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Abstract

This paper presents a coupling method of the level set and volume of fluid
methods based on a simple local-gradient based re-initialisation approach that
evaluates the distance function depending on the computational cell location. If
a cell belongs to the interface, the signed distance is updated based on a search
in the neighbouring cells and an interpolation procedure is applied depending on
the local curvature or the sign of the level set function following [D. Hartmann,
M. Meinke, W. Schroder, Differential equation based constrained reinitialisa-
tion method for level set methods, J. Comput. Phys. 227 (2008) 6821-6845].
The search algorithm does not distinguish between the upwind and downwind
directions and hence it is able to be used for cells with an arbitrary number of
faces increasing the robustness of the method. The coupling with the volume of
fluid method is achieved by mapping the volume fraction field which is advected
from the isoface evolution at a subgrid level. Consequently, the coupling with
the level set approach is utilised without solving the level set equation. This
coupled method provides better accuracy than the volume of fluid method alone
and is capable of capturing sharp interfaces in all the classical numerical tests
that are presented here.
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1. Introduction

1.1. Scope

In implicit methods for calculating the interface between two fluids flowing
in a fixed mesh, the interface is captured using a scalar field advected in space.
The scalar field (marker) has to be intrinsically connected to the absence or
presence of the liquid phase. These methods are easily extended into three-
dimensions but might require fine meshes to resolve the interface. The same
limitation holds for front-tracking methods. Here, we are interested in inter-
faces for multiphase flows such as bubbles, droplets, and jets for liquid/liquid
and liquid/gas interactions. The most commonly cited implicit methods are the
volume of fluid method (VOF [IHIT] and the level set (LS) methods [12H20].
The level set formulation is utilised by transporting a continuous function, as
in the VOF method. The level set method has been developed for an accurate
representation of complex interface and boundaries for a wide range of appli-
cations including among others the areas of shape optimisation [2I], computer
graphics [22], medical imaging [23], grid generation [24], seismology [25], and
superconductors [26]. For fluid interfaces, and particularly in the two-phase
flows considered in this paper, the interface of the fluid is defined by the zero-
level of a signed distance function and the level set method provides an accurate
representation of the curvature of the interface. One common characteristic of
this method and VOF is that the user does not need to modify the method re-
gardless of the complexity of the geometry since both VOF and level set adjust
naturally to any topological changes. One of the main differences between the
two methods, is the transition from one fluid to the other, which in the level set
method occurs gradually rather than as in the volume of fluid approach where
the interface exists in a one-cell layer in between the two fluids.

Despite its efficiency in calculating the interface, the level set method has
the shortcoming that mass conservation is not guaranteed. This barrier can
be overcome by coupling the method with the volume of fluid approach which

is conservative, with the level set being highly accurate. This idea was im-
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plemented first by Bourlioux [27] and Sussman and Puckett [28] giving a new
method, the coupled-level-set-volume-of-fluid (CLSVOF) approach. Use of the
CLSVOF showed that advecting both the volume fraction and distance func-
tions can conserve mass increasing the accuracy of VOF, and providing the basis
for different variations of the level set method which have been used in chemical
process, aerospace and automotive industries.

The coupling of these two approaches does, however pose challenges for the
interface reconstruction and the re-initialisation procedures that have to be ad-
dressed to successfully simulate fluid flows in the case of three-dimensions or non-
orthogonal meshes. In [29] a piecewise-linear interface construction/calculation
(PLIC) method is described for advecting the interface, with the level set func-
tion used to calculate the curvature. The volume of fluid in a computational cell
defines a plane, which is constructed by the intersection points with the cell.
The signed distance function is taken as the minimum distance from a finite
volume centre to an interface-plane that is defined by a stencil of cells. This
VOF-PLIC approach was developed for unstructured meshes in both two and
three-dimensions. A similar approach was employed in [30] where the LS-VOF
coupling evaluated the level set function from the minimum distance from an
arbitrary cell centroid to the zero-level. In addition, no special re-initialisation
process was employed, following the geometric operation proposed in [3I] (the
so-called coupled volume of fluid and level set, a.k.a. VOSET, method) to cal-
culate the level set function near the interface. The VOSET method can be
applied to accurately compute the curvature and smooth discontinuous physi-
cal quantities near the interface for both structured and unstructured meshes.
A different LS-VOF coupling suitable for overlapping and moving structured
grids was proposed in [32] using a PLIC method for the advection of the volume
of fluid approach. The interface was advected using a hybrid split, Eulerian
implicit-Lagrangian explicit interface advection scheme which provided good
results for the classical test of a deforming three-dimensional sphere. In [33]
the idea of flux polygon reconstruction using vertex velocities was employed to

evaluate the VOF function. The computed volume fraction was then corrected
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by a flux corrector estimated using the face velocities. The level set function
was advected by a high order total variation diminishing (TVD) scheme and
then re-initialised in a narrow band around the interface with a geometric pro-
cedure. In [34] the idea of the area of fluid was employed for advecting the
volume fraction developing an iterative clipping and capping algorithm for the
coupling of the level set and volume of fluid methods. Both the LS and VOF
functions are advected by solving a transport equation for each one of them: the
volume of fluid is advected employing an interface compression scheme whereas
the LS function uses a van Leer TVD scheme. Despite its efficiency in calculat-
ing the interface, the LS method has the shortcoming that mass conservation
is not guaranteed. This barrier can be overcome by coupling the method with
VOF approach which is conservative, and the LS which is highly accurate (see
[27] and [28]). In [35] a conservative LS method was developed, which has been
demonstrated to conserve mass. This has been the basis of different variations of
the LS method which have been used in multiphase flows [34, B6H38]. Coupling
the volume of fluid with level set it is possible to combine the benefits of both
methods providing an improvement in capturing of the sharp interface with a
reasonable accuracy for mass conservation. The ultimate purpose of the correct
advection of the level set is the accurate calculation of curvature and mixture

properties, in line with the one-fluid approach.

1.2. Objectives

This paper presents a novel coupled LS and VOF method capable of simu-
lating the interface of two fluids, of different properties. The first part of the
method is the re-initialisation step of the signed distance function. All tradi-
tional level set methods face the problem of finding the proper values of the
signed distance function, v, which satisfy the Eikonal equation, V| = 1. This
is usually done by solving the level set equation with a high order approach in
time and space to minimise the error, and re-initialising the distance function
to avoid the displacement of its initial value vy [39]. In this paper a partial

differential equation re-initialisation method is presented based on the works of
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Russo and Smereka [40] and Hartmann et al. [41] which allows the simple and
efficient calculation of the distance function across the interface. The presented
formulation is second-order in space and constructed for computational cells
of arbitrary shape, and is tested for both structured and unstructured meshes.
The initial value of the distance function %, in the coupled volume of fluid and
level set methods is derived by advecting the volume fraction with either an
algebraic or a geometric method. The VOF method for the research presented
here, considers the motion of an isoface in a computational cell and advecting
it, using the isoAdvector method proposed in [42] and implemented in the open
source CFD code OpenFOAM [43]. The isoface is properly advected within a
time step, estimating the volume transport across a face before moving on to
the next time-step solution. The complete volume fraction advection algorithm
is described in detail in the following sections. The coupling of the LS and VOF
methods is developed here within OpenFOAM and is done without the need
to solve the LS function equation. The approach maps the volume fraction to
1o directly from the VOF step, and then corrects the signed distance function.
In order to preserve its distance function character, the level set function is
re-initialised in two parts. First, the distance function is calculated for the cells
at the interface and is mapped to the level set function. In the second part the
re-initialisation equation is solved for the cells adjacent to the cells at the in-
terface [39, 41]. Comparisons of the VOF and the coupled LS-VOF for classical
numerical tests reveal that the LS step improves the accuracy of solution and

boosts the ability of the method to capture sharp interfaces.

