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THE B-MODEL CONNECTION AND MIRROR SYMMETRY FOR
GRASSMANNIANS

R. J. MARSH AND K. RIETSCH

This paper is dedicated to the memory of Andrei Zelevinsky.

ABSTRACT. We consider the Grassmannian X = Gr,,_,(C™) and describe a ‘mirror dual’ Landau-Ginzburg
model (XO, Wy : X° — C), where X° is the complement of a particular anti-canonical divisor in a Lang-
lands dual Grassmannian X, and we express W succinctly in terms of Pliicker coordinates. First of all, we
show this Landau-Ginzburg model to be isomorphic to one proposed for homogeneous spaces in a previous
work by the second author. Secondly we show it to be a partial compactification of the Landau-Ginzburg
model defined in the 1990’s by Eguchi, Hori, and Xiong. Finally we construct inside the Gauss-Manin
system associated to Wy a free submodule which recovers the trivial vector bundle with small Dubrovin
connection defined out of Gromov-Witten invariants of X. We also prove a T-equivariant version of this
isomorphism of connections. Our results imply in the case of Grassmannians an integral formula for a
solution to the quantum cohomology D-module of a homogeneous space, which was conjectured by the
second author. They also imply a series expansion of the top term in Givental’s J-function, which was
conjectured by Bertram, Ciocan-Fontanine, Kim and van Straten in 1997.
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1. INTRODUCTION

The genus 0 Gromov-Witten invariants of a Grassmannian X answer enumerative questions about
rational curves in X and are put together in various ways to define rich mathematical structures such
quantum cohomology rings, flat pencils of connections on Frobenius manifolds [16]. These structures are
part of the so-called ‘A-model’ of X. Mirror symmetry in the sense we consider here seeks to describe these
structures in terms a mirror dual ‘B-model’ or Landau-Ginzburg (LG) model associated to X. Explicitly,
the data from the A-model should be encoded by singularity theory or oscillating integrals of a regular
function W, (the superpotential) which is defined on a ‘mirror dual’ affine Calabi-Yau variety X° with a
holomorphic volume form w. In the present paper we construct such a mirror datum in canonical and
concrete terms for Grassmannians and prove associated mirror conjectures. Our results in particular imply
and enhance a conjecture formulated in the 1990s by Batyrev, Ciocan-Fontanine, Kim and van Straten [6,
Conjecture 5.2.3] concerning a series expansion for a coefficient of Givental’s J-function. This conjecture
was restated in a paper of Bertram, Ciocan-Fontanine and Kim [5, Section 3], where the special case of
Grassmannians of 2-planes was proved by an entirely different method. The conjecture was again restated
as a problem of interest in [73, Problem 14] some 10 years later.

To give a flavour of our results, consider

(1) s =% (f e mw ) PO,

which is an H*(X, C)-valued function depending on a single variable ¢ (and a parameter h). The integrand
involves the superpotential W,. This is a particular rational function introduced in this paper via an explicit
formula in terms of Pliicker coordinates py on an isomorphic (but Langlands dual) Grassmannian X; see
for example (3.1). The integration is over a natural compact torus in an open subvariety X° of X; see
Theorem 4.2. Note that the function S(g) in (1.1) is expressed as a linear combination of Schubert classes
o> permuted by Poincaré duality, denoted by PD. By Theorem 4.2 (one of our main results) the function
S(q) satisfies the flat section equation of the Dubrovin connection, i.e. we have qdiqS = 09 %, S. Here
o denotes the hyperplane class of X, and %, denotes the quantum cup product on the small quantum
cohomology ring of X.

A conjecture of Batyrev, Ciocan-Fontanine, Kim and van Straten proposes an integral formula § enlay
for the coefficient of the top class PD(O'@) of a flat section of the Dubrovin connection, and employs a
Laurent polynomial L, introduced by Eguchi, Hori and Xiong [21] in place of our W,. We prove this
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conjecture by recovering the Laurent polynomial superpotential L, as a restriction of W, to a particular
open dense torus inside X and applying our more general Theorem 4.2.

Note that the Schubert basis and the Pliicker coordinates above are indexed by the same set. This
has its explanation in the geometric Satake correspondence. The key point is that there is a natural
identification H°(X,0(1)) = H*(X,C) identifying Schubert classes of X with homogeneous coordinates
of X. This identification comes from the fact that both left-hand and right-hand sides agree with the
k-th fundamental representation /\k C" of SL,(C), the special linear group which acts on X. For the
left-hand side this is by the Borel-Weil theorem, and for the right-hand side it is by a very special case
of the geometric Satake correspondence [31, 45, 55, 62] which constructs representations of G¥ = SL,,(C)
via intersection cohomology of Schubert varieties of the affine Grassmannian Grg for the Langlands dual
group G = PSL,(C). (The Schubert variety which arises in the construction of A C™ turns out to be
homogeneous for G and coincides with the Grassmannian X.)

The methods developed here are useful and adaptable to other co-minuscule G/ P, which are precisely the
homogeneous spaces which in the geometric Satake correspondence appear as ‘minimal’ Schubert varieties
of the affine Grassmannian Grg. In particular, since this paper appeared, the methods we use have been
employed to obtain results analogous to Theorem 4.2 in the case of even and odd-dimensional quadrics;
see [67, 68]. Moreover, in the case of Lagrangian Grassmananians, a partial result in this direction, the
‘canonical” description of the superpotential in terms of Pliicker coordinates, has been obtained in [66].

The main work in this paper is concerned with constructing the A-model Dubrovin connection in terms
of the Gauss-Manin system associated to a mirror LG model, in the most natural way possible, in the case
where X is a Grassmannian. Our main theorem, Theorem 4.1, explicitly describes the Dubrovin connection
of X in terms of the Gauss-Manin system of the mirror LG model we introduce. This underlies the formula
for the global flat section obtained in Theorem 4.2. We note that the superpotential is additionally shown
(see Theorem 4.10) to be isomorphic to the Lie-theoretic superpotential of X that was defined for general
G/P in [79, Section 4.2]. Our result therefore also implies a version of the mirror conjecture concerning
solutions to the quantum differential equations in terms of the superpotential considered there, namely [79,
Conjecture 8.1], in the Grassmannian case.

Our results also shed new light on the (small) quantum cohomology ring of X, which is shown to agree
with the Jacobi ring of W, by an isomorphism which identifies the Schubert class o* with the element of
the Jacobi ring represented by the Pliicker coordinate py. All of our results, including this one, are also
stated and proved in the T-equivariant setting; see Proposition 5.2 and Theorem 5.5.

In more recent work of the second author together with L. Williams [81], the superpotential W, intro-
duced in this paper, together with the cluster structure on (C[XOL is shown by tropicalisation to define a
set of polytopes which can be identified as Newton-Okounkov convex bodies of X. This can be understood
as another form of mirror symmetry relating X and (X°, W,).

A version of the present paper was placed on the arXiv in December 2015 (arXiv:1307.1085v2 [math.AG]).
In May 2017 a preprint of Lam and Templier [50] appeared on the minuscule G/P case of the mirror con-
jecture [79, Conjecture 8.1] for the Lie-theoretic superpotential (see Section 6.2). Their approach, which
covers the Grassmannian case, employs completely different methods and uses the minuscule property.
From this approach they can in their setting deduce that the Gauss-Manin system has the expected rank.
On the other hand, our approach, using that the Grassmannian is co-minuscule, gives rise to explicit formu-
las for all of the components of a flat section of the Dubrovin connection in certain canonical coordinates.
As mentioned above, the proof of the mirror conjecture along the same lines as in the present paper has
already been carried out for even and odd-dimensional quadrics in [67, 68|, the latter of which are not
minuscule and hence not covered by the work in [50]. We expect our approach to be applicable, with
analogous canonical coordinates, to all co-minuscule G/P.

The outline of the paper is as follows. We begin with a concrete introduction of the A-model structures.
Then we give definitions of the B-model structures, as well as a careful statement of the main results. In
Section 6.4 we show how our Pliicker formula for the superpotential relates to the formulations in [6, 21, 79).
The proof of the main theorem begins in Section 10 and takes up the remainder of the paper. It makes use
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of deep properties of the cluster algebra structure of the homogeneous coordinate ring of a Grassmannian.
In the final sections we prove a version of the main theorem in the torus-equivariant setting.

Acknowledgements : The first author thanks Gregg Musiker and Jeanne Scott for useful conversations. The
second author thanks Dale Peterson for his inspiring work and lectures, Clelia Pech for useful conversations
and Lauren Williams for helpful comments. We would like to thank the referee for many helpful comments.
Declarations of Interest: None.

2. THE A-MODEL INTRODUCTION

Let us suppose X is the Grassmannian Gr,_;(C™). We focus on the example ¥ = 3 and n = 5 to
illustrate our results in the introduction. The cohomology of X has a basis called the Schubert basis,
which is indexed by partitions or Young diagrams (see e.g. [27]). In the example of X = Gry(C%) we
denote the Schubert basis of H*(X) = H*(X,C) by

0?09 0T, o8, o™, 0P, oFF, o, oHF, oHH .

Here o is in H?*(X) and |A| denotes the number of boxes in the Young diagram A. Furthermore X* will
be a Schubert variety associated to A, representing the Poincaré dual homology class. For example X© is
a hyperplane section for the Pliicker embedding. In general the set of partitions fitting in an (n — k) x k-
rectangle indexes the Schubert basis for Gr,_x(n) in an entirely analogous way and is denoted by P .

In classical Schubert calculus, Monk’s rule says that the cup product with ¢ takes any Schubert class
o to the sum of all the Schubert classes o* corresponding to the x’s in Py, made up of A and precisely
one extra box. In the cohomology of Gra(5),

P U ot = o + o8, o7 U o = oHH, and 0% UoHH =0.

The combinatorics of adding a box, in this context, just encodes what happens to a Schubert variety X*
homologically, when it is intersected with a hyperplane section in general position.

In the quantum cohomology ring [85] (at fixed parameter ¢), quantum Monk’s rule says that the quantum
cup product with o2 takes any Schubert class o to 62Uc? plus, if it exists, a term go”, where v is obtained
by removing n — 1(= 4) boxes which must form the rim of A (by the a = 1 case of quantum Pieri formula
from [12]). For example,

0" x, off = o + oH", 0" x, ot = o + go". and 0% *, oftH = go™.

Very roughly speaking, the extra term go” in 6%, o says that the space of degree one maps ¢ : CP? — X
for which ¢(0) lies in X* and ¢(1) lies in a fixed general position hyperplane, is essentially parametrised
by a subvariety of X in the class [X"] (via sending ¢ to ¢(00)).

The quantum products by degree two classes were used by Dubrovin and Givental [32, 20] to define a
connection on the trivial bundle

H?*(X,C) x H*(X,C) — H*(X,C).

In our setting we have H?(X,C) = C spanned by the class ¢1(O(1)), which equals the Schubert class o°.
We denote by 7 the coordinate on H?(X,C) dual to ¢;(O(1)). Let us recall the usual definition of the
connection in the conventions of Dubrovin [16], depending on an additional parameter z :

(2.1) Vo, = diT + %am *er _
We think of this connection as being dual to the one whose flat sections are constructed by Givental [34]
in terms of descendent 2-point Gromov-Witten invariants, compare also Section 4.2.

Our main result is a B-model construction of the above connection. However we make some small adjust-
ments first. Instead of 7 we prefer to consider ¢ = €™, the coordinate on the torus H?(X,C)/H?(X, 2miZ) =
C;- We write C; to mean C with coordinate ¢, and similarly C} for C\ {0} with (invertible) coordinate g.
Also, following Dubrovin [20] we will extend the connection (2.1) in the z-direction, to give a flat mero-
morphic connection over a larger base. Namely, let 4 denote the (sheaf of regular sections of) the trivial
vector bundle with fiber H*(X, C) over the extended base P = C, x C,, where the z and ¢ are coordinates.
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We identify a Schubert class 0* € H*(X,C) with the corresponding constant section of H4. Using the
conventions of Iritani [43, Definition 3.1] we set :

(22) Avqaq = qaiq + ;UD *q .y
(2.3) Ay = 22—l (TX) %
. 20, = Oz g 2 1 q — >

where gr is a diagonal operator on H*(X) given by gr(c) = ko whenever o € H?*(X). These formulas
define a flat meromorphic connection on H 4.

The vector bundle H 4 also comes equipped with a flat pairing which is non-degenerate over C; x C,.
Namely let (_, 7>H*(X) denote the Poincaré duality pairing on H*(X) and define j : P — P by (2,¢q) —
(—2,¢q). Then the pairing S4 : j*Ha @ Ha — Op,, is given by

Sal_,_) = (miz)V(_, ) H (X))

where N = dim¢(X), compare [43]. For the Grassmannian X, the Poincaré duality pairing is concretely
described by the following involution. For A € Py ,, we denote by PD(A) the Young diagram obtained by
taking the complement of A (within its bounding (n— k) x k-rectangle) and rotating by 180°. The resulting
Schubert class 0P pairs to 1 with o* and to 0 with all other Schubert classes under (_, _) . (x)-

Definition 2.1. We define
Hy=T(Ha,C; x C}) = H*(X,C[z=", ¢*])

to be the module for Dp = C[z*1, ¢*1] (9., 9,) where 9,,9, act by AV,, and Avaq, respectively. Compare
equations (2.2) and (2.3). We also define the C|[z, ¢]-submodule H,4 o := H*(X, C|z, g]), which is acted on
by the subalgebra Dp o of Dp generated by z,q,2(20.) and 2(q9,). The pairing Ha ®c[.+1 4+1) Ha —
C[z*!, ¢™'] defined by S4 is non-degenerate and denoted again by Sa.

The main goal of this paper is to construct the Dp-module H,4 above, and with it the data, Ha, Hao
and AV, in terms of a Gauss-Manin system defined by a mirror LG model. Descriptions of the LG model
and the Gauss-Manin system follow in Section 3. The main results are stated in Section 4.

3. THE B-MODEL INTRODUCTION

3.1. The mirror LG model. To give our presentation of the mirror LG model of the Grassmannian
X = Gr,_x(n) we need to introduce a new Grassmannian X := Gri(n). Both X and X have dimension
N = k(n—k). To be more precise, if X = Gr,,_4(C") then we think of X as Gr4((C™)*), which is embedded
by a Pliicker embedding in P( /\k((C")*) Here (C™)* denotes the vector space dual to C", with an action
of the Langlands dual GL,(C) from the right. The Pliicker coordinates p, for X correspond in a natural
way to the Schubert classes o in H*(X) and are indexed by A € Py . !

We continue with the explicit example of X = Gry(5) and X = Gr3(5), where k = 3 and n = 5. Define
the rational function W on X x C, by the formula

p
(31) W:@+pE+qp£+E+pE7
Po Poo pEEB pEB pE]

in terms of Pliicker coordinates py. To obtain a regular function, remove from X the 5 hyperplanes defined
by the Pliicker coordinates which appear in the denominators. The resulting affine variety is

° I:X\{pw:O}U{plID:O}U{pEEB:O}U{pEB:O}U{pB:O}'

IThis coincidence of Pliicker coordinates and Schubert classes is due to the identification of H*(X) with A¥ C™, viewed
as the k-th fundamental representation of the Langlands dual GL,(C) afforded by the geometric Satake correspondence [31,
45, 55, 62]. This explains also why X should be viewed as a homogeneous space for the Langlands dual of the group used to
define the A-model Grassmannian X. Therefore even though X and X are isomorphic we do not think of them as being the
same. Compare also [66, 67, 68].
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Note that the anti-canonical class of X = Gr3(5) is 507, therefore X° is the complement of an anti-canonical
divisor in X. Let w = wgo be a choice of non-vanishing holomorphic volume form on X° with simple poles
along D. We denote the regular function again by W, and refer to W : X° x C4 — C as the superpotential.

For a general Grassmannian X = Gr,,_(n) we have a completely analogously defined affine subvariety
X° of X = Gri(n), along with a non-vanishing holomorphic volume form w on X°, and a superpotential
W X° x Cy — C, see Sections 6 and 8. Note that w is a priori only uniquely determined up to a scalar.
This scalar is chosen in Theorem 4.2, which is our first result that depends on this choice.

It is interesting to note that the variety X° is an open positroid variety in the sense of Knutson, Lam
and Speyer [48]. It also plays a special role for a particular Poisson structure on X, see [28]. We will show
in Section 6.4 that this LG model is isomorphic to the one introduced by the second author in [79], and
after restriction to an open subtorus becomes isomorphic to one introduced earlier by Eguchi, Hori and
Xiong [21] and studied further in [6].

3.2. The Gauss-Manin system. Denote by QV(X°) the space of algebraic N-forms on X°. We write
Wy - X° — C for the superpotential where the coordinate g # 0 is fixed. There is a Gauss-Manin system
associated to Wy, see [18, 19, 82], which should be thought of as describing algebraic N-forms 1 measured
by ‘period integrals’ of the form fr eiWQn, see the definition below. Here we let both z and ¢ vary to get
a 2-parameter Gauss-Manin connection.

Definition 3.1. Consider the C[z*!, ¢*1]-module G« defined by
GWo = N (X°) [ g1/ ((d+ 2 HdW, A _ ) (QV 1K) A, ¢H1))
Note that for fixed (z0,qo) € P the ‘fiber’
Fp (2,00 = QN (X°)/ ((d + 25 ' dWqo A _)(QVTH(X?))),

is a twisted de Rham cohomology group in the sense going back to Witten [87, (11)]. There is a Gauss-
Manin connection on GWs defined on 1 € Q¥ (X°) by

(32 Vel = |,
(33) PVl = W,

and extended using the Leibniz rule. Thanks to the flatness of 2V we get a Dp-module structure on G"4
by letting 0, and 9, in Dp = C[z*1, ¢*1] (0,,0,) act by the operators BV,_ and BVaq, respectively.

In order to state our main theorem we will define a C|z, g]-submodule of G« which is to play the part
of regular global sections of a trivial vector bundle Hz on C,; x C..

Since the divisor {py = 0} is removed in the definition of X°, we can adopt the convention of setting
pp = 1 on X°. Therefore, from here on we consider the remaining py as actual functions on X° as opposed
to homogeneous coordinates.

Definition 3.2. Recall that X° has on it a non-vanishing holomorphic volume form w. Let Hp be the
C[z*1, ¢*!]-submodule of G"« spanned by the classes [pw] where A runs through P ,,. Furthermore let
Hp o be the C|z, ¢]-submodule inside Hp generated by the [pw]|, and let FBV(Z(M%) be the corresponding
C-linear subspace of F (. q0)-

We will prove the following lemma in Section 9.2.
Lemma 3.3. Hp is a free C[z, g]-module with basis {[paw], A € Prn}-

By this lemma Hp is indeed the space of regular sections of a trivial vector bundle on P = C, x C,.
We let Hp denote the sheaf of regular sections of this trivial bundle on P. The fiber of the vector bundle
Hp at (20,q0) is F,(z,q,) and has a basis given independently of (29, qo) by the classes [paw].
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Conjecture 3.4. 2 We conjecture that Hg = G"a.

The intuitive meaning of this conjecture is that W, has no additional critical point at co in any compact-
ification. The conjecture would follow from a related technical condition on W, (cohomological tameness
[83, 82]). Note that in the special case of projective space the [pyw] were already known to form a free
basis of GV, see [38]. Another related example is the the smooth quadric Qo,_1, which is the orthogonal
Grassmannian of lines in C?"*1. In this case the mirror LG-model of [79] was expressed in Pliicker coor-
dinates in [67], and proved for Q5 to agree with one given by Gorbounov and Smirnov which they showed
with Sabbah and Nemethi to be cohomologically tame [37].

4. MAIN RESULTS

4.1. Isomorphism of Dp-modules. In the B-model, we consider the Gauss-Manin system on G"4. The
first main theorem shows that the A-model datum, consisting of Ha o = H*(X,Clz,q]) together with its
small Dubrovin connection, can be recovered inside G"e.

Theorem 4.1. The C[z*!, ¢*]-module Hp is a Dp-submodule of G"a, and the map

(I):HA — HB

o = [pAw]

is an isomorphism of Dp-modules. Under this isomorphism H 4o = H*(X,Clz,q|) is identified with Hp o
and Ha is identified with Hp.

The proof of this theorem hinges on verifying the following formulas for the action of 2V,

(4.) Voo, lae] = i(meHquw])

(42) V.o lpe] = A|an]—in<2mw]+zmw1>,

A

where p and v are exactly as in the quantum Monk’s rule for o™ x; 0%; see equations (2.2) and (2.3) in

Section 2. The proof of this theorem will be given in Sections 10 to 18.

In the concrete case of X = Gry(5), these formulas say for example

"0, (Ingl) = - (el + Ioge])
"0, (nggel) = Salpass]
Similarly in the 20, direction :
2.0, (Ipg]) = 3lpgpe] — = (Ingeme] + o)

V.o, (Ingggel) = Olngge] — 2o lpec].

This reflects precisely the formulas on the A-side arising from (2.2) and (2.3) and quantum Schubert
calculus. For example (2.3) implies

AVzaz (UEEB) = 6oHH— gqam.

Now we come to some consequences of Theorem 4.1, along with comparison results connecting W, with
previously defined superpotentials.

2Update, May 2017. This conjecture now follows from our Theorem 4.10 combined with the recent work [50] of Lam and
Templier.
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4.2. Oscillating integrals. Recall the flat pairing S4 in the A-model. We may think of this pairing as
identifying the bundle H*(X) x Cf x C; — C% x C, with its dual. The flatness condition can then be
interpreted as saying that the dual connection to 4V is given by formulas analogous to (2.2) and (2.3) but
with z replaced by —z. In other words the new connection AVV defined by

o 1
(43) Av;/aq = qaiq — ;O’D ‘kq s
0 1
(4.4) AVY, = v tEr+—a(TX)x

satisfies dSa(0,0") = Sa(AVVa,0') + Sa(o,4Va'), and is therefore dual to AV.
In [34, Corollary 6.3], Givental wrote down a basis of the space of all solutions s € H*(X,C[z~*,1In(q)][[¢]])
to the flat sections equation Aquaqs = 0, that is to the equation:

9] o,

—s= -0 s.

qaq z 1

Equation (4.5) is referred to as the (small) quantum differential equation. Givental’s solution is given in

terms of two-point descendent Gromov-Witten invariants. Explicitly in our setting, for each p € Py, 5, there
is a solution

1 1 In(g) O
(4.6) =y Z qu<z_¢e L U“,U’\> PP
2,d

AEPy,n d>0 ’

(4.5)

to (4.5), where to make sense of the d = 0 term one sets

(4.7) < 1 emi(” ”DU“,U)‘> = <e#"mo“, o, 1>

z— 2,0
Here we use the notation ( ), g for genus zero n-point degree d Gromov-Witten invariants of X. Moreover
1 is the ‘psi-class’ on the moduli space of stable maps My 2(X,d), which is the first Chern class of the
line bundle defined by the cotangent line at the first marked point. We refer to [16] or [65, Section 1.3] for
this result and relevant definitions. Note that we have added the factor ZiN, with N = k(n — k) for degree
reasons (compare equation (4.8) below). Equivalently, the factor is necessary to ensure flatness of s, in the
z-direction. In the case where i is the maximal element in P} ,,, which we denote ji,,—j, the exponential
disappears and the formula simplifies to

)

(4.8) Spn = Z Sxo + Z <wdn—|>\|—lo.,un—k,o.)\> (i)d L~ IPDO)| ;PD().
2,d \zZ"
A a>1 ’

The following theorem implies an integral formula for the solution s, , € H*(X,C[z7'][[¢]]) to the
quantum differential equation (4.5).

Theorem 4.2. LetI'),, _, be a cycle in HN(XO,Z) represented by an oriented, compact torus (homeomor-

phic to (S1)N ) which is the compact real form of a cluster torus (isomorphic to (C*)N) inside X°. Note
that the class Iy, , does not depend on the choice of the cluster torus. We choose w to be dual to Ty,

in the sense that W frﬂn—k w = 1. Then the formula

1 1w, PD(A
St (2:4) = @riz)¥ Z </r ez "PAW> oP
AEPk,n Hn—k

defines a flat section for AVV inside H*(X,C[zY][[q]]). In particular Sr,,, _, satisfies the small quantum
differential equation (4.5).

Remark 4.3. Note that I',, , and w in the above theorem are uniquely defined up to a common sign.
The function Sr,, (2, ¢) is canonical and does not depend on this sign choice.
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Proof. This statement follows in a standard way from Theorem 4.1 and the constructions. For any (z,q) € P
with z # 0, consider the linear form on the fiber F'ig (. 4y of Hp at the point (2, q) defined by the formula

Oscr, | — /

/‘”n k

This formula defines a section Oscp, — of HY an over C; x C,, where H ,,, denotes the sheaf of analytic

sections of the bundle dual to Hp. The definition of the Gauss-Manin connection (4.1),(4.2) on Hp is
engineered so that Oscr, _ is a flat section of Hp ,,,.

Using Theorem 4.1 together with the pairing S4, the bundle ’H};an with its Gauss-Manin connection can
be identified with the pair (H 4 qn, AVV) over C; x C,4, where H 4 qn denotes the sheaf of analytic sections

of the vector bundle #4. We now denote by Oscf‘“ . the flat section of (Ha,an,2VY) over C: x C,

corresponding to OSCFM,R under this identification. Then OSC?H is the section of H 4 4y determined by

the property that

(49) SA(OSC?” L O')\) = / E%quAw.
" Crpge

Since the basis dual to {o*} with respect to the pairing S, is {WO’PD(/\)}, equation (4.9) implies that

A Ly PD(\)
Osc = E e="1p\w | o .
e (2miz)N r
Hn—k

AEPk.n

k
H*(X,C[27Y[[g]]), in other words that the coefficients m, lie in C[27!][[¢]] as opposed to C[[z,q]]. This
follows by degree considerations. Namely the flatness of Sp, ~  implies in particular for the coefficients

that
22 +n 0 L / exVapyw _|PD ) / Wap w.
0z qaq (2miz)N Jr, . Pl = (2miz)N . oA

Therefore (z% + nq{%) annihilates

1 .
4.10 \PD(A)\i/ 1w,
( ) z (27TZZ)N FH n € p)\w)

So Oscf‘“ L= Sr, , and we see that Sp, s flat for AVV. It remains to check that Sr, , liesin

which implies that in the g-expansion of (4.10) the coefficient of ¢? is a scalar multiple of L. As a
consequence the coefficient of o¥P™) in Sr, . has the form

1 1 g\?% _
4.11 S Wipyw=3" ( ) |PDOV)|
( ) (2miz)N /r ‘ Pac d zZ™ i

Hn—k >0

In particular it lies in C[z~][[q]]. |

Remark 4.4. Note that by setting ¢ = 1 in Equation (4.11) we have the series expansion

1 1
(4.12) 7]\,/ ezWip\w = Zadzfd”*\PD()\)\_
(2miz) T L =

Expanding the exponential e*™1 on the left-hand side of the above equation, the coefficient a4 can now be
computed by the residue formula

1 1
M A=) ((m)N/r

(Wl)dn_klpAw> )

Hn—k
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where we assume dn > |A|. If dn < |A| then necessarily ay = 0, since in this case —dn — |[PD(A\)| > —N
while the left-hand side of (4.12) is contained in 2~V C[[z7!]]. We will make use of this formula for a4 in
Proposition 4.9.

Remark 4.5. In this remark we check that the flat section Sp“n_k of Theorem 4.2 agrees with Givental’s
flat section s, , exactly. First we note that, up to scalar, s, _, is the unique flat section with coefficients
in C[271][[¢]], as follows recursively from the differential equation (4.5) and grading considerations. From
Theorem 4.2 it follows therefore that Sp, ~ is a scalar multiple of s, ,. The relevant scalar can be
determined by computing the coefficient ag of

1 1 _
SN equw = E adqu dna
(27TZ) T
Hn—k >0

where the above equation is a consequence of (4.11) in the case A = ), and we have multiplied out by 2.
This coefficient ag is computed on the left-hand side by

1
= = 1
“©= 2ri)N / i

Hn—k

using the assumptions of Theorem 4.2. Therefore, comparing with the start of the A = @) term of (4.8), we
see that Sp,  and s, , agree.

Remark 4.6 (Other solutions and the J-function). Further local solutions & = Sr to the equation
Avgaqs = 0 can be obtained by replacing I',,, _, by some other, possibly non-compact integration cycle I'.
In this case it would be necessary to have conditions on the decay of %(%Wq) in unbounded directions of
I and let T' vary with z and ¢, to ensure convergence. According to Givental [35, Section 2] such cycles T’
may be obtained from Morse theory for %(%Wq) Other than the compact cycle Iy, _, associated to s, _,,
we don’t know how to determine specific cycles I';, such that the flat section Sr, recovers Givental’s flat
section s, defined via the A-model. Identifying such cycles would give integral formulas for all the entries
of Givental’s ‘fundamental solution matrix’, and in particular for the coefficients of Givental’s ‘J-function’;
see Section 4 in [35]. When X = CP?, however, explicit integration cycles can be described; see [38].

Although from our results we only obtain a formula for the constant term of Givental’s J-function
(the ‘A-series’, see Section 4.3) and not the full J-function, we can still consider the C[g, 2~!](9,)-module
generated by the coefficients of the J-function, or equivalently generated by the o#n—*-coefficients of the
flat sectionss of 4VV; see [33], or for example [6, Section 5.1]. This is sometimes called the ‘quantum
cohomology D-module’; and it quantises the part of the quantum cohomology ring generated by degree
2 elements. (It is not to be confused with the Dp-module H,.) With this definition, we note that the
property AVZaqu = 0 implies that the integrals

(4.13) exWay

r
are solutions to the quantum cohomology D-module. We remark that other integral expressions for solu-
tions of the quantum cohomology D-module of a Grassmannian which are very different from (4.13) were
obtained by Bertram, Ciocan-Fontanine and Kim [5]. Moreover, in the same paper they prove a formula
for the J-function generalising the one for projective space due to Givental.

4.3. A-series conjecture and the superpotential of Eguchi, Hori and Xiong. In Section 6.3 we
will recall the definition of the conjectural Laurent polynomial superpotential of Eguchi, Hori and Xiong
[21]. In that section we will also state in more detail the following comparison result.

Theorem 4.7. The Laurent polynomial L, associated to the Grassmannian X by Eguchi, Hori and Xiong
in [21] is isomorphic to the restriction of Wy to a certain open torus T inside X°. The holomorphic volume
form w restricted to this torus agrees with the standard torus-invariant volume form wr.
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The proof of Theorem 4.7 is contained in Sections 6.3 and 8.

Consider now Givental’s special solution s,, , (4.8) to the quantum differential equation (4.5). The
coefficient of o#»~* in s, , with z specialised to 1 is an element of C[[¢]] and referred to as the A-series
n [6]. Namely for X = Gr,,_(C"),

(4.14) Ax(q)z<l_1wgun-k,g@> g = 14 3 (2 g,
2,d

1 , d>1

where we have used that o? is the fundamental class of X to simplify the formula.

