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Abstract—A new analytical torque model based on dq0-axis 

frame has been developed for 3-phase, 12-slot/8-pole single 

layer doubly salient synchronous reluctance machines. This 

newly developed torque model, compared to the one often based 

on abc-axis frame, is necessary to simplify the investigation of 

dynamic performance such as torque-speed curve and 

efficiency maps. It has been found that the 3rd order current 

harmonic injection not only improves the torque performance 

(increased average torque and reduced torque ripple) in 

constant torque region, but also maintains a similar torque level 

as the fundamental current supply in the flux weakening region. 

Moreover, although the 5th and 7th order current harmonic 

injection can reduce the torque ripple of machine, their 

dynamic performances are compromised due to low average 

torque and significant voltage distortion. Finite element 

simulations and dynamic tests have been carried out to prove 

the accuracy of the developed torque model and also the 

efficiency of the proposed current harmonic injection method. 

Keywords—doubly salient, harmonic current injection, 

synchronous reluctance machine, torque ripple reduction. 

I. INTRODUCTION 

Recently, switched reluctance machines (SRMs) have 

attracted increasing interest for high-performance 

applications due to their robustness, simplicity and low 

manufacturing cost [1]. Without any permanent magnets or 

field windings on the rotor, SRMs are excellent for harsh 

environment and safety-critical applications [2]. However, 

despite the SRMs having these and other attractive features, 

an asymmetric converter is often needed due to the specific 

current supply mode, as a result the use of conventional 

SRMs (CSRMs) in a wider range of industrial applications 

has been restricted. In addition, the doubly salient structure is 

regarded as one of the main factors that contributes to their 

high torque ripple, high vibrations and acoustic noise 

compared to the permanent magnet machines or induction 

machines. 

In most of the available literature about SRMs, many 

researchers have focused on investigating innovative 

methods to reduce the vibrations and acoustic noise. Apart 

from the well-established fact that the radial force excitation 

is the primary source of vibrations and acoustic noise [3], the 

torque ripple of SRMs has also been identified as another 

source determined by the tangential magnetic force [4]. In 

order to reduce the vibrations and acoustic noise, many 

studies have been carried out from the design or control 

aspects of the SRMs. In [5], authors mounted two or more 

SRMs in parallel sharing the same rotor shaft in order to 

reduce torque ripple and acoustic noise. In [6], rotor and/or 

stator shaping and skewing were investigated to minimize the 

torque ripple. Apart from the aforementioned design 

techniques, control strategies such as adopting different 

 
 

current excitations can also significantly reduce torque ripple 

and vibrations. For the square wave current supply, authors in 

[7] have proposed a torque sharing function to smooth the 

torque production during phase commutation. In [8], the 

direct instantaneous torque control (DITC) was proposed to 

reduce the torque ripple. Sinusoidal excitation effects on 

radial force have also been investigated for SRMs [9]. 

Moreover, other current waveform shaping methods have 

been considered to reduce torque ripple and vibrations and 

acoustic noise [10]. 

In addition to the above methods, authors in [11] 

proposed a mutually coupled SRM (MCSRM), as shown in 

Fig. 1, that can also achieve lower vibrations and acoustic 

noise compared to the CSRMs, especially when the sinewave 

current supply is adopted. It is worth mentioning that with 

sinewave current supply, the MCSRM becomes essential a 

doubly salient synchronous reluctance machine (SynRM). It 

is also found that, at relatively high phase current levels, the 

MCSRM can produce an average torque twice as high as that 

of the CSRM. However, MCSRMs also produces much 

higher torque ripple, leading to potentially higher vibrations 

and acoustic noise. 

In order to reduce the torque ripple of MCSRM, a new 

method of current harmonic injection is proposed in [12]-[13]. 

In these papers, the idea is to inject a single current harmonic 

with predicted magnitude and phase angle to obtain an 

opposite torque ripple component (torque due to harmonic 

current) to that produced by fundamental current (torque due 

to fundamental current). As a result, the resultant torque 

ripple can be significantly reduced. A torque model using 

electromagnetic quantities in abc-axis frame such as 3-phase 

self- and mutual-inductances, 3-phase currents, etc. has been 

developed in [12]-[13], which allows to predict the current 

harmonics (order, amplitude and phase angle) that need to be 

injected to reduce the torque ripple and/or to increase the 

average torque. However, the injected harmonic currents 

together with inductance harmonics would lead to 

non-negligible voltage distortion, which might influence 

machines’ dynamic performance such as torque-speed curves 

and efficiency maps. This has not been studied before and 

will be the main focus of this paper. 

The models developed in [12]-[13] using electromagnetic 

quantities in abc-axis frame are quite complex for analysis 

due to large number of parameters that need to be considered, 

e.g. 3-phase currents (fundamental and also harmonic 

components), 3-phase self- and mutual-inductances, etc. This 

is particularly the case for analyzing dynamic performance 

such as torque-speed and power-speed curves, efficiency 

maps, etc. To simplify the modelling for dynamic 

performance analyses, a common approach adopted in 

literature such as in [14]-[16] is to decouple the 

electromagnetic quantities from stationary (abc-axis) 

reference frame into rotating (dq-axis) reference frame. 
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However, in such electromagnetic models of synchronous 

reluctance machines, only the dc and 2nd order harmonics of 

the self- and mutual-inductances are considered. As a result, 

the dq-axis equivalents, such as, the dq-axis flux linkages and 

electromagnetic torque become constant (no torque ripple is 

considered). This means that the influence of higher order 

inductance harmonics cannot be fully considered. Although 

some existing research papers consider the higher order 

harmonic inductances in the electromagnetic model of 

synchronous reluctance machines [17]-[18], they often 

neglect the influence of current harmonics on machine 

performances. Therefore, in order to provide a more 

complete insight into the mechanism of torque generation 

and particularly to simplify the dynamic performance 

analyses of the MCSRMs with harmonic current injections, 

an alternative torque model based on dq0-axis frame that 

consider both current and inductance harmonics will be 

proposed in this paper. 

 

Fig. 1. Cross section and winding configuration of a 12s/8p single layer 

MCSRM. Here only the phase A is supplied with a dc current. 

