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Abstract

We consider a linear uncertain system with an unknown bounded disturbance
under a passification-based adaptive controller with quantized measurements.
First, we derive conditions ensuring ultimate boundedness of the system. Then
we develop a switching procedure for an adaptive controller with a dynamic
quantizer that ensures convergence to a smaller set. The size of the limit set
is defined by the disturbance bound. Finally, we demonstrate applicability of
the proposed controller to polytopic-type uncertain systems and its efficiency
by the example of a yaw angle control of a flying vehicle.

Keywords: Adaptive control; Quantization; Disturbance; Passification method

1. Introduction

Adaptive control plays an important role in the real world problems, where
exact system parameters are often unknown. One of the possible methods
for adaptive control synthesis is the passification method [2]. Starting from
the works [3, 4] this method proved to be very efficient and useful. Never-

theless, while implementing passification-based adaptive control, several issues
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may arise. First of all, disturbances inherent in most systems can cause infinite
growth of the control gain. This issue may be overcome by introducing the
so-called “o-modification” [5, 6]. Secondly, the measurements can experience
time-varying unknown delay. This problem has been recently studied in [7]. In
this paper we consider passification-based adaptive control in the presence of
measurement quantization and propose a switching procedure for the controller
parameters that ensures the convergence of the system state to an ellipsoid
whose size depends on the upper bound of the disturbance.

Control with limited information has attracted growing interest in the con-
trol research community lately [8, 9, 10, 11]. Due to limited sensing capabilities,
defects of sensors and limited communication channel capacities it is reasonable
to assume that only approximate value of the output is available to a controller.
These sensor and communication imposed constraints can be modeled by quan-
tization [12].

Although adaptive control of uncertain systems received considerable inter-
est and has been widely investigated, there are few works devoted to adaptive
control with quantized measurements. In [13] the performance of an adaptive
observer-based chaotic synchronization system under information constrains has
been analyzed. A binary coder-decoder scheme has been proposed and stud-
ied in [14] for synchronization of passifiable Lurie systems via limited-capacity
communication channel. In [15] a direct adaptive control framework for sys-
tems with input quantizers has been developed. In [16] a supervisory control
scheme for uncertain systems with quantized measurements has been proposed.
In supervisory control schemes usually a finite family of candidate controllers is
employed together with an estimator-based switching logic to select the active
controller at every time.

Differently from these works, the control scheme proposed here does not
require any estimator or observer. Unlike [16] we consider adaptive tuning of
the controller gain, rather than switching between several known controllers. At
the same time, to ensure convergence to a smaller set, our controller switches

parameters of the adaptation law.
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Notations. By || - || we denote Euclidean norm for vectors and spectral norm
for matrices. For P € R™*"™ notation P > 0 means that P is symmetric and
positive-definite, Amax(P), Amin (P) are the maximum and minimum eigenvalues,

respectively, PT denotes transposed matrix P.

2. System description

Consider an uncertain linear system

#(t) = Az(t) + Bu(t) + w(t),

y(t) = Cu(t)

(1)

with state z € R™, control input u € R, output y € R!, and constant uncertain
matrices A, B, C of appropriate dimensions. Unknown disturbance w(t) € R™
has a bounded norm:

[w®)] < Aw, t>0.

Following [2] we introduce the notion of hyper-minimum-phase (HMP) systems.

Definition 1. For a given g € R! the transfer function gTW(s) = g7C(sI —
A)7LB is called hyper-minimum-phase (HMP) if g W (s) det(sI — A) is a Hur-

witz polynomial with a positive leading coefficient gT CB > 0.

Assumption 1. There exists g € R! such that ||g|| = 1 and the transfer func-
tion gTW(s) = g7 C(sI — A)~'B is HMP.

The condition ||g|| = 1 is imposed only to simplify calculations and is not

restrictive since if g7 W (s) is HMP then ||g|| =g W (s) is also HMP.

Remark 1. The search of the vector g satisfying Assumption 1 in general is a
difficult problem. It is equivalent to the search of a Hurwitz polynomial in an
affine family of polynomials which is probably NP-hard (cannot be solved in a
polynomial time, see [17]). One approach based on Monte-Carlo method can be

found in [18].
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2.1. Passification lemma

Our results are based on the following lemma [4, 19].

