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Abstract: In this paper, comprehensive governing differential equations of Stirling engines 11 

have been developed by coupling the effect of gas leakage through the displacer gap, gas 12 

leakage into the crank case and the shuttle loss rate into the traditional model. Instantaneous 13 

pressures and temperatures of the working fluid in the engine were evaluated at same time step. 14 

The present model was deployed for the thermal simulation of the GPU-3 Stirling engine and 15 

the obtained results were robustly compared to experimental data as well as results from 16 

previous numerical models. Then, parametric studies were conducted to assess the impact of 17 

geometrical and operating parameters on the performance of Stirling engines working with 18 

helium or hydrogen. Results suggest that the modifications made in this model led to better 19 

accuracy and consistency in predicting the experimental data of the prototype engine at all 20 

speeds, compared with most previous models. It was found that there exists a minimum 21 

dimensionless gap number, for every engine pressure below which mass leakage into the 22 

compression volume may not impact the brake power and energetic efficiency of the engine. 23 

In addition, an optimum mean effective pressure was found for maximum energetic efficiency 24 

of the engine. This optimum value is higher for helium gas than for hydrogen gas. Further 25 

results indicated that the brake power and energetic efficiency of the prototype Stirling engine 26 

can be significantly improved by 30% and 18%, respectively, provided that the heater 27 

temperature is raised to 850 ℃ while the cooler temperature is reduced to 0 ℃.  28 

Keywords: Stirling engine; Heat and mass leakage; Dimensionless gap number; Heater 29 

temperature; Cooler temperature; Energetic efficiency.  30 

1. Introduction 31 

The mounting environmental concerns associated with the use of fossil fuels is driving the 32 

increasing utilisation of renewable energy sources (RES), such as biomass, solar, wind, 33 
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geothermal, for clean energy generation. In spite of this, fossil fuel fired internal combustion 34 

engines are still being deployed to guarantee the reliability of RES systems (especially in island 35 

mode operations), because of their intermittent nature [1–3]. Stirling engines pose a promising 36 

alternative to replace the internal combustion engines, mainly in decentralised applications, as 37 

they can utilise multiple clean low – medium grade thermal energy sources in their operation 38 

[4–7] and also, as a consequence of its high performance in combined heating and power (CHP) 39 

applications [8]. As a result, this external combustion engine which was invented over four 40 

decades before the invention of the diesel engine [9], is now attracting much research interest. 41 

Other interesting features of Stirling engines include ease of operation and construction, 42 

quietness in operation, low emissions and high part load performance [10–12]. Stirling engines,  43 

better known as regenerative thermal engines, utilise a regenerator to minimise the thermal 44 

energy needed by a conventional heat engine to produce its power, by about 80% [13]. Hence, 45 

the regenerator plays a crucial role in their operation, and contributes significantly to the 46 

complexity of the thermal analysis of the heat engine. In fact, several recent efforts have been 47 

made to improve on the performance of Stirling engines using new regenerator designs and 48 

matrix materials [14–16]. 49 

So far, the thermal analysis of Stirling engines have been undertaken using empirical, 50 

analytical and numerical models [17]. Furthermore, based on the depth of the analysis, the 51 

models deployed to predict the engine’s performance are classified as zero order, first order, 52 

second order, third order and fourth order [18–20]. The zero order models are empirical models 53 

deploying experimental coefficients to predict the performance of the engine, whilst the first 54 

order models are mainly closed form analytical models [19]. The second, third and fourth order 55 

models on the other hand, are numerical models with increasing level of accuracy respectively, 56 

but requiring much computing time [20].  57 

The preliminary design of Stirling engines have been undertaken using zero order models 58 

in the literature [21–26]. These authors deployed dimensionless numbers [21], and other 59 

empirical correlations to predict the performance of Stirling engines, mainly as a function of 60 

some of the operating variables of the engine including, cycle mean pressure, piston 61 

displacement volume, temperature ratio and the speed of the engine. The predicted results were 62 

useful in estimating the power output and First Law (energetic) efficiency of the experimental 63 

engine, for the range of operating parameters defined in developing the models. Regardless, 64 

the zero order models developed in the literature over predicts the performance of the 65 

experimental engine. Hence, these models are only suitable for the quick design of Stirling 66 

engines [23]. Other limitations of the zero order model are its inability to describe the detailed 67 
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processes occurring in the engine, and relate the geometrical parameters of the engine to its 68 

performance.    69 

Several analytical models are available in the open literature that simulate the performance 70 

of Stirling engines [27–31]. Schmidt [27] formulated the pioneer analytical model based on 71 

isothermal analysis, to simulate the behaviour of Stirling engines. He assumed isothermal 72 

conditions for the thermodynamic work processes in the engine. The Schmidt model could 73 

reveal the pressure distribution in the main components of the engine. Nonetheless, it 74 

overestimated the performance of the prototype engine (by 30 – 60%), since isothermal 75 

processes can only be achieved in practice using an infinite heat transfer surface. Martini [28] 76 

improved on the Schmidt model by coupling the internal irreversibilities in the regenerator and 77 

other heat exchangers, to the isothermal model. This model accounted for the imperfect 78 

regeneration and some of the heat losses in the engine. Other researchers deployed modelling 79 

tools based on classical thermodynamics, such as the finite-time thermodynamics (FTT) 80 

[29,30] and the finite-speed thermodynamics (FST) [32–36] to model the time-invariant 81 

performance of Stirling engines. The FST modelling approach gave better results than the FTT 82 

approach and this is because both internal and external irreversibilities were considered in the 83 

former while the latter only considered external irreversibilities. Although analytical models 84 

for predicting the performance of Stirling engines are usually easy to implement, reducing the 85 

complexity and the computational costs associated with higher order models [37], these models 86 

accuracy are limited because of the assumed isothermal processes. In addition, analytical 87 

models do not relate the engine’s main design parameters to the engine’s thermal performance 88 

metrics.  89 

Second order modelling approach of Stirling engines was deployed for the first time by 90 

Finkelstein [38], based on isentropic work processes in the compression  and expansion spaces 91 

of the engine. Urieli and Berchowitz [39] pioneered the development of a computer based code 92 

to implement the numerical solutions of the Finkelstein adiabatic model. Urieli and Berchowitz 93 

[39] further improved on the Finkelstein model by accounting for some irreversibilities in the 94 

engine, in what is called the Simple analysis. They divided the engine into five main control 95 

volumes, and conducted a mass and energy balance at the ingress and egress of these control 96 

volumes. The resulting differential equations, linking the engine’s geometrical parameters and 97 

the physical properties of the internal gas to its thermal performance indicators, were solved 98 

using the fourth-order Runge-Kutta numerical scheme. Further efforts have been made to 99 

improve on the Urieli and Berchowitz [39] model by several other researchers, by accounting 100 

for other losses in the engine [40–43]. Timoumi et al. [40] improved on the Urieli and 101 
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Berchowitz [39] model by considering the losses due to energy dissipation in the engine, 102 

external conduction, internal conduction, shuttle effect and spring hysteresis in the engine, in 103 

their model. Their model results were more accurate than that of Urieli and Berchowitdz [39], 104 

and compares favourably with the model results presented by Martini [28]. In the Simple-II 105 

analysis [41],  the prediction accuracy of the Simple analysis model [39] has been improved, 106 

by coupling the shuttle heat loss and mass leakage into the buffer space, to the differential 107 

equations modelling the engine. Furthermore, losses due to mechanical friction, variation in 108 

the working pressure around the piston, longitudinal conduction through the wall of the 109 

regenerator from thermal communication with the heater and cooler walls, were accounted for 110 

at the end of each cycle. Their model could predict the output power and energetic efficiency 111 

of the GPU-3 Stirling engine, with 20.7% and 7.1% errors (the difference between the model 112 

data and the experimental data), respectively. Babaelahi and Sayyaadi [42] developed the 113 

polytropic model with Stirling various losses (PSVL), to predict the performance of Stirling 114 

engines. As an improvement over the Simple-II model, this model replaced the adiabatic 115 

processes in the former with polytropic expansion and compression, and evaluated the 116 

polytropic exponents using the engine’s operating parameters. They reported errors as a 117 

difference of 14.34% and 3.14% in predicting the power output and the energetic efficiency of 118 

the experimental engine, respectively. In another study, Babaelahi and Sayyaadi [43] improved 119 

on the accuracy of the PSVL model [42], by coupling the polytropic heat losses from the 120 

expansion and compression spaces, to the energy balance equations of those spaces. Other 121 

studies deploying the second order model have been reported in the literature [44–50]. 122 

 Recently, Li et al. [51] improved on the existing models, by coupling the shuttle heat loss 123 

and mass leakage through the gap between the displacer and the cylinder wall, to the differential 124 

equations of the engine, while assuming that the compression and expansion processes were 125 

polytropic. In addition, by contrast to other second order models, Li et al. [51] introduced the 126 

internal and external irreversibilities of the engine to the model, in such a manner that they are 127 

accounted for in each time step and interact with each other. They reported that the mass 128 

leakage into the compression space via the displacer gap contributed the second largest work 129 

loss in the engine of 4.1%. Their model could predict the work rate and energetic efficiency of 130 

the GPU-3 Stirling engine with a relative error of – 2.6% and + 3.78%, respectively. They 131 

however, did not consider the dissipation of energy in the engine as a result of frictional effects, 132 

which would impact on the instantaneous pressure and temperature of the working fluid in the 133 

expansion and compression spaces, and in the heat exchangers of the engine, at each time step. 134 
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Consequently, this model just as in [36,42,43,48] predicted linear trends for the energetic 135 

efficiency of the GPU-3 Stirling engine at different engine rotational speeds.  136 

The second order models of Stirling engines are suitable for conducting parametric studies 137 

on the engine. Notwithstanding, they do not give detailed information of the thermal and flow 138 

fields in the engine. In particular, these models do not reveal the velocity, temperature, density, 139 

and pressure profiles of the working fluid, at all points, in the control volumes of the engine 140 

[52]. To fully understand the flow behaviour in the working spaces of the engine, third and 141 

fourth order modelling approaches are usually deployed. Third order modelling involves 142 

formulating partial differential equations governing the operation of the engine, based on mass, 143 

momentum, and energy balances of the different control volumes. Toghyani et al. [53] 144 

deployed a third order model to determine the optimal heat source temperature, frequency, 145 

engine stroke and mean effective pressure of the GPU-3 Stirling, that would yield the maximum 146 

power output and energetic efficiency. They found that the fuzzy decision making method gave 147 

the best performance results out of the Pareto solutions. This model however, did not yield 148 

better results than the existing adiabatic models. This is because the authors over simplified the 149 

complex processes in the engine in order to increase the computing speed.  150 

On the other hand, fourth order modelling involves deploying 3-D CFD technique to solve 151 

the complex flow problems taking place in the engine at every node of the mesh generated. 152 

Marek and Jan [54] deployed a dynamic mesh to map the various volumes of the Stirling engine 153 

in a 3-D CFD modelling study. The authors compared the results of the adiabatic models to 154 

that obtained from the fourth order modelling approach. They reported that the second order 155 

models are better for design and optimisation of the engine because of the shorter 156 

computational time. Mohammadi and Jafarian [55] deployed an open source CFD software 157 

