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Abstract

As evidenced by an extensive empirical literature, multiplicative error models (MEM)
show good performance in capturing the stylized facts of nonnegative time series; ex-
amples include, trading volume, financial durations, and volatility. This paper devel-
ops a bootstrap based method for producing multi-step-ahead probability forecasts
for a nonnegative valued time-series obeying a parametric MEM. In order to test the
adequacy of the underlying parametric model, a class of bootstrap specification tests
is also developed. Rigorous proofs are provided for establishing the validity of the
proposed bootstrap methods. The paper also establishes the validity of a bootstrap
based method for producing probability forecasts in a class of semiparametric MEMs.
Monte Carlo simulations suggest that our methods perform well in finite samples. A
real data example illustrates the methods.
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1 INTRODUCTION AND MOTIVATION

Statistical models for non-negative random variables have been used in many areas,
including finance, economics, health sciences, and engineering. In finance, the family
of multiplicative error models plays a key role in modelling non-negative valued time
series processes (Engle, 2002; Pacurar, 2008). For example, they have been used for
modelling financial durations (Engle and Russell, 1998; Allen et al., 2008; Gao et al.,
2015), trading volume of orders (Manganelli, 2005), high-low range of asset prices
(Chou, 2005), spikes in electricity price (Christensen et al., 2012), absolute value of
daily returns (Engle and Gallo, 2006), and realized volatility (Brownlees et al., 2012).
This paper develops new methodology for producing multi-step ahead probability
forecasts for a nonnegative valued time-series obeying a multiplicative error model.
To complement the proposed methods a class of specification tests is also proposed.
Let {Z; : i € Z} denote a series of nonnegative random variables, for example
realized volatility, where Z := {0,4+1,£2,---}. A multiplicative error model [MEM]

takes the form,
Z; = Wey, (1)

where ¥; is a function of the past information set at time i, denoted H; 1, {&;}
are independent and identically distributed [iid] with unit mean and finite variance,
and ¢; is independent of H; 1 (i € Z); hence ¥; is identified as the conditional mean
of Z; given H;_1 (i € Z). Let Fy denote the distribution function of &;. Broadly, the
objective of this paper is to develop new methods for forecasting in MEMs. More
specifically, we are interested in constructing probability forecasts for future values
of Z,. and ¥, ., for some positive integer k; for example, multi-step-ahead interval
forecasts for Z,., or prediction bounds for ¥, ., assuming that the observations
{Zy,...,Z,} up to the current time n are available.

The existing methods for forecasting in MEMs are mainly based on point forecasts
(see Engle and Russell, 1997; Dufour and Engle, 2000; Bauwens and Giot, 2001;
Hautsch, 2011; Luca et al., 2017) and evaluating one-step-ahead density forecasts
(Bauwens et al., 2004; Corsi et al., 2008; Hautsch et al., 2014). Although such methods
have been widely used in empirical studies (see Bauwens and Giot, 2000; Fernandes
and Grammig, 2005; Engle and Gallo, 2006; Corsi et al., 2008; Gao et al., 2015 and
references there in), the literature is scant on methods for interval forecasts or multi-
step-ahead density /distribution forecasts. However, in risk management, for example
in managing financial investments, one needs to take into account of the forecast of
not only the very next observation, but also of those observations that are several
steps ahead. Hence, our focus on multi-step-ahead forecasting in MEMs is of interest.



This paper develops bootstrap based methodology for producing probability fore-
casts in MEMs by considering two distinct approaches under different assumptions:
(A) Semiparametric approach: we assume a parametric model for ¥; but not for Fy,
and develop a semiparametric method for forecasting, which includes a semiparamet-
ric component for estimating Fy, (B) Parametric approach: in addition to the para-
metric model for ¥; in the previous approach, we also assume a parametric model
for Fy, and develop a fully parametric method for probability forecasting. To com-
plete the methodology, we also develop a method for testing the adequacy of the
parametric specifications of ¥; and Fj. Depending on the nature of the application of
interest, each of the aforementioned parametric and semiparametric approaches have
advantages and disadvantages, but none would be uniformly better than the other.
For example, under the correct specification of the MEM, the parametric approach is
expected to be more efficient than the semiparametric approach. However, in some
empirical applications, it is of interest to produce probability forecasts that rely only
on the specification of the conditional mean but do not require any parametric as-
sumptions on the error distribution. Hence, the semi parametric approach is also of
interest. Thus, it is of interest to develop the methodology for both these approaches.
Several bootstrap based methods that use a semiparametric approach similar to (A)
have been considered for producing probability forecasts in additive and conditionally
heteroscedastic time series models; see Christoffersen and Goncalves (2005), Pascual
et al. (2006), Chen et al. (2011), Mancini and Trojani (2011), and Mazzeu et al. (2017),
amongst others. However, the validity of bootstrap based probability forecasting, in
the context of MEMSs, has not been discussed so far in the literature.

In summary, this paper makes the following main methodological contributions:
(1) First, we propose and establish the validity of a bootstrap method in paramet-
ric MEMs for constructing multi-step ahead probability forecasts, including distri-
butional forecasts, for 7, and ¥, x, conditional on {Z,...,Z,} (k = 2,3,...).
(2) We extend the aforementioned parametric method to a semiparametric MEM that
does not specify a parametric form for Fy. (3) To support the parametric method,
we develop a bootstrap based testing procedure for fitting a parametric MEM. We
state the regularity conditions used in the proof of each method, and provide rigorous
proofs for the validity of each of the aforementioned three methods. To demonstrate
that our regularity conditions are reasonable, we also show that they are satisfied by
MEM(p1, p2), which is perhaps the most widely used MEM.

One attractive feature of the proposed methods is that they have intuitively ap-
pealing simple structure, and are easy to program. The methods also perform well in

an extensive simulation study. Further, in an illustrative real data example, the proba-



bility forecasts produced by the semiparametric method perform reasonably well, and
those produced by the parametric method perform better. These results indicate that
the methods we develop for probability forecasting are of practical interest.

The rest of this paper is structured as follows. Section 2 formulates the prob-
lem, defines the probability forecasts and test statistics, and provides several results
relating to the asymptotic validity of the proposed methods. Section 3 describes a
simulation study. A real data example involving daily annualized realized volatility
constructed from intraday spot price data for the S&P500 index, is provided in Sec-
tion 4. Section 5 concludes the paper. Appendix A contains some of the main proofs.
The details of the simulation results, additional figures for the empirical example, and
some of the omitted proofs are provided in an online supplementary material.

2 MAIN RESULTS

Let the class of MEMs and the definitions of Z;, ¢;, H;, and Fj be as in the Intro-
duction. Let p and ¢ be known positive integers. Let the transpose of any vector
or matrix be denoted by the superscript “”. We say that a sequence of random
variables {X; : i = 1,2,---} converge exponentially almost surely to zero, denoted
X; “% 0, if there exist a v > 1 such that v'X; — 0 almost surely (a.s.) as i — oo.
Let F ={Fp:0 € © C R?} be a given family of distribution functions, where Fj has
mean 1, variance 0 < o < oo, and almost everywhere (a.e.) positive density fp. Let
R* :=10,00). Let A = {;(¢) : ¢ € & C RP} be a given parametric family defined by

!pz((ﬁ) = qu(Zifl?"' 7Zifp17![/i717"' 7Lpifp2>7 (b € (I)a (2>

where {g,, ¢ € ®} denotes a parametric family of nonnegative functions on (R*)?1 72
with pi,ps > 0 being known integers. In many parametric MEMs, the conditional
mean ¥; := E(Z; | H;_1) can be written in the general form in (2). For example, the
linear MEM of Engle and Russell (1998), denoted MEM(py, p2), is given by ¥;(¢) =
a+ Y0 BiZij + 302 Wi i(6), where ¢ = (a, B, By, Y1 Vo) |-

Let us assume that ®(C RP) and ©(C R?) are compact subsets, and

(U, Fy) €e AX F (3)

with the true parameter vector, denoted (¢g,6, )", being an interior point of ® x ©.
Let {Z1,...,Z,} be a sequence of n observations generated by the MEM given
by (1), (2) and (3); this defines a parametric form for the entire conditional distri-
bution of Z; given H;_;. Our objective is to obtain asymptotically valid probability
forecasts for Z,, ) and ¥, , for a given integer k > 1, conditional on {Z1,...,Z,}.



Let us first outline the method of estimating the model defined by (1), (2) and (3).
Note that, the function ¥;(¢) in (2) depends on the unobserved part of the process
{...,Z_4,%Zy} extending back to the infinite past. For example, in the MEM(1,1)
model, we have W;(¢) = a(1 — )"+ B30,V Zi . Hence, to approximate ()
basedon {71, ..., Z,}, we use a sample estimate, denoted ¥;(¢), obtained by assuming
(Zoy-++ s Z1pys Wo, W1 _py) T = g0, Where 6o = (20, + , 21_py, S0, 5 S1_pp) | 1S & s€L
of suitable starting values in (R™)P**72; it will be shown later that the effect due to
the choice of the starting values is asymptotically negligible.

In view of Proposition 3.12 of Straumann and Mikosch (2006), if the family {g,}
satisfies certain random coefficient Lipschitz conditions, then, irrespective of the start-
ing value gy,

j}ég |@z<¢) - Wz((rb)’ 61}8. 07 t— o0, (4)

where “%” 0 denotes the ezponential almost sure convergence to 0, as defined earlier.
In the case of the MEM(1,1), a sufficient condition for (4) is, E supyeg[log(Be1 +7)] <
0. A number of other MEMs, including the MEM(py, p2) of Engle and Russell (1998),
also satisfy (4), under similar conditions.

Since (1), (2) and (3) specify a fully parametric MEM, it is appropriate to estimate
the model by maximum likelihood (ML). To this end, let ¢ = (¢7,07)" denote an
arbitrary point in ® x O, and let (o = (¢, 0, )" be the true value in (3). Let

V(0) = log #i(6) — log | fo{Z:/Ti(9)}| and T0(C):= Y ~Xi(0).

i=1
where fy denotes the probability density function [pdf] of the distribution function Fj.
Consider the estimator ¢ = (QAST, éT)T of (y defined by

¢ = argmaxccg.e Tn(C)- (5)
This is not the true ML estimator, because the objective function Tn is based on !f/@
instead of the true conditional mean function ¥;. Therefore, we refer to the estima-
tor ¢ as the approzimate mazimum likelihood estimator (AMLE). The true likelihood
function that corresponds to ¥; is defined by

n

To(¢) =Y —xi(Q),  xi(C) :=logWi(¢) — log [fo{ Z:/¥:(9)}] (6)
i=1
The summands in (6) are stationary and, under (4), n~1Y,, approximates n~!T,, with
an error decaying to zero as n — co. By using these properties, and several regularity
conditions, we show that é is consistent and asymptotically normal; see Appendix A.1.
In the next subsection we introduce the bootstrap method that we propose for
producing probability forecasts for MEMs by using ¥;(¢), Fy, and the estimator CA :



2.1 Bootstrap probability forecasts: parametric approach

In this subsection we continue to assume the parametric MEM specified by (1), (2)
and (3). In order to produce probability forecasts for Z, ., and ¥, conditional on
the realized values {71, ..., Z,}, we propose the following bootstrap procedure:

Step 1: Compute the estimate ( = (QAST, éT)T using the observed sample {Z1, ..., Z,}.
Step 2: Generate m +n + 1 independent observations, €%, ..., e from Fj.
Step 3: Generate Z*, ..., Z} recursively by

Zz* = W(ﬂg)ﬁj? lpz*(qﬁ) = g(i’(Z:—lv o Zz* pi’kp* ((rb)v T 7Wi*—172 (¢))7 ¢ €D,

i=—m,...,n, with (Z*,, -~ 2%, W 0 ) =

Step 4: Discard {Z*,,,..., 2}, and use {Z7,..., Z*} as the bootstrap sample.

