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ABSTRACT 21 

A cavity expansion based solution is proposed in this paper for the interpretation of CPTu data 22 

under a partially drained condition. Variations of the normalized cone tip resistance, cone factor, 23 

and undrained-drained resistance ratio are examined with different initial specific volume and 24 

overconsolidation ratio, based on the exact solutions of both undrained and drained cavity 25 

expansion in CASM, which is a unified state parameter model for clay and sand. A drainage 26 

index is proposed to represent the partially drained condition, and the critical state after 27 

expansion and stress paths of cavity expansion are therefore predicted by estimating a virtual 28 

plastic region and assuming a drainage-index based mapping technique. The stress paths and 29 

distributions of stresses and specific volume are investigated for different values of drainage 30 

index, which are also related to the penetration velocity with comparisons of experimental data 31 

and numerical results. The subsequent consolidation after penetration is thus predicted with the 32 

assumption of constant deviatoric stress during dissipation of the excess pore pressure. Both 33 

spherical and cylindrical consolidations are compared for dissipation around the cone tip and 34 

the probe shaft, respectively. The effects of overconsolidation ratio on the stress paths and the 35 

distributions of excess pore pressure and specific volume are then thoroughly investigated. The 36 

proposed solution and the findings would contribute to the interpretation of CPTu tests under 37 

a random drained condition, as well as the analysis of pile installation and the subsequent 38 

consolidation.  39 

Keywords: CPTu, cavity expansion method, partially drained condition, excess pore pressure 40 



 

3 

 

1  |  INTRODUCTION 41 

The cone penetration test has become one of the most popular and versatile in-situ soil testing 42 

methods, owing to its simplicity, economy efficiency and the obtained continuous records. The 43 

piezocone, usually terms as CPTu, was first invented in 1970s, and gradually becomes the 44 

standard configuration for cone penetrometers, which measures the pore water pressure 45 

typically behind the cone.1 The penetration rate for a standard CPTu in practice is 46 

approximately 20mm/s, and the dissipation data can also be obtained during the pause of 47 

penetration. Together with the records of cone tip resistance, sleeve friction and pore pressure, 48 

the interpretation of CPTu data is applied for the determination of soil stratigraphy based on 49 

the Soil Behavior Type (SBT) charts, soil properties1-3 and the equilibrium groundwater 50 

pressures, although many empirical correlations are usually employed. Additionally, the CPTu 51 

data is used for the assessment of liquefaction potential4,5, and for the installation of driven 52 

piles6,7 and suction caissons8.  53 

However, the understanding of penetration in soils under different drainage conditions is 54 

complicated by the formed large strains and high excess pore pressure, as well as the 55 

subsequent dissipation. Both consolidation coefficient of soils and penetration velocity have 56 

shown significant effects on the results of CPTu, based on field and laboratory tests, numerical 57 

simulation and analytical solutions. Moreover, the diameter of penetrometer affects the 58 

drainage distance that influences the profile of penetration-induced excess pore pressure and 59 

the following dissipation in reconsolidation. The penetrometer rate effect has been extensively 60 

reported by field experiments since the early penetration tests in clayey soils (e.g. Bemben and 61 

Myers9; Powell and Quarterman10; Lunne et al11; Schneider et al12; Kim13; Kim et al14). 62 

Experimental data was also provided by centrifuge tests and calibration chamber tests to 63 

identify the strong rate dependency of penetration resistance.12,14,15-22 Drainage condition is 64 
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dependent on both soil behaviour and penetration velocity, whereas the thresholds of 65 

penetration rate for undrained and drained conditions seem to vary with soil types.23 With the 66 

increasingly developed numerical methods in geotechnical engineering applications, numerical 67 

simulations have shown their ability to provide insights into the penetration rate effect.24-29 68 

Owing to the complex process of penetration in soils, analytical methods for the interpretation 69 

of CPTu data are relatively limited. Randolph and Wroth30 reported an analytical solution for 70 

radial consolidation of soil around a penetrometer with a logarithmic distribution of excess 71 

pore pressure, where rate effect was not included. Dislocation-based methods initially proposed 72 

by Elsworth31 provided an alternative approximate method to accommodate the fluid pressure 73 

dissipation under partially drained conditions, while a pseudo-elastic material was assumed 74 

together with an incompressible flow field and a stress-decouple solution was employed to note 75 

the influence of soil rigidity to the penetration rate responses.32 76 

As reported by Yu33, cavity expansion methods in Geomaterials have been developed since 77 

1950s34,35, and their wide implications lead to the cavity expansion theory as a useful and 78 

simple tool for modelling many complex geotechnical problems, including in-situ soil testing 79 

(e.g. Ahmadi and Dariani36; Mo et al37; Vali et al38) and tunnelling (e.g. Yang et al39; Fang et 80 

al40; Mo and Yu41; Wang et al42). Numerous analytical and numerical solutions have been 81 

proposed using increasingly sophisticated constitutive soil models by applying the principles 82 

of continuum mechanics.43-46 However, most of the existing solutions are developed with 83 

consideration of either fully undrained condition46-50 or fully drained condition43,51-53. A more 84 

general situation for a geotechnical problem, e.g. cone penetration test, is under partially 85 

drained conditions, especially for tests within intermediate soils. Ceccato and Simonini29 86 

provided a numerical study of partially drained penetration and pore pressure dissipation in 87 

piezocone test, with a two-phase Material Point Method and the modified Cam-clay model. 88 
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Spherical cavity expansion in various drainage conditions was conducted by Suzuki and 89 

Lehane28 using finite element method to evaluate the effect of soil permeability on CPT end 90 

resistance. Analytical solution of cavity expansion in terms of partially drained condition is 91 

currently not available in the literature. 92 

This paper aims to propose a semi-analytical solution of cavity expansion for soils under a 93 

partially drained condition, to apply this solution for the interpretation of CPTu data with 94 

various penetration velocity, and to analyze the dissipation of excess pore pressure after 95 

penetration. The scenario of partially drained condition is taken as a general case between fully 96 

undrained and fully drained scenarios. With the provided stress-paths of both extreme 97 

conditions, a parameter of drainage index is proposed to indicate the partially drained condition 98 

within the stress fields. The relationship between the drainage index and the normalized 99 

penetration velocity is thus investigated to evaluate the drainage conditions during the cavity 100 

expansion and the cone penetration. With consideration of the penetration velocity, the 101 

penetration-induced changes of excess pore pressure, specific volume and their distributions at 102 

the surrounding soil are examined during and after penetration, as well as the effects of 103 

overconsolidation ratio. 104 

2  |  ANALYTICAL SOLUTIONS OF CAVITY EXPANSION AND 105 

THEIR IMPLICATIONS ON CPTU 106 

It is widely accepted that critical state soil mechanics is an effective stress framework 107 

describing mechanical soil response54-56, and serves as a milestone in the development of soil 108 

elasto-plastic models contributing to the further considerations of effects of anisotropy, fabric, 109 

and time-dependence, etc. (e.g. Nova and Wood57; Dafalias58; Kutter and Sathialingam59; 110 

Whittle60; Liu and Carter61). After reformulate the Cam-clay models in terms of the state 111 
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parameter, a unified critical state soil model for both clay and sand, CASM (Clay And Sand 112 

Model), was proposed by Yu62, together with the concept of spacing ratio and a non-associated 113 

flow rule. The soil model has been verified to generally capture the overall behaviour of sand 114 

clay under both drained and undrained conditions, while the simplicity of this model with easily 115 

measurable model constants contributes to the further extensions and convenient practical 116 

application (e.g. Sheng et al63; Khong64; Khalili et al65; Zhou and Ng66; Hu67).  117 