In [6] Batyrev, Ciocan-Fontanine, Kim and van Straten studied the Laurent polynomial superpotential of
[21] and conjectured an explicit combinatorial formula for the A-series (4.14) in the case of a Grassmannian.
This conjecture can now be deduced.

We note that in the special case of Gra(n) this conjecture was proved earlier in [5] using a formula (also
proved in [5]) for the J-function; compare Remark 4.6.

Corollary 4.8. [6, Conjecture 5.2.3] The A-series of the Grassmannian X = Gr,_;(C") is given by

(4.15) A;dq):Z@ ) I (Sifl‘,j) <8i,5f1> ..

d>0 (56,5)€Sa \(:5)€Lk,n 5in St
Here the indexing sets are
Tim = {(4,))€ZXZ|0<i<n—k0<j<k},
Si = {(sig) € (Zz0)™ | i1,y 2 80y Sij1 2 Sigs Snkj = sik = d}.

Proof. The combinatorial formula (4.15) is obtained in [8] as the residue of the form efews determined by
the EHX superpotential L,. This corollary therefore follows from Theorem 4.2 together with Theorem 4.7
and the residue calculation in [8, Section 5.1]. O

Note that the corollary uses a residue calculation to give combinatorial formulas for the descendent
Gromov-Witten invariants (4" ~2g#n-k); 4 which are certain coefficients of Givental’s flat section s, ,.
As a corollary to Theorem 4.2 we also have the following residue formulas for all of the remaining descendent
Gromov-Witten invariants appearing in s, _,.

Proposition 4.9. With notations as in Section 4.2 we have

n—1__pin—k = 1 L
(4.16) W0 = g <<2m'>N/F

assuming dn > |A|.

(Wl)d”_“pw> ;

Hn—k

Proof. Recall that the flat section Sp, ~  of Theorem 4.2 agrees with s, ,, by Theorem 4.2 and Re-
mark 4.5. The residue formula (4.16) now follows from the expansion (4.8) and Remark 4.4. O

4.4. The LG model on a Richardson variety. The first LG model for the Grassmannian X which
accurately recovers the quantum cohomology ring is one defined in [79]. In this LG model the superpotential
can be interpreted as a regular function F; defined on an intersection of opposite Bruhat cells R = Ry w,-
Here R is an affine subvariety of the full flag variety on the B-model side, which is associated to the
Grassmannian X interpreted as a homogeneous space GL,,/P. In Section 6.2 we recall the precise definition
of the superpotential F,. Moreover we explain how our superpotential W, from Section 3 relates to it, by
defining a carefully chosen embedding of R into the Grassmannian X. We obtain the following comparison
result.

Theorem 4.10. The LG models (XO,WQ) and (R, Fy) are isomorphic via the maps given in Proposi-
tion 6.7. This isomorphism also identifies the holomorphic volume form w on X° with the holomorphic
volume form on R introduced in [79, Section 7).
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The proof of this theorem is contained in Section 6.4 and Section 8. This proof also makes use of some
special coordinates on X° and the EHX Laurent polynomial expression recalled in Definition 6.8. This
theorem implies that the Jacobi ring of W, recovers the quantum cohomology ring ¢H*(X )[g~1], since this
is what was proved for F, in [79, Corollary 4.2]. We will show in Proposition 9.2 that the classes of the
Pliicker coordinates in the Jacobi ring of W, recover the Schubert basis, see also Proposition 5.2 and the
paragraph preceding it.

Finally, as a consequence of Theorem 4.10 and the results on oscillating integrals described in Section 4.1
and Section 4.2, we also obtain the following corollary, compare Remark 4.6.

Corollary 4.11 (Special case of Conjecture 8.1 from [79]). The quantum cohomology D-module of the
Grassmannian has a global holomorphic solution on C; x C, given by the residue integral W $ erTaw.

This concludes the summary of main results which are non-equivariant.

5. EQUIVARIANT RESULTS

The Grassmannian X = Gr,_,(C") is a homogeneous space for G¥ = GL,(C). In particular, the
maximal torus TV of n x n-diagonal matrices and the Borel subgroups of upper-triangular and lower-
triangular matrices, denoted by BY and BY respectively, all act on X. In the A-model this means that we
can consider the TV -equivariant cohomology of X and the T"V-equivariant quantum cohomology of X, and
we also have a T"V-equivariant version of the Dubrovin connection; see in particular [33, 54, 61]. Our final
results are about extending Theorem 4.1 to describe the equivariant Dubrovin connection via the B-model.

In Section 20 we define a deformation W4 of the superpotential W (Definition 20.1) involving the equi-
variant parameters x1, ..., Z,. These parameters are the standard generators of the equivariant cohomology
ring of a point, H%, ({pt}) = C[z1,...,z,]. In our running example of X = Gry(C®) the deformation W
is given by the formula

W =W + (21 + 22) In(q) + (22 — 21) In(pem) + (23 — 22) In(pgy) + (24 — 23) In(pg) + (25 — 24) In(py).
Note that we may think of W4 either as a multivalued map
W X° x C; — Co® Hiv ({pt}) = H7 ({pt})

or as a multivalued function Wed : X° x Cy x hY — C, interpreting the x; as functions on hY via the

identification H2, ({pt}) = (h¥)*. Our first equivariant result is the comparison result, which is proved in
Section 20.

Proposition 5.1. The LG model (X°, Wg4) is isomorphic to the equivariant LG model (R, Fg4) defined
in [79, Section 4.1 and 4.2] via the maps given in Proposition 6.7.

Note that although Wed is multivalued, the derivatives of Wed along X° are regular and define an
ideal (9g,W*9) in C[X°|[¢*!, x1,...7,]. We call the quotient by the ideal the Jacobi ring of (XO,W;q)
and let [py] denote the image in the Jacobi ring of the Pliicker coordinate py. As in the non-equivariant
case, combining our comparison result (Proposition 5.1) with [79, Corollary 4.2] implies an isomorphism
between the Jacobi ring of (X°, Wg4) and the (small) equivariant quantum cohomology ring of X with q !
adjoined. This isomorphism has the following very natural description which will be restated and proved
in Proposition 21.5.

Proposition 5.2. The Jacobi ring of (XO, W;q) is isomorphic to the equivariant quantum cohomology ring
qH% (X, C)[qg™!] via an isomorphism which takes the form

[p)\] g [X)‘]Tv .

Here X* is the BY -invariant Schubert variety of codimension |\ associated to A, and [X*pv is its TV -
equivariant fundamental class, viewed as an element of the equivariant quantum cohomology of X.
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Our main equivariant result is an equivariant version of Theorem 4.1 which we now prepare to state.
Equivariant quantum cohomology can in this setting be thought of as providing a g-deformed version x4 x
of the equivariant cup product on H, (X), where x = (x1,...,2,). Let us therefore denote by o2 the
equivariant or quantum equivariant Schubert class

O’%v = [XX]T\/.
We recall the equivariant quantum Monk’s rule [61, Section 1.1] which reads
Vv
TOW) s b = Y o 403 o+
n v
where the p and v are as in the non-equivariant quantum Monk’s rule described in Section 2, and x is a
particular linear combination of the x;; see (19.1).

This formula determines the equivariant Dubrovin connection on the A-model side. Namely, we have
the following definition, which is the TV-equivariant analogue of Definition 2.1.

Definition 5.3 (The equivariant version of H,4). Consider the ring of differential operators,

Deq =Clz, ..., zp, 2t qi1]<q6q, 20, + Zxﬁnﬂ)

i=1
Let HY' be the Hx ({pt})[z*!, ¢*']-module defined by
HE = Hp (X))
Then Hj4 is a Deg-module by setting
(5.1) 40, o = %clTv((’)(l)) e
and
(5.2) <zaz £y xiaL) o= —E[XM]Tv xon 0 + gr(0),

for o € H*(X,C). Here, X,. denotes the anticanonical divisor given by the union of n different T"V-invariant
hyperplanes which are permuted by the cyclic Z/nZ-action on X; see Section 19.2.

Definition 5.4 (The equivariant version of Hg). Let Q;Q(XO) denote the graded algebra of algebraic
differential forms on X° with coefficients in
Hio (pt)[zFY, ¢ = Clay, . . . 2, 25, ¢FY).
The k-th graded component
0y (X°) = QMX°) @ Hpv ({pt}) 2™, ¢

consists of algebraic k-forms on X° with coefficients in Hz. ({pt})[z*!,¢*']. In particular, the qu( X°)
are H., ({pt})[z*!, ¢*']-modules. Then 2dW*I, where d = dg. is the exterior derivative along X°, can be

thought of as an element of Qéq(Xo). Note that dW*? is algebraic despite the fact that W is not. An
equivariant analogue of the Gauss-Manin system from Definition 3.1 is defined by

eq >0 1 e — Nae)
GWi = QX /(d+ AW A )00 TH(E).

The elements of G"a" may be thought of as algebraic N-forms 7 on X° depending (algebraically) on
parameters ¢*', z*1 1, ..., x,, which can be measured by integrals fr eéwcqn.

The ring of differential operators,

Deq = C[x17 . '7znazilaqi1]<qaqazaz + Z‘T’Laﬁf1>7

i=1
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acts in a natural way on G"a"'. This action is given explicitly by

1 [ owed
q0q[n] = - {q 94 77]

z

and
(0. + Y w0l = — (W,

where the second formula arises from the identity (z% + > xZ%) (twed) = 1w,

Note that the differential operator zd, no longer acts on GWa*. Indeed, za% (%W;q) = f%W;q now
involves logarithms of Pliicker coordinates, so is no longer algebraic. This is why it was necessary to replace
20, by the differental operator 20, + >, ;0,,.

Finally, we define Hj;' to be the H (pt)[2%'][q, ¢~ ]-submodule of GYa" spanned by the classes [pyw]
for A € P.n.

The following Theorem is the equivariant version of Theorem 4.1. It will be proved in Section 21.

Theorem 5.5. Hy' is a Dey-submodule of GWYa". Moreover the Hx (pt)[2%1, ¢FY-module homomorphism
defined by

HY — Hf

opv = [paw]

is an isomorphism of Deq-submodules. In particular
1
qOq4[prw] = - (Z[p#w] + qZ[p,,w] + :EA[p)\w}> ,
nw v

where p,v and Ty are as in the equivariant quantum Monk’s rule (19.2) for multiplication by ¢TI (O(1)).

Remark 5.6 (Alternative superpotential). We also introduce an alternative version of the equivariant
superpotential. It is denoted by W and is the same as W but with the In(g)-term removed. For
example in the case of X = Gry(C?),

W =W + (w5 — 21) I(perm) + (@5 — 22) (pgg) + (w4 — 73) M(pg) + (w5 — 24) In(pg).

Unlike W*4, this alternative superpotential is regular in g. Note that the Jacobi ring of (XO, ch) again
agrees with the equivariant quantum cohomology ring ¢H*(X)[g™!], since Wed has the same Jacobi ring
as W4, However the change from W*®? to Wed affects the Gauss-Manin system. With this change, an
analogue to Theorem 5.5 holds in which the equivariant first Chern class ¢ (O(1)) appearing in (5.1) is
replaced by the equivariant fundamental class of the BY-invariant Schubert divisor X©. Note that the
Chern class ¢7 (O(1)) in the original version is in a sense not geometric, because O(1) has no T"-invariant
global sections; therefore clTv (O(1)) is not the fundamental class of a T"V-invariant divisor. We also remark

that the Schubert divisor X2 which appears here is ‘opposite’ to the one defining o7 .

Remark 5.7 (Oscillating integrals). In analogy with Section 4.2, this theorem provides solutions to the
equivariant small quantum differential equations

0 1

Y 1Lt
(5.3) 15,5 =54 (01)) x.x S,

which are of the form

(5.4) Si20%) = G 2

1yea
< z p)\w> JPD(/\)v
AEPk,n

(&
r
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given a suitable simply-connected choice of T' in X° (allowed to vary continuously with z, ¢ and x in some
domain of C2*") for which the integral converges, as in Remark 4.6. Moreover, S = Sp? also satisfies the
differential equation

0 < 9 1
(5.5) <Z8z + 2331%) §= _;[Xac]TV *gx S —gr(S).

Note that for the definition of the solution (5.4) we need to make a choice of a branch of We4|r. This
affects Sp? by a factor of the form

(5.6) exp 27rimxl—F;;_mnflc + 2mi Z mj% ,
=2

where m,m; € Z. We remark that the factor (5.6) is annihilated by ¢d, and 20, + > x;0,,, hence the
choice of branch doesn’t affect the validity of (5.3) or (5.5).
Finally, a solution Si* of the quantum differential equations gives rise to a solution,

1lypyea
/ezW w,
T

of the equivariant quantum cohomology D-module; compare Remark 4.6. Together with the comparison
result (Proposition 20.3), Theorem 5.5 implies a version of [79, Conjecture 8.2] about integral solutions to
the quantum cohomology D-module of a homogeneous space, in the special case of a Grassmannian.

This concludes the summary of results. We now begin by defining in more detail the versions of the
superpotential and showing how they are related to one another.

6. THE THREE VERSIONS OF THE SUPERPOTENTIAL

We have already mentioned the three different versions of a Landau-Ginzburg model dual to the A-
model Grassmannian X = Gr,_;(C™). In this section their superpotentials are defined in detail and we
show how they are related to one another. We proceed in reverse chronological order, beginning with the
superpotential introduced in Section 3.

6.1. The Pliicker coordinate superpotential. The Pliicker coordinate formulation gives a very simple-
looking expression for the superpotential, therefore it is a natural starting point. We begin by describing
its domain. Recall that the A-model Grassmannian, X = Gr,,_;(C"), is a homogeneous space for GL,,(C)
acting from the left. We think of it in the usual way as a Grassmannian of codimension k subspaces in
the n-dimensional vector space of column vectors C”. In this section we define a Landau-Ginzburg model
taking place on a B-model Grassmannian. The B-model Grassmannian is a Grassmannian of row vectors,
X := Gre((C™)*), and we view it as homogeneous space for the Langlands dual GL,, under the (right)
action of multiplication from the right. Note that X and X are isomorphic, but this is a type A coincidence;
compare for example [68, 66]. In order to distinguish between the two general linear groups acting on X
and X we will refer to the group on the A-model side as GLY (C) and add a check ¥ to notations pertaining
to this group.

Elements of X may be represented by maximal rank (k x m)-matrices M in the usual way, with M
representing its row-span. We think of X as embedded in Proj(A\"(C™)*) by its Pliicker embedding and
denote its homogeneous coordinate ring by (C[X] The Pliicker coordinates are all the maximal minors of
M, and are determined by a choice of k columns. We index the Pliicker coordinates by partitions A € Py, ,,
as follows. Associate to any partition A € Py ,, a k-subset in [1,n] := {1,...,n} by interpreting A as a path
from the top right hand corner of its bounding (n — k) x k rectangle down to the bottom left hand corner.
Such a path necessarily consists of k horizontal and n — k vertical steps. The positions of the horizontal
steps (numbered from the start of the path to the end) define a subset of k elements in [1,n]. We denote
this subset, associated to A, by Jy. See Figure 1 for an example.
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FIGURE 1. The k-subset corresponding to a partition. For f € P37, we have Jﬁj ={1,3,6}.

Suppose that Jy = {j1,...,7x} with 1 < j; < ... < jr < n. Then the Pliicker coordinate associated to
A is defined to be the determinant of a £ x k submatrix of M,

pA(M) = det (M j,)iz) -

We will also sometimes denote the Pliicker coordinate corresponding to the k-subset J by p;.
A special role will be played by the n Pliicker coordinates corresponding to the k-subsets which are

(cyclic) intervals. These are J; := [i + 1,4 + k], where ¢ € [1,n]. Sometimes it will be useful to index such
an interval by its last element, in which case we use the notation L;  for J;. So
(61) Ji =Ly = [Z+1,Z—|—/€]

Our convention regarding indices is that elements in such k-subsets are interpreted modulo n, and also the
subscripts of J; and L;. The partition corresponding to .J; is denoted by p;. For example since J; = [2, k+1]
we have p; = (k), the maximal partition with one part. If n — k > 2, then ps is the maximal two row
partition, (k, k). For k = 3 and n = 7 we have for example,

(6.2) T M === s R ) pr=10.

Always pi,,— is the maximal rectangle, and p,, is the empty partition.
The set {py,,...,pu,} of special Pliicker coordinates is invariant under the Z/nZ action on X defined
by cyclic shift,

k—1
mir Mz M1z ... Mig miz mig ... Mmin, (=1)""tmg
k—1
M21 Moz M2z ... Man Mo Moz ... Mo, (—1)""'my
M= . , , ] — M[1] =
(_l)k—l
M1 M2 Mg3 ... Min M2 ME3 ... Mgy M1

Indeed, we have p;(M[1]) = py1(M) for any k-subset J of [1,n] (where J + 1 is obtained by adding 1 to
each element of J, modulo n). Therefore also p,, (M[1]) = p,,,,([M]) as J,, = J; and Ji11 = J; + 1.

Each p,, is a section of O(1) for the Pliicker embedding, and the union of the hyperplane sections defined
by the p,, is an anticanonical divisor

(6.3) D ={p,, =0} U{p, =0}U...U{p,, =0}

Indeed, the Pliicker embedding of the Grassmannian X is minimal, and X is Fano of index n, i.e. n is the
maximal integer for which the anti-canonical class is divisible by n.
Let X° be the Zariski-open subset of X obtained by removing the anti-canonical divisor (6.3). So

X0 =X\D={[MeX|pu,(M)#0, alli=1,...,n }.

Note that the anticanonical divisor D and its complement are invariant under the Z/nZ-action on X defined
by M +— M][1], by the discussion above.
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The coordinate ring of X° is denoted by C[X°]. Recall that, to pass from the homogeneous coordinates
px on X to regular functions on C[X°] we make the convention of setting py = 1. Both C[X°] and C[X] are
cluster algebras; see Section 7.

Our version of the Landau-Ginzburg model mirror dual to X is a regular function W : X° x C, — C,
which we may call the canonical superpotential, in analogy with [68, Section 1.1]. It is defined as follows.

Definition 6.1 (The superpotential on XO). Denote by ji; the partition corresponding to
Ji=Ligp:=li+1i+k—1U{i+k+1},

where i + k has been removed from J; and replaced by i + k + 1. Unless i = n — k, the Young diagram of

11;, is obtained from the Young diagram of p; by adding a box. The particular shape of u; guarantees that

there is only one way to do this. The partition fi,,_j is obtained by removing the entire rim from p,_j to
give an (n —k — 1) x (k — 1) rectangle. We define

n
B 3 T pAn— ¢
(6.4) W= PR gpins — (57 PRy Pl
i=1 pﬂi i#n—k p#i pﬂn—k

Remark 6.2. Notice that in the quantum Schubert calculus of X and for i # n — k,

o0 *q oM — aﬁ?’ oD *q ghn—k — qam7
and thus each of the individual summands of W in the above formula formally resembles the hyperplane
class o".

We will next recall the definitions of the two previously conjectured Landau-Ginzburg models for Grass-
mannians, starting with the LG model of [79] followed by that of Eguchi, Hori and Xiong [21, 6], and
explain how these previous definitions relate to this new one.

6.2. The Lie-theoretic superpotential. Let the (B-model) group G = GL,(C) act (now from the left)
on a full flag variety. We fix some notation regarding this group. We let B, B_ denote its upper-triangular
and lower-triangular Borel subgroups, respectively, and T denote the maximal torus of diagonal matrices.
The unipotent radicals of By and B_ are denoted by U, and U_. Let b denote the Lie algebra of T'. We
let E; ; denote the matrix with entry 1 in row ¢ and column j and zeros elsewhere. Let e; = F; ;4 and
fi = Ei+1,; be the usual Chevalley elements of gl,,, and let a; € h* be the simple root corresponding to e;.
We define the associated 1-parameter subgroups z; : C - Uy and y; : C — U_,

z;(t) = exp(te;), yi(t) =exp(tf;)
fori =1,...,n—1. Let W = Ngp, (T)/T = S, be the Weyl group. Namely for every w € W we
have a natural choice of representative w which is the permutation matrix in GL,, corresponding to the
permutation w. Alternatively we can choose the following representatives. Let

represent the generator s; = $;T of W which is the simple transposition (i,7+ 1). Let £ : W — Zxq be the
length function. If £(w) = m and s;, ...s;,, is a reduced expression for w, then the product w = §;, ... $;,,
is a well defined element of GL,, and independent of the reduced expression chosen. One advantage of the
latter choice of representatives is that its definition is not specific to GL,,. We will also require the root
subgroups

- - _ 1 -1 ——1
Tojtogpat.tay (@) = 5118502 Sp12(a)5, 1y . 55095, = Ly +aBj ki1,

where j < k and 1,, is the n X n identity matrix.

Let P D B4 be the maximal parabolic subgroup in G generated by B, and the elements §; for i # n—k.
We also have Wp = (s; | i # n — k), the corresponding parabolic subgroup of the Weyl group W. The
longest element in Wp is denoted by wp, while the longest element of W is denoted by wg. . Let W7F
denote the set of minimal length coset representatives in W/Wp. The longest element in W is denoted
by w®. Clearly w”wp = wp, the longest element of .



18 R. J. MARSH AND K. RIETSCH

Consider the Schubert variety inside GL,,/B_ defined by,

Xwp = BywpB_/B_.
We think of pr C GL,,/B_ as a Richardson variety, namely as closure of the intersection,
R =Ruwpw, =B+wpB_NB_wyB_/B_,

of opposite Bruhat cells. This intersection, R, is a smooth irreducible variety of dimension ¢(w’’), which
equals to k(n — k) for our choice of P.

The construction of a mirror LG model in [79], applied in the Grassmannian case, yields a superpotential
F on R x Cj. Here the definition of F involves first identifying R x Cj with a subset of the group
PSL,(C), Langlands dual to the group SL,(C) acting on the A-model X, see [79, Section 4.1]. Since we
are considering our Grassmannians X and X as a homogeneous spaces for (Langlands dual) general linear
groups, we will replace this subset of PSL, (C) with a natural choice of lift to the B-model GL, (C). This
will not change the function on R x Cj, but will make a difference (as it should) when we extend to the
TV -equivariant case in Section 20.

One further practical difference between PSL,, and GL,, is that in [79] the torus in PSL, analogous
to TWr is identified with C;, while for GL, the torus TWP isn’t one-dimensional, but rather is two-

dimensional. In order to cut down the dimension let T"? be the one-dimensional subtorus of T"? in
GL,(C) defined by
d

VP — deC*

1

Then TWr = C, via the identification of a;,—j and gq. We have an isomorphism

~

Vg B.NUTVPupiy U, R x C,

6.5
( ) b= ult’Li]p’U'JJIUQ — (b’ll.)oB,, Oén,k(t)),

as in [79, Section 4.1]. To define the superpotential we need the map e} : U; — C which sends u € U, to
its (4,7 + 1)-entry, so e} (w) := u; ;+1. This notation e} (u) stems from the fact that the matrix entry w; ;41
of u can also be thought of as the coefficient of e; in u after embedding U, into the completed universal
enveloping algebra of its Lie algebra.

The following definition is an equivalent formulation of the definition from [79, Section 4.2] as follows
from [79, Lemma 5.2]. Note that the setting in [79] is that of an arbitrary complex reductive algebraic
group G and parabolic subgroup P, and we apply it here to G = GL,, and P a maximal parabolic.

Definition 6.3 (The Lie-theoretic superpotential [79, Lemma 5.2]). Let F : B_ NU,TWripiig U, — C
be the map defined by

n n
F i b=wutipiog uy > Zef(ul) + Zez‘(uz).
i=1 i=1

Note that this map F is well-defined even though uy and ug are not uniquely determined by b, see [79,
Equation (4.4) and Lemma 5.2]. For the A-model Grassmannian X = Gr,,_;(C") viewed as a homogeneous
space GL,/ /P, the Lie-theoretic version of the superpotential is the composition

F=Foyp' :RxC;—C.
Explicitly,

FlbwoB_,q) =Y e(ur)+ > ef(un),
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if bis in B_ and factorizes as b = ultwpu')o_lug with w1, us € Uy wheret € TW? is determined by i (t) =
g. Additionally, we use the notation F; for the map F, : R — C defined by F,(buwgB_) = F(bwoB_, q).

We now recall the Dale Peterson presentation of the quantum cohomology ring of a homogeneous space
which applies as a special case to X = Gr,,_i(n), compare [76].

Theorem 6.4 (Dale Peterson [69]). Associated to the homogeneous space X define a subvariety Y75 in
R, called the Peterson variety of X, as follows. Let F € g* be the sum of the dualised positive Chevalley
generators,

F=el+es+...+¢_1,
and set
Vii={gB-€R | g7 -Feln,n |},

using the coadjoint action of G. Let C[Yp] denote the coordinate ring of Y7, in the possibly non-reduced
sense. Then C[Y}] is isomorphic to the quantum cohomology ring ¢H*(X,C)lq™"] of X by an explicit
isomorphism.

We call the isomorphism from Theorem 6.4 the Peterson isomorphism. In Proposition 9.1 we will recall
where Peterson’s isomorphism takes a Schubert class in the Grassmannian case. For a description of the
Peterson isomorphism for type A partial flag varieties we refer to [76, 78], in general type see also [79].
We remark that in type A the quantum cohomology rings, and with them the coordinate rings C[Y7], are
always reduced.

The superpotential F defined in [79] is related to the Peterson variety as follows. Denote again by ¢ the
element of the coordinate ring C[Y7] which corresponds under the Peterson isomorphism to the quantum
parameter. Then ¢ is a finite morphism from Y3 to C*.

Theorem 6.5 (Mirror construction of the Peterson variety [79, Theorem 4.1]). The critical points of F,
inside R lie in the Peterson variety and precisely recover the fibers of ¢ : Y5 — C*. Moreover the subvariety
of R x C;; corresponding to the ideal (OrF) of partial derivatives of F along R is isomorphic to Yp by the
restriction of the first projection R x C; — R, and we obtain

C[R x C1]/(0=F) = C[Y].

The Lie-theoretic superpotential (R, Fy) is therefore related to the quantum cohomology of X by the
combination of Theorems 6.4 and 6.5.

In order to set up the comparison of the Lie-theoretic superpotential with our new formulation in terms
of Pliicker coordinates we define the following maps

Xe & B NUwpuy UL ™5 R

Here the the map on the left hand side is deﬁned by setting 7z, (b) := Pb, and the map on the right hand
side is mg(b) = bwgB_, where b € B_ N U+wpw0 U,. Tt is straightforward that wg is well-defined and an
isomorphism. The map 77, is a priori a map to X, but it is known to land in X° and moreover 7, is an
isomorphism so that we have X° = R. Namely the following proposition follows from [48, Section 5.4], via
a construction from [57, Section 2.1].

Proposition 6.6. The projection map mp, is a well-defined isomorphism from B_ N U+u'1pu'}0_1U+ to X°.
In Section 6.4 we will prove the following proposition.

Proposition 6.7. With the definitions from Section 6.1 and 6.2, the following diagram commutes:

T Xid TRrXid

X° x C; <=—B_ NUipiiy Uy x C;' "R x C;,

"] g

C = C.
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Propositions 6.6 and 6.7 imply the part of Theorem 4.10 which states that the Landau-Ginzburg model
from Section 6.1 is isomorphic to the one from [79] recalled in Definition 6.3. In the case of Lagrangian
Grassmannians and for odd-dimensional quadrics, formulas analogous to Definition 6.3 and comparison
results analogous to the above Propositions were found by C. Pech and K. Rietsch in [66, 67] and by
C. Pech, K. Rietsch and L. Williams in the case of even quadrics [68].

6.3. The Laurent polynomial superpotential. The earliest construction of Landau-Ginzburg models
for Grassmannians is due to Eguchi, Hori and Xiong [21] and associates to X = Gr,_(C™) a Laurent
polynomial L, in k(n — k) variables (with parameter ¢). This Laurent polynomial also appeared in [63] in
relation to a parabolic analog of the quantum Toda lattice. Let 7 = (C*)*("~%) and define Ly:T—=Cas
follows (compare [6, 8]).

Let Qr = (V,.A) be a quiver with vertices given by

V={(i,j) € [l,n—k] x [LLK]}u{(0,1),(n—k,k+ 1)}
and with two types of arrows a € A, namely

defined whenever (i, 5), (4,5 + 1), and (4, 7), (i + 1, ), respectively, are in V. We write h(a) for the head of
an arrow a, and t(a) for the tail. To every vertex in the quiver associate a coordinate z;;. We set zp1 =1
and z,_g k+1 = ¢, and let the remaining (zl])f;lﬁfk be the coordinates on the big torus 7 = (C*)*(=k),
Definition 6.8 (The EHX Laurent polynomial supotential [6, 21]). To every arrow a in the quiver (V,.A)
one can associate a Laurent monomial by dividing the coordinate at the head by the coordinate at the tail.
The regular function L, : 7 — C is defined to be the sum of all of the Laurent monomials obtained in this

way,
“h(a)
Ly=>
a€A Zt(a)
keeping in mind that 29,1 =1 and 2,k r+1 = ¢ also occur.

Example 6.9. Consider k¥ = 3 and n = 5. So X = Gry(C®) and X = Grz((C®)*), the Grassman-
nian of 3-planes in the vector space of row vectors. The big torus is 7 = (C*)® with coordinates
(211, 212, 213, 221, 222, 223). The superpotential is
(6.6) Ly—zy+ 2422 28 22 28 2o 28, O

Z11 212 213 211 12 %21 222 223
and is encoded in the quiver Q@ shown below.

1

212 213

211

221 222 223

The relationship between this superpotential L, and the superpotential W, from Definition 6.1 is given
in the proposition below. The Pliicker coordinates indexed by rectangular Young diagrams play a special
role here, and we denote a Young diagram which is an ¢ x j rectangle by i x j. For example if (k,n) = (3,7)
the Pliicker coordinates corresponding to the rectangles p; are p,, = Dix3, Py, = P2x3 and so forth;
compare (6.2). We have k(n — k) rectangular Pliicker coordinates, not counting py.

Proposition 6.10. There is a (unique) embedding v : T — X° for which the Plicker coordinates corre-
sponding to rectangular Young diagrams are related to the z;; coordinates as follows,

Pli—-1)x(j—-1)
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Moreover, the Laurent polynomial superpotential Ly agrees with the pullback of Wy to T under ¢.

Sketch of proof. We describe the embedding ¢ : 7 — X° defined in Proposition 6.10 concretely. To explain
the construction in our setting we continue with Example 6.9. Let us decorate the above quiver by elements
$; as follows and remove the arrow with head labeled ¢ .

Row Ej @
Row FEs @ @
1

Row Ej 219 213

211

Row E,

221 222 223

The new figure has n — 1 rows, Ey, Es, ..., E,_1 (where, in the example, n = 5). For 1 <i <k —1, row
E; contains i copies of §; (written a circle). For k < i < n—1, row E; contains all of the downward-pointing
arrows with target z;_p41,; for some j (one arrow if ¢ = k; k arrows if ¢ > k), followed by i — k copies of §;.