Step 5: Compute the bootstrap analogue (* = (¢*, A*)T of ¢ based on {Z},...,Z*},
and generate k independent observations, €;_;,..., €y, from Fj.

Step 6: Generate Z7,, and Wn+k(¢*) recursively, by

Z;—l—z = g/:ﬂ(@g*)g:Ha i=1,...,k,

W:—H(gb) = g¢(Z:L+i—17 te Z:H—z —p1? w:;-l—z 1(¢) wrt—i—z p2(¢))7 ¢ € (I)7

with (Z7, - - Z:LH qu* . LD;H p2>T = Zny s Zni1ps W 3 Wit py) |-

Step ’7 Repeat Steps 2 6, B number of times and obtain the bootstrap replicates,

* 1
{ n+k’ T n+k} for Z n+k7 and {Lpngrk( ) T l*pn+k ( )} for ¥, n+k
Step 8: Produoe the required probabihty foreoasts by using the empirical distributions
of {Z:Srl,)g, . Z;ﬁ nd { n%( ). n+k (ng*)} for example, with

[S—
Mm
~

Gy iz BZI{Z:SZ«:<$} and G g ( <z}, (7)

b=1
where I(-) denotes the indicator function, the 100(1 — w)% prediction intervals for
i and ¥, 1, for 0 < w < 1, can be obtained as

Gz (w/2),G —w/2)] and [G . (w/2),G . (1-w/2)], (8)

B,Z* k BZ k(

respectively, and 100(1—w)% upper prediction bounds for Z,,,; and ¥, ;. are given by

[0, G;Z k( —w)] and |0, GBlw k( —w)], O0<w<l. (9)

Later we show that the bootstrap method outlined in Steps 1-8 is asymptotically
valid, and that Gy 7. . (v) and Gp g ,(7) in (7) mimic the conditional distributions
of Z,rx and ¥, in large samples. In view of this, one may use {Z’ n+k, e n+k}



and {Lﬁ;il;(qg*), . ,@:ﬁ)(qg*)}, to produce various probability forecasts, and to ap-
proximate the pdfs (i.e. to produce density forecasts) of Z, . and ¥, , conditional
on {Zy,...,Z,}. In this study, we illustrate the details for producing interval fore-
casts for Z, . and ¥, as in (8) and (9). Similarly, other measures of uncertainty
related to Z,,1 and ¥, , conditional on {Z1, ..., Z,}, may also be produced; useful
examples include value-at-risk, expected utility, quantile forecasts, and sharpe-ratio.
The validity of the bootstrap method we propose by Steps 1-8 depends on the
conditional distribution of Z; specified by ¥;(¢) and Fy. Therefore, prior to applying
the proposed method it is important to test the goodness-of-fit of (1), (2) and (3).
For this purpose, we develop a bootstrap testing procedure in Section 2.4. In the
next subsection, we propose a method for producing probability forecasts by using a
semiparametric approach which does not assume a parametric form for Fj.

2.2 Bootstrap probability forecasts: semiparametric approach
(based on the empirical distribution of the residuals)

The probability forecasts in Section 2.1 require parametric specifications of both the
conditional mean ¥; and the error distribution Fy. However, in some empirical ap-
plications, it is of interest to produce probability forecasts that rely only on the
specification of the conditional mean but do not require any parametric assumptions
on the error distribution. In fact, there are several tests available in the literature
for fitting a parametric model for ¥; without making any parametric assumptions
on Fy (see Hidalgo and Zaffaroni, 2007; Koul et al., 2012; Perera and Koul, 2017).
Therefore, in this section, we propose a method to produce probability forecasts by us-
ing bootstrap replicates obtained from the empirical distribution of the standardized
residuals instead of using the parametric distribution F. This method can be viewed
as a variant of the procedure previously proposed by Pascual et al. (2006) in the
context of GARCH models and implemented by Mazzeu et al. (2017). The key idea
of this bootstrap method is to use an empirical distribution instead of a parametric
one, and hence not rely on any parametric assumptions on the error distribution.

For the rest of this subsection, we assume the semiparametric MEM specified
by (1) and (2); therefore, Fy may not be of the form Fy. We continue to denote the
true value of ¢ by ¢y. To estimate ¢y we use the quasi mazimum likelihood estimator
(QMLE) based on the standard exponential distribution, defined by

Pgmi = arg min Y G(0), i) =1ogW(9) + Zi/Ti(9). (10)
=1

The residuals are defined as &9 = Zi/@(ngml), i=1,...,n. We chose the QMLE

(2



in (10) because it provides consistent estimates, without relying on any parametric
assumptions on Fy (see Drost and Werker, 2004). Further, gzgqml is usually asymptot-
ically linear for many models (see Lee and Hansen, 1994; Berkes and Horvéth, 2004;
Francq and Zakolan, 2004; Straumann and Mikosch, 2006; Ling, 2007), and thus, there
exist some constant ¢ # 0 and a function g such that Eg(e;) = 0, Eg*(g;) < oo and

02 (Gt — o) = X In 12 Z Ai(do)o(ei) + 0p(1), (11)
i=1
where \;(¢) := ¥;(¢)/¥;(¢) and ¥ := E{\;(do)A\] (¢o)}. The asymptotic linearity of
gisqml in (11) is used for establishing the validity of the probability forecasts.

QMLE versus AMLE

The quasi maximum likelihood (QML) estimation based on distributions belonging to
the standard gamma family (with two parameters), such as the exponential, provide
consistent estimates under the correct specification of the conditional mean, without
relying on any parametric assumptions on Fy (see Drost and Werker, 2004). Therefore,
if Fy is misspecified then the QMLE is likely to perform better than the AMLE.
However, under the correct specification of Fy, the AMLE is more efficient than the
QMLE (see Propositions 1 and 2 in Appendix A.1). Further, in some cases, the QMLE
based estimation of MEMs may perform quite poorly, even with quite large samples
(see Grammig and Maurer, 2000). Therefore, if the parametric model is ‘close’ to the
true model then it is desirable to use the AMLE instead of the QMLE.

Bootstrap using the empirical distribution of the standardized residuals

First, we define the standardized residuals as
1
gt = Lo ZsW”} 2 p =1, n, (12)

so that the empirical distribution of {éEStd)}?zl has mean 1. This is important because
one of the model assumptions is that E(gg) = 1. The effect of (12) is similar to that
of centering the residuals before resampling in additive regression models.

Step 1: Compute the QMLE gz;qml using the observed sample {71, ..., Z,}.
Step 2: Draw a random sample (with replacement) of size m+n+1, say ¢
1) ) < <)

Step 3: Generate Z%, . ... Z9* recursively by

Zq* - qu*<¢qml) € &Dz'q*(gsqml) = géqml(Zgjl, o Zf*plv%gjl(ﬂsqml)a T 7Lpiqu2 (¢qml))7

qx*
—ma"'vgnu

from {&;



i=—m,. n, with (thn 1 Zz*m plvwgtn 1(¢qml) ngn pz((qul»—r = <0-
Step 4: Dlscard {Z%., ..., Zg*}, and use {Z]", ... ,Zg*} as the bootstrap sample.

Step 5: Compute the bootstrap analogue (ﬁzml of ngml based on {Z{" ..., Z%}, and
,ed ., from {5t8td) 1<t< n}

Step 6: Repeat the Steps 6-8 of the bootstrap procedure in Section 2.1 by using
{zI*,...,Z%}and {el’ |, ... el .}, instead of {Z},..., Z}and {e},... e}, }, and
obtain the analogues of the probability forecasts in (7), (8) and (9) for the above setup.

. qx*
draw a random sample of size k, say €, ,...

This procedure can be viewed as a variant of the bootstrap method previously
proposed by Pascual et al. (2006) in the context of GARCH models. In Section 2.3, we
show that the bootstrap method outlined in Steps 1-6 above is asymptotically valid.

2.3 Asymptotic validity of the probability forecasts

In this section, we first show that the probability forecasts of Z,, ., and ¥, given
by (8) and (9) are asymptotically valid. To this end, we assume that there exists
a compact neighbourhood A of ¢y and a stationary process {¥;*};cz, such that for
every integer r > 0,

2161p| Ui (0) = U (0)] 570, asm — oo, (13)
in probability. Note that, due to the effect of initial conditions and the use of LZZ
instead of the unobservable ¥;, the bootstrap processes {Z* . }ien and {7, }ien used
in (8) and (9) are not statlonary Heuristically speaking, condition (13) implies that
the non-stationary process {7} can be approximated by an stationary {¥;*} for
large samples. In view of Proposition 3.12 of Straumann and Mikosch (2006), condi-
tion (13) would follow if the parametric family {g,} satisfies certain random coefficient
Lipschitz conditions, uniformly over the compact space A.

Because {(¥;, ¥}*)} is stationary, with E* denoting the bootstrap expectation,

supE{E*H U i(9) — Ui (9)[1}
< ZEEE{]E*WZ%( ) = Ynik(9 )”}JFZEEE{E*H U () = U (o)1}
< E{E*[ZEIAJWJ*(@—Wn(¢)\]}+0(1)a (14)

where the last bound follows from (13) and the Jensen inequality.

The validity of the probability forecasts for the parametric approach

To introduce the regularity conditions for the validity of the bootstrap, we need to
define the data generating model for a given point ¢ = (¢,0)" € ® x ©. To this
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end, let U = {U;,i € Z} be a sequence of iid random variables from the uniform(0,1)
distribution. Let &;(0) = F,'(U;) := inf{z > 0 : U; < Fy(z)}, for i € Z. The data
generating model for a given point ¢ = (¢,0)" € ® x O is defined by the following:

79 = w9 (p)e,(6), (15)
U(G) = 9:{29, -, 2 W), W) (9)), bed, icy

1—p1? T 1—

{€:(0)} are iid with the common cumulative distribution function [cdf] Fp.

We let functions of {ZZ-(O, Wi(o }in (15) be denoted with a superscript “(¢)”. For ex-
ample, )\EO(-) = @i(C)(~)/Wi(C)(-) is the analogue of \;(-) = ¥;(-)/¥;(-) for the observable
process {Z; : i € Z}. If data are generated from (15) for only ¢ > —m (conditional on
the starting values ¢y = (20, , 21-p;, 50, ** »S1-pp) ), then we use the superscript
“(m,¢)” instead of “(¢)”. For example, &™%(-) and A™9 () := &™) () @™ ()
are the analogues of LT/Z-(C)(-) and /\EO(-), respectively, when the data generating model
obeys (15) for ¢ > —m (conditional on the starting values ¢y). Note that, under (1),
(2) and (3), the probability laws of Wi(co)(-), @i(CO)(_) and )\ECO)(-) are identical to those
of ;(+), ¥;(-) and \;(-), respectively.