Analytical solutions of cavity expansion in CASM have been proposed recently, including the 118 

undrained scenario46 and the drained scenario53. The schematic of state parameter 𝜉 in ln 𝑝′ −119 𝜈 space is shown in Figure 1a, which is defined as the difference of specific volume between 120 

the current and critical state at the same mean effective stress: 𝜉 = 𝜈 + 𝜆 𝑙𝑛 𝑝′ − 𝛤, where 𝜈 121 

is the specific volume, 𝑝′ is mean effective stress and 𝛤  is a critical-state parameter for 122 

specific volume at unit of stress. The state boundary surfaces is describes as: (𝜂/𝑀)𝑛 = 1 −123 𝜉/𝜉𝑅, where 𝜂 is the ratio of deviator stress and mean effective stress, 𝑀 is the critical stress 124 

ratio; 𝜉𝑅 = (𝜆 − 𝜅) 𝑙𝑛 𝑟∗, indicating the reference state parameter, 𝜆 and 𝜅 are conventional 125 

critical state parameters; 𝑛 is the stress-state coefficient and 𝑟∗  is the spacing ratio. The 126 

shape of state boundary surfaces varies with 𝑛 and 𝑟∗, as also presented in Figure 1b. 127 

With the provided analytical solutions, the stress paths during cavity expansion can be 128 

calculated from an initial cavity size 𝑎0  to an arbitrary cavity size 𝑎 , as well as the 129 

stress/strain distributions after the process of expansion. Both spherical and cylindrical cavities 130 

have been considered within the solutions, together with the effective stress analysis for 131 

consideration of the generated excess pore water pressure. In terms of the scenario of fully 132 

undrained cavity, the volumetric strain remains zero for the soil around the cavity, and thus the 133 

excess pore pressure is generated in association with the equilibrium equation for total stresses 134 

(Figure 2a); whereas the stress paths of drained expansion are shown in Figure 2b, which also 135 
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tend to approach to the critical state line with large expansion. More details on the derivations 136 

and calculation processes can be found in Mo and Yu46,53. 137 

Cavity expansion methods have been adopted for the interpretation of CPTu data, since 138 

1940s.68 For this study, the spherical cavity expansion analysis is used due to the reasonable 139 

analogy of soil deformation around the cone tip (e.g. Mo et al69). Considering the generated 140 

excess pore pressure during penetration, a relationship between the spherical cavity pressure 141 

and the cone tip resistance was provided by Suzuki and Lehane28, as expressed by: 142 

 𝑞𝑐 = σ𝑟,𝑐 + √3(σ𝑟,𝑐 − ∆𝑢) tan 𝛿              (1) 143 

where σ𝑟,𝑐 is the spherical cavity pressure at the cavity wall; 𝛿 is the interface friction angle, 144 

which can be assumed to be the constant volume friction angle of soil 𝜙𝑐𝑠; ∆𝑢 is the excess 145 

pore pressure. Note that the correlation 𝑞𝑐 = σ𝑟,𝑐 × (1 + √3 tan 𝜙𝑐𝑠) proposed by Randolph 146 

et al70 could be recovered for fully drained tests of cohesionless soils. 147 

3  |  CPTU TESTS UNDER FULLY UNDRAINED AND DRAINED 148 

CONDITIONS 149 

Unless stated otherwise, the soil model parameters are chosen as: 𝛤 = 2.759, 𝜆 = 0.161, 𝜅 =150 0.062, 𝜇 = 0.3, 𝑛 = 2.0, 𝑟∗ = 3.0, 𝜙𝑐𝑠 = 22.75° (i. e. 𝑀 = 6 sin 𝜙𝑐𝑠3−sin 𝜙𝑐𝑠 = 0.888)  for London 151 

clay; according to Yu62, where 𝛤, 𝜆, 𝜅 are the critical state parameters and 𝜇 is the Poisson’s 152 

ratio. Spherical cavity expansion for 𝑎/𝑎0 = 10 is conducted for calculation of the limit 153 

cavity pressure, with the assumed initial water pressure 𝑢0 = 0. 154 

The normalized cone tip resistance is defined as: 155 

 𝑄 = 𝑞𝑐−𝜎𝑣0𝜎𝑣0′ = 𝑞𝑐,𝑛𝑒𝑡𝜎𝑣0′  ,       (2) 156 
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where 𝑞𝑐  is measured cone tip resistance, 𝜎𝑣0  and 𝜎𝑣0′  are the in-situ total and effective 157 

vertical stress respectively; 𝑞𝑐,𝑛𝑒𝑡  is referred to as the net cone resistance, following 158 

Robertson and Caval1. For analysis of cavity expansion, the initial hydrostatic condition is 159 

assumed, thus the in-situ stress is denoted as: 𝑝0′ = 𝜎𝑣0 = 𝜎𝑣0′  . 160 

Fully Undrained Tests 161 

The undrained tests of cavity expansion were carried out for numerical examples of London 162 

clay with various overconsolidation ratio (𝑂𝐶𝑅), which were then correlated to the cone tip 163 

resistance of CPTu tests. For the proposed solutions in CASM, 𝑅0 = 𝑝𝑦0′ /𝑝0′  represents the 164 

isotropic overconsolidation ratio in terms of the mean effective stress, where 𝑝𝑦0′  is the 165 

preconsolidation pressure; thus 𝑂𝐶𝑅 ≈ 𝑅0. The series of tests include 8 groups with different 166 

value of 𝑅0, which varies from 1 to 50. Each group was conducted with various initial specific 167 

volume 𝜐0 , ranging between 1.4 and 2.6. Together with the soil parameters, the 168 

preconsolidation pressure, initial mean effective stress and initial stiffness 𝐺0  could be 169 

calculated and estimated as: 170 

𝑝𝑦0′ = 𝑒𝑥𝑝 [𝛤+(𝜆−𝜅) 𝑙𝑛 𝑟∗+𝜆 𝑙𝑛 𝑅0−𝜐0 𝜆 ]𝑝0′ = 𝑝𝑦0′𝑅0                                             𝐺0 = (1+𝑚) (1−2 𝜇) 𝜐0 𝑝0′2 [1+(𝑚−1) 𝜇] 𝜅                     ,     (3) 171 

where 𝑚 is used to combine cylindrical and spherical analyses; i.e. 𝑚 = 1 for cylindrical 172 

scenario, and 𝑚 = 2  for spherical scenario. Therefore, 𝜐0 ranging between 1.4 and 2.6 173 

represents the magnitude of 𝐺0/𝑝0′  varying from 10.4 to 19.4, for spherical cavity expansion. 174 

Figure 3a presents the normalized cone tip resistance 𝑄𝑈𝐷 (the subscript ‘𝑈𝐷’ indicates the 175 

undrained scenario) against the normalized stiffness (𝐺0/𝑝0′ ). 𝑄𝑈𝐷 increases with both initial 176 
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specific volume 𝜐0  (i.e. 𝐺0/𝑝0′ ) and overconsolidation ratio 𝑅0. Although 𝑄𝑈𝐷 increases 177 

slightly with approximately 10% from 𝜐0 = 1.4 to 2.6; while overconsolidation ratio shows 178 

a larger influence on the normalized cone tip resistance, that about 7.5 times larger 𝑄𝑈𝐷 is 179 

obtained for 𝑅0 = 50 compared to that of a normally consolidated soil test. 180 

The cone factor for tests in clay under undrained conditions6 is defined as: 181 

𝑁𝑐 = 𝑞𝑐−𝜎𝑣0𝑠𝑢  ,        (4) 182 

where 𝑠𝑢 is the undrained shear strength, defined as 𝑠𝑢 = 0.5 𝑀 𝑒𝑥𝑝[(𝛤 − 𝜐0)/𝜆] after Mo 183 

and Yu46. Note that the initial stress condition is assumed as hydrostatic, and 𝐾0 effect is not 184 

included in this study, i.e. 𝜎𝑣0 ≈ 𝑝0. Figure 3b shows the relations between the cone factor 𝑁𝑐 185 

and the stiffness index ( 𝐺0/𝑠𝑢 ). Linear correlations between 𝑁𝑐  and ln(𝐺0/𝑠𝑢)  were 186 

proposed by previous researchers (e.g. Ladanyi and Johnson71; Vesic72; Yu73; van den Berg74; 187 