We call a path in the quiver which has precisely one vertical step a 1-path. Notice that each 1-path
contains a downward-pointing arrow from exactly one row. For any vertex v decorated with a z;; there
is clearly a unique minimal length 1-path which has this vertex at its lower end. We call this 1-path the
minimal 1-path with the given vertex v at its base.

Then we read off a sequence of §;’s and 1-paths, going column by column from right to left. Namely
in each column we list, starting from the top and going down, any $;’s, followed by any minimal 1-paths
associated to vertices from that column. In the example above the sequence is shown below.

213 212 1 211
. J_)_) ]_) ’ (:: ) ) (:: ) ) J ) ‘
Z23 222 211 Z21

To a 1-path v in row E; we associate a factor x; (%), where t(y) is the initial vertex and h(y) is the
vy

final vertex of . The other elements of the sequence correspond in the obvious way to factors $;. These

factors are all multiplied together to give an element g, ) in the big Bruhat double coset B_woB- of

GL,,. In the above example we have the element of G L5 given by

. 223 . 222 .. 221
9(zi;) = $a23 (213) T4 () 5973 (212) T4 () 518223 (211) T4 <) :
213 212 211

Note that one can check that iy * 9(z;;) € WPWG U, by permuting all of the §; factors in 9(z,;,) to the left.
Since g(.,,) is also in the big Bruhat cell we have wglg(zij) € wpig 'Uy NByB_.

We now define the map ¢ : 7 — X° by

L: (Z”) — ngl 9(zi5)-

To see that this map is the embedding alluded to in the proposition it suffices to consider the p;y;
Pliicker coordinates of P iy, ! 9(z,;,;) and check that these are related to the z;; as follows,
(6.8) 2112@7212:@,213:@7221:@’222:@”223:@.

Pbo Po Pbo by Po Pm

It is easy to check that this holds in general, so that we have (6.7). Finally, it is straightforward to compute
the pg, Pliicker coordinates of Pu'/a1 9(z;,;) and see that substituting Pu')al 9(z,;) into the formula (6.4) for
W recovers the Laurent polynomial L. O
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Remark 6.11. The construction of the map ¢ is inspired by the construction of factorisations of elements in
the Peterson variety introduced in [77]. In fact the two constructions are essentially related by a reflection
of the quiver, see the proof of Proposition 8.6 where both factorisations are needed.

6.4. Proof of Proposition 6.7. In this section we prove Proposition 6.7, which says that the superpo-
tential W defined in (6.4) is isomorphic to the Lie-theoretic superpotential F from [79], see Definition 6.3.

Let W denote the pullback of F to X° x C; via (7 x id) ™' o (mg X id);

T Xid TR Xid

(6.9) X° x C; ==— (B_ NUpiiptiy 'Us) x Ci "> R x C}
_ lf
w
C

compare Section 6.2. Here we are keeping in mind Proposition 6.6 which says that 77 is an isomorphism.
Then to show Proposition 6.7 we need to prove that W agrees with W.
Let us assume that Pg € X° is of the form

(6.10) Pg = Pwo_lg(Zij)

for an element (z;;) € T; compare Section 6.3. The subset Xo:fact of X° consisting of such factorisable

elements Pg is an open dense subset of X°. Therefore it suffices to show that W and W agree on Xo-fact,

Definition 6.12. Note that any element w0, ! 9(z;;) can also be written in the form wpwg 1u2 for an element
us € Uy which can be factorized as u(1) - - - u(k), where each u(j) is a product of root subgroups,

u(f) = a4t (M) Trg1 (M k1) -+ o1 (Mjn1).
Let Ufat C U, denote the subset of U, consisting of such factorized elements us = u(1)---u(k), with
nonzero entries m;; in all of the root subgroup factors.
We have X°/a¢t = Pijypipg ' Ut Therefore we may rewrite Pg from (6.10) as
Pg = Piuipiig 'ua,
where uy € U*. We can now define a map fi : U* — U, by requiring
fi(ug) "' B_ = piing tua B

for all uy € UL*". Notice that wpiisg 'ug B_ lies in U B_/B_ since it equals Uy gz B € g " B_tigB_ =
Uy B_, and therefore fi is well-defined. If the context is clear we will write fi(uz2) := uj o, noting that then
u1,0 is the unique element in U * for which

L.
Uy eWpU, U2 € B_.

Lemma 6.13. Let us € U_‘E‘Ct. We have the following formula for W on Xofact x Cy

W(Pipiy 'ug,q) = Y ef(us) + > ef(u10) +qef_p.(ur0),
i i#En—k

where uy,0 = fi(ug).

Proof. This lemma is straightforward. Let ¢, € TW? be the unique element with an—k(ty) = ¢. Recall
the isomorphism g from (6.5). We define an analogous isomorphism ;, by the following commutative
diagram

~ T Xid . . TR Xid
X° x Cp <-— B_ NUyipii, ' Uy x C; =R x C;

T T

B_NULTVPiiping U,



THE B-MODEL CONNECTION AND MIRROR SYMMETRY FOR GRASSMANNIANS 23

in which every arrow is an isomorphism; compare Proposition 6.6 along with the paragraph preceding it.
The connecting isomorphism % in the middle is just the map

¢ B NUppiig U, x C, — B-n U+TWP111PU'JJIU+
(ban) — b:.= tqbo.

We can express W as a composition

—~ - —1 ~
Wi XexC: U BaUTruU, C
(Puwpiig tua,q) = b=touiowpiytuy —  F(b) = F(binB_,q),
where F is as in Definition 6.3. Clearly, since tquwu')pu')o_luz = ultq’u')pu')o_lug for uy; = tqulvotqfl, we have
Fltquiovptig uz) =Y e (ua) + Y _ef(ur) =D ef(ua) + > ef(uro) +gef_p(uro),
i i i itn—k
as required. O

Let AL(g) denote the minor with row set I and column set J, and recall that J; = [i + 1,i + k], in
interval notation, and J; = [i+1,i+k —1JU{i + k + 1}. We then have the following lemma about minors.

Lemma 6.14. Let uy € Uff“ and uy o = fi(uz) and b = ULQU']P’U.}EIUQ € B_. Then we have

0 1<i<n—k-1;
(6.11) ef(uig) = A[}L*k‘#l,n](b)
’ —immrs n—k<i<n-—1.
N0
0 1<i<k—1;
6.12 * — Alr=F+Lnl )
( ) GZ(UQ) Ti ke kgzgnil

AE]ni::«Fl,n] (b)

Proof. Since uy € U'*, we have a factorization us = u(1)---u(k) as in Definition 6.12. We denote by
v1,. ..,y the standard basis of the defining representation V' = C" for GL,(C).

We first consider the proof of (6.12). For 1 < i < k — 1, it follows from the above factorization of us
that ug - vi41 = Vi1, 0 €f(uz) = 0 as required. For k < ¢ < n — 1, an inductive argument using the
factorization of us shows that

U2 - Vi—g+1 A - Avjpr = 0.
It follows that

[1,k]U{i} —
Al (u2) = 0.

Expanding this minor along the last row and noting that us is upper unitriangular, this implies that

[1,k] [1,k] . B
A[i7k+1,i71]u{i+1}(u2) A (uz)e; (uz) = 0.

Hence, using the fact that b = Ul’O’Li)P’U.)al’LLQ,

[1,k] S

el (uz) = Aiioguay(2) A5 0)
K3 — 7k. _ _ | .
AE*/]CJrl,i] (uz) A!Z L)

We now consider the proof of (6.11). The explicit factorization of uy implies that the matrix uy "o p*

has the form ( , where A is a k x (n — k) matrix with zeros above the leading diagonal (i.e. the

A B
C D
entries A;; with j > ¢ are all zero) B is a k x k identity matrix, C' is an upper triangular (n — k) x (n — k)
matrix with (—1)* on the diagonal, and D is a zero (n — k) x k matrix.
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Since b~ 'uy o = uy "', we have, for 1 <i <n — 1, that

(1,4] -1 . .1

* A[l,i—l]u{i-{-l}(uQ wothp)
eilu10) = (L], —1,. .—1
A[l,i](u2 wothp)

If 1 <i<n—Fk—1, this is zero since the entries in the first ¢ rows of column 7 + 1 of uglwowgl are all
zero. If n —k+ 1 <i<n—1, then, using the above description of uglwowgl, we have
{i—n+k}Uli—n+k+2,4], —1 . .1
. . A[l,nfk] (ug “otp)
¢; (u1,0) = = [i—nthtLi]
[1,n—k]

1. .—-1
(uy “op”)
Since b~ uy o = u; "igp' and ug g € UT, we obtain

A{i—n+k}u[i—n+k+2,i] (bil) A[llkarl,n](b)

& (ur0) = — [1’n7[lz]—n+k+l ) = [Z—kﬂ PR
A[l,n_k] () AJ,- " (b)
as required (using Jacobi’s Theorem for the minors of an inverse matrix). A similar argument can be made
in the case it =n — k. ]
Alr=Fttnl g

Proposition 6.7 follows from diagram (6.9), Lemma 6.13 and Lemma 6.14, since the are

nothing other than the summands of W(Pb) as defined in (6.4). Therefore this concludes the proof of
Proposition 6.7.

In these last three sections we have proved that we have an isomorphism 7y o 7TZl X 5 R (see
Proposition 6.6), and that under this isomorphism the superpotentials 7 and W are identified (see Propo-
sition 6.7). Also we have demonstrated an embedding of a k(n — k)-dimensional torus 7 into X° for which
W restricts to the Laurent polynomial superpotential L, (see Proposition 6.10). To finish up the proof
of Theorems 4.7 and 4.10 from the introduction it remains to compare the holomorphic volume forms on
the domains of these three superpotentials. This will be done in Section 8, after we have introduced the
cluster structure of the Grassmannian.

7. THE COORDINATE RING C[X°] AS A CLUSTER ALGEBRA

By [84, Thm. 3], the homogeneous coordinate ring of the Grassmannian X has a cluster algebra structure
(see also [28, §3],[29, Thm. 4.17]). In the latter this cluster algebra structure is shown to induce a cluster
algebra structure on C[X°]. We now recall these constructions.

A skew-symmetric cluster algebra with frozen variables is defined as follows [23, §5]. Let r,m € N and
consider the field F = C(uy, ..., u.1m,) of rational functions in r + m indeterminates. A seed in F is a pair
(%, @) where X = {z1,22,...,Zr4m} is a set freely generating F as a field over C and @ is a quiver with
vertices 1,2,...,r + m which has no loops (1-cycles) or 2-cycles. The vertices r + 1,...7 + m are said to
be frozen, and there are no arrows between them. The corresponding variables are called frozen variables.
The subset x = {21, Za,...,2,} of X is known as a cluster while X is known as an extended cluster.

Given 1 < k < r, the seed (X, Q) can be mutated at k to produce a new seed (X, Q) = (X', Q) where

X' = (x\{zx}) U{z.}, and
Ty = H x; + H X4
i—k k—i
The new quiver, Mk©7 is obtained from (@ as follows:

(1) For every path ¢ — k — j in @, add an arrow ¢ — j (with multiplicity).
(2) Reverse all arrows incident with k.
(3) Remove a maximal collection of 2-cycles in the resulting quiver.
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FIGURE 2. The twisting/untwisting move.

FiGUure 3. The boundary twist.

The cluster algebra associated to (X, E) is the C-subalgebra of F generated by the elements of the extended
clusters which can be obtained from (X, @) by arbitrary finite sequences of mutations; these elements are
called cluster variables. Note that the cluster algebra can be defined over Z or Q.

Recall that in the B-model we are working with X = P\GLY, a Grassmannian of k-planes in (C")*, in
its Pliicker embedding. We have the following:

Theorem 7.1. [84, Thm. 3] (see also [28, §3],[29, Thm. 4.17]). The homogeneous coordinate ring C[X] is
a cluster algebra.

We follow [84], which describes a cluster structure on (C[X} in terms of Postnikov diagrams, i.e. alternating
strand diagrams from [70, Defn. 14.1]. We restrict here to the Postnikov diagrams arising in the cluster
structure of the Grassmannian.

Definition 7.2. A Postnikov diagram of type (k,n) consists of a disk D with 2n marked points
b1, b7,bo,bh, ... by, b, marked clockwise on its boundary, together with n smooth oriented curves in the
disk, known as strands. Strand i starts at b; or b} and ends at b;1y or b; e Here we regard strands (and
thus the subscripts of the b;) as elements of [1,n] interpreted modulo n. The arrangement must satisfy the

following additional conditions:

(a) Only two strands can intersect at any given point and all such crossings must be transversal.

(b) There are finitely many crossing points.

(c) If strand 7 starts at b; (respectively, b;), the first strand crossing it (if such a strand exists) comes
from the right (respectively, left). Similarly, if strand 7 ends at b;1y (vespectively, b}, ), the last string
crossing it (if such a strand exists) comes from the right (respectively, left). Following a strand from
its starting point to its ending point, the crossings alternate between left and right.

(d) A strand has no self-crossings.

(e) Suppose two strands meet at more than one point. For any two distinct intersection points p and ¢
one strand must be oriented from p to ¢ and the other from ¢ to p.

Postnikov diagrams are considered up to isotopy (noting that such an isotopy can neither create nor
delete crossings). One may also consider twisting/untwisting moves and boundary twists; see Figures 2
and 3 (note that these are not isotopies). Two Postnikov diagrams are said to be equivalent if one can be
obtained from the other using a sequence of such moves. These moves are local in the sense that no other
strands must cross the strands involved in the area where the rule is applied.

When actually drawing Postnikov diagrams, we usually drop the labels of the vertices b; and b} and
instead indicate the start of strand ¢ by writing an ¢ in a circle (i.e. at b; or b}) and the end of strand i (i.e.
at bjy or b)) by writing 4 in a rectangle. We draw a dotted line between b; and b; to make it clearer
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FIGURE 5. Geometric Exchange.

where they are. Thus each ¢ in a rectangle should be linked by a dotted line to ¢ + k in a circle. For an
example of a Postnikov diagram, of type (3,6), see Figure 4.

The complement of a Postnikov diagram in the disk is a disjoint union of disks, called faces (note that
faces often appear as polygons in the Figures, e.g. Figure 4). A face whose boundary includes part of the
boundary of the disk D is called a boundary face. A face whose boundary (excluding the boundary of D)
is oriented (respectively, alternating) is said to be an oriented (respectively, alternating) face; it is easy to
check that all faces are of one of these types.

We label each alternating face F' with the subset L(F) of [1,n] which contains ¢ if and only if F lies to
the left of strand i. The corresponding Pliicker coordinate is denoted by pr = pr(r)-

The geometric exchange on a Postnikov diagram is the local move shown in Figure 5.

We recall the following (see [84, Props. 5 and 6]; see also [64, §1] for more recent developments).

Theorem 7.3 (Postnikov). (a) Each Postnikov diagram of type (k,n) has exactly k(n — k) + 1 alter-
nating faces.
(b) Each alternating face is labelled by a k-subset of [1,n].
(¢) Every k-subset of [1,n] appears as the label of an alternating face in some Postnikov diagram of
type (k,n).
(d) Any two Postnikov diagrams of type (k,n) (up to equivalence) are connected by a sequence of
geometric exchanges.
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FIGURE 6. Neighbouring faces in a Postnikov diagram.

(e) The labels of the faces on the boundary of any Postnikov diagram are the L; = [i — k + 1,4 for
i=1,2,...,n. Indeed, L; labels the boundary face between b} and b;;1.

A Postnikov diagram of type (k,n) encodes a seed for the cluster algebra structure of the homogeneous
coordinate ring of the Grassmannian X as follows. Scott [84, Sect. 5] defines a quiver Q = Q(D) for any
Postnikov diagram D. The vertices of ) are the alternating faces of D. The arrows between vertices
correspond to points of incidence of the corresponding faces, such that whenever two faces X,Y of D are
related as in Figure 6 there is an arrow in @ from X to Y.

We regard  as being embedded in DD, with each vertex mapping to a point in the middle of the
corresponding alternating face and each arrow drawn as a line between its endpoints passing through the
corresponding point of incidence of the corresponding faces. We will consider the label of an alternating
region to also label the corresponding vertex in ). We refer to the vertices L; of Q as its boundary vertices.

We consider the field F obtained by adjoining to C indeterminates u; for I the label of an alternating
face in D. Let X(D) be the free generating set for F containing these indeterminates u; for I coming from
D. We regard the indeterminates corresponding to boundary faces (the L;) as frozen variables. Note that
there are k(n — k) — n + 1 non-frozen variables and n frozen variables, making a total of k(n — k) + 1
variables. Each variable is naturally associated to an alternating face of D and thus to a vertex of Q(D).

Definition 7.4. Fix a Postnikov diagram Dy of type (k,n). We set A to be the cluster algebra corre-
sponding to the seed (X(Dg), Q(Dy)).

Recall for a k-subset I of [1,n] there is an associated Pliicker coordinate denoted by py; see Section 6.1.
For a general Postnikov diagram D we denote by C(D) the set of Pliicker coordinates labelling non-boundary

alternating faces of D, and by C(D) the set of Pliicker coordinates labelling arbitrary alternating faces of
D.

Theorem 7.5. [84, Thm. 2]
(a) There is an isomorphism ¢ from C[X] to A taking p; to u; for each p; in C(Dy).

(b) Let D be an arbitrary Postnikov diagram of type (k,n). Then S(D) := (o(C(D)),Q(D)) is a seed of
A.

(¢) If D, D’ are two Postnikov diagrams of type (k,n) related by a geometric exchange corresponding to a
quadrilateral face X of D' then S(D') is the mutation at px of S(D).

We see that the elements ur = ¢(pr) of A, for I a k-subset of [1,n] are all cluster variables.

Let A’ be the cluster algebra defined the same way as for A except that the elements u;il7 for ¢ =
1,2,...,n, of F are added to the generating set. Thus A’ is the localisation of A obtained by adjoining
inverses to the elements u, (see [29, Sect. 3.4]). Recall that X° is defined to be the subset of X where the
py, do not vanish. We have the following:

Proposition 7.6. (a) There is an isomorphism ¢’ from C[X°] to A’, taking pr to u; for each pr in
C(Dy). B
(b) Let D be an arbitrary Postnikov diagram of type (k,n). Then S(D) := (p(C(D)),Q(D)) is a seed
of A'.

(c) If D, D’ are two Postnikov diagrams of type (k,n) related by a geometric exchange corresponding
to a quadrilateral face X of D then S(D') is the mutation at px of S(D).
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FIGURE 7. A Postnikov diagram for Gr(1,6).

The proof of this result involves applying [29, Prop. 3.37] to get (a) (see also [24, Prop. 11.1]). Parts (b)
and (c) can be shown by following the proof in [84] of Theorem 7.5.
Definition 7.7. We identify C[X°] with A’ via the isomorphism ¢’. We refer to any seed (C(D),Q(D))
associated to a Postnikov diagram D as a Postnikov seed and call C(D) a Postnikov extended cluster. The
set of cluster variables contains the Pliicker coordinates p;. The frozen variables are the py, where I is a
cyclic interval.

Remark 7.8. If K =1 or n — 1, there is a unique Postnikov diagram of type (k,n) up to equivalence. It
can be chosen to have no crossings at all. The case k = 1, n = 6 is shown in Figure 7.

8. THE THREE VERSIONS OF THE HOLOMORPHIC VOLUME FORM

In this section we conclude the proof of the comparison theorems 4.7 and 4.10 which was begun in
Section 6. To do this it remains to compare the holomorphic volume forms on the domains, 7,X° and R,
of the three superpotentials Ly, W, and F,. Recall that these domains are related by maps

-1
(8.1) T <4 X0 I BN Usiiopiny 'Uy =5 R,
see Section 6.2. We begin by recalling how each of the holomorphic volume forms is constructed.

Definition 8.1 (the holomorphic volume form on 7 [35]). The domain 7 of the Laurent polynomial
superpotential L, is naturally a torus. The holomorphic volume form wy is the standard invariant volume
form on the torus,

dZi'
ij

%]

where the wedge product is over pairs ¢,5 with 1,...,n — k and 5 = 1,..., k. The sign is determined by
the ordering of the indexing set, which we may choose to be lexicographic.

Definition 8.2 (the holomorphic volume form on X°). We define wy. to be a choice of holomorphic volume
form on X° which extends to a meromorphic form on X with degree one poles along the Z/nZ-invariant
anticanonical divisor D from (6.3). The normalisation will be chosen after Lemma 8.5.

Definition 8.3 (the holomorphic volume form on R [79]). The holomorphic volume form on R is defined
in outline as follows; for details we refer to [79, Section 7]. Choose a reduced expression s;, ...s;, of wo,
recorded by the sequence i = (iy,...,iy). Associated to i there is an open torus R; = (C*)*("~*) consisting
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of ‘factorised’ elements ujwpB_ in R; see [59]. We let z](i) denote the coordinates on R;, and consider the
standard invariant holomorphic volume form

dzV

u= A2
Zj

J

Note that the reduced expression i implies a natural ordering on these coordinates. It is shown in [79,
Proposition 7.2] that this form w; extends to R and (up to sign) is independent of the initial choice of
reduced expression i.

For example in the case where X° = Gr3(C%) and i = (1,2,3,4,1,2,3,1,2,1) we have

(83) Ri = {xl(ml)xz(m2)53$4x1 (m5)x2(m6)53x1(mg)xg(mg)élB_ | mj S (C*},

and the form wg is the extension of the form A y djnﬂf from R; to R.
J

Using the maps in (8.1) we can pull back each one of the three forms to 7. For any two of the forms
we say they are compatible if their pullbacks to 7 agree up to a nonzero scalar.

Proposition 8.4. The forms wr,wg. and wr are compatible.

Once we have proved this proposition the normalisations of wg, and wr can be chosen so that the
pullbacks actually agree with wy, and the proof of Theorems 4.7 and 4.10 will be complete. Our strategy
for proving that the holomorphic volume forms w7y, wg. and wg are compatible is to make use as much as
possible of the symmetries of X°, and of the rectangles cluster.

We begin with the form wg.. Recall the open subset Xo:fact of X° and the maps introduced in Sec-
tions 6.4 and 6.3,

T = wpugtulet = Xofect
(Zij) = g= wo_lg(zij) = Pg.

,fact

Let wgo, ract denote the holomorphic volume form on Xe which agrees with ws under the above isomor-

phism 7 5 X°/ect Proposition 6.10 implies that Wso.fact 18 given by
dpix;j

(8.4) wgosaee = [\
Pixj

4,3
where the indexing set is as for wr in (8.2).

Lemma 8.5. The holomorphic volume form wgo rac: extends to a meromorphic form wg on X which is
reqular on X°. Moreover wg has poles of order one along the divisor D.

Proof. The form wgo,raer extends to a meromorphic form on X as a consequence of (8.4), and we need to
analyse its poles. We denote this meromorphic form by wg. Note that the rectangular Pliicker coordinates
form an extended cluster in (C[XO] by [60, Lemma 8.1], since, for 1 < i <n —k, 1 < j <k, the k-subset
Jixj associated to p;y; is given by

(8.5) Jisi =L k—jlUli+k—7+ 1,9+ k],

and hence coincides with the k-subset My, ,,(k — j, ) defined in [60, Lemma 8.3].

It follows that wyg is regular and nonvanishing on X° by an argument entirely analogous to the one used
in the construction of wx in [79, Section 7], which is now standard in the context of cluster algebras; see for
example Section 13 of [49] and references therein. Namely, by applying mutations to wg one can show that
restriction of wg to any cluster torus is given by the same formula, up to sign, in terms of the corresponding
cluster variables. So wg is regular and nonvanishing on the union of the cluster tori. To extend one uses
that the union of cluster tori has complement of codimension > 2 inside X°. This shows that wg is regular
and nonvanishing on X°.

We now use this compatibility of wg with the cluster structure to show that fwyg is invariant under the
action of Z/nZ on X defined by the cyclic shift (see Section 6.1). Note that if 1 is added to the label of
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each strand in a Postnikov diagram D, we obtain another Postnikov diagram D’ with the property that

the corresponding extended cluster C(D’) is the pull-back of C(D) under the cyclic shift. Since wg has the

same form (up to sign) in terms of the shifted cluster C(D’) as it does in terms of C(D), it follows that the
7./nZ action on X° preserves wg up to sign.

We can now determine the poles of wg. Since wyg is regular and nonvanishing on X°, it must have poles
contained in D. We pick an irreducible component Dy of D and let mg be the order of the pole of wg
along Dy. The other irreducible components of D are obtained from Dy by the Z/nZ-action. Since wg is
7 /nZ-invariant up to sign, it must have the same order mq of pole along each component of D. Finally,
since the index of X is n it follows that my = 1. Therefore wx has poles of order one along each component
of D. O

We may set wg. to be the restriction of wg to X°, thus fixing the normalisation which was missing from
Definition 8.2. The above lemma implies that wg. is compatible with wy, thus proving the first part of
Proposition 8.4.

Next we turn out attention to wg. In order to be able to make the comparison of forms we introduce
another symmetry of X°, which is in a sense an obstruction to our isomorphism from R to X° extending to
a map from the closure of R to X. Namely, the main ingredient to proving that wgo and wg are compatible
will be the involution described in the following proposition.

For b € B_wg N U+fWPu'JpU_ and A € Py, let us denote by Py(b) the minor of B with row set
[n —k+1,n] and column set Jy. We also use the shorthand P,,(b) = P,,, (b).

Proposition 8.6. Transposition of matrices restricts to define an involution ( )' on the subvariety
B_aiigNUL TVPwpU_ of GL,(C). We conjugate this involution by right multiplication by g to obtain an
involution

Invol: B_nN U+TWPwp1b51U+ — B_n U+TWPwa0_1U+a

1

(8.6) b - (buio) iy

The map Invol satisfies (and is uniquely determined by) the following equality of minors,

(87) Py (Tvol(3) = (1)1 L= <j,(g;<b> (q(b)ymne)

where 1l <i<n—kandl <j<k. Here
a(b) == an—k(t),
where
(8.8) b= ultwpwalug for uj,up €Uy and te TP,

Remark 8.7. Note that in the setting of Proposition 8.6, transposition of b = zw, I affects the torus
factor ¢t in (8.8) by t — w;Qt. This changes the sign of «,,_ precisely if £ and n — k have different parity.
Hence q(Invol(b)) = (—1)"q(b)

Remark 8.8. The proposition can be interpreted as saying that there exists an involution

(8.9) ?:XOX(CZ%XOX(CZ
which (using rectangles cluster coordinates) satisfies
P(n—k—i k—3) min(i.q
(8.10) (Pixj»q) = <()X(J)q (’”,q>~
PJo i

Indeed via the identification of X° x C, with B_N U+T Wrap pring U, the involution Invol becomes defined

on X° x C;- We now note that the involution Invol commutes with the C-action on Xe x C, given in
coordinates by:

(8.11) u- ((PA)reprn @) = (W pr)rep, ., u"q).
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This is straightforward to check using the formula (8.10). Let SignAct : X° x C; — X° x C; denote the
map given by the action of (—1) € C%. Then

7 := SignAct o Invol = Invol o SignAct .

The involution 7 preserves the superpotential W : X° x C; — C. For example this follows from a direct
calculation using the formula for the superpotential in the rectangles cluster. Alternatively the invariance
of W relates to the symmetry in the formula for F with regard to u; and wug, see Definition 6.3, via the
comparison of superpotentials result (Proposition 6.7).

Finally, we observe that 7 fixes the critical points of W;. This is because the critical points are represented
by Toeplitz matrices b in B_ N U+1~“WPu')pw51U+; see [79, Equation (5.14)], with A = 0 for the non-
equivariant case. (Recall that a Toeplitz matrix is a matrix for which the entries along each diagonal are
the same, and for b € B_ this is equivalent to the condition of stabilizing the standard principal nilpotent
F from Theorem 6.4). It follows that the matrices z = bwy are almost Hankel matrices (i.e. the entries
along each anti-diagonal are the same up to sign, with the signs alternating along the anti-diagonal).
Transposition of z swaps all of the signs on even length anti-diagonals. From this we can observe that

SignAct(Pz"ig *, q) = (P2 ', q), if Pzig " is a critical point of Wy.
In other words, T fixes the critical points (Pzwal, q) of Wj,.

Remark 8.9. If we set ¢ = 1 the restricted domain of (8.9) can be identified with X°. In this case the
proposition can be interpreted as saying that there is an involution 7 on X° which extends the involution
1

Pr,_;

py; —

on frozen variables. Moreover this involution preserves the rectangles cluster torus and is given there by
Pn—k—i)x (k—j)

(8.12) Pixj —
Pin_ptj—i

Remark 8.10. The involution 7 from Remark 8.8 has an interpretation which involves the quantum
cohomology ring ¢H*(X,C)[¢™!]. Namely by the combination of Theorem 6.5 with Theorem 6.4, the
quantum cohomology ring is the ring of functions on the critical point locus {95, W = 0} inside X° x
C;. Since the involution acts trivially on the critical point locus, it also acts trivially on the quantum
cohomology ring ¢H*(X,C)[g!]. In Section 9.1 we will show that the Pliicker coordinates py restricted
to the critical locus of W, are identified with the quantum Schubert classes o> via Peterson’s isomorphism
(see Proposition 5.2). Therefore in the Grassmannian case, since we have the formula (8.10), this means
that we obtain the relations

(813) O.ixj * gHn—kti—i — qmin(i,j)o_(n—k—i)x(k—j)

in the quantum cohomology ring ¢H*(X,C), as a result of the symmetry 7 of the mirror. These relations
also follow from repeated application of the quantum Pieri rule of [12, p. 293].

We note that the involution (8.6) makes sense for arbitrary reductive algebraic groups. By analogous
arguments to above this construction gives rise to an involution on the Lie-theoretic mirror Rp x TW? of a
general GV /PV such that the superpotential F is invariant and the critical points are fixed. In particular
this involution should again induce relations in the quantum cohomology ring.

We will outline the proof of Proposition 8.6 after proving the following corollary, which is our first
application of the proposition.

Corollary 8.11. The forms wg. and wr are compatible.

Proof. To prove the statement of the corollary we need to compare (X° wg.) and (R,wg) under the
isomorphisms

8.14 Xe & B NUipiy UL T8 R.
+ o Y+
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Let Involy be the restriction of the involution Invol to B_ N U wpw, o,
Involg : B_ N Uaipiig 'Uy — B_ N Uip iy U
given by b+ 1wy 'btig . Also let
70:X° — X°
Pb +— Plnvoly(d),

forbe B_nN U+u')pu')0_1U+. We consider the commutative diagram

(8.15) Xe <™ B_ NUpiy ' Uy —2>R.
TL
Xo

Recall that we have a torus X°/9¢ inside X°, see Section 6.4, and on the right hand a torus R/ := R;
inside R, where i = (1,2,...,m;1,2,...,n—1;...;1,2;1) (compare Definition 8.3).