Lemma 1 (Passification lemma). The rational function g" W (s) = g7 C(sI—
A)"LB is HMP if and only if there exist a matriz P, a vector 0, € R!, and a

scalar € > 0 such that
P>0, PA+ATP < —eP, PB=C"y, (2)
where A= A — BOTC.

Remark 2. If ¢TW(s) = g7 C(sI — A)~'B is HMP then there exists 0 such

that the input u = —0Ty 4+ v makes the system
%(t) = Ax(t) + Bul(t),
y(t) = Cu(t)

strictly passive with respect to a new input v, i.e. there exist functions V(x) =

2T Px, with P > 0, and ¢(z) > 0, where p(x) > 0 for x # 0, such that

V(xz(t)) < V(x(0)) +/0 [y (s)gu(s) = p(a(s))] ds.

Remark 3. Passification lemma is also contained in [20] (implicitly) and in
[21] (explicitly). This lemma provides conditions for existence of an output
static feedback w = —0Ty that renders the closed-loop system strictly positive
real (SPR). If no such constant output feedback exists, then no dynamic output
feedback with a proper transfer matriz exists to make the closed-loop system
SPR [22]. More subtle results for the case of non-strict passivity can be found

2.2. Quantizer model
Further we will assume that the controller receives quantized measurements.
Following [8] we introduce a quantizer with a quantization range M and a quan-
tization error bound A. as a mapping ¢: y +— q(y) from R! to a finite subset of
R! such that
lyll < M = lg(y) —yll < Ae.
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We will refer to the quantity e = ¢(y) —y as the quantization error. The concrete
codomain of ¢ is not important for our further analysis, therefore, can be chosen
arbitrary. The value of M is usually dictated by the effective range of a sensor.
By dynamic quantizer we will mean the mapping
au(y) = ng <y> : (3)
I

where p > 0. For each positive p one obtains a quantizer with the quantization
range pM and the quantization error bound puA.. We can think of u as the
“zoom” variable: increasing p corresponds to zooming out and essentially ob-
taining a new quantizer with larger quantization range and quantization error
bound, whereas decreasing i corresponds to zooming in and obtaining a quan-
tizer with a smaller quantization range but also a smaller quantization error
bound. A useful example to keep in mind is a camera with optical zooming
capability: one can zoom in and out while the number of photodiodes in the
image sensor is fixed. Another example is the system with digital communica-
tion channel that can transmit a finite number of bytes. In this case one needs
to encode all possible values of the output signal to transmit it through a com-
munication channel. Obviously, in such case one can reduce the quantization

error by reducing the range.

3. Ultimate boundedness

Together with the system (1) that satisfies Assumption 1 with some g we

consider the adaptive controller
u(t) = =67 (t)q(y(1)),

0(t) = valy(t)q" (y(t))g — ab(t),

where 7 > 0 is a controller gain parameter and a > 0 is a regularizing parameter.

(4)

Since g(y(t)) is piece-wise continuous we consider right-hand side derivative. As
it has been previously shown [24] adaptive controllers similar to (4) without
quantization (¢(y) = y) can ensure ultimate boundedness of the system (1).

Here we analyze this controller in the case of quantized measurements.
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We will derive our results using the following Lyapunov function
V(,0) = a" Pr + 570 - 0.7, (5)
where P, 0, satisfy (2). For convenience define the following quantities:
Ac =C[, Ap = min(P), Ap = Amax(P). (6)

Remark 4. Since chattering on the boundaries between the quantization regions
is possible, solutions to differential equation (1), (4) are to be interpreted in
the sense of Filippov. However, this issue will not play a significant role in
the subsequent stability analysis. Indeed, all upper bounds on V that we will

establish remain valid (almost everywhere) along Filippov’s solutions (cf. [T ]).
First we prove the following lemma.