(OpenFoam), to investigate the impact of hydrodynamic losses, on the performance of the 158 

Stirling engine. They reported an error of 15.15% in predicting the experimental engine’s 159 

power output. Several other recent studies, where the thermal modelling of different 160 

configurations of Stirling engines using the 3-D CFD approach were implemented, have been 161 

reported in the literature [56–61]. Although the 3-D CFD analysis provided more insight about 162 

the flow fields in the engine, and the distribution of the losses, results obtained from this 163 

approach were not significantly better than that of existing second order models. This was 164 

attributed to the difficulty in representing the complex processes in the Stirling engine, in a 165 

CFD model. Moreover, CFD analyses consume much computing time compared to second 166 

order numerical analyses.  167 
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Therefore, we have enhanced the second order models for thermal analysis of Stirling 168 

engines to predict accurate and consistent performance results at all rotational speeds. So far, 169 

the existing second order models of the Stirling engine have failed to accurately match the 170 

experimental data with the predicted energetic efficiency and power at all speeds. Hence, in 171 

dynamic operation of the engine, where variation in its speed is inevitable, the results that are 172 

obtained using existing models may not reflect the engines actual performance.  173 

To this end, a non-ideal thermal model with several loss effects has been proposed in this 174 

study. For the first time, a comprehensive modification of the traditional adiabatic model has 175 

been undertaken, by coupling the first category loss effects, including mass leakage through 176 

the displacer gap, mass leakage into the buffer space and shuttle conduction loss, into the 177 

simple adiabatic model. In addition, the instantaneous pressure and temperature of the working 178 

fluid in the control volumes were evaluated at each time step. Other second and third category 179 

loss effects such as dissipation loss, conduction loss, spring hysteresis loss, mechanical friction 180 

loss, piston finite speed loss, enthalpy leakage loss, regenerator imperfection loss, pressure 181 

drop in heat exchangers, are introduced into the numerical model results. This modelling 182 

approach has been implemented in MATLAB, and the solutions to the governing differential 183 

equations were obtained by the fourth-order Runge-Kutta numerical scheme approach. The 184 

obtained model results were validated against experimental data from the GPU-3 Stirling 185 

engine, and compared to results of other second order models. In addition, parametric studies 186 

were conducted to investigate the contribution of the heater temperature, cooler temperature, 187 

dimensionless gap number, and mean effective pressure on the performance of the engine, at 188 

different engine frequencies, using two working fluids: hydrogen and helium. This is intended 189 

to reveal the degree of impact these variables exert on the engine’s performance, and suggest 190 

plausible ways to improve the performance of the engine.  191 

2. Model formulation 192 

Herein, the formulation of the thermodynamic models governing the operation of the 193 

Stirling engine, is presented, firstly based on the Urieli Simple analysis [39] and thereafter, the 194 

non-ideal thermal model is presented.  195 

2.1.  Simple adiabatic model   196 

In the Simple analysis [39], Urieli and Berchowitz divided the Stirling engine into five 197 

main control volumes (CV), namely: heater, cooler, compression space, expansion space, and 198 

regenerator. They assumed that the thermodynamic work processes in the engine, occurred 199 

adiabatically. The other assumptions made in the Simple adiabatic analysis are as follows: 200 
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1. The thermodynamic processes in the engine attained steady state at the end of a cycle 201 

of its operation. 202 

2. The engine is running at a constant speed. 203 

3. A uniform instantaneous pressure in the working spaces of the engine. 204 

4. The working fluid is treated as a perfect gas and obeys the ideal gas law. 205 

5. The potential and kinetic energy of the working fluid exerts the same influence at the 206 

inlet and outlet of a control volume. 207 

6. The total mass of the working fluid in the engine is invariant. 208 

7. There is no mass leakage into the compression space from the working space via the 209 

cylinder wall-displacer gap. 210 

8. There are no changes in the energy of the working fluid as a result of heat leakages 211 

between the working spaces or to the environment. 212 

9. The heater and cooler are maintained at a constant temperature as it exchanges heat 213 

with the working fluid. 214 

 215 

 216 

                 Fig. 1. Schematic diagram of the control volumes of a typical Stirling engine [39].    217 

Urieli and Berchowitz [39] assigned single suffixes, c, k, r, h, e to represent the compression 218 

(cold) space, cooler, regenerator, heater and expansion (hot) space, respectively, while double 219 

suffices, ck, kr, rh, he represent the interfaces between the cold space – cooler, cooler – 220 

regenerator, regenerator – heater and heater – hot space, respectively as depicted in Fig. 1. The 221 

system of governing equations in the Simple analysis were derived by employing the equation 222 

of state of an ideal gas and the mass and energy conservation principles to each of the control 223 

volumes. These set of ordinary differential equations governing the operation of Stirling 224 

engines is summarized and presented in Table 1.  225 

 226 
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Table 1. Mass and energy balance equations of the Urieli adiabatic model [39]. 227 

𝑃 = 𝑚𝑡𝑅𝑔[𝑉𝑐𝑇𝑐+(𝑉𝑘𝑇𝑘+𝑉𝑟𝑇𝑟+𝑉ℎ𝑇ℎ)+𝑉𝑒𝑇𝑒]                                                                        Pressure of the working fluid in the engine 

𝑑𝑃 = −𝛾𝑃(𝑑𝑉𝑐𝑇𝑐𝑘+𝑑𝑉𝑒𝑇ℎ𝑒)[𝑉𝑐𝑇𝑐+𝛾(𝑉𝑘𝑇𝑘+𝑉𝑟𝑇𝑟+𝑉ℎ𝑇ℎ)+𝑉𝑒𝑇𝑒]                                                                    Variation of pressure in the engine   

 𝑚𝑖 = 𝑃𝑉𝑖𝑅𝑔𝑇𝑖 , (𝑖 = 𝑐, 𝑘, 𝑟, ℎ, 𝑒)                                                                 Mass of working fluid in the engine’s component 𝑑𝑚𝑐 = (𝑃𝑑𝑉𝑐+𝑉𝑐𝑑𝑝𝛾 )𝑅𝑔𝑇𝑐𝑘                                                                                 Change in the mass of working fluid 

𝑑𝑚𝑒 = (𝑃𝑑𝑉𝑒 + 𝑉𝑒𝑑𝑝𝛾 )𝑅𝑔𝑇ℎ𝑒   𝑑𝑚𝑖 = 𝑚𝑖 𝑑𝑃𝑃 , (𝑖 = 𝑐, 𝑘, 𝑟, ℎ, 𝑒)  𝑑𝑚𝑐 = −𝑚𝑐𝑘                                                                                        Mass flow of working fluid  𝑑𝑚𝑘 = 𝑚𝑐𝑘 − 𝑚𝑘𝑟 𝑑𝑚𝑟 = 𝑚𝑘𝑟 − 𝑚𝑟ℎ 𝑑𝑚ℎ = 𝑚𝑟ℎ − 𝑚ℎ𝑒 𝑑𝑚𝑒 = 𝑚ℎ𝑒 𝑖𝑓 𝑚𝑐𝑘 > 0, 𝑇𝑐𝑘 = 𝑇𝑘; 𝑒𝑙𝑠𝑒 𝑇𝑐𝑘 = 𝑇𝑐                                                    Conditional temperature variation 𝑖𝑓 𝑚ℎ𝑒 > 0, 𝑇ℎ𝑒 = 𝑇ℎ; 𝑒𝑙𝑠𝑒 𝑇ℎ𝑒 = 𝑇𝑒   𝑑𝑇𝑖 = 𝑇𝑖 (𝑑𝑉𝑖𝑉𝑖 + 𝑑𝑃𝑃 − 𝑑𝑚𝑖𝑚𝑖 ) , (𝑖 = 𝑐 , 𝑒 )                                                 Variation in the temperature in working spaces 𝜕𝑄𝑘 = 𝐶𝑣𝑔𝑅𝑔 𝑉𝑘 𝑑𝑃 + (𝐶𝑝𝑔𝑇𝑘𝑟𝑑𝑚𝑘𝑟 − 𝐶𝑝𝑔𝑇𝑐𝑘𝑑𝑚𝑐𝑘)                              Heat lost from cooler           𝜕𝑄𝑟 = 𝐶𝑣𝑔𝑅𝑔 𝑉𝑟 𝑑𝑃 + (𝐶𝑝𝑔𝑇𝑟ℎ𝑑𝑚𝑟ℎ − 𝐶𝑝𝑔𝑇𝑘𝑟𝑑𝑚𝑘𝑟)                               Heat stored and released from regenerator    𝜕𝑄ℎ = 𝐶𝑣𝑔𝑅𝑔 𝑉ℎ 𝑑𝑃 + (𝐶𝑝𝑔𝑇ℎ𝑒𝑑𝑚ℎ𝑒 − 𝐶𝑝𝑔𝑇𝑟ℎ𝑑𝑚𝑟ℎ)                              Heat gained in heater                                              𝜕𝑊𝑒 = 𝑝 𝑑𝑉𝑒                                                                                           Expansion work done by displacer 𝜕𝑊𝑐 = 𝑝 𝑑𝑉𝑐                                                                                           Compression work done by piston 

2.2. New non-ideal thermal model with various losses 228 

The proposed enhanced non-ideal thermal model of the Stirling engine with various losses 229 

has been developed in order to improve on the existing second order models deployed for 230 

thermal analysis of Stirling engines. Herein, the shuttle heat loss has been coupled into the 231 

energy flow equations of the hot and cold CVs in the engine, invalidating the adiabatic 232 

conditions assumed in the work processes in these CVs, made in the traditional model [39]. In 233 

addition, the mass leakage into the crankcase and the mass leakage into the cold CV were 234 

coupled into the mass conservation equations of the engine developed in [39], by considering 235 

the mass leakages across the boundaries of the CVs. These heat and mass losses that are 236 

coupled into the traditional equations form the first category losses [18,41,42]. With these 237 

modifications, the proposed model has been made more comprehensive by contrast to ref. [41–238 

43] where only the mass leakage into the crankcase and shuttle conduction loss were coupled 239 

to the traditional equations. Also, compared with ref. [51] where only the mass leakage into the 240 

cold CV via the displacer gap and the shuttle heat loss were integrated into the traditional 241 

equations, the proposed model is more detailed. The resulting modified differential equations 242 
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of the Stirling engine were solved using a fourth-order Runge-Kutta numerical scheme at each 243 

time step in every cycle.  244 

In addition, the pressure drop in the heat exchangers of the engine was evaluated using 245 

empirical correlations and have been used to modify the instantaneous pressure and 246 

temperature of the working fluid in all of the components of the engine. At the end of each 247 

cycle, the second and third category loss effects were introduced into the already obtained 248 

numerical results to improve the results. The second category loss effects considered in this 249 

study which are mainly thermal losses are: loss due to regenerator imperfection, conduction 250 

loss, dissipation loss and enthalpy leakages to the buffer space. While the third category losses 251 

considered herein are work losses such as, pressure loss due to finite speed of the piston, 252 

mechanical frictional loss, spring hysteresis loss and loss due to pressure drop in the engine. 253 