Lu75). For this test series of London clay, the following correlation with 97% of the coefficient 188 

of determination could be summarized as: 189 

 𝑁𝑐 = 𝑎′ × 𝑙𝑛 𝐺0𝑠𝑢 + 𝑏′ where 𝑎′ = 1.32;  𝑏′ = 3.75 .   (5) 190 

Note that for soil with different overconsolidation ratio, the constants 𝑎′ and 𝑏′ vary slightly 191 

with 𝑅0  for granular materials, as depicted in subplot of Figure 3b. Comparing with the 192 

relations proposed by Ladanyi and Johnson71, Vesic72 and Yu73, the 𝑁𝑐 − ln(𝐺0/𝑠𝑢) 193 

correlation is found to vary with different soil types.  194 

In terms of the undrained tests of cavity expansion, the excess pore pressure ∆𝑢 is generated 195 

at the cavity wall; whereas for CPTu, pore pressure sensors are installed just behind the cone 196 

tip to measure the pore pressure 𝑢2. The analysis in this study assumes that the excess pore 197 

pressure of cavity expansion is comparable to that measured in the corresponding penetration 198 
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test (i.e. ∆𝑢 ≈ 𝑢2 − 𝑢0 = 𝑢2). Robertson76 and Robertson and Caval1 reported a normalized 199 

CPT soil behaviour type (SBT) chart with Q − 𝐵𝑞  for identification of soft, saturated fine 200 

grained soils, where 𝐵𝑞 is the pore pressure ratio, defined as 𝐵𝑞 = ∆𝑢/𝑞𝑐,𝑛𝑒𝑡 = ∆𝑢/(𝑞𝑐 −201 𝜎𝑣0). Figure 4a presents the predicted Q − 𝐵𝑞  data on the SBT chart, assuming the fully 202 

undrained cavity expansion for the CPTu tests. It shows that the soil behavior falls mainly 203 

within the zones of clay to silty clay, which matches to London clay. The predicted trends with 204 

increasing 𝑂𝐶𝑅 agree well with the empirically summarized SBT chart, and the increase of 205 Q and 𝐵𝑞 with 𝜐0 is also observed.  206 

To estimate the overconsolidation ratio based on the CPTu data, Mayne77 proposed an 207 

analytical method based on Vesic’s cavity expansion solution and the critical state soil 208 

mechanics, where 𝑂𝐶𝑅 is related to a function of (𝑞𝑐 − ∆𝑢)/𝜎𝑣0′ . Based on the solution of 209 

Mo and Yu46, the correlation can therefore be modified and expressed as: 210 

𝑂𝐶𝑅 = 𝑟∗ × [ 1(1+√3 tan 𝜙𝑐𝑠)(1+ 𝑚1+𝑚 𝑀) × 𝑞𝑐−∆𝑢𝜎𝑣0′  ]1𝛬
 .    (6) 211 

where 𝛬 = 1 − 𝜅/𝜆, representing the plastic volumetric strain potential; 0.7 < 𝛬 < 0.8 for 212 

many clays of low to medium sensitivity78. 213 

Figure 4b shows the curves of 𝑂𝐶𝑅  with (𝑞𝑐 − ∆𝑢)/𝜎𝑣0′ , for different parameter of the 214 

spacing ratio 𝑟∗ (𝑟∗ = 3.0 for London clay in this study). Note that the curve of Equation 6 215 

for 𝑟∗ = 2.0 overlaps with that of Mayne77 for the pore pressure behind the cone 𝑢2 based 216 

on modified Cam-clay model, since the modified Cam-clay model is recovered by choosing 217 𝑟∗ = 2.0 in conjunction with a suitable 𝑛 value62. Therefore, the notable effect of spacing 218 

ratio on the relation between 𝑂𝐶𝑅 and (𝑞𝑐 − ∆𝑢)/𝜎𝑣0′  is provided in Equation 6. 219 
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For in-situ tests, the undrained shear strength was predicted from the evaluated 𝑂𝐶𝑅. In this 220 

study, 𝑠𝑢 can be expressed as a function of soil parameters, overconsolidation ratio, and initial 221 

stress state (Mo and Yu46), based on 𝑠𝑢 = 𝑞𝑐𝑠/2 (𝑞𝑐𝑠 is the deviatoric stress at critical state): 222 

𝑠𝑢𝜎𝑣0′ = 𝑠𝑢𝑝0′ = 𝑀2 (𝑂𝐶𝑅𝑟∗ )𝛬
 ,       (7) 223 

The expression of 𝑠𝑢/𝜎𝑣0′ = 0.22 × 𝑂𝐶𝑅0.8, can be recovered when setting 𝛬 = 0.8, 𝑟∗ =224 3.0 and 𝜙𝑐𝑠 = 26° ; which was proposed by Jamiolkowski et al79, Ladd80, and Ladd and 225 

DeGroot81, based on their comprehensive experimental work at MIT. 226 

Fully Drained Tests 227 

Similar to undrained tests, the fully drained tests were also carried out for numerical examples 228 

of London clay using the corresponding cavity expansion solution (soil parameters were chosen 229 

the same as the undrained tests) with various overconsolidation ratio 𝑅0 (1~50) and initial 230 

specific volume 𝜐0  (1.4~2.6). Correspondingly, 𝑄𝐷𝑅 (the subscript ‘𝐷𝑅’ indicates the fully 231 

drained scenario) increases at approximately 30% from 𝜐0 = 1.4 to 2.6, and 𝑄𝐷𝑅 for 𝑅0 =232 50 is about 3.1 times the normally consolidated soil test, as shown in Figure 5a.  233 

The cone factor of drained penetration tests, typically for cohesionless soils, is referred to as:  234 

𝑁𝑞 = 𝑞𝑐𝜎𝑣0′  .        (8) 235 

Figure 5b presents the relations of cone factor 𝑁𝑞 with the normalized stiffness 𝐺0/𝑝0′ . The 236 

bearing capacity solution for CPT with an empirical shape factor was reported by Durgunoglu 237 

and Mitchell82, which was not able to include the effects of soil stiffness and volume change:  238 

𝑁𝑞 = 0.194 × 𝑒𝑥𝑝(7.63 𝑡𝑎𝑛 𝜙𝑐𝑠) .     (9) 239 
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Based on the spherical cavity expansion approach, Vesic72 related the cone factor with the 240 

friction angle 𝜙𝑐𝑠 and the reduced rigidity index 𝐼𝑟𝑟: 241 

𝑁𝑞 = ( 1+2𝐾03−𝑠𝑖𝑛 𝜙𝑐𝑠) 𝑒𝑥𝑝 [(𝜋2 − 𝜙𝑐𝑠) 𝑡𝑎𝑛 𝜙𝑐𝑠] × 𝑡𝑎𝑛2 (𝜋4 + 𝜙𝑐𝑠2 ) (𝐼𝑟𝑟)𝜚 ,  (10) 242 

where 𝐾0 is the in-situ stress ratio (𝐾0 = 1 in this study); 𝐼𝑟𝑟 = 𝐼𝑠/(1 + 𝐼𝑠 𝜀𝑣), in which the 243 

rigidity index 𝐼𝑠 = 𝐺0/(𝑝0′  𝑡𝑎𝑛 𝜙𝑐𝑠) and 𝜀𝑣 represents the average volumetric strain in the 244 

plastic region; constant 𝜚 = 4 𝑠𝑖𝑛 𝜙𝑐𝑠  [3(1 + 𝑠𝑖𝑛 𝜙𝑐𝑠)]. The curves based on Durgunoglu and 245 

Mitchell82 and Vesic72 are also shown in Figure 5b, with comparable predictions of the current 246 

results. However, the solution of this study has embedded the large strain analysis and the 247 

critical state concept within the exact solutions of cavity expansion. Additionally, the effects 248 

of overconsolidation ratio and initial specific volume are considered within the analysis, which 249 

indicates the novelties of the proposed solution.   250 

Been and Jefferies83 was the first to define the state parameter, which is then widely used for 251 

the interpretation of in-situ soil tests, especially for granular materials (e.g. Been et al84,85; Yu86; 252 