TABLE I MACHINE KEY DIMENSIONS AND DESIGN FEATURES 

Stator slot number 12 Rotor inner radius (mm) 15.7 

Rotor pole number 8 Active length (mm) 60 

Stator outer radius (mm) 45 Number of turns per phase 132 

Air gap length (mm) 0.5 Coil packing factor 0.37 

Rotor outer radius (mm) 26.5 Current density (Arms/mm2) 5.68 

II. INSTANTANEOUS TOQUE EQUATION WITH 

FUNDAMENTAL CURRENT SUPPLY 

It is well-established that a balanced 3-phase voltages of a 

synchronous reluctance machine is given by (1), which can 

also be employed for a MCSRM [18]. [𝑣]𝑎𝑏𝑐 = 𝑅[𝑖]𝑎𝑏𝑐 + 𝑑[𝜓]𝑎𝑏𝑐𝑑𝑡  (1) 

[𝜓]𝑎𝑏𝑐 = [𝐿𝑠][𝑖]𝑎𝑏𝑐 (2) 

where [𝑣]𝑎𝑏𝑐, [𝑖]𝑎𝑏𝑐 and [𝜓]𝑎𝑏𝑐 are stator voltages, currents 

and flux linkages, respectively. 𝑅  and [𝐿𝑠]  represent the 

stator resistance and 3-phase inductance matrix, respectively. 𝐿𝑠 = [𝐿𝑎𝑎 𝑀𝑎𝑏 𝑀𝑎𝑐𝑀𝑏𝑎 𝐿𝑏𝑏 𝑀𝑏𝑐𝑀𝑐𝑎 𝑀𝑐𝑏 𝐿𝑐𝑐 ] (3) 

where L and M are the self- and mutual-inductances and 

given by: 

{  
  𝐿𝑥𝑥(𝜃𝑒) = 𝐿𝑠0 + ∑ 𝐿𝑛cos(𝑛(𝜃𝑒 + 𝜃𝑥𝑥))∞

𝑛=2,4,6,… 
𝑀𝑥𝑦(𝜃𝑒) = 𝑀𝑠0 + ∑ 𝑀𝑛cos(𝑛(𝜃𝑒 + 𝜃𝑥𝑦))∞

𝑛=2,4,6,…
 (4) 

where x and y indicate the phases a, b and c. 𝐿𝑠0and 𝐿𝑛 are 

the dc component and the magnitude of the nth order 

self-inductance harmonic, while 𝑀𝑠0  and 𝑀2  are the dc 

component and the magnitude of the nth order 

mutual-inductance harmonic. 𝜃𝑥𝑥  is the phase shift angle 

between three phases. For the investigated machine, it is 

equal to 0° , −120°  and 120° , for phases a, b and c, 

respectively. However, 𝜃𝑥𝑦 is equal to 120°, 0° and −120°, 
between phases a and b, b and c and c and a, respectively. 

After implementing the Park transformation P for (1)-(4), the 

standard dq0-axis model can be derived as 

𝑃 = [ cos 𝜃𝑒 −sin𝜃𝑒 1cos(𝜃𝑒 − 120°) −sin(𝜃𝑒 −120°) 1cos(𝜃𝑒 + 120°) −sin(𝜃𝑒 +120°) 1] (5) 

[𝑣𝑑𝑣𝑞𝑣0] = 𝑅 [𝑖𝑑𝑖𝑞𝑖0] + [0 −𝜔 0𝜔 0 00 0 0] [𝜓𝑑𝜓𝑞𝜓0] + 𝑑𝑑𝑡 [𝜓𝑑𝜓𝑞𝜓0] (6) 

The flux linkages in dq0-axis are given by: [𝜓𝑑𝜓𝑞𝜓0] = 𝐿𝑑𝑞0 [𝑖𝑑𝑖𝑞𝑖0] (7) 

and the𝐿𝑑𝑞0 are calculated by𝑃−1𝐿𝑠𝑃, and given by: 

𝐿𝑑𝑞0 = [ 𝐿𝑑 𝐿𝑞𝑑 𝐿0𝑑𝐿𝑑𝑞 𝐿𝑞 𝐿0𝑞𝐿𝑑0 𝐿𝑞0 𝐿0 ] (8) 

The same method for calculating 𝐿𝑑𝑞0 as detailed in [18] 

has been adopted in this paper. It is worth noting that the 

dq0-axis self-inductances, i.e. Ld, Lq and L0, contain non-zero 

dc components and superimpose with the spatial harmonic 

components with order 6k, k = 1, 2, 3… However, the 

dq0-axis mutual-inductances do not have the dc component 

and only contain harmonic components. For example, the 

harmonic orders are 6k, with k = 1, 2, 3… for 𝐿𝑞𝑑, and 3k 

with k = 1, 3, 5… for 𝐿𝑑0 and 𝐿𝑞0. Fig. 2 shows the waveform 

of dq0-axis self- and mutual-inductances. To simplify the 

analyses, the magnitude of the nth order inductance harmonic 

will be written as 𝐿𝑥𝑥,𝑛  in the following sections. For 

example, 𝐿𝑑,𝑑𝑐  represents the dc component of 𝐿𝑑 , 𝐿𝑑,6 

represents the magnitude of the 6th order 𝐿𝑑 harmonic, etc.  

 
Fig. 2. dq0-axis inductances vs rotor position. 

