X) = 01in each case, and so these

columns are short exact sequences. The rows are obtained by applying Homg (Y, —) to the complex
U L% U L2 T,

which we have already shown is right 2-almost split in add T', for various Y € £. In the case of the

first two rows, we even take Y € add T’ it then follows immediately from the definition of right

2-almost splitness that the second row is exact. Exactness of the first row follows similarly, using
that Ty 2 T; to see that

Homg (Tk, T;) = Radg (T, Tj),

so that we also have exactness at Homg (T, T;). Exactness of the lowest row now follows by viewing
the diagram (5.3) as a short exact sequence of chain complexes, and passing to the long-exact
sequence in cohomology. O

Example 5.13. We pick out three families of Frobenius cluster categories for which some cluster-
tilting objects have endomorphism algebra isomorphic to J(Q, F, W) for @ without loops and
2-cycles, so we can apply Lemma 5.12. For cases (i) and (iii), proofs that the categories are indeed
Frobenius cluster categories can be found in [35, Eg. 3.11-12]. In case (ii), this is part of [34,
Thm. 1]. The fact that the relevant quivers have no loops or 2-cycles is a direct consequence of the
explicit construction in each case.

(i) Buan-Tyama—Reiten—Scott [11] associate Frobenius cluster categories C,, to elements w of
Coxeter groups. Each reduced expression i for w in terms of simple reflections determines a
cluster-tilting object T; € C,,, and Buan-Iyama—Reiten-Smith have shown that Endc,, (73)°P
is isomorphic to a frozen Jacobian algebra determined by i [12, Thm. 6.6].

(ii) In [34] the author constructs, for any acyclic quiver (), a Frobenius cluster category GP(Bg),
of Gorenstein projective modules over an Iwanaga—Gorenstein algebra Bg, containing a
cluster-tilting object with endomorphism algebra isomorphic to a frozen Jacobian algebra
constructed explicitly from @ [34, Thm. 5.3].

(iii) Jensen-King—Su [26] describe a Frobenius cluster category CM(By,,, ), consisting of Cohen—
Macaulay modules over an algebra By, ,,, categorifying Scott’s cluster algebra structure on
the homogeneous coordinate ring of the Grassmannian G} of k-dimensional subspaces of C"
[36]. A (k,n)-Postnikov diagram D determines both a cluster of Pliicker coordinates in the
cluster algebra, and a cluster-tilting object Tp € CM(Bj,,,). Baur-King-Marsh show that
Endp, ,(Tp)°P is isomorphic to a frozen Jacobian algebra determined by D [4, Thm. 10.3].
This algebra may also be realised [4, §2] as the dimer algebra of a dimer model in the disk,
as in Example 2.12.

These categories also satisfy (C1) (this being part of the definition of a Frobenius cluster category)
and (C2), providing that one uses the complete version of By, in (iii) (cf. [26, Rem. 3.3]). For
example, this makes the endomorphism algebra of any basic object of CM(By, ,,) a finitely generated
C[[t]-module, so that (A1) and (A2) hold.

Under the notation and assumptions of Proposition 5.10, let & € Q' be a mutable vertex. Choose
Ty ¢ add T and write pT = T/T), & T};. Assume (O)—(IV). By (IV), there are no 2-cycles in
Q incident with k, so we may take (Q', F,W') = i (Q, F, W); note that this is not the ordinary
mutation of (Q, F, W) since we do not perform the final reduction step, in order to give us better
control over the arrows of @', but it defines the same frozen Jacobian algebra as the ordinary
mutation. We now define an algebra homomorphism ®": K{(Q")) — End¢(uxT)°P by choosing a
summand of y; T for each i € Qf = Qo and a map ®’a: T; — T; for each arrow a: i — j in Qf, as
follows. For i # k, we associate T; to i, exactly as for T', and complete the assignment of summands
to vertices by associating the new summand T}} to k. On arrows, we define ® as follows.

(i) If @ is an arrow common to @ and Q’, then we take ®'a = ®a.
(ii) On arrows [ab] of Q’, define ®'[ab] = Pb o Pa.