The FST principle was used to model the pressure and mechanical frictional losses in the 254 

piston, with the assumption that the compression speed is equal to the expansion speed. Finally, 255 

the heater and cooler temperatures were corrected by conducting an energy balance of the 256 

components, assuming that the temperature of the heat source and sink are invariant.  257 

In order to formulate the enhanced non-ideal thermal model then several of the assumptions 258 

in the ideal analysis have been discarded. The updated assumptions of the new enhanced non-259 

ideal thermal model with various losses do not include  the assumptions #3, #6, #7 and #8 of 260 

the Simple analysis [39], as cited and presented in Section 2.1.  261 

2.2.1. Formulating the modified non-ideal thermal model  262 

This model has been formulated by including additional compartments or control volumes 263 

(CV), to those presented in Fig. 1. Fig. 2 shows the additional CVs which are the gap between 264 

the displacer and the cylinder wall and that leading to the crankcase. The interface between the 265 

hot CV and the cold CV has been assigned suffix, ce, while leak, stands for the crankcase. The 266 

differential equations of the engine which are derivatives of the variables controlling the 267 

operation of the engine with respect to the crank angle (or time) were developed by conducting 268 

mass and energy balances of the CVs in the engine.  269 

Neglecting the difference in the potential and kinetic heads in the flow energy equation 270 

(FEE), the generalized energy equation applicable to any of the CVs can be expressed as: 271 

 {𝛿𝑄ideal,j − 𝛿𝑄sh − 𝛿𝑄disp − 𝛿𝑄cond − 𝛿𝑄r,non−ideal − 𝛿𝑄leak}= {(�̇�i𝑐𝑝,i𝑇i − �̇�o𝑐𝑝,o𝑇o) + 𝛿𝑊ideal,j − 𝛿𝑊mech.fric. − 𝛿𝑊FST − 𝛿𝑊hyst.− 𝛿𝑊pdrop + 𝑐𝑣𝑑(𝑚𝑇)} 

               

 

      (1) 
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where 𝛿𝑄ideal,j (W) is the ideal heat gained or lost and 𝛿𝑊ideal,j (W) the ideal work rate of the 272 

system (engine fluid) in any CV. The first and final terms on the right hand side of eq. (1) 273 

model the change in the energy content of the system in the CVs and its internal energy, with 274 

subscripts i and o standing for flow ingress and egress from the CV. Here, 𝛿𝑄sh (J), 𝛿𝑄disp 275 

(W),  𝛿𝑄cond (W), 𝛿𝑄r,non−ideal (W), and 𝛿𝑄leak (W) are the additional terms to the traditional 276 

FEE namely the heat losses via the displacer shuttle, the energy dissipation, the conduction 277 

through the regenerator walls, the regenerator imperfection and the enthalpy leakage into the 278 

crank case respectively. In addition,  𝛿𝑊mech.fric. (W), 𝛿𝑊FST (W), 𝛿𝑊hyst. (W), and 𝛿𝑊pdrop 279 

(W) model the work loss rate via mechanical friction, the finite speed of the piston, the spring 280 

hysteresis and the pressure drop, respectively. 𝑐𝑝 ( Jkg.K) and 𝑐𝑣 ( Jkg.K) are the isobaric and 281 

isochoric specific heat capacities of the fluid, respectively. 282 

 283 

 284 

As the displacer travels from the cold CV to the hot CV, both maintained at two different 285 

temperature levels, there is some form of thermal communication between the displacer and 286 

the host volume during the process. The heat gained or lost by the displacer in the course of its 287 

movement between these two volumes is called the shuttle heat loss, and the instantaneous rate 288 

given by 𝛿𝑄sh, has been modelled as [28,40]: 289 

 𝛿𝑄sh = 0.4𝑍d2𝑘d𝐷d𝐽d𝐿d (𝑇e − 𝑇c)         (2) 

where 𝑍d (m), 𝑘d ( Wmk), 𝐷d (m), 𝐿d (m), and 𝐽d (m) are the displacer’s stroke, thermal 290 

conductivity, diameter, length and annular gap between the displacer and the cylinder wall, 291 

respectively.          292 

Fig. 2. Schematic of the beta type Stirling engine showing the mass leakage from the cylinder-
displacer gap [51]. 
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If only the shuttle heat loss and enthalpy leakage through the displacer clearance gap are 293 

considered in eq. (1), the energy balance of the compression CV and expansion CV will reduce 294 

to: 295 

                  𝛿𝑄c = −𝛿𝑄sh + 𝑐𝑝𝑅g 𝑝𝑑𝑉c + 𝑐𝑣𝑅g 𝑉c𝑑𝑝 + 𝑐𝑝𝑇ck𝑑𝑚ck + 𝑐𝑝𝑇ce𝑑𝑚ce             (3) 

 𝛿𝑄e = 𝛿𝑄sh + 𝑐𝑝𝑅g 𝑝𝑑𝑉e + 𝑐𝑣𝑅g 𝑉e𝑑𝑝 − 𝑐𝑝𝑇he𝑑𝑚he − 𝑐𝑝𝑇ce𝑑𝑚ce            (4) 

where 𝑅g ( Jkg.K)  is the gas constant of the working fluid. 296 

Eqs. (3) and (4) were derived by noting that the shuttle heat is lost by the displacer (piston) 297 

in the compression volume and gained in the expansion volume. This is in line with the 298 

temperature gradient in these CVs. The last terms on the right hand side of these equations 299 

model the loss of enthalpy due to the mass leakage. As it can be seen, there would be a drop in 300 

the enthalpy in the hot CV and this is due to the mass leakage via the displacer gap which leads 301 

to a corresponding gain in enthalpy in the cold CV. Meanwhile, the mass of the working fluid 302 

that can escape from the expansion CV into the compression CV at any given time in the engine 303 

could be determined from the following expression [51,62]:   304 

 �̇�ce = 𝜋𝐷d 𝑝4𝑅g𝑇ce (𝑈d𝐽d − 𝐽d36𝜇g ∆𝑝ce𝐿d )            (5) 

where 𝑇ce (K), 𝑈d (
ms ), 𝜇g (Nsm2), and ∆𝑝ce (Pa) are the temperature of the fluid escaping through 305 

the displacer gap, velocity of the displacer, dynamic viscosity of the fluid and difference in 306 

pressure between the hot and the cold CVs, respectively. 307 

The mass conservation principle has been applied to the spaces to obtain the rate of flow 308 

of the working fluid through each of the CVs are as follows: 309 

 𝑑𝑚ck = −𝑑𝑚c − 𝑑𝑚ce          (6a) 

                            𝑑𝑚kr = 𝑑𝑚ck − 𝑑𝑚k          (6b) 

 𝑑𝑚he = 𝑑𝑚e − 𝑑𝑚ce         (6c) 

 𝑑𝑚rh = 𝑑𝑚he + 𝑑𝑚h         (6d) 

If eqs. (3), (4), (6a), and (6c) are combined and factorized, and noting that the compression 310 

and expansion processes are adiabatic, i.e. heat added (or lost) is zero, the rate of change of the 311 

mass of the working fluid in the cold and hot CVs is obtained as: 312 
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 𝑑𝑚c = − 𝛿𝑄𝑠h  −   𝑐𝑝𝑅g 𝑝𝑑𝑉c −  𝑐𝑣𝑅g 𝑉c𝑑𝑝 −  𝑐𝑝𝑇ce𝑑𝑚ce𝑐𝑝𝑇𝑐𝑘 − 𝑑𝑚ce        (7) 

 𝑑𝑚e = 𝛿𝑄sh  +   𝑐𝑝𝑅g 𝑝𝑑𝑉𝑒   +   𝑐𝑣𝑅g 𝑉e𝑑𝑝  −  𝑐𝑝𝑇ce𝑑𝑚ce𝑐𝑝𝑇he + 𝑑𝑚ce        (8) 

From the perfect gas equation, the instantaneous mass variation of the working fluid in the 313 

remaining CVs can be obtained from the following expression: 314 

  𝑑𝑚i = 𝑉i𝑅g𝑇i 𝑑𝑝, (i = k, r, h)  (9) 

The instantaneous total amount of the working fluid in the engine is not expected to be 315 

constant because of the leakage of part of the gas into the crankcase. Thus, the amount of 316 

working fluid in the engine can be determined from the following expression: 317 

  𝑚t = 𝑚c + 𝑚k + 𝑚r + 𝑚h + 𝑚e − 𝑚leak (10) 

where 𝑚leak (kg) is the amount of the working fluid being lost from the cold CV of the engine 318 

into the crankcase.  319 

The amount of working fluid lost from the engine into the crankcase per time is expressed  as 320 

[39]: 321 

 �̇�leak = 𝜋𝐷p 𝑝 + 𝑝buffer4𝑅g𝑇g (𝑈p𝐽p − 𝐽p36𝜇g 𝑝 − 𝑝buffer𝐿p )          (11) 

where 𝑈p (ms ), 𝑝buffer (Pa), 𝐷p (m), 𝐿p (m), and 𝐽p (m) are the linear velocity of the piston, 322 

buffer pressure, piston diameter, length of piston and annular gap of the piston and the cylinder 323 

wall, respectively. 324 

By differentiating eq. (10) and substituting eqs. (7), (8) and (9) into the resulting expression, 325 

the variation in the pressure of the working fluid is obtained as: 326 

  𝑑𝑝 = 𝛿𝑄sh − 𝑐𝑝𝑅g𝑝𝑑𝑉c − 𝑐𝑝𝑇ce𝑑𝑚ce𝑐𝑝𝑇ck − 𝛿𝑄sh + 𝑐𝑝𝑅g𝑝𝑑𝑉e  −  𝑐𝑝𝑇ce𝑑𝑚ce𝑐𝑝𝑇he + 𝑑𝑚leak𝑉c𝛾𝑇ck + 𝑉k𝑇k + 𝑉r𝑇r + 𝑉h𝑇h + 𝑉e𝛾𝑇he 𝑅g     (12) 

By coupling the mass leakage into the crankcase, the mass leakage through the annular 327 

displacer gap and the shuttle loss into the traditional differential equation of the Stirling engine, 328 

the eq. (12) has been formulated. In fact, eq. (12) encompasses the proposed novel 329 

modifications that have been made to the traditional model aiming to improve on the accuracy. 330 

Meanwhile, the instantaneous change in the temperature of the working fluid in the hot and 331 

cold CVs has been obtained from the ideal gas equation as follows: 332 
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   𝑑𝑇i = 𝑇i (𝑑𝑉i𝑉i + 𝑑𝑝𝑝 − 𝑑𝑚i𝑚i ) , 𝑖 = 𝑐, 𝑒     (13) 

Also, by conducting the energy balance of the heat exchangers in the Stirling engine using 333 

eq. (1), the quasi-ideal thermal energy exchange in the mentioned CVs was determined as:  334 

𝛿𝑄quasi−ideal,k = 𝑐𝑣𝑅g 𝑉k𝑑𝑝 + 𝑐𝑝(𝑇ck(𝑑𝑚c + 𝑑𝑚ce) − 𝑇kr(𝑑𝑚c + 𝑑𝑚ce + 𝑑𝑚k))                        (14) 