The holomorphic volume form wg, is characterised up to a scalar by the fact that its restriction to
Xo:fact s a torus invariant volume form, and similarly for wg and R/%*. Therefore it suffices to prove
that the pull-backs of the tori agree, namely that

71-;1 (Xo,fact) _ 77;%1 (Rfact) i
We have that the preimage 7T§1 (Rf “Ct) is described, carrying on with the example from Definition 8.3, by
7T1_%1 (RfaCt) = {b € B_ | b= xl(ml)xg(mg)$3$4m1(m5)x2(m6)é3x1(mg)xg(mg)$1w()_1uQ, Ug € U+,mi S (C*}

We compare this with the preimage 7; ' (X*fe¢t). Namely, in the same example, 71, (b) = Pty "bliy " lies
in
Xofact — {Puiits4ms(ny ) w4 (na)$2s(na) T4 (n5)$1 5923 (ng)za(no) | ny € C*}
if and only if Wy 'b* € B_1y N Usp'U- is of the form
g Tt = by Ly s (n)wa(ne) sy tes(na) s (ns)s7 g s (ng)wa(ng )i
for some by € B, or equivalently if b is of the form
b = x1(ng)wa(ng)s354w1 (n5)w2(ns) 321 (n2)ze(ng)$10y by .

Therefore %21 (Xovf “Ct) = wgl (Rf “Ct). This argument clearly works in general, although we only wrote it
out in an example.

Now note that the torus X°/%¢* is also characterised by the condition that p;x j 7 0 for all of the Pliicker
coordinates in the rectangles cluster, thanks to Proposition 6.10. From Proposition 8.6 it follows that 7
is an isomorphism which takes X°:/act to X fact Therefore

ﬂ_gl (Xojact) — 7’;;1 (TO(Xo,fact)) _ ~Zl (Xo,fact) )

and 7! (Xo’f‘m) = Tt (Rfec*) as we saw above. This concludes the proof that mt (Xo’f‘wt) =
wgl (Rf aCt), and hence the proof of the Corollary. O

Outline of the proof of Proposition 8.6. Our initial proof of Proposition 8.6 involved a sequence of equali-
ties of minors. However we describe our second proof which involves an extension of the construction from
Proposition 6.10.

The idea for this proof is to factorise a generic element of B_ N U+TWP wpy, 1U_ in a way that makes
it easy to take the transpose. Recall that we have an embedding ¢ : 7 — X° defined in Section 6.3 which
was constructed via multiplying together factors from simple root subgroups. One can ‘extend’ ¢ to an
embedding

(T xCh — BoNUL T ipuig Uy,
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for which b = ((z;,q) satisfies q(b) = ¢ and Pb € X° is 1(2;;). The map ¢ has the following explicit
description, which relates to the construction of ¢ from Section 6.3. As in the proof of Proposition 6.10,
we demonstrate our construction of the map ¢ in the special case of X = Gry(5) and X = Gr3(5), that is,
k=3 and n =5.

We now consider both the quiver Qg associated to X = Gra(5) in Section 6.3 and its reflection through
the xy-axis which we denote by Qp. We decorate the two quivers as shown below. Note that we have
purposefully left out some of the s;’s. In both cases we have also dropped the bottom right hand corner

arrow.
Row Ej @ Row E4 @

q
Row E, 213 Row E5 @ @
223 1
Row Ej3 Row Ej 219 213
222 212 211
Row E4 Row E4
221 211 221 222 223

We remark that the analogue of the quiver from the proof of Proposition 6.10 is the one on the right hand
side, above. The left hand side quiver is related to the construction of an open part of the Peterson variety
from [77, Theorem 7.2].

To the quiver on the right hand side we simply associate an element gr(z;;) € $2$1$2U using the
construction from the proof of Proposition 6.10. Namely in this example the element is

(8.16) gR(Zij> = I3 (213) Ty ( 23) S2X3 (2:12) T4 (22) 51852%3 (2:11) Xy (21) .
<13 212 211

To the reflected quiver on the left hand side we associate an element gr,(2;;,¢) € U $1 using the construction
from [77] which goes as follows. This time we start from the left-most column at the bottom working
upwards and then carry on column by column to the right. Namely to every vertex labelled by a z;; we
associate the minimal 1-path starting at that vertex. Then we list these 1-paths one for each z;; vertex in
our column, starting from the bottom and working upwards. These are followed by any $;’s at the top of
the column. Then we repeat for the next column to the right, until the list is complete. As before to any
1-path which crosses row E; we associate the element x;(z:/zs) € Uy, where z, is the coordinate at the
beginning vertex (‘source’) of the 1-path, and z; the vertex at the end (‘target’). We again obtain a matrix
given as the product of the listed factors. In the running example we have,

(8.17) 9r(2ij,q) = T4 (222> x3 (Z%) T2 (q) 5124 <Zl2> T3 (213> T2 (q) .
221 222 223 211 Z12 213

Moreover we set t, = diag(q,q,1,1,1) to be the diagonal matrix in TWP with as(tq) = g. The map ( is
defined by multiplying the matrices as follows,

(25, q) = g1.(2i5. @)ty " gr(2i5)-

From the factorisation of gr and gz, we see that {(z;;, q) is of the form ultqélégé4é3w51uQ S U+fWPu')pw0_1U+.
One then has to check that the ab-entries of the n x n-matrix (z;;, ¢) vanish whenever a < b. This can be
shown by careful study of the representation of the product ¢(z;;,¢) in terms of a concatenation of ‘chips’
(corresponding to terms z;; see [25, Figure 4]) and wiring diagrams (corresponding to products of terms
3;). We leave out the details. It follows that ((z;5,¢q) € B- N U+TVWPwpw51U+, as was intended.
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We can now work out the minors we are interested in, in the case where b = ((z;;,¢). As in Proposi-
tion 6.10 we have
Pi i 179
(8.18) (i3, 4)) = Zij
Pi-1yx-1)(C¢(2ij,9)

and similarly we obtain

Pixj(Invol(¢(zi5,9))) (=g
(8.19) _ ,
Pi—1yx -1 (Invol(C(2i5,9)))  Zn—k—it1,k—jt1

Note that the P;y; are basically the rectangle Pliicker coordinates p;x; appearing in Proposition 6.10. In
particular, note that Pixo = Pox; = Py, and it is easy to check that Py(¢(zi;, q)) = Pp(Invol({(zij,q)) = 1.

We now finish the proof of the proposition. Clearly, ¢ has open dense image in B_1ig N UJJN“WP wpU_
(as follows for example from the above formulas). It therefore suffices to prove the identity (8.7) in the
case b = ((zi;,q).

From (8.18) and (8.19) it follows that

Pixj(InVOI(b)) o (_1)1'4,_]‘_1 qP(nfkfi)x(kfj)(b)
Pli—1yx(j—1)(Invol(b)) Pl kit 1) x (k—j+1)(b)

A telescopic product identity then implies the desired formula,

. Pn_ — (b
sty = e Do)
n— J—1

We note that P,_j;—;(b) is the minor of b associated to the rectangle (n —k — ¢+ min (¢,5)) x (k—j +
min (4, 7)), which is indeed a maximal rectangle. a

9. SCHUBERT CLASSES AND PROOF OF THE FREE BASIS LEMMA

The first aim of this section is to show that the isomorphism between C[X° x Cr1/ (0% Wy) and ¢H* (X)[q "]
identifies the classes of the Pliicker coordinate py with the Schubert class o*. After that we will prove
Lemma 3.3.

9.1. The Schubert basis. In this Section we prove the non-equivariant version of Proposition 5.2. As
in Section 6.4, let A%(g) denote the minor with row set I and column set J, and recall that to each
A € Py we have associated a k-subset Jy of [1,n], see Section 6.1. Recall that by Peterson’s theorem,
Theorem 6.4, there is an explicit isomorphism between ¢H* (X, C)[g~!] and the Peterson variety Y} inside
G/B_. We now state in the context of Grassmannians a result from Dale Peterson’s theory which makes
this isomorphism precise. It can be found with proof as Proposition 11.3 in [76].

Proposition 9.1 (Dale Peterson [69]). Let A € Prp. If Jx = {M,..., A} set 3PP = {n+1—X,n+
1—Xg,...,n+1—X\}. Note that Jy = [1,k] and J3*® = [n+1—k,n]. We write A” for Ao Define a
(1]

rational function on G/B_ by

AT (g)
37 = Tq
B = )
The restriction of fx to the Peterson variety Y3 is identified with the Schubert class o under the isomor-
phism of Theorem 6.4.

Next we recall that by Theorem 6.5, the Peterson variety Y7 is isomorphic to the subvariety of R x C}
defined by Or F = 0, for the Lie theoretic superpotential F : R x C;; — C from Definition 6.3. Moreover by
the comparison of superpotentials result, Theorem 4.10, this variety must be isomorphic to the subvariety
of X° x C} defined by g, W = 0.

We now apply Proposition 9.1 and isomorphisms above to prove the following proposition.
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Proposition 9.2. The Jacobi ring of (X°, W,) is isomorphic to the quantum cohomology ring ¢gH* (X, C)[qg™]
via an isomorphism which sends the coordinate q to the quantum parameter q and takes the form

[pA] — o

on Pliicker coordinates. This isomorphism agrees with the one obtained by combining the isomorphism
between (X°, W,) and (R, F,), the isomorphism between the critical locus {OrF = 0} and the Peterson va-
riety Y5, and Peterson’s isomorphism between the coordinate ring of the Peterson variety and the quantum
cohomology ring ¢H*(X,C)[g™1].

Proof. For A € Py, and b = zwgl € B_nN UjWPwpwglm recall that Py(b) denotes the minor of
b involving the last k rows and with column set given by J). These minors are related to the Pliicker

coordinates on X° as follows:
Py(b)

By(b)
keeping in mind our normalisation pg(Pb) = 1.
The isomorphism between X° and R sends Pb to bwyB_. We want to relate py(Pb) to fr(zB-),
whenever bigB_ = zB_ is in the Peterson variety Y.
Recall the involution b — Invol(b) from Proposition 8.6 and the related involution
71 (Pzig ', q) — SignAct(Pzhigt, (—1)"q)
from Remark 8.9, where z = by and ¢ = q(b). We have that

= p)\(Pb)v

Jgpp ‘ AJ;pp
N Py (Invol(b)) A Paztigt)  Ageee (2 Ajeee(2)
proT (Pb,q) = (-1 U A C O L - = —pp = —% = fra(zB-).
( =) Py(Invol(b)) ( Py(ahig ') AT (1) AT (2) :
0 0

Assume now that Pb is a critical point of W,. In this case 7(Pb,q) = (Pb, q), as follows from Remark 8.8.
Therefore
pA(Pb) = fa(zB-) if Pb is a critical point of W, for ¢ = q(b).

Recall that if Pb is a critical point of W, then bwyB_ is in the Peterson variety Y7. Therefore by
Proposition 9.1, Peterson’s isomorphism maps the function f, on the right hand side to the quantum
Schubert class o*. All in all we have shown that py modulo (5. W) maps to f which maps to o*
under the relevant isomorphisms. Note that all the isomorphisms also preserve ¢, therefore the proof is
complete. O

9.2. The free basis lemma. Recall Definitions 3.1 and 3.2 of the Gauss-Manin system G"a and its
submodule Hg. Now that we are finished comparing the holomorphic volume forms we simply write w for
wgo. In this section we prove the following result and, as a consequence, we show Lemma 3.3.

Lemma 9.3. Hp is a free C|z, g]-module with basis {[paw], A € Prn} and
Hp = Hpp ®c|z,q Cle*1, ¢*1].
In particular Hg is a free C[zF1 ¢™1]-module with basis {[prw], A € Pr.n}.

Proof. Tt suffices to show that the elements [pyw] in G4 are linearly independent over C|z, ¢*!]. To prove
this we show first the following claim.

Claim: Suppose we have a relation 3, cA(2,¢,¢7!) [paw] = 0 in GWa. Then for any point z € X° there
is a form v € QY1 (U)[q, ¢7!] defined locally around z such that

> (0,4, ") prw = dWy Aw.
A

Proof of the Claim: The assumption says that in QV(X°)[z, ¢*!] we have

1
'1 -1 = —
(9.1) EA ex(2,¢,97 ) paw = dn + ZquAn
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where 7 € QV=1(X°)[z*!, ¢*]. Let us write
_ 1
n= 77(< 1) + ;n[ 1] + 77[0] + 277[1] + n(>1)

where (<=1 € 272N "1(X°)[271, ¢! and nD) € 22QN1(X°)[z, ¢, while nl=1, 5l plll € QN=1(X°)[¢F1].
By Equation (9.1) we have that dn+ 1dW, An € QN (X°)[2,¢*']. This implies firstly that

1 1
dn<=V 4 —dW, A <Zn[” + n(<1)) =0,

and secondly that
dnt=% + dw, Anl° =0,

from the z~!-component of (9.1). We record that taking the exterior derivative of the second equality we
obtain

(9.2) AW, A dnl® = 0.

Now setting z to zero in the non-zero terms of dn + %qu A n and rewriting equation (9.1) we obtain,

> ea(0,q,q7") paw = dn® + aw, At
A

Following [38, Example 2.32], a local argument using the fact that W, has isolated critical points shows
that the sequence of sheaves

_g dWyA _1 dWuA dWy N
ng 2775 ker (ng 1 ng> —50

is exact. Since dnl) is in the kernel above, by (9.2), we see that there exists locally an (N — 2)-form & such
that dnl® = dW, Ne. As a result we obtain the local equation

ZC)\(O, ¢, q ) paw = dW, A e+ dW, A = dWy A (17[1] +e).
A

Setting v = nl! + ¢ this proves the Claim.

We can now finish the proof of the lemma. Suppose that Y, cA(z,4,¢ ')[paw] = 0. Then by the
Claim we have >, ex(0,¢,¢ ")paw = dW, A v locally. Since w is non-vanishing on X° this implies that
3, ¢x(0,¢, ¢~ 1)px vanishes on the critical points of W,. Therefore it lies in the ideal (9. W,) in C[X°][¢*!]
and we have proved that >, ¢x(0,¢,¢7*)px = 0 in the Jacobi ring of W,. By Proposition 9.2 this implies
the relation Y, cA(q) o* = 0 in the quantum cohomology ring ¢H*(X,C)[g™!] of X. Since the Schubert
classes are linearly independent over Clg*'] it follows that ¢ (0,¢,¢~"') = 0 for all \.

We have therefore proved that the first term of cx(z,¢,¢7") = ex(0,¢,¢7 )+ ,20 zicg\i)(q, q~ 1) vanishes.
Now assume we know that cf\i) (g,q7 1) = 0 for all i < iy and all \. Then since z is a non-zero-divisor in
Hp we can apply the same arguments to

0> ealz 0,07 paw] =0,
A

which is another a relation in QV(X°)[z, ¢*']. Again it follows that the left hand side vanishes after setting
z =0, giving c&“’)(q,q‘l) = 0. Therefore by induction all terms vanish and cy(z,q,q~ ) = 0 for every \.
It follows that the [pw] are linearly independent over C[z, ¢!, q].

O
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10. OUTLINE OF THE PROOF OF THEOREM 4.1

The remainder of the paper will be devoted to proving Theorem 4.1 and its equivariant counterpart.
Here we summarize the proof. We keep all of the notation of the previous sections. We need to show that
the following hold for all A € Py, »,:

(10.1) {qa;;mw} =Y Ipuw] + 9 lpowl;

(10.2) [pr <Z[pﬂw + qZ[puw > — [Allpaw],

where p, v are exactly as in the quantum Monk’s rule for o5 %, 0. This will be shown in Theorem 18.5.

In Section 7, we have recalled the cluster structure on the Grassmannian, following Scott [84], in terms of
Postnikov diagrams. Next, in Section 11, for any partition A, we construct an extended cluster containing
px and also p,, and p, for all p and v appearing in the quantum Monk’s rule for o5 *q o*. This extended
cluster corresponds to a Postnikov diagram D), with good properties; in particular, strands 17 and ¢+ 1
cross at a single point in the diagram.

In order to work with W in this extended cluster we use Theorem 12.3, a special case of [60, Thm.
1.1]. In Section 12, we recall this result in the special case we will need. This gives us an expansion of the
numerators pg, occurring in the definition of Wy, in terms of an extended cluster arising from an arbitrary
Postnikov diagram, D. Namely, the expansion of pg, is given as a sum of Laurent monomials, with the set
of terms in bijection with the perfect matchings on a bipartite graph G; related to the Postnikov diagram
D.

In Sections 13 and 14 we analyse the perfect matchings on the graphs G;, by constructing a natural
initial perfect matching, M;, and showing that all other perfect matchings can be obtained from M; by
face flips, starting with a face adjacent to the crossing point of 4 and i + 1. This involves calculating the
elementary components of G;. In Section 15 we compute the matching monomial corresponding to M;.

If € is a regular vector field on X° then it can be inserted into w to give an (n — 1)-form tew. By the
definition of GW, we have the relation:

(10.3) (diew] + %[(gwq)w] —0

(see equation 18.3). The proof then proceeds by constructing explicit vector fields for which the rela-
tion (10.3) implies equations (10.1) and (10.2).

So, in Section 16 we use the cluster structure to define a regular vector field X, on X°, together with
twisted versions X )(\m), m € [1,n] (satisfying Xi”) = X,). To obtain the desired relations, we need to
compute Xg\m)Wq. We compute the action of X/(\m) on each of the monomials in the expansion of W, in
terms of the extended cluster associated to the Postnikov diagram D,. This is done by first computing
the action on the monomial associated to M;. Then in Section 17 we use face flips starting from M; to

m)

compute the action of X §\ on an arbitrary monomial in the expansion of W,. We obtain the expression:

m pAm
(10.4) XMw = (Zm + qZpV) — ¢’ ﬁp,\,
© v m

where 41, v are exactly as in the quantum Monk’s rule for o5 *q o> (Theorem 17.3). Recall that L; =
[i —k+ 1,4 (see (6.1) in Section 6.1).
The case m = n gives:

(105) XH\W = (Zp/_t +quv> q—5- g p)\v
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FIGURE 8. The Postnikov diagram D({1,3}) for Gra(4).

and summing (10.4) over m = 1,2,...,n, we obtain:

(10.6) S x"Mw=n <Zp# + quu> — Wpa,
m=1 w v

where, in each case, p, v are exactly as in the quantum Monk’s rule for o *, o*; see Corollary 18.1.
In Section 18, we use these identities and equation (10.3) to complete the proof of Theorem 4.1. See
Theorem 18.5.

O

11. A SPECIAL POSTNIKOV DIAGRAM ASSOCIATED TO A PARTITION A\

Given A € Py, ,,, we denote by A5 any partition obtained from A by adding a single box. Our aim in this
section is, given A € Py, 5, to define a Postnikov diagram containing J) and all J,o as labels. Moreover, the
faces labelled J,o should be adjacent to the face labelled Jy. This diagram will be used later in explicitly
computing the action of X, on W,. We start by constructing special, symmetric Postnikov diagrams in
the case n = 2k and Jy = {1,3,...,2k — 1}; the diagrams for arbitrary (k,n) can then be obtained by
adding strands to these in an appropriate way. We assume that k # 1,n — 1.

If J is any k-subset of [1,n] and 1 < i < n withi € J, i +1 ¢ J, then we can form a k-subset J* in
which ¢ is replaced by 7 + 1. In this case we say that i is (clockwise) moveable in J. Note that J = L;
for some 1 if and only if exactly one element of J is moveable. Therefore any J for which p; is a cluster
variable (and not a frozen variable) has at least two moveable elements.

Our aim in this section is to prove the following theorem.

Theorem 11.1. Let J be a k-subset of [1,n]. Then there is a Postnikov diagram D(J) containing an
alternating face labelled J such that if i is moveable in J, there is an adjacent alternating face labelled J°.

For examples in the cases J = {1,3} in Gra(4), J = {1,3,5} in Gr3(6) and J = {1,3,5,7} in Gr4(8),
see Figures 8, 4 and 9 respectively. We assume for now that J # L; for any j; we will deal with the case
J = L; at the end of the Section.

Our strategy for proving Theorem 11.1 is as follows. Let K ={i € J : i+1 & J} be the set of moveable
elements in J; then |K| > 2 by the assumption above on J. For arbitrary k& > 2 and n = 2k, we construct
an explicit diagram (Proposition 11.2) demonstrating Theorem 11.1 for the case J = {1,3,...,2k—1}. We
then show that, given a diagram satisfying Theorem 11.1, it is possible to add a new strand to it around the
boundary (clockwise or anticlockwise) to obtain another such diagram (Propositions 11.3 and 11.4). Adding
a clockwise strand corresponds to increasing n by 1, while adding an anticlockwise strand corresponds to
increasing k by 1.
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FIGURE 9. The Postnikov diagram D({1,3,5,7}) for Gr4(8).

Proposition 11.2. Suppose k > 2 and n = 2k. Set J ={1,3,...,2k —1}. Then Theorem 11.1 holds for
J.

Proof. For k = 2,3,4 it is easy to verify that the diagrams in Figures 8, 4 and 9 are Postnikov diagrams
and that they show that the theorem holds in this case. We now show how to construct such diagrams for
arbitrary k > 4.

Consider a tiling 7 of the plane by regular hexagons and equilateral triangles in which there are two
triangles and two hexagons incident with each vertex (in the order hexagon, triangle, hexagon, triangle)
and for which each of the hexagons has a vertical pair of parallel sides. We convert this into a tiling of the
upper half-plane by cutting along a horizontal line through the lowest points of a row of hexagons. The
faces in the new tiling incident with this line are hexagons, triangles and quadrilaterals, repeating in this
order left to right.

We number the edges on the boundary in the order ... —2,-3,0,—1,2,1,4,3,6,5, ... from left to right
(i.e. switching each pair of integers in which the first is odd in the natural ordering on Z). We orient an
edge left to right if it has an even label, and right to left if it has an odd label. This determines orientations
for the adjacent triangles. We label all the vertical edges in the tiling upwards and all the remaining edges
downwards. This gives an orientation of every edge in the tiling. See Figure 10 for an example. The
tiling can be seen as a collection of infinite strands, each of which has precisely one edge incident with the
boundary and thus inherits a label from this edge.

Consider the horizontal line in the plane which passes through the vertices at the tops of the triangles
above the (k — 3)rd row of hexagons. Let S be the subset of the plane bounded by the boundary of the
half-plane and this horizontal line. Consider also the vertical lines in the strip S bisecting edges —1 and
2k — 1. We identify these to obtain a cylinder. The tiling of the half-plane induces a tiling of this cylinder,
with the strands in the half-plane tiling corresponding to 2k strands in the cylinder labelled by 1,2, ..., 2k.
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F1GURE 10. A tiling of the upper half-plane.

Since the cylinder is homeomorphic to an annulus, we obtain a corresponding tiling of an annulus, in
which the lower boundary of the cylinder corresponds to the inner boundary of the annulus. We glue a
disk onto the inner boundary, obtaining a diagram I'y, on a disk with 2k vertices on its boundary. We label
the vertex where strand j starts by j. It is clear that parts (a) and (b) in the definition of a Postnikov
diagram hold for I'y.

Furthermore, it is easy to see inductively that the vertices 1,2,...,2k are arranged clockwise around
the boundary and that if ¢ is even (respectively, odd), strand i goes clockwise (respectively, anticlockwise)
around the disk from vertex i to vertex ¢ + k. Hence property (d) in the definition of a Postnikov diagram
holds.

For each ¢, we replace vertex ¢ with a pair of vertices b; and b}, with b} clockwise of b;. We move the
start of strand 4 to one of b; and b} and the end of strand i — k to the other in such a way that we don’t
introduce any additional crossings. Then the odd strands start at b; and the even strands start at b;. We
call the resulting diagram Dy, o5. It is easy to see that it satisfies part (c¢) in the definition of a Postnikov
diagram (and also parts (a), (b) and (d) by the above).

It is clear from the construction that strands j, 7 + k do not meet, while all other pairs of strands which
are both even or both odd meet exactly once. A pair of strands of mixed parity may meet several times, but
since one goes clockwise around the disk and the other goes anticlockwise, they satisfy the requirements
of part (e) in the definition of a Postnikov diagram. Hence we see that this condition holds for any pair of
strands. We have shown that Dy is a Postnikov diagram as required.

The label of the inserted disk is easily seen to be J = {1,3,...,2k — 1} and the labels of the & quadri-
laterals sharing a vertex with it are exactly the J* for ¢ moveable in J. The proof of the proposition is
complete. O

Note that, for £ = 4, the diagram in Figure 9 is equivalent to the diagram we have constructed here
using the tiling. Furthermore, the diagrams in 8 and 4 can also be constructed from the tiling by taking
appropriate subsets of the tiling near the half-plane boundary. We also remark that none of the faces
constructed in Proposition 11.2 (i.e. giving the required labels) is a boundary face.

We next consider the addition of a clockwise strand.

Proposition 11.3. Let T be a Postnikov diagram for Gri(n). Then a strand s’ can be added to T to
produce a Postnikov diagram on strands [1,n] U {s'} (with ordering 1,2,...,s,s',...,n) for Gry(n+ 1) in
such a way that all labels of non-boundary faces remain after adding the strand.

Proof. By applying the boundary twist if necessary, we ensure that the oriented regions adjacent to the
vertices bsi1, b 1, bst2, b g, .., are all oriented clockwise, as shown in Figure 11. We add an extra
strand labelled s" with starting point between b,y1 and 0}, ;. The ending point of s" is placed between
bsix and ) ;. The strand s’ crosses all the strands between these points close to the boundary (i.e. with
no additional crossings between it and the boundary). See Figure 12.
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FIGURE 11. Adding a clockwise strand: before.

’
@ [ ()

FicUure 12. Adding a clockwise strand: after.

The new diagram is again a Postnikov diagram. In particular, for (c), note that the crossing nearest
to the starting point of strand s + 1 must cross it from left (before adding the new strand), since s + 1
starts at b}, ;. After adding the new strand, the starting point of s +1 is bs;1 and the crossing nearest the
starting point comes from the right, as required. The next crossing point on strand s + 1 is the original
first crossing, which is from the left, so the alternation rule, property (c) in Definition 7.2, does not fail.
Similar arguments apply to the other strands.

We also note that, relabelling 1,2,...,s,s',...,n with 1,2,... ,n + 1, strand 4 ends at b;, or bj_, for
all ¢, in the new diagram.

Since only boundary alternating faces are on the left of the added strand, s’, all of the labels of the
non-boundary alternating faces of the original diagram will be labels of non-boundary alternating faces of
the new diagram, as required. (Il

For an example, see Figure 13. Here we add a strand 3’ to the diagram in Figure 4. Note that we
have to first apply the boundary twist to the two strings incident with b5 and b5. We obtain a Postnikov
diagram for Gr3 7 (with the numbering 1,2,3,3',4,5,6).

Secondly, we consider adding an anticlockwise strand.

Proposition 11.4. Let ' be a Postnikov diagram on strands [1,n] for Gri(n). Then a strand o’ can be
added to T' to produce a Postnikov diagram on strands [1,n] U {s'} (with ordering 1,...,s,s',...,n) for
Gris1(n+1) in such a way that, for all labels I of non-boundary alternating faces in the original diagram,
TU{s'} labels a non-boundary alternating face in the augmented diagram.

Proof. By applying the boundary twist if necessary, we ensure that the oriented regions adjacent to the
by bl bs_1,b5 1 ..., bfs‘f(nfkfl) = b/, ., are all oriented anticlockwise, as shown in Figure 14. We add an
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FicURE 14. Adding an anticlockwise strand: before.

extra strand labelled s’ with starting point between b, and b.. The ending point of s’ is placed between
bs_(n—k—1) and b;_(n_k_l). It crosses all the strands between these points close to the boundary (i.e. with
no additional crossings between it and the boundary). See Figure 15.

It is easy to check that the new diagram is again a Postnikov diagram. The proof is as for Proposi-
tion 11.3. Since all non-boundary alternating faces in the original diagram are on the left of the added
strand, s’, the non-boundary labels of the new diagram are indeed precisely the sets I U {s'} where I is a
non-boundary label of the old diagram.

Finally, it is also easy to check that, relabelling 1,2,...,s,s’,...,n with 1,2,...,n+ 1, strand ¢ ends at
bi41 or b;+k for all 4, in the new diagram. O

Proof of Theorem 11.1. Suppose we are given a k-subset J C [1,n] with J # L; for any j. Let K = {i €
J i+ 1 ¢ J} be the set of moveable elements in .J; then [K| > 2. We start with the diagram Dg| as
in Proposition 11.2. Let K +1 = {i+ 1 : i € K}; note that K and K + 1 are disjoint. Renumber the
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OHET o O

FIGURE 15. Adding an anticlockwise strand: after.

strands {1,2,3,...,2k} with the elements of K U (K + 1) taken in cyclic order, starting with the smallest
element of K. Then, for each ¢ € [1,n]\ (JU (K + 1)) (in numerical order), use Proposition 11.3 to add
a clockwise strand ¢ in such a way that all labels of non-boundary faces remain the same after adding the
strand. Finally, for each ¢ € J\ K (again in numerical order), use Proposition 11.4 to add an anticlockwise
strand ¢ in such a way that for all labels I of non-boundary faces, the resulting diagram has a label of form
I'U{i}. The diagram constructed in this way satisfies the requirements of Theorem 11.1.

If J = L; for some j, then K = {j}. Suppose that j is even. Recall from the proof of Proposition 11.2
that in Dy, strand j goes clockwise around the disk while strand j + 1 goes anticlockwise around the disk.
Hence these two strands must cross on the boundary of L; and, in fact, this must be the only crossing on the
boundary. If j is odd, we may rotate Dj to obtain a diagram with the same property; this shows the result
for Gr(k,2k). A diagram for arbitrary n can then be obtained by adding strands using Propositions 11.3
and 11.4. (]

Definition 11.5. If A € Py, corresponds to a k-subset J = Jy of [1, n], we write Dy for D(J). We denote
the face of Dy labelled Jy by F(X).

Definition 11.6. For m € [1,7], let (™) denote the partition defined by

Ju(m) = J, —m mod n,

where J,, —m denotes the set obtained from J,, by subtracting m from every element. For example for the
empty partition @), we have Jy = {1,2,...,k} and 0™ = p,,_,, with associated subset J,,_,,, as defined
in Section 6.1. Note that p — p(™) gives an action of the cyclic group of degree n on the set P .-

Remark 11.7. We can arrange that, for each partition A € Py, the Postnikov diagram Dy can be
obtained from D) by relabelling strand i as strand i —m for all 5. We follow the proof of Theorem 11.1 as
given for a single representative X in each orbit. Then we define Dym) to be Dy with strand i relabelled as
i —m for all i. It is easy to check that D,m) can then still be constructed as in the proof of Theorem 11.1:
this holds by construction for Gr(k, 2k). In general, suppose that in the construction, D is obtained from
a diagram Dg for Gr(k,2k) by adding strands 41,42, ...,4, in order. Then we construct Dym) from Dy
(with strand ¢ relabelled as i —m) by adding strands i1 —m,ia —m, ..., 4, —m in order. We shall assume
that the construction has been done in this way throughout the rest of the paper.