Lemma 2. Under Assumption 1 consider the system (1), (4) with a quantiza-

tion range M > 0. Denote
a=c—v-— 20_1)\;1A2 ,
a=a+v(0+]6.] HAZ, (7)
B=v ApAL +ay 67 + (o]0 + 116:DAZ,

where € is from (2) and v > 0, 0 > 0 are such that o > 0. If A, and A,, are

such that ,
B M\p
o~ TAZ ®)
and ,
M=\
V(a(t),6(t.)) < —5— (9)
C
then fort > t.
V(0,00 < (Viale),0(0)) - 2 ) et 4 2 (10)

where t, > 0 is arbitrary time instant.

Proof. See Appendix A.

The following remark will be useful later.
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Remark 5. One can easily see that
B o A2 A2
E = Cy + Cuw w + ce e

where
o G
co =a 'l Ap, (11)

ce = 207 (|6, ]| + [164]%0).

Remark 6. Lemma 2 asserts that the state of the system (1), (4) converges
from the ellipsoid V(x,0) < M?*X\pAZ® to a smaller ellipsoid V(z,0) < ¢ +
cwAZ +c.A2. The size of the initial ellipsoid is such that y(t.) is in the quan-
tization range. The condition (8) guarantees that the values A, A are small
enough so that the limit ellipsoid is smaller than the initial one and, therefore,

y(t) is in the quantization range for t > t,.

The next theorem follows directly from Lemma 2, Remark 5, and the fact
that ¢, can be made arbitrary small by increasing the controller gain parame-

ter .

Theorem 1. Consider the system (1), (4) under Assumption 1 with a quanti-
zation range M and a controller parameter a given by (7). If Ae and A, are

such that
M?\p
AZ
where ¢y, ce are given by (11) with positive v, o such that o > 0, then fory >0

cwZ 4 A? <

such that c, + cwAZ + c.AZ < Mz)\pAEQ‘, the trajectories of the system are
ultimately bounded for any initial conditions satisfying

M?\p

Apllz(O)II* +57HI6(0) = 0.]* < =
C

Corollary 1. The system (1), (4) under Assumption 1 is ultimately bounded
for any controller parameters v > 0 and a > 0 if the quantization error bound

A >0 and ||z(0)| are sufficiently small.
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4. Switching control

Under conditions of Lemma 2 the state of the system (1), (4) converges from
the ellipsoid (9) to a smaller ellipsoid V (z,0) < ¢, +cy, A2 4c.A2. Consequently,
the output converges to a smaller set and if the controller “zooms in” onto this
smaller set it will reduce the maximum quantization error A.. This, in turn,
will decrease the value ¢, + ¢, A% + c.A? and ensure convergence to an even
smaller set. By repeating this zooming procedure one will obtain a sequence of
converging ellipsoids. Below we give a mathematical description of this idea.

Consider the following controller

u(t) = =07 (t)guw (y (1)),

. (12)
0() = Y0 (Y1) g (¥(£)g — a(t)O(2),

where q,,(+) is a dynamic quantizer, u(t), a(t) are piecewise constant (switching)
parameters to be determined later.

Suppose there is a known Vj such that
V(x(0),0(0)) < V.

Let us choose a zooming parameter pg > 0 such that

pgM>\p

W< ——.
AL

IN

This will ensure that ||y(0)|| < oM, that is y(0) is in the quantization range.
Assume that A,, and A, are such that ¢, A2 +c.pudA? < V. From (11) one can
see that ¢, can be made arbitrary small by choosing a large enough controller

gain parameter 7 > 0. Let us fix some v > 0, € > 0 such that
2 242
Cy + CwAy + cepig AL + € < Vo
Following (7) we choose
ag = a + g Ao + [16.]71).

Let us require the quantizer to change its zoom when V(z(t),0(t)) < Vi =
Cy + A2 + i A2 + €. Then (10) suggests that the first switching instance
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should have the form

2 2 A2
Vo — ¢y — cwA% — cepig AL

)

1
t1:t0+*111
(% €

where o = 0 and « is defined in (7). Inequality V(z(¢1),6(t1)) < V4 implies

ly(t)|l < Acy/ViAp! = M,

where (11 = o/ ViV ! Then one should recalculate the regularizing parameter
ar = a+ A (o +[10.] 7).

Since the maximum quantization error poA. has changed to a smaller quantity

p1Ae, the limit value for V(x(t), 0(t)) is now given by
Cy + CwAZ + coui AL

By repeating the procedure described above one obtains the following sequence

of parameters for i =1,2,...