2. Motivation and methodology

2.1. Lewvel set method

The interface which separates the two fluids is represented by the level set
function 9 (x,t). Depending on whether a given point (x,t) with a normal

distance to the interface d, exists in one fluid or the other, 1)(x,t) is defined as
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¥(x,t) = +d, or ¥(x,t) = —d, respectively. The interface I' is then defined as

the set of points that belong to the zero-level, as follows

I' = {x|y(x,t) = 0} (1)
The level set function is then a distance function that is defined wherever an

interface exists. The distance function can be advected using

99
ot
where u is the velocity field. The above equation can be solved using any high

fu-Ve=0 (2)

order scheme for hyperbolic systems of the ENO (essentially non-oscillatory)
schemes family or the Runge-Kutta method [44]. A similar advection equation is
used for the marker function in volume of fluid methods. Adding extra algebraic
terms to the right-hand side of this advection term, compresses the interface,

leading to conservative forms of both methods [35] 45].

2.2. Re-initialisation step

Although the distance function is advected well for ¢ = 0, it tends to fail to
remain an actual distance function when solving Eq. because of the very
small or large values the magnitude of the gradients |Vi| might attain on
either side of the interface compromising accuracy [46]. Consequently, a re-
initialisation step is required for the -equation [39]. This is an extra step to
straighten the distorted shape of the function v, which might be caused by the
numerical solution of the convection equation or by the complicated fluid veloc-
ity fields. With the re-initialisation step the LS function and the shape of the
interface can be preserved as much as possible throughout the simulation. This

is achieved by solving the following Eikonal equation [15]

—_— = 1-|V 3
1 sn(w)(1 — Vi) g
where sgn() is the sign function. The new corrected distance function, 14, is
calculated iteratively knowing 1 which is used as an initial guess in the re-

initialisation process, ¥4(t = 0) = ¢. In Eq. , T is a fictitious time-step
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which can be associated to the grid resolution. Previous studies suggest vari-
ous values for 7 (see [36] 41]) and 7 = 0.1Ax is considered in this study. The
re-initialisation equation can be solved in steady state and ideally converges
to |Vipg| = 1. Previous numerical works have addressed the re-initialisation
problem providing algorithms for either structured [40, [41} [47] or unstructured
computational meshes [48]. In this study, we choose to incorporate and employ
for unstructured meshes the algorithm of [41], which is a partial differential equa-
tion based localised method, which imposes the zero-displacement constraint on
the zero LS. If dp is the desired signed distance function at the interface for cell
P, then dp is the value of ¥ that has to be used to properly advect the LS func-
tion. An initial guess, dp of the distance is required during the re-initialisation
step. In [40] a central difference scheme was suggested based upon the knowl-
edge of the upwind or downwind cells of cell P. However, in [4I] a modified
expression for dp was utilised by imposing additional conditions that depend
on how the LS changes along the three co-ordinate directions z,y and z. In
this present study, the distance function is calculated first for the cells at the
interface and is then used to update the level set function. This is done using
first order expressions as proposed in [40]. The Eikonal equation for ¢ is then
solved in a narrow band of cells adjacent to the cells that belong to the interface
[41]. The algorithm starts by searching for all the cells at the interface I" of the
two fluids and performing the re-initialisation step. The algorithm is as follows:
Step 1: For all cells P at the interface T', the signed distance function dp is esti-
mated first using the values of the level set function before the re-initialisation,

denoted for cell P by Qﬁp. It can be written that

1/2

dp =1p/ | (Octhe)? (4)
¢

,where 6@[}4 is the discrete derivative in the ¢ direction [47]. The maximum
between the central and upwind differences can be used for calculating the
derivatives in this expression [40]. In the present study, upwind differences

are considered, employing some of the neighbouring cells. First, a search is
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performed for all the faces f of the cell P and if a neighbouring cell N that shares
f with P also belongs in I', the discrete derivative of Up, 8)012)}9, is calculated
as:

vp — YN

dphp = pr—

(5)
Let the number of all these I'—neighbours be Npr. Then we use Npr discrete
derivatives. In the case of both upwind (¢;_1) and downwind (;11) cells be-
longing to the set I', then both differences are considered in the expression for
dp. Since, 2[(0i—1ti—1)% + (Di410i11)%] > [(ig1 — ¥i_1)/Az]?, and given the
fact that we cannot have more than | Npr/2| pairs of such central differences,
the sum of all these central differences for cell P in z,y,z (the right part of
the above inequality) will be no greater than the quantity in the denominator
of the signed distance function dp in Eq., considering all the Npr faces e.g.
Npr [Zf(afng)ﬂ 1/2. For the tests presented here, we use this expression for
calculating ch. We use these Npr derivatives to calculate the target value of
the LS which can be written as:
i e

(N 2op 2y (O5.905,)2)1 /2

Note that the summation in Eq.@ is performed through the cell faces and thus

(6)

Npr is less than or equal to the number of faces of the cell P. The above
expression for dp is bounded by the special case of a three-dimensional struc-
tured mesh introduced in [41] for Cartesian meshes with pre-defined directions,
x,v,2z. The upwind discretisation was employed in [41 47] and was proven capa-
ble of avoiding any oscillations at the interface that could be caused by central
differences.

Step 2: The following step is performed for all the cells in T' that have
negative curvature x (calculated from the interface normal n, x = V - n) or
satisfy the condition £ = 0 and ¢ < 0, (following [41]). A search is considered
for all the neighbouring cells that share the same face f; with cell P that have
an opposite sign for ¥p (for instance, the neighbours Ny, Ny in Fig. Let
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the number of these cells be Mp, then, the signed distance function and LS
functions dP,’LZ)P for the cell-centre P are interpolated with the same second-

order operator as in [41] as:

1 Ux
(d)p = My Z df,
k=1
5 (7)
- 1 L.
(1/))17 = Mip Z Q;Z)fk
k=1
Assuming that the ratio of the LS function with its interpolated value re-
mains the same as the ratio of the signed distance value with its interpolated
value, the position of the zero-level is fixed (a constraint imposed in [41]). The
target value of the LS function is then calculated as [41] 47]
M
Zkzpl dfk

qu/) Mp

P =
Zk:l wfk
where the summation in Eq. is performed over all the M cells that are

(8)

neighbours of the cell P, at a face f, with a corresponding dy,, such that
Ypr, <0 (¢, is calculated at the cell centre of the neighbouring cell).