Let ¢, = (¢,,0])" denote a generic nonrandom sequence in ® x ©. Let P, and E,,

denote the probability and expectation corresponding to ¢ = (, under model (15). Let

xui(€) 1= log ¥(9) = log | Fo{ 27 /1 (0}, oui(€) 1= =27 i €),

where Y is as defined by (A.1) in Appendix A. The norm || - || for a continuous
ro X r3 matrix-valued function H on a compact set A C R™, that is H € C[A, R"2*"3],
is defined by ||H||s := supsey ||H(s)||, where 71,79, 73 are known positive integers. If
H is real valued, then ||H ||y = sup,cy |H ()]

In order to establish the asymptotic validity of the bootstrap probability forecasts
based on the AMLE, we need to introduce the following additional assumptions.

Condition C.

C.1. Forevery( = (¢",07)" € ®x O, the model (15) has a unique stationary ergodic
solution {Zi(o 1 € L} with ]E({Zéo}%d), ]E[{Wéo(¢)}2+d] and E[||)\(()<)(gz§)||2+d] being
finite for some d > 0.

C.2. For all nonrandom sequences ¢, = (¢,,01)" for which ¢, — (o, we have

Ivr(Cn — Go) — 7200 0nil Gl = opn(q;, nwhere (, denotes the analogue of
the AMLE (5) when the true parameter is (,. Further, E,[A1(¢n)] = E[A1(do)] and
Enlpn (G)en1(Ga) ] = Elpr(Go)er(G)T] as n — 00, with Ai(9) = ¥i(9)/Ti(9)
where Wi (p) = Wi(cn)(gb).
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C.3. There exist compact neighbourhoods K1 of ¢pg and Ko of 0y, such that the fol-
lowing hold with K =K X_Kz.' (a) conditéq@al on L{“: {Ui,i € Z}, supeey ||L_Ui(m’o —
L[-v’z‘(C)HKu SUPcer ”Wi(m@ - Wi(C)HK17 SUP¢c i ||47¢(m’o - L-I/i(C)HKu 0 as i — 00;

(b) supCGKIEHWéOH%;;d < oo and supCEK]EH)\(()OH?;;d < oo for some d > 0, where

/\Z(O = L/;/i@)/k"/i(o; (¢) SuPger, SUP,>g fo(T) < 00, Supyeg, fmzo z fo(x) do < oo.

Condition C.1 is satisfied by most MEMs. For example, for the linear MEM(p1, p2)
given by (15) with

p1 P2
!pz(o<¢) =Qa+ Zﬂjzz(f)j + Z’VJWZ(E)]((b)a ¢ = (Oéa Bl? v 75;017717 o e 77?2)T7
=1 j=1

the relation E[) B; 78 4 > 72,75 < 1is sufficient for the validity of C.1. Condi-
tion C.2 is similar to the Assumption E2 in Andrews (1997). As mentioned in Andrews
(1997), the proof of Proposition 2 for the asymptotic normality of the AMLE can be
altered to obtain the triangular array linear expansion in C.2. Condition C.3 is also
expected to be satisfied by a large class of MEMs. For example, the validity of C.3 for
the linear MEM(py, p2) model of Engle and Russell (1998) can be verified as follows:

Verification of Condition C.3 for the linear MEM of Engle and Russell (1998)

Let the parametric linear MEM(py, p2) model, denoted M-F, be defined as follows:
Z; =W, {e i€} areiid, & < F

M_f . () 1= 2 ) 7 0 16

{ U =g+ 5L BioZiog + D5 VoW (16)

for some (¢, 0p) where ¢g = (0, B10, - - - Bp105 V105 - - - » Vpg0)- Let {U; }iez be iid uni-
form(0,1) random variables. Without loss of generality, let ¢; = Fg_ol(Ui). A typical
assumption made in empirical studies involving MEM(py, ps) is that the following
constraints hold at the true parameter (¢, 6y) (see Engle 2002):

{1— Zﬁjo — Zm} >0 and E{|F, ' (U;)[*} < 0. (17)

Next, let V; = supscg, |F; ' (Ui)| where Ky denotes a closed ball in © containing 6,
as an interior point. If {1 —3>".8j0 —>_;vj0} > 0 and E(V;*™) < oo for some § > 0
and Ky, then the conditions in C.3 are also satisfied; these verifications require results
on e.a.s. convergence involving Stochastic Recurrence Fquations and can be obtained
from the authors upon request. The additional requirement IE(V;QJ”S) < o0 is only
slightly stronger than E|F, '(U;)]* < oo in (17). These conditions can similarly be
verified for many other MEMs.
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The next theorem shows that the probability forecasts proposed in Subsection 2.1
are asymptotically valid. Here and in the sequel G . ,(7) and Gy. . (z) denote the
distribution functions of Z* . and Vs > Tespectively, conditional on {Z;, ..., Z,}.

Theorem 1. Let {Z;;i € Z} be a strictly stationary and ergodic process obeying the
model specified by (1), (2) and (3). Suppose that the assumptions of Proposition 2
in Appendiz A.1 and (13) are satisfied. Additionally, assume that conditions C.1,
C.2, and C.3 hold, and that there exists a compact neighbourhood B (C @) of po with

€.a.S.

SUDg @i(qb)—%(gbﬂ, SUDy e H@l(qﬁ)—%(gb)ﬂ =0 asi — oo. Then, conditional on
{Zy,...,Z,}, for every 0 < w < 1, the following hold: (a) P{Z,+r < G;k(w)} —p W
asn — 00, (b) P{W, 1\ < G;lk(w)} —p W as N — 00.

The proof of Theorem 1 makes use of (13) and (14) and is given in Appendix A. By
Py

n

the Glivenko-Cantelli theorem we have that, sup,, |G z. ,(z) — Gp 7« 1.(7)] =% 0 and

sup,, |Gy« 1 (2) — Gp g1 (7)] g 0, as B — oo. Hence, one may make G . ;.(7)
and G g+ ,(7) arbitrarily close to G 7. ,(7) and Gy ,(z), respectively, by selecting B
large enough. Thus, it follows from Theorem 1 that the probability forecasts in (8)
and (9) are asymptotically valid.

The validity of the probability forecasts for the semiparametric approach

The next theorem shows that the probability forecasts proposed in Section 2.2 based
on bootstrap replicates obtained from the empirical distribution of the standardized
residuals, are also asymptotically valid. First, we introduce several regularity condi-

tions on the error distribution Fy and the functional form ¥;(¢).

L.1. The support of the error distribution Fy is [0,00), €2 has a non-degenerate dis-

tribution, and ]E[s(()ﬂd)] < 0o for some d > 0.

L.2. The function (¢, s) — gs(z, ) is twice continuously differentiable in its domain,
E{|log ()|} < o0, and E[||Ai(¢0)[*] < oo.

L.3. The parameter ¢q is an interior point in ®, and there exists a compact neighbour-
hood B (C ®) of ¢ sucfz that sup, ¢ p |%(fb) — ()|, SUDy e p H%((b) — (@) 50 as
i — 00. Furthermore, ¢gmi —p G0, 112 (gmi — ¢0) = Op(1), and ¢y satisfies (11).

Condition L.2 follows from the regularity assumptions B.5, D.2, and D .4 stated in
Appendix A.1. The convergence properties and the root-n consistency of the QMLE
in L.3 are typically valid for many parametric models of the form (2); see Bauwens
and Giot, 2001; Francq and Zakoian, 2010; Hautsch, 2011.
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Theorem 2. Let {Z;;i € Z} be a strictly stationary and ergodic process obeying (1)
and (2) withW; = ¥;(¢o). Let F, denote a sequence of non-random cdf’s. Suppose that
L.1, L.2, L.3, B.6, and B.7 are satisfied, and that the analogue of (13) holds for the
bootstrap process in Section 2.2. Additionally, assume that the analogues of C.1, C.2,
and C.3 hold if Fy is replaced by a non-parametric cdf F', Fy, is replaced by F,, with
(Ons Fn) = (o, Fo), and AMLE is replaced by QMLE. Let G zugmi () and Ggeqm ()
be the analogues of G . () and Gy. () for the bootstrap algorithm in Section 2.2.

Then, conditional on {Zy,...,Z,}, for every 0 < w < 1 we have the following:
(8) P{Zpas < G (@)} —p w0, (b) P{Baye < Ggl (@)} =y w0, asm — oo

The proof of Theorem 2 is given in Appendix A. Note that, the analogue of C.2 for
the setting in Theorem 2 is that, for all non-random sequences (¢, F},) — (do, Fo), as
n = 00, we have [|v/il(Gngmi — dn) =[Sy 072 300, Ni(n) (el = 0, (1), with
Xt = D el ~ Fyand Al (¢) == W (6) /W (¢), where ¢y gmi is the analogue
of the QMLE (11) when the true parameter is ¢,, and !Z?L denotes the conditional
mean process for the model with the true parameter ¢,, and the error distribution F,
as defined by (A.6) in Appendix A.2.

In the next subsection we propose a class of specification tests to test the adequacy
of the parametric specifications of the conditional mean and the error distribution.

2.4 Specification tests for the conditional distribution

In the bootstrap method proposed in Section 2.1, we assume that {Z; : i € Z} obeys
a parametric MEM of the form (1), (2) and (3). Because such a parametric model
specifies the entire conditional distribution of Z;, it is prudent to first test for the

adequacy of this parametric model. To this end, we need to test the null hypothesis
Ho: Pr(Z; < z|Hi—1) = Fy,(2/%;(¢)), z >0, for some (¢g,6p) € P x O,  (18)

against the alternative ‘H; : Not Hy' .

There are several tests in the literature that we can use for this purpose; see,
for example Fernandes and Grammig (2005), Gao et al. (2015), and Perera and Sil-
vapulle (2017). However, these tests rely on QMLE for estimating the null model
and hence sacrifice efficiency in favour of achieving robustness against distributional
misspecifications. Since AMLE is more efficient than QMLE under Hy, in this pa-
per, we develop a testing procedure based on AMLE for testing Hy. The bootstrap
tests of Perera et al. (2016) are based on QMLE and applicable only for testing the
conditional mean function but not (18). The tests proposed in Hidalgo and Zaffaroni
(2007) are based on a Gaussian QMLE and can be applied for fitting an ARCH(c0)
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model which includes several GARCH-type models; these tests cannot be used for
testing the adequacy of a distributional model such as (18).

To describe the testing procedure that we develop, let ¢ = (¢7,67)T and ¥;(-) be
as in the previous section. Let ‘plim’ denote the probability limit operator. Define
Co = (¢0,00)" = plim ¢, so that ¢y is the true value under Hy, and it denotes a pseudo
true value under Hy. Let F,(z) = n > I(& < ) be the empirical distribution
function of the estimated residuals {21, ...,2,}, where & := Z;/W(¢), i = 1,--- ,n.
Let the residual empirical process Wn estimated under the null hypothesis be

W(z) = \/ﬁ{ﬁn(x) - Fé(x)} . x>0 (19)

Let DI]0,00) and DJ0,1] be the spaces of cadlag functions on [0,00) and [0, 1],
respectively, equipped with the uniform metric. Certain functionals of W,, defined
on D[0,00) may be used as possible test statistics for testing H, against H;. We
consider a test statistic Ty, of the following general form, that satisfies

Ty :=h(Wao ;') = h(Wa o Fy') + 0,(1), (20)

under Hy, where b is a known continuous functional on DI0, 1].