20 MATTHEW PRESSLAND

(iii) Recall that by assumption (I) we have maps

ngT,:—) @Tha; hk: @Ttb%T;.

acQ1 beQ1
ta=k hb=k

If a € Q1 has ta = k, define ®'a* to be the component of g indexed by a, and if b € Q4
has hb = k, define ®'b* to be the component of —hy indexed by b.

We are now able to state the main result of this section.

Theorem 5.14. Let & be a stably 2-Calabi-Yau Frobenius category satisfying (C1)-(C2), let T € €
be a cluster-tilting object, and assume we have an isomorphism ®: J(Q,F,W) = Endg(T)°P for
some ice quiver with potential (Q, F,W). If k € Q' is a mutable vertex of Q not incident with loops
or 2-cycles, and ®(e)(T) is not projective, then there is an indecomposable object T} in £, unique
up to isomorphism, such that Ty 2 Ty, and T = T/T, & T} is cluster-tilting, and an isomorphism
T (11.Q, i Fy e W) = Endg (s, T)°P, induced from the map ® constructed above.

Proof. The existence and uniqueness of T}, follows from Theorem 5.7 and Lemma 5.12, so we need
only find the necessary isomorphism. Writing (Q’, F, W') = 4 (Q, F, W), the results of Section 3
give us an isomorphism 7 (14 Q, ur F, i W) = J(Q', F,W'), so it is enough to show that the map
@’ constructed above induces an isomorphism J7(Q’, F, W) = Endg (uT)°P.

To do this, we will apply the statement (ii) = (i) of Proposition 5.10, so it suffices to show, for
each i € @, that the sequence

@/623(1”/' d'c
(5.4) D 1. T, Ay, e
deQ)™ ceq),
hd=i te=1

is right 2-almost split in add(u,T). When ¢ is mutable, this follows from [12, Thm. 5.6], so we need
only deal with the case i € Fj. Our argument follows closely the proof of [12, Lem. 5.10], using
freely computations of the derivatives 9,9;W’ from Lemma 5.8. We treat elements of direct sums
as column vectors, with maps acting as matrices from the left; this convention is transposed from
that of [12].

Let i € Fy. Since @ has no 2-cycles incident with k, either there is no arrow k — i in @, or there
is no arrow ¢ — k in Q. In the first case, the sequence (5.4) has the form

(@ ) (& )

a,be@Q1
bbe‘%lk bl
2 = 2 CI?‘/ b ‘i’,,
(5.5) ® S SN ® (@bl )
(@ 1) (@)
deQ™ c€Qq
hd=1 }z(‘iék

where the direct sums are divided so that the upper portion consists of the contribution from arrows
in Q) \ @1, and z is given by the matrix

(¥t @O, 04W]
Lo oo w )

First we check that this is a complex, by computing

> @'[ab]®'a* = b frogr =0,

a€Q1
ta=k
> ' [ab]®' 0], 0aW] + Y ¥'cd'004[W] = 2IgW =0
a,beQq ceEQq
ta=k hc#k

b:i—k te=1
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for each b: i — k in @1 and d € Q7" with hd = i. Let £ be the number of arrows ¢ — k in ). Then
we have U;g = T{ ® U}y with T}, ¢ add U}, and the maps fio and f;; from the right 2-almost split
sequence of (O) decompose as

il

I
fio=(flo 1) : Ti @ Ul — T, fi1 = ( 2/}) Ui — T @ Uso.

We may then rewrite (5.5) as

¢
T*E (gk t) UZ
é 0 fi ESO (fiofro Fio) T
” > Ly,
Ui f

where f{yt = fl;.