Step 3: The LS function for cell P is updated at the interface according to
¥p = dp, as suggested by [41].

Step 4: The re-initialisation equation is solved for the rest of the cells ad-
jacent to the interface T' but with a marker function value equal to 0 or 1 (see

Fig. Eq. is then solved in steady state:

Y=g = ATS($)(IVY| - 1) 9)
where S(1)) = ¥/1/¥? 4 |Vi)|2Ax? is a modification of the sign function and
Az is the cell size. The gradient magnitude is |Vi)| & Hg(DEw", DZ%/J") is the
Godunov-Hamiltonian of the LS function from the previous iteration through
all faces of the particular cell. Here, the terms DE@ZJ", DZ%/}” are the first or-

der approximations of the gradient of 1 along the (—direction, { = x,y or z

10
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depending on whether the upwind ”-” or the downwind cell is considered ”+”

Yi —Yita ton _ Vi1 = W7
TAC D" = AC (10)

—n

D:y" =
The need to use first order terms arises from the large gradients across the inter-
face that require an accurate and stable method of calculating Hg. The above
formulation is the basis for various fast marching algorithms with structured
meshes, e.g. [I5 28, 41]. Here, the normal gradient of the level set function V]%

is calculated for all the faces f based on the orientation of the normal at the

face. In general

V= Qeorr (0P — P) /IACIE + (€ = eorr AO V(1) (11)

where o is the inverse cosine of the angle between the cell centres and the
normal face, and V(¢) is the linearly interpolated gradient at the face f. This
expression is used for meshes that non-orthogonality is high, and for orthogonal
meshes the second part of the right-hand-side is omitted. Following [34] in the
case of unstructured meshes, one possible approach is to select the upwind cell
from all face-neighbouring cells of the central cell P as the one whose centre
position is closest to the line through the centre and downwind nodes. If the
position vector is A( and the unit vector is denoted as é , then if ¢ < 0 and

AC~CA<()or¢>OandAC~§>0wehave:

ac = min (Ve ) (12)

If¢p <0and AC-C>0o0r ¢ >0and AC-¢ <0 then:

ac = max (V}‘w : é) (13)

The Hamiltonian-Godunov term is simply calculated as

Hg = \/max(ai) +mazx(a2) + maz(a?) (14)

For the test cases presented here, no significant difference was observed using

an explicit calculation of the gradient of ¢ in Eq. @ This can be performed for

11
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unstructured meshes for a cell P with volume V() faces f and surface vector

Sy using:

P 1
vy = VB ZWSf (15)
f

The steady solutions of Eq. @ are distance functions. Furthermore, since
sgn(0) = 0, then 94(x,7) has the same zero-level as 1.

The fictitious time step for the steady state iterations A7, has to be chosen
so that an accurate value of the LS function is obtained within a reasonable
number of iterations. A7 can be a fraction of or equal to the mesh size, Ax
[34, 40]. For the simulations performed in this study, AT = O.l(AxAyAz)% has
been chosen.

A fixed small number of iterations is needed in practice to guarantee the
distance function property near the interface. Following [46], the number of
iterations depends on the thickness of the interface 2e Az, with € being the layer
of cells across which the re-initialisation step takes place (the correction is kept
local). The iteration process can stop after 2e time-steps, and a value of e = 1.5
is chosen here so that the interface is spread over a thickness of three cells
(see also Step 4). Finally, for both formulations, Eq. and Eq.@[)7 the initial
value 1o(x) = 1(x,0) can be taken from the volume fraction a assuming the
interface position is at the iso-surface contour a-0.5, (as in [49]) and is written

as a function of the cell size [36].

2.8. Utilising the one-fluid approach

Having calculated the LS function, the mixture properties such as density
and viscosity can be evaluated with the one-fluid approach. The two fluids are
treated as one fluid with properties that change across the interface [7]. To
achieve numerical robustness, a smeared Heaviside function, H, is used [35]

defined as

12



eSteps 1,3 .

W<0 i wso

Figure 1: Steps 1-4 performed for a computational cell P in a non-uniform two-dimensional

mesh.

Figure 2: Steps 4 performed for a computational cell C' that does not belong to I'.

0 if ¢ < —e
H($) = 93 [14+ 2%+ Lsin(T2)] if [ <e (16)
1 ify > e

20 The pseudo-fluid properties can be then calculated as

p=p1H+pz2(1—H) (17)

p=pH+ pz(1— H) (18)

25 The surface tension force acting on the interface is calculated as [36] 50]

13
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Fy = or(4) Vi (19)

Here §() is the Dirac function which is employed for limiting the effect of the

surface tension force in the vicinity of the interface, a region with thickness e

S0 — 0 if [¢h] > € (20)
- = {1 + cos (%)} if [Y[ <e

The curvature and the gradient can be discretised (since 1 is a continuous

function) and the surface tension can be calculated at the cell faces using

Fy = (00); 5 (6)VF4 (21)

2.4. Numerical formulation of coupling Volume of fluid and level set methods

The initial value 1y used in Eq. [3]is the starting point for the re-initialisation
iterations and the link with the VOF method. A straightforward approach
without solving the LS equation [36], [49] is to use

Yo = (2a— 1)Azx (22)

In the above initial value the a—0.5 iso-surface is used as a starting point for
the signed distance function. The percentage of the interface thickness, Az
here equal to 0.8Az, is introduced for numerical robustness and gives a g
value within (—e¢, €) for the cells belonging to I'. The volume fraction « can be
advected with various methods [46} [5IH53]. The advection of the volume fraction
depends on the normal to the interface, usually performed employing values in
the neighbouring cells by selecting the orientation of the interface. The coupling
methods used with the VOF approach in [34] B6] use a transport equation for
the volume fraction with the MULES limiter. Even with the addition of an
extra term for compressing the interface, a(1 — a)U,., where U,. is the relative

velocity between the two fluids [45], the interface might still diffuse as previously

14
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shown in numerical tests in [30, 42], which can be limited, coupling this scheme
with a level set method [34].