Possible candidates for b include: (a) the Kolmogorov-Smirnov functional
f)(Wn o Fé’l) 1= SUDse0,1 ]Wn o Fé’l(t)\, and (b) the Cramér-von Mises functional
b(W,, o Fh)= fol{/Wn o F7!(t)}?dt, among others (D’Agostino and Stephens, 1986).
Similar functionals have also been considered in Meintanis et al. (2017) in a simulation
study for testing the goodness-of-fit of the error distribution in ACD models. Guo and
Li (2018) propose specification tests for MEMs when the conditional mean admits a
Markov structure, such that ¥; = E[Z; | Z;_1] (i € Z); in this paper, we do not make
this assumption.

Next, we introduce some notation. The composition of two functions f; and f5 is
denoted by fi o fo. The empirical distribution function F),(z) and the corresponding
empirical process W,,(z) of the unobserved errors {1,...,¢,} are defined by

F,(z) =n"" Z I(g; <z) and W,(z) = /n{F,(z) — Fy(z)}, z>0.

Under Conditions D.1-D.4, there exist martingale difference sequences {gogl)(C )}
and {{? ()}, with [n*/2(6 = o) = [0~ 2 1, " (o))l = 0,(1) and [|n*/2(6 —6o) -
230 P (Gl = 0p(1), where (9 (O)T(#P(CO)T]T = wilQ) = Sp (0,
[Eo (G0t (Go) Tl < o0 and [[Eef” (Go)ef”(6o) Tl < oo [sce (A.2) in the proof

of Proposition 2 in Appendix A]. By using these asymptotic representations, and
Conditions D.1-D.4, the next theorem establishes the weak convergence of W, o FQ’OI.
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Theorem 3. Let {Z;;i € Z} be a stationary and ergodic process that obeys the model
described by (1), (2) and (3) under Hy. Suppose that the assumptions of Theorem 1
are satisfied. Additionally, assume that Fy(y) and yfa,(y) are uniformly continuous
on R*. Then, Wn o F(,_O1 converges weakly in D[0,1] to a centred Gaussian process R,
defined by the covariance kernel Cov{R(s), R(t)} := min{s,t} — st + R(s,t, (o), where

R(s,t,0) = Fy ' (s) fo(Fy () (0)] "E[o{ (O (e: < Fy ' (1)]
~[Ep(Fy (o)) "Bl (O (e < Fy ' ()] — [Fo(Fy (8] E[pi (O (25 < Fy ' (s))]
F9<F9-1<s>>} so&”(@E[Al(as)M”(o}F;%s)fa(F;l(s))
JE(¢)]'E [so&”(@f(eisrl(s))]
O O MO Qe (O Fa(F(5) )
E{EN @] Qe (O TEM (@]} £ () foFi(5),
and Ni(¢) == Wy(¢) /Wi(¢) for ¢ € ®.

The next corollary yields the limiting distributions of the test statistic 7y under

(
i

the null and under a fixed alternative. Here, and in the sequel, <%y and 23’ denote

convergence in distribution and convergence in probability, respectively.

Corollary 1. Suppose that the assumptions of Theorem 3 are satisfied. Leth be a con-
tinuous functional on D[0,1]. Then, under Hy, h(W,0F, ") N h(R) as n — oo, and
under any fized alternative, with probability (w.p.) 1, h(W, o Fa_ol) — 00 as n — oo.

Since b is a continuous functional on DI[0,1], and T, = b(W, o F.h) + op(1)
under Hy, it follows from Corollary 1 that the limiting null distribution of T} is h(R).
Therefore, an asymptotic test based on Ty would reject Hy if Ty > ¢y, where ¢ is
the (1 — a)th quantile of h(R). The distribution of h(R) is model-dependent and is
not free from the nuisance parameters ( and Fy. Hence, asymptotic critical values
cannot be computed for general use. Therefore, to implement the tests, in this paper,
we adopt a parametric bootstrap approach that is commonly used in the literature,
for example, as considered in Horvath et al. (2004), Fernandes and Grammig (2005),
and Meintanis et al. (2017), amongst others. In implementing this approach, in the
bootstrap data generation, we use the AMLE ¢ in (5) instead of using the QMLE;
this approach has its roots in the parametric bootstrap approach originally proposed
by Andrews (1997). We expect that this method would complement the existing
methods for specification testing in MEMs, including Hidalgo and Zaffaroni (2007);
Koul et al. (2012); Perera and Koul (2017); Meintanis et al. (2017); Guo and Li (2018),
amongst others. The bootstrap testing procedure is described by the following steps:
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Bootstrap procedure

Step 1: Compute the estimate ¢ = (QAST, éT)T and the test statistic Ty based on the
observed sample {Z;,...,Z,}.

Step 2: Generate a bootstrap sample {Z7,...,Z*} by repeating Steps 2-4 of the
bootstrap procedure in Section 2.1.

Step 3: Based on the bootstrap sample {Z7,..., Z*}, compute the bootstrap coun-
terparts of C, W, {&1, ...}, F,, and W,,, which we denote by {* = ({¢*}7, {6} )T,
U {&, ..., &), Fr oand W;,
bootstrap analogue of T, = h(Wn o Fé_l).

Step 4: Estimate the distribution of Ti" by repeating Steps 2 and 3 many times and

respectively. Then, compute T = [)(W;: o Fézl), the

compute ¢, the (1 — a)th quantile of the sampled values of Ty. Now, reject Hy at
level av if Ty > cf.

Theorem 4 and Corollary 2 below show that the foregoing bootstrap test is asymp-
totically valid. Theorem 4 establishes the weak convergence of the estimated boot-
strap empirical process W;oFé’l. Corollary 2 shows that, conditional on {71, ..., Z,},
Ty converges in distribution (in the bootstrap sense). All the convergence results re-
lating to bootstrapped processes such as W, o Fé_1 hold almost surely.

Theorem 4. Suppose that the assumptions of Theorem 3, except the null hypoth-
esis Hy, are satisfied. Additionally, assume that the Conditions C.1, C.2 and C.3
are also satisfied. Then, conditional on {Z,...,Z,}, w.p. 1, the process W; o Fg_l
converges weakly in D0, 1] to a centred Gaussian process S with covariance kernel
Cov{S(s),S(t)} := min{s,t} — st + R(s,t, (o), where R(s,t,() is as in Theorem 3.

Let Oy, 0, , and E* denote the usual stochastic orders of magnitude and expecta-
tion, respectively, with respect to the bootstrap law, P, conditional on {7y, ..., Z,}.
The convergence in distribution of bootstrap statistics is denoted by <25 The fol-

lowing corollary establishes the asymptotic validity of the bootstrap tests.

Corollary 2. Suppose that the assumptions of Theorem 4 are satisfied. Let S be
as in Theorem /. Then, conditional on {Zy,...,Z,}, w.p. 1, Ty LN h{S}. Further,
conditional on{Zy, ..., Z,}, w.p. 1, the bootstrap implementation of Ty has asymptotic

power one against any fixed alternative.

Suppose that Hy is true. Then {y = (¢, 604 )" is the true value satisfying [¥;, Fy] =
[Wi(¢0), Fo,|, and hence, the process S in Theorem 4 is the same as the centred
Gaussian process R in Theorem 3. Thus, under Hy, the distribution of h{S} is the
same as that of h{R}, the asymptotic null distribution of Ty. Therefore, it follows
from Corollary 2 that the bootstrap test based on Tj is a valid level a asymptotic test.
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3 SIMULATION STUDIES

We conducted two separate simulation studies. In the first simulation study, we eval-
uated the finite sample performance of the prediction intervals and upper prediction
bounds proposed in Section 2.1. In the second simulation study we evaluated the
specification tests proposed in Section 2.4 in terms of size and power. These two
simulation studies involve several models and evaluations with respect to different
criteria. Therefore, in this section, we provide a summary of the main observations,

and relegate the detailed tables to Appendix S.1 in the supplementary material.

Simulation Study 1: Evaluating predictions for 7, and ¥,

Let us first describe the design of the study. For the error distribution, we con-
sidered the following families of distribution functions on R* with mean 1 and pdf f:
(i) Ezponential, denoted E: f(x) = exp(—=z).

(i) Weibull [W(r)]: f(z) = (k/c)(x/c)* Lexp{—(x/c)"}, k >0, c = [[(1 + r1)]
(iii) Burr [B(a,b)]: ( ) = (a/o)(x/0)* 1 + b(x/c) ]+ ¢ > b > 0, and
o ={T(14+a )T ' —a )} e IT( +b71).

(iv) Generalized gamma [GG(a, c)]:

f(x) =c{ol(a)} Yz/o)* L exp{—(z/0)}, a,c > 0, and o = {T'(a + ¢ 1)} 'T'(a).

The first two distributions have been identified as having important roles in mul-
tiplicative error models (see Engle and Russell, 1998; Drost and Werker, 2004; Engle
and Gallo, 2006). The next two have been suggested in various empirical studies (see
Lunde, 1999; Grammig and Maurer, 2000; Grammig and Wellner, 2002).

Let AM and M denote the following two models, with unknown parameters:

-1

AM [Asymmetric MEM(1,1); Fernandes and Grammig (2006)]:

Vi(9) = o1 + W1 () {|eim1 — da| + d5(cic1 — da) } + 3¥i1(9), (21)
gic1 =€i-1(0) = Zis1/Wi1(9), & = (1, 2, b3, 01, 05) ",

M [Linear MEM(1,1); Engle and Russell (1998)]:

Vi(p) = o1 + $2Zi1 + 03¥i1(9), 1> 0,02 >0,05>0, 2 +p3<1. (22)

The term {|e;—1 — ¢4| + ¢5(ei-1 — ¢4)} in the asymmetric model (21) allows the
conditional mean {¥;} to respond in distinct manners to small and large shocks,
through the additional shift and rotation parameters ¢, and ¢5 (see Fernandes and
Grammig, 2006). The linear MEM(1,1) in (22) may be recovered from this general
model by setting ¢, = ¢5 = 0 in (21).
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The data generating processes were based on the following two multiplicative error
models for the conditional mean ¥;, with ¢; = Z;/¥;.

M1 . Lpz =0.20 + 01021_1 + 0.70!171'_1,
AM1 : L_DZ =01+ 0.2@1_1“8@_1 — 01| + 0.5(5,'_1 — 01)} + O6Lpz_1

Clearly, M; belongs to M and AM; belongs to AM. We use the notation M-F to
denote the class of MEMs defined by Z; = VY;e;, where ¥; is of the form M and
{ei;1 € Z} are iid with common distribution F' € F as in (16). Similarly, AM-F
denotes the class of MEMs, where ¥; follows the model AM and {e;;i € Z} are iid
with common distribution F' € F. For example, AM-GG represents the class of
MEMs defined by the asymmetric conditional mean function of AM in (21) and a
generalized gamma error distribution, denoted GG.

We carried out several sets of simulations to evaluate the accuracy of the condi-
tional probability forecasts for Z,.,, and ¥, ., given by the bootstrap method pro-
posed in Section 2.1. For each generated sample, the prediction intervals and bounds
given by (8) and (9) were constructed under several parametric MEMs that nest the
DGP. The simulations are based on 1000 Monte Carlo samples. For each Monte Carlo
sample, we used 1000 bootstrap replicates to produce the probability forecasts.