Vi =cy + coA2 +copi A2+,

i = poy/ ViV,

o 1 (13)
a; =« +’YMZ‘A€(U+ 104177,

2 2 2
Vier — Cy — CwAw - CﬁluiflAe

1
ti = ti—l + —1In
« €

Note that the parameters of switching are predefined. To switch the zooming
variable p one needs to guarantee that the output y doesn’t leave some compact
set. This can be done in terms of the state x(t) using Lyapunov function (5).
Since x(t) is not known, the value of V' cannot be calculated. Therefore, we
use known upper bounds V; for V on [t;,¢;11) that can be calculated “a priori”.

The next lemma gives the limit value for V;.
Lemma 3. For any positive scalars c~, cy, Ce, D, e, €, Vo, po if

Cy + CwAZ + cepd A2 + € <V
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then the sequence

Vi

‘/;'_‘_1 = C’Y + CwAgj + CQVOM(%Ag +e€

monotonically decreases to the value
Cy + A% + €
1 — cepgAZV;
Proof. See Appendix B.
Now we minimize the quantity V. by choosing appropriate o, v. The values
¢y and € can be chosen arbitrary small. By minimizing the quantity ¢, /(1 —

ce,u%AzVO_l) with respect to o, v one finds that

Ac 1
= ————\/VoAp,
ol [0,V O

g
(14)
£ 1 o hoAcl|fu][Ac
= — — ||0,||pE A%y — e
v ) ” ”:L"O e’0 \/m
Then
2
Ve — Cy t € ApAw. (15)

C1- CEM(Q)Ag%il v?
Remark 7. By substituting o, v given by (14) into (7) we obtain

o=+ 0. uazvg > 0.

Relation cou3A. < Vo is equivalent to (||0.] + [0+ ]]20) 3 A2Vy ™ < a2, there-
fore,

3 9 « 14
v = 2= AR — (10 + 6. P32V > S -0tz - S =

That is v given in (14) is positive.

Remark 8. In [1] for a linear system without disturbances it has been shown
that adaptive controller (12) can ensure convergence of V' given by (5) to any
vicinity of the origin. The quantity ApAZv=2 that appears in (15) is the one

that cannot be improved due to unknown disturbance inherent in the system.

One could note that according to (13) there may exist such finite to, that
t;i = too. That is the controller should be able to switch infinitely often. To avoid
this issue we choose some value ¢ > 0 and stop switching when V; < V, + (.

The next theorem summarizes the aforementioned ideas.

10



160

165

Theorem 2. Under Assumption 1 consider the system (1), (12) with quantizer

range M. If A, Ay, are such that
CwlZ 4+ coud A2 <V, (16)

where ¢y, ¢ are given by (11) with o, v given by (14) and « given by (7), then
for any § there exists a positive integer I such that adaptive controller (12) with
positive v and € satisfying

Ccyt€

O oAp, ey CwA PN+ e <
1— CEM(%AEVE;I P ¥ Ho 0

and switching parameters

a;, telti,tiv1), 0<i<l,
ap, t=>1,
pi, tEtitivn), 0<i<lI,
e, =1,

where a;, p;, t; are given in (13), ensures that
ApAZ

t 2
=) < 525

6, t>1 (17)

for initial conditions that satisfy

2M2N
Apllz(O)I +~7116(0) - 6. < Vo < B =E
c
Moreover, ||0(t)] is a bounded function.

Proof. See Appendix C.

Remark 9. To obtain convergence conditions for the system (1), (12) without
quantization one can use Theorem 2 with Ae — 0, M — oo. Then (16), (18)
are always true, switching procedure (13) wvanishes and (17) in view of (14)
transforms to

4Ap

€2>\P

This estimate coincides with [25, Theorem 2.13].

lz@®))?* < A2+ 6. (19)

11
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Remark 10. The value of € from (2) is the stability level that can be achieved
by using the control law u(t) = —0.y(t). Larger € leads to smaller c. and,

therefore, (16) is satisfied with a larger mazimum quantization error A,.