The approach in [42] is used to advect the volume and the surface submerged
in one fluid inside each cell at the interface. The idea is that after every time-
step, the iso-surface inside a computational cell (at T') splits the cell C' with
volume V¢ into two different parts: one occupied by fluid 1 with volume frac-
tion « and the other one filled with fluid 2 with volume fraction (1 — «). Let
X1, X, ..., X} be the nodes of a cell at the interface, as in Fig The sub-grid
face defined from the line connecting all the intersection points x,, of the iso-
surface and the cell edges, the isoface, is assumed to be advected with a velocity
equal to the velocity of the previous time step and is calculated by solving the
momentum equation. The points z,, at a cell edge (X;X;) can be evaluated

from

fm:Xk‘f')\oz(Xl_Xk) (23)

where A, is a weight function defined by interpolating at each node X; the vol-
ume fraction of the surrounding cells. Hence, A\, = (o — ax) /(o — o), where
ag,ap are the corresponding values at the nodes Xj, X;. With this linear in-
terpolation the isoface will split the cell into one subcell of fluid 1 with volume
AVe(a) and another one with volume Vo — AV of fluid 2. The isoAdvector
method of Roenby et al. [42] is then performed to find the optimum isovalue
a* such that « = AV (a*)/Ve. A proper value of o* will cut the cell C into
two subcells with volumetric proportions calculated from the previous guess of
the volume fraction a¢ leading to a more accurate reconstruction of the inter-
face than would be obtained using the 0.5-isovalue. The procedure resembles
the re-initialisation step in the correction of the LS method. Using a third

degree polynomial p,(z) for interpolating the isovalue, we have the following

15
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constraints:

Palzr) = fi

Pl + B0y S
Pa(Tr + ) ml)) = 2
@ 3 3
Pa(1) = fi

Finding the polynomial that passes though these points, can then be used to
calculate the isovalue and the isoface which are now defined since both the
vertices and its area, F,,, are known.

Next step, is the time evolution of the isoface within a cell. The isoface will
have a centre x. and velocity u. with a normal vector n¢, as in Fig The
isoface will then pass all the vertices X}, at time ¢ which is calculated in [42)

from

tk:t—&—dxi-E (25)

C

where the vector dxj connects the isoface centre with the vertices, dxy =
Xy —x.. Knowing the time ¢, allows calculation of the face-interface line during
the solution time step §t. The submerged area can be integrated using all the
time integrals [tg,tx+1] such that ¢ < tx,tg1 < ¢ + 0t. If there are Ngyp such

time steps then:

Nsub

t+5t tht1
./' E,dr’" = }:(/‘ E,,dr’ (26)
¢ k=1 "tk

The volume of the fluid with the isoface F,, is easily calculated, since:

Nsub t
bf / . /
AVE = —=— E E,.dr 27
T 08e &= (27)

using the volumetric fluxes and the face area at face f, ¢; and |S¢|. The volume

fraction is then updated explicitly using the transported volume at each face as
| N
t+5t t n
e =a - g AV 28
Ve st ! (28)
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Figure 3: Isoface advection step inside a computational cell. Isoface nodes within the interval

(X, fi) (X.,f)

[tk,tr+1] (green points), isoface (shaded face) and face-interface lines (blue).

The coupling algorithm of this isoface-level-set-volume-of-fluid (ILSVOF)
method can be described in the following main steps. The numerical fields are
initialised together with the LS function. The dynamic pressure is used to avoid
any sudden changes in the pressure at the boundaries for hydrostatic problems.
The time loop starts by correcting the interface and the volume fraction at the
boundaries. The volume fraction is advected, and corrected, and new values of
« are assigned at the boundaries. The new LS function 1y is calculated using
the results of the advection equation. Next, v is re-initialised applying Steps
1-4 described for the re-initialisation procedure, to obtain the signed distance
function, and the interface at the boundaries is corrected. The new interface
curvature is calculated. The mixture properties and fluxes are updated using the
LS function. For instance, for density p = p1 H + p2(1 — H) is used, where H()
is a Heavyside function of ¢ which is used instead of 9 for numerical purposes
in LS methods, [35]. The Navier-Stokes equations are solved for velocity and
pressure using the pressure implicit with splitting of operators (PISO) method.
The process starts again, by first correcting the interface and the volume fraction

at the boundaries and then, following the described steps after that.
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3. Numerical tests and discussions

The performance of the proposed numerical methodology is tested using
simple test problems involving two fluids of different densities and viscosities.
The problems, in both two and three-dimensions, include comparisons between
the presented method and other numerical works with or without the level set
implementation. Different indicators are used for monitoring the method’s per-
formance in terms of shape conservation and boundedness. The numerical tests
presented here concern both structured and unstructured meshes and different

mesh resolutions are examined for the presented test cases.

3.1. Two-dimensional rotating disc

The rotating disc has been proposed in [54] and considers a disc that under-
goes a significant interface deformation and is used here to evaluate the abil-
ity of the presented methodology to transport under-resolved interface struc-
tures [6, @ B3, 65]. The computational domain is a unit square which con-
tains a disc with radius R placed in the domain so that the disc centre is at
(z,y) = (0.5,0.75). The rest of the domain is filled with a fluid of lower viscosity

than the one of the disc. The velocity field is given by

w(z, v, t) = —sin2(rz)sin(2my)cos (?) (29)
o(@,y,t) = sin(2rz)sin?(ry)cos (Zf) (30)

The velocity field changes in time and space and causes the disc to rotate so that
the initially circular disc is stretched with time (the flow lasts for one period T').
The resulting filament will then stretch until ¢ = T'/2 at which point the velocity
field reduces to its minimum and becomes zero, according to Eq. . For the
simulations here, a period of T' = 8 was used with a total simulation time of 8s.
The physical parameters considered are summarised in Table [Il Two different
types of mesh have been used, quadrilateral and triangular, as the ones shown

in Fig. [ each using a coarse, medium and a fine meshes respectively. The
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results for the new method are shown in Tables [2] and A comparison of
the ILSVOF methodology described here, with the case of using only the VOF
method [42] without the level set, is also included. Previous studies in [42]
have shown that the volume of fluid method of [42] provides higher accuracy for
interface advection than the volume of fluid approach of [45] based on, hence
only the error in shape preservation reported in [42] is included for comparisons
in Tables [2| and Some results obtained using only [45] approach for two and
three-dimensional cases are presented for qualitative comparisons in Fig. [5} The

error

_ Zz Vz|O‘z - O‘exact|
Zi Vviaemact

is used as a quantitative measure of the shape preservation. Here, the exact

Eq

(31)

solution is defined as the initial position of the rotating disk and E, is calculated
over all cells of the domain. The extent to which the solution stays within the
range of physical values is also tested, considering the minimum and maximum of
the liquid volume fraction of the rotating disc, min(«) and max(«) respectively,
also calculated over all cells of the domain. One should expect ideally to have

0 < a <1 for all cells.

Table 1: Physical properties for rotating disc simulations.

Physical and numerical parameters
Heavy fluid density 1110 kg/m?
Light fluid density 806 kg/m?
Heavy fluid kinematic viscosity 1.017e-06 m?/s
Light fluid kinematic viscosity 2.35e-06 m?/s
Length of square domain 1m
Period T 8 s
CFL number 0.3
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(a) Quadrilateral mesh. (b) Triangular mesh.

Figure 4: Meshes used to discretise the domain used (coarse mesh study).