𝛿𝑄quasi−ideal,r = 𝑐𝑣𝑅g 𝑉r𝑑𝑝+ 𝑐𝑝𝑇kr((𝑑𝑚c + 𝑑𝑚ce + 𝑑𝑚k) − 𝑇rh(𝑑𝑚c + 𝑑𝑚ce + 𝑑𝑚k + 𝑑𝑚h))   
   

                

                     (15) 

𝛿𝑄quasi−ideal,h = 𝑐𝑣𝑅g 𝑉h𝑑𝑝 + 𝑐𝑝(𝑇rh(𝑑𝑚c + 𝑑𝑚ce + 𝑑𝑚k + 𝑑𝑚h) − 𝑇he(−𝑑𝑚e))                      (16) 

The interfacial temperatures of the working fluid at the interfaces of the CVs have been 335 

determined by considering the direction of flow of the fluid. In this study, the interfacial 336 

temperatures of the fluid can be determined from the following expressions [51]: 337 

   𝑖𝑓 �̇�ck > 0, 𝑇ck = 𝑇k 𝑒𝑙𝑠𝑒, 𝑇ck = 𝑇c  
         

     (17) 

   𝑖𝑓 �̇�ce > 0, 𝑇ce = 𝑇c 𝑒𝑙𝑠𝑒, 𝑇ce = 𝑇e  
              

     (18) 

   𝑖𝑓 �̇�kr > 0, 𝑇kr = 𝑇k 𝑒𝑙𝑠𝑒, 𝑇kr = 𝑇k + (1 − 𝜀r)(𝑇h − 𝑇k) 

              

     (19) 

   𝑖𝑓 𝑚rh > 0, 𝑇rh = 𝑇h − (1 − 𝜀r)(𝑇h − 𝑇k) 𝑒𝑙𝑠𝑒, 𝑇rh = 𝑇h  
              

     (20) 

  𝑖𝑓 �̇�he > 0, 𝑇he = 𝑇h 𝑒𝑙𝑠𝑒, 𝑇he = 𝑇e 

              

      (21) 

The other modifications made to the Simple adiabatic analysis model in this study, to 338 

improve on those of ref. [43,51] is to implement the variation of pressure in the CVs of the 339 

engine using the magnitudes of the pressure drops in the heat exchangers. As in [40], the cold 340 

CV has been chosen as the reference pressure and assigned the value of the instantaneous 341 

pressure in the engine at a given time step. Subsequently, the pressure in the other components 342 

in a particular time step was determined incrementally by utilizing the information of the 343 
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pressure drops in the heat exchangers in the previous time step and the direction of flow of the 344 

fluid, as follows: 345 

   𝑖𝑓 �̇�ck > 0, 𝑝k(i) = 𝑝c(i) + ∆𝑝k(i−1)2  

𝑒𝑙𝑠𝑒, 𝑝k(i) = 𝑝c(i) − ∆𝑝k(i−1)2  

              

              

     (22) 

    𝑖𝑓 �̇�kr > 0, 𝑝r(i) = 𝑝k(i) + (∆𝑝k(i−1) + ∆𝑝r(i−1))2  

𝑒𝑙𝑠𝑒, 𝑝r(i) = 𝑝k(i) − (∆𝑝k(i−1) + ∆𝑝r(i−1))2  

            

(23) 

     𝑖𝑓 𝑚rh > 0, 𝑝h(i) = 𝑝r(i) + (∆𝑝r(i−1) + ∆𝑝h(i−1))2  

𝑒𝑙𝑠𝑒, 𝑝h(i) = 𝑝r(i) − (∆𝑝r(i−1) + ∆𝑝h(i−1))2  

            

            

(24) 
 

   𝑖𝑓 �̇�he > 0, 𝑝e(i) = 𝑝h(i) + ∆𝑝h(i−1)2  

𝑒𝑙𝑠𝑒, 𝑝e(i) = 𝑝h(i) − ∆𝑝ℎ(𝑖−1)2  

              

            

 (25) 
 

With the knowledge of the pressure of the fluid in each CV provided by eqs. (22) - (25), the 346 

temperature of the fluid in these CVs is updated in each time step by applying the following 347 

expression: 348 

  𝑇i = 𝑝i𝑉i𝑅g𝑚i , (𝑖 = 𝑐, 𝑘, 𝑟, ℎ, 𝑒)  (26) 

These set of independent differential equations formulated for the analysis of Stirling 349 

engines can be presented as an initial value problem as follows: 350 

  �̇� = 𝐹(𝑡, 𝑦), 𝑤𝑖𝑡ℎ 𝑖𝑛𝑖𝑡𝑖𝑎𝑙 𝑐𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛𝑠, 𝑦(𝑡(0)) = 𝑦(0) (27) 

where, the array 𝑦 ≡ 𝑉c, 𝑉e, 𝑇c, 𝑇e, 𝑃, 𝑊c, 𝑊e, 𝑒𝑡𝑐., denotes the unknown functions.  351 

2.2.2. Modelling the second and third category losses in the engine 352 

As stated in Section 2.2, the second and the third category losses of Stirling engines were 353 

accounted for in the enhanced non-ideal thermal model presented in this paper at the end of 354 

each cycle of the numerical iterations. The second and third category losses, as defined in the 355 

Section 2.2.1, have been incorporated into eq. (1). This section presents the principles and 356 

methods deployed in the evaluation of these losses.  357 

2.2.2.1. Thermal losses in the enhanced Second-order modelling of the Stirling engine 358 

The second category losses of the engine are mainly thermal losses. The thermal losses 359 

considered in this model are as follows: 360 
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a. Dissipation losses:  361 

The flow of the working fluid over the walls of the heat exchangers of the Stirling engine 362 

creates a thermal boundary layer. This, in turn, induces heat dissipation which results in thermal 363 

losses. In this paper, this loss has been modelled by expressing it as a function of the pressure 364 

drops in the heat exchangers [39,40]:  365 

  𝑄diss,i = − ∆𝑝i𝑚i𝜌g , (𝑖 = 𝑘, 𝑟, ℎ) (28) 

where ∆𝑝i (Pa) is the pressure drop in a given heat exchanger and 𝜌g (m3kg ) is the density of the 366 

internal gas of the engine.  367 

b. Conduction losses: 368 

The regenerative thermal engine utilises several heat exchangers, resulting in a variation in 369 

the temperature field across the engine. Some of the CVs are maintained at a high temperature, 370 

while others operate at a very low temperature. This obvious temperature differential can 371 

induce loss of thermal energy by internal conduction. In particular, a considerable amount of 372 

heat can be lost between the heater and the cooler - the units of the engine that operate at the 373 

extreme temperatures - as well as through the walls of the regenerator. This heat loss by internal 374 

conduction through the walls of the regenerator has been expressed  as [44]: 375 

  𝑄cond = 𝑅cond(𝑇wh − 𝑇wk)  (29) 

where 𝑅cond (kJK) is the conductive thermal resistance of the walls of the regenerator, 𝑇wh(K) 376 

is the temperature of the heater wall and 𝑇wk (K) is the temperature of the cooler wall. 377 

c. Heat leakage to the buffer space: 378 

The mass leakage into the crankcase could induce some thermal energy loss in the engine. 379 

This loss affects the performance of the engine. In Section 2.2.1, the mass of the compressed 380 

gas escaping into the buffer space was modelled. The enthalpy loss as a result of the mass 381 

leakage has been obtained as follows: 382 

  𝑄leak = 𝑚leak𝑐𝑝𝑇c (30) 

d. Non-ideal heat transfer losses: 383 

It has been mentioned in Section 1, that the introduction of the regenerator in the Stirling 384 

engine could reduce the thermal energy requirement of the engine significantly. The 385 

regenerator is designed to absorb heat contained in the working fluid and to release ideally the 386 

same amount of heat when it is needed. Nevertheless, because of its thermal imperfections, it 387 
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is impracticable to recover all of the heat absorbed. Hence, the performance of the regenerator 388 

is usually evaluated by its effectiveness, which simply expresses the fraction of the heat 389 

absorbed from the regenerator that could be recovered for a given regenerator design and 390 

operating conditions.  391 

An effectiveness of 1.0 is the best case and implies complete heat recovery while 0.0 is the 392 

worst case indicating that no heat was recovered from the regenerator. It is unlikely to have an 393 

effectiveness of 1.0 in the regenerator, suggesting that the temperature of the working fluid 394 

exiting the regenerator is lower than the heater temperature. As a result, additional heat is 395 

supplied from the heater so as to make-up for the inefficiency of the regenerator and raise the 396 

fluid temperature to the required heater temperature. This however, comes at a cost; the 397 

reduction in the energetic efficiency of the engine. In this paper, the effectiveness of the 398 

regenerator was obtained using the number of transfer units (NTU) approach, with the help of 399 

empirical correlations. Thus, the effectiveness of the regenerator is taken herein as: 400 

  𝜀r =  𝑁𝑇𝑈𝑁𝑇𝑈 + 1 (31) 

The NTU is expressed as a function of the Nusselt number (Nu) of the matrix over which 401 

the fluid is flowing, and is expressed  as [13]: 402 

  𝑁𝑇𝑈 =  ( 4𝑁𝑢𝑅𝑒𝑃𝑟) 𝑙r𝑑hr (32) 

where 𝑙r (m), 𝑑hr (m), 𝑅𝑒 (-) and 𝑃𝑟 (-) are the length of the regenerator, hydraulic diameter 403 

of the regenerator, Reynolds and Prandtl numbers, respectively. The hydraulic diameter, 𝑑hr 404 

which expresses the ratio of the void volume to that of the wetted area in the regenerator is 405 

given as: 406 

  𝑑hr = 4𝑉void,r𝐴wetted,r (33) 

Geodon and Wood [25] studied the oscillating flows through the regenerator matrix and 407 

proposed for the estimation of the Nusselt number the following expression:  408 

  𝑁𝑢 =  (1 + 0.99(𝑅𝑒𝑃𝑟)0.66)𝜙1.79 (34) 

where 𝜙 (-) is the porosity in the wire meshes contained in the regenerator and it can be 409 

expressed as [63]: 410 

  𝜙 = 1 − (𝑛mr𝜋𝑑wr)4  (35) 
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where 𝑑wr (m), and 𝑛mr ( 1m) are the regenerator mesh wire diameter and the number of meshes 411 

per meter, respectively. 412 

Thus, the additional heat supplied by the heater to compensate for the regenerator 413 

imperfection has been obtained from:  414 

  𝑄r,non−ideal = 𝑄r,ideal(1 − 𝜀r) (36) 

The actual thermal load of the heater and the cooler have been obtained by incorporating 415 

the thermal losses modelled so far into their energy balance equations. These loads can, 416 

therefore, be obtained from the following expressions: 417 

  𝑄actual,k = 𝑄quasi−ideal,k + 𝑄cond − 𝑄r,non−ideal + 𝑄leak + 𝑄diss,total (37) 