Remark 11. Our results are applicable to the system (1) with uncertain A that
resides in the polytope

N N
A=Ac=>"&A;, 0<&, > &=1 (20)
i=1 =1

If g We(s) = gTC(sI—A¢) "1 B is HMP for all € from (20), then (2) are feasible
for each & with some 0¢ and P:. To apply the results of this paper one should
take

e =mineg, 6. = argmax||f¢]|,
€= 0¢,E€E (21)
Ap = rgnelg Amin(Pe), Ap= IgleaEX Amax (P ).
The existence of these quantities follows from Lemma 1, compactness of a set
of £, and continuity of the matriz A in €.
The relations (2) are feasible for 0 = k.g with large enough k. [2]. Since
(2) are affine in A¢, to obtain the values from (21) one can solve linear matriz

inequalities
P >0, P(Aj—Bk,g" C)+(A;—Bk,g"C)TP < —eP, PB=C"g, i=1,...,N,

with a decision variable P and tuning parameters €, k.. To find appropriate
tuning parameters one should first set € = 0 and find the minimum k, such that
LMIs are feasible. Then by increasing k., one will obtain larger allowable values

fore.
5. Example: yaw angle control

We demonstrate applicability of our results by an example of a yaw angle

control. Under several simplifying assumptions [26] dynamics of the lateral

12
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Figure 1: (a): norm of the state; (b): Lyapunov function (5).

motion of an aircraft can be described by (1) with

ail 1 0 b1
0 1 0
A= layn ax 0|, B=|b|, C= )
0 0 1
0 1 0 0

where x1 is a sideslip angle, x3 and 2 are the yaw angle and its rate, respectively,
u(t) is the rudder angle. Following [26] we take age = 1.3, by = 19/15, by = 19

and suppose that aq1, as; are uncertain parameters:
a] € [0.1,1.5], asy € [25740]. (22)

For g = g(l, 1)T the transfer function

T bes? + (byaz; — baary + ba)s + brasy — beany
g Wis) = 5
S\@(S — (a11 + a22)5 + aij1aoo — agl)

is HMP for all aq1, ag; from (22). Using Remark 11 we find that (2) are satisfied
with € = 0.25, 6, = 5.3¢,

23 -0.15 =2
P~ |-015 005 0.17|,
-2 0.17 5.15

where P is given up to hundredth. We take
Vo=10%, po=1, A,=01, A.=0.01.
For these parameters (16) is satisfied and, therefore, Theorem 2 can be applied.

For § = 2 it is sufficient to take v = 10® and € = 1072,

13
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Table 1: Parameters of switching: ¢; — instants of switching, V; — upper bound for

V(z(t), k(t)) on [ti,ti+1), ui — zooming parameter, a; — regularizing parameter.

i ti Vi Hi a;

0 0 1000 1 311.67
1 90.85 144.66 0.38 45.19
2 165.98 24.89 0.158 7.88
3 225.38 8.12 0.09 2.66
4 269.08 5.78 0.076 1.92
5 297.27 5.45 0.074 1.82

The results of numerical simulations for a;; = 0.75, as; = 33 are presented
in Fig. 1. Initial conditions were chosen randomly such that 6(0) = (0,0)7,
V(2(0),0(0)) < Vp. The values of all switching parameters are presented in
Table 1. The switching procedure stops after 5 switches. As one can see p; is

decreasing, this corresponds to “zooming in”.

6. Conclusions

We considered hyper-minimum-phase uncertain linear system with bounded
disturbance. First we proved that if the disturbance and quantization error
bounds are small enough the standard passification-based adaptive controller
ensures ultimate boundedness of the closed-loop system. Then we showed that
by using a dynamic quantizer with switching “zoom” variable one can ensure
convergence to a smaller ellipsoid. The size of this ellipsoid is defined by the
disturbance bound. Finally, we demonstrated applicability of the proposed con-
troller to polytopic-type uncertain systems and its efficiency by the example of

a yaw angle control of a flying vehicle.