The instantaneous power in the dq0-axis frame can be 

calculated as: 𝑃𝑖𝑛 = [𝑣𝑎 𝑣𝑏 𝑣𝑐] [𝑖𝑎𝑖𝑏𝑖𝑐] = (𝑃−1 [𝑣𝑑𝑣𝑞𝑣0])
−1 𝑃 [𝑖𝑑𝑖𝑞𝑖0] = 32 (𝑣𝑑𝑖𝑑 + 𝑣𝑞𝑖𝑞 + 2𝑣0𝑖0) 

(9) 
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Therefore, the instantaneous torque 𝑇𝑒 can be determined 

from the instantaneous power as: 𝜔𝑚𝑇𝑒 = 𝑃𝑖𝑛 − 𝑃𝑐𝑜𝑝 − 𝑑𝑊𝑚𝑑𝑡  
(10

) 

where 𝜔𝑚  is the mechanical speed, 𝑃𝑐𝑜𝑝  represents the 

resistive loss. 𝑊𝑚 is the stored energy in the machine, which 

can be calculated by flux-current map, and for the linear case, 

the stored magnetic energy can be calculated by [19] 𝑊𝑚 = 12 ∑ 𝜓𝑖𝑖𝑖𝑖=𝑎,𝑏,𝑐 = 32 × 12 (𝜓𝑑𝑖𝑑 + 𝜓𝑞𝑖𝑞 + 2𝜓0𝑖0) 
(11) 

Substituting (6), (9) and (11) into (10), yields: 𝑇𝑒 = 32𝑝 (𝜓𝑑𝑖𝑞 − 𝜓𝑞𝑖𝑑 + 12 𝑖𝑑 𝑑𝜓𝑑𝑑𝜃𝑒 + 12 𝑖𝑞 𝑑𝜓𝑞𝑑𝜃𝑒 + 𝑖0 𝑑𝜓0𝑑𝜃𝑒− 12𝜓𝑑 𝑑𝑖𝑑𝑑𝜃𝑒 − 12𝜓𝑞 𝑑𝑖𝑞𝑑𝜃𝑒 − 𝜓0 𝑑𝑖0𝑑𝜃𝑒) 

(12) 

Without considering the current harmonics in the 

abc-axis, the dq0-axis currents will be constant as can be 

calculated by (13), and only the first four terms on the right 

hand side of (12) will produce average torque and torque 

ripple. 

[𝑖𝑑𝑖𝑞𝑖0] = [𝐼𝑑,𝑑𝑐𝐼𝑞,𝑑𝑐0 ] (1

3) 

Therefore, the instantaneous torque due to fundamental 

current can be obtained: 𝑇𝑓 = 𝑇𝑓,𝑑𝑐 + 𝑇𝑓,𝑟𝑖𝑝 
(

14) 

In (14), the average torque 𝑇𝑓,𝑑𝑐 and torque ripple 𝑇𝑓,𝑟𝑖𝑝 

can be calculated as: 𝑇𝑓,𝑑𝑐 = 32𝑝(𝐿𝑑,𝑑𝑐 − 𝐿𝑞,𝑑𝑐)𝐼𝑑,𝑑𝑐𝐼𝑞,𝑑𝑐 (15

) 

and 𝑇𝑓,𝑟𝑖𝑝 = 32𝑝 { ∑ (𝐿𝑑,𝑛 − 𝐿𝑞,𝑛𝑛=6,12,18,…+ 𝑛𝐿𝑑𝑞,𝑛)𝐼𝑑,𝑑𝑐𝐼𝑞,𝑑𝑐 cos(𝑛𝜃𝑒) − ∑ 𝑛2 (𝐿𝑑,𝑛𝐼𝑑,𝑑𝑐2 + 𝐿𝑞,𝑛𝐼𝑞,𝑑𝑐2 ) sin(𝑛𝜃𝑒)𝑛=6,12,18,…  

+ ∑ 𝐿𝑑𝑞,𝑛(𝐼𝑞,𝑑𝑐2 − 𝐼𝑑,𝑑𝑐2 ) sin(𝑛𝜃𝑒)𝑛=6,12,18,… } 
(16

) 

 
Fig. 3. Comparison of instantaneous torque by FEA and analytical 

predictions with 5Arms fundamental current.  

It can be found that the average torque is only produced 

by the dc components of the dq-axis inductances. Moreover, 

the frequency of torque ripple is a multiple of the 6th order for 

the 3-phase MCSRMs. And the nth order torque ripple is due 

to the interaction between the nth order dq0-axis inductance 

and the fundamental current (dc component in dq-axis). For 

accurate prediction and easy implementation, the 6th and 12th 

order inductance harmonics will be considered in this paper, 

as shown in Fig. 3. 

III. INSTANTANEOUS TORQUE EQUATION WITH 

CURRENT HARMONICS INJECTED  

When the harmonic current is injected, by way of 

example, the expression of phase a current can be written as: 𝐼𝑎 = 𝐼𝑓 sin(𝜃𝑒 + 𝛽𝑓) + 𝐼𝑣 sin(𝑣𝜃𝑒 + 𝛽𝑣) (17) 

where 𝐼𝑓  and 𝛽𝑓  are the magnitude and phase angle of the 

fundamental current, respectively. 𝐼𝑣  and 𝛽𝑣  are the 

magnitude and phase angle for the 𝑣𝑡ℎ  order harmonic 

current. It is worth noting that the torque model with current 

harmonic injection will be investigated for two separate 

cases, i.e. zero-sequence current harmonics in dq0-axis frame 

(3rd order current harmonic in abc-axis frame) and 

non-zero-sequence current harmonics in dq0-axis frame (5th 

and 7th current harmonics in abc-axis frame), as detailed in 

Appendix. 

A. Torque due to Zero-Sequence Current 

The 3rd order current harmonic injection will bring extra 

zero-sequence current component for a balanced 3-phase 

system. This section will investigate the torque contribution 

due to the zero-sequence current. And the dq0-axis current 

equation is given by: [𝑖𝑑𝑖𝑞𝑖0] = [
𝐼𝑑,𝑑𝑐𝐼𝑞,𝑑𝑐𝐼0,3 cos(3𝜃𝑒 + 𝜑0)] (18) 

In this case, the coupling effect between the 

zero-sequence and dq-axis current cannot be neglected. The 

flux linkage due to coupling effect can be written as (19). [𝜓𝑑𝜓𝑞𝜓0]|𝑖0 = [
0 0 𝐿0𝑑0 0 𝐿0𝑞𝐿𝑑0 𝐿𝑞0 𝐿0 ] [𝑖𝑑𝑖𝑞𝑖0] (19) 