  𝑄actual,h = 𝑄quasi−ideal,h − 𝑄cond + 𝑄r,non−ideal − 𝑄leak − 𝑄diss,total (38) 

Then, eqs. (37) and (38) have been used to update the temperature of the cooler and the heater, 418 

at the end of each cycle, by deploying the Newton’s law of cooling/heating, as expressed in the 419 

following relations [42]: 420 

  𝑇h = 𝑇wh − Qactual,h𝐹𝑟𝑒𝑞ℎh𝐴𝑤ℎ  (39) 

  𝑇k = 𝑇wk − 𝑄actual,k𝐹𝑟𝑒𝑞ℎk𝐴wk  (40) 

where ℎh( Wm2K), ℎk( Wm2K), 𝐹𝑟𝑒𝑞 (Hz), 𝐴wh(m2), and 𝐴wk(m2), are the heat transfer coefficients 421 

in the heater and cooler, the frequency of the engine, the area of the heater wall and the area of 422 

the cooler wall, respectively. 423 

The heat transfer coefficients of the heater and cooler has been obtained from correlations 424 

in the literature [51] as: 425 

  ℎi = 0.0791𝜇i𝑐𝑝𝑅𝑒i0.752𝐷i𝑃𝑟i , (𝑖 = 𝑘, ℎ) (41) 

2.2.2.2.Work transfer losses in the enhanced engine model 426 

The work transfer losses have been described as third category losses in the Stirling engine 427 

[41,42], which inadvertently reduce the actual power generated by the engine. These losses are: 428 

a. Loss of work due to drop in pressure in the exchangers: 429 

The internal gas flowing through the cooler, heater and regenerator of the engine is in direct 430 

contact with the walls. Thanks to no slip condition at the fluid-wall interface, there is variation 431 

in the flow velocity and by extension, the pressure of the working fluid. The change in the 432 
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pressure of the working fluid in the line of flow is responsible for the pressure loss in the heat 433 

exchangers of the Stirling engine, which affects its performance negatively. Thus, the pressure 434 

loss in the heat exchangers of the engine have been obtained in this paper as: 435 

  ∆𝑝i = 2𝑓i𝜇i𝑢i𝑉i𝑑hi2 𝐴i , (𝑖 = 𝑘, ℎ, 𝑟) (42) 

where 𝑢 (ms ), 𝐴 (m2), and 𝑓  (-) are the flow velocity, area of the heat exchanger and friction 436 

factor, respectively.  437 

The frictional factor used in this paper has been obtained from empirical correlations, based 438 

on the flow regime of the flowing fluid in the heat exchanger and can be expressed as [39]: 439 

  𝑓i = {16                                                𝑅𝑒 < 2000                 7.343 × 10−4𝑅𝑒1.3142           2000 < 𝑅𝑒 < 40000.0791𝑅𝑒0.75                           𝑅𝑒 > 4000                , (𝑖 = 𝑘, ℎ) (43) 

While the friction factor of the regenerator has been evaluated from the correlations given 440 

by Kay and Londons [64] as: 441 

  𝑓r = 54 + 1.43𝑅𝑒0.78 (44) 

The work loss as a result of the pressure drop in the aforementioned heat exchangers can 442 

be obtained from the following expression: 443 

  𝑊pdrop = ∮ ∑ ∆𝑝i𝑖=𝑘,𝑟,ℎ 𝑑𝑉e (45) 

Finally, the pressure difference between the hot and the cold CVs of the Stirling engine, 444 

required to model the mass leakage through the annular gap, is described in eq.(5) and it is 445 

given as the sum of the pressure drops in the heat exchangers of the engine [51]: 446 

  𝛥𝑝ce = 𝑝e − 𝑝c = ∑ ∆𝑝i𝑖=𝑘,𝑟,ℎ  (46) 

 447 

b. Frictional work loss in the engine: 448 

As the displacer compresses the internal gas of the engine, the pressure of the fluid around 449 

the displacer grows to a value higher than the average pressure of the working fluid in the 450 

engine, which reverses in the expansion process. Consequently, more compression work is 451 

produced in the actual engine operation than the ideal compression work. Likewise, in the 452 

expansion process of the prototype engine, less work is produced compared with the ideal 453 

expansion work because of the lower pressure around the piston during this process. Hence, 454 

the net-work output of the prototype engine would be less than that of the theoretical engine. 455 
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This loss of work in the engine, by reason of the finite motion of the piston, has been modelled 456 

by the principle of finite speed thermodynamics formulated by Petrescu [35].   457 

On the other hand, there would be mechanical losses in the bearings and other mechanical 458 

joints of the engine. The combined finite speed and mechanical losses from the Stirling engine 459 

was obtained from the following expression [35]:  460 

  𝑊FST & mech fric = ∫ 𝑃cylinder (± √3𝛾𝑢p𝑐 ± ∆𝑝f𝑃cylinder) 𝑑𝑉 (47) 

where 𝑐 (ms ), ∆𝑝f (Pa), and 𝑢p (ms ) are the speed of the wave induced in the working fluid by 461 

the motion of the piston, the pressure drop as a result of mechanical friction and piston speed, 462 

respectively. It is important to note that the sign (+) was used in the compression process and 463 

(-) in the expansion process.  464 

The following expressions have been used to obtain the values of  𝑐 and ∆𝑝f [41]: 465 

  𝑐 = √𝛾𝑅g𝑇 (48) 

  ∆𝑝f = 0.97 + 0.15 𝑁r1000 (49) 

where 𝑁r (rpm) is the rotational speed of the engine.  466 

c. Work loss due to gas spring hysteresis caused by the motion of the displacer: 467 

As the displacer compresses and expands the internal gas of the engine, it is likely that this 468 

internal gas could begin to act as a spring. This unusual behavior of the working fluid may 469 

introduce additional losses in the engine that could be in the form of the dissipation of the 470 

internal energy of the fluid. The dissipation loss, as a result of the gas spring hysteresis, has 471 

been modelled using the following expression [39]:  472 

  �̇�Hyst = √ 132 𝜔𝛾3(𝛾 − 1)𝑇w𝑝mean𝑘g ( 𝑉d2𝑉T)2 𝐴𝑤𝑒𝑡𝑡𝑒𝑑 (50) 

where 𝜔 (rads ), 𝑘g ( Wmk), 𝑉d (m3), 𝑉T (m3), 𝐴wetted (m2) are the angular speed of the piston, the 473 

thermal conductivity of the gas, the instantaneous swept volume of the displacer, the total 474 

volume in the working volumes of the engine and the wetted area in the working space, 475 

respectively.  476 

Thus, the brake power of the engine has been obtained by subtracting the work losses from 477 

the ideal work: 478 



20 
 

  �̇�actual = {{∮(𝑝e𝑑𝑉e + 𝑝c𝑑𝑉c)} − 𝑊FST & mech fric − 𝑊pdrop} 𝐹𝑟𝑒𝑞 − 𝑊Hyst (51) 

Thus, the actual energetic efficiency of the Stirling engine is, given as: 479 

  𝜂Stirling = �̇�actual𝑄actual,h. 𝑓𝑟𝑒𝑞 (52) 

 480 

3. Model solution algorithm 481 

In this section, an algorithm was developed to describe the approach for implementing the 482 

solutions of the set of governing differential equations formulated in Section 2. Fig. 3 describes 483 

the algorithm developed to implement the solutions. As it has been mentioned previously, the 484 

fourth-order Runge-Kutta numerical scheme has been deployed in solving the modified 485 

differential equations formulated in this paper. Prior to deploying the numerical scheme, as it 486 

is seen from the algorithm, analytical models based on the driving mechanism and engine 487 

configuration have been used to obtain the magnitudes of the volumes of the gas in the working 488 

spaces and its derivatives, 𝑉c, 𝑉e, 𝑑𝑉c, and 𝑑𝑉e as a function of crank angle (or time of operation 489 

of the engine) in one cycle of operation, which is expected to span from 𝜃 = 0° to 𝜃 = 360°.  490 

Other design parameters of the engine, such as the volumes of the cooler, heater and 491 

regenerator, 𝑉k, 𝑉h, and 𝑉r, respectively, were obtained using physical measurements of the 492 

geometry of the prototype engine. Initial conditions of the temperatures of the working fluid in 493 

the heater and cooler were specified, while the gas temperature in the regenerator has been 494 

obtained as the effective mean of the heater and cooler temperatures [39]. Furthermore, initial 495 

conditions of the mass of the fluid were assumed, while the Schmidt’s model has been deployed 496 

to obtain the initial mass of the fluid in the CVs of the engine. The fluid in the hot and cold 497 

CVs have been assigned the magnitudes of the heater and the cooler temperatures, respectively, 498 

at time, 𝑡(0). In addition, ten boundary conditions of the interfacial temperatures of the CVs 499 

were specified. In this solution approach, with the exception of variables used to determine 500 

constants and other engine geometrical properties, the size of the vector 𝑦 denoting the 501 

unknown functions is 44, comprising the analytical variables and derivatives.  502 

The magnitudes of seven of these variables (𝑄k, 𝑄h, 𝑄r, 𝑊c, 𝑊e, 𝑇c, and 𝑇e) have been 503 

obtained by numerical integration, using the fourth-order Runge-Kutta scheme, while the 504 

remaining were determined analytically. This initial value problem was solved at each time 505 

step up to the maximum time step (in this case 1000), completing one cycle of operation of the 506 

engine, before it was tested for convergence. The convergence criteria specified require that 507 
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the magnitudes of the temperature of the fluid in the cold and hot CVs in conjunction with the 508 

mean pressure of the engine at the beginning of the cycle, 𝑡(0) (𝑜𝑟 𝜃 = 0°) should be equal to 509 

that at the end of the cycle, 𝑡(1000) (𝑜𝑟 𝜃 = 360°). Until this condition is met, which implies 510 

that the system had attained steady steady, the differential equations were solved over repeated 511 

cycles, and the numerical results for each variable was logged in each time step. The solutions 512 

to the unknown functions, 𝑦 provided in this step, have the form of a 2-dimensional array of 513 

size (44 × 1000). The processes described so far in this step is similar to that employed in the 514 

Simple analysis [39], except for the fact that the traditional differential equations of the Stirling 515 

engine cited in Table 1 have been modified as described in Section 2.2.   516 

At the completion of each cycle, the numerical results were modified by accounting for the 517 

thermal and the work transfer loss effects in the engine, as discussed in Section 2.2.2, to obtain 518 

the actual work and the heat interactions in the engine, and compute its energetic efficiency. 519 

Subsequently, the magnitudes of the temperature of the internal gas of the engine in the heater 520 

and cooler were modified, as described in Section 2.2.2.1, using the computed heat transfer 521 

rate in the referenced engine spaces. Finally, the updated values of the temperature of the 522 

internal gas of the engine in the heater and the cooler were transferred to the next cycle to repeat 523 

the steps described until steady state is attained.  524 
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 525 

Fig. 3. Schematic of the solution algorithm deployed for analysing the proposed thermal 526 

model of the Stirling engine. 527 

4. Enhanced model validation 528 

The enhanced thermal model of the Stirling engine developed in this paper was evaluated 529 

with geometric and operating data of a 3 kW beta-type Stirling engine known as the GPU-3 530 