12. THE SUPERPOTENTIAL WRITTEN IN TERMS OF AN ARBITRARY PLUCKER EXTENDED CLUSTER

Restricting the regular function W, on X° to a cluster torus X% gives a Laurent polynomial in the

associated cluster variables. We will need an explicit formula for this in the case where C is a Postnikov
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extended cluster associated to a Postnikov diagram D. To obtain such a formula, we shall use [60, Thm. 1.1]

which expresses a twisted version of an arbitrary Pliicker coordinate p, in terms of an arbitrary Postnikov

extended cluster. The Laurent polynomial expansion of p,|¢. is given in terms of perfect matchings on
C

a bipartite graph associated to the Pliicker coordinate p, and the Postnikov diagram D. The Pliicker
coordinates appearing in the numerators in the definition of W, (see (6.4)) are themselves twists of Pliicker
coordinates, by [60, Prop. 3.5] (up to frozen variables), so it follows that [60, Thm. 1.1] gives an expression
for these Pliicker coordinates themselves. We now go into more detail.

Let us label the frozen variables by L; = {i —k+1,...,i} = J;_; and recall from (6.4) the formula for
Wy, which with this notation reads

- Pt 5
12.1 W, =S~ PLe i,
( ) ! Z:pLi

We will now explain how to express the p; in terms of an arbitrary Pliicker extended cluster, by an
application of [60, Thm. 1.1].

Definition 12.1. Let C be an arbitrary Postnikov extended cluster and D its Postnikov diagram. Fix
1 <i<n and set
N; = {i} Ui+ 2,i+ k].

Let D; be the Postnikov diagram obtained from D by applying boundary twists (see Figure 3) where
necessary to ensure that the oriented boundary region adjacent to b;, b;- is anticlockwise for all j € N; and
clockwise otherwise. If Kk =1 or k = n—1, we take D to be the Postnikov diagram described in Remark 7.8
(see Figure 7). We have N; = {i}, so, as in the other cases, to get D; we add a boundary twist between
the end of strand ¢ — 1 and the start of strand ¢ on the boundary. We also add a double boundary twist
between strands j — 1 and j for all j # i to avoid degeneracies.

Figure 16 shows the Postnikov diagram Ds constructed from the diagram D in Figure 4. Note that
N3 ={3,5,6}, so in D3, the oriented regions adjacent to the starting points of strands 1,2 and 4 are black
and 3,5 and 6 are white.

Definition 12.2. We denote the quiver of D; by @;. We also associate a bipartite graph G; to D; as
follows [70, §14]. Note that any intersection point of two strands is surrounded by four distinct faces, two
of which are oriented faces. Let G; be the graph with vertices corresponding to the oriented faces of D;
and edges determined by the intersection points of strands. The vertex in G; corresponding to the oriented
boundary face adjacent to bj, b} is labelled v;, for j € [1,n]. Marking a vertex black if corresponds to a
clockwise face and white if corresponds to an anticlockwise face makes GG; a bipartite graph. Thus the
vertices v; for j € N; are white and the other vertices are black.

The graph G; can be regarded as being naturally embedded in the disk, with the vertex corresponding to
an oriented face of D; plotted at an interior point in the middle of the face. If there is an edge between two
vertices of G, it is drawn to pass through the corresponding strand intersection point mentioned above.
The faces of G; are in bijection with the alternating faces of D;, and hence with the Pliicker coordinates in
the Postnikov extended cluster C. We refer to G; as the dual bipartite graph of D;. See Figure 16, where
the dual bipartite graph G3 of D3 and the quiver Q3 have been superimposed on the same diagram.

We assign monomial weights w, € (C[X%] to the edges of G; as follows. Let v be the unique black vertex
incident with an edge e. The weight w, of e is defined to be the product of the Pliicker coordinates labelling
the faces of G; which are incident with v but not with the rest of e (i.e. excluding the two faces on each
side of €). See Figure 17 for an illustration of the rule. Figure 18 shows the weighting on the dual bipartite
graph of Figure 16.

Recall that a perfect matching of a graph I with edge-set E is a subset M of E such that each vertex of
T is incident with precisely one edge in M. If I is weighted with weighting w,. for each edge e, its matching

polynomial is given by:
wr =2 J] we.
M eeM
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FI1GURE 16. The Postnikov diagram D3 constructed from the diagram in Figure 4, together
with its bipartite dual, G3 (equal dashed lines between coloured vertices) and the quiver
Q@3 (uneven dashed arrows). Note that N3 = {3,5,6}. For an explanation of the notation
Ps, see the comment after Lemma 13.1.

FIGURE 17. Weighting of an edge: w. = p(1)p(2) - - - p(d).

where the sum is over all perfect matchings of I'. We will sometimes write wy; = He€ M We-
We then have the following theorem, which is the special case of a more general result, [60, Thm. 1.1].

Theorem 12.3. [60]
Let D be a Postnikov diagram, with corresponding Postnikov cluster C = C(D) and extended cluster C =
C(D). Fiz 1 <i<mn. Let G; be the bipartite graph defined above. Then the following holds in (C[X%] :

wa; s
Pz, = PLiuPL DLy = D DL \PL; " PLisrs
HPGC p M HpEC p

where the sum is over all perfect matchings M of G;.
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FiGURE 18. The weighting on the dual bipartite graph G5 in Figure 16.

Recall that the superpotential W, is given by the formula:

Theorem 12.3 states that

bz, Wnr
(12.2) — = Z H CppLiflpLi+lpLi+2 o PLigg-
M tipe

We thus have the following:

Corollary 12.4. Let D be a Postnikov diagram, with corresponding Postnikov cluster C = C(D) and
extended cluster C = C(D). Let G1,Ga,...,G,, be the bipartite graphs associated above to D. Then we
have the following expression for the superpotential Wy (see equation (12.1)) in C[X%] :

1 n
6.
E WG PL; 1 PLivy " " PLiyud "

(12.3) W, =
! HPECp i=1

13. CONSTRUCTION OF A PERFECT MATCHING

Suppose A € Py, and let D = D) be the Postnikov diagram constructed by Theorem 11.1. For example,
Figure 4 shows the Postnikov diagram D for G(3,6), noting that Jp = {1,3,5}. Let Dy,Ds,...,D,
be the associated boundary-adjusted Postnikov diagrams and Gi,Go,...,G, be the corresponding dual
bipartite graphs, associated to D in Section 12. We also have corresponding quivers Q1, Qa, - .., Q. (see
Definitions 12.1 and 12.2). For example, Figure 16 shows D3, G3 and Q3 for the case DEP'

Our aim in this section is to construct an explicit perfect matching M; on each of the ;. This perfect
matching will correspond to a distinguished monomial summand in P, /prL,. In Section 14 we will show
that every other perfect matching can be obtained from M; by face flips and in Section 15 we will compute
the distinguished monomial summand explicitly. We assume that k # 1,n — 1. We first make the following
observation.

Lemma 13.1. Let A € Py . Then strands i, + 1 cross at exactly one point in D).
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FIGURE 19. The labelling of arrows in @Q(D). Strands p and ¢ cross the arrow from I to
J, which is given the label [p, ¢ — 1].

Proof. Suppose first that Jy # L; for any j. For the case Jy ={1,3,5,...,2k — 1} in Gr(k, 2k), the result
can be observed from the construction of Dy in Proposition 11.2. Note that, for ¢ even, the intersection
point of strands ¢ and ¢ + 1 is the first intersection point for each of these strands, while for 7 odd, the
intersection point is on the boundary of the central n-sided alternating face in D).

Adding strands does not change this property, since every new strand crosses the existing strands at
most once. Because strand i starts at b; or b} and ends at b,y or b, every pair of strands i,7 + 1 must
cross at least once. The argument for Jy = L; is similar. (]

We define P; to be the unique crossing point of strands ¢ and ¢ + 1 in D), (and also the corresponding
point in D;). The point P is shown in Figure 16. We note that in the case k = 1 or n — 1, with our
convention (see Remark 7.8), Lemma 13.1 does not hold.

Remark 13.2. Perfect matchings for G; also have an interpretation in terms of the quiver ;. This
interpretation will be useful for our construction. The quiver @); is embedded into a disk in such a way
that its complement forms a disjoint union of disks. The boundary of such a disk is either a cycle in @Q);,
which we call a minimal cycle, or an oriented path in Q);, together with part of the boundary of the whole
disk . In the latter case, the oriented path goes from a boundary vertex to an adjacent one and is called
a boundary path.

If F is a set of edges in G;, we denote by X(FE) the set of arrows X(F) in @Q; crossing the edges in FE.
Then E is a perfect matching in G; if and only if X(F) contains exactly one arrow in each minimal cycle
and one arrow in each boundary path in @Q;. We call such a collection of arrows a perfect cut (note that a
set of arrows satisfying the first property is referred to as an admissible cut in [40] (see also [4, §1]).

In order to construct a perfect cut on @Q;, we use a weighting on the arrows of @Q; from [7, Defn. 4.1].
Recall that for p,q € [1, n|, we denote by [p, q] the cyclic interval {p,p+1,...,q}.

Definition 13.3. Fix i € [1,n]. Then we give each arrow « in the quiver @); a weight given by the set

d(a):Lp,Q71]:{p,p+1,...,Q71},

in the case where av: I — J and J =TI — {p} + {q}. Note that the strands p and ¢ cross on the arrow a: a
typical arrow in @; is shown in Figure 19. This weighting is extended to paths by defining the weight of a
path to be the multiset union of the labels of its arrows, regarded as a multisubset of [1,n].

In order to study this weighting, we need to consider a slightly modified version of a Postnikov diagram,
D. We define the closure D of D as follows. Let D be a disk slightly larger than D, and extend the strands
in D incident with b; and b} on the boundary of D to a common point b; on the boundary of D. This
produces a Postnikov diagram D according to the original definition [70, Defn. 14.1].

Let Q(D) be the quiver associated to D in [7, Defn. 2.4]: the vertices are the same as the vertices
of Q(D), and we take all of the arrows in Q(D), together with additional boundary arrows between the
boundary vertices L; of the quiver. There is a boundary arrow for each point b;, oriented and weighted
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FicURE 20. Neighbouring faces on the boundary of a closed Postnikov diagram. The
weight of the arrow in the left hand figure is [j, j — k — 1] and the weight of the arrow in
the right hand figure is [j — k, j — 1].

FIGURE 21. The closure D3 of the Postnikov diagram Ds in Figure 16 and the corre-
sponding dual bipartite graph.

according to a one-sided version of the rule for Q(D); see Figure 20. Thus this boundary arrow through b;
is oriented clockwise if v; is black and anticlockwise if v; is white.

Note that in Q(D), there is always a boundary arrow between L; and L;;1, in one direction or the
other, corresponding to the intersection point b;. We define @Q; to be the quiver of D;. The closure D3 of
the Postnikov diagram Ds in Figure 16 is shown in Figure 21, and the corresponding weighted quiver Q3
is shown in Figure 22.

By [64, §9] or [7, Cor. 4.4], we have:

Lemma 13.4. Let D be a Postnikov diagram. Then the weights of the arrows in a minimal oriented cycle

in Q(D) are of the form [p1,p2 — 1], [p2,p3 — 1],... , [pr,p1 — 1], where p1,pa,...,p, are in cyclic order
around [1,n]. In particular, the weight of such a cycle is [1,n].

We note, for future reference, the following corollary:

Corollary 13.5. Let D be a Postnikov diagram and let ¢ be a cycle in D. Let ¢ be the number of minimal
cycles made up of arrows from c and its interior, whose orientation is the same as that of c. Let ry be the
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FIGURE 22. The weighted quiver Q3 of the Postnikov diagram D3 in Figure 21. The
arrows in S (see Definition 13.6) are shown as unbroken arrows.

number of such minimal cycles whose orientation is opposite to that of c. Then ro > r1 and the weight of
¢ is equal to the multiset union of ro — 1 copies of [1,n].

Proof. The interiors of the minimal cycles in the statement of the corollary tile the interior of ¢ completely.
Let My (respectively M) denote the set of such minimal cycles which are oriented in the same way as ¢
(respectively, opposite to ¢). Each arrow in ¢ lies in exactly one minimal cycle in My, and each arrow in
the interior of ¢ lies on exactly one minimal cycle in My and exactly one minimal cycle in M;. Hence,
considering the weights, we have:

U d(cp) =d(c)U U d(cy),
coEMo c1EM;,
where the unions are multiset unions. By Lemma 13.4, d(cg) = d(c¢1) = [1,n] for all minimal cycles ¢y € My
and ¢; € Mj. Since r; = |M;]| for i = 0,1, the result follows. O

Definition 13.6. We set S; to be the set of arrows in @); whose weight contains 4 (see Figure 23 for an
example), and S; be the set of arrows in @); whose weight contains i (see Figure 22 for an example).

Applying Lemma 13.4 to D, it follows that each minimal cycle in Q; contains exactly one arrow in S;.
Since @; contains no boundary paths, it follows that S; can be considered as a perfect cut on @Q; in the
sense of Remark 13.2.

Each minimal cycle in Q; is a minimal cycle in Q;. Therefore, it contains exactly one arrow in S;.
However, .S; is not a perfect cut in @Q);, because there are boundary paths which do not contain any arrows
in S;, as we shall now see. For an example of this, see Figure 23, which shows the quiver Q)3 in our running
example and the set of arrows Sj.

Lemma 13.7. Let D be a Postnikov diagram. Then the boundary path between L;_1 and L; has weight
[j,7 — k — 1] (respectively, [j — k,j — 1]) if it is oriented towards L;_; (respectively, L;).
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FIGURE 23. The quiver Q3 from Figure 16. The arrows in S3 (see Definition 13.6) are
shown as unbroken arrows. The path 73 is shown as a thickened line, with end points
given by the encircled 3 and encircled 4; see the paragraph after Lemma 13.11.

Proof. In Q(D), there is an arrow between L; and L;_; crossed by strands j — k and j. This arrow has
weight [j,j — k — 1] (respectively, [j — k,j — 1]) if it points towards L;_; (respectively, L;). Hence the
boundary path in Q(D), which completes this arrow to a minimal cycle in Q(D), has weight as claimed by
Lemma 13.4. O

Recall that the vertex b; in D; lies on the boundary of the oriented region of D; corresponding to the
vertex v; in Gj.

Lemma 13.8. The boundary path aroundb? in Q; contains exactly one arrow from S; if j & {i,i+1} and
contains no arrow from S; otherwise.

Proof. We use Lemma 13.7. If j € [i + 2,7 + k] then, since v; is white, the weight of the boundary path
around v; is [j — k,j — 1] and contains ¢. Hence exactly one of the arrows on this path lies in S;. Since
v;11 is black, the boundary path around this vertex has weight [i + 1,7 — k] and hence does not contain i.

If j € [i+k+ 1,7 — 1], then v; is black, and the weight of the boundary path around this vertex is
[4,4 — k — 1], so includes 4, and exactly one of the arrows on this path lies in S;. The vertex v; is white, so
the boundary path around around this vertex has weight [¢ — &k, — 1] and has no arrow in S;. O

Remark 13.9. Since S; is a perfect cut (and S; is the restriction of S; from Q; to Q;), it follows from
Lemma, 13.8 that the boundary arrow in @Q; through b; lies in S; if and only if j € {i,i + 1}.

The proof of Lemma 13.10 arose from discussions of R. Marsh with K. Baur and A. King in an alternative
approach towards the results in [7].

We need to alter S; in order to obtain a perfect cut on @;. This will involve reversing membership of
S; for certain arrows in @Q;. In order to make this construction, we need more information about .S;.

Lemma 13.10. Let D be a Postnikov diagram and let o be an arrow in Q(D) or Q(D). Then « crosses
strand i if and only if the weight of a contains i and not i — 1, or i — 1 and not i.
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Proof. If an arrow « crosses strand ¢ from left to right, its weight is [p,i — 1] where p # i since strands
cannot self-intersect. Hence it contains ¢ — 1 but not ¢. If a crosses strand 7 from right to left, its weight
is [i, ¢ — 1] for some ¢ # 4, and hence contains ¢ but not ¢ — 1. If & does not cross strand i at all, its weight
is [p, ¢ — 1] where neither p nor q is equal to i. If i € [p,q — 1], then, since p # i, we have i — 1 € [p,q — 1]
also. If i & [p, ¢ — 1], then, since q # i, we have i — 1 & [p,q — 1] also. Thus in this case, either ¢ — 1 and ¢
both lie in the weight of a or neither ¢ nor ¢ — 1 lies in the weight of a. The result follows. ]

Lemma 13.11. The arrows in Q; crossing strand i (respectively, strand i + 1), in order from the start of
the strand to its end, alternate between lying in S; and not lying in S;.

The first arrow in Q; crossing strand i lies in S;. Similarly the first arrow in Q; crossing strand i + 1
lies in S;. The first arrows in Q; crossing strand i and strand i + 1, respectively, do not lie in S;.

The arrow crossing P; lies in S;.

Proof. Since any two consecutive arrows crossing strand 7 lie in the same cycle, it follows from Lemma 13.10
and Lemma 13.4 that the arrows of Q; (or Q;) crossing strand i alternate between lying in S; and not in
S;. By Lemma 13.8 the boundary path around the white vertex v; does not contain an arrow in .S;. It
follows that the first arrow crossing strand ¢ in @); does not lie in S;. The alternating property implies that
the first arrow crossing strand ¢ in Q; does lie in S;. A similar argument applies to the case of strand i + 1.

Since P; is the unique crossing point of strands ¢ and ¢4 1 (Lemma 13.1), it must be the case that strand
i crosses the arrow crossing P; from right to left, while strand ¢ + 1 crosses it from left to right (looking
along the arrow). Hence the weight of this arrow is {¢} and the second part follows. |

Let ~; be the path in D; which proceeds along strand ¢ from the beginning up until the crossing point
P; with strand i 4 1, and then carries on along the reverse of strand i + 1, to the start of that strand. See
Figure 23 for an example. Let 7; be the analogously defined path in D;.

Corollary 13.12. The arrows in Q; crossing 7; alternate between lying in S; and not in S;, starting and
ending with the former case. The arrows in Q; crossing y; alternate between lying in S; and not in S;,
starting and ending with the latter case.

We define a new set of arrows ¥; in @Q; as follows. We will see that 3; is a perfect cut on Q; and on Q;.

Definition 13.13. Let ¥; be the set of arrows « in @); which satisfy one of the following:
(a) « does not cross y; and « lies in S;, or
(b) « crosses «; and « does not lie in S;.
Thus ¥; is obtained from S; by toggling membership for arrows crossing ;. We refer to this operation
as the swap p.

See Figure 24 for an example of the set ¥;.
Proposition 13.14. The set ¥; of arrows is a perfect cut of Q;.

Proof. Note first that ; does not self-intersect, since the strands themselves do not self-intersect, and
strands ¢ and ¢ 4+ 1 have a unique crossing point by Lemma 13.1. Consider a minimal oriented cycle in
Q; and the part of the Postnikov diagram lying in the interior of the cycle. If 7; crosses this cycle, then
the part of 7; in the interior of the cycle is a union of arcs joining mid-points of arrows on the cycle. One
end-point of each such arc lies on an arrow in S; by Corollary 13.12. However, since each minimal oriented
cycle contains exactly one arrow in S;, there must be only one such arc. Then the swap p has the effect
of swapping which of the two arrows at the ends of this arc lies in the matching. This does not change
the property that the oriented cycle contains exactly one arrow chosen by the matching. Therefore ¥; also
contains precisely one arrow from each minimal oriented cycle in Q;.

A similar argument applies to a path around a boundary vertex v; for j # 4,7 + 1, since in this case
v; does not start or end on the boundary side of such a path. We see that such boundary paths contain
exactly one arrow in ¥;, possibly swapped from the one that was contained in S;.

However, the two boundary paths around the vertices where strands 4 (respectively, i + 1) start have
the property that -; starts (respectively, finishes) inside the boundary path around the corresponding
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FIGURE 24. The arrows in 33 (see Definition 13.13), in the quiver @3 from Figure 16, as
unbroken arrows.

white (respectively, black) vertex. Furthermore, the first arrow that v; crosses does not lie in S;, by
Corollary 13.12, so it does lie in ¥;. Similarly, the last arrow that ~; crosses does not lie in S;, by
Corollary 13.12, so it does lie in X;.

We need to check that v; crosses the boundary path around v;;; only once, at its last arrow and that
it crosses the boundary path around v; only once, at its first arrow.

If ~; were to cross the boundary path around the vertex v;;1 a second time, it would be entering the
boundary region at the crossing point, describing an arc, and crossing back out at the next arrow (since it
does not end at b;+1). By Lemma 13.11, one of these arrows would be contained in S;, giving a contradiction
to Lemma 13.7. An analogous argument shows that 7; crosses the boundary path around the vertex v;
only once.

It follows that each of these boundary paths contains exactly one element of ¥;. We have shown that
¥.; is a perfect cut of Q; as required. O

Corollary 13.15. The set %; of arrows is a perfect cut of Q;.

Proof. The quiver Q; can be obtained from @Q; by adding the boundary arrows between L; and Ljy, for
all j (as in Figure 20). This completes each boundary path in Q; to a minimal cycle in @;. Each such
minimal cycle must contain a single arrow of ¥; by Proposition 13.14, and the result follows. ]

Remark 13.16. If £ = 1, there is a unique perfect matching (which we also denote by M;) on G; (where
G, is as defined at the start of Section 12). It contains the unique edge incident with v; for each j. A
similar description holds for £ =n — 1.

Definition 13.17. Let M; be the set of edges in G; such that 3(M;) = ¥;. By Proposition 13.14 and
Remark 13.2, M; is a perfect matching on G;.

For an example of the perfect matching M;, in the case of the diagram D3 in Figure 16, see Figure 25.
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The perfect matching M3 on the graph Gj3 in the case of the example in
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FIGURE 26. The perfect matching on G3 obtained from the perfect matching shown in
Figure 25 by performing a face flip on the hexagonal face. Edges in G35 are drawn as full
edges if they lie in the perfect matching and as dashed edges otherwise.

14. HOW TO OBTAIN ALL PERFECT MATCHINGS FROM M;

If Kk =1orn—1, M; is the unique perfect matching on G;, so we assume in this section that k # 1,n— 1.
Our main aim is to show that every other perfect matching on G; can be obtained from M; by performing
a sequence of face flips, in the sense of Definition 14.1 below, on interior faces. We will also show that the

sequences of face flips can be constructed in such a way that a distinguished face F; of G; always appears
at the beginning of the sequence and then never appears again.
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Definition 14.1. Let M be a perfect matching on a plane graph G. An M -flippable face of G is a (possibly
unbounded) face for which the edges on the boundary alternate between lying in M and not lying in M. If
F is an M-flippable face, then we can construct a new perfect matching out of M by reversing membership
of M for those edges along the boundary of F. We call this operation a face flip.

Recall that the interior faces of G; correspond bijectively to the internal alternating regions of the
Postnikov diagram D;, so are labelled by the non-boundary vertices of @Q);.

A plane bipartite graph is said to be factorizable if it has at least one perfect matching. An edge is said
to be allowed if it appears in some perfect matching.

For example, the graph G3 in Figure 25 has a perfect matching, M3, as shown. The face labelled B
is Ms-flippable in G3. Performing a face flip on this face produces a new perfect matching M, shown in
Figure 26. In M, the faces labelled B and B are both M -flippable (as well as F). Flipping at either of
these two faces in M or both gives three new perfect matchings on G3. In fact, these five perfect matchings
are all of the perfect matchings on Gs. We shall see later that, in general, all perfect matchings on G; can
be obtained by performing sequences of face flips on M; (see Theorem 14.20). We also see that the allowed
edges in the graph G5 shown in Figure 25 are as shown in Figure 27: these are the edges appearing in the
five perfect matchings listed above.

By definition, a connected factorizable plane bipartite graph is elementary if and only if every edge is
allowed [53, §4]. We recall the following.

Theorem 14.2. [72, Thm. 2], [89, Thm. 3.3] Let G be a connected elementary plane bipartite graph.
Then, given any two perfect matchings M, M’ of G, there is a sequence of face flips taking M to M'.

Note that to apply the result in [72, Thm. 2] to obtain Theorem 14.2, we need the fact that every edge
in G appears in some perfect matchings but not others. But this holds for any plane bipartite elementary
graph, e.g. by [89, Thm. 2.4], which states that for any face of a plane bipartite elementary graph G, there
is a perfect matching in which that face is flippable.

In general, G; is not elementary, so in order to apply Theorem 14.2 to G; we need to study the elementary
components of G;. The elementary components of a plane bipartite graph G are the connected components
of the graph obtained by removing all disallowed edges from G (see the definition before Lemma 2 in [26]).
The elementary components of the graph G3 shown in Figure 25 are shown in Figure 27. We show that the
elementary components of G; are all elementary blocks (see [51, §1]), i.e. each interior face of the component
is also a face of G;. In fact, either every elementary component of G; is a single edge, or G; has a unique
elementary component which is not a single edge (but is an elementary block).

To compute the elementary components of G; we need to find the allowed edges of GG;. This can be done
using a result which we now recall. Suppose that G is a connected factorizable plane bipartite graph with
vertex bipartition W U B. Let G* denote the dual graph of G, oriented in such a way that the boundary of
a face in G* corresponding to a black (respectively, white) vertex of G is oriented clockwise (respectively,
anticlockwise). Let M denote a perfect matching of G. We denote by G%, the quiver obtained by removing
the edges in G* dual to the edges of M. Then we have the following.

Proposition 14.3. [26, Lemma 5] Suppose that G is a connected plane factorizable bipartite graph. Then
an edge of G not in M is allowed if and only if the dual edge in G}, does not belong to a cycle in G7y,.

Note that it is clear that all edges in M are allowed. Thus Proposition 14.3 states that the disallowed
edges in G are those dual to cycles in G7%,. Thus in order to apply Proposition 14.3 we need to find out
which edges of G}, lie in cycles. We do this by first studying ();, noting that G can be obtained from Q);
by identifying all of the boundary vertices L; (recall that L; = {j —k+1,...,j}).

Definition 14.4. Let Q" denote the full subquiver of @; whose vertices are those which are to the left
of strand i and to the right of strand i + 1, excluding L;. Let Q%"* denote the full subquiver of @; on the
remaining vertices of @;. In particular, Q%" contains L;.

Let Gi" be the subgraph of G; whose edges are those which either cross an arrow between two vertices
in Q" or cross an arrow between a vertex in Q" and a vertex in Q9\*.

Figure 27 shows Q" and G'" (for i = 3) in our running example.
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FIGURE 27. The quiver Q3 from Figure 16. The arrows in Q' (see Definition 14.4) are
shown as unbroken arrows (its vertices are 123,135,136, 235). As usual, the path ~3 is
shown as a thickened line. The allowed edges in G; are shown as unbroken edges. We see
three elementary components: G and two singleton edges on the left hand side incident
with v1 and vg.

We shall show that GI* forms an elementary component of G;, and that all other elementary components
of G; consist of single edges crossing arrows between vertices of Q9"* which lie in ;. We start with the
following.

Lemma 14.5. Consider the arrows in Q; incident with the vertex L;, in order anticlockwise from the
boundary. Note that these arrows alternate between starting at L; and ending at L;, with the first and last
arrows ending at L;. Arrows starting at L; lie in S;, while arrows ending at L; do not lie in S;.

Proof. Since v; is white and v; 1 is black, the first and last arrows in the above ordering must be oriented
towards L;. The fact that these arrows do not lie in S; follows from Lemma 13.8. An arrow oriented away
from L; must have target labelled (L; \ {j}) U {i} for some j € L; =[i — k+ 1,i] and [ & L;, and thus has
label [j,1 — 1] containing i. Thus all arrows starting at L; lie in S;. Similarly all arrows ending at L; do
not lie in S;, as required. O

Lemma 14.6. An arrow in Q; which has one end-point in QI and one end-point in Q5" is either
(a) in the perfect cut ¥;, and oriented towards the end-point in Q™ or
(b) not in the perfect cut ¥;, and oriented towards the end-point in Q5".

Proof. Let o be an arrow as in the statement of the lemma. Suppose first that « crosses ;. By the
assumption on «, neither end-point of a is L; (otherwise both of its end-points would lie in Q¢"*). In this
case, the result follows from the definition of ¥; and Corollary 13.12, noting that the first and last arrows
crossing ; are oriented towards Q™.

Next, suppose that one of the end-points of a is L;. Then the other end-point lies in Q*, so « does not
cross ;. The result in this case follows from Lemma 14.5 and the definition of X;, noting that « lies in S;
if and only if it lies in X;, as it does not cross ~;. |



56 R. J. MARSH AND K. RIETSCH

FIGURE 28. The faces F; and F}.

Note that in the case where i,i + 1 cross on the boundary of the face labelled by L;, the subquiver Q"
is empty; see Figure 32. In this case, Lemma 14.6 does not say anything.

We recall the following result from [7, Prop. 4.9], which gives information concerning the weights of
arrows incident with an internal vertex of ); which we shall use several times.

Lemma 14.7. [7, Prop. 4.9] Let I be an internal vertex of Q; of valency 2r. Then the weights of the
arrows incident with it, taken in order anticlockwise around I, follow on from each other and wrap around
[1,n] exactly r — 1 times.

For example, the weights of the arrows incident with the vertex 135 in Figure 23, which has valency 3,
are, taken in order anticlockwise around the vertex, 1, 234, 5, 612, 3, 456, which wrap around [1, 6] twice.

Definition 14.8. Let F; be the alternating face adjacent to the crossing point P; of strands ¢ and i + 1
which is to the left of strand ¢ and to the right of strand ¢+ 1. Let I; be the k-subset labelling this face. Let
F! be the alternating face adjacent to P; on the other side of ~;, i.e. to the right of strand i and to the left
of strand 7 + 1. Let I] be the k-subset labelling this face. Note that if 4,7 + 1 cross on the boundary of D;
then I; = L; and I] = L;. See Figure 28 for a schematic illustration. In Figure 16, we have I3 = {1,3,5}
and I} = {1,4,5}. The faces labelled by these subsets are F3 and Fj respectively.

Definition 14.9. We denote by QI"(%;) (respectively, Q9" (%;)), the quiver Q" (respectively, Q") with
all arrows in ¥; removed. For the example in Figure 27, we show the subquivers Q(33) and Q3" (X3) in
Figure 29 (recall that the arrows in X; are shown in Figure 24).

Our next step is to obtain more information about paths and cycles in Qi*(3;) and Q9**(3;). The proofs
of Lemma 14.10(b) and Lemma 14.11 build on discussions of R. Marsh with K. Baur and A. King in an
alternative approach to the results in [7].

Lemma 14.10. (a) The quivers Q*(%;) and Q" (%;) are acyclic.
(b) Given any vertez I of Q*(X;), there is a path from I to I in Q"(%;).