Next we show that ( f},ff, fi5) is right almost split in add pT. Let p € Rade(T/Ty,T;). Since
fio = (flo £iy) is right almost split in add T, there exists (b.): T/T), — T{ @ U}, such that
p = flop1 + flip2. Moreover, since fyo is right almost split in add T, there exists q: T/T}, — Uf,
such that p; = f,foq, and so

p= flofioa + flop2

factors through ( /i, fis ) as required. On the other hand, if p € Rad¢ (T}, T;), then since gy is
left almost split in add(u;T') there exists q: Urg — T; such that p = ggg. Since there are no arrows
k — i in @, there are no summands of Uy isomorphic to T;, and so ¢ € Rade(Ugo, T;). Since
Uio € add(T'/Ty), we see as above that ¢, and therefore p, factors through ( f,ffo f1)-

Now we show that (90’/i ft,, ) is a pseudo-kernel of ( f,ff, fio ) in add pxT. By (III) and (IV) we
1
have exact sequences

(5.6) Home (1T, T}) —2— Home (j T, Uro) —22— Home (T, T)
and

(f{}) ’ "
(5.7) Home (s T, Ui1) Mal, Home (i T, T} @ Ulp) Uio o), Home (s T, T;).

Now if (51) : uT — Uf, & Ulj satisfies

p fro OY (P
o= aste 1) (2) = 1) (T 9) ().

then by exactness of (5.7) there exists ¢: pupT — U;1 such that

<fi1’)q:<f£0 0) <P1>
i 0 1)\p2/)"

It follows that ff,p1 = f/1q and ps = f/1g. In particular,

K3

fro(p1 —tq) = fha— fiug =0,

so by exactness of (5.6) there exists r: pupT — Tge such that p; —tq = gﬁr. It follows that

()= (5 2) )

completing the proof that (5.4) is right 2-almost split when there are no arrows k — ¢ in Q.
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Now assume instead that there are no arrows ¢ — k in Q. In this case, the sequence (5.4) has
the form

(D ) (B )

a,beQq

hb=k acQ

a: k—i y a: k—1 (d'a* ®'c)

(5.8) o S N o (& W),
(D7) (D)

deQy ceQ:

hd=i te=i

td£k

where

_ o'H* 0
Y=\, 0w @50 w])
We see using (I) that this is a complex, since

S Wb+ Y Bed 00 W] = (—grhk + PO,

acQ1 ceEQ1
a: k—1i te=1
= (—frr + fr)l7i, =0,
D VW90 [W] = OgW =0
i

for each pair a,b € Q1 with hb = k and a: k — i, and each d € QY with hd =i and td # k. (The
notation after the first equality sign on the first line refers to taking the component Ty, — T; = Thy,
indexed by the pair (a,b).) Let £ be the number of arrows k — i in Q. Then Uy = T} @ U/}, where
Ty, ¢ add U/, and f;; decomposes as

i
fu=(fi f4): Te @ U — Ui
We may then rewrite (5.8) as

_Rpt *
Uﬁl ( gk f'?//) Tke (u fio)
& ——=a & —— T,

12
Ua Uio

where sff, = f/; and fios = uhf.
Before showing that this sequence is right 2-almost split in add pu;T', we establish that the map
u: T,f — T;, whose components are given by ®’a* for the ¢ arrows a: k — 7, induces a bijection

(5.9) w: Home(Ty;, ")/ Rade (T, Ti*) = RadC(TgvTi)/Radidd(ukT) (T, T3).

By (C2), we have Hom¢ (T}, T7)/ Rade (T, T}) = K, spanned by the class of the identity, so it is
sufficient to show that Rad¢ (7T}, Ti)/Radidd(MT)(T,j, T;) has as basis the £ maps ®'a* for a: k — i.
These maps are some of the components of g, which is left almost split in add(u,T) by (II),
meaning that its components span Rade (T}, Uko)/ Radidd( ue) (Ti s Uko). Since there is no 2-cycle
of @ incident with k, we have fiofre € Rade(Ugo, Uk1), from which it follows that gy is also left
minimal, i.e. that its components are linearly independent in Radc¢ (7}, Uko)/Radidd(MT)(T,j, Uko),
hence a basis. Restricting to the summands of Uy isomorphic to T; then gives the desired result.