The accuracy of the left and right limits of the prediction intervals are also of
interest to know about whether the prediction intervals are properly centred and
accurate. Therefore, we also considered the following procedure in our simulations.

The accuracy of the left and right limits of the prediction intervals:

Let G, x(-) denote the cdf of Z,, conditional on {Z;,...,Z,}. Let ¢, and qu
denote the lower and upper quantiles of the distribution G, at the nominal level a.
Let g7 and gj; denote the lower and upper limits of the bootstrap prediction intervals,
conditional on {Z,...,Z,}, at level a. In order to measure the accuracy of ¢} and
q; we adopt the following procedure.

Step 1: For the fth Monte Carlo sample, say {Z¢,..., Z‘}, generate M = 100, 000
independent observations of Z¢ +1» and obtain approximate conditional quantiles, say
¢t and g5, by using the generated M values, ¢ = 1,..., N, N = 1000; note that, ¢
and g}, can be made arbitrarily close to their true values by selecting M large enough.
Step 2: Compute the lower and upper limits of the bootstrap prediction intervals,
say ¢;f and ¢;f, conditional on {Z¢ ... Z}, ¢ =1,... N.

Step 3: Compute the standard deviations of {(¢;' —q1), ..., (¢;N —¢¥)} and {(¢;} —
a)s - (@Y — ¢}, denoted sdy, and sdy, respectively, and also compute

Ry =N~ ZqL—qL Ry =N~ Z —qf. (23)
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If g7 and ¢, are centred around their corresponding population values ¢; and gy,
then we expect Ry, and Ry to be close to zero, and sdy, and sdy to be not (relatively)
too large. One may also obtain similar measures for the accuracy of the prediction
intervals of ¥,, ., and prediction bounds of Z,, . and ¥, .

A summary of the results for prediction intervals of Z,, x, for £ = 2 and 4, are given
in Tables 5.1-S.3 in Appendix S.1 in the supplementary material. Results for upper
prediction bounds of Z,, ., for k = 2 and 4, and those of ¥, 4, for £ = 3 and 5, are
summarized in Tables S.4-S.6 and Tables S.7-S.9, respectively; see Appendix S.1 in
the supplementary material. As illustrated by these results, the coverage percentages
of the interval forecasts were all close to the nominal levels, while the widths of
the intervals exhibited some variation among the different parametric models. Since
the estimated coverages of the prediction intervals and bounds were all close to the
nominal levels our simulation results also indicate good coverage properties on the left
and right of the prediction intervals. Thus, the results suggest that our probability
forecasts perform well in finite samples. The results for the measures Ry, Ry, sdp,
and sdy, indicate that even if the variation in the parameter estimation is small, if
a prediction is to be made for few steps ahead, then the resulting variations in the
probability forecasts can still be significant (see Tables S.1-5.9 in Appendix S.1).

Simulation Study 2: Comparison of tests in terms of size and power

To evaluate the finite sample performance of the specification tests, in addition to
Exponential [E], Weibull [W(k)], Burr [B(a,b)], and Generalized gamma [GG(a, c)],
we also considered the following families of distribution functions on R* with mean 1:
(v) Gamma [G()]: the pdfis f(z) = a°T'(a) "tz L exp(—ax) and a > 0.
(vi) G-mizture [GmGG(0)]: dG(2) + (1 — §)GG(3,0.5), a mixture of Gamma and
Generalized gamma distributions with mixing proportion ¢.
(vii) W-mizture [WmGG(0)]: dW (0.6) + (1 —J)GG(3,0.5), a mixture of Weibull and
Generalized gamma distributions with mixing proportion 9.
(viii) Generalized Extreme Value Distribution [GEV (k,o,u1)]: the pdf is

f(x) = o exp(—(1+ k(z — p) /o) /") L+ k(x — p) o)V kA0,

1+ k(x—p)/o>0, pu=1—-0c{T'(1—Fk)—1}/E.

The mixture families GmGG(6) and WmGG(§) were used for evaluating the power
of the tests near gamma and Weibull distributions. In view of the regularity condi-
tions, the first order validity of our bootstrap tests is established under the assumption
E[2™9] < oo for some d > 0. Hence, it is of interest to investigate how tests per-
form when this assumption breaks down. For this purpose we use the last family of
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distributions, GEV (k, o, ;). This family has infinite second moment when the shape
parameter k > 1/2; the condition =1 —o{I['(1 — k) — 1}/k ensures that mean is 1.

For the data generating processes, in addition to M; and AM;, we also considered
the following models:

M| [Non-stationary MEM(1,1)]: ¥ = 0.20 + 0.20Z;_; + 0.80%;_,

M, [MEM(2,1)]: ¥; = 0.10 + 0.20Z;_; 4+ 0.10Z;_5 + 0.60¥%;_,

T M, [3-regime Threshold MEM(1,1), see Zhang et al. (2001)]:

1.05 4+ 0.09Z;_1 + 0.90¥;_, for 0 < i1 < 0.25,
Wi =< 0.50 + 055Z2_1 + 010%_1 for 0.25 < Zi—l < 15,
0.05 + 0.05Z;_1 + 0.60¥;_, for 1.5 < i < o0,

Recall that M; belongs to M and AM; belongs to AM, where AM and M denote the
asymmetric MEM in (21) and linear MEM(1,1) in (22), respectively, with unknown
parameters. The data generating processes M, and T'M; do not belong to M or AM.
Hence, we use My and T'M; to evaluate the power of the tests. The DGP M{r is also of
the form M, but it does not satisfy the condition ¢+ ¢35 < 1 in (22), and hence is not
in the parameter space where the stationarity holds. Thus, we use MlT to investigate
the behaviour of the bootstrap tests when the stationarity does not hold.
We considered the following five test statistics:

KS =sup,sg @n(zﬂ - [Kolmogorov-Smirnov].
Ku = sup,>g W, (z) — inf,>0 W, (2) [Kuiper].
CoM = L W2 (x)dFy(x) [Cramér-von Mises].
A% = fWI%v(x)[Fe(x){Al/— Fé(x)}]*ldfé(x) [Anderson-Darling].
Ut = {Wn(x) - f[Wn(x)]dFé(x)} dF(x) [Watson).

Each of the above test statistics is of the form 7y in (20). These functionals have
previously been employed in the literature for goodness-of-fit testing in other settings
(see D’Agostino and Stephens, 1986).

For comparison, the FG (Fernandes and Grammig, 2005) and JG (Janssen et al.,
2005) tests were also considered. The results are based on 1000 Monte Carlo repeti-
tions. In order to reduce the computational burden, we adopted the “Warp-Speed”
Monte Carlo method of Giacomini et al. (2013) for evaluating the bootstrap method.

A summary of the results for 5% level bootstrap tests is given in Tables S.10-S.14
in Appendix S.1 in the supplementary material. The patterns of the results at the
other levels of significance, for example 10% and 2.5%, were similar to those at the
5% level, and hence those results are not given, but are available from the authors.
The results on Type I error rates indicate that all the tests performed well in terms
of size (see Table S.10). However, in terms of power (see Tables S.11-S.14), the
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tests proposed in this paper performed significantly better than JG and FG tests. In
particular, the Anderson-Darling type A? test, exhibited the best overall performance,
followed by the Cramér-von Mises type test CvlM.

In a related study, Meintanis et al. (2017) provide a simulation study of bootstrap
tests for the error distribution in MEM(1,1). They considered several tests, including
A?, CuM, and KS tests, which are similar to the ones in our study, and hence
the results in Meintanis et al. (2017) could be used for comparison with ours. It is
reassuring to note that the general nature of their results agree with ours. In this
regard, both studies note that A? generally performed the best among the empirical
process based tests, and the FG-test exhibited low power. Our tests also performed
well under violations of the moment condition E[et?] < oo (see Table S.12) and
when stationarity does not hold (see Tables S.12 and S.13). Thus, the simulation
results indicate that even if some of the regularity conditions required for the first
order validity of the tests are not satisfied, the bootstrap tests may still perform well.
However, it should be noted that, under violations of the regularity conditions, the

results we provide on the asymptotic validity of the bootstrap tests cannot be applied.

4 AN EMPIRICAL ILLUSTRATION

In this section we illustrate an application of the probability forecasts and the testing
procedure using a real data example. The variable of interest is a measure of daily
annualized realized volatility, {Z;}, constructed from intraday spot price data for
the S&P500 index.! The dataset that we consider spans the period September 12,
2005 to December 17, 2012. The first 1518 observations (from September 12, 2005
to September 20, 2011) are used as the initial dataset for fitting a parametric MEM.
The rest of the sample (from September 21, 2011 to December 17, 2012) is reserved
to evaluate predictions for Z,, . and ¥, using both parametric and semiparametric
bootstrap methods.

Fitting a parametric MEM

In order to fit a parametric model to the entire conditional distribution of Z;,
we consider the Asymmetric MEM(1,1) in (21) for ¥;, and proceed to evaluate it in
combination with several distributions for the error term; namely, Exponential[E],
Weibull[W], Gamma|G], Generalized-gamma[GG| and Burr[B]. The results of apply-
ing the specification tests developed in this paper, together with the F'G and JG tests

I The data for this example were obtained from Gael Martin. The raw index data have been
cleaned using methods similar to those of Brownlees and Gallo (2006). For details regarding data
handling and the construction of realized volatility, see Maneesoonthorn et al. (2012).
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discussed in the previous section, are given in Table 1. The p-values for the tests
were computed by applying the bootstrap algorithm in Subsection 2.4. These results
show that models other than AM — B do not fit well, where AM — B stands for
the Asymmetric MEM(1,1) with Burr conditional distribution as in Section 3. The
p-value for AM — B ranges from 0.08 to 0.76, depending on the test.

Table 1: The p-values for specification tests of different multiplicative error models
for the S&P 500 realized volatility data.

Tests
Null model  JG FG CuM U? A2 KS Ku
AM — F 0.00 0.00 0.00 0.00 0.00 0.00 0.00
AM — W 0.00 0.00 0.00 0.00 0.00 0.00 0.00
AM - G 0.00 0.00 0.00 0.00 0.00 0.00 0.00
AM — GG 0.00 0.00 0.00 0.00 0.00 0.00 0.00
AM — B 0.50 0.76 0.19 0.26 0.16 0.08 0.14

Note: The conditional mean specification AM : W;(¢) = ¢1 + ¢2W;_1(P){|ei_1 — da| +

¢5(gi-1 — ¢4)} + ¢3¥i_1(¢),ci-1 = €i—1(¢) = Zz‘—l/kpz‘—l(ﬁb), ¢ = (¢1, P2, P3, P4, ¢5)T'
The tests CvM, U?, A%, KS and Ku are described in Section 3. The JG and FG tests
are, Janssen et al. (2005) [JG] and the D-test of Fernandes and Grammig (2005) [FG].