Putting (18) and (19) into (12), the torque due to 

zero-sequence current 𝑇𝑧𝑒𝑟𝑜 can be calculated by: 𝑇𝑧𝑒𝑟𝑜 = 32𝑝 { ∑ (𝐿𝑑0,𝑛𝑛=3,9,15,…− 𝑛𝐿𝑞0,𝑛)𝐼𝑞,𝑑𝑐𝐼0,3 cos((𝑛 − 3)𝜃𝑒 − 𝜑0) + ∑ (𝐿𝑞0,𝑛 − 𝑛𝐿𝑑0,𝑛)𝐼𝑑,𝑑𝑐𝐼0,3 sin((𝑛 − 3)𝜃𝑒 −𝜑0)𝑛=3,9,15,…  + ∑ (𝐿𝑑0,𝑛 − 𝑛𝐿𝑞0,𝑛)𝐼𝑞,𝑑𝑐𝐼0,3 cos((𝑛 + 3)𝜃𝑒 + 𝜑0)𝑛=3,9,15,…  + ∑ (𝐿𝑞0,𝑛 − 𝑛𝐿𝑑0,𝑛)𝐼𝑑,𝑑𝑐𝐼0,3 sin((𝑛 + 3)𝜃𝑒 +𝜑0)𝑛=3,9,15,…  − ∑ 𝑛4 𝐿0,𝑛𝐼0,32(sin((𝑛 + 6)𝜃𝑒 + 2𝜑0)𝑛=6,12,18,… + sin((𝑛 − 6)𝜃𝑒 − 2𝜑0) + 2 sin(𝑛𝜃𝑒))} 
(20) 

It is obvious that once the zero-sequence current is not 

equal to zero, there will be a multiple of the 6th order torque 

harmonics in the resultant torque for a 3-phase MCSRM. 

Moreover, when the coefficient of 𝜃𝑒 in (20) is equal to 0, i.e. 

n = 3 for the first two terms and n = 6 for the last term, an 

extra average torque can be obtained. Therefore, the first two 

terms and the last term will contribute to average torque when 

the 3rd order current harmonic is injected, as shown below: 
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𝑇𝑧𝑒𝑟𝑜,𝑑𝑐 = 32𝑝(𝐿𝑑0,3 − 3𝐿𝑞0,3)𝐼𝑞,𝑑𝑐𝐼0,3 cos(−𝜑0) +32𝑝(𝐿𝑞0,3 − 3𝐿𝑑0,3)𝐼𝑑,𝑑𝑐𝐼0,3 sin(−𝜑0) −38𝑝𝑛𝐿0,6𝐼0,32 sin(−2𝜑0) 
(21) 

Since the last term on the right hand side of (21) is much 

smaller than the other two terms, it can be neglected and the 

average torque can be rewritten as: 𝑇𝑧𝑒𝑟𝑜,𝑑𝑐 = 𝑇 sin(𝜑0 + 𝜑) (22) 

where 𝑇 = √𝐴2 + 𝐵2 (23) tan 𝜑 = 𝐵𝐴 (24) 

with 

{𝐴 = −32𝑝(𝐿𝑞0,3 − 3𝐿𝑑0,3)𝐼𝑑,𝑑𝑐𝐼𝑣𝐵 = 32𝑝(𝐿𝑑0,3 − 3𝐿𝑞0,3)𝐼𝑞,𝑑𝑐𝐼𝑣 (25) 

B. Torque due to Non-Zero-Sequence Current 

This section will investigate the torque model due to a 

non-zero-sequence current. In order to inject the 5th or 7th 

order current harmonic in the abc-axis frame, the 6th order 

current harmonic has to be injected in the dq-axis, as 

described by (26). The difference between injecting the 5th 

and 7th order current harmonics has been shown in TABLE II 

(See details in Appendix). [𝑖𝑑𝑖𝑞𝑖0] = [𝐼𝑑,𝑑𝑐 + 𝐼𝑑,6 cos(6𝜃𝑒 + 𝜑𝑑)𝐼𝑞,𝑑𝑐 + 𝐼𝑞,6 sin(6𝜃𝑒 + 𝜑𝑞)0 ] (26) 

Putting (7), (8) and (26) in (12), gives: 𝑇𝑛𝑜𝑛−𝑧𝑒𝑟𝑜 = 32𝑝 {12 (𝐿𝑑,𝑑𝑐 − 𝐿𝑞,𝑑𝑐)𝐼𝑑,6𝐼𝑞,6 (sin(12𝜃𝑒 +𝜑𝑑 + 𝜑𝑞)− sin(𝜑𝑑 − 𝜑𝑞)) +(𝐿𝑑,𝑑𝑐 − 𝐿𝑞,𝑑𝑐)(𝐼𝑞,𝑑𝑐𝐼𝑑,6 cos(6𝜃𝑒 + 𝜑𝑑)+ 𝐼𝑑,𝑑𝑐𝐼𝑞,6 sin(6𝜃𝑒 +𝜑𝑞)) ∑ 12(𝐿𝑑,𝑛 − 𝐿𝑞,𝑛)𝐼𝑑,𝑛𝐼𝑞,𝑑𝑐(cos((𝑛 + 6)𝜃𝑒 + 𝜑𝑑)𝑛=6,12,18,… + cos((𝑛 − 6)𝜃𝑒 − 𝜑𝑑)) + ∑ 12(𝐿𝑑,𝑛 − 𝐿𝑞,𝑛)𝐼𝑑,𝑑𝑐𝐼𝑞,𝑛 (sin ((𝑛 + 6)𝜃𝑒 +𝜑𝑞)𝑛=6,12,18,… − sin ((𝑛 − 6)𝜃𝑒 −𝜑𝑞)) − ∑ 𝐿𝑑𝑞,𝑛𝐼𝑞,𝑑𝑐𝐼𝑞,𝑛 (cos ((𝑛 + 6)𝜃𝑒 + 𝜑𝑞)𝑛=6,12,18,… − cos ((𝑛 − 6)𝜃𝑒 −𝜑𝑞)) − ∑ 𝐿𝑑𝑞,𝑛𝐼𝑑,𝑑𝑐𝐼𝑑,𝑛(sin((𝑛 + 6)𝜃𝑒 + 𝜑𝑑)𝑛=6,12,18,… + sin((𝑛 − 6)𝜃𝑒 − 𝜑𝑑)) − ∑ 𝑛2 𝐿𝑑,𝑛𝐼𝑑,𝑑𝑐𝐼𝑑,𝑛(sin((𝑛 + 6)𝜃𝑒 +𝜑𝑑)𝑛=6,12,18,… + sin((𝑛 − 6)𝜃𝑒 − 𝜑𝑑)) + ∑ 𝑛2 𝐿𝑞,𝑛𝐼𝑞,𝑑𝑐𝐼𝑞,𝑛 (cos ((𝑛 + 6)𝜃𝑒 + 𝜑𝑞)𝑛=6,12,18,… − cos ((𝑛 − 6)𝜃𝑒 −𝜑𝑞)) + ∑ 𝑛2 𝐿𝑑𝑞,𝑛𝐼𝑑,𝑑𝑐𝐼𝑞,𝑛 (sin ((𝑛 + 6)𝜃𝑒 + 𝜑𝑞)𝑛=6,12,18,… − sin ((𝑛 − 6)𝜃𝑒 −𝜑𝑞)) 