As indicated in the results of Fig. 5] increasing the mesh resolution, increases
the sharpness of both methods with E, decreasing. The mesh resolution is
a important parameter that influences the ability of the interface capturing
method to resolve the ligament stretching. The sharp tail at the end of the
deforming ligament fails to be resolved at the subgrid scale. In all cases, at
the time of maximum stretching, ¢ = T'/2, the rotating spiral thickness becomes
equivalent to the local cell size and fragmentation starts to be noticeable (Fig. .
The observed volume sharpness error was generally of the same order as that
obtained from the other approaches, or smaller. The same behaviour is observed
in boundedness were the marker function, «, stays above the minimum value of
0 and below or equal to 1, contrary to the solution obtained without the level
set step. The ILSVOF method maintains similar trends for the error measures
for both structured and unstructured meshes (Table . A comparison between
the presented ILSVOF and the VOF methods is shown for ¢ = T'/2 in Fig. @] for
the case of the medium size quadrilateral meshes using the OpenFOAM VOF
methods of [42] and [45] which employs the multidimensional universal limiter
with explicit solution (MULES) scheme [56]. As the rotating vortex thickness
becomes progressively smaller, the droplets pinch off and the local interface
curvature becomes of the same order as the mesh size. The decreasing interface

curvature causes the isoface, used here to advect «, to become less accurate for

20



437

438

439

440

442

443

444

445

446

447

448

449

450

the resulting droplet motion. The coupling with level set shows that it is possible
to have less diffusion at the tip for the rotating filament for both quadrilateral
and triangular meshes (Fig.[7]). The gradients appearing during the deformation
of the vortex might have an effect on shape preservation, via Eq. @, even though
the vortex reverses after ¢ = T//2 back to its initial position, but these do not
seem to reduce the solution accuracy, at least for the re-initialisation steps used
here which usually varied from 2 to 5. The ILSVOF retains the vortex shape
better than the other methods at the maximum stretching position. Using
the interface compression scheme MULES, sharpness can also be maintained
at t = T/2, but this interface compression might cause the rotating spiral to
break-up, fragmenting the vortex in the interval [T'/2, T which is more evident
at t = T in Fig. [6] and Fig. [[] The increased error in the averaged volume
fraction for this approach is also reported in previous studies in [34], and is

observed here in both structured and unstructured methods.
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(a) 64x64 mesh (b) Coarse triangular mesh
- -
e
(c) 180x180 mesh (d) Medium triangular mesh
- - P
(e) 256x256 mesh (f) Fine triangular mesh

Figure 5: Two-dimensional rotating disc test for level set-VOF method at ¢t = T'/2. The initial

(light purple line) at ¢ = 0 and final position of the zero-level set iso-surface (blue line) at

t = T are indicated.

451 Comparisons with different grid resolutions (322,642, 128%) are shown in Ta-

w2 ble [ for the values of the calculated L;(«) error norm for the volume fraction.

53 Results for L;(«) from other numerical works are included for comparisons and
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Table 2: Comparison of the methods using quadrilateral meshes for the two-dimensional

rotating disc case.

ILSVOF method VOF method
Mesh resolution
E, min(«) max () E, min(a) max ()
642 -1.03x10~7 0.0 1.0 3.30x10~7 0.0 1.0
1802 -1.58%x10~%  4.60x10~Y 1.0 1.2x107%  -2.88x10% 1.0-1.18x10°8
2562 -9.61x107°% -7.16x10~7 1.0-1.5x1079 -2.48x10~%® -3.34x107° 1.0-3.64x10°8

Table 3: Comparisons of the methods using triangular meshes for the two-dimensional rotating

disc case.

ILSVOF method VOF method
Mesh resolution
E, min(a) max(a) E, min(«) max ()
17521 -2.77x10~7 0.0 1.0 7.26x1077  -1.14x10"% 1.0-9.61x1010
79877 3.91x10~8 0.0 1.0 -4.34x10~7 0 1.0
108151 2.11x10~8 0.0 1.0 -1.68x107%  -9.2x10~%  1.0-4.78x1078

the domain and physical properties for the rotating disc test are set as those
in [57]. The method presented here, overall demonstrated good accuracy for
the two-dimensional rotating vortex case. Compared to other volume of fluid
methods that use PLIC such that in [6] the error in L; () is lower for all the
meshes tested here. Compared to the tangent of hyperbola for INterface cap-
turing, (THINC) scheme and its variations [57H59], the results here are similar
or lower. The L;(«) error is close for the coarse mesh compared to the level
set method in [60], but had lower values for the medium and fine meshes. The
mass conservation error through time is shown in Fig. The method showed
generally reasonable mass conservation error for the different meshes that were

used, as shown in Table [4
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a) Developed method (b) IsoAdvector VOF ) VOF with MULES

Figure 6: Two-dimensional rotating disc test for the medium quadrilateral mesh at t = T'/2.
The initial (light purple line) at ¢t = 0 and final position of the zero-level set iso-surface (blue

line) at t = T are indicated.

e o P
{f
(a) Developed method (b) IsoAdvector VOF (c) VOF with MULES

Figure 7: Two-dimensional rotating disc test for the fine triangular mesh at ¢t = 7'/2. Initial
(light purple line) at ¢ = 0 and final position of the zero-level set isosurface (blue line) at

t = T are indicated.
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Table 4: Comparisons of the methods using quadrilateral meshes for the two-dimensional

rotating disc case. The first order norm Lj(«) is calculated for the three different meshes.

Authors 322 642 1282

RiderKothe/Puckett [61] 4.78x107% 6.96x1073 1.44x1073
THINC/WLIC [57] 4.16x1072  1.61x1072 3.56x1073
Markers-VOF  [62] 7.41x10732  2.78x1073  4.78x1074
DS-CLSMOF [60] 2.92x1072 551x1073 1.37x1073
PLIC [6] 2.53x1072  2.78x107% 4.8x1074
THINC/QQ [58] 6.70x1072  1.52x1072 3.06x1073
THINC/SW scheme [59] 3.90x1072 1.52x107% 3.96x103
ISLSVOF method 4.19x1072  1.43x1073 8.36x107*

-3

Mass conservation error, log(SE, )

-10 1 L
0 0.5 1 1.5 2

Time (s)

Figure 8: Mass conservation error for the two-dimensional rotating disc case for the three levels

of refinement. Here, the meshes M7, My and M3 had 322,642 and 1282 cells respectively.