Proof. (a) By Corollary 13.5, the weight of any cycle in @; is a multiset union of [1,n]. It follows that the
weight of any cycle in Q; also has this property and, in particular, contains ¢. Therefore, any cycle in Q;
contains an arrow from S;. Since the arrows in Q™ do not cross v;, the arrows in Q™ which lie in X; are
exactly those which lie in S;. Removing these arrows from Q" breaks up every cycle in Q. It follows
that Q*(%;) is acylic. A similar argument applies to Q9"*(3;).
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FIGURE 29. The quiver Q3 from Figure 16. The arrows in Q*(X3) and Q$"*(33) (see
Definition 14.9) are shown as unbroken arrows.

(b) We will show that if I is any vertex of Q*(3;) not equal to I;, then there is an arrow in Q*(3;)
with target I. Since QI*(;) is finite and acyclic, repeated application of this argument must produce a
path from I to I; in Q*(3;) as required. We find the required arrow by showing that there is an arrow
in @; with target I whose weight does not include i — 1,4 or ¢ + 1. Such an arrow does not lie in .S;, but
also cannot cross ; by Lemma 13.10. Hence it also does not lie in ¥;. Again using the fact that the arrow
does not cross ;, the source of the arrow must lie in Q. Hence the arrow lies in QI*(3;) as required.

We consider an arbitrary vertex I of QI*, of valency 2r in ;. We assume that I # I;. This implies that
I is not adjacent to the crossing point P; of strands ¢ and ¢ 4+ 1, and has no arrow incident with it whose
weight is {¢} (since the arrow through P; is the unique arrow with weight {i}).

By Lemma 14.7, there are r — 1 arrows, aq,...,q,_1 incident with I whose weight contains ¢ — 1. For
every arrow a; we let 3; refer to the arrow incident with I which is adjacent to a; in an anti-clockwise
direction around I. We obtain a set A = {a;} U {B;} consisting of at most 2r — 2 arrows. Clearly (again
using Lemma 14.7), any arrow incident with I whose weight contains ¢ must lie in .4. Moreover any arrow
whose weight contains ¢ + 1 must also lie in A, since otherwise there would be a ; with weight {:}, which
contradicts our assumption that I # I;.

By its definition, A contains at most  — 1 arrows whose target is I. Hence there is an arrow with target
I in @); whose weight does not contain ¢ — 1,7 or 7 4+ 1 and we are done. O

Lemma 14.11. Let I be a non-boundary vertex in QS"*(3;). Then there is a path in Q" (X;) from a
boundary vertex to I and a path from I to a boundary vertex.

Proof. Assume first that I lies to the right of strand i. Let 2r be the valency of I in Q;. Consider the
arrows incident with I whose weight contains ¢ — 1, ¢ or both. By Lemma 14.7, cyclically ordering the
arrows incident with I anticlockwise around I, we see that such arrows occur either as singletons or in
adjacent pairs, a total of r — 1 singletons and adjacent pairs. Since I has valency 2r in Q;, we see that
there is always an arrow with source I whose weight does not contain ¢ or ¢ — 1. Similarly, there is always
an arrow with target I having this property. These arrows do not intersect strand ¢ by Lemma 13.10.
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Since [ lies to the right of strand ¢ and ~y; is on or the left of strand ¢, these arrows do not intersect ~;.
Hence the other end-points of these arrows lie in Q9"*.

A similar argument applies in the case where I lies to the left of strand i + 1. Since any vertex in
Q" (X;) lies to the right of strand ¢ or to the left of strand i+ 1, we see that repeating this argument gives
the statement in the Lemma, noting that Q?"*(3;) is finite and acyclic (by Lemma 14.10). d

We can now describe the allowed edges in G; and thus the elementary components.

Lemma 14.12. An edge in G; which crosses an arrow « in Q; is allowed if and only if either at least one
endpoint of a lies in QI(X;) or « lies in 3;.

Proof. Since edges crossing arrows in Y; are allowed, we are reduced to the case of edges crossing arrows
which do not lie in ¥;. Recall that (G})a;, can be obtained from Q;(%;) by identifying the boundary
vertices. We denote the image of an arrow « in Q;(%;) under this procedure by @.

Note that G; is a connected plane bipartite graph, which is factorizable by Proposition 13.14. By
Proposition 14.3 we need to show that, for any arrow « in Q;(3;), @ lies in a cycle in (GF)y, if and only
if both of the endpoints of « lie in Q5"*.

If both endpoints of « lie in Q9" then @ lies in a cycle in (G})p, by Lemma 14.11. For the converse,
note that by Lemma 14.10(a), Q*(%;) is acyclic. Also, by Lemma 14.6, all arrows in Q;(%;) which have
one endpoint in Q*(¥;) and one in Q¢"(%;) are oriented towards Q9"*(3;). It follows that if o has at
least one endpoint in Q" then @ does not lie in a cycle in (G})ay, - O

Corollary 14.13. The elementary components of G; are as follows:

(a) The full subgraph GI* of G; (see Definition 14.4) is an elementary component of G;.
(b) Any single edge in M; which has no end point in G is an elementary component of G;.

Proof. This follows from the description above of the allowed edges in GG; and the definition of elementary
components. O

Lemma 14.12 and Corollary 14.13 can both be verified in our running example in Figure 27.

In the case where I; is on the boundary, we see that the elementary components of G; are exactly the
allowed edges (i.e. the edges in M;), considered as subgraphs, and that M; is the unique perfect matching
on Gj.

An elementary component of a plane graph which has the property that each interior face of the com-
ponent is also a face of the whole graph is called an elementary block (see [51, §1]). We need the following
important property of the elementary components of G;.

Corollary 14.14. Fach elementary component of G; is an elementary block of G;.

Proof. This is trivial for the elementary components of G; which consist of a single edge, since they have
no interior faces. So we consider the elementary component Gi*. By the construction of the Postnikov
diagram D, the region to the left of strand ¢ and to the right of strand ¢ + 1, together with the adjacent
vertices in G;, is a union of interior faces of G;; these are exactly the interior faces of Gi. It follows that
G'M is also an elementary block of G;. O

This gives us the first key result.

Proposition 14.15. The faces of Gi* are faces of G;, and the set of perfect matchings of G; is connected
under flips of faces of Gi.

Proof. The first statement follows from Corollary 14.14. Let M, M’ be arbitrary perfect matchings on G;.
By Lemma 14.12; M and M’ must coincide with M; on all edges of G; crossing arrows between vertices of
Q"*. By Corollary 14.13 and Theorem 14.2, there is a sequence of face flips taking M to M’, noting that
every face of the elementary graph GI" is also a face of G;, by Corollary 14.14. (]
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Note that, by [90, Thm. 2.4], this implies that G; is weakly elementary (see e.g. [90, §2] for the definition).

In the remainder of this section, we will show that, as in the example, every perfect matching on G; can
be obtained from M; by a sequence of face-flips in which the first (and only the first) face is F;. We first
show that F; is the unique M;-flippable face of G;.

Given a vertex I of @;, we say that two arrows «, 8 incident with I are adjacent provided one follows
the other in the cyclic ordering around I.

Remark 14.16. Let I be the label of an internal alternating face F' of D; and suppose that I has valency
2r in @;. Since it is not possible for two adjacent arrows incident with I to lie in 3; (as it is a perfect cut),
we have that F' is an M;-flippable face in G; if and only if the number of arrows incident with I lying in
21' is r.

Lemma 14.17. Let F be an internal face of D;, labelled with the k-subset I. Suppose that I has valency
2r in Q;. Then the number of arrows in ¥; incident with I isr if F =F;, r —2 if F = F/, and isr — 1
otherwise.

Proof. By Lemma 14.7, exactly r — 1 of the arrows incident with the vertex I lie in S;. Recall that 3; is
obtained from S; by applying the swap p (see Definition 13.13). Since I is an internal vertex of @, the
set of arrows incident with I that are crossed by a fixed strand consists of a number of pairs of adjacent
arrows (see Figure 30). This applies, in particular, to the strands ¢ and 7 + 1 appearing in the definition
of ;. The unique crossing point P; of these strands lies on the boundary of the faces F; of F}, and not on
the boundary of any other face.

So, if I # I, I/, then P; is not on the boundary of F. It follows that the set of arrows incident with I
which cross ; consists of a collection (possibly empty) of pairs of adjacent arrows, some pairs arising from
the part of 7; along strand ¢ and some pairs arising from the part of ; along (the reverse of) strand i + 1.
The effect of the swap p on the set of arrows incident with I is to reverse membership in each such pair.
Hence the number of arrows incident with I which lie in ¥; is the same as the number of such arrows lying
in §;, ie r—1.

The set of arrows incident with I; which cross 7; consists of the arrow I; — I/ and the two adjacent
arrows incident with I; together with a collection (possibly empty) of pairs of adjacent arrows incident
with I;. The flip p reverses membership in each of the pairs. It also replaces the arrow I; — I/ with the
two adjacent arrows incident with I;. Hence exactly r of the arrows incident with I; lie in X;.

Similarly, the set of arrows incident with I] which cross ; consists of the single arrow I; — I/, together
with a collection (possibly empty) of pairs of adjacent arrows incident with I. The flip p reverses mem-
bership in each of these pairs and deletes the arrow I; — If. Hence exactly r — 2 of the arrows incident
with I/ lie in %,. O

Corollary 14.18. Let I be a vertez in QI labelling an alternating face F. Then F is M;-flippable if and
only if I = I;.

Proof. Since F must be an internal alternating face of D;, this follows from Remark 14.16 and Lemma 14.17.
O

Let M be a perfect matching on a plane bipartite graph G. Then a positive M -flippable face is an
M-flippable face with the property that the matched edges, when oriented from black vertices towards
white vertices, are oriented in an anticlockwise direction around the face. Otherwise, an M-flippable face
is said to be negative. For example, in the perfect matching M3 in Figure 25, the face F3, labelled B, is an
M;-flippable face and is negative.

Twisting down a face is the operation of flipping a positive M-flippable face. See [72, §1]. We recall the
following, which follows from [72, Prop. 1.11, Thm. 2].

Theorem 14.19. [72] Let G be a connected plane elementary factorizable bipartite graph and fix o face F
of G. Let M be the set of perfect matchings of G. Then the covering relation given by twisting down at a
face other than I makes M into a distributive lattice Mp. The unique minimum element of Mg is the
unique perfect matching M on G which has no positive M -flippable face except for F'.
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Note that, since GI* is an elementary component of Gy, the restriction M™ of M; to GI* is a perfect
matching on Gi* by [26, Lemma 2]. We denote by M!" the set of perfect matchings of Gi".

Theorem 14.20. FEach perfect matching on G; can be obtained from M; by a sequence of flips of faces of

G, which are faces of GI, starting with the face F; and never involving that face again.

Proof. By Proposition 14.15, it is enough to prove the result for the perfect matching M® on Gi*. By
Corollary 14.18, F; is the unique internal M"-flippable face in GI*. Since Fj is negative, GI* has no positive
internal M"-flippable faces. But, by [72, Prop. 1.11], there must be at least one positive M"-flippable
face in GI". Hence the boundary face of Gi* is a positive M"-flippable face.

Taking F to be the boundary face of GI* in Theorem 14.19, we see that M is the minimum element
of the lattice (Mi")r. Hence, if M is any perfect matching on Gi* not equal to M™, there is a twisting
down sequence from M to M.™ involving only internal faces. Since F; is the unique negative M®-flippable
face in G, this twisting down sequence must involve Fj as its final flip. By [71, Cor. 4], the number of
times that any given face can be flipped in such a twisting down sequence is at most 1, so F; cannot occur
in the twisting down sequence at any other place than the end. (]

Note that we can see that Theorem 14.20 holds in the case of example G3 in Figure 25 from the
description of the perfect matchings given in the paragraph after Definition 14.1.

Remark 14.21. Theorem 14.20 holds trivially for £k = 1,n — 1, since there is a unique perfect matching
in this case (see Remark 13.16).

15. THE MATCHING MONOMIAL ASSOCIATED TO M;

Our main aim in this section is to compute the matching monomial associated to M;, i.e. its contribution
towards the matching polynomial of G;. This, combined with Theorem 14.20, will be used in Section 17
in order to compute the action of X, on W,. We assume in this section that k£ # 1,n — 1. Recall the
definition (Definition 13.3) of the weighting on G;. We make the following useful definition.

Definition 15.1. Let D be a Postnikov diagram with closure D. Let I be a vertex of Q(D). For any
minimal cycle

I:IO—)Il—>12—>'°'—>.[571"‘—>.[5:[
in Q(D) containing I, we call the path
L =1 — - — 1,4

a peripheral path of I. Note that the underlying unoriented graph of the union of the peripheral paths of I
forms a circle around I if I is internal, or an arc of a circle if I is external. Each peripheral path is either
oriented clockwise or anticlockwise in this circle (or arc). We call any arrow in a peripheral path of I a
peripheral arrow of I. The neighbourhood of I is the union of the cycles (and their interiors) containing I
(i.e. the region bounded by the peripheral paths of I and the boundary arrows incident with I if any). See
Figure 30 for an example of the neighbourhood of an internal vertex.

We also say that an arrow in (D) is peripheral, etc. as above, if it is peripheral when regarded as an
arrow in Q(D).

The following lemma is a straightforward reformulation of the definitions.

Lemma 15.2. The exponent of pr in the matching monomial was, is equal to the number of clockwise
peripheral arrows of I in Q; which lie in 3;.

Note that, by Proposition 13.14, each clockwise peripheral path of I contains at most one arrow in ;.

Lemma 15.3. Let X be the set of arrows in Q; obtained from S; by reversing membership for all arrows
crossing 7;. Then X =3;.
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F1GURE 30. The neighbourhood of a internal vertex I.

Proof. The intersection of ¥} with Q; agrees with 3;, because both subsets of @; are constructed in the
same way. It only remains to check that ¥} contains no arrows outside of @;. The arrows in Q; \ Q;
crossing ¥; are in S; by Corollary 13.12 and therefore are not in 3/ by construction. The remaining arrows
in Q; \ Q; are also not in ;. Indeed they are not in S; by Remark 13.9. And ¥/ agrees with S; away from
Yi- O

We denote the flip (defined on subsets of the set of arrows of @;) which reverses membership for arrows
crossing 7; by p.
Remark 15.4. Fix a vertex I of ;. Then, since every arrow in X; is contained in @);, the number of

peripheral paths of I in @); containing an arrow in ¥; is the same as the number of peripheral paths of I
in @); containing an arrow in X;.

Lemma 15.5. Let I be the label of an internal alternating face F of D;. The exponent ey of pr in the
matching monomial wyy, s given by:

0 ZfI:IZ,
(15.1) er=42 fI=1I;

1 otherwise.

Proof. By Lemma 14.17, the number of arrows incident with I in @; (and hence also in @Q;, by Remark 15.4)
which lie in ¥; is equal to r if FF = F;, r — 2 if F = F/, and r — 1 otherwise. By Corollary 13.15, ¥; is a
perfect cut of Q;. In the case where F' = F} the arrows incident with I; alternate between lying in ¥; and
not. Every minimal cycle passing through I; therefore has an arrow incident with I; as its unique arrow
in 3;. It follows that none of the clockwise peripheral paths of I; contain an arrow in 3;. This shows that
er = 0if I = I;. The other cases follow similarly. O

We must next consider the boundary vertices L; of ;. The same approach essentially works, but with
some additional complications arising from the behaviour at the boundary. For a subset S of [1,n] and
r € N we denote by S the multiset union of r copies of S. We recall:

Proposition 15.6. [7, Prop. 4.11] Let I = L; be a boundary vertex in the quiver of a closed Postnikov
diagram D. Let ay be the arrow with source I which is most anticlockwise (inside the boundary of the disk)



62 R. J. MARSH AND K. RIETSCH

and let o~ be the arrow with source I which is most clockwise. Let W°"(L;) be the set of arrows incident
with I between a— and oy (including these two arrows). Let oy, be the number of arrows in W' (L;)
with source I. Then the multiset union of weights of the arrows in W°"(L;) is computed by the formula:

(15.2) U @) = (row — D[1,n] U {5}

aEWeut(L;)
Now we can prove an analogue of Lemma 15.5 for the boundary case:

Lemma 15.7. The exponent er, of pr, in the matching monomial wyy, is determined as follows. Suppose
first that L; & {I;,1]}. Then

1 ] i+ k41,1 —2|U{i};
- O e SRR LT}
’ 0, otherwise.

If Lj = I; then j =i and e, = 0. If Ly = I then j =i+ k and e, = 1. Wrilten more compactly, we
have

175L_7‘L:+5L_7'I£ jefi+k+1,1—2U{i};
—0r,1, + 5lelg otherwise.

(15.4) er; = {

Proof. By Lemma 15.2 and Remark 15.4, it is sufficient to show that the number of clockwise peripheral
paths of L; in Q; containing an arrow in Y; is given by the formula (15.3).

Let F be the alternating boundary face of D; labelled L;. If P;, the unique crossing point of strands
i,i + 1, lies on the boundary of F, then either ¢ € L;, i+1 ¢ Lj, or i & L;, i+ 1 € L;. It follows that
L; = L; = I; (in the first case) or L; = L;1; = I} (in the second case). We assume first that neither of
these cases occur. This implies that, since the strand crossing points on the arrows incident with L; are
precisely those on the boundary of F, strands ¢,% 4+ 1 cannot cross on an arrow incident with L;. The
separate cases with this assumption are illustrated in Figure 31.

By Corollary 13.15, the number of clockwise peripheral paths of L; containing an arrow in ¥; is equal to
the number of clockwise minimal cycles incident with L; minus the number of arrows in ¥; incident with
L; which lie in such cycles. We denote the number of clockwise minimal cycles incident with L; by n..

Recall that the boundary arrows do not lie in X;, and note that any arrow incident with L; which is not
a boundary arrow lies in some clockwise minimal cycle. Therefore the set of arrows in ¥; incident with L;
coincides with the set of arrows in 3; incident with L; which lie in a clockwise minimal cycle. Similarly,
this set is also equal to the set of arrows in W°"*(L;) which lie in %;.

Suppose first that j # i — 1,4,4 + 1. Then 7; does not start or end on a boundary arrow of Q; incident
with L;. Also P; does not lie on an arrow incident with L;. Hence the set of arrows incident with L;
that cross 7; consists of a (possibly empty) collection of pairs of adjacent arrows. This collection of arrows
coincides with the set of arrows in W°"(L;) crossing 7;. By an application of Corollary 13.12, we then see
that the number of arrows in W°"(L;) which lie in ¥; is the same as the number of arrows in W°"*(L;)
which lie in S;. This number is rou; — 1 by Proposition 15.6. Hence, by the above, er;, =MNe— (Tout — 1).

We now compute n,. for j # {i —1,i,i+ 1} to complete the proof in this case. There are two cases. If the
boundary arrow between L; and L;_; is oriented towards L;_1, then it is an arrow with source L; which
is not part of a clockwise minimal cycle. There is a bijection between the remaining arrows with source L;
and the clockwise minimal cycles incident with L;. Therefore n. = rous — 1 and e L; =0in this case. If on
the other hand the boundary arrow between L; and L;_; is oriented towards L;, then every arrow with
source L; is part of a clockwise minimal cycle and we have n. = 7,4 In this case e L; =1. By definition
of the graph G; we are in the first case if j € [¢ + 2,7 + k] and in the second case if j € [i + k+1,i — 2], as
illustrated in Figure 31.

We now consider the cases where ¥; starts or ends on a boundary arrow of Q; incident with L;, assuming
still that L; ¢ {I;,I]}. Note that P; does not lie on an arrow incident with L; by this assumption. Then
we are in the last three cases of Figure 31.
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FIGURE 31. Cases in the proof of Lemma 15.7. The shaded region indicates the arrows in W°"*(L;).

Recall that the exponent ey, is given by the number of clockwise minimal cycles incident with L; minus
the number of arrows in Wout (Lj) which lie in ¥;. By Proposition 15.6 if j = i there are 7o, arrows in
Weut(L;) which lie in S;; otherwise there are ro,; — 1. We again use this and the fact that ¥; is constructed
out of S; by the swap p to compute e L; in each of the remaining cases.

For the cases j =i — 1 and j = ¢ + 1 the path #; crosses one boundary arrow and the adjacent arrow
incident with L;. The perfect cut ¥; contains the adjacent arrow but not the boundary arrow, while S;
contains the boundary arrow but not the adjacent arrow. Therefore the number of arrows in W°"(L,)
which lie in 3}; is equal to rous. The exponent is then computed by ez, = n. — rout, which in both cases
equals 0.

For the case j = i the set of arrows incident with L; that cross 7; consists of the two boundary arrows
incident with L;, together with a (possibly empty) collection of pairs of adjacent arrows. The two unpaired
boundary arrows incident with L; lie in S; and do not lie in ¥;. Both of these boundary arrows lie in
Weut(L;). It follows that the number of arrows in W (L;) which lie in ¥; is equal to rou — 2. The
exponent is then computed by er, = n. — 7out + 2, which equals 1.

We are left with the cases L; = L; = I; and L; = Ly, = I]. We first consider the case L; = L; = I;.
In this case, strands ¢,7+ 1 cross on the boundary of F'. For this to happen, the boundary arrows incident
with L; must lie in 2-cycles and the crossing point of strands 4,7 + 1 must lie on a unique internal arrow
with source L;, lying in S;. See Figure 32. The boundary arrows incident with L; lie in S;, and we see that
the arrows completing these arrows to 2-cycles both lie in ;. Therefore, there are two clockwise minimal
cycles incident with L;, and each contains an arrow in ¥; incident with L;. It follows that er, = 0.

Finally, we consider the case L; = L;1; = I]. Note that the boundary arrows incident with L, point
away from L;yi. For the crossing point P; of strands ¢,7 + 1 to lie on an arrow incident with L;,, there
must be a unique internal arrow incident with L;, necessarily oriented towards L;ix, and P; must lie
on this arrow. See Figure 33. The boundary arrows incident with L;; do not lie in 3;. Also, the arrow
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F1GURE 33. Case where strands ¢, + 1 cross on the boundary of the face labelled L; .

through P; does not lie in ¥; (by Lemma 13.11). Therefore, there is one clockwise minimal cycle incident
with L;y, but no arrows incident with L;, lie in ¥;. It follows that er, , = 1.
We have now considered all possible cases, so the proof is complete. O

We have proved the following theorem, which also holds in the cases k = 1,n — 1.

Theorem 15.8. Fiz A € Py, and let Dy be the Postnikov diagram constructed by Theorem 11.1. Let C
be the corresponding Postnikov cluster. Fix i € [1,n] and let D; be the Postnikov diagram associated to D)
in Definition 12.1. Let G; be the corresponding dual bipartite graph. Let M; be the perfect matching on
G; defined in Definition 13.17. Let F; be the alternating face in D; defined in Definition 14.8. Then the
following holds.

(a) If F; is a boundary face, then M; is the unique perfect matching on G;. If F; is an internal face, then
it is the face of the elementary component GI* of G; (see Definition 14.4). In this case, every other
perfect matching on G; can be obtained from M; by flipping F; and then applying a further sequence of
flips involving faces of Gi* distinct from F;.

(b) The following identity holds:

’
i — i

pLi, pLi o 'pLi -
Hpecp 1PLi41 +k 1,

and computes the summand corresponding to M; in the formula (12.2) for

TR associated to M;.
i

Pz,

L
Proof. Suppose first that k # 1,n— 1. Then part (a) is Theorem 14.20. Part (b) follows from Lemmas 15.5
and 15.7. For the case k = 1,n — 1, part (a) holds by Remark 13.16. For part (b), note first that for
our choice of Postnikov diagram (see Section 12) there is not a unique choice of crossing point for strands

i,7+ 1. However, the adjacent faces F; and F] do not depend on this choice, and we have p;, = p; = pr,
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and pr; = pi+1 = pg. . Since M; is the unique perfect matching on G; in this case, part (b) follows from
Theorem 12.3. U

16. THE VECTOR FIELDS X |™

(n

In this section we define a family of vector fields X)(\m)7 A € P, m € [1,n], on X°, denoting X5 ) also by

X . We allow the cases k = 1,n—1. We start by defining a vector field X)(\m) in a fixed Postnikov extended

.C
cluster C containing py via an explicit formula involving combinatorially defined coefficients cg\m)(u). We

then prove that the coefficients satisfy an additivity property which in particular will imply that the vector

field X /(\"é) extends to a regular vector field X im) on the whole of X°.

Fix a Young diagram A € Py ,. For each pu € Py, we define a nonnegative integer cy(p) as follows.
Write J, \ Jy = {m1 <mg < --- <m,} and Jy \ J, = {li <lz <--- <[} in increasing numerical order.
Then set

) = {1<j <1 my> L.
Note that cx(A) = ex(0) = 0.
Given an extended cluster C (for the cluster structure on C[X°] discussed in Section 7), we define:

X%:{xEXO . f(z) #0forall feC}.

Note that Xg is isomorphic to (C*)k(=k) by [84, Theorem 4]. We call this a cluster torus in X°. If C is
an extended cluster of C[X°] coming from a Postnikov diagram containing a region labelled Jy (so that

pa € C), we consider the regular vector field

9
(16.1) Xyei=pr ) exl)purn—
, o,

puea

on X% We shall see later that X, 7 can be extended to a regular vector field on the whole of Xe.

Example 16.1. Let C(D) be the extended cluster associated to the Postnikov diagram D in Figure 4, and
take A =H. Note that Jy = {1,2,5} We calculate the coefficients ¢ (u) for p, € C in the following table:

Ju I \In | I\ Ju | ea(n)
{1,2,3} | {3} {5}
(2,3,4) | 3,47 | {1,5)
(3,450 | {3.4) | {L2)
(4,5,6) | {4,6) | {1,2}
{1,5,6} | {6} {2}
{1,2,6} | {6} {5}
{1,3,5} | {3} {2}
{1,3,6} | {3,6} {2,5}
{1,4,5} | {4} {2}
{2,3,5} | {3} {1}

B B H B e EH B H | ==
=N (=== NN —=O

We see that

0 0 0 0
X epy=Pa | Pmrs— 20— 20— + P tPga Tt
gc(n) ~ g ) PRy ) ) )
Poo P %P@ %Pﬁ gpﬁ

0 0 0 0
+ijaij+2pgjapaj+pBH@paﬂ+pBEapB]j
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We also consider a family of ‘twisted” versions of X, 5, defined as follows. For m € [1,n], recall that

p{™) denotes the partition defined by Jyymy = J,, —m mod n (see Definition 11.6).
For m € [1,n] and Young diagrams A, p in Py ., we set

(16.2) ™ (1) = exom (1™) = exem (0).

Note also that, by definition, c(m)((l)) = 0 for any m,A\. We also have that c&n) (1) = ea(p) for any A, p.
For a Postnikov extended cluster C as above, we have the regular vector field

m 0
(16.3) X" i=py > ™ (npug,-
Pu eC
on X% Note that X;"CZ = XAf'
Let P, be a regular polygon with vertices 1,2, ...,n numbered clockwise. Then, in [52, §1], two k-subsets
1, J of [1,n] are said to be weakly separated if none of the chords between the vertices of P, corresponding
to I'\ J crosses any of the chords between the vertices corresponding to J \ I. Scott [84, Defn. 3] uses the

term non-crossing and we shall use this terminology.
We recall the following result of Scott:

Theorem 16.2. Let D be a Postnikov diagram of type (k,n). Then the collection of k-subsets labelling
the alternating faces of D is an inclusion-mazimal collection of pairwise non-crossing k-subsets of [1,n].

We will now show that the coefficients c&m) () satisfy a certain additivity property on Postnikov dia-

grams, which will be very useful for understanding X ;"é) We first need some notation for the labels of the
alternating faces around a given internal alternating face.

Definition 16.3. Let D be a Postnikov diagram. Let F' be a non-boundary alternating face of D, labelled
by the k-subset J,, with p € Py . Consider the labels of the strands passing along the boundary of F,
which are alternatingly anticlockwise and clockwise around F'. Let a; be the minimal label amongst all
labels of anticlockwise strands around F'. Let ¢; be the label of the clockwise strand meeting a; where it
enters the boundary of F. We can extend this labelling to all of the strands passing along the boundary
of F to get a list
a1,C1,02,C2,y...,0r,Cp

of elements of [1,n]. These are the labels of all of the strands in the boundary of F starting from the
minimal anticlockwise strand a; and going around F in clockwise order.

Consider next the faces adjacent to F'. We denote the face meeting F' in the crossing point of ¢; and a;
by F(i), and the face meeting F' in the crossing point of a; and ¢;_; by F'(i). Note that the strands on
the boundary of F' are oriented towards the intersection point where F’(i) and F meet, and away from the
intersection point where F'(i) and F' meet. The labels of F'(i) and of F’(i) are determined from the label
J,, of F as follows. The label of F (i) is (J, \ {a;}) U {c;}. The label of F'(i) is (J, \ {a:}) U {ci—1}.

Thus, the faces adjacent to F' are, in order clockwise around F":

F'(1),FQ),...,F'(r), F(r).
We denote the partitions corresponding to the k-subsets labelling these faces by:
(1), (1), 1 (2), 1(2), - (), ().
Thus J,,;y labels (i) and J,(; labels F(i) for all i. See Figure 34.

Proposition 16.4. Suppose A € Py, is a partition such that Jy is not a frozen variable. Fiz a Postnikov
diagram D such that D has an internal alternating face labelled Jy. Let F be a different, non-boundary
alternating face of D, labelled by the k-subset J,,. Then, for m € [1,n], we have

i o (1 Z ) (4
i=1
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Jur (1) Y

S (2)

FIGURE 34. The part of a Postnikov diagram around an alternating face.

In particular, taking m = n, we have:

D ealul@)) = 3" ealw' ()

Proof. We use the notation of Definition 16.3. We consider the strands along the boundary of the face F'
labelled J,,. Note that:

Juy = (Ju \{a:}) U{ei};

Sy = (Ju \{ai}) U{cimi}

Here we adopt the convention that the subscripts of the a; and ¢; are interpreted modulo r. Note that
since ¢; ¢ J,, and a; € J,, we have ¢; # a; for all 4, j.

We consider first the untwisted case, m = n. We express ¢)(u(4)) in terms of ¢ (u) and summands C;
and A; associated to the strands ¢; and a;, respectively, which separate p from p(é). The C; and A; are
defined in such a way that simultaneously cx(p'(7)) = ex(p) + Ci—1 + A; (see the claim below).

For subsets I, I’ of [1,n] we write I < I’ to indicate that every element of T is less than every element
of I’ and for an element a we write a < I (respectively, I < a) to denote {a} < I (respectively, I < {a}).
By Theorem 16.2 Jy and J, are non-crossing. Since Jy # J,, there are four possible configurations for the
subsets Jy \ J, and J, \ Jy in [1,n]:

(D) Ju\In <IN\ s
(H) J \JM = KUKy, Ki,Ks 75 0 and K1 < ‘]M \ Iy < Ka;

(HI) J \ JH < JM \ Jy;

(IV) JM \ A=K UKy, Ki,Ks # 0 and K; < I \JM < Ks.
We display these in Figure 35.

In each case, we define integers C; and A; for ¢ = 1,2,...,r (again treating subscripts modulo r), as
follows. Note that C; depends only on A, 4 and ¢; and similarly A; depends on A, 1 and a;.