+ ∑ 𝑛2 𝐿𝑑𝑞,𝑛𝐼𝑞,𝑑𝑐𝐼𝑑,𝑛(cos((𝑛 + 6)𝜃𝑒 + 𝜑𝑑)𝑛=6,12,18,… + cos((𝑛 − 6)𝜃𝑒 − 𝜑𝑑))} 
(27) 

It has been found that if the 6th order current harmonic is 

injected in the dq-axis, there will be a multiple of the 6th order 

torque harmonics in the resultant instantaneous torque. 

Moreover, it is also found that the average torque can be 

obtained when n is 6. Therefore, the average torque due to the 

6th order current harmonic can be calculated by: 𝑇𝑛𝑜𝑛−𝑧𝑒𝑟𝑜,𝑑𝑐 = 𝑇 sin(𝜑𝑑 + 𝜑) (28) 

where 𝑇 = {√(𝐴 − 𝐷)2 + (𝐵 − 𝐶)2𝑓𝑜𝑟𝜑𝑑 = 𝜑𝑞 + 𝜋(5𝑡ℎ𝑖𝑛𝑗𝑒𝑐𝑡𝑖𝑜𝑛)√(𝐴 + 𝐷)2 + (𝐵 + 𝐶)2𝑓𝑜𝑟𝜑𝑑 = 𝜑𝑞(7𝑡ℎ𝑖𝑛𝑗𝑒𝑐𝑡𝑖𝑜𝑛) 
(29) 

and 

tan𝜑 = {𝐴 − 𝐷𝐵 − 𝐷 𝑓𝑜𝑟𝜑𝑑 = 𝜑𝑞 + 𝜋(5𝑡ℎ𝑖𝑛𝑗𝑒𝑐𝑡𝑖𝑜𝑛)𝐴 + 𝐷𝐵 + 𝐷 𝑓𝑜𝑟𝜑𝑑 = 𝜑𝑞(7𝑡ℎ𝑖𝑛𝑗𝑒𝑐𝑡𝑖𝑜𝑛) (30) 

with 

{  
  
  𝐴 = ((𝐿𝑑,6 − 𝐿𝑞,6)2 + 3𝐿𝑑𝑞,6) 𝐼𝑞,𝑑𝑐𝐼𝑣𝐵 = (3𝐿𝑑,6 + 𝐿𝑑𝑞,6)𝐼𝑑,𝑑𝑐𝐼𝑣𝐶 = ((𝐿𝑑,6 − 𝐿𝑞,6)2 + 3𝐿𝑑𝑞,6) 𝐼𝑑,𝑑𝑐𝐼𝑣𝐷 = (−3𝐿𝑞,6 + 𝐿𝑑𝑞,6)𝐼𝑞,𝑑𝑐𝐼𝑣

 (31) 

It is worth noting that based on the proposed dq0-axis 

model, the current harmonic (magnitude and phase angle) can 

also be selected to reduce the torque ripple by using the same 

method in [12], and the results are shown in Fig. 4. Generally, 

a good agreement has been observed at a phase rms current of 

5A. It is worth noting that similarly as the model in abc-axis 

frame, the proposed model in dq0-axis cannot predict the 

torque ripple accurately when machine is highly saturated, 

due to the fact that (11) cannot calculate the magnetic store 

energy for non-linear condition. This would be the main 

drawback of the proposed analytical torque modelling. 

 
Fig. 4. Comparison of instantaneous torque by FEA and analytical 

predictions with/without current harmonic injection. Phase current is 5Arms. 

(Line: FEA; Mark: Analytical prediction). 

IV. DYNAMIC PERFORMANCE WITH CURRENT 

HARMONIC INJECTION 

Although the harmonic current injection can reduce 

torque ripple and the 3rd order harmonic current can even 

increase the average torque, the interaction between the 

inductance and current harmonics will lead to non-negligible 

distortion in the phase voltage, which could deteriorate the 
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dynamic performances of the MCSRM. The proposed 

dq0-axis model not only provides a powerful insight into the 

mechanism of torque generation, but also simplifies the 

investigation of dynamic performance, such as torque-speed 

curves, efficiency maps, etc. Therefore, based on proposed 

model, the influences of different current harmonic injections 

on the dynamic performance for the MCSRM are carried out 

in this paper. 

A. Torque-Speed Curve for Fundamental Current Supply 

For the MCSRM supplied by a voltage source inverter 

with space vector pulse-width-modulation (SVPWM) 

control, its phase current and voltage should satisfy the 

following conditions for a full range of speed: √𝑣𝑑2 + 𝑣𝑞2 ≤ 𝑉𝑚𝑎𝑥 = 𝑉𝑑𝑐√3  
(32

) √𝑖𝑑2 + 𝑖𝑞2 ≤ 𝐼𝑚𝑎𝑥 
(33

) 

where 𝑉𝑚𝑎𝑥 and 𝐼𝑚𝑎𝑥 are the voltage and current constraints 

of the inverter. Fig. 5 shows the dynamic voltage variation 

considering both the dc and harmonic component in the 

dq0-axis flux linkage. A good agreement has been observed 

between for 2D-FEA and analytical prediction. As expected, 

once the flux-linkage harmonics 𝜓𝑑𝑞0,ℎ  due to inductance 

and/or current harmonics are considered, there is significant 

distortion in the phase voltage. This means that with 

increasing rotor speed, the peak voltage will reach the 

inverter’s voltage limit earlier than that without considering 
the flux linkage harmonics. As a result, the flux weakening 

capability can be reduced. Fig. 6 shows the torque-speed 

curves when the current constraint of the inverter is 7.07 A (5 

Arms), and the dc link voltage is 24V. It is found that the 

torque is significantly reduced during flux weakening 

operation and the base speed shows 25% reduction once the 

voltage distortion due to inductance harmonics is considered. 