3.2. Three-dimensional rotating sphere in a non-uniform velocity field

The next test is the case of a three-dimensional rotating sphere of [54] and
is used to assess the capability of the methodology for capturing the interface
distortion in three dimensions. [34] 36} 42, [63]. In this test, a sphere with radius
R = 0.15m is placed inside a box [0, 1] with its centre at (0.35,0.35,0.35). The
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velocity field is defined as

t
u(z,y, z,t) = 2sin? (mx)sin(2ny)sin(272)cos (g)
(4
v(x,y, z,t) = —sin(2nx)sin’(my)sin(2nz)cos <7:TF> (32)

(4
w(z,y, z,t) = —sin(2rx)sin(2ry)sin? (nz)cos <7;>

The period is T' = 3s, and the density and viscosity of both fluids in the test,
are the same as in the previous section (see Table . The sphere is rotating
within the non-uniform velocity field which causes the sphere to deform through
time during [0,7/2]. At t = T'/2 the flow reverses due to the sign change of the
cosine parameter during [T'/2,T] causing the deformed sphere to return back
to its original position at t = 7. The ILSVOF method was first tested for
three different meshes (with 402, 642, 1002 elements) to assess the error in shape
preservation and the boundedness of the marker function. The results given in
Table[f] compare the method with and without the level set step using structured
meshes. Overall, the error F, decreases with the level set implementation. A
slight increase in FE, is observed for the fine mesh with respect to the medium
mesh, although this is relatively insignificant. Similar trends were observed by
previous authors using LS and VOF method coupling [34]. A more detailed
comparison is given in Fig. |§| at the maximum deformation time, ¢t = T/2 for
different grid resolutions (402, 642,100%,1282 elements). The deforming sphere
appears to be thicker in the case of the ILSVOF method which provides more
detail for the deforming sphere for the different levels of mesh refinement. The
sharp sphere end is also thickened in the ILSVOF case, and the thickening
appears to be more evident for the finer meshes. The time evolution of the
deforming sphere inside the non-uniform flow is shown for different times within
[0,T] in Fig. [10[for a 1282 mesh. Numerical results revealed as before, relatively
large gradients that the LS function experiences in [0, 7'/2] which are maintained
and are not reversed in the interval [T'/2, T] giving a perturbed profile at the final
position of the sphere. The sphere interface is distorted in all cases as shown in

Fig (11| at ¢t = T, with or without level set or interface compression. In general,
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the ILSVOF method shows better representation of the surface. The most
significant surface distortion is observed in the case of the interface compression
where the compression of the interface decreases the solution accuracy [34]. The
three-dimensional sphere in the same non-uniform flow was also simulated using
unstructured meshes and the results are shown in Table [§l The values of E,
are higher for the medium and fine meshes compared with those in Table [5| for
structured meshes. The sheet thickness appears to be smaller than the average
edge length even for the finest tetrahedral mesh (~ 0.008), causing the solution
accuracy to drop in the case of unstructured meshes. In addition, the impact of
the steep gradients introduced in the LS method that originate from the initial
value of 1y in Eq. being inserted in Eq. [3| are more evident in the case of
tetrahedral meshes. The L; error for the volume fraction for different mesh
resolutions (323,643, 128%) for the three-dimensional case of the rotating sphere
are shown in Table [7} Following [56], [59] the error L1 is calculated for all cells ¢

and is defined as

Ll(a) = Z(az - O‘ewact)vi (33)

i

The results are shown alongside with the L; error obtained with other volume of
fluid methods. The accuracy of the results here, remained lower than the volume
of fluid with the THINC/SW scheme which uses no geometrical reconstruction
[59] and was more accurate compared to the results obtained in [56] with the
MULES limiter with interFoam. In all cases the L; error was very close to the

results from the PLIC VOF method in [64].
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Table 5: Comparison of the methods using quadrilateral meshes for the three-dimensional

rotating sphere case.

ILSVOF method VOF method
Grid
E, min () max () E, min(a) max ()
40° 5.43x1077  -4.05x10~'7 1.0 5.84x10~7 -1.87x10716 1.0

643 -9.85x1078  -1.48x10716  1.0-2.22x10716  -1.04x1077 -1.53x107?  1.0-5.93x10~!!
1002 1.79x1077 0.0 1.0 3.22x1077 0.0 1.0

(e) 40° (f) 643 (g) 100® (h) 1283

Figure 9: Three-dimensional rotating sphere in a non-uniform flow test for various levels of
mesh. The 0.5-iso-surface obtained with the ILSVOF method (top) and without the level set

step (bottom) are shown at the maximum deformation time, t = 7'/2.
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t=0s t=0.5s t=1s t=1.5s t=2s t=2.5s t=3s

Figure 10: Three-dimensional rotating sphere in a non-uniform flow during time evolution in

[0,T] for a fine hexahedral mesh of 1282 hexahedra.

(c¢) Interface compression

scheme, MULES.

(a)  Developed method(b) Isoface method without
ILSVOF. level set.

Figure 11: Three-dimensional rotating sphere in a non-uniform flow test using the 1283 hex-
ahedral mesh. Initial transparent blue surface at ¢ = 0 and final position of the zero-level set

iso-surface solid grey iso-surface at ¢t = T'.

3.3. Three-dimensional dam break case without obstacle

The dam break problem is studied next which consists of a simple three-
dimensional rectangular geometry wherein a liquid column is initially held still
by a dam. When the dam is suddenly removed, the liquid column collapses. The

tank containing the liquid column which collapses in this case is a rectangular

29



Table 6: Comparison of the methods using tetrahedral meshes for the three-dimensional

rotating sphere case.

ILSVOF method VOF method
Mesh resolution
E, min(a) max(«@) E, min(a) max(«)
163208 -6.42x1078 0 1.0 2.68x10~8 0.0 1.0
322676 -8.7x1073 0.0 1.0 -3.78%x1073 0.0 1.0
1083126 -2.3x107¢ 0.0 1.0 -7.8x1073 0.0 1.0

Table 7: Li(a) error norm for different meshes for the three-dimensional rotating sphere case

and comparison with other numerical methods.

Authors 323 643 1283

RK-3D using PLIC [64] 7.85x1073 2.75x1073 7.41x107*
THINC/SW scheme [59] 8.39x1073 3.47x1073 1.08x1073
interFoam [56] 9.95x1073 4.78x1073 2.03x1073
ISLSVOF method 8.89x1073  2.96x1073 8.06x10~*
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domain with dimensions 4a x 2.4a x a. For a more convenient comparison,
the fluid in the liquid column is assumed to be water and the rest of the tank
is filled with air. Both fluids are assumed to be initially still, and the physical
properties of the three-dimensional case are shown in Table[§] Initially the liquid
column has dimensions a x 2a x a. The vertical acceleration due to gravity is
taken to be 9.81 ms—2. The velocity before removing the dam, is zero for the
liquid column and the air, and the pressure is set to be the hydrostatic pressure.
Free slip boundary conditions are imposed for all the boundaries of the domain
(assuming zero normal velocity and zero tangential traction) except for the
open top boundary (where the tangential velocity and normal traction are zero).
The displacement of the interface between water and air is tracked in order to
characterise the performance of the developed method using three different grids
(40 x 10 x 20, 80 x 20 x 40 and 160 x 40 x 80). The results are compared with
the experimental data available in [65] and previous numerical studies using
the LS method from [66] which is a conservative level set method based on the
finite element approach which employs the volume fraction for correcting the
distance function. The results for the position of the water-air interface along
the horizontal (x-axis) and the vertical (y-axis) directions are shown in Fig.
The results for the position are normalised with the length parameter a and are
plotted against the non-dimensional time. The predictions for the leading-edge
position are in good agreement with the experimental data for the examined
time interval. The accuracy in the predictions for the horizontal direction is
closer initially and reasonably close to the experiment during the simulation
until the leading edge reaches the wall, x/a = 4. The flow slows down as a
result of wall friction as reported in the experimental work and, as a result, the
calculated interface is expected to differ from the experiment, although this is
less than five to ten percent here for the fine and coarse meshes respectively. The
interface in [66] reaches the position z/a = 4 faster than the present simulations
here. In the method presented here, the liquid front propagates slower than in
[66] although the results in [66] for a coarse mesh (not shown here) had similar