Stirling engine and designed by General Motors. The testing of the GPU-3 Stirling engine was 531 

conducted in the NASA Lewis Research Center and the test results of the engine’s performance 532 

was presented in [28]. The specifications of the geometrical design of the prototype engine are 533 

presented in Table 2.  534 

Subsequently, the enhanced model formulated in this paper was validated against the test 535 

data from the GPU-3 Stirling engine and compared with model results developed in previous 536 

studies [36,39,41,42,48,51]. As depicted in Fig. 4 and Table 3 the enhanced model predicted 537 

the First Law efficiency and brake power of the prototype engine at the referenced point to a 538 

high level of accuracy with relative errors of + 0.3%  and - 4.02% in the brake power and 539 

energetic efficiency, respectively. The high level of accuracy of the present model is a result 540 



23 
 

of a deliberate effort to minimise the assumptions made in developing the model; hence, 541 

creating a more practical scenario.  542 

Table 2. Design parameters of the prototype 3 kW Stirling engine [28] . 543 

Quantity Value Quantity Value 

General  Heater  

Working fluid Helium Mean tube length 245.30 mm 

Piston stroke 31.20 mm Tube outside diameter 4.83 mm 

Internal diameter of cylinder 69.90 mm Tube inside diameter 3.02 mm 

Frequency 41.70 Hz Number of tubes per cylinder 40  

Mean Pressure 4.13 MPa Dead volume of heater 70.88 mm3 

Phase angle 90 Cooler  

Heater temperature 977 K Mean tube length 46.10 mm 

Cooler temperature 288 K Tube external diameter 1.59 mm 

Number of cylinder 1 Tube internal diameter 1.09 mm 

Regenerator  Number of tubes per cylinder 312 

Regenerator length 226 mm Dead volume of cooler 13.80 mm3  

Regenerator external diameter 80 mm Others  

Regenerator internal diameter 22.60 mm Clearance volume of the piston 28.68 mm3 

Number of regenerator  8 Clearance volume of the displacer 30.52 mm3 

Dead volume of regenerator 50.55 mm3 Diameter of displacer  69.9 mm 

Material  Stainless steel wire Diameter of displacer rod 9.52 mm 

No. of wires per cm 79 × 79 Diameter of piston rod 22.2 mm 

Wire diameter 0.04 mm Displacer clearance 0.028 mm 

No of layers  308 Piston clearance 0.15 mm 

Porosity of the regenerator matrix 0.69 Eccentricity 20.80 mm 

 544 

Meanwhile, in Fig. 4 and Table 3, the results obtained from the enhanced model, referred 545 

hereinafter as ‘Present Model’, have been compared to the results obtained from the models 546 

developed by: Urieli and Berchowitdtz [39], referred to as ‘Simple’; Babaelahi and Sayyaadi 547 

[41], referred to as ‘Simple II’; Sayyaadi and Hosseinzade [48], referred to as ‘CAFS’; 548 

Hosseinzade et al. [36], referred to as ‘PFST’; Babaelahi and Sayyaadi [42], referred to as 549 

‘PSVL’; and Li et al. [51], thereafter referred to as ‘PSML’. These models are second order 550 

numerical models apart from the ‘PFST’ that is a closed-form model. By contrast to the 551 

previous models, the Present Model predicted superior results for both the brake power and the 552 

energetic efficiency at the design point of the test engine compared with the previous models.  553 

In particular, in the Simple [39] model, which is an adiabatic model, several assumptions 554 

were made to simplify the complexity of the involved processes in the engine. This, in turn, 555 

resulted in predicting performance results that are much different to the actual engine 556 

performance results and yielding relative errors of over 100% (see, Table 3). On the other hand, 557 

the CAFS [48] and the Simple II [41] models (both adiabatic) did not consider the mass leakage 558 
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through the displacer gap, which contributed significantly to the work loss in the engine, even 559 

though they discarded some of the assumptions made in the Simple model [39]. Further 560 

improvements were accomplished in the predicted energetic efficiency and the power output 561 

in the PSVL [42] and the PFST [36] models, by replacing the adiabatic with polytropic 562 

processes. Despite the improvements made using this approach, the failure of the authors to 563 

account for the leakage of the mass of the working fluid into the compression space has limited 564 

the accuracy of the models. 565 

In the PSML [51], an updated model which was built on the principle of the polytropic 566 

processes in the cold and hot CVs and consequently, improved prediction errors of – 2.6% and 567 

+ 3.78% in the brake power and energetic efficiency were recorded, respectively. This was 568 

achieved by considering the mass leakage into the compression space. Even so, the Present 569 

Model predicted the brake power from the engine more accurately than the PSML [51], because 570 

both the leakage into the compression space and the mass leakage into the crankcase have been 571 

simultaneously considered. Contrarily, the PSML [51] model predicted slightly better engine 572 

energetic efficiency compared to the Present Model. This is because the PSML model 573 

appreciates the polytropic losses of the engine, while the Present Model did not. Nevertheless, 574 

the reliance on experimental data to estimate the polytropic exponents in the compression and 575 

expansion processes of the engine using the PSML [51] model may limit its application and 576 

accuracy. Therefore, it can be concluded that the Present Model is evidently better than the 577 

previous models because of the improvements made in the traditional adiabatic model, by 578 

accounting for the mass leakage into the cold CV, mass leakage into the crankcase and shuttle 579 

heat loss in the engine. In addition, unlike in the previous models, modelling the instantaneous 580 

pressure of the working fluid in the CVs of the engine for each time step in the numerical 581 

process may have contributed to improving the accuracy of the Present Model. 582 

 583 
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 584 

Fig. 4. Evaluating the prediction accuracy of the Present Model by comparing it with the experimental data and 585 
other numerical models’ prediction. 586 

Fig. 5 (a) and (b) evaluate the performance of the Present Model in predicting the 587 

experimental data (labelled ‘Exp’ in the legends) of the brake power of the GPU-3 engine at 588 

various frequencies to that of other theoretical models, when the engine is operating at a heater 589 

temperature of 922 K, cooler temperature of 286 K and for mean engine pressures of 4.14 MPa 590 

and 2.76 MPa, respectively. It is evident that the predicted brake power of the Present Model 591 

was very close to the experimental data at all the engine frequencies considered. In addition, a 592 

similar trend for the brake power is observed in the experimental results, the Present Model, 593 

the PFST [36] and the PSML [51], i.e., an initial increase with the increasing frequency of the 594 

engine before attaining a peak value at a frequency of  41.67 Hz. Subsequently, an appreciable 595 

decrease in the brake power was recorded as the frequency of the engine was increased beyond 596 

this value, especially when the engine is operating with a mean pressure of 4.14 MPa (Fig. 5 597 

(a)).  598 

This trend could be a result of the increase in the internal and the external irreversibilities 599 

in the engine due to the increase in the frequency of the rotation of the engine. Technically, at 600 

higher frequencies the flowrate of the gas in the engine would increase and consequently the 601 

ideal power will also increase, since the ideal work from the engine does not change. However, 602 

this increase in the flowrate of the gas could lead to an increase in the mechanical frictional  603 



 

Table 3. Relative error in the prototype engine performance data predicted by the Present Model and other thermal models (Thtr = 977 K; Tk = 286 

K; Pmean = 4.14 MPa; Freq = 41.67 Hz). 

 

Source 

Simple 

[39] 

 CAFS 

[48] 

Simple-II 

[41] 

PSVL 

[42] 

PFST 

[36] 

PSML 

[51] 

Present model 
This study 

Relative error in brake power 
(%) 

+ 152.8  + 55.0 + 36.6 + 14.3 + 36.3 - 2.6 + 0.3 

Relative error in efficiency 

  (%) 
+ 146.48  + 73.24 + 33.33 + 14.55 + 9.39 + 3.78 - 4.02 



loss in the engine, FST loss, loss as a result of the pressure drop in the heat exchangers and 1 

even the spring hysteresis loss. The increased losses in the engine at high engine frequencies 2 

may offset the gain in the ideal power recorded, leading to a decline in the brake power derived 3 

from the engine. 4 

It is evident from Fig. 5 (a) that when comparing the prediction accuracy of the Present 5 

Model to that of other models, the Present Model predicted the experimental engine’s brake 6 

power more accurately for the entire engine frequencies investigated, compared with the 7 

Simple [39], Simple II [41], CAFS [48], PSVL [42], and  PFST [36] models. On the other hand, 8 

compared with the PSML model, the Present Model predicted more superior results of the 9 

brake power of the GPU-3 engine for engine frequencies of 33 Hz – 54 Hz, while the PSML 10 

model predicted slightly better results for engine frequencies above 54 Hz. Similarly, based on 11 

Fig. 5 (b), the Present Model predicted superior results of the brake power for all engine 12 

frequencies investigated, compared with the Simple [39], Simple II [41], CAFS [48], PSVL 13 

[42], and  PFST [36] models, except for frequencies above 53 Hz where the PFST [36] model 14 

predicted slightly better results than the Present Model. Conversely, except for frequencies 15 

between 16.67 Hz – 25 Hz where the predicted brake power between the Present Model and 16 

PSML model were comparable, the PSML model predicted the engine brake power more 17 

accurately than the Present Model for a mean effective pressure of 2.76 MPa. 18 

 19 

 20 

 21 
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 22 

Fig. 5. Assessing the performance of the Present Model in estimating the brake power of the Prototype engine at 23 

various engine frequencies and comparing it to other thermal models (Simple [39], Simple II [41], CAFS [48], 24 

PSVL [42], PFST [36] , PSML [51]), and experimental data [28], at Thtr = 922 K, Tk = 286 K and MEPs of (a) 25 

4.14 MPa, and (b)  2.76 MPa. 26 

Fig. 6 (a) and (b) depict the relative error recorded in estimating the brake power of the 27 

prototype engine by the Present Model for MEP of 4.14 MPa and 2.76 MPa, respectively. It is 28 

seen that the prediction error was less than 15% (based on Fig. 6 (a)) and 40% (based on Fig. 29 

6 (b)) for all the engine frequencies investigated, except for the unprecedented rise in the 30 

relative error at an engine frequency of 58.33 Hz for the second case. Meanwhile, compared 31 

with the Simple [39], Simple II [41], CAFS [48] and the PFST [36] models, the relative error 32 

recorded by the Present Model was significantly lower at all the engine frequencies investigated 33 

for the two MEPs, with the exemption of the PSVL [42] model where the relative error is 34 

comparable for engine frequencies between 25 Hz and 41.67 Hz for the MEP of 4.14 MPa. As 35 

for the more recent PSML [51] model, the Present Model recorded lower relative errors, for 36 

engine frequencies between 25 Hz and 41.67 Hz (as seen in Fig. 6 (a)), while the PSML [51] 37 

model produced lower relative errors at all the engine frequencies investigated except between 38 