Apart from the p-values, it is also of interest to see graphically the extent to
which the fitted and the empirical distributions of the residuals differ. To this end we
constructed the QQ-plots of the residuals for different distributions. Figure 1 shows
the QQ plots for evaluating the goodness-of-fit of Generalized gamma and Burr error
distributions, after fitting the Asymmetric MEM(1, 1) model for the conditional mean.
The plot for the Burr distribution appears to be significantly closer to a straight
line than that for the Generalized gamma which is consistent with the conclusion
based on the specification tests. The QQ plots for Exponential, Weibull and Gamma
distributions were also constructed (not shown here). They exhibited systematic
departures from a straight line, and hence there are indications that the conditional
distribution of Z; is not Exponential, Weibull, Gamma or Generalized gamma. The
results of the bootstrap tests given in Table 1 are consistent with this observation.
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Figure 1: QQ-plots for evaluating the goodness-of-fit of the error distributions; (a):
Burr, and (b): Generalized gamma, after fitting the Asymmetric MEM(1,1) model to
the conditional mean process of the realized volatility data.
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(a): QQ plot for Burr distribution (b): QQ plot for generalized Gamma distribution

Out of sample forecasting performance: Since our main objective is to choose a
suitable model for forecasting, it is also of interest to evaluate the models in terms
of out-of-sample forecasting performance. To this end, we compute the Average Cu-
mulative Predictive Likelihood [ACPL] for the out-of-sample period. To introduce the
definition for ACPL let {73, ..., Z,} denote the initial dataset (from Sep 12, 2005 to
Sep 20, 2011), with n = 1518. Let N* = 312 denote the number of out-of-sample
observations. First, we estimate the Asymmetric MEM(1,1) model under each of the
error distributions by using the observations {Z,..., Z,4j_1} for j = 1,2,..., N*,
thus expanding the time period by 1 for each new observation in the out-of-sample
period. For j =1,2,..., N* we compute the predictive (conditional) mean lfnﬂ-(q;),
for the next period (n+ j) by using the data {71, ..., Z,+;_1} up to the current time
(n+ 7 — 1) and the in-sample parameter estimates. Then ACPL is defined as

n+n*

ACPL(n" Y AT 2/55(9)], (24)

Jj=n+1
for n* = 1,..., N*; for example, see Chan et al. (2014). For each n*, ACPL(n*) gives
the average cumulative predictive likelihood based on the observed {Z, 11, ..., Z,1n+}-
A large value of ACPL indicates better predictive ability of the underlying model. Fig-
ure 2 provides a plot of ACPL(n*) against n* for several parametric models, and a non-

parametric kernel density estimator obtained by using the asymmetric gamma kernel
approach, as proposed by Chen (2000), based on QMLE residuals (n* = 1,..., N*).
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Ranking of the models in terms of ACPL values turned out to be consistent with the
p-values given by the specification tests (see Table 1).

Figure 2: Average Cumulative Predictive Likelihood [ACPL] for the Asymmetric
MEM(1,1) model with F: Exponential, Weibull, generalized-Gamma, Burr, and a
non-parametric kernel density estimator obtained based on QMLE residuals.

55
50 -
45 -
40
35
5
~ 30
3
-
% 25
< o 4 — — - Exponential
20 oot . -
0 "y "‘/ 2 Weibull
ey
5l E A e Gen.Gamma, |
Mw e + Burr
10k ﬁf‘_"}_z':_: ot Non-parametric -
2d
~\
5 |
y
0 | | | | | |
0 50 100 150 200 250 300
n*

Predictions for Z, ., and ¥,

We evaluate the performance of the parametric bootstrap method in Section 2.1,
based on the Burr-AMLE, in comparison with the semiparametric bootstrap method
in Section 2.2, over the out-of-sample period. First to evaluate the two estimation
methods for the in-sample period, in Figure 3, we compare the autocorrelogram of the
realized volatility with the residual correlograms for the Asymmetric MEM(1,1): (a)
when the model is estimated by the QMLE based on the exponential distribution, and
(b) when the model is estimated by the Burr-AMLE. The correlogram for the QMLE
residuals indicates a very significant autocorrelation even up to lag 30. By contrast,
the autocorrelations of the residuals obtained from the Burr-AMLE are significantly
smaller. This may be related to the fact that AMLE is more efficient than the
QMLE if the parametric model used by AMLE is correctly specified. Despite its
asymptotic consistency, the QML method has been found to perform unsatisfactorily
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for some parametric forms of ¥; even in quite large samples (see Grammig and Maurer,
2000; Fernandes and Grammig, 2005). Thus, our empirical observation appears to be

consistent with the observations in the aforementioned literature.

Figure 3: Autocorrelogram of the realized volatility (first panel), and the Residual
Correlograms for AMEM [the Asymmetric MEM(1,1)], when estimated by the QMLE
(the middle panel) and when estimated by the Burr-AMLE (bottom panel).
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We compute prediction intervals and upper prediction bounds for 7, and ¥,,
for the out of sample period consisting of 312 daily annualized realized volatilities from
n = 1519 to n = 1830 of the full sample, for several lead times k. To have a clearer
idea about the adequacy of the interval forecasts, we also compute the Interval Score
proposed by Gneiting and Raftery (2007) to evaluate the accuracy of the interval
forecasts over the out-of-sample period. If the forecaster quotes the (1 — «) x 100%
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prediction interval [/, u] and = materializes, then the negatively oriented interval score
of Gneiting and Raftery (2007) is defined by

ST (L usx) = (u—1)+ %(l —z)[{x <} + %(3: —u)I{x > u}. (25)

This scoring rule has intuitive appeal as the forecaster is rewarded for narrow predic-
tion intervals, and incurs a penalty, based on «, if the observation misses the interval.

A summary of the main results is presented in Tables 2-3 and Figures 4-5. The
results for the parametric method are based on the aforementioned Burr-AMLE. For
the lead times k = 2, 3, and 4, the bootstrap interval forecasts produced by the para-
metric bootstrap method yield good empirical coverage (EC) properties for both Z,,
and ¥, 1, at 80%, 95%, and 99% levels (see Tables 2 and 3). The corresponding fore-
casts produced by the semiparametric bootstrap method also exhibit good coverage
properties, but not as good as those from the parametric method. In this regard, we
make the following observations: the semiparametric method yields good coverage
properties at the 99% level and for some cases at the 95% level, but at the 80% level,
the ECs for the semiparametric method are all either significantly below/above the
desired nominal rate; for example, (a) in the 80% prediction intervals (PIs) for Z, 3
(see Table 2), the EC for the semiparametric method is only 70.3%, and, by contrast,
for the parametric method it is 81.3% which is much closer to the desired level of
80%; and (b) in the 80% prediction bounds for Z, o (see Table 3), the semiparamet-
ric method yields an EC of 90.0%, and the parametric method yields an EC of 80.4%
which is again comparably much closer to the desired nominal level.

In terms of the average width and the average value of the interval score in (25),
the interval forecasts produced by the parametric method perform uniformly better
than those produced by the semiparametric method (see Tables 2-3 and Figures 4-5).
For example, for the 99% PlIs for Z,, 3, the average width for the semiparametric Pls
is over 0.08 higher than that for the parametric Pls (see Table 2). Similar significant
differences in average width can also be observed for most of the other cases. Graph-
ical illustrations of such differences in terms of the prediction bounds for 7, are
provided in Figures 4 and 5. Additional graphical illustrations for other interval fore-
casts are provided in Figures S.1-5.6 in Appendix S.2 in the supplementary material.

Overall, in terms of the out-of-sample probability forecasts produced in this em-
pirical example, the semiparametric method performs reasonably well, and the para-
metric method performs better. However, we emphasize that the better performance
of the parametric method is not a general result, but an observation in one empiri-
cal example. It is almost certainly the case that there are empirical settings in which

the semiparametric method would perform better in view of the weaker assumption
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Table 2: Empirical coverage (EC) percentage, average width (AW), and average
Interval Score (AIS) of k-step-ahead bootstrap Prediction Intervals for Z,,, and
W, for the out of sample period from Sep 21, 2011 to Dec 17, 2012 (i.e. n = 1519
to n = 1830) at different Nominal Coverage (NC) rates.

Zn+k

Wn+k

Zn+k

Wn+k

99
95
80

99
95
80

99
95
80

99
95
80

NC(%)

k=2 k=3 k=4
EC(%) AW AIS EC(%) AW AIS EC(%) AW AIS
Parametric bootstrap with Burr-AMLE
98.7 0.097  0.141 99.4 0.116  0.128 99.4 0.135  0.145
95.5 0.055  0.086 94.2 0.062  0.098 96.4 0.071  0.084
78.5 0.027  0.049 81.3 0.030  0.051 85.1 0.033  0.050
98.7 0.047  0.103 99.4 0.068  0.078 99.0 0.088  0.090
94.5 0.027  0.051 94.8 0.040  0.056 95.5 0.049  0.062
79.7 0.014  0.029 80.3 0.020 0.033 84.8 0.024  0.037
Semiparametric bootstrap with QMLE
99.0 0.174  0.180 98.7 0.198 0.214 99.0 0.219  0.220
91.6 0.084 0.101 91.9 0.096  0.125 90.3 0.101  0.116
73.0 0.039  0.059 70.3 0.042  0.065 68.3 0.043  0.067
99.4 0.083  0.148 99.7 0.121  0.124 99.7 0.135  0.147
97.1 0.044 0.078 94.2 0.057  0.069 95.1 0.064 0.085
69.8 0.022  0.040 70.0 0.026  0.041 69.3 0.028 0.044

Note: The values under AIS denotes the average value of the negatively oriented

interval score (25) for the prediction intervals over the out-of-sample period.

Table 3: Empirical coverage (EC) percentages of k-step-ahead bootstrap Prediction
Bounds for 7, and ¥, for the out of sample period from Sep 21, 2011 to Dec 17,
2012 (i.e. n = 1519 to n = 1830) at different Nominal Coverage (NC) rates.

Zn+k

lapn+k

NC(%)

99
95
80

99
95
80

Parametric Burr-AMLE

Semiparametric QMLE

k=2 k=3 k=4 k=2 k=3 k=4
98.7 98.4 99.4 99.7 99.0 100.0
95.2 97.4 98.1 97.4 98.4 97.4
80.4 82.3 84.5 90.0 90.3 89.0
98.7 99.0 99.4 98.7 99.7 99.0
93.6 95.8 96.8 96.1 97.1 97.4
82.6 78.1 81.2 86.5 91.0 90.3
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Figure 4: Burr AMLE based bootstrap prediction bounds for S&P500 daily annu-
alized realized volatility (Z,.2) for the out of sample period from Sep 21, 2011 to
Dec 17, 2012 (n = 1519 to n = 1830). Empirical coverage rates of the prediction
bounds are, top panel: 80.4%, middle panel: 95.2%, and bottom panel: 98.7%.
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Figure 5: QMLE based semiparametric bootstrap prediction bounds for S&P500 daily
annualized realized volatility (Z,,2) for the out of sample period from Sep 21, 2011
to Dec 17, 2012 (n = 1519 to n = 1830). Empirical coverage rates are, top panel:
90.0%, middle panel: 97.4%, and bottom panel: 99.7%.
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5 CONCLUSION

The class of multiplicative error models [MEM] for nonnegative random variables, has
been the subject of considerable methodological development. This paper contributes
to advance the current state of econometric methodology in MEM for constructing
multi-step ahead forecasts of quantities related to a nonnegative valued time series.
In particular, we propose a parametric bootstrap procedure to construct probability
forecasts for Z,, 1 and its conditional mean ¥, ,, given Zy,--- , Z, (k =2,3,...), for
a time series {Z;} that obeys a parametric MEM. A variant of the proposed boot-
strap method for producing probability forecasts for a semiparametric MEM is also
considered. Our bootstrap methods are easy to implement and are flexible enough to
be applied to a wide range of MEMs. The proposed bootstrap methods are placed on
firm grounds by providing rigorous proofs for their asymptotic validity. The proofs
are provided under a set of high-level conditions, which we demonstrate to be real-
istic by showing that they are satisfied by the well-known family MEM|p;, po]. We
also consider the problem of fitting a fully parametric MEM, that specifies separate
parametric forms for the error distribution and the conditional mean. The test statis-
tics are functionals of an estimated empirical process, and are not asymptotically
pivotal. The tests are implemented using a bootstrap method which is shown to be
asymptotically valid. Our estimation method is based on an approximate maximum
likelihood approach, and hence it is expected to be more efficient than the quasi max-
imum likelihood estimation under the correct specification. Our bootstrap methods
performed well in an extensive simulation study. We illustrate the proposed methods
by considering an empirical example based on realized volatility.