 
Fig. 5. αβ-axis voltages for fundamental current. ( 𝐼𝑚𝑎𝑥 = 7.07𝐴 , 𝜔 =200𝑟𝑝𝑚 and 𝑉𝑑𝑐 = 24𝑉). (a) 2D-FEA and (b) Analytical prediction. 

 
Fig. 6. Torque-speed curves for fundamental current. I=5Arms and Vdc=24V.  

B. Torque-Speed Curve with Current Harmonic Injection 

As example, Fig. 7 shows the current waveform of the 3rd 

order current harmonic injection. As can be seen that for the 

same rms current, the peak current is larger than that of the 

fundamental current. This means that the selected 3rd order 

current harmonic reaches the current limit earlier than the 

pure sinewave current supply. Therefore, the rms current 

should be reduced to keep the peak current at the same level 

after injecting the current harmonic. It will happen for the 5th 

and 7th order current harmonic injections as well. For 

completeness, the dynamic performance will be investigated 

in two cases, i.e. one is constant rms current condition 

(CRMS), while the other is constant peak current condition 

(CPC). 

 
Fig. 7. Phase a current waveform with the 3rd order current harmonic 

injection. 

The same as fundamental current supply in Fig. 5, the 

voltage vector with 5th and 7th current harmonic injection has 

also been shown in Fig. 8, and only the analytically predicted 

results have been presented. It is obvious that the distortion in 

the voltage is significant, especially when current harmonics 

are injected. And compared with pure sinewave current 

supply in Fig. 5, the 5th and 7th current harmonic injection will 

lead to the machine reach the inverter’s voltage limit even 

faster.  

It is worth noting that, different from the 5th and 7th 

harmonic current injections, the 3rd order current harmonic 

injection will bring extra zero-sequence current. Therefore, it 

requires a special control strategy to control the injected 

zero-sequence current. This can be achieved using the 

3-dimentional (3D) SVPWM [20]-[21], in which the neutral 

point of a 3-phase machine is connected to an extra half 

bridge leg. It has been found that without considering the 

over modulation, the voltage limit of the 3D-SVPWM can be 

calculated by 
𝑉𝑑𝑐√3 , as shown in (34). Similar to the 

fundamental current supply in section IV.A, the voltage 

distribution with the 3rd order current harmonic injection can 

be limited in a sphere with a radius of 𝑉𝑑𝑐√3 , as shown in Fig. 9. 

√𝑣𝑑2 + 𝑣𝑞2 + 𝑣02 ≤ 𝑉𝑚𝑎𝑥 = 𝑉𝑑𝑐√3  (34) 

 
Fig. 8. αβ-axis voltages with voltage distortion. (a) If+I5th and (b) If+I7th. 

(𝐼𝑟𝑚𝑠 = 5𝐴𝑟𝑚𝑠, 𝜔 = 200𝑟𝑝𝑚 and 𝑉𝑑𝑐 = 24𝑉).  
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Fig. 9. αβ0-axis voltages with the 3rd order current injection and with voltage 

distortion. (𝐼𝑟𝑚𝑠 = 5𝐴𝑟𝑚𝑠, 𝜔 = 200𝑟𝑝𝑚 and 𝑉𝑑𝑐 = 24𝑉).  

Therefore, the torque-speed curve under CRMS condition 

has been calculated, as shown in Fig. 10. A good agreement 

can be observed between the FEA and analytical predictions. 

It is also found that the base speed of the MCSRM could be 

reduced after injecting the current harmonics, especially for 

the 5th and 7th order current harmonics. It is mainly due to the 

fact that these current harmonics cause significant voltage 

distortion which limits the flux weakening capability. 

However, the 3rd order current harmonic can increase the 

average torque in constant torque region and maintain similar 

torque level as fundamental current supply in flux weakening 

region.  

Fig. 11 shows the torque-speed curves under constant 

peak current condition. Using the 3rd order current harmonic 

injection as example, due to the fact that the rms current is 

reduced by 19% (see Fig. 7), the average torque can be 

reduced to (1 − 0.19)2 × 100 = 65.6%  of that of the 

CRMS condition. However, it is worth noting that the 

dynamic performance for the two cases (CRMS or CPC 

condition) are the same in flux weakening region. This is due 

to the fact that in the flux weakening region, machine is 

limited by the voltage rather than the current, meaning that 

with the same machine parameters, the torque-speed 

performance of the two cases should be the same. This is also 

the case for other order current harmonic injections. 

 
Fig. 10. Torque-speed curves after current harmonic injection with 

considering the voltage distortion under CRMS condition. Irms=5Arms and 

Vdc=24V. (Line: FEA; Mark: Analytical prediction). 

 
Fig. 11. Torque-speed curves after current harmonic injection with 

considering the voltage distortion under CPC condition. Ipeak=7.07A and 

Vdc=24V. (Line: FEA; Mark: Analytical prediction). 

V. EXPERIMENTAL VALIDATION 

In order to validate the predictions using the proposed 

current harmonic injection method, a single layer 12s/8p 

MCSRM built in [22] has been adopted for experimental 

tests. The machine specifications are shown in TABLE I. Fig. 

12 shows the test rig setup for validating the proposed 

harmonic current injection method. The experiments with the 

proposed methods under dynamic conditions are described in 

the following sections.  

 

 
 

Fig. 12. Test rig and prototype machine for dynamic tests. 