16.67 Hz and 25 Hz (as seen in the Fig. 6 (b)).  39 

It can be concluded then that the Present Model can predict superior results for the brake 40 

power of the GPU-3 engine than all the existing second order thermal models at the design 41 

mean effective pressure of the engine (MEP = 4.14 MPa). However, the PSML [51] model 42 

predicted better results at the off-design condition (MEP of 2.76 MPa). This could be because 43 
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in this study we considered the mass leakage into the crankcase. This requires the buffer 44 

pressure in the crankcase to be computed. Unfortunately, due to lack of information in the 45 

literature on the measured buffer pressure in the crankcase, we assumed the same buffer 46 

pressure for the design and off-design MEP cases; an assumption that may not be realistic in 47 

practice. High buffer pressures would imply lower pressure differentials between the 48 

compression space and the crankcase, leading to reduced leakage of gas into the crankcase 49 

[50]. Hence, the predicted brake work rate especially at high engine frequencies when the fluid 50 

is more mobile would be more than the actual power from the engine; similar to the trend 51 

observed in Fig. 6 (b). 52 

 53 

 54 
Fig. 6. Comparing the relative error in the predicted brake power of the Present Model at different engine frequencies with 55 

other models (Simple [39], Simple II [41], CAFS [48], PSVL [42], PFST [36], PSML [51]) at Thtr = 922 K, Tk = 286 K and 56 

MEPs of (a) 4.14 MPa, and (b)  2.76 MPa. 57 
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Fig. 7 (a) and (b) show the predicted energetic efficiency of the Present Model at various 58 

engine speeds compared with the predictions of other theoretical models, for the experimental 59 

engine operating at a heater temperature of 922 K, cooler temperature of 286 K and mean 60 

engine pressures of 4.14 MPa and 2.76 MPa, respectively. It is clear that the trend in the engine 61 

energetic efficiencies predicted by the Present Model is consistent with the experimental results 62 

for the full range of engine frequencies, and the mean effective pressures investigated. On the 63 

other hand, the other models predicted linear trends that do not coincide with the experimental 64 

dataset.   65 

Meanwhile the predicted efficiencies of the Present Model are seen to have remained 66 

unchanged for engine frequencies between 25 Hz and 33.33 Hz for a MEP of 4.14 MPa or 67 

slightly increased for frequencies between 16.67 Hz and 25 Hz and remained the same until 68 

33.33 Hz for a MEP of 2.76 MPa, before starting to decline appreciably in both cases. This is 69 

expected because the brake power output of the engine started to decline just after peaking at 70 

a frequency of 41.67 Hz. In addition, at higher engine frequencies the dissipation of the thermal 71 

energy in the regenerative engine becomes more intense, especially in the regenerator that 72 

contributes most of the losses in the engine. It has been mentioned in Section 2.2.2.1 that 73 

additional heat will be required to compensate for the imperfect regeneration, but at the cost of 74 

a decline in the energetic efficiency of the engine as is the case in Fig. 7 (a) and (b).  75 

As seen from Fig. 7 (a), the energetic efficiencies predicted by the Present Model at MEP 76 

of 4.14 MPa were more accurate than the other models for all the engine frequencies 77 

investigated, except for the mid-range frequencies (33.33 Hz – 45 Hz) where the PSVL [42], 78 

and PFST [36], and PSML [51] models exhibit greater accuracy. Nevertheless, the consistency 79 

of the Present Model in estimating the engine’s energetic efficiency, makes it more superior 80 

compared to the other models. At MEP of 2.76 MPa (Fig. 7 (b)), the Present Model predicted 81 

superior results for engine frequencies ranging from 16.67 Hz to 41.67 Hz. However, between 82 

frequency of 41.67 Hz and 58.33 Hz, the PSML and PFST feature higher accuracy.  83 
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84 

 85 

Fig. 7. Assessing the precision of the Present Model in estimating the energetic efficiency of the prototype Stirling 86 

engine at different engine frequencies and comparing it to previous models (Simple [39], Simple II [41], CAFS 87 

[48], PSVL [42], PFST [36], PSML [51]) and experimental data [28], at Thtr = 922 K, Tk = 286 K and MEPs of 88 

(a) 4.14 MPa, and (b)  2.76 MPa.  89 

 90 

Fig. 8 (a) and (b) show the relative error recorded in estimating the energetic efficiency of 91 

the prototype Stirling engine by the Present Model for MEP of 4.14 MPa and 2.76 MPa, 92 

respectively. It is seen that an average prediction error of -10% (based on Fig. 8 (a)) and 25% 93 

(based on Fig. 8 (b)) were obtained for all the engine frequencies investigated. The Present 94 

model produce lower prediction errors than all previous models for the entire range of 95 
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frequencies with the exemption of  the PSVL [42], PFST [36] and the PSML [51], that yield 96 

lower relative errors at the mid-range frequencies and at the design MEP of 4.14 MPa. While 97 

for the off-design MEP of 2.76 MPa (Fig. 8 (b)) only the PFST [36] and the PSML [51] 98 

predicted the energetic efficiency of the engine with lower relative errors, for engine 99 

frequencies above 41.67 Hz. This observed trend further validates our initial position that the 100 

Present Model is more superior to the previous models in predicting the performance of the 101 

engine at the design MEP of 4.14 MPa.  102 

Finally, the relative consistency of the enhanced model developed in this paper in predicting 103 

the brake power and energetic efficiency of the GPU-3 Stirling engine, at low, medium and 104 

high engine frequencies, especially at the design point of the engine, makes it suitable and 105 

superior to previous thermal models for deployment in studies involving dynamic operation of 106 

the engine. 107 

 108 

 109 

 110 
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 111 
Fig. 8. Comparing the relative error incurred by the Present Model in estimating the energetic efficiency of the 112 

prototype Stirling engine at different engine operating frequencies, with previous models (Simple [39], Simple 113 

II [41], CAFS [48], PSVL [42], PFST [36], PSML [51]) at  Thtr = 922 K, Tk = 286 K and MEPs of (a) 4.14 MPa, 114 

and (b)  2.76 MPa. 115 

5. Performance Simulation of the GPU-3 engine using the Present Model  116 

In this section, we present the impact of the key engine geometrical and physical properties 117 

on the performance of the GPU-3 engine. These properties are the dimensionless gap number, 118 

the heater temperature and the cooler temperature. The performance of the engine using helium 119 

and hydrogen as working fluid has been tested and compared for three distinct engine 120 

frequencies and mean effective pressures.  121 

Fig. 9, 10 and 11 show the impact of the dimensionless gap number (𝐽 𝐷d⁄ ) – the ratio of 122 

the clearance between the displacer and engine cylinder to the displacer diameter – on the brake 123 

power of the prototype Stirling engine operating with a heater wall temperature of 977 K, cooler 124 

wall temperature of 286 K, engine frequencies of 25 Hz, 33.33 Hz and 41.67 Hz and mean 125 

effective pressures (MEP) of 4.14 MPa, 2.76 MPa and 1.38 MPa, respectively.  In Fig. 9, it is 126 

observed that for the two engine gases (helium and hydrogen) and for all the engine frequencies 127 

investigated, the brake power of the engine did not change remarkably, when the dimensionless 128 

gap number was below 1. 5 × 10−4. However, as the dimensionless gap number increases, the 129 

brake power declines drastically. This is because with the increase in the gap between the 130 

displacer and the wall of the cylinder, more of the internal gas in the engine will leak from the 131 
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hot CV into the cold CV. Thus, there will be loss in the expansion work of the engine, leading 132 

to a corresponding gain in the compression work; hence, the net ideal work from the engine 133 

will decline. In addition, it is seen that the impact of the dimensionless gap number on the brake 134 

power is less intense at an engine frequency of 25 Hz, but becomes significant as the frequency 135 

increases from 33.3 Hz to 41.67 Hz. Consequently, the design point of the engine, 𝐽 𝐷d⁄ =136 4.0 × 10−4, drifted further from the optimum brake power with an increase in the operating 137 

frequency.   138 

Comparing the two working fluids, the impact of the dimensionless gap number on the 139 

brake power output of the engine is more severe for the engine utilizing hydrogen gas at all the 140 

frequencies investigated. This is because hydrogen is lighter and this results to increased 141 

leakage into the compression space. Thus, the engine working with helium has its design point 142 

closer to the optimum power output than that operating on hydrogen gas. 143 

 144 

Fig. 9. Comparing the impact of the gap dimensionless number on the brake-power of the prototype Stirling 145 

engine, operating at different engine frequencies, Thtr = 977 K, Tk = 286 K, MEP of 4.14 MPa and utilizing helium 146 

or hydrogen as the working fluid. 147 

Similarly, from Fig. 10, the change in the brake power of the engine became noticeable 148 

when the dimensionless gap number exceeded 2.0 × 10−4, for MEP of 2.76 MPa. As in the 149 

case of the engine operating with MEP of 4.14 MPa, the brake power of the engine deteriorated 150 

significantly with the increase in the dimensionless gap number beyond this value. 151 

Nevertheless, the impact is less intense for helium gas than for hydrogen gas. Meanwhile, as 152 

the frequency of the engine increased the impact increased, while the design point of the engine 153 
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was increasingly sub-optimal. However, compared with the engine operating at MEP of 4.14 154 

MPa, the deterioration of the brake power with the increase in the dimensionless gap number 155 

was less severe at MEP of 2.76 MPa.  156 

 157 

Fig. 10. Comparing the impact of the gap dimensionless number on the brake-power of the prototype Stirling 158 

engine operating at different engine frequencies, Thtr = 977 K, Tk = 286 K  and MEP of 2.76 MPa and utilizing 159 

helium or hydrogen as the working fluid. 160 

 161 

Likewise, based on Fig. 11, appreciable changes in the brake power output from the GPU-162 

3 engine did not occur until a dimensionless gap number of 3.0 × 10−4 was attained for the 163 

engine operating with a MEP of 1.38 MPa. Beyond this value, the brake power reduced 164 

significantly with the increase in the dimensionless gap number; however, the impact was not 165 

as pronounced as in the case of MEPs of 2.76 MPa and 4.14 MPa. Meanwhile, comparing the 166 

two working fluids, the impact of the dimensionless gap number on the brake power is again 167 

more significant for hydrogen than for helium, while the change in the engine frequency had a 168 

similar impact as in the case of the engine operating with MEPs of 2.76 MPa or 4.14 MPa. 169 

However, the design point of the prototype engine is almost at the optimal brake-power in this 170 

case than in the previous cases. Hence, the increase in the MEP of the engine contributed to 171 

the negative impact of the dimensionless gap number on the brake power of the GPU-3 engine. 172 

Similarly, an increase in the frequency of the engine, led to an increase in the deterioration of 173 

the power output as the dimensionless gap number increased with the effect being more 174 

pronounced in the engine utilizing hydrogen [43,65]. Finally, at the design point of the GPU-3 175 
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Stirling engine, reducing the dimensionless gap number from 4.0 × 10−4 to 2.0 × 10−4 would 176 

lead to 16% increase in the brake power from the engine if helium gas is used as the working 177 

fluid and 15% with hydrogen gas.   178 

 179 

Fig. 11. Comparing the impact of the gap dimensionless number on the prototype Stirling engine, operating at 180 

different engine frequencies, Thtr = 977 K, Tk = 286 K and MEP of 1.38 MPa and utilizing helium or hydrogen as 181 

the working fluid. 182 

Fig. 12, 13 and 14 show the impact of the dimensionless gap number on the energetic 183 

efficiency of the GPU-3 engine using helium or hydrogen and operating at a heater temperature 184 

of 977 K, cooler temperature of 286 K engine frequencies of 25 Hz, 33.33 Hz, and 41.67 Hz 185 

and mean effective pressures (MEP) of 4.14 MPa, 2.76 MPa and 1.38 MPa, respectively. It is 186 

clear from Fig. 12 that for both engine gases, the energetic efficiency of the engine started 187 

deteriorating significantly when the dimensionless gap number increased beyond 1.5 × 10−4. 188 