Schnaid and Yu87; Huang and Chuang88. The initial state parameter 𝜉0 is related to the initial 253 

specific volume and the initial stress state, while the correlation between 𝜉0  and 254 

overconsolidation ratio 𝑅0 can be derived based on the schematic in Figure 1a, shown as 255 

follows: 256 

𝜉0 = (𝜆 − 𝜅) ln (𝑟∗𝑅0) .       (11) 257 

Thus for a given initial specific volume, the value of initial state parameter decreases 258 

logarithmically with 𝑂𝐶𝑅 . Figure 6 presents the variations of normalized penetration 259 

resistance 𝑄𝐷𝑅  (subfigure a) and 𝐺0/𝑞𝑐  (subfigure b) with the initial state parameter, for 260 

tests with different values of initial specific volume. From the results, higher normalized 261 
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penetration resistance is observed for test with a lower value of 𝜉0, which indicates that the 262 

initial soil state lies to the strong and dilating side of the critical state line in 𝜐 − ln 𝑝′ space. 263 

However, for tests with a constant value of 𝑂𝐶𝑅 (i.e. constant 𝜉0), both 𝑄𝐷𝑅 and 𝐺0/𝑞𝑐 264 

increase with 𝜐0 , while larger value of 𝜐0  represents a looser sample. Mathematically 265 

speaking, this phenomenon indicates that 𝑑(𝑄𝐷𝑅)/𝑑𝜐0 > 0  and 𝑑(𝐺0/𝑞𝑐)/𝑑𝜐0 > 0  for 266 

soils with an identical state parameter. With the relation of 𝑝0 ′ = 𝑒𝑥𝑝[(𝜉0 + 𝛤 − 𝜐0 )/𝜆], the 267 

decreasing rate of 𝑝0 ′  is obtained with 𝑑𝑝0 ′ /𝑑𝜐0 = 𝑝0 ′ × (−1/𝜆). Therefore, the rates of 268 

penetration resistance 𝑞𝑐 and 𝑄𝐷𝑅 can be derives within the ranges, shown as follows:   269 

−𝑞c × 1𝜆 < 𝑑𝑞c𝑑𝜐0 < −𝑞c × (1𝜆 − 1𝜐0 ) < 00 < 𝑑𝑄𝐷𝑅𝑑𝜐0 < 𝑄𝐷𝑅+1𝜐0                                      .     (12) 270 

These inequalities indicate that for a given initial state parameter, the penetration resistance 𝑞𝑐 271 

decreases with initial specific volume, since higher 𝜐0  gives larger initial void ratio but also 272 

smaller initial stress condition. On the other hand, the normalized penetration resistance 𝑄𝐷𝑅 273 

increases with 𝜐0, although larger void ratio represents a ‘looser’ sample.      274 

Undrained-drained Resistance Ratio 275 

The undrained-drained resistance ratio is defined as 𝑄𝑈𝐷/𝑄𝐷𝑅, which represents the ratio of 276 

normalized penetration resistance under fully undrained and fully drained conditions. This 277 

series of tests show the decrease of the undrained-drained resistance ratio with the normalized 278 

stiffness, as presented in Figure 7. The overconsolidation ratio has a significant influence on 279 

the undrained-drained resistance ratio. It is seen that 𝑄𝑈𝐷/𝑄𝐷𝑅 increases exponentially with 280 𝑂𝐶𝑅, and the undrained resistance is normally smaller than the drained one for 𝑅0 < 50. The 281 

results are also compared with previous research with normally consolidated clay (i.e. Yi et 282 

al26 and Suzuki and Lehane28). Based on the large-displacement finite element analysis using 283 
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a non-dilatant Drucker Prager model, Yi et al26 proposed a linear relationship between 284 𝑄𝐷𝑅/𝑄𝑈𝐷 and 𝐺0/𝑝0′ , which is independent of friction angle. Despite of the differences on the 285 

ranges of normalized stiffness and constitutive models, the general trends from this study are 286 

in agreement with the predictions of Yi et al26. Numerical simulation of spherical cavity 287 

expansion in a non-linear Hardening Soil (HS) model89 was conducted by Suzuki and Lehane28, 288 

who provided a relationship between 𝑄𝑈𝐷/𝑄𝐷𝑅 and 𝐺0/𝑝0′  with the effect of friction angle 289 

for normally consolidated kaolin clay. The relation agrees well with the result of this study for 290 

normally consolidated soil (𝑅0 = 1), as shown in Figure 7a. Moreover, to investigate the effect 291 

of friction angle (𝜙𝑐𝑠 = 18, 23, 27, 30, 35°) for normally consolidated soil, Figure 7b provides 292 

the predicted curves of the undrained-drained resistance ratio, with comparisons of Yi et al26 293 

and Suzuki and Lehane28, and the discrepancies are attributed to the differences on material 294 

parameters and state conditions. Relatively, the current analytical solutions show their ability 295 

for the prediction of the undrained-drained resistance ratio with considerations of friction angle, 296 

stiffness, stress state, and overconsolidation ratio.     297 

4  |  CPTU TESTS UNDER PARTIALLY DRAINED CONDITION  298 

Penetration tests are normally conducted in a ground condition with mixed soil types, including 299 

clays, silts, and sands. The in-situ drainage condition is thus neither undrained nor drained. A 300 

partially drained condition leads to the consolidation effects during the process of penetration, 301 

which typically increases the penetration resistance; i.e. higher penetration resistance for fully 302 

drained tests has been observed in Figure 7. Therefore, the effects of partially drained 303 

conditions with soil permeability is required to be incorporated into the interpretation of CPTu 304 

data, with consideration of penetration velocity. 305 

Effects of Penetration Rate 306 
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The normalized penetration velocity 𝑉 for CPTu has been proposed by previous research (e.g. 307 

Finnie and Randolph15; Randolph and Hope17; Lee and Randolph21), which is defined as: 308 

 𝑉 = 𝑣𝐷𝑐𝑣ℎ ,        (13)

 

309 

in which 𝑣 is cone penetration velocity, 𝐷 is the penetrometer diameter, and 𝑐𝑣ℎ indicates 310 

the coefficient of consolidation that governs the rate of pore pressure dissipation (the difference 311 

between horizontal and vertical consolidation is not considered in this study). Note that the 312 

normalized penetration velocity has included the effect of penetrometer diameter, as a larger 313 

penetrometer increases the drainage distance, and thus leads to a more undrained condition. 314 

According to Randolph90, 𝑉 > 30~100 typically represents the fully undrained penetration, 315 

whereas fully drained penetration occurs at 𝑉 < 0.03~0.01.  316 

To consider the effects of partial consolidation, the trend of normalized pore pressure ratio with 317 

variation of the normalized penetration velocity was proposed by DeJong and Randolph91, 318 

which can be expressed as: 319 

 
∆𝑢∆𝑢𝑈𝐷 = 1 − 11+(𝑉/𝑉50)𝜍 ,       (14) 320 

where ∆𝑢 is the excess pore pressure during penetration, ∆𝑢𝑈𝐷 is the excess pore pressure 321 

from the fully undrained penetration which serves as a reference; 𝑉50  represents the 322 

normalized velocity at which half of ∆𝑢𝑈𝐷  is generated by penetration; and 𝜍  is the 323 

maximum rate of change in ∆𝑢/∆𝑢𝑈𝐷 with 𝑉, numerically equals to 0.25𝜍/𝑉50 as noted by 324 

DeJong and Randolph91 (the values of 𝑉50  and 𝜍  will be discussed later in this article). 325 

Similarly, the backbone-type of normalized function of penetration resistance17,21,91 was 326 

defined as: 327 
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𝑄𝑄𝑈𝐷 = 1 + 𝑄𝐷𝑅/𝑄𝑈𝐷−11+(𝑉/𝑉50)𝜍  ,       (15) 328 

where 𝑄𝑈𝐷  and 𝑄𝐷𝑅  indicate the normalized penetration resistance under undrained and 329 

fully drained conditions, respectively; ‘𝑉50’ and ‘𝜍’ were suggested to be the same parameters 330 

as Equation 14. 331 

Cavity Expansion under a Partially Drained Condition 332 

An example of spherical cavity expansion (𝑎/𝑎0 = 10) with both undrained and drained 333 

conditions is provided as a reference in Figure 8, with soil parameters for lightly 334 

overconsolidated London clay; where original Cam-clay model is recovered by setting 𝑟∗ =335 2.7183 and 𝑛 = 1.0, the overconsolidation ratio 𝑅0 = 1.5, and the initial specific volume 336 𝜐0  is 2.0. In Figure 8, the state ‘𝐴 ’ represents the initial state before expansion with a 337 

hydrostatic condition; the elastic stage ‘𝐴𝐵’ appears at the early phase of expansion with small 338 

cavity deformation for both undrained and drained tests. As to the plastic stage, the effective 339 

stress path of undrained expansion follows the path of ‘𝐵𝐶’, while the total stress is developed 340 

following ‘𝐵𝐷’ (shown in Figure 8a; note that the initial pore pressure is neglected in this 341 

study). Excess pore pressure is thus indicated by the horizontal distance of ‘𝐶𝐷’ (Figure 8a). 342 