Case I: If J, \ Jx < Jx \ Jy, then set

0 ¢ € Jy; 0 a; &Jx;
(16.4) C; =<0 Ci<J)\\JH, c; € Jy; and A; =<1 ai<JH\J,\, a; € Jy;
1o >\ Ju, ¢ € Jx; 0 a;>J,\Jx a; € Jy.
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Case I Case 11

JH\JA @ JA\JH JN\JA
1‘\’!1

Case III Case IV

nh 1
JH\']/\
J#\JA JA\JH 1.

FIGURE 35. The four configurations of Jy \ J, and J, \ Jx.

I\ Ju

@

I\ Jy

'

Case II: If Jy \ Ju = Ky U Ky where Ky and K5 are nonempty and K; < J, \ Jx < Ko, then set

0 ¢ &Jy; 0 a; & Jx;
(16.5) Ci=<-1 Ci<J#\J)\, ¢ € Jx; and A; =<1 ai<JM\J>\, a; € Jy;
0 Ci>J#\J)\,Ci€J)\; 0 ai>JH\J>\,aiEJA.
Case IIL: If Jy\ \ J, < J, \ J, then set
0 ¢ €Jy; =1 a; & Jx;
(16.6) Ci=490 ci<h\Jy,cigJy; and Ai=q0  a; <J,\Jy, a; € Jy;
1 Ci>J)\\J#, cmZJA; -1 ai>JM\J>\, a; € Jx.
Case IV: If J, \ Jy = K; U Ky where K; and Ky are non-empty and K; < Jy \ J, < K>, then set
0 ¢ €Jy; 0  a;€dy;
(16.7) C;=<0 Ci<J>\\JM, CigJA; and A;=<¢0 ai<J,\\JM, aigJ,\;
Loci > Z\Jy, ¢i & Jx; =1 a; > J\\Jy, ai € Ji.

Claim:

(a) For 1 <i <7, we have c)(u(i)) — ex(p) = C; + A;.
(b) For 1 <i <7, we have c)(u/(i)) — ea(p) = Ci_1 + A;.

Proof of claim: The proof is case by case. Let 1 <47 < r and set j = ¢ or ¢ — 1 reduced modulo r. Set
k = p(i) in the former case and xk = /(%) in the latter case. Then J,, = (J, \ {a;}) U {¢;}.

Note that, since ¢; ¢ J,, and a; € J,, we can describe Jy \ Ji in terms of Jy \ Ju and Ji \ Jy in terms
of J, \ Jx, as follows:

If ¢j,a; € Jx, we have Jy \ J. = ((Jx \ Ju) \ {¢;}) U{a;} and J. \ Jx = J, \ Ja.

If ¢; € Jx,a; & Jyx, we have Jy \ J.. = (Ja \ Ju) \ {¢;} and J. \ Jx = (Ju \ Jx) \ {ai}

If ¢; & Jx and a; € Jy, we have Jy \ J, = (Jx \ Ju) U{a;} and J. \ Jx = (J, \ Jr) U {c;}.
If ¢j,a; & Jx, we have Jy \ J,, = Jy \ J, and J. \ Jx = ((Ju \ In) \ {ai}) U {c;}

We consider each of the Cases (I)-(IV), from before, in turn. We divide each case into separate subcases
depending on whether ¢;,a; lie in Jy or not and also their position in relation to the subsets J, \ J\ and
Jx\ J,. We display the calculations as a table for each of the cases (I)-(IV). The claim then follows from
the observation that the sum of the entries in the columns headed C; and A; coincides with the entry in the
final column. Below the table for each case is a diagram illustrating the arrangement of the subsets Jy \ J,
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and J, \ Jx (note that these are not intervals, just contained in intervals in the arrangement shown, by
the noncrossing property). The subset [1,n] is drawn as a circle (with the numbering 1,2, ...,n clockwise
around the boundary). A dotted line cutting across the circle indicates the gap between 1 and n.

For example, in Case III, if ¢j,a; € Jy and a; > J,, \ Jy, then we have Jy \ J, < J,, \ Jx. We also have
I\ Je = (D) \{¢;}) U{as} and Ji\ Jy = J, \ Ja. i.e. replacing J, with J,; has the effect of removing
¢; from Jy \ J, and adding a;. Since a; > J,, \ J), it can be seen from the definition that cy (k) = ex(p) — 1,
giving the entry —1 in the second row, final column of the table for Case III. From the definitions, C; =0
and A; = —1 in this case, and we see that C; + A; = cx(k) — ca(p) as required. The arguments in the
other cases are similar.

Occasionally we need to use the fact that the Jy and J,; are also noncrossing; this is why two of the
subcases, as indicated in the tables, cannot occur. This is also used, for example, in Case III for the subcase
¢ & JIxn, a; € Jx, ¢j < Iy \ Ju, ai < J, \ Jx. The noncrossing property implies that we must have ¢; < a;.

Case I: J, \ Jx < Jx\ J,

Membership in Jy Extra condition(s) C; | A | ex(k) —exa(p)

., a; < Ju \ 01 I
¢ai € Ja ai > T\ Ty 00 0
cj € Iy, a; & Iy none 010 0
Cj<J)\<JIL,ai<J#§J>\ 0 1 1
) ) Cj<J)\ Jﬂ,ai>Jﬂ Jx 0 0 0
¢j & I, ai € J c; > I\ T a; < I\ I cannot occur
Cj>J)\\JM,ai>JM\J)\ 1 0 1
__ c; < I\, 00 0
¢ @i & Ja ¢ > D\ Ju 110 1

Case II: JA\J“ = KUK, Ki,Ky 7é 0 and K < JN \ Jy < Ko

Membership in Jy Extra condition(s) C; | A; | ea(k) —ex(p)
Cj<JM\J,\,ai<JH\J)\ -1 1 0
o Cj<JM\J)\,ai>JM\J)\ -1/ 0 -1
hai SN S I N e <\ 01 1
;> J\Jna; > I\ Jx| 0 0 0
‘ A ¢ < I\ —1] 0 —1
¢ € Jx ai & Ja o> T\ 00 0
_ _ a; < J,\ Jx 0|1 I
¢ & I ai € o ai > T\ 00 0
cj,a; & Jx none 0|0 0
Case IIL: Jy \ J, < J, \ J»

Membership in Jy Extra condition(s) Ci | A | ea(k) —exa(p)
., a; < T\ 00 0
€1 € Ja ai > T\ I 0 -1 -1
c; € Jn,a; € Iy none 0| -1 -1

cj<J>\\Jﬂ,ai<JM\J,\ 0 0 0

_ _ c; < I\ a; > Ju\ JIa cannot occur
G FIna €I S N T A < I\ [ T 0 I
Cj>J,\\JM,(l¢>JM\J)\ 1| -1 0

- ¢ < W\ J, 0 |1 -1
¢y i & Jx ¢ > I\, 1 [—1 0
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Case IV: J“\J)\:KluKQ, Kl,Kg#@and K <J)\\J#<K2

Membership in Jy Extra condition(s) C; | A | ex(k) —exa(p)
cj,a; € Jy none 0 0 0
A _ a; < Jx\J, 0] 0 0
¢ € Ixai & a; > I\, ! —T
_ _ c; < I\ J, 0] 0 0
¢j & Jxai € J o> I\, 110 1
c; <D \Jpa; <IH\J,| 0] 0 0
o Cj<J)\\JM,ai>J>\\JH 0 -1 -1
¢ @i & I ¢; > I\ Jpa; < IZ\J, | 1] 0 1
Cj>J)\\J#,ai>J)\\J# 1 -1 0

By the claim we have

(16.8) Do) =rea() + 3 (Ci+ A) =3 e’

=1 i=1

This proves the Proposition in the case n = m.

For the general case, note that relabelling strand i as ¢ — m in D for each ¢, we obtain a new Postnikov
diagram D™ with a region labelled Jy(m). Furthermore, the partitions corresponding to the k-subsets
labelling the regions surrounding this region are p/(1)(™) (1)), ... 1/ (r)™), u(r)™). Hence, applying
equation (16.8) with A replaced by A(™) we have, for m € [1,n]:

T

> () = 3 (exem () ™) = exen (0

i=1 i=1
= Z (eacem (/™) = exem 0)) = 30 (1 (0),
i=1

and we are done. O

Lemma 16.5. Fiz a Postnikov extended cluster C. Let X, g and X/(\né) be the vector fields on X% defined in
equations (16.1) and (16.3). Then there is a reqular vector field X on X° such that X and X, @ coincide
on X% Similarly, for each m € [1,n], there is a reqular vector field Xim) on X° such that Xim) and X/(\"é)

coincide on X%

Proof. By [30, Lemma 2.3], the complement of X u Up e X3 S in X° has codimension at least two.
Hartog’s Theorem says that a function that is regular on the complement of a codimension two subvariety
of an algebraic variety X extends to a regular function on all of X. Hence, it suffices to prove that there is

a regular extension of X (m ) to XO vy, LeC X%, s where C(u) denotes the extended cluster obtained from

C(n)’
C by mutating at p,,. We con81der first the case m = n.

Fix p # X such that p, € C. Let pu(i), 4/ (i), for i = 1,2,...,r be as in Proposition 16.4. Then the
mutation of C at p,, corresponds to the change of variables p,. = p, for p. € C, px # pu, and

5. = Himpuo +Ilizi Py
m P
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Consider the natural vector fields p,ﬁap% on the cluster torus X% and the vector fields ’p}% on the
cluster torus X%(#). On the intersection of these cluster tori we obtain:
Putr g = Bty o) D O D
WPui) (i) OPu(i) Pu(iy Ou
_ H§:1,j¢ipu(j) i
Pu aﬁu
= f)u(i)af{? + == ~H;:1ﬁ#(qf) — ﬁui~~
Pu(i) Hj:l Pu(y) T Hj:l D) O

Similarly,

Put ) o = Pt 7 + iz Py P
e 817#’(1') e 85#’(1‘) H;:l Pu(y) +H;:1 P (5) Maﬁu

We also have:

0 b, 9 0

p —Ppa=—-
. 8]9 Pr Iy ap# " Op,.
Hence, using Proposition 16.4, we have:

D Z ex(k = Px Z C)\("{)ﬁni"—

£ OPr
peeC Pr€C,PLFDp
<ZZ_1 ex(u(i) ITj=1 Pugiy + 2imr ex(W' () Iy D (i) . (M)> .0
— Cx

= ~ PAPu=
H;zlpu(j + 11 i) <

=i Y, ol Pna~ ((ZCA )—Cx(ﬂ))ﬁxﬁua;-

Pr€C,PrFDu

This is regular on the cluster torus X%

C(uw)’
For the case = A, we have
0
pAP/\(i)m )Gp ” HPA(]) 8~ )
and, similarly:
0
PAPX() g, = PPN )a pr) K'

As before, we have

o _ -9
PA Opx opx’
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Hence, we have

0 .0
Px Z CA(H)PK,% = Dx Z CA(H)PK,@‘F

K

preC Pr€C(N),Pr DA
i T s T a
Z ex(A(@) Hﬁ,\(j) + Z ex(N'(4) Hﬁx(j) — P A
=1 j=1 =1 Jj=1

(H;:1 Py + 11— ﬁA’(i))
Da

.0
= Z CA(’*)pn%‘F

Pk ECN()‘) \DrFEPA

T ] T ~ T ' T ~ ~ a
S e [T br) + D ex(N @) [ [ Bviy — b o
=1 j=1 1=1 Jj=1

This is regular on the cluster torus X%( N

A similar argument can be used for X/(\"é), using the additivity given by Proposition 16.4. O

. Hence there is a regular extension of X,¢to XC~U Uuegxg(u)

as required.

Note that we have not shown that X /(\m) is independent of the choice of initial extended cluster C. We

expect this to hold, but we do not need it here. For X;m), we shall always choose C to be the extended
cluster corresponding to the Postnikov diagram D) associated to A (see Theorem 11.1).

We now fix a partition A € Py, and focus on the Postnikov diagram D). This diagram contains a face
F(X) labelled Jy. Proposition 16.4 applies to every face F' of Dy except F(\), but we need a version of
this proposition for the case F' = F()) also. We first introduce more notation.

Definition 16.6. Fix a partition A\ € Py ,,. Set
Ky={ieJdy:i+1&Jy\}.

For i € K, let 7;(\) be the partition with the property that

(16.9) Ty = (WAL Ui+ 13,

This is the partition which corresponds to adding a box to A adjacent to the edge numbered i in the
associated path (see Section 6.1).
If F'(X\) is internal in D) then in terms of the notation in Definition 16.3 we have

KA:{a1<-~-<ar},

and 74, (A) = N (j) for j = 1,...,r, by the construction of Dy in Section 11. In particular (16.9) reflects
the fact that for a; = i the adjacent clockwise strand c;_; around F'(\) is ¢ + 1. For the other adjacent
faces A(j) we note that

(16.10) J/\(j) = (J)\ \ {aj}) U {aj+1 + 1}.
since ¢; = aj41 + 1 for F(A). If F()A) is on the boundary then Jy = L; and K, = {i} and the unique

alternating face adjacent to F()) is labelled with (Jy \ {¢}) U{é + 1}, which equals L;. The corresponding
partition is 7;(\).

Definition 16.7. In the case k # 1,n — 1, we have defined (see Definition 14.8) the faces F; and F] to be
the faces in D) adjacent to the unique crossing point P; of strands ¢ and ¢ + 1. If k = 1 or n — 1, there
may be more than one such crossing point, but we may define F; and F in the same way: the definition
does not depend on P;.

The faces F; and F] have labels I; and I} respectively. Let &; 5 and /<;§7 » be the corresponding partitions.
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Our aim is to prove equation (10.4); i.e. to compute X /(\"L)Wq. Thus we need to compute X A% for each

€ [1,n]. We saw in Theorem 15.8 that
py, pr
YL, _ PI 4.
brL; Pr

where ilé is the summand corresponding to M; in the formula (12.2). In order to compute the action of

‘pp (m)

Xf\m) on =, we need to know the value of cg\m)(/{g’)\) — ¢y " (kin) for each i. We first consider the case

where i € K, observing the following (which follows from the construction of Dy).

Remark 16.8. If i € K, the faces F'()\) and F; coincide. We have k; x = A and /ié)/\ = 7;(A), since
Il = (I; \ {i}) U {i 4+ 1}. See the construction in Section 11.

Lemma 16.9. Fix a partition A € Pk, and let D = Dy. Then, fori € Ky and m € [1,n], we have

0, ifi=m;

(m)(_ _Jm)y
cxmw>q<mL’W#m

Proof. Recall that, for any partition u, we have c&n)(u) = ¢, (1) = 0. We first show that:

0, ifi=mn;

1, otherwise.

(16.11) ex(mi(A) = {
For i € Ky, we have J\ \ J, () = {i} and J )\ Jx = {i +1}. If i # n, then i + 1 > 4, so cx(1:(\)) = 1.

Ifi=mn,theni+1=1<n=1,s0 cx(r;(A)) =0, and (16.11) is shown.

Using the definition (see equation (16.2)) of c&m), we have that

™ (7(0) = ) = exen (1)) = exem (A™)
:(aww(ﬁfmﬁ“mw)a
where the last equality follows from (16.9). The result then follows from (16.11) (replacing A with A(™). O

Using the definition of X;m) (see equation (16.3) and Lemma 16.5) Lemma 16.9 implies that, for i € K},

» 0, 1 =m;
(16.12) xMZL Ly ‘
pIi p p)\v ? # m.

i

In order to compute the action of X )(\m) on the summands in the formula (10.4) corresponding to the
matchings other than M; (in the case i € K ), we will need the following,.

Proposition 16.10. Assume that F'()) is an internal face of Dy. Then, for any m € [1,n], we have:
=) - ST G () — 1
D) =M@ =1
j=1 j=1

Proof. We first prove that:

T s

(16.13) S a6 - S eato) = 1.
j=1

j=1
Recall that
KA:{al <ag < --- <CLT}.

We will interpret the subscripts j of the a; modulo 7. By our assumption on Jy, we have r > 1.
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By equation (16.11) in Lemma 16.9, we have

(16.14) SN =3 e (7, (V) = {j}_ e

if a,, = n.

We will show that

<

(16.15) ex (A())

= r—2, ifa, =n;

{r—l, if a, # n;

from which (16.13) follows.

By (1610), we have J)y \ J/\(j) = {aj} and J/\(j) \ Iy = {aj_H + 1}

Suppose first that a, #n. If 1 < j <r —1 then a;11 +1 > aj, so cA(A(j)) = 1. In the case j = r, we
have

ary1+1=a1+1<a2 <a,

as a1 +1 ¢ Ky and 7 > 2. Hence, cx(A(r)) = 0. We obtain }77_, ex(A(j)) = 7 — 1, as required.

We are left with the case a, =n. If 1 < j <7 —2, then aj41 +1 > qaj, so cx(A(j)) = 1. We have, for
the case j = r — 1 (reducing modulo n as usual)

ar—npy1t+tl=a+1l=n+1=1<a,_q,
since r —1 > 1 and 1 ¢ K. Hence cx(A(r — 1)) = 0. For the case j = r, we have
ary1+l=a1+1<a2<ar =n,

0 ar41+ 1 < ar, and cx(A(r)) = 0. We obtain Y., ex(A(j)) =r — 2.
We have now shown that (16.13) holds, which is the case m = n of the proposition. For the general

case, we have, using the definition of c(m),

(16.16) Zc(m) N (j Zc(m) chn ( (m)) ZC,\m) ( (m))

By the construction of D) (see Remark 11. 7) thesets {\(j)™ : j=1,...,7}and A () - j=1,...,r}
coincide, and the sets {\(5)(™) : j = Sryand {(V)™(5) : j = 1,...,7} coincide. The result
follows. O

To obtain the analogue of equation (16.12) in the case i € K, we need to compute c(' ™) (”% )\) fcf\m) (Kix)
for i € K; this is covered by the following proposition.

Proposition 16.11. Fiz a partition X € Pr,. Let D = Dy be the Postnikov diagram constructed in
Theorem 11.1. Suppose that i € K. Then we have:

-1, 1=m;
S (W) = " (i) = {0 i#£m

Proof. We first consider the case m = n, i.e. we show that:

-1, i1=mn;

(16.17) c (K;,)\) —ea(kin) = {O it

We divide the proof into three cases, depending on whether 4,4 + 1 lie in J or not (note that, since we
assume ¢ ¢ K, we cannot have the case i € Jy,i+ 1 ¢ Jy).
Case (a) i,i+ 1 & Jx.
Then we have:
L\ Jy= (L N\ D)\ {ip) u{i+1};
NI = I\ \ L.
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If i # n, then, since i,i+1 ¢ Jy\I; and i,i+1 & Jy\ I}, we have that ¢ (k;) = ¢ (/{’M), as required. We
now consider the case i = n. Since I, and J, are noncrossing and n € I,,\ Jy, we may write I,\Jy = K;UKo,
where K1 < Jy \ I, < Ky and n € K. Note that K7 may be empty. We have cx(kn,x) = |K2|. Let
K{ = K1 U{1} and K5 = K5 \ {n}. Then we have I}, \ Jy = Ki UK}, with K{ < J\\ I, < Kj. Note
that K7 is nonempty, but K} may be empty. We then have c) (R;A) = |K}| = |Ka| —1=cx(kna)— 1 as
required.
Case (b) i & Jy,i+ 1€ Jy.
Then we have i € I; \ Jx, i+ 1 € Jy \ I;, and:

L\ Jy= (L \ )\ i}

DAL= (I L)\ {i + 1},
Since I; and Jy are noncrossing, we must have one of the following three cases.
Case (b)(i): J\\I; = K1UK,, K,; and Ky are nonempty and K7 < I;\ Jy < Ko. We have cy(r;,2) = | K1
Since i € I; \ Jy and i + 1 € Jy \ I;, we must have i + 1 € Ks. Let K}, = K3\ {i + 1}. Then we have

I\ = K1 UK, where K7 < I/\ Jy < K). Note that K} may be empty. We see that cy (/{;,/\> =|Ky| =

ex(ki,n), as required (note that ¢ < ¢+ 1 in this case, so ¢ # n).
Case (b)(ii): Jx\ I; < I; \ Jx. Then, since i € I; \ Jy and i +1 € Jy \ I;, we have i = n. We have

IANI] < IL\ Jy, so ¢y /{2)\) = cx(K4,0) — 1, as required.

Case (b)(%i): I; \ Jx = K1 U K», K; is nonempty and K7 < Jy \ I; < Ko. We have ¢y (k; ») = |K2|. Since
i€ L;\Jyand i+ 1€ Jy\\I; we have i € Ky. Let K1 = K1 \ {i}. Then we have I} \ Jy = K| U K5, where

K < Jy\ I} < K3. Note that K| may be empty. We see that c) (/ﬁh) = |K3| = ca(k4,0) as required
(note that ¢ < 4+ 1 in this case so 7 # n).
This completes case (b).
Case (c) i,i + 1 € Jy. Then we have:
[z{\J)\ZIi\J)\;
DN = (N )\ {i+1}) u{i}

If i # n, then, since 4,i +1 ¢ Jyx\ I; and 4,0 + 1 ¢ Jy \ I/, we have that cx(k; ) = ca (K;’A>, as
required. We now consider the case ¢ = n. Since [, and Jy are noncrossing and 1 € Jy \ I,, we may
write Jy \ I, = K3 U Ko, where K7 < I, \ Jx < K3 and 1 € K;. Note that K> may be empty. We have
ex(kn,a) = |K1|. Let K{ = K1\{1} and K = KoU{n}. We have Jy\I; = K{UK}, where K| < I/\J\ < Kj.
Note that K} is nonempty, but K{ may be empty. We then have c ('i/m)\) = K| = |K1|—1=c\(knn)—1

as required. This completes case (c).
We have completed the proof of (16.17), and thus the proof of the statement required for m = n.

The result for arbitrary m follows from Remark 11.7 and (16.17) as follows, using the definition (16.2)

of cE\m) :

A (1]2) = ™ (i0) = exom ((Hé,x)(m)) — Cxem) ("‘572))

’
= C)(m) (K‘/Z‘im’)\(m)) — Cx(m) (K/i—m,)\(m))

_{—1, i—m=mn mod n;

0, t—m#n modn;

)L i=my
0, 1 #£ m;

as required. O
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Proposition 16.11 implies that, for i ¢ Ky, we have
pl’{'p 1=m
! Ay = ’
(16.18) xmPL_ )y,
b, 0, i# m.

17. ACTION OF THE VECTOR FIELD X, ON W,

Fix a partition A € P ,,. Our main aim in this section is to compute the action of X/(\m) on W for each
m € [1,n] (Theorem 17.3). We include the cases k = 1,n — 1. Let D = D, be the Postnikov diagram

associated to A constructed in Theorem 11.1. Recall that D has a face F'()) labelled Jy. Let C denote the
Postnikov extended cluster associated to D. §
We collect together the information we will need. Recall first that, on the cluster torus X%, the vector

field X /(\m) is given by the following formula (see (16.1)).

m m d
(17.1) XM =p Y )(u)pu7~
P

pueE
Recall also that the superpotential W, on X° is given by:

n

- DPr.
17.2 W, = qé“”il’
(17.2) f ; o
where, for i € [I,n], Ly = [i —k+1,i] and L; = [i — k4 1,i — 1] U {i + 1}.
Let Dq,...,D, be the Postnikov diagrams associated to D in Definition 12.1, with corresponding
weighted dual bipartite graphs G1, Ga,...,Gy.

Let
ps= pLi,lpLi+1 o 'pLH—k
¢ Hpec p
Then, by Theorem 12.3, we have the following formula in (C[X%]:
Pz,
(17.3) L= pew,
br; IY;

where the sum is over all perfect matchings M of G; and wjs denotes the matching monomial associated
to a perfect matching M.

Suppose first that k& # 1,n — 1. Recall from Definition 14.8 that F; is the alternating face which is to
the left of strand 7 and to the right of strand ¢ + 1 and adjacent to the crossing point P; of strands ¢ and
i+ 1. It has label I;. Furthermore, F/ is the alternating face adjacent to P; on the other side of v, i.e. to
the right of strand 4 and to the left of strand ¢ + 1, with label I]. Recall also that:

K,\Z{’L'GJAZi-‘rng)\}.

Remark 17.1. If i € K we have seen (Remark 16.8) that the faces F'(A\) and F; coincide. If i & K then,
since the label of every face of G'* contains i but not i + 1, the face F((\) cannot be a face of GI*.

By Corollary 14.13 that the elementary components of G; consist of Gi* (see Definition 14.4) together
with certain single edges on the remaining vertices. By Theorem 15.8, if F; is an internal face, then the
perfect matchings on G; are obtained from an initial matching, M;, in which F; is flippable, namely by
flipping F; and then performing a sequence of flips (possibly empty) not involving F;. The flips all take
place in faces of GIt. If F; is a boundary face, there is a unique perfect matching M; on G;.

If k =1 or n—1, recall that F; is defined in the same way as above (and doesn’t depend on a choice of
crossing point P; of strands ¢ and ¢ + 1). If ¢ € K then the faces F/(\) and F; coincide. For all i, we have
that F; is a boundary face and there is a unique matching M; on G; (see Remark 13.16). Each elementary
component of G; consists of a single edge e where e is an edge in M; (see Corollary 14.13).
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For any k we have, by Theorem 15.8:
pr
17.4 Swy, = —
for all ¢ € [1,n].
We also have the following (see (16.12) and (16.18)):

0, i=m,ic Ky
L, it mic Ky
7 X(m)plf B pIipA’ ) A
(17.5) Ao Dr , .
L _p1p>\7 Z:m7Z¢K)\;
I;
0, i #m,id K.

Lemma 17.2. Let M, M’ be perfect matchings on the bipartite graph G dual to a Postnikov diagram D,
with M’ obtained from M by flipping around an M -flippable face Fy of G. Then

wh HF PF

wnm B HF/ prr’
where the product in the numerator is over the faces F' of G sharing an edge in M with Fy and the product
in the denominator is over the faces F' of G sharing an edge in M' with Fy.

Proof. This is easily seen to hold by considering the weights on the edges in G around Fj. ]
We now have all the ingredients we need to prove the main result of this section.

Theorem 17.3. Let A\ be an arbitrary Young diagram in Py, and m € [1,n]. Then we have:

m pAm
(17.6) XMw, = <ZPH + qu) — ¢ i;ﬁ,\,
m v

m

where pi, v are exactly as in the quantum version of Monk’s rule for o5 *q o,

Proof. Tt suffices to check this on the cluster torus X%, since it is open dense in X°. Note that (17.6) can
be rewritten as:

(17.7) X", = <Z qéi"pn(m) — g Py
€Ky PLy,
As in Definition 16.6, we write
Ky={a1 <as < - <a}.
We will show that

Pz, _ ,
DPri(x) — LlpA’ 1=m,1 € Ky;
pr;
(17.8) yx(mPL _ JPr) i#m,i€ Ky;
. A opr, bz, . )
' ——px, i=m,ié Ky,
prL;
0, i#m,id Ky.

The result follows from this, since then we have:
m S
XMW, = X, 3 g ke
iz PL

v PL.
= <Z Q‘s‘"pnm> o LY

i€ K\ Lo
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We divide the proof into three cases: the first with F; an internal face of D and i € K, the second with
F; an internal face of D and i € K, and the third with F; a boundary face of D.
Case I: Suppose that F; is an internal face of D and ¢ € K. By Remark 17.1, FI(\) = F;, with label
I; = Jy; by assumption this is not a boundary face of D. The face Fj is labelled with Ij = J; (). (see
Definition 16.6). By (17.4) and (17.5) and, we have:

0 i =m,;
(17.9) XU (prwpg,) =4 , ’
3 pew,) PEWAMLDN, i F M.

Let M/ be the perfect matching obtained by flipping M; at the face F(A) = F;. Then we have, by
Lemma 17.2 and Proposition 16.10:

5 (m) <wM) x(™ [T prh)
PO s T )
WM, Hj:l P (5)

m m HT: Pxg wp!
ZC() ZC() =120 o IML

Hj:l Px () W,

(17.10)

using the definition of X/(\m). Hence, by (17.9), (17.10) and the Leibniz rule,

m m W —PFWMIPX, Z:ma
17.11 X" (pswng) = X ( prwyy, —2 ) = WM
( ) A (pc Mi) A betim; WL 0, i # m.

Let M} be the perfect matching obtained from M/ by flipping at some M/-flippable face not equal to F'(\).
By Lemma 17.2 and Proposition 16.4,

Warr
(17.12) x{m™ <M> = 0.

i

Wpr!

i

Hence, by (17.11), (17.12) and the Leibniz rule,

—PEgWarrPx, =My
X/(\m)(p@’LUM{’) — {O c i i tm

By Theorem 15.8, any perfect matching on G; can be reached from M; by a sequence of face flips involving
faces of Git other than F()\). So, repeating the argument above and using (17.3), we obtain the following,
where the sums are over all perfect matchings M of G;.

(m) (m) péwMip)\_Zpafpr/\, i=m;
X (22) = (e ) - .

DEWM, DA i # m;
pr bz, .
—ip - i=m;
_ ) PL yan
~ ) pr .
LD, i # m.
pr;

Note that p;, = px and py; = pr,(n). Hence, we have:

_Pi. S
X(m) < ) _ pTi()\) DL, Px, 1=y
PL: Dri (M) i #m;

as required in this case.
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Case II: Suppose that F; is an internal face and i & K.
Then, using (17.4) and (17.5), we have that:

17.13 X0 (oo, ) = d TPEWMPA, L=
(17.13) 3 (gwar,) 0, i # m.

Since i ¢ Ky, F()) is not a face of G by Remark 17.1. Hence all perfect matchings can be obtained from
M; by flips not involving F(\) by Theorem 15.8. If M/ is obtained from M; by the flip of a face in G'*,
then, by the definition of X im) and applying Lemma 17.2 and Proposition 16.4:

War!
(17.14) x(m <M> ~0.