trends as for the results obtained here for the different grids. The coarse grid
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results in the present study are close to the liquid front results reported in [65],
with the results obtained with the other two meshes also being reasonably close
to the experiment. The time evolution of the interface is shown in Figs[I3] The
shape of the interface remains almost flat for the considered time steps of the
experiment, and in Figa-c). Once the collapsing liquid column reaches the
wall, the water rises upwards forming a layer on the right wall. During the time
interval [0, 0.26s] the vertical position of the interface decreases as expected, and
both the present method and the results of Kees et al.[66] are seen to be very
close in Fig. [[2p, having the same rate of change in the liquid column height
for the different grid resolutions. The fluid percent mass loss evolution for the
dam break case is shown in Fig. The mass loss approaches zero for the fine

mesh and remains less than 0.01 percent for the coarse mesh.

Table 8: Physical properties for the dam break case.

Physical and numerical parameters
Water density 1000 kg/m?®
Air density 1.0 kg/m?
Water kinematic viscosity 1.0e-06 m?/s
Air kinematic viscosity 1.0e-04 m?/s
Length a 0.146 m
CFL number 0.5
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Figure 12: Water-air interface position along the x-axis and y-axis for the three-dimensional

dam break case without obstacle.

X-axis

(e) t=0.4s

Figure 13: 0.5-isosurface snapshots at different times for the three-dimensional dam break
case without obstacle. The liquid column st83s to collapse at t=0s and moves towards the

right wall until it impinges and rises up forming a layer that keeps moving upwards until it

returns back to the tank due to gravity.
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Figure 14: Percent mass loss for the dam break case through time for different mesh resolu-

tions.

8.4. Static drop

In this test case we are interested in the verification of the methodology
for the stationary Laplace solution for a droplet inside a closed domain and
assessing the spurious currents [29, [67]. Neglecting any gravitational effects
and any external forces the interface between the drop and the ambient fluid is
expected to remain at rest. The surface tension force (k) is balanced by the
pressure force at the interface according to Laplace’s law: Aperact = OKezact,
where the exact interface curvature is k = 2/d and o is the surface tension. For
a constant pressure outside the droplet py and zero velocity, the pressure inside
remains constant and equal to pg+20/d. Due to spurious currents the calculated
pressure will differ. A 2d x 2d domain was used for the present numerical tests
with d = 0.5¢m and the density ratio between the droplet and the surroundings
was 10%. The viscosities inside and outside were equal to 1 and the surface
tension was 1kg-s~2. For the two-dimensional tests, three meshes of triangular
elements were used (with grid size Az = 1/25,1/50,1/100 as in [29]). In order
to evaluate the parasitic currents in the domain, the L, error norm is calculated

as
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) = 5 )2 (39
where the summation is done over the entire domain as in [29] and [68]. The
pressure ranges from p,,; (pressure outside the droplet) to the inside pressure
(pin)- The pressure error used to evaluate the pressure jump denoted by E(Ap),
is

_|Pin — Pout — 20/d|

B(ap) = P (3)

The calculated values for L; and E(Ap) for the three meshes are shown in
Table 9] The results are also compared to the ones obtained using the VOF
only without using level set and the CLSVOF in [29] using PLIC. The parasitic
currents obtained here are close to those in [29] and smaller than the VOF ap-
proach. In all cases the error L; decreases when increasing the mesh resolution.
Similar behaviour is observed for the E(Ap) which remained smaller than the
calculated error values for pressure jump reported in [29] for the different grid
resolutions. Figl[T5|shows the pressure jump for the three different meshes com-
pared to the exact solution (normalised with the maximum pressure difference
App). Overall the calculated pressure is close enough to the exact value.

Another values that are also used for the static drop test are the Lq error
norm for pressure, Li(p) and the maximum velocity after one and fifty time-
steps Umaz,1, Umaz,50. The drop density for the test is set to 1000kgm =3 with
a density ratio with the ambient gas phase equal to 1000. The rest of the
properties for the drop and the outside are set as in [68]. For this test, the
drop has a radius R = 2¢m and is placed at the centre of a 6cm x 6¢m square
domain. Three different grid resolutions were used for this case, with grid size
Az such that R/Ax = 10,20,40 and the results are shown in Table The
order for the L;(p) error remains at the order of 10~% or below and the accuracy
of the presented method was close to the CLSVOF works in [68] and [55]. The
unphysical velocity fields that occur in the areas where pressure changes are

monitored using the maximum velocity U4, In this study U, was of order

35



610

611

612

613

614

Table 9: Comparisons of the methods using unstructured meshes for the two-dimensional

static drop case.

ILSVOF method VOF method CLSVOF using PLIC [29]
Meshresolution ) B(ap)  Liw)  E(Ap)  Liw E(Ap)
1/25 1.24x107*  0.011 5.84x107% 0.026  1.3x10~* 0.02433
1/50 9.81x107% 0.0046 3.76x107° 0.0078 3.19x107° 0.00651
1/100 7.46x107%  0.0017 6.61x107° 0.0049 8.82x10°° 0.00215

of 1078 for the coarser mesh and was higher for the finer meshes, at the order of
1077 as in [67]. Similar patterns for higher parasitic currents while increasing
the mesh resolution were also reported before in [68], [55] and [67] and has been

reported for different VOF methods which employ the continuous surface force

model [50].

1.2
— 1/25
1 - -- 1/50
1/100
08 L Analytical
o° 0.6
d
3 »
< 04 <> .
02 - wl |
O : =
_0.2 | |
0 0.5 1 1.5 2

x/R

Figure 15: Distribution of the pressure for the static drop test case. Three different mesh reso-
lutions are used to capture the pressure jump across the interface. The pressure is normalised
with the exact value Apg and the distance with the droplet radius R. The distribution of the

pressure for the finest mesh is also shown.
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Table 10: Convergence study for the calculation of pressure, pressure error and velocity for
the static drop test. Three different mesh resolutions are used and the density ratio was 1000

on three different grids. Results are compared with different numerical studies.