On the contrary, the stress path of the plastic stage for drained expansion tests goes through the 343 

rout of ‘𝐵𝐸’, with no excess pore pressure all along.  344 

As both solutions are independent of time regarding to the quasi-static expansion, the soil 345 

consolidation during and after expansion was not included. The undrained scenario represents 346 

the extreme fast expansion in clayey soils with no pore pressure dissipation, whereas the fully 347 

drained scenario indicates the slow expansion in sandy or dry soils with instant pore pressure 348 

dissipation. However, the drainage condition of soils is normally neither fully undrained nor 349 

fully drained, and the cone penetration test in practical situations is also not extreme fast or 350 
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slow. When the soil is set to be partially drained, the existing solution is not available for critical 351 

state soils, as well as the stress paths of cavity expansion.  352 

Since the stress state after cavity expansion is between the states for undrained and drained 353 

tests, we could assume that the critical state for a certain drained condition locates at ‘𝐶′’ on 354 

the critical state line in Figure 8, whereas ‘𝐶′𝐷′’ represents the local excess pore pressure 355 

(Figure 8a). The total stress state ‘𝐷′’ is then demonstrated here to be located at the line of 356 

‘𝐷𝐸’, following the work of DeJong and Randolph (2012). At first, a drainage index ‘𝜒’ is 357 

introduced to represent the partially drained condition, as defined by: 358 

 𝜒 = 11+(𝑉/𝑉50)𝜍 ,        (16) 359 

which varies from 0 (fully undrained condition) to 1 (fully drained condition). In terms of the 360 

thresholds for fully undrained and fully drained conditions, it is easy to define with 5% of 361 

influence using the drainage index 𝜒 (i.e. 𝜒𝑈𝐷 ≤ 0.05 represents fully undrained condition, 362 

and 𝜒𝐷𝑅 ≥ 0.95 refers to fully drained condition). According to Equation 16, the thresholds 363 

of normalized penetration velocity are provided as 𝑉𝑈𝐷 ≥ 191/𝜍 ∙ 𝑉50 and 𝑉𝐷𝑅 ≤ 0.05261/𝜍 ∙364 𝑉50 . Note that the same definition was referred to as a consolidation index by Lee and 365 

Randolph21, regarding to the consolidation conditions. Combining Equations 2, 14 and 15 gives 366 

the following relations: 367 

 𝜒 = 1 − ∆𝑢∆𝑢𝑈𝐷 = 𝑄−𝑄𝑈𝐷𝑄𝐷𝑅−𝑄𝑈𝐷 = 𝑞𝑐−𝑞𝑐,𝑈𝐷𝑞𝑐,𝐷𝑅−𝑞𝑐,𝑈𝐷 .     (17) 368 

For the problems of CPTu, the drainage index also represents the ratio between drained and 369 

undrained penetration resistances at a corresponding partially drained condition. Relating the 370 

penetration resistance with the spherical cavity pressure following Suzuki and Lehane28, we 371 
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can have the ratio of cavity pressure at the cavity wall. Together with the total radial stress and 372 

the critical state relation, the following repressions can be obtained: 373 

 𝜒 = 𝜎𝑟,𝑐−𝜎𝑟,𝑐|𝑈𝐷𝜎𝑟,𝑐|𝐷𝑅−𝜎𝑟,𝑐|𝑈𝐷 = 𝑝′−𝑝′𝑈𝐷𝑝′𝐷𝑅−𝑝′𝑈𝐷 .      (18) 374 

According to the effective mean stress and the excess pore pressure in Figure 8a, the geometry 375 

relations lead to: 𝜒 = 𝐶′𝐶/𝐸𝐶 = (𝐶𝐷 − 𝐶′𝐷′)/𝐶𝐷, thus 𝐸𝐶′/𝐸𝐶 = 𝐶′𝐷′/𝐶𝐷 and ‘𝐷′’ is 376 

located at the line of ‘𝐷𝐸’. This phenomenon can also be verified by the numerical simulation 377 

of cavity expansion in both kaolin and Boston blue clay, conducted by Silva et al24. Therefore, 378 

the critical state is determined for a given drainage index; the effective and total stress paths 379 

for this partially drained test are noted as ‘𝐴𝐵𝐶′’ and ‘𝐴𝐵𝐷′’, respectively. A simple linear 380 

mapping technique is adopted to predict the stress path based on the two paths of both 381 

undrained and drained scenarios, which will be explained in the following section. This method 382 

could then be incorporated into the solutions of cavity expansion for the analysis of CPTu data 383 

interpretation in soils with partially drained conditions. 384 

Results of CPTu Tests 385 

The tests of fully undrained and drained cavity expansion, as shown in Figure 8, provide the 386 

distributions of stress and specific volume within both elastic and plastic zones. The stress 387 

paths show that the elastic stage overlaps for both undrained and drained tests, while the size 388 

of plastic zone is not the same. The normalized sizes of plastic zones for the above example 389 

tests are: 𝑐𝑈𝐷/𝑎 = 4.36 and 𝑐𝐷𝑅/𝑎 = 3.21 respectively, where 𝑐𝑈𝐷 is the size of cavity-390 

expansion induced plastic region for undrained test and 𝑐𝐷𝑅 is the size of plastic region for 391 

fully drained test. Thus the size of plastic zone for a partially drained test is assumed with a 392 

linear relationship of drainage index, i.e. 𝑐 = 𝑐𝑈𝐷 + 𝜒 ∙ (𝑐𝐷𝑅 − 𝑐𝑈𝐷). A virtual radius of soil 393 

element in the plastic zone is scaled for the prediction of stress paths of partially drained test:   394 
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𝑟′𝑈𝐷 − 𝑎 = (𝑟𝑈𝐷 − 𝑎) × 𝑐−𝑎𝑐𝑈𝐷−𝑎𝑟′𝐷𝑅 − 𝑎 = (𝑟𝐷𝑅 − 𝑎) × 𝑐−𝑎𝑐𝐷𝑅−𝑎  .      (19) 395 

where 𝑟𝑈𝐷 and 𝑟′𝑈𝐷 are the original and virtual radiuses of soil element in the plastic zone 396 

for undrained test, and 𝑟𝐷𝑅 and 𝑟′𝐷𝑅 are the corresponding original and virtual radiuses for 397 

fully drained test. 398 

Therefore, the distributions of stress for both undrained and drained tests are obtained with the 399 

identical virtual radius 𝑟′, and the stress path of partially drained test is predicted based on a 400 

simple mapping technique, according to Equations 16-18. For instance, the effective mean 401 

stress at 𝑟′  is predicted as: 𝑝′𝑟′ = 𝜒 ∙ (𝑝′𝑟′,𝐷𝑅 − 𝑝′𝑟′,𝑈𝐷) + 𝑝′𝑟′,𝑈𝐷 . Figure 9a shows the 402 

stress paths in 𝑝′/𝑝′𝑦0 − 𝑞/ (𝑀 ∙ 𝑝′𝑦0) space under the conditions of drainage index 𝜒 = 0.3 403 

and 0.6, respectively. The critical excess pore pressure can be calculated based on Equation 14: 404 ∆𝑢/∆𝑢𝑈𝐷 = 1 − 𝜒, while the development of the excess pore pressure during expansion can 405 