14
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Appendix A. Proof of Lemma 2

Under Assumption 1 it follows from Lemma 1 that relations (2) are valid
for some matrix P and vector 0., therefore, Lyapunov function (5) can be con-
structed. Its derivative along the trajectories of the system (1), (4) has the

form
V =227 P[Az — BT q(y)] + 22T Pw

+2(0-0.)"q(y)q" (y)g — 20771 (0 - 0.)"0
= 20" P[Az — B0, Ca] + 24" (y)g(0+ — )" q(y)
— 2T (1) g(0. — 0)Tq(y) — 2y" g6 e + 227 Pw
+2(0 - 0.)"a(y)a" (y)g — 2a771(0 — 0.)70.
Here we used the relation PB = C%g from (2) and notation e = ¢(y) — y.
Condition (9) implies ||y(t.)|| < M. Since y(t) is continuous in ¢, ||y(t)|| < M
on [ty,T) for some T > t,. Thus |le(?)|| < A, for t € [t,,T). Since ||g|| = 1 and
2aTh < a’Qa + bTQ~1b for any vectors a, b and a matrix Q > 0, for t € [t,,T)
we obtain
= 2¢" (y)g(0. — 0)"a(y) < 2A](0x — )T q(y)]
< 2A[(0s — )Tyl +2A.|(0. — 0) el
< (o + 11071 AZN0 = 01 + o~ lyl® + 10, A2,
—2yT g0l e < o7 aTCT gg" O + o A2 |02,
20T Pw < vz Px + V_lAPA?U,
—2a7" 10 — 0.)T0 = —2ay71|0 — 6,]]* — 2ay (0 — 6.)T 6,
< —ay 0 = 0. + ay 6%

Then
V4aV —< —(e—v—20""25'0% —a)a" P

— (=20 AZ = Y017 AZ = a)y 76 - 0]

+ T APAT +ay 0P + o AZJIOL P + 0. AT - B
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By substituting values from (7) we find that V < —aV + 3. It follows from the

comparison principle [27] that for ¢ € [t.,T)
a a

Vix(t),0(t)) < (V(a;(t*),e(t*)) _ ﬁ) e—alt—t.) @

The latter together with (8), (9) implies T' = oo.

Appendix B. Proof of Lemma 3
For ¢« = 0 we have
Vi=c,+ chfu + ceugAg +e< V.

Suppose that 2 > 0 and for j < 4 it has been proved that V; < V;_;. Then
Vie1 Vi
Viea Vo

Viea

Vo

Vi=cy + chz, + e ugAg +€

<cy+ewAl tc, pPaAZ +e=V; 4.

Therefore V; is a monotonically decreasing sequence of positive numbers,

and, therefore, it has a limit value, which is a solution of the equation

V= ¢+ cul2 + ol j2A2 4,
Vo
ie. V=V,.
Appendix C. Proof of Theorem 2
Let us choose ¢ > 0 such that
S <o

1- CGM%AE‘/};l
Under conditions of Theorem 2, Lemma 2 implies (10) for ¢ € [to, t1], t« = to,
therefore,

V(z(t),00t) < Vo, Yt € [to,t1].

Consider t € [t;,t;+1] and assume that for j < 4 it has been proved that
Vi(x(t),0(t) <Vj, Vtelt),tj]
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By applying Lemma 2 on [t;_1,t;] with ¢, = ¢;_1 and substituting ¢ = ¢; into

(10) one arrives at
V(x(t:),0(t:)) < ey + w2 + cepi A2+ €=V,

Moreover,
M?MQAP o Mf)\p
AL A%
where M; = p; M. Thus, (9) is satisfied with M = M;, t. = t;. Relation (13)

Vi = iV =

implies
M2\
ey + CwA2 + i A2 < V; = ]\ L

2

c

That is (8) is true with 8 = v *ApAZ + a;y 1|0 + (0]|0.]1% + |04 2 A2,
M = M;, t. = t;. Therefore, Lemma 2 can be applied on [t;,¢;+1]. By induction
we conclude that

V(t) <V, Vte [ti,ti+1).

Since V; — V. there exists [ such that

ApA2,

V2

ViI<Ve+(¢< +3Ap.

Thus, if switching stops after ¢;, one obtains that for t > ¢,

ApAZ

V(a(t),60(t)) < “25 + op,
therefore, for t > t;
ApA?2
2 PRy
llz(@®)| < A + 4.

Function [|6(¢)|| is bounded since V' (z(t),6(t)) is bounded.
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