We may now show that (u fio ) is right almost split in add(uxT). Since f;o is right almost split
in add T by (O), for any p € Rad¢(T/Tk, T;) there exists p’': T /Ty, — U, such that

p=fior' = (u fio) (}2) .

On the other hand, if p € Rade (T}, T;), then by (5.9) there exists p; € Home (T}, T;¢) such that
D —up € Radidd(%T) (T, T;). Since gy is left almost split in add(uiT"), there exists ¢: Ugo — T
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such that p — up; = qgx. Now, using again that f;o is right almost split in add 7T, there exists
r: Ugo — Ujp such that g = f;or, so that

p=up1 + fiorgr = (U fio) (7?911)
factors through (« fio ) as required.

Finally, we show that (jli fo ) is a pseudo-kernel of (u fio) in add(pxgT). Assume that
i1/’

(ps):T" — T;:é @ U, satisfies
Y41
i = 0.
(u fo) <p2)

To see that p; factors through hﬁ, we first show that p; € Rad¢ (T, T,je)7 for which it suffices to
consider the case 7" = T}¥. We then have

p2 € Home (T}, Uio) = Radaqau, ) (Th , Uio),
and fijo € Radaqar(Uio, T3) = Radaqa(u,r)(Uio, Ti) by (O) and the assumption that there are no
arrows i — k in @, so that U;o € add(uxT). It follows that
upy = —fiop2 € Radzgqur) (T, 1),

so by (5.9) we have p; € Rade (T}, T;¢) as required. Now since hy, is right almost split in add(usT)
by (II), there exists q: T" — Uf, such that p; = higq.
By (III) and (IV) we have an exact sequence

Home (T, T} @ UY) M Home (px T, Uso) _fo Home (pi T, T5).

Since fio(p2 + sq) = fiop2 + uhfq = 0, it follows that there exists (&) : 7" — T{ @ Ujo such that

q1
+sq=(firr fh .
p2+sq=(far [ff) (qz)
We therefore have

po=—sq+ fhar + flae = s(flaqn — @) + flia2

0)-(* D)
D2 s 1 ) ’

so (5.4) is right 2-almost split when there are no arrows ¢ — k in @, completing the proof. (]

It follows that

We summarise our results in the following theorem, establishing compatibility of different notions
of mutation in Frobenius cluster categories.

Theorem 5.15. Let £ be a stably 2-Calabi-Yau Frobenius category satisfying (C1)-(C2), and
assume there is a cluster-tilting object T € £ such that Endg(T)°P = J(Q, F, W), for a reduced
ice quiver with potential (Q, F,W). Assume that QQ has no loops, and that the Gabriel quiver of
End¢ (T)Op has no 2-cycles for any cluster-tilting object T mutation equivalent to T. Then

(i) if T" is obtained from T by Iyama—Yoshino mutation, which is well-defined since Q has
no loops or 2-cycles, then Endg(T')°P = J(urQ, i F, 1 W), where k is the vertex of Q
corresponding to the mutated summand, and
(ii) the Gabriel quiver of Endg(T")°P is uiQ = pL?Q, the extended Fomin—Zelevinsky mutation
of Q at k.
Since (@, ukF,y ppW) is reduced and pup@Q has no loops, these results may be extended inductively
to the entire mutation class of T'.

Proof. Statement (i) is just Theorem 5.14. Since ux(Q, F, W) is reduced by definition, it follows
that u@ is the Gabriel quiver of J(ur@, uxF, pW) = Endg (T7)°P. Since it has no 2-cycles, it
coincides with yl,zZQ by Proposition 4.6. ]

To apply this theorem, we need ways of checking that loops and 2-cycles do not appear in the
relevant quivers. In the case of Hom-finite Frobenius cluster categories, this condition is automatic.
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Proposition 5.16. Let £ be a Hom-finite Frobenius cluster category, and T € £ a cluster-tilting
object. Then the Gabriel quiver Q of Endg(T)°P has no loops or 2-cycles.