also be deduced from the stress paths in Figure 9a. The critical state of specific volume can be 406 

derived based on 407 

𝜐𝑐𝑠 = 𝜐0 − 𝜆 [(𝑝′𝑐𝑠,𝐷𝑅𝑝′𝑐𝑠,𝑈𝐷−1)𝜒 + 1] ,      (20) 408 

and the stress path in ln 𝑝′ − 𝜐 space as shown in Figure 9b is obtained after Mo and Yu53, 409 

following the expression of: 410 

𝜐̇ = −𝜆 𝑝′̇𝑝′ − (𝜆 − 𝜅) ln 𝑟∗∙𝑛∙𝜂𝑛−1𝑀𝑛 ( 𝑞̇𝑝′ − 𝜂∙𝑝′̇𝑝′ ) .    (21)  411 
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Correspondingly, the distributions of excess pore pressure and specific volume are presented 412 

against normalized radius (𝑟/𝑎) in Figure 10, for undrained (𝜒 = 0), drained (𝜒 = 1), and 413 

partially drained (𝜒 = 0.3, 0.6) tests. 414 

According to the definition of drainage index, 𝜒 is related to the normalized penetration 415 

velocity using Equation 16. The parameters in Equations 14 and 16 are chosen as: 𝑉50 = 3.0 416 

and 𝜍 = 1.0, following DeJong and Randolph91. The values were obtained through reasonable 417 

agreement of ∆𝑢/∆𝑢𝑈𝐷 − 𝑉 curve with experimental data for normally-consolidated kaolin 418 

clay with 𝑄𝐷𝑅/𝑄𝑈𝐷 = 2.5. The variations of parameters with the spread of published data were 419 

reported to be 0.3 < 𝑉50 < 8 and 0.5 < 𝜍 < 1.5, and the characteristic curve with 𝑉50 = 3.0 420 

and 𝜍 = 1.0 was thus suggested due to the absence of sufficient site specific data91. To avoid 421 

obtaining 𝑄𝐷𝑅 with impractically slow penetration tests in clay, the parameter values of 𝑉50 422 

and 𝜍  were experimentally provided based on the ∆𝑢/∆𝑢𝑈𝐷 − 𝑉  curves. Note that the 423 

relationships between the parameters (𝑉50 , 𝜍) and soil properties are not provided by the 424 

current solution. 425 

Therefore, a certain penetration velocity corresponds to a drainage index 𝜒, and the stress paths 426 

of spherical cavity expansion can be employed to predict the penetration resistance and induced 427 

excess pore pressure. Eventually, the relationships between penetration velocity and (1) excess 428 

pore pressure, (2) penetration resistance are then predicted through the semi-analytical solution, 429 

as shown in Figure 11.  430 

The results of this study include two sets of tests in both lightly overconsolidated London clay 431 

and normally consolidated Speswhite kaolin clay, and their soil parameters and initial state 432 

conditions are listed in Table 1 according to Yu93. In addition, the predicted curves are also 433 

compared with the available data from the literature. Centrifuge tests in kaolin clay were 434 
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performed by Randolph and Hope17, Schneider et al12 and Mahmoodzadeh and Randolph92, 435 

and predicted curves agree well with the experimental data (in which 𝑞𝑐,𝐷𝑅/𝑞𝑐,𝑈𝐷 =436 2.6, 2.02, 2.5  are used respectively). Numerical simulation of CPTu was carried out by 437 

Ceccato and Simonini29, using modified Cam-clay model and the Darcy’s permeability for pore 438 

pressure dissipation. The numerical results showed similar trends, while the parameters were 439 

suggested to be 𝑉50 = 3.7, 𝜍 = 1.1  for the excess pore pressure (∆𝑢/∆𝑢𝑈𝐷 − 𝑉  curve in 440 

Figure 11a), and 𝑉50 = 7.13, 𝜍 = 0.95 for the cone tip resistance ((𝑞𝑐 − 𝑞𝑐,𝑈𝐷)/(𝑞𝑐,𝐷𝑅 −441 𝑞𝑐,𝑈𝐷) − 𝑉 curve in Figure 11b).  442 

 443 

Table 1 Soil parameters and initial state conditions for London clay and Speswhite kaolin clay 444 

 𝑀 𝜆 𝜅 𝜇 𝛤 𝑛 𝑟∗ 𝑅0 𝜐0 

London clay 0.89 0.161 0.062 0.3 2.759 1.0 2.718 1.5 2.0 

Speswhite 

kaolin clay 
0.86 0.19 0.03 0.3 3.056 2.0 2.718 1.0 2.0 

 445 

 446 

Based on the definition of Robertson76, the normalized pore pressure parameter 𝐵𝑞  is 447 

presented in Figure 12, with variation of the normalized penetration velocity. Centrifuge data 448 

of piezocone tests in normally consolidated kaolin clay by Schneider et al12 and Randolph and 449 

Hope17, has been provided to show a good comparison with the calculation of lightly 450 

overconsolidated London clay, and slightly larger normalized pore pressure parameter is 451 

observed for calculated results of normally consolidated clay. Additionally, a couple-452 

consolidation finite-element analysis with Drucker-Prager yield criterion, large deformation 453 
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and finite sliding effects was reported by Yi et al26, and the results with different normalized 454 

stiffness show comparative trends. Ceccato et al94 proposed a two-phase material point method 455 

for piezocone penetration under different drainage conditions using modified Cam-clay model, 456 

and the results with different friction coefficient show similar value of 𝐵𝑞 to the calculation 457 

of normally consolidated kaolin clay. Generally, the proposed semi-analytical solution of 458 

cavity expansion shows its ability for the predictions of both excess pore pressure and 459 

penetration resistance, with various normalized penetration velocity.  460 

Correspondingly, the predictions of CPTu data in London clay with variation of penetration 461 

velocity are presented on the SBT chart (Figure 13), where the penetration velocity 𝑣 462 

increases from 0.001𝑚𝑚/𝑠  to 20𝑚𝑚/𝑠  (i.e. the standard velocity of CPTu tests). 463 

According to the normalization of penetration velocity (Equation 13), the penetrometer 464 

diameter is set as the standard cone with 𝐷 = 35.7𝑚𝑚, and the magnitude of 𝑐𝑣ℎ is estimated 465 

based on: 466 

𝑐𝑣ℎ ≈ 2𝑘′𝐺0(1−𝜇)(1−2𝜇)𝛾𝑤  ,        (22) 467 

where 𝑘′ is the coefficient of permeability = 1.5 × 10−9𝑚/𝑠, 𝛾𝑤 = unit weight of water; 468 

which lead to the normalized penetration velocity ranging from 𝑉 = 0.0278 (fully drained) 469 

to 𝑉 = 556.9 (fully undrained), respectively. The result shows that the normalized cone tip 470 

resistance decreases with the penetration velocity, although the higher excess pore pressure is 471 

generated around the cone tip for a fast penetration. In addition, Figure 14 shows the 472 

distributions of excess pore pressure and specific volume with the variation of penetration 473 

velocity, which also indicates the plastic zone increases with the penetration velocity for 474 

London clay with 𝑅0 = 1.5. 475 

 476 
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5  |  PORE PRESSURE DISSIPATION AFTER PENETRATION  477 

Pore Pressure Dissipation 478 

During the process of cone penetration under a partially drained condition, soil around the 479 

penetrometer is pushed and squeezed with partial consolidation. The generated distribution of 480 

the excess pore pressure is reduced compared to the undrained condition, and the pore pressure 481 

dissipation after penetration is also termed as the reconsolidation. In order to obtain the realistic 482 

dissipation curve, the pore water dissipation after penetration needs to start from the estimated 483 

excess pore pressure. The error introduced from the conventional normalization of dissipation 484 

data using the undrained assumption was discussed and corrected by DeJong and Randolph91. 485 

An ideal work-hardening soil model (i.e. modified Cam-clay) was adopted to perform the 486 

undrained cylindrical cavity expansion and the subsequent period of reconsolidation by Carter 487 

et al95 and Randolph et al96, where the numerical results showed that the deviatoric stress keeps 488 

almost constant during the reconsolidation. It is therefore convincing to assume that 𝑞̇ = 0 489 

after penetration for CPTu tests. According to the equilibrium equation of cavity:  490 