A APPENDIX: Regularity conditions and proofs

This appendix provides the proofs for the main results stated in Section 2. We relegate
the proofs of some of the results to the supplementary material. First, we state the
regularity conditions and obtain several preliminary results.

A.1 Some regularity conditions and preliminary results

We first list several regularity conditions on the family of pdfs 7/ = {fy : 0 € ©}.
B.1. For each 0 € © and x > 0, fa(z) > 0.

B.2. The map (0,z) — fo(x) is continuous on © x [0,00).
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B.3. For 6,,60, € ©, fy,(x) = fp,(x) for all x > 0 implies that 6, = 65.
B.4. supscgro 1IN0, (¢) = n 10 (C)] 230 as n — oc.

Conditions B.1 and B.2 are technical assumptions and B.3 is required for the
identifiability of the parameter 6. If Fy is the standard exponential distribution or a
member of the standard gamma family (with two parameters), then Condition B.4
follows from (4) (see Straumann and Mikosch, 2006). We expect that this would hold

for many other parametric families too. We also make following model assumptions.

B.5. Model (1) admits a unique stationary ergodic solution {(Z;,¥;)} such that ¥; =
Ui(¢o), Fo = Fpy, and E{|log¥;(¢o)|} < oo with ¢pg € ® and 0y € © being inte-
10T POINLS.

B.6. The family of functions {gs, ¢ € @} is bounded from below by some constant
ar >0, such that g4(z,s) > ay, for every (z,s) € (RT)Pr x (R*)?? and ¢ € . The
map (¢, 8) — go(2, 8) is continuous for every z € (RT)P1.

B.7. For all ¢ € O, ¥y = Wy(¢) almost surely if and only if ¢ = ¢y.

Conditions B.5 and B.6 are satisfied by most MEMs, including MEM(py, p2) and
asymmetric MEM(py, p2), and B.7 is an identifiability assumption. Conditions similar
to B.5-B.7 are typically required for the consistency of Gaussian quasi maximum like-
lihood estimation in closely related GARCH models (see Francq and Zakoian, 2010).

Proposition 1. Let {Z;;i € Z} be a stationary and ergodic process that obeys the
model defined by (1), (2) and (3) with the true value (o = (¢g,04)". Suppose
that B.1-B.7 and (4) are satisfied. Assume additionally that E{|log fo,(€0)|} < oo.
Then, C“S (o as n — o0.

If the almost sure convergence in B.4 is replaced by the weaker assumption

sup [n ' (0) = nMTa(O)] B0 as n — oo,
(eDPXO
then we could obtain that (A is weakly consistent, i.e., é P ¢, instead of é 22 G.
This result follows from the proof of Proposition 1 in Appendix A.1.1, once the argu-

ments on the pointwise almost sure convergence n 'Y, (¢) %3 T(¢) are replaced by
n () B T(¢) for ¢ € ® x O, where Y(¢) = —E[log o (¢)] +E[log{ fo(Zo/ (o)) }].
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Higher order conditions on Fy, gy, and ¥;(¢)

Next we state some higher order conditions that we assume for establishing the
validity of bootstrap and the asymptotic normality of the AMLE ¢ in (5). Let

Y(¢) = —x0(¢) and v(¢) = 1/Wy(4). Then,
Y0(¢) = log v(¢) + log [fo{ Zov(#)}] -

We assume that ¥y(¢) and fp(z) are twice continuously differentiable. Let us intro-
duce the following notation: For a differentiable function m(s,z) on ® x R or on
O x R, write 712(s, ) and m/' (s, z) for the derivatives with respect to s and z, respec-
tively. Thus, fo(x) = o(x)/06, fy() = Ofolx) /0 and 6(6) = Bo(d){Fo(6)} 2 with
To(p) = [(8/01 )W (), ..., (3)Dd)o(4)] . || - || denotes the Euclidean norm.
The first order derivatives of the function ~4(() are as follows:

I _ 0(9) n JelZov ()} Zo0(9) and Mo _ fo{Zov(9)}

() foe{lZov(9)} 00 fof{Zov(d)}
One may obtain expressions for the matrices [0%yy/0¢00], [0*vo/0%], and [07y/0¢?]

similarly. We need to make the following additional regularity assumptions.

D.1. Assumptions B.1-B.7 and (4) are satisfied, and E{|log fy,(c0)|} < 0.

D.2. The functions (¢,z,8) — gs(z,8) and (0,x) — fo(z) are twice continuously

E [ < 00.
C€<I>><®

Condition D.2 guarantees that ¥y(¢) and fp(z) are twice continuously differen-

differentiable in their domains.
D.3. 72 supecgre [|[07n/0¢] — [07,/0C]| “5 0 as n — oo.
D.4.

| <
ac?

= |75

tiable. Condition D.3 is used for ensuring that the maximizer of 1, (() is asymp-
totically equivalent to é , and D.4 introduces two moment conditions for the random
element 7. Similar conditions, in the simpler case where Fjy is the standard expo-
nential distribution, have previously been used in the literature (see Straumann and
Mikosch, 2006). The next proposition establishes the asymptotic normality of f :

Proposition 2. Let {Z;;i € Z} be a stationary ergodic process that obeys the model (1),
(2) and (3) with the true parameter (o = (¢4 ,0)" being an interior point of ® x ©.
Suppose that Conditions D.1-D./ are satisfied. Further, assume that

%[ 52| - -E [{%?@o)} {%?(Co)}] (A1)

is negative definite. Then, n'/2( — o) < N(0, -1 as n — oo.
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A.1.1 Proofs of Propositions 1 and 2

Lemma 1. Suppose that the assumptions of Proposition 1 are satisfied. Then, the func-
tion Y(¢) := —E[log ¥y (9)] + Ellog{ fo(Zo/%s(4))}] is uniquely mazimized at ¢ = (.

Lemma 2. Suppose that the assumptions of Proposition 2 are satisfied. Letf denote
the mazimizer of the function T, (C) in (6). Then, n'/2(¢ — () %30 as n — oco.

We relegate the proofs of Lemmas 1 and 2 to the supplementary material.

Proof of Proposition 1. From Lemma 1 we have that the objective function Y(()
is uniquely maximized at ( = (p. Note that by Conditions B.2 and B.6, the function

¢ = xi(C) = log ¥i(¢) —log [fo{ Zi/Wi()}]

is continuous on ® x © w.p. 1. Hence, by an application of the ergodic theorem, we ob-
tain that n=1 >°7  —x;(¢) =3 T(¢) as n — oo, for every (fixed) ¢ € ® xO. By arguing
as in the proof of Lemma 3.11 of Pfanzagl (1969), one obtains that the function Y is
upper semicontinuous on ® x © and that limsup,, ., supex ' Tr () < supex T(C)
w.p. 1 for any compact subset K C ® x ©. By Condition B.4, it also follows that
lim sup,, ., SUPscx n I, (¢) < supeex Y(C), w.p. 1. Since, an upper semicontinuous
function attains its maximum on compact sets, it follows by the arguments of the
proof of Theorem 4.1 of Straumann and Mikosch (2006) that f B ¢asn — oo O

Proof of Proposition 2. From Lemma 2, we obtain that n'/2(¢ — ¢) %% 0. There-
fore, it suffices to establish the asymptotic normality of ¢. Since Tn(f) = 0 and
T (Go) = = 27, [0xi(Co) /D], from Taylor series expansion, "1, (¢:)n/2(C — ¢) =
n V25 lGo), for some G satisfying [IG; —oll < [IE-Goll, where x4(¢) = [0 (¢)/0C].
Since ¢ “% ¢y, we obtain by arguing as before that n™!Y,(¢*) ¥ %y. Since ¥ is
invertible and n=1/2 3" ¥;(¢o) = O,(1) then it follows that

n'2(C=G) =n""Y @ildo) +op(1),  il) =55 Xa(C)- (A2)
i=1
From a martingale central limit theorem (Theorem 18.3 in Billingsley, 1999) fol-

lowed by an application of Slutsky’s lemma one obtains that n=/2>""  ;((o) N
N(0,—X5") as n — oo, and hence the proof follows. O]

A.2 Proofs of Theorems 1 and 2

First, we obtain several preliminary results required for the main proofs. Recall that,
the data generating model in (15) for a given point ( = (¢,0)" € ® x O, is

i i 1) 71— 7T 1—p2

28 = w0 (9)ei0), 0O(0) = g0 (2, 28, 080(0), - 06, (0)) i€,
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where €,(0) = F,'(U;) = inf{x > 0 : U; < Fyp(r)}. In what follows, P and
E©) denote the corresponding Probability and Ezpectation, respectively. The terms
derived from (ZfC),L.Di(C)), such as @fo and )\Z(O = Lbi@) /Wi@, are denoted with the
superscript “(¢)”, highlighting the fact that the data generating process corresponds
to . Further, for brevity, for any given non-random sequence ¢, = (¢, ,07)" where

n’»’n

Cn — Co, we write (Zp;, Wy, ;) for (Zi(c”), IPZ-(C"), 554“)), with the probability and the
expectation operators being denoted by P, and E,, respectively.
First, we state two lemmas (Lemmas 3 and 4), and relegate the proofs to Ap-

pendix S.3 in the supplementary material.

Lemma 3. Suppose that B.5, B.0, and B.7 are satisfied, and E[||Xi(¢o)||?] < oo.
Then, we have that max;<i<, || \i(¢o)|| = 0,(n'/?). Additionally, assume that Condi-
tions C.1 and C.3 are also satisfied. Then, maxi<i<y || Anillxy = 0p, (n/?).

Lemma 4. Suppose that B.5, B.6, and B.7 are satisfied, and the function (¢, z, s) —
9s(2, 8) is twice continuously differentiable. Let B be an open neighbourhood of ¢q
such that B[||¥]|3] < oo for some d > 0. Let 0 < M < oo. Then,

(a) n'?sup |W(t) — Wi(s) — (t — s) W (s)|/W(do) = 0,(1), where the supremum is
taken over 1 < i <mn, and over {(t,s) : t,s € B,/n|t — s| < M}.

Additionally, assume that Conditions C.1 and C.3 are satisfied and B C Ky, where
Ky 1s as in C.3. Then,

(b) nM2sup Wi (t) — Ui(s) — (t — 8) TWi(8)|/Tri(bn) = 0p, (1), with the supremum

being taken over the same domain as in (a).