Authors R/Ax  Li(p) |Umaz,1 |Umaz,50]
Gerland et al. 2006 [68] 10 4.81x107% 7.82x107% 3.91x1076
20 9.48x10~* 1.70x10~7 8.53x1076
40 7.04x1075  4.34x1077  2.17x107°
Ningegowda et al. 2014 [55] 10 1.14x107%  1.12x107¢ 5.11x107°
20 7.53x1072  5.88x1076 3.10x107*
40 2.92x1072  1.30x1075 9.43x107*
Jarauta et al. 2018 [67] 10 1.25x107%  6.08x107°  4.09x10~7
20 3.12x107%  4.38x1078 1.22x10°6
40 7.85x107°  4.26x1077 3.55x1076
ISLSVOF method 10 7.36x107*  2.36x107% 8.89x1076
20 1.66x10~*  541x107% 3.46x106
40 8.21x107° 7.22x1077 1.17x1076
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3.5. Rising bubble

The final test case is the rising bubble test proposed in [69]. A circular
bubble is initially placed in a column filled with fluid of higher density than
the density of bubble. Due to the buoyancy force, the bubble rises and deforms
while moving towards the top of the column. The bubble diameter is initially
d = 0.5 units and is centred at (0.5, 0.5) in a rectangular domain with dimensions
2dx 4d as in Fig[I6] At the bottom and the top of the column a no-slip boundary
condition is applied with a free-stream boundary condition at the vertical walls
of the domain. The velocity is set to zero in the domain, and inside the bubble
the pressure is constant. The physical properties for the bubble and the heavier
surrounding fluid are listed in Table Different triangular meshes were used
with their resolution varying as: d/40,d/80,d/160. The benchmark quantities
used by [69] are the centre mass (y.), the rise velocity of the bubble (v.) and its
circularity or sphericity in three dimensions (¢). These are defined as

Qp
B be udV

Ve
Jo, AV

wd

T

where (2, is the region occupied by the bubble and II is the perimeter of
the bubble. Fig[l7 shows the benchmark quantities through time for the dif-
ferent meshes. Results obtained in the present study are close to the values
obtained in [69] and [70] for z., v, and ¢ for the different mesh resolutions. For
the present conditions with Re = 35 and Fo = 10, where Fo = gd*Ap/o is
the E6tvos number, the surface tension force is significant which prevents the
bubble disintegrating. The bubble deforms (¢ = 1) and changes shape from cir-
cular to ellipsoid (see also [70]) reaching its terminal velocity at ¢ = 2 which is
approximately 90 percent of the maximum bubble velocity. The change in rise
velocity is in good agreement with the velocity obtained in [0]. At the change

in circularity at ¢ = 1.9 where the surface tension effect on the bubble shape is
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more evident, and is captured with all three computational meshes in this study
and is also in close agreement with the calculated ¢ in [69]. Similar patterns
for the calculated benchmark quantities were also observed in other numerical
works [29] [33], [70]. The results for the relative error norms for y., ¢ and v, are
shown in Table The calculated errors are in close agreement with the results

reported in [70] for the three benchmark quantities.

For the three-dimensional version of rising bubble test case, a three-dimensional

bubble is placed in a cylinder with height 8d and diameter 8d. The bubble is
placed at a distance 1.5d from the bottom of the cylinder. The density and
viscosity ratio between the bubble and the surrounding fluid were set to 100.
Three hexahedral meshes with different resolution were used for this study,
with a grid size Az = d/15,20,40. The errors Er. and E; for the calculated
Reynolds number Re and sphericity ¢ are used to assess the accuracy of the
method, where Ere = (Re — Récgact)/Réexact; E¢ = (¢ — Cezact)/Cezact (Where
Reeract and (ezact are the exact values for Re and (¢ respectively). The results
shown in Table are in good agreement for the three meshes compared to
the results from the reference case in [29]. In Fig the mass conservation
error is shown through time. The mass conservation error is calculated with
respect to the volume fraction at ¢t = 0, a(0) and is defined following [29] as
OM = |a—a(0)|/a(0). The error for the different meshes remained of the order
of 1075 or below showing reasonable accuracy for mass conversation. A similar

order for §M is reported in the CLSVOF work in [29].

Table 11: Physical properties for the two-dimensional rising bubble test case.

Physical and numerical parameters
Heavy fluid density 1000 kg/m3
Bubble density 100 kg/m3
Heavy fluid viscosity 10 kg/m - s
Bubble fluid viscosity 1kg/m-s
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Figure 16: Domain for the two-dimensional bubble rise test case. The diameter of the bubble

is initially d = 0.5.

Table 12: Relative norm error for the centre of mass, circularity and velocity of the bubble in

the two-dimensional rising bubble case. Three different structured meshes are used, and the

results are compared with the level set method of [70].

Mesh size

ILSVOF method

LS method of [70]

Centre of mass Circularity Velocity Centre of mass Circularity = Velocity
1/40 1.79x1073 1.19x1073  1.06x1072 2.65x1073 1.0x1073  1.19x1072
1/80 8.91x10~4 3.18x10~*  1.81x1073 9.64x10~% 3.01x10™* 2.9x1073
1/160 2.41x1074 6.37x107°  6.21x107* 2.62x1074 8.83x107°% 7.73x107*
11 -
: S e N ety
% 09 =l 098 \\\ = Hysing et . 2000
E os .// % 0.96 \ ysing et al.
e 07 ~ 3 oo
§ 06 /x'/./' """" =180 © o9 \\\ e
05 =" Ax = 1/160 0.9 p——
04 = Hysing et al. 2009 0.68
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(a) Centroid. (b) Circularity.
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(c) Rise velocity.

Figure 17: Evolution of rising bubble benchmark quantities through time. The results are

compared with the case in [70].
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Table 13: Error for Re and sphericity of the bubble in the three-dimensional rising bubble case.
Three different structured meshes are used and the results are compared with the CLSVOF
method of [29].

ILSVOF method CLSVOF method of [29]

Mesh size
Ere E¢ Ere E¢
d/15 0.00363 0.0126 0.00341 0.0118
d/20 0.00314  0.0063 0.00339 0.0074
d/40 0.00271  0.0036 - -
-3

Mass conservation error, log(6M)

Time (s)

Figure 18: Mass conservation error for three-dimensional rising bubble case for the three levels

of refinement.

4. Conclusions

A novel method for simulating the flow of two immiscible fluids tracking
their interface is presented coupling the level set and volume of fluid methods.
The new ILSVOF method involves a novel re-initialisation methodology which
is described in detail. ILSVOF is simple and can be readily implemented for
any type of polyhedral unstructured mesh. A smooth calculation of the gra-

dient of the LS function is utilised considering the neighbouring cells via an
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interpolation at the cell-faces. Using these cell-face calculations for each inter-
face cell, it is easy to overcome the limitation of having to arbitrarily define the
upwind and downwind cells. The initial value for the re-distancing algorithm is
obtained via the advection of the isoface within a time step instead of by using
an algebraic method. Overall, the method provides better accuracy compared
to the VOF method in most of the numerical tests considered and has been
demonstrated to give an accurate representation of the interface in both two
and three-dimensional test cases. The mapping of the volume fraction to the
distance function is extremely important for the re-initialisation procedure, and
alternative ways of doing this, such as by employing a special advection step
within each solution time step, should be further investigated. Further com-
parisons with high order level set approaches could also be used to improve the

level set advection step.
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