𝑞 = 𝜎𝑟 − 𝜎𝜃 = 𝑟𝑚  𝜕𝜎𝑟𝜕𝑟  ,       (23) 491 

it might be deduced that the distribution of total radial stress is not changed during the 492 

consolidation, which was also reported by Randolph and Wroth30 although the elastic soil was 493 

used. Regarding to the definition of effective mean stress46, the relation between 𝑝′̇  and ∆𝑢̇ 494 

can be obtained with elastic deformation assumption: 495 

 𝑝′̇ = − 1+ 𝑚𝜈1−𝜈1+𝑚 ∆𝑢̇  .       (24) 496 
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Therefore, when the final state of soil around the cavity wall or cone tip after reconsolidation 497 

is noted as ‘𝐹′’, the distance ratio of ‘𝐶′𝐹′’ and ‘𝐷′𝐹′’ in 𝑝′/𝑝′𝑦0 − 𝑞/ (𝑀 ∙ 𝑝′𝑦0) space is 498 

that: 𝐶′𝐹′/𝐷′𝐹′ = [1 + (𝑚 − 1)𝜈]/[𝑘 − (2𝑚 + 1)𝜈] , as represented in Figure 15a for both 499 𝜒 = 0 and 𝜒 = 0.3 in lightly overconsolidated London clay. In terms of the specific volume 500 

during pore pressure dissipation, the stress paths can be obtained by the integration of Equation 501 

21, leading to the following repression:  502 

𝜈𝑑𝑖𝑠𝑠𝑖 = 𝛤 − 𝜆 ln(𝑝′𝑖) − 𝜆 ln (𝑝′𝑑𝑖𝑠𝑠𝑖𝑝′𝑖 ) − (𝜆 − 𝜅) ln 𝑟∗𝑀𝑛 (𝑀 ∙ 𝑝′𝑖)𝑛 ( 1𝑝′𝑑𝑖𝑠𝑠𝑖𝑛 − 1𝑝′𝑖𝑛) . 503 

(25) 504 

The stress paths shown in Figure 15 can also be verified with the results of Carter et al95, Silva 505 

et al24, and DeJong and Randolph91, showing that the changes of deviatoric stress during the 506 

reconsolidation are arguably negligible.  507 

The dissipation of pore water around the penetrometer is taken as a radial consolidation 508 

problem assuming that soil deforms elastically, following Randolph et al96. However, as the 509 

penetration is treated as spherical cavity expansion around the cone tip and cylindrical cavity 510 

expansion around the penetrometer shaft, it seems more reasonable to assume that both 511 

spherical and cylindrical scenarios of radial consolidation are applied for the prediction of pore 512 

pressure dissipation after penetration. When soil is assumed to be distorted by spherical cavity 513 

expansion due to the pass-by of penetrometer, the horizontal pore pressure dissipation is taken 514 

as cylindrical for soil around the probe shaft during the subsequent consolidation after 515 

penetration. Therefore, according to Terzaghi’s one-dimensional consolidation equation with 516 

respect to the Darcy’s law, the governing equation of radial consolidation is provided as follows: 517 

𝑐𝑣ℎ ∙ [𝜕2∆𝑢𝜕𝑟2 + 𝑚𝑟 𝜕∆𝑢𝜕𝑟 ] = 𝜕∆𝑢𝜕𝑡  .       (26) 518 
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The normalized reconsolidation time for any particular degree of consolidation is defined by 519 

Teh and Houlsby97, as 𝑇∗ = (𝑐𝑣ℎ ∙ 𝑡)/(𝑎2 ∙ √𝐼𝑟), where 𝑎  is the probe/cavity radius and 520 𝐼𝑟 = 𝐺0/𝑠𝑢 is the stiffness index. With the variable separate method, the distributions of pore 521 

pressure before and after reconsolidation are shown in Figure 16a for 𝜒 = 0.3. Note that the 522 

spherical radial consolidation was adopted for the dissipation around the cone tip. It can be 523 

found that the pore pressure in the plastic zone dissipates with time and also extends to the 524 

elastic region. Correspondingly, the distributions of specific volume before and after 525 

reconsolidation are predicted based on Equation 25, as presented in Figure 16b, for both 𝜒 =526 0 and 𝜒 = 0.3. Compared to the drained test 𝜒 = 1, the porosity of soil closed to the cone tip 527 

decreases with the drainage index, even after reconsolidation.  528 

Comparisons of Spherical and Cylindrical Scenarios 529 

The excess pore pressure dissipation around a driven pile is normally considered as radial 530 

consolidation in a cylindrical scenario (e.g. Randolph and Wroth30; Li et al98). While spherical 531 

cavity expansion, assumed for penetration of the cone tip, generates the excess pore pressure 532 

in associate with the dissipation under a spherical scenario, the stage of reconsolidation for soil 533 

around the shaft is treated as the dissipation around a cylindrical cavity. Therefore, additional 534 

to the typical pore pressure transducers (PPTs) around the cone shoulder, it would be useful to 535 

install new PPTs at the probe shaft with some distance to the cone tip, and records of both 536 

spherical and cylindrical dissipations could mutually confirm the interpretations. Further study 537 

is required to validate this suggestion with more practical evidences. Thus the comparisons of 538 

spherical and cylindrical scenarios are provided in this section. Figure 17 shows the stress paths 539 

during penetration and the subsequent consolidation, with identical initial conditions and soil 540 

parameters. The effective stress paths seem to be close during the cavity expansion, while about 541 

13% larger value of effective stress is achieved by spherical scenario and the excess pore 542 
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pressure is approximate 1.5 times the cylindrical scenario, at the critical state after expansion. 543 

The results of reconsolidation show that the spherical scenario gains more radial stress during 544 

pore pressure dissipation, and the specific volume of cylindrical scenario is relatively higher 545 

after the subsequent consolidation. However, the influence zone in the surrounding soil appears 546 

to be larger for cylindrical scenario, as can be observed from the distributions of specific 547 

volume before and after reconsolidation for both spherical and cylindrical scenarios in Figure 548 

18a. In addition, the changes of pore pressure and radial stress with reconsolidation time are 549 

presented in Figure 18b, where ∆𝑢𝑖 indicates the initial value of pore pressure after cavity 550 

expansion and 𝜎′𝑟,𝑓 indicates the final value of effective radial stress after reconsolidation, 551 

respectively. It is found that both dissipation of excess pore pressure and increase of effective 552 

radial stress start earlier for spherical scenario. Li et al98 provided centrifuge data on the 553 

increase of end bearing resistance of a driven pile with reconsolidation time, which shows a 554 

good agreement with the increase of 𝜎′𝑟 for spherical scenario. 555 

Figure 19a provides the dissipation curves with different values of drainage index for both 556 

spherical and cylindrical scenarios. Larger value of 𝜒 indicates higher drainage condition with 557 

lower cavity-expansion induced excess pore water pressure. Cylindrical scenario appears to 558 

have lower ∆𝑢𝑖 after cavity expansion, and cylindrical dissipation is typically slower, owing 559 

to the undrained condition along the plane-strain axis. The variations of normalized effective 560 

radial stress are shown in Figure 19b, validating the increase of effective stress during 561 

reconsolidation.  562 

Effects of Overconsolidation Ratio 563 

The overconsolidation ratio has shown its influences on the results of both undrained and 564 

drained tests of cavity expansion46,53. The effects of 𝑅0  on cavity expansion and the 565 
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subsequent consolidation are presented in this section, for a partially drained condition. The 566 

distributions of excess pore pressure are provided after penetration (𝑡 = 0) in Figure 20a, 567 

showing that the normalized excess pore pressure at the cavity wall increases with 568 

overconsolidation ratio, but the influence zone or plastic region is smaller for more heavily 569 

overconsolidated soil. It is also noted that slightly negative pore pressure appears at 2.0 <570 𝑟/𝑎 < 2.5 for test with 𝑅0 = 10. Correspondingly, the distributions of specific volume is 571 

shown in Figure 20b, and the porosity of soil adjacent to the cone tip is higher for tests with 572 

larger value of 𝑅0. 573 

Figure 21 shows the stress paths of cavity expansion and the subsequent consolidation for tests 574 

with variation of 𝑅0  and a given drainage index of 𝜒 = 0.3 . The initial condition with 575 

identical value of specific volume represents the variation of the initial state parameter 𝜉0. The 576 

overconsolidation ratio shows a significant influence on the stress paths during cavity 577 

expansion, whereas the critical state is achieved with the decrease of stresses against 𝑅0 . 578 