Two types of dynamic tests including transient current, 

speed and torque as well as torque-speed and 

efficiency-speed curves are also carried out. The 

implementing method for the 3rd order current harmonic 

injection is detailed in [12]. A 3 phase 4-leg inverter was 

adopted for injecting the 3rd order current harmonic.  

The first test evaluated the performance of the proposed 

current injection method at transient state. Therefore, the 

machine is operating under speed control, and a permanent 

magnet dc generator is utilized as the load. At the beginning, 

the test machine rotates at 50rpm and after 3s, the speed 

demand increases to 200rpm. The harmonic current can be 

added into the dq0-axis reference current directly. The phase 

a currents are shown in Fig. 13 (a) and the speed and torque of 

the MCSRM with and without the current harmonic injection 

are shown in Fig. 13 (b) and (c), respectively. It can be seen 

that the speed and torque ripple suppression by the proposed 

method is not compromised at transient-state. Moreover, the 

transient time from 50rpm to 200rpm can even be reduced by 

more than 10% after injecting the 3rd order current harmonic, 

which is due to the extra torque produced by such harmonic 

current injection. 

Fig. 14 shows the torque spectra at different speeds. A 

clear reduction in the 6th order torque ripple can be observed 

at both low and relatively higher speeds. However, it is also 

observed that there are some low frequency harmonics in the 

on-load torque. This is mainly due to the manufacturing 

tolerance of the prototype machine, the unavoidable 

imbalance in the test rig and also the torque ripple introduced 

by the load generator. 
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(a) 

  
(b) 

 
(c) 

Fig. 13. Transient state results with/without current harmonic injection. 𝐼𝑟𝑚𝑠 = 5𝐴𝑟𝑚𝑠 and Vdc=24V (a) Phase a currents, (b) speeds and (c) on-load 

torques. 

 

Fig. 14. Torque spectra at different speeds. (a) 𝜔 = 50𝑟𝑝𝑚 and (b) 𝜔 =200𝑟𝑝𝑚. 

The second test investigated the dynamic performance by 

implementing the current harmonic injection method. It is 

worth mentioning that in order to ease the winding process of 

the prototype machine, smaller copper wires have been 

deliberately used in the prototype machine, leading to higher 

phase resistance. As a result, if Vdc is still kept at 24V as in 

Section IV, there will be no constant torque region. 

Therefore, a higher Vdc of 40V has been used in this test. Fig. 

15 shows the torque-speed and efficiency-speed curves for 

the test machine. Overall, the measured torque-speed and 

efficiency-speed curve match well with the predictions. As 

expected, with the 3rd order current harmonic injection, the 

machine produces more than 10% extra torque at the constant 

torque region, and slightly higher torque during the 

flux-weakening operation. In addition, the 3rd order current 

harmonic injection can also improve the machine efficiency 

for the investigated speed range, while the 5th and 7th order 

current harmonic injections can only reduce the machine 

efficiency in full speed range. It is worth noting that the lower 

efficiency is mainly due to relatively higher phase resistance, 

which leads to higher copper loss. 

 
(a) 

 
(b) 

Fig. 15. Predicted and measured torque-speed and efficiency-speed curves. 

( 𝐼𝑟𝑚𝑠 = 5𝐴𝑟𝑚𝑠  and Vdc=40V) (a) torque-speed curve and (b) 

efficiency-speed curve. 

VI. CONCLUSION 

This paper proposes an analytical torque model based on 

the dq0-axis frame for doubly salient synchronous reluctance 

machines with current harmonic injection. Such analytical 

torque model is essential for simplifying the investigation of 

dynamic performance such as torque-speed curve and 

efficiency maps. In addition, details have been provided for 

showing how to inject harmonic currents in dq0-axis frame 

for 3rd, 5th and 7th order current harmonic injections.  

Due to the interaction between current and inductance 

harmonics, there will be significant voltage distortion, which 

will in turn affect machine dynamic performance (flux 

weakening capability) such as torque-speed curves. The 

results have shown that, in the constant torque region (or 

constant torque region), different from the 5th and 7th order 

harmonic current injections, the 3rd order current harmonic 

can increase the average torque. In flux weakening region (or 

constant power region), the 3rd order harmonic current 

injection can achieve similar torque level as the fundamental 

current supply while the 5th and 7th order harmonic currents 

generally reduce the output torque. The proposed analytical 

modelling and current harmonic injection are both validated 

by FE simulations and dynamic tests.  
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APPENDIX 

In order to inject the current harmonics as proposed in 

[12] into dq0-axis, the transformation of dq0-axis currents to 

abc-axis currents has been analysed in this section. It is worth 

noting that the understanding of the transformation effect of 

current harmonics in dq0-axis frame to abc-axis frame and 

vice versa is essential for investigating the dynamic 

performance and also for the experimental validation. The 

general current equation in dq0-axis is given by 

{𝑖𝑑 = 𝐼𝑑,0 + 𝐼𝑑,𝑘cos(𝑘𝜃𝑒 + 𝛼𝑑,𝑘)𝑖𝑞 = 𝐼𝑞,0 + 𝐼𝑞,𝑘 sin(𝑘𝜃𝑒 + 𝛼𝑞,𝑘)𝑖0 = 𝑖0,𝑘 sin(𝑘𝜃𝑒 + 𝛼0,𝑘)  (35) 

where 𝐼𝑑,0  and 𝐼𝑞,0  are the dc component in dq-axis, 

respectively. k, 𝐼𝑑𝑞0,𝑘 and 𝛼𝑑𝑞0,𝑘 represent the order (k=3, 6, 

9…), magnitude and phase angle of the kth harmonic, 

respectively. After employing the inverse Park 

transformation, the currents in abc-axis reference frame can 

be simplified as  𝑖𝑎(𝜃𝑒) = 𝑖1∗(𝜃𝑒) + 𝑖𝑘−1∗ (𝜃𝑒) + 𝑖𝑘+1∗ (𝜃𝑒) + 𝑖0 𝑖𝑏(𝜃𝑒 − 120°) = 𝑖1∗(𝜃𝑒 − 120°) + 𝑖𝑘−1∗ (𝜃𝑒 − 120°) +𝑖𝑘+1∗ (𝜃𝑒 − 120°) + 𝑖0 𝑖𝑐(𝜃𝑒 + 120°) = 𝑖1∗(𝜃𝑒 + 120°) + 𝑖𝑘−1∗ (𝜃𝑒 + 120°) +𝑖𝑘+1∗ (𝜃𝑒 + 120°) + 𝑖0 