Proof. Let A = Endg(T)°P. Since £ is a Frobenius cluster category, gl. dim A < 3, and since &£ is
Hom-finite, A is a finite-dimensional algebra. Thus by [24, 31], @ has no loops.

By [21, Prop. 3.11] (which uses again that A is a finite-dimensional algebra of finite global
dimension), to show that @ has no 2-cycles it is enough to show that Exti(S, S) = 0 for any simple
A-module S.

So let © € Q, and let S; be the corresponding simple module. By Lemma 5.12, we have access
to the sequences from assumption (O). Consider the sequence ending at 7T}, and apply Homg (T, —);
independent of whether 7 is mutable or frozen, this gives us an exact sequence

(510) HOHI‘g(T'7 U’Ll) —_— HOI’Ilg(T, UiO) Ed Radg(T, Tz) —_— 0,

with the leftmost two terms being projective A-modules since U;1,U;o € add T'.
Since € is Hom-finite, it satisfies (C2), and so S; = Homg (7, T;)/ Radg (T, T;). Combining this
fact with the exact sequence (5.10) provides the beginning

P P Py S; 0

of a projective resolution of S; with P, = Homg (T, U;1). Now, recalling the definition of U;; from
assumption (O), and using that ¢ has no loops, we see that T; is not a summand of U;;, and hence
Hom 4 (Ps, S;) = 0. Tt follows that Ext?(S;,S;) = 0, as required. O

Consider again the Frobenius cluster categories from Example 5.13(i)—(ii). Since these categories
are Hom-finite, we can combine Theorem 5.15 and Proposition 5.16 to see that the endomorphism
algebra of any cluster-tilting object within the mutation class of those referred to in Example 5.13 has
endomorphism algebra isomorphic to a frozen Jacobian algebra, and that mutation of cluster-tilting
objects commutes with extended Fomin-Zelevinsky mutation of quivers within these classes.

The argument above does not apply to the Grassmannian cluster categories CM(By,,) of
Example 5.13(iii), since these are Hom-infinite. However, we can replace Proposition 5.16 with the
following argument, and then apply Theorem 5.15 as before.

Proposition 5.17. Let CM(By, ;) be the Grassmannian cluster category [26] for the Grassmannian
G} with n > 3, as in Example 5.13(ii), and choose a cluster-tilting object T € £. Then the Gabriel
quiver of Endg(T)°P has no loops or 2-cycles.

Proof. To simplify the notation, we abbreviate By, to B. By [26, Thm. 4.5], there is an exact
functor m: CM(B) — Sub Qj, which is a quotient by the ideal generated by an indecomposable
projective B-module P,,. Here Sub @ denotes the exact category of submodules of an injective
module @y, for the preprojective algebra of type A,,_1, see [20, §3], and is a Hom-finite Frobenius
cluster category [35, Eg. 3.11] (in fact, it is even one of the categories C,, considered in [11]; cf. [19,
Lem. 17.2]).

As such, #T is a cluster-tilting object in Sub Qj, and Endgypq, (7T)°P is obtained from
Endg(T)°P as the quotient by an idempotent (that given by projection onto the summand F,,).
Thus the Gabriel quiver of Endgyy ¢, (77)°P has no loops or 2-cycles by Proposition 5.16. It follows
that any loops or 2-cycles in the Gabriel quiver of Endg(7")°P must be incident with the vertex
corresponding to P,.

However, because of the cyclic symmetry of the algebra B, the same argument applies when
replacing P,, by one of the n—1 other indecomposable projective B-modules, giving another quotient
functor 7’: CM(B) — Sub Qj (typically with 7'T 2 «T). Since n > 3, we may apply the above
argument to two more of these quotient functors, and thus also rule out any loops or 2-cycles in the
quiver of Endg(7T)°P incident with the vertex corresponding to P,. O

We note for completeness that in the one remaining case of G2, the projective line, the algebra
B = Bj is the complete path algebra of a 2-cycle, and the Grassmannian cluster category is
proj B, which has the unique cluster-tilting object B, with no mutable summands.
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