As described in eq.(2), with an increase in the displacer gap the shuttle thermal loss decreases, 189 

thus resulting in a decrease in the energetic efficiency of the engine [51]. The decrease in the 190 

energetic efficiency is, however, more pronounced with hydrogen than with helium, since the 191 

brake power deteriorated more in the former. Meanwhile, the energetic efficiencies were higher 192 

at higher frequencies for smaller dimensionless gap number, but become lower when this 193 

number increases. This is because the work losses in the engine deteriorated with the increase 194 

in the frequency of the engine and the dimensionless gap number. Again, the engine working 195 

with helium gas has energetic efficiency at the design point closer to the optimum energetic 196 

efficiency compared with the hydrogen engine.   197 
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 198 

Fig. 12. Comparing the impact of the dimensionless gap number on the thermal efficiency of the prototype Stirling 199 

engine, for different engine frequencies, Thtr = 977 K, Tk = 286 K and MEP of 4.14 MPa and utilising helium gas 200 

or hydrogen as the working fluid. 201 

 202 

A similar trend as in the case of the engine working with MEP of 4.14 MPa can be seen in 203 

Fig. 13, except that appreciable changes in the energetic efficiency of the engine were only 204 

observed after a dimensionless gap number of 2.0 × 10−4. This is expected, since the brake 205 

power produced from the engine remained the same for dimensionless gap number below this 206 

value. However, the change in the energetic efficiency observed for MEP of 2.76 MPa was less 207 

severe compared with the case of MEP of 4.14 MPa. While the energetic efficiency of the 208 

engine at the design point was much closer to the optimal engine efficiency, especially with 209 

the decrease in the frequency of the engine.  210 

The impact of the dimensionless gap number on the energetic efficiency of the GPU-3 211 

engine was not so significant at MEP of 1.38 MPa, as seen in Fig. 14, especially for the engine 212 

using helium. It is rather seen that, at this low MEP, the frequency of the helium engine had 213 

more impact on the energetic efficiency than the dimensionless gap number. For the engine 214 

running on hydrogen, the dimensionless gap number still maintained similar impact on the 215 

engine for MEP of 1.38 MPa as in the other cases, although the impact is less intense in this 216 

case. Finally, the energetic efficiency of the GPU-3 Stirling engine could improve by 22% for 217 

helium and 30% for hydrogen, if the dimensionless gap number is reduced from 4.0 × 10−4 to  218 2.0 × 10−4. 219 
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 220 

Fig. 13. Comparing the impact of the dimensionless gap number on the energetic efficiency of the prototype 221 

Stirling engine, for different engine frequencies, Thtr = 977 K, Tk = 286 K and MEP of 2.76 MPa and utilising 222 

helium gas or hydrogen as the working fluid. 223 

 224 

Fig. 14. Comparing the impact of the dimensionless gap number on the energetic efficiency of the prototype 225 

Stirling engine, for different engine frequencies, Thtr = 977 K, Tk = 286 K and MEP of 1.38 MPa and utilising 226 

helium gas or hydrogen as the working fluid. 227 

Fig. 15 shows the impact of the increase in the heater temperature on the brake work rate 228 

of the GPU-3 engine operating with a frequency of 41.67 Hz, cooler temperature of 286 K, 229 
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mean effective pressures of 4.14 MPa, 2.76 MPa and 1.38 MPa, respectively, and using 230 

hydrogen or helium as its working fluid. As is clear, the heater temperature impacts on the 231 

brake power positively for all the MEPs of the engine investigated, and using either hydrogen 232 

or helium. However, it is seen that the amplitude of the increase in the brake power reduces 233 

significantly at higher temperatures. Similarly, the increase in the MEP of the engine results in 234 

a significant increase in the brake power. For an increase in the heater temperature from 450 235 ℃  to 850 ℃, the brake power trebled when helium gas was used as the working fluid of the 236 

engine, while the value doubled with hydrogen gas, for all the MEPs of the engine considered. 237 

It is possible to improve the brake power by 18%, by increasing the temperature of the heater 238 

from the design temperature of 703 ℃  to 850 ℃ when using helium, or by 10% with hydrogen. 239 

     240 

 241 

Fig. 15. Comparing the impact of the heater temperature on the brake power of the prototype Stirling engine, for 242 

Tk = 286 K, frequency of 41.67 Hz and for different MEPs, using helium gas and hydrogen as the working fluid. 243 

Fig. 16 presents the impact of increasing the heater temperature on the energetic efficiency 244 

of the Stirling engine, for different MEPs, while keeping the operating frequency of the engine 245 

constant and equal to 41.67 Hz. It can be observed that as the temperature of the heater 246 

increases, the energetic efficiency of the engine increases remarkably, especially for the case 247 

when helium has been deployed as the working fluid of the engine. However, the trend slowed 248 

down significantly at very high heater temperatures. In particular, in the case of the hydrogen 249 

engine, the energetic efficiency did not increase substantially beyond a heater temperature of 250 

750 ℃ (for MEP of 2.76 MPa and 4.14 MPa). Meanwhile, it is seen that an appreciable increase 251 
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in the energetic efficiency cannot be achieved with the increase in the MEP of the engine 252 

beyond 4.14 MPa for hydrogen  [28,41]. Finally, a 10% increase in the energetic efficiency of 253 

the helium engine can be achieved at the design MEP of 4.14 MPa, if the temperature of the 254 

heater increases from 703 ℃  to 850  ℃ . 255 

 256 

Fig. 16. Comparing the impact of the heater temperature on the energetic efficiency of the prototype Stirling 257 

engine, for Tk = 286 K, frequency of 41.67 Hz and for different MEPs, using helium gas and hydrogen as the 258 

working fluid. 259 

   Fig. 17 (a) and (b) present the simultaneous impact of the heater and cooler temperature 260 

on the brake power and energetic efficiency of the GPU-3 engine operating at a frequency of 261 

50 Hz, MEP of 4.14 MPa and utilising helium or hydrogen as its working fluid. As seen in Fig. 262 

17 (a) and (b), the simultaneous increase of the heater temperature and decrease of the cooler 263 

temperature results in an increase in the brake power and energetic efficiency, respectively. 264 

The increase is more significant for the helium engine compared with the hydrogen engine. 265 

Specifically, an increase in the heater temperature from the design point of 703 ℃ to 850 ℃, 266 

and a corresponding decrease in the cooler temperature from 13 ℃  to 0 ℃ results in a 32% 267 

and 18% increase in the brake power and energetic efficiency of the helium engine, 268 

respectively. 269 
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 270 

 271 
Fig. 17. Comparing the impact of the heater and cooler temperatures on the (a) brake power, and (b) energetic 272 

efficiency of the prototype Stirling engine, for MEP of 4.14 MPa and frequency of 50 Hz using helium gas and 273 

hydrogen as the working fluid. 274 

6. Conclusion 275 

A new thermal model has been developed in this paper, based on the modifications of the 276 

traditional adiabatic model of the Stirling engine. Therefore, for the first time the mass leakage 277 

from the expansion volume into the compression volume, the mass leakage from the working 278 

volume into the crankcase and the displacer shuttle loss were coupled into the governing 279 

differential equations of the simple adiabatic models of the Stirling engine. Similar to previous 280 
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thermal models, second and third category losses such as, piston finite speed loss, mechanical 281 

friction loss, spring hysteresis loss, regenerator imperfection loss, heat conduction loss, 282 

enthalpy leakage loss and dissipation loss were also considered in developing the present 283 

thermal model.  Conversely, in the Present Model, the instantaneous pressure in the control 284 

volumes of the engine were determined with the computed hydraulic losses in the engine, and 285 

the value used to update the temperatures in the control volumes for each time step.  286 

The developed model was evaluated with the data of the General Motors GPU-3 engine. It 287 

was found that the modifications made in the traditional model in this paper, substantially 288 

improved the prediction accuracy of the present model, thus making it superior to previous 289 

thermal models. It was found that the brake power of the experimental engine was estimated 290 

with greater accuracy using the Present Model compared with all the previous numerical and 291 

closed-form models at all the engine frequencies investigated, apart from the newly developed 292 

PSML [51] model that predicted better results at higher engine frequencies. Whilst the 293 

predicted energetic efficiency was more consistent with the experimental data, at all the engine 294 

frequencies investigated, contrary to other models that predicted linear trends. It was finally 295 

concluded that the new model developed in this paper would be more suitable for deployment 296 

in studies involving the dynamic operation of the Stirling engine, since it is consistent in 297 

predicting accurate experimental data at all engine speeds. 298 

The impact of the dimensionless gap number on the brake power and energetic efficiency 299 

of the experimental engine at different mean effective pressures and engine operating 300 

frequencies was also assessed, and compared for hydrogen and helium working fluids. It was 301 

found that for a given mean effective pressure, a minimum dimensionless gap number exists 302 

below which the performance of the engine becomes insensitive to the displacer gap. This 303 

minimum dimensionless gap number decreases with increasing the mean effective pressure in 304 

the engine, but varied slightly with the working fluid and the frequency of the engine. 305 

Furthermore, it was also found that the design point dimensionless gap number for different 306 

mean effective pressure and frequency of the engine is slightly higher than the corresponding 307 

minimum dimensionless gap number which depends on the type of the working fluid. Hence, 308 

it was concluded that the brake power and energetic efficiency of the engine could be improved 309 

significantly by optimizing the design of the cylinder wall-displacer gap, especially if hydrogen 310 

serves as the working fluid of the engine.  311 

Also, the variation of the brake power and energetic efficiency with the heater and cooler 312 

temperature was examined. It was found that whilst the heater temperature had a positive 313 

impact on the brake work rate and energetic efficiency of the GPU-3 engine, the cooler 314 
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temperature produced the opposite effect. This effect was more pronounced in the engine 315 

working with helium than hydrogen, and the amplitude decreased with the increase in the mean 316 

effective pressure of the engine. An optimum mean effective pressure is required for optimum 317 

efficiency of the engine, which depends strongly on the selection of the working fluid. Based 318 

on the comparative performance analysis, it was found that the optimum mean effective 319 

pressure is closer to the design point of the GPU-3 engine for the hydrogen case compared to 320 

the helium case. Thus, at the design mean effective pressure of the prototype engine, lowering 321 

the cooler temperature (e.g. using cold exergy stored in cryogenic fluids [13]), and increasing 322 

the heater temperature, as much as it is practically feasible could be a plausible way to improve 323 

on the performance of the engine for any of the working fluids. 324 
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