Although the normalized pore pressure at the cavity wall increases with the overconsolidation 579 

ratio, the dissipation of ∆𝑢 appears to be more significant for normally-consolidated soils with 580 

a higher increase of effective mean stress. On the other hand, the porosity of soil after both 581 

expansion and reconsolidation increases with the magnitude of overconsolidation ratio, as 582 

shown in Figure 21b.  583 

The dissipation curves against normalized time 𝑇∗ with variation of 𝑅0 and a given drainage 584 

index of 𝜒 = 0.3 are provided in Figure 22a, as well as the increases of radial stress. Larger 585 𝑅0 value generates higher excess pore pressure, and the normalized effective stress increases 586 

in a smaller ratio. After reconsolidation, distribution curves of specific volume tend to move 587 

downwards with pore pressure dissipation, as depicted in Figure 22b. 588 
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Due to the complexity of the analytical solutions using CASM, it is difficult to propose the 589 

explicit relations with soil parameters for the evaluated values. However, the analysis for 590 

various soil properties and initial conditions can be provided efficiently, which could also 591 

contribute to the engineering practice effectively. Note that, besides of the consolidation effect 592 

during penetration, the viscous effect99 would result in the increase of penetration resistance 593 

for a high penetration velocity, which is out of scope of this study. In addition, the dilatory 594 

dissipation100, caused by the decay in time and dilation of soils, is also not considered. Further 595 

investigation is still required to study the effects of overconsolidation, initial state parameter, 596 

spacing ratio, and stress state coefficient on the stress paths, the changes of excess pore pressure 597 

and cone penetration resistance under a partially drained condition. In addition, the proposed 598 

solution serves as a benchmark for a related numerical simulation, and could also be applied to 599 

analyze problems of pile foundations and tunnelling. 600 

6  |  CONCLUSIONS 601 

A cavity expansion based solution for the interpretation of CPTu data has been proposed under 602 

a partially drained condition. Exact solutions of both undrained and drained cavity expansion 603 

in CASM were combined as two extremes of penetration tests with a partially drained condition. 604 

The variations of the normalized cone tip resistance and the cone factor were examined with 605 

different initial specific volume and overconsolidation ratio for both undrained and drained 606 

tests; whereas the prediction of the undrained-drained resistance ratio considered the effects of 607 

friction angle, stress state, and overconsolidation ratio, in associate with good comparisons to 608 

the existing research. A drainage index was proposed to represent the partially drained 609 

condition, and the critical state of cavity expansion for penetration tests was verified for both 610 

effective stresses and the excess pore pressure. A virtual radius of the surrounding soil for 611 

undrained and drained tests was introduced according to the estimated plastic region, and the 612 
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stress paths and the distributions of stresses and specific volume could thus be deduced for 613 

different values of drainage index, which was also related to the penetration velocity with 614 

validation by experimental data and numerical results. The subsequent consolidation after 615 

penetration was also predicted with the assumption of constant deviatoric stress during 616 

dissipation of the excess pore pressure. Both spherical and cylindrical consolidation were 617 

considered for dissipation around the cone tip and the probe shaft, respectively. In addition, the 618 

effects of overconsolidation ratio on the stress paths and the distributions of excess pore 619 

pressure and specific volume were investigated. The proposed semi-analytical solution 620 

contributes to the understanding of the CPTu tests under a partially drained condition, but also 621 

serves as an effective method for the evaluation of installation and reconsolidation of pile 622 

foundations and tunnelling. 623 
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NOTATION 632 

The following symbols are used in this paper: 633 𝑎0, 𝑎 = initial and current cavity radius; 𝐵𝑞 = pore pressure ratio; 
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𝑐 = size of plastic zone; 𝑐𝑣ℎ = coefficient of consolidation; 𝐷 = penetrometer diameter; 𝐾0 = in-situ stress ratio; 𝑚 = parameter for combining cylindrical and spherical scenarios; 𝑛 = stress-state coefficient; 𝑁𝑐 = cone factor for clay under undrained conditions; 𝑁𝑞 = cone factor of drained penetration tests; 𝑂𝐶𝑅 = overconsolidation ratio; 𝑝′ = mean effective stress; 𝑝𝑦0′ = preconsolidation pressure; 𝑞𝑐 = cone tip resistance; 𝑞𝑐,𝑛𝑒𝑡 = net cone tip resistance; 𝑄 = normalized cone tip resistance; 𝑟∗ = spacing ratio; 𝑟, 𝑟′ = radius and virtual radius; 𝑅0 = isotropic overconsolidation ratio; 𝑠𝑢 = undrained shear strength; 𝑢0 = initial water pressure; 𝑢1, 𝑢2 = pore pressure at cone face and behind the cone; 𝑣 = cone penetration velocity; 𝑉 = normalized penetration velocity; 𝛾𝑤 = unit weight of water; 𝛤, 𝜆, 𝜅, 𝑀 = critical state parameters; 𝛿 = interface friction angle; ∆𝑢 = excess pore pressure; 
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FIGURE 10 Distributions of (a) excess pore pressure and (b) specific volume 897 
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FIGURE 12 Prediction of normalised pore pressure parameter 𝐵𝑞  against normalised 902 

penetration velocity 903 
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FIGURE 13 CPTu data in London clay on the SBT chart with variation of penetration velocity 905 
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FIGURE 14 Distributions of (a) excess pore pressure, and (b) specific volume, with variation 907 

of penetration velocity for London clay 908 
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FIGURE 15 Stress paths of reconsolidation after penetration in: (a) 𝑝′/𝑝′𝑦0 − 𝑞/ (𝑀 ∙ 𝑝′𝑦0) 910 

space; (b) ln 𝑝′ − 𝜐 space 911 
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FIGURE 16 Distributions of (a) excess pore pressure, and (b) specific volume, before and after 913 

reconsolidation 914 
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𝑞/ (𝑀 ∙ 𝑝′𝑦0) space; (b) ln 𝑝′ − 𝜐 space 917 

1.8

1.85

1.9

1.95

2

r/a

ν

1 2 3 4 5 6 7 8 9 10

undrained test

χ = 0.3
Spherical scenario 

before and after reconsolidation

Cylindrical scenario 
before and after reconsolidation

T*
10

0
10

1
10

3
10

4
10

2
10

5

0

0.2

0.4

0.6

0.8

1

Δu
 /

 Δ
u

i 
 ;
 σ

' r
 /

 σ
' r

,f
 

Spherical 

scenario

Cylindrical 

scenario

Centrifuge data after 

Li et al. (2017) Δu / Δui  

σ'r / σ'r,f 

(a)

(b)

 918 

FIGURE 18 Comparisons of spherical and cylindrical scenarios: (a) distributions of specific 919 

volume before and after reconsolidation; (b) changes of pore pressure and radial 920 

stress with normalised reconsolidation time 921 
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FIGURE 19 Changes of pore pressure and radial stress with different values of drainage index 923 

for both spherical and cylindrical scenarios: (a) normalized excess pore pressure 924 

and (b) normalized radial stress 925 
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FIGURE 20 Distributions of (a) excess pore pressure and (b) specific volume, after cavity 927 

expansion with variation of 𝑅0 for 𝜒 = 0.3 928 
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FIGURE 21 Stress paths of cavity expansion and reconsolidation in: (a) 𝑝′/𝑝′𝑦0 −930 
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FIGURE 22 Changes of pore pressure and specific volume during reconsolidation with 933 

variation of 𝑅0 for 𝜒 = 0.3: (a) normalized excess pore pressure dissipation and 934 

(b) distributions of specific volume 935 
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