(36) 

with 

{ 𝑖1∗(𝜃𝑒) = 𝑖1sin(𝜃𝑒 + 𝛼1)𝑖𝑘−1∗ (𝜃𝑒) = 𝑖𝑘−1sin[(𝑘 − 1)𝜃𝑒 + 𝛼𝑘−1]𝑖𝑘+1∗ (𝜃𝑒) = 𝑖𝑘+1 sin[(𝑘 + 1)𝜃𝑒 + 𝛼𝑘+1] (37) 

The magnitude and phase angle in (37) can be calculated 

by {𝑖𝑚 = √𝑏2 + 𝑎22tan 𝛼𝑚 = 𝑏𝑎 𝑚 = 1, 𝑘 − 1𝑎𝑛𝑑𝑘 + 1 

𝑎 = { −𝐼𝑞,0 𝑚 = 10.5(−𝐼𝑑,𝑘 sin 𝛼𝑑,𝑘 + 𝐼𝑞,𝑘 sin 𝛼𝑞,𝑘) 𝑚 = 𝑘 − 10.5(−𝐼𝑑,𝑘 sin 𝛼𝑑,𝑘 − 𝐼𝑞,𝑘 sin 𝛼𝑞,𝑘) 𝑚 = 𝑘 + 1 

𝑏 = { 𝐼𝑑,0 𝑚 = 10.5(𝐼𝑑,𝑘 cos 𝛼𝑑,𝑘 − 𝐼𝑞,𝑘 cos 𝛼𝑞,𝑘) 𝑚 = 𝑘 − 10.5(𝐼𝑑,𝑘 cos 𝛼𝑑,𝑘 + 𝐼𝑞,𝑘 cos 𝛼𝑞,𝑘) 𝑚 = 𝑘 + 1 

(38) 

Based on (35) and (36), it can be found that the magnitude 

and phase angle of 0-axis current before and after Park 

Transformation will not change. Therefore, the 3rd order 

current harmonic can be simply injected by supplying exactly 

the same 3rd order current harmonic into 0-axis. 

Moreover, it can also be found that in order to inject the 

5th and 7th order current harmonics, both the 6th order current 

harmonic in dq-axis have to be injected. To clarify the 

difference between the 5th and 7th current harmonic 

injections, further analysis for (36)-(38) has been done. Some 

assumptions have been made to simplify the method, i.e. the 

magnitude of injected current harmonics in both d- and 

q-axes are the same. 𝐼𝑑,𝑘 = 𝐼𝑞,𝑘 (39) 

To cancel the (k+1)th order current harmonic in (36), 𝑖𝑘+1 

in (37) should be equal to 0. Hence, components in (38) with 

m=k+1 must be “0” at the same time, as shown in (40). 

{𝑎 = 0.5(−𝐼𝑑,𝑘 sin 𝛼𝑑,𝑘 − 𝐼𝑞,𝑘 sin 𝛼𝑞,𝑘) = 0𝑏 = 0.5(𝐼𝑑,𝑘 cos 𝛼𝑑,𝑘 + 𝐼𝑞,𝑘 cos 𝛼𝑞,𝑘) = 0 (40) 

And it can be solved as  𝛼𝑑,𝑘 = 𝛼𝑞,𝑘 + 𝜋 (41) 

By substituting (39) and (41) into (38), the (k-1)th order 

current harmonic can be easily calculated by  {𝑖𝑘−1∗ (𝜃𝑒) = 𝐼𝑑,𝑘 sin[(𝑘 − 1)𝜃𝑒 + 𝛼𝑑,𝑘]𝑖𝑘+1∗ (𝜃𝑒) = 0  (42) 

The same method has been utilized to cancel the (k-1)th 

harmonic. When the injected dq-axis harmonics satisfy the 

condition as 𝛼𝑑,𝑘 = 𝛼𝑞,𝑘 (43) 

then the (k+1)th order current harmonic can be obtained as  { 𝑖𝑘−1∗ (𝜃𝑒) = 0𝑖𝑘+1∗ (𝜃𝑒) = 𝐼𝑑,𝑘 sin[(𝑘 + 1)𝜃𝑒 + 𝛼𝑑,𝑘] (44) 

After comparing (42) and (44) with current harmonic 

equation (17) in abc-axis. The implementation of current 

harmonic injections in dq0-axis frame can be concluded in 

TABLE II. When the magnitudes of dq-axis currents are the 

same (𝐼𝑑,𝑘 = 𝐼𝑞,𝑘 = 𝐼𝑣), and if𝛼𝑑,𝑘 = 𝛼𝑞,𝑘 + 𝜋 = 𝛽𝑣, there is 

only (k-1)th order current harmonic in the 3-phase currents. 

But if𝛼𝑑,𝑘 = 𝛼𝑞,𝑘 = 𝛽𝑣 , there is only (k+1)th order current 

harmonic in the 3-phase currents. 

TABLE II IMPLEMENTATION OF CURRENT HARMONIC INJECTIONS IN 

DQ-AXIS FRAME 𝐼𝑑𝑞0,𝑘 𝑣 
𝐼𝑑,𝑘 𝛼𝑑,𝑘 𝐼𝑞,𝑘 𝛼𝑞,𝑘 𝐼0,𝑘 𝛼0,𝑘 𝑘 0 - 0 - 𝑖𝑣 𝛽𝑣 𝑘 − 1 𝑖𝑣 𝛽𝑣 𝑖𝑣 𝛽𝑣+𝜋 0 - 𝑘 + 1 𝑖𝑣 𝛽𝑣 𝑖𝑣 𝛽𝑣 0 - 

Note: k=3, 6, 9… abc-axis frame harmonic orders are𝑘, 𝑘 − 1 or𝑘 + 1, 

while in dq0-axis frame, they are either 0 or k. 
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