W,
Hence, by (17.13), (17.14) and the Leibniz rule,

(m) ) mpgwapa, T=my
X4 o) = o

Repeating this argument, we see that for all perfect matchings M of G,

(m) _Jmpgwmpx, =y
X (pawwf)—{o i m

and therefore, using (17.3), we obtain the following, where the sum is over all perfect matchings M of G;:

A yan 0, 7/7& m;

0, i #£m;

as required in this case.
Case III: Suppose that F; lies on the boundary of D. Then its label, I; = L; = [j — k + 1, j] for some
j€l,n]. Sincei € I; and i + 1 & I;, we must have j =i and L; = I;, so El =1

We consider the cases of (17.8). If ¢ € K then, by Remark 17.1, p;, = px and pr; = pr(n- 1f in
addition, 7 = m, then

Pt Pr
(1715) p'ri()\) - L1p>\ :pfll - lpfi =0.
prL; yan
If i # m, then
(17.16) Pri(\) =PI, = —Pa-
b1
Also, if i € K and ¢ = m, then
Pz, br
(17.17) —Lipy = —"Ipx.
PL; pr,

Equation (17.8) in this case now follows from (17.15), (17.16), (17.17) and (17.5). The proposition is
proved. O
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18. COMPLETION OF THE PROOF OF THEOREM 4.1

In this section we complete the proof of Theorem 4.1. Namely, we will show that:

(18.) a5l = S lps] + 0 Yl

(182) S Wapae] = (Z[puw Fa )l )—Mumw],

where 1, v are exactly as in the quantum Monk’s rule for o5 *q o

We first of all note a corollary to Theorem 17.3.
Corollary 18.1. Let X be an arbitrary Young diagram in Py . Then we have:

(a)

X/\Wq = <Zpu+quu> - 7]?)\7
(b)
Z X(m)W =n <Zpu+quy> - qp)\a

m=1

where p, v are exactly as in the quantum Monk’s rule for o5 *q o,

Proof. Part (a) is the case m = n in Theorem 17.3. To see part (b) we add up the casesm =1,2,...,n. O

Let & be a regular vector field on X° and denote by i¢w the insertion of £ into w. Then we obtain a
relation

1
{d(igw) + ;qu A ifw] =0

in GV by applying d+2dW A — to the (n—1)-form i¢w. Since dWyAw = 0 we have dWyNigw = (ig(dW,))w.
Therefore the relation in G reads

(18.3) dlie)] +  [(6- Wy)a] =0,

We compute the first term in (18.3) in the case £ = X /(\m). Recall that the m-th twist of the empty
partition 0, denoted by 0("™), is equal to fi,—, and corresponds to the k-subset J,,_, = {n—m+1,...,n—
m + k} (interpreted cyclically modulo n).

Lemma 18.2. Let A € Py ,. Then we have:
(18.4) [d (ixm)wﬂ = —Cpm (0™ [prw].
Proof. Tt suffices to check this on the cluster torus X2 & where C is the Postnikov extended cluster corre-

sponding to D,. We have:
( <m>w> Zd<lc§m)(u)mp“a§”w>'

pnec
If p # X then

. B (m) dp.
d <20§m)(u>pxpu&w> =Zd | c) (1)px [\ o
eeC,e#p

d
=+ (wdprn N\ T =0
aeCa;éu
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Therefore the only non-zero summand is the one where 4 = A. We may write w in the extended cluster C

as w = :I:d;% VAV dppj. Then the p = A summand is
(m) , L m) dpe
d (cA ()\)p,\zm%w) =+c¢; 7 (N)dpx A Z\
e€C,e#X

= ™M (A\prw

= (C,\(m> (A — ey my (@(m))> PAwW
= —Cx(m) (@(m)) prw,
and we are done. O

Since ¢y () = 0, it follows from Lemma 18.2 that
(18.5) [d (ix,w)] = 0;

(18.6) [d (2 . Xi’”’) w} - (- i Crom (@W)) awl.

m=1

We need a simpler form for the coefficient in the second equation. This will be given Lemma 18.4 below.
Recall that J; is the k-subset corresponding to u;. The following statement follows immediately from the
definitions.

Lemma 18.3. Let A € Py . Then for 1 <i < n, we have

(1) I[1,4] N Jyl, 1<i<n—k;
C i) =
e i+ 1,n]\Jx, n—k+1<i<n.

Lemma 18.4. Let A € Py . Then
n
Z Cx(m) (@(m)> = Al
m=1

Proof. Firstly, we note that cf\")((l)) = 0. Recall also that Jyom) = Jy—pm. If1 < m < k — 1, then
n—k+1<n—-—m<n-1,so, by Lemma 18.3,

Cxem) (@<m>) =|ln—m+1,n]\ Jym
= [ln=m+ 10\ (Jx —m)|
= [[L,m]\ Jil.
An element j € [1,k — 1]\ Jy contributes 1 to the term [1,m]\ Jy in the sum

k—1
ST m]\
m=1

for all m > j, and zero otherwise. It follows that

k—1
(18.7) 3 e (®<m>) - Y k-
m=1 JEME=1]\Jx
We have
[17n]\‘]>\ :{k_>‘1+175k_)‘n—k+(n_k)}7
SO

LEk—1\Jx={k—A+1, ... k=X +s},
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where s is maximal such that Ay > s. Hence the sum in (18.7) can be rewritten as

zs:k—(k—)\T—Fr):zs:/\T—r,
r=1 r=1

which is the number of boxes in A strictly to the right of the leading diagonal.
Ifk<m<n-—1,then 1 <n—m <n-—k and, by Lemma 18.3,

Cx(m) (Q)(m)) =|[1,n —m] N Jyemw]|
= [[L,n=m] N (Jx —m)|
=|[m+1,n]NJy|
An element j in [k + 1,n] N Jy contributes 1 to the term |[m + 1,n] N Jy| in the sum

Z Ifm +1,n] N Jy|

m=

if m < j —1, and zero otherwise. It follows that

n—1
(18.8) 3 eyom ((b<m)) - Y -k
m=k

JEJIN[k+1,n]
Let ) be the transpose of A. Then we have:
In={k+N,E+Xy—1,... k+ )\, —k+1}.
Hence,
k+lnndy={k+XN,k+X,—1,...,k+ X, —u+1},

where u is maximal such that A}, > u. Therefore, the sum in (18.8) can be rewritten as

u

SE+XN—r+1)—k=Y XN -r+1,

r=1 Al >r

which is the number of boxes in A on or below the leading diagonal. Combining this with the above gives
the claimed result. |

By (18.6) and Lemma 18.4, we have:
(18.9) [d (z . Xim)) w} = —|A|[pawl-

m=1

Theorem 18.5. Let A € Py, ,,. Then
(a) o
qTq[PAW] = Z[Puw} + QZ[PVWL and
w v

(v)
~Wapse] = (Z[puw I )—Mumw],

where, in each case, u, v are exactly as in the quantum Monk’s rule for o© *q 0.
Proof. Part (a) follows from (18.3) in the case £ = X, using Corollary 18.1(a) and (18.5). Part (b) follows
from (18.3) in the case { =Y | Xg\m), using Corollary 18.1(b) and (18.9). O

Proof of Theorem 4.1. By Theorem 18.5, equations (10.1) and (10.2) hold. This, together with Lemma 9.3,
completes the proof of Theorem 4.1. O
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19. BACKGROUND FOR MIRROR SYMMETRY IN THE TORUS-EQUIVARIANT SETTING

We now turn to the torus-equivariant mirror theorem, Theorem 5.5. We begin in Section 19.2 by
reviewing the structure of the small equivariant quantum cohomology ring of a Grassmannian. We refer to
[2] for background on equivariant cohomology, and [61] for relevant background on equivariant quantum
cohomology. In Section 20 we recall the equivariant version of the superpotential (introduced for general
G/P in [79]) and describe it in the case of the Grassmannian in terms of Pliicker coordinates. The main
ingredient to the proof of the mirror theorem, Theorem 5.5, is Theorem 21.1 proved in Section 21. Namely,
in this section we work out the action on the equivariant superpotential of the vector fields X constructed
in Section 16.

Let us first fix our basic set-up regarding the torus and its action on X. Recall that TV denotes the
maximal torus of diagonal matrices in GL, (C), the general linear group in the A-model. It naturally acts
on C" and on X = Gr,_,(C™). We denote the standard basis of C™ by v1,...,v,. The weight of the
action of TV on the span of v; is denoted by €Y € Hom(TV,C*), and we have ¢V = (&Y) : T = (C*)". As
usual we think of the lattice X, (T") = Hom(T"V,C*) as embedded in the dual (h")* of the Lie algebra h"
of TV, and use additive notation for characters.

19.1. The equivariant cohomology ring of X. Our conventions regarding the equivariant cohomology
ring H} (X, C) of the Grassmannian X are as follows. First recall that the equivariant cohomology of X
is a free module over the equivariant cohomology of a point. Moreover, the equivariant cohomology of a
point is a polynomial ring

Hiwv (pt) = Clxy, ..., zp).

To be completely explicit, using the Borel construction and the isomorphism &¥ : TV = (C*)" we have

s (pt) = H*(BTV) = H*([[;_, CP*>), and our conventions are that z; is the first Chern class of the
line bundle coming from the O(1) of the i-th factor in [[;, CP>. This class z; is also the equivariant first
Chern class of the one-dimensional representation —e;" of TV, interpreted as an equivariant line bundle on
the point. Therefore we have natural identifications

Hj (pt,C) = Clzy,...,z,] = S* ((8Y)") = C[h"],

with z; = —¢).

The Schubert basis in the equivariant setting is made up of equivariant fundamental classes of certain
TV -invariant Schubert varieties in X, which we need to choose explicitly as follows. Our Schubert varieties
X* are obtained as as the closures of BY-orbits in X. Recall that Jy records the k horizontal steps in the
Young diagram X € Py, compare Section 6.1. Let Vert(A\) = [1,n] \ J\ and define [v)] € Grj,—(C™) by

[A] = (v; | j € Vert(A))c .

We define
X* = BY - [vy].

With this definition, the Schubert variety denoted by X* has complex codimension |A|, the number of
boxes in A. We denote by o7 the associated equivariant fundamental class [X*]7v € H;IQ\ |(X ).
The equivariant version of Monk’s rule involves the following linear combinations of equivariant param-

eters,

(19.1) zyi= Y @

jEVert(X)

Note that under the identification z; = —e) the x) are the negatives of the weights of the (n — k)-th
fundamental representation of GL)/(C). In particular zy,, ,, = x1+...+Z,_k is the negative of the highest
weight, and ¢ = 41 +2k42+- - -+ 2, the negative of the lowest weight. Here A4, refers to the maximal
Young diagram, the (n — k) x k rectangle.

We now consider three analogues of the ‘hyperplane class’ ¢" in the equivariant setting.
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(1) We have the T"V-equivariant first Chern class of the equivariant line bundle O(1) coming from the
Pliicker embedding,

¢i=cl (01)).

(2) In H2,(X) we also have the Schubert class 0. defined above, corresponding to the BY-invariant
Schubert divisor X”. One can check that

0% =l (O) @ Leyyy4pe,) = ¢ (O(1) = (@t + ... +20) = ( — Tp.

(3) Finally, we have the alternative equivariant Schubert class 5., which corresponds to the BY-
invariant Schubert divisor

XDZBX-U)\

submax )

where Agypmar denotes the Young diagram in Py, ,, obtained by removing one box from the maximal
Young diagram. This class is related to the other two choices by

B = (= (@14 oo Bamk) = C = a, = OB+ 00—

max max *

19.2. The small equivariant quantum cohomology of X. The equivariant quantum cohomology ring
of X is denoted by ¢H%. (X). It is defined by using T"V-equivariant versions of Gromov-Witten invariants
[54] to specify a g-deformed cup product structure on H (X, C) ® C[g]; see also [36]. In the case of the
Grassmannian X the structure of the ring ¢H7. (X) was worked out by Mihalcea [61].

We now recall the equivariant version of the quantum Monk’s rule [61, Section 1.1]. Expressed in our
conventions, this states that quantum multiplication with the equivariant Chern class of O(1), is given by
the formula

(19.2) Cxguw Oy = Za‘fw + an%v + A0,
o v

where the first two summands on the right hand side are as in the non-equivariant quantum Monk’s rule
and x) is given in Equation (19.1).

We will also need a special T"V-invariant anti-canonical divisor, X,.. Note that we have Z/nZ-action on
the Grassmannian X analogously to the one defined in Section 6.1 for the B-model. (Indeed X and X are
isomorphic varieties). The divisor X, is the Z/nZ-orbit of the divisor X©. If we denote by X©(i) the i-th
translate of X™ under the Z/nZ-action then

(19.3) Xae = | X7(i).

Note that X, is the union of n distinct hyperplanes in X, including X® (where ¢ = n) and X0 (where
i =mn — k). This is the Langlands dual version of the divisor D from (6.3).
The equivariant fundamental class [X,c]7v of X, is given by

[Xac]TV = n( — Z(l'j+1 +.. .LCjJrn,k) = TLC — (n — k) (Z (pl>
i=1

j=1

where the indices are interpreted modulo n. Hence we have

n
(19.4) [(Xaclrv *g.z 00 = nz ofv + qnz oYy +nxyopy — (n— k) (Z a:i> o,
i=1

“w v

where the terms in the first two summands are as in the non-equivariant quantum Monk’s rule.
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20. THE TV-EQUIVARIANT VERSION OF THE SUPERPOTENTIAL

By the equivariant superpotential of the target space X we mean a deformation of the usual super-
potential to a (multi-valued) map involving the equivariant parameters, which encodes structures from
the equivariant quantum cohomology of X. A torus-equivariant version of the superpotential for general
type partial flag varieties was introduced in [79, Section 4], where it was denoted Fp + In(¢), and was
shown to recover the equivariant quantum cohomology rings in their presentation due to Dale Peterson
[69]. In this section we express this equivariant superpotential, in the special case of the Grassmannian
X = Gr,_(C™), in terms of the Pliicker coordinates on the mirror Grassmannian X°.

We may think of the superpotential W : X° x C, — C as a section of a trivial line bundle C on X° x Cy-
The TV-equivariant version of the superpotential will be a multi-valued section of the trivial vector bundle
C®hon X° x Cy, so a multi-valued map

. W,
wea: %0 x ¢ U cap,
We give our new definition of W*° in the Grassmannian setting first, followed by the original, more

general definition of the equivariant superpotential for homogeneous spaces from [79]. Then we will demon-
strate that the two are equivalent when the homogeneous space is a Grassmannian.

Definition 20.1. Recall that we have a natural identification of h with HZ, ({pt}) which sends —&) to
the equivariant parameter x;, see Section 19.1. We define Wed : X° x C, ——Cahbby

(20.1) W =W+In(q)(x1+. ..+ Zn—k) +In(py, ) (@2 —21) +In(py, ) (23 —2) +. .. +In(py, ) (Tn —Tp-1),

where W is as in Definition 6.1 and we keep in mind that p,,, = py = 1. Therefore In(p,, ) = 0.

Note that we have ;41 — x; = aiv and 1 + ...+ Tp_p = fwrvkk, since the equivariant parameters are

related to the usual basis of h by x; = —¢).

Recall the notations from Section 6.2. We have isomorphisms

Xexc: & BonUTYrapay U, S R x C:.
(Pb, Oén_k(t)) — b= ultu')pu')o_lu2 — (waB_, Oén_;g(t)).

Note that B_ N U TWPupiy ‘U, is a subset of the Borel subgroup B_ of GL,(C). Let 7 be the
projection B_ — T sending an element of the Borel subgroup B_ = TU_ onto its torus factor. We add
this map to the diagram above, giving:

XexC; & BonUTWrupig Uy 2B RxCL
b
T

The inverse to exp : h — T defines a multivalued map
Inp:T —0b
Definition 20.2. [79, Section 4] The equivariant Lie-theoretic superpotential
FAU:RxCy———Coh

is defined by adding an h component to the superpotential 7 : R x C; — C from Definition 6.3 as follows.
Consider the composition
(I)ZIHTOTFOQ/};El R xC, —b.
Then
Fh=F+ .

This definition is a slight variation of the definition of the equivariant superpotential from [79], the
difference stemming from the fact that [79] considered the maximal torus of PSL,(C) whereas here T is
the maximal torus of GL,(C). Composing with the map Chh — CEhpgsy, defined by quotienting out the
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center of gl recovers the original equivariant superpotential from [79, Section 4] associated to the action
of the maximal torus of PSL,(C). (This equivariant superpotential is denoted Fp + In(¢) in [79].)

The main goal of this section is to prove the following comparison result.

Proposition 20.3. With the definitions as above, the following diagram commutes,

XexC; &5 BonUTWrupig U, 2B RxCL
L wea L Fe
Cob = Ceoh.

Therefore the equivariant superpotentials (X°, Wed) and (R, Fg9) are equivalent.

This proposition is an extension of Proposition 6.7. We begin with some remarks. Let b = u;twpuy le
B~ NULTWPipiiy 'UT. Then, by Proposition 6.7, we have

F(Yr(b) = F(¥n(b)) + Inr(w(0)

(20.2) zzwqu@»—kiéxﬂnwn%
i=1

where b;; denotes the ith diagonal entry of the matrix b. Looking at (20.1), we see that to prove Proposi-
tion 20.3, it is sufficient to show that the following holds, where ¢ = a,,—x(t):

(20.3) D wiln(bis) = In(g) (@1 + .+ 2ag) + (2 = 22) (P (PH)) + (5 — 2) (P (PD)) + ...

+ (@n — 1) In(py,_, ,, (PH)).
Note that, since u;,us € Uy and t € TWP, we have

AL ) = AR (g i prig Hun)

- A{T;}k“’”] (urtprig )

o A[n—k+l,n]
o ]

1k (tipirg ') = 1,

where the last step is an easy calculation. Since our convention is that py = 1, it follows that, for
1=1,...,n—1,
—kt1,
P (Pb) = ATTH(D).
Thus, (20.3) is equivalent to

x;In(b;) =In(@)(x1 + ... + Tp—g) + (22 — 21) In (Ag,nlkarl’n] (b)) +
(20.4) i=1

¥ (23 — a2) IH(A[JZ—HLTJ O)+...+(xp —xp-1)n (A[}i—_kﬂ,n] (b)) .

1

To prove (20.4), we will write the diagonal entries of b in terms of the minors A!Z_kﬂ’n] of b.
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Lemma 20.4. Let b = u tipiig ‘ug € B~ N U TVPipig Uy, with ¢ = an_g(t). Then, for 1 <i<n,
we have the following:

n k+1n](b) ‘ .
. an](b) if2<i<n-—k;
An k+1n](b)
m fn—k+1<i<n-—1,;
AlELR ) ifi =,

Proof. Write b = ultu')pwalug, with uy,ues € U and t € TWP . Then b1 = u;lwowglt—lu;l. Hence,

Al (uy 1w0wplt b

— [1,4]
(6™ Ni = 15
AHz H(“z Hiigtp 1)
SO
AP s Yt
N Ve et
(20.5) bii = NS T
1, l}(uz o p )
Recall that ¢ is a diagonal matrix with
b q, if1<i<n-—k
)L, ifi4+1<i<n.
We claim that, for 1 <i <mn,
g AL gy, if1<i<n-—k
(20.6) Al (ug Mgt = $ gmmR Al g ey <<
g R, if i =n.

The result then follows from (20.5) and (20.6).
To prove the claim, we consider each of the three cases. We suppose first that 1 <i <n — k. Then

AR (uz Moo 1) = g7 AL (ug Mo )
—i i 1,2
=q (-1 *A k-i-]l k1] (uy 1)

—1 7 i+k n
= ¢ (=)= Al ),

where s = (1+24---4+4)+ ((k+1)+ (k+2)+---+ (k+1)), using Jacobi’s Theorem for the minors of an
inverse matrix in the last step. Noting that s is congruent to ¢k mod 2 and that us is upper unitriangular,
we obtain:

1,2 71 1,k
A%l 1} (u2 ’LU()UJP t 1) = A{z+1] 1+k]( )

_ —iAln—k+1,n] .1
1A[z+1 i) (twpwo U/Q)

= q’iA,[Z ),

as required in this case.
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Next, suppose that n —k 4+ 1 <47 <n — 1. Then we have
AH ﬂ (uy Miop't ) = ¢~ (= k)A[l ; (u2 Moty
_ n—k k(n—k) A [1,4] -1
=4q = )( 1) ( )A[k+1 n)U[L,i+k—n] ( )

_ —(n—k k(n—k)+(n—k)(i+k—n [1,4] —1
q ( )(_1) ( I+ ot )Alerk n, U[k+1, n]( )

—(n— n— n—=k)(i n i+k—n+1,1 _
e A )
using in the last step the fact that ug 1 is upper unitriangular. Applying Jacobi’s theorem, we have:

1,0 1, —(n— 1,k
Ah l} (ug o) = g~ k)(71)tAhi]+k_n]U[i+Ln](uQ),

where
k i+k—n n—i
t=k(n—k)+n—k)(i+k—n)+> j+ > j+> (i+])
j*l j=1 =1
k n—i
—k(n—k)+(n—k)(i+k—n) +Z;+ S oG-nti)+ ) (i+7])
7j=1 j=n—i+1 j=1

k
=k(n—k)+(n—k)(i+k—n)—n@i+k—n)+ Zj+Z(i+j)

1
=k(n—k)+n—-Kk@G@E+k—mn)—nli+k—m)+k(i+k+1)
=2kn —k(k—1),
which is even. Hence

1 —(n—k) 1,k
A%l z} (u2 wow 1t 1) =4q ( A%l H]Jc n]Ufi+1, n]( )

—(n—k) A [n—k+1,n] .1
( )A[l it+k—n]U[i+1,n] (wpig ' uz)

—(n—k) A [n—k+1,n] L.
( A[1 i+k—n]U[i+1,n] (U]t’LUp’LUO u2)

q*w*’“ Al )

i

as required in this case.
Finally, we consider the case ¢ = n. We have:

AlLnl (uz—lwowglfl) — g~ (PA } Z% (u2 i )

(1,n]
_ n—k E(n—Fk) A [1,n] -1
=q = )( 1) ( A[k-}-l n)U[1, k]( )
= "I ()R DR AR (uy )
=q "M,

since uq L is upper unitriangular. The result is shown.

Proof of Proposition 20.3. By Lemma 20.4, we have:

Z ;i In(by) = In(q)(z1 + x2 + -+ Tp—g) — 1 1In (Agﬁkﬁ_lm] (b))

+ 2, 1n (A[n R n](b)> + Z (ﬂcz In (A!Z;kﬂm] (b)) —z;1n (A[Zﬁkﬂ"n] (b)))

— In(@)(o1 + 3+ i) + ((x,-+1 —z;)In (A[}j—’f“’"](b))) .
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Hence (20.4) holds, and we are done. O

21. ACTION OF THE VECTOR FIELD: TV-EQUIVARIANT CASE
In this section we prove the formulas needed to complete the proof of Theorem 5.5.

Theorem 21.1. Let A\ € Py, ,,. Then we have:

(¢)

[qagqpkw] - (me] +q2[pyw]> + oalpawl,

n v
and

(b)

—E[WPAW] = |Al[paw] — g <Z[puw] + Q[puw]> - gxx[mw Zx] [paw],

m

where, in each case, u, v are exactly as in the quantum Monk’s rule for o= *q o

To prove Theorem 21.1, we compute the action of the vector field X\ on Wy9. Note that Wy =

W, + W9, where

N n—1

Wt =1n(q) (w1 + 22+ + Tng) + 3 _(Tig1 — ) In (p,) -

i=1
Recall that
Iy = Z ZT;.
1€ Vert(\)

In particular, we have x =1+ Tpk-

max

Lemma 21.2. Let m € [1,n]. Then

Z CE\m)(ﬂi)(xi—‘rl — i) = 2x = (Tmi1 + o+ Tngn—k)-
i=1

Proof. We interpret the subscripts of the p; modulo n, with representatives in [1,n]. We have:

ZCA (i) (wip1 — ;) = Z (Cg\m)(/uA) _ C&’”(M) x,

i=1

(m)

(m) (un) = ¢y " (0) = 0. Thus the statement in the lemma is equivalent to the statement:

noting that c)

07 1€ Vert()\) [m+1 m-+n— ]7

(m) (m) N -1, i¢Vert(N\), i€[m+1,m+n—Ek|;
(i) =7 = e ey, i ¢ ]
¢ k]

b

0, i¢Vert()), i m+1 m+n—kl,
for all ¢ € [1,n]. We first show that this holds for m = n, i.e. that:
0, i€ Vert(N), i€[l,n— k[
-1, ¢ Vert(A), i € [1,n— kl;
21.1 i—1) — i) =
(2L.1) enlpi-1) = ex(pu) 1, dieVert(N), i € [1l,n—k];
0, i & Vert(\), i & [1,n — K],
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for all ¢ € [1,n]. Note that Lemma 18.3 can be restated as:

1,4] \ Vert(\), 1<i<n—Fk
(21.2) exlpa) = 1,4 \ Vert() ‘
[i+1,n)NVert(A), n—k+1<i<n.

For i = 1, we have ¢)(un) — ea(p1) = —ca(p1) and the result follows from (21.2). For 2 < i < n —k, it
follows from (21.2) that cx(ui—1) — ex(pi) = 0 if ¢ € Vert(A) and is equal to —1 if ¢ & Vert()\), giving the
result in this case. The case n — k + 2 < i < n is similar, leaving the case i =n — k + 1.

We have, using the fact that | Vert(\)| = n — k,

ex(tn—k) — ex(tn—k+1) = |[1,n — k] \ Vert(\)| — |[n — k + 2, n] N Vert(N)|
=n—k—|[1,n—k]NVert(\)] — |[n — k 4+ 2,n] N Vert(\)]
_Jn—k—|1,n—=kNnVert(\)| = |[n — k+ 1,n] N Vert(A)| +1, n—k+1¢& Vert(N);
\n—k—|[1,n—k NVert(\)| — |[n — k4 1,n] N Vert(\)], n—k+1¢Vert(\);
)1, n—k+1¢€ Vert(\);

)0, n—k+1¢ Vert(\);

as required. For arbitrary m € [1,n], we have, recalling the definition of CE\m) (equation (16.2)) and
using (21.1),

A" (nio1) = " (1) = cxom (m@) — Caem) (Mf-"”)

0, i—m¢€ Vert(A\"™), i —m € [l,n— k;
(21.3) )1, i—m ¢ Vert(A™), i —m € [I,n— k];
), i—m e Vert(A\™), i —m & [1,n — k|;
0, i—m¢Vert(A\™), i—m¢[1,n— k.
The result then follows from (21.3), noting that Vert(A(™)) = Vert(\) — m (working mod 7). O

Proposition 21.3. Let A € Py . Then:
Xim)wfq = (#x = (Tm+1 + -+ Timtn—k))Dx-
Proof. For any i € [1,n],
g 1 1
——1Inp, =1,
pl’«l 517/“, p#z
Hence, by Lemma 21.2,

n—1

Xﬁ\m)W;q = Z Cg\m) (Mz)a;/p)\ = (33)\ - (an—l +-- xnz+7t—k>)p>\a
=1

Proposition 21.4. Let A € Py, and m € [1,n]. Then we have:

Sa ] = (me] ta Z[M) 2@~ @t 4 T i)

— Ca(m) (Q(m)) [paw],
Proof. Arguing as for equation (18.3), we have the following:
. 1
(21.4) [d (igw)] + - (& WY w] =0,

for a regular vector field ¢ on X°. We will apply this in the case £ = Xg\m), for each m € [1,n].
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By Lemma 18.2, we have:

(21.5) [d (z‘X@) w] = —cyom ((2)(’”)) pae],

giving the first term in (21.4).
For the second term, we first note that, by Theorem 17.3, we have:

-
(21.6) XMW, = <Zpu + qu"> —q pim P
14 v m

By Proposition 21.3, we have:

(21.7) X/(\m)rV[V/;q = (xx — (Tma1 + -+ Tintn—k ) )Pxr-
Combining (21.6) and (21.7), we obtain:
ke e 9 p,\m
D A P OUe) W) B S A
M v m

Substituting (21.5) and (21.8) into (21.4), we obtain:

lqémn [ii:mw] - <Z[ ] + q;[puwo +§($A—(17m+1+' “+ Tmgn—k)) [PAW] = Cxom) (Q(m)) [paw],

z z
“w
as required. 0
We can now prove the following enhanced version of Proposition 5.1.

Proposition 21.5. The Jacobi ring of (Xo,Weq) is isomorphic to the equivariant quantum cohomology
ring ¢H% (X, C)[g™1] via an isomorphism which satisfies

[pA] — U%v )

Moreover this isomorphism sends the summands of W to equivariant fundamental classes of TV -invariant
divisors XB(i) from Section 19.2. Namely fori #n —k,

E‘Z} = [X(0)] v,

and fori=n—k
q [pﬁ"k] = [ XP(n — k)]rv =5y
pltn—k
noting that XP is the (n — k)-th shift of X©.

Proof of Proposition 5.1. By the comparison result, Proposition 20.3, together with [79, Theorem 4.1] and
Peterson’s theory, see [79, Corollary 4.2], we know that the Jacobi ring of (X°, Wg4) is isomorphic to the
quantum cohomology qH%. (X, C)[g™!] via an isomorphism of graded (compare (8.11)) rings, which fixes
the z;. Moreover the image of p) is O'%V up to possible summands in the ideal generated by the equivariant
parameters, by Proposition 9.2. Therefore the py form an additive basis of the Jacobi ring as module over
Clz1,. - Tn,q,q7 Y.

Consider (21.8) from above. Recall that pr,, = pp = 1, see (12.2). Setting m = k we obtain the following
relation in the Jacobi ring of Wg4,

(21.9) PaPr=D Puta pu+ (@x— (@ks1+ o+ 20))px.
n v

For example (assuming n — k > 1), we have

(Pa+ (Ths1 + -+ 2n))Po = P + Pg + TaPa,
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in the Jacobi ring, which we can compare with the relation from the equivariant quantum Monk’s rule,

C g Opv = O7v + O’?«v + Tr0Fy -
It now follows from (21.9) by [61, Corollary 7.1] that the isomorphism from the Jacobi ring to quantum
cohomology must take py to O’%v.

In particular py maps to [X%)pv. The equation (21.8) for A = @) implies the identity in the Jacobi ring,
if m # n,

pz..
]? =pa+ 29— (Tmi1 + -+ Trngn—t),
and for m = n the identity,
-
qpi" =po+ @rp1+. Fxn) — (@1 + . Tpeg).
Therefore under the isomorphism with quantum cohomology we have
Pz
L — C (mm-‘rl +...+ xm+n—k)
pPrL,,
and -
qﬂ = (— (14 ...+ Tpok).
bL,
Since the Z/nZ-action on X = Gr,_;(C*) comes from the cyclic permutation of the basis vy, ..., v, of C",

and fixes ¢, the equivariant Chern class of O(1), we have that the fundamental class [XZ(m)]rv is related
to
[XD]TV =(— ($k+1 + ...+ l'n)
by cyclic permutation of the equivariant parameters. Therefore
(X"()]rv = ¢ — (Tpgivr + -+ Tnyi)

with indices taken modulo n, and this agrees with the image of

P _ Priss

Ppu; PLiys

respectively of

Pim _ P,
q =q )
Prp—k prL,
if i = n — k, which was to be proved. |

Finally, we complete the proof of Theorem 21.1.

Proof of Theorem 21.1. Putting m = n in the statement in Proposition 21.4, we obtain:

(Z[PW +q Z[Puw ) TA = T ) [PAW]-

q[

We also have:

owed ow n
=q— +z
- an max
and part (a) of Theorem 21.1 follows.
For part (b), we use Lemma 18.4 and the sum of the cases m = 1,...,n in Proposition 21.4. O

Proof of Theorem 5.5. The free basis lemma, Lemma 9.3, also has an equivariant version. This is just
obtained by replacing C[z*1, ¢*1] by Hz. (pt)[z*!, ¢*!], which does not affect the proof. Theorem 5.5 now
follows from Theorem 21.1 and the equivariant free basis lemma. O
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