In what follows, dy(Fx, Fy) denotes the Mallows metric for the distance between
two probability distributions Fy and Fy defined by dy(Fx, Fy) = inf{E|X — Y |?}!/2,
where the infimum is over all square integrable random variables X and Y with
marginal distributions F'x and Fy. Further, the bootstrap convergence results are
“in probability”. In particular, the orders op: (1) and O, (1) are defined as follows:
(a) X = op: (1) if Pr{|X}| > 6} =, 0foralld >0, (b) X = Op (1) if for any 6 > 0,
there exists a finite M > 0 such that P{P(|X}| > M) <0} — 1 as n — 0.

Next, we provide the proof of Theorem 1.

Proof of Theorem 1. Let G (x) denote the distribution function of Z,, condi-
tional on {Z1, ..., Z,}. Then, from the definition of the Mallows metric and applying
the Cauchy-Schwarz inequality, we obtain that

(do(G s Gzp))” < inf B[R0, (67)e" — Vii(do)e)]

E*NFé, ENFgO

< EE{E 1 (67) = Yarn(00) ] + E{UZ ()} | inf  E[E*(e” —¢)]

E*NFé, ENFQO
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~

< E[E {1 (6") = Purn(00) ] + B{Z, 1 (0) }[da(Fy, F,))”

~

= E[E{Z 1(6") = Turr(0)}*] + 0p(1). (A.3)

Let A be a compact neighbourhood of ¢g that satisfy (13). By using C.1, C.2
and (.3 we obtain that n'/2(¢* — ¢o) = O, (1), and hence, from (4) and Lemma 4, it

follows that [8,(6°) — Uy 14(60)| = ops (1). Therefore, E{E*[[€,4(6") By 4(d0) [} =
o(1), and hence,

E{E" [y, ,(0%) — Y (60)1}
< E{E (194 (97) = Carn (@I} + E{E [0k (6") — P ()1}
< E{E *[Suplw**( ) = a(9)[]} +o(1),

where the last inequality follows from (14) Because ¥*(-) = W,(-), one obtains
from (13) that E{E*[supycs [¥*(¢) — ¥n(®)|]} = o(1). Further, it follows from (4)
that supge, W, (6) — W, ()] “%™ 0 as n — oo. Therefore,

E{E"[sup [;"(¢) — ¥n(9)I]}
peEA

< E{Esup|#7(¢) - U (o)|]} + E{sup 7, (8) — T(9)]} = o(1).

Consequently,

~

E{E* |41 (0%) = Wnir(d0)[]} = o(1). (A.4)
Next, consider the event A, = {|¥*,,.(6*) — ¥ 1k(¢0)| < 1}. On the event Ay,
EE {7, 1(6") — Vnir(60)}7] < BE [T ,(0%) — Tnin(0)]}].
From (A.4) and applying Markov inequality, we obtain that
P15 1(07) = ir(0)] > 1) < EX ([, 1(67) — Pasr(do)| > 1) = 0,(1).

Therefore, P(A,) —, 1 as n — oco. Hence, it follows from (A.4) that

E[E* {9 1(67) = Yarn(0)}*] = o(1). (A.5)
This together with (A.3) show that dy(G . ), Gzi) = 0p(1). Thus, the Part (a) of

Theorem 1 follows.
Now, to prove Part (b), let Gy () be the distribution function of ¥, conditional
on {Z,...,Z,}. By arguing as for (A.3), one obtains that

[da(Gie oy Gu)]* < BIE T4 (67) — B (60)}7] + 0(1).

Further, as in (A.5), we have that E[E*{¢;+k(q§*) — Yoii(90)}?] — 0 as n — oo.
Hence, Part (b) of Theorem 1 also follows. O
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We will next provide the proof of Theorem 2.

Let {F,} denote a sequence of cdf’s in D[0, c0) with each F,, having unit mean
and finite variance. The semi-parametric analogue of the data generating model (15)
at a non-random (¢, F,), where (¢, F,) = (¢o, Fy) as n — oo, is given by

w(‘ﬁnyFn)(gb) — g¢ (Zz(ib'rlan)’ - Z(¢nyFn)’ W(¢T’Fn)(¢), . w(¢n7Fn)(¢))’ Z c Z’

i ) “i—py i » T i—p2

where ef» = F;NU;) = inf{z > 0 : U; < F,(z)}, for i € Z. In what follows, for
brevity, we write (Z),, @l el ) for (Zf‘p”’F"), Q?i(¢”’F"), ef™), and continue to use P, and
[E,, for the corresponding probability and expectation operators.

The next lemma extends Lemmas 3 and 4 to the setting in (A.6). We relegate the

proof of this lemma to Appendix S.3 in the supplementary material.

Lemma 5. Suppose that B.6 is satisfied, and (¢, z, 8) — gs(2, 8) is twice continuously
differentiable. Further, assume that there exist a compact neighbourhood K, of ¢g such
that analogues of C.1 and C.3 hold for the DGP in (A.6) and the QMLE (10). Then,
(a) maxicicn [Nylli = 0y, (n'/2), where A, := Ul(60) /%] (60).

(b) Let B C K, be an open neighbourhood of ¢y such that B[||[¥]|%5™] < oo, d > 0. Let
0 < M < oo. Then, n'/*sup [¥},(t) =W}, (s) = (t =) & ()| /W) (6n) = 0p,,(1), where
the supremum is taken over 1 < i < mn, and over {(t,s) : t,s € B,\/n|[t — s|| < M}.

A key result required for the proof of Theorem 2 is to show that the empirical dis-
tribution function of the standardized residuals, say F;, 4, converges to the unknown

error distribution Fy. Recall that £ = (=131 glemy-12emh y — 4 and

Eqmi(z) = nt ZI(EN@(Std) <z), z>0.
=1

The next lemmas show that ﬁn,qml converges in probability to Fj as n — oo.

Lemma 6. Suppose that the assumptions of Theorem 2 are satisfied. Then, we have

that do(Fy gmi, Fo) —p 0 as n — 00.

Proof of Lemma 6. Let G,(z) =n~'>."  I(¢; < x), be the empirical distribution
function of the unobserved errors {1, ...,&,}. From the triangular inequality we have

d?(Fn,qmla FO) S d2(Fn,qml> Gn) + d2(Gn7 FO)

It can be shown that da(G,, Fy) %3 0 as n — oo (see, for example, Lemma 8.4 of
Bickel and Freedman, 1981).
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Thus, it suffices to show that dg(Fn gmis Gn) —p 0 as n — oo. To this end, let J be
a random variable having Laplace distribution on {1,...,n}, with P(J =i) = 1/n
for each i = 1,...,n. Define two random variables X and Y") by

XMW =¢; and YO = &0,
Then, X and Y@ have the marginal distributions G, and F), respectively. Hence
{d(Fr qm; n)}2 —inf{E|X - Y]’} < E{Xm _ymy?

=n (52' - §§5td n#n Z{:ungz ‘qml)}Qa (A7)
i=1

glami)
=1 z

- @z((lgqmo - Lpz(ggqml) E— wz((,gqml) - WZ(QbO)
17 -— ~ A ~ 20 .

Ui (Pgmt) Vi (bgmi) ACEIACS

where fi, :==n"'> "
Let

Then, we have that

) = Zi ( = } — } ) Zi( Al - ) Zi
K Lpz((qul) Jj@(¢qml) " Wz(ﬁqul) Lpl((b()) M Lpl((bo)
= —Zi&y — Zi&y + & (A.8)

Let B be the compact neighbourhood of ¢y in condition L..3. Note that, by condi-
tion B.6, we have W;(¢), ¥;(¢) > oy, > 0. Hence, on the event {¢zm € B},

| & | < 0422 | Lpi(gqul) - le/i(ﬁqul) | < O‘Z Zug | Wz(ﬁb) A |u£> 0, as 7 — o0.
€

Therefore, an application of Lemma 2.1 of Straumann and Mikosch (2006) yields that
Z:E; 2% 0 as i — oo, and hence, n~! Z?’:l Z:E1; 30 as n — oo,

Next, we study the limiting behaviour of n=* Y " | Z;E. First, note that, from
Lemmas 3 and 4 we have

L.4. For every constant M > 0, sup v/n | ¥;(t)—¥;(s)—(t—5)"Wi(s) | /Wi(¢o) = 0,(1),
where the supremum is taken over 1 < i <n and {(t,s) : t,s € ®,/n||t —s|| < M}.
Furthermore, max;<;<, n~Y2||\i(é0)|| = 0,(1).

Let 0 > 0 be fixed but arbitrary constant. Since n'/%(¢gm — ¢o) = O,(1), there
exists a constant M > 0 such that P(n1/2||g5qml—¢0|| < M) > 1- for all n sufficiently
large. Hence, in view of L.4, on the event {n'/2||¢gm — ¢ol < M}, we have that

_ i (Ggmi) — i o)

1/2 1/2,,-1 4

rrmE e = e e T )
< ot max ||n (gzgqmz—%)TAi(%)H‘f‘Op(l)
<

a7 M masx [Ai(60)] + 0p(1).
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Since max;<;j<, 2| \i(¢0)|| = 0,(1), then it follows that maxj<i<, | & |= 0,(1).
Therefore, with the aid of the Ergodic Theorem, we obtain that

71 22821

=1

< max ]821|n’122 = 0,(1).

=1

Since § is arbitrary and P(¢gm € B) — 1, in view of the above results and (A.8),

n

,[Ln — n—l Z qml) Zez + Op
i=1
and hence fi,, —, 1 as n — o0o; recall that n =2 >°"  &; “3 E(gp) = 1 by the strong law

of large numbers. Therefore, in view of (A.7), for some constant K > 0,
{do(Fogu, Gu)}* < Kn'y {er =™} + M, (A.9)

where M,, is a sequence of random variables that converges to zero in probability.
Since Z;£y; <23 0, maxi<i<y, | Lo |= op(1), and {Z;;i € Z} is strictly stationary
and ergodic with E(Z2) < oo, in view of (A.8), we obtain

oty {e = ETUY =0t Y {ZiE + 2 = 0,(1).
=1

i=1
This result together with (A.9) yield that dg(Fn gmis Gn) = 0,(1). O
Next, we provide the proof of Theorem 2.

Proof of Theorem 2. Let Gz (z) be the distribution function of Z,, ., conditional
on {Z,...,Z,}. Then, from the definition of the Mallows metric and applying the
Cauchy-Schwarz inequality, we obtain

[@2(G geami g, Gz)]* < inf  EEAL (D) — Parn(do)e)’]

e¥rv n,qgml e~F

< EE{G (Gpm) = Varn(00) Y] + E{Z 1 (60)} _inf  E[E"(e" — )

E*NFn,q'mlv e~Fy

< EE{G (Gp) — Porn(60) Y] + BB (G0) Yda(Fr g, Fo))

Lemma 6 yields dy(F}, gmi, Fo) —p 0, and hence E{ w2, (do)}d 2 (Frgmis Fo)J2 = 0,(1).
Since an analogue of (13) holds for the current setup, by using the analogues of C.1,
C.2 and C.3 we also obtain that n1/2(¢qml $0) = Op:(1). The rest of the proof
follows from Lemmas 3, 4 and 5, and a repetition of the arguments used in the proof
of Theorem 1. O
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A.3 Proofs of the main results of Section 2.4

We relegate the proofs of Theorems 3 and 4 and Corollaries 1 and 2 stated in Sec-
tion 2.4 to Appendix S.3 in the supplementary material.
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