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High speed railway ground dynamics: a multi-model analysis 
High speed railway track and earthwork structures experience varied levels of displacement 

amplification depending upon train speed.  Protecting against amplified track deflections is 

challenging due to the complexity of deep wave propagation within both the track and supporting soil 

structures.  Therefore it is challenging to derive design guidelines that encompass the full range of 

influential variables.  As a solution, this paper uses a novel multi-model framework where 4 

complimentary modelling strategies are combined, and thus able to generate new insights into railway 

ground dynamics and ‘critical velocity’.  The four types of model are: 1) analytical, 2) hybrid 

analytical-numerical, 3) 2.5D numerical, 4) 3D numerical.   They are used to explore subgrade 

layering, track type, train type, soil non-linearity, shakedown and ground improvement. The findings 

provide new insights into railway track-ground geodynamics and are useful when considering the 

design or upgrade of railroad lines.  

 

Keywords: High Speed Rail; Railroad Critical Speed; Railway Track Deflection; Track Settlement; 

Railroad Geodynamics; Shakedown 

 

1. Background 

The typical operational speed of railway vehicles has increased in recent decades.  

This is problematic because increased dynamic track-ground amplification occurs when the 

train speed is greater than approximately 50% of the small-strain natural wave propagation 

velocity of the track-ground system.   

To understand railway dynamics, first consider a moving, non-oscillatory load.  If it 

moves at a speed equal to, or greater than the wave propagation velocity of any layer in the 

supporting track-ground, energy will propagate in the form of elastodynamic waves [1]. This 

minimum threshold speed is known as the ‘critical velocity’ [2–7].  Although additional 

factors can shift the speed at which maximum amplification occurs (e.g. multiple loads), the 

critical velocity definition never changes and must remain the minimum speed at which 

waves commence propagation. 

Elevated levels of track dynamics are undesirable on railway lines because they pose 

a safety risk, result in accelerated track degradation [8], and can generate elevated ground-

borne vibration in the free-field [9–13].  One example of where high dynamic track 

amplification was recorded is in Ledsgard, Sweden, where shortly after the opening of a new 

high speed line, abnormally large deflections were measured in the track [14–16].  This was 

expensive to remediate, requiring a combination of speed restrictions and soil remediation 

[17]. 

When designing lower speed lines it is important to consider the static stiffness of the 

track-ground system, however for high speed lines, the dynamic stiffness of the system must 

also be considered.  Railway standards achieve this using empirical formulas, which typically 

consider the track behaviour as a combination of dynamic and static response [18].  However, 

these calculations are commonly a rudimentary function of the static response and speed, and 

thus unable to accurately account for the complex wave propagation due to differing track, 

ground and vehicle types.  Therefore this approach is challenging to use for detailed design. 
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To investigate moving load dynamics, the problem has been modelled analytically, as 

a moving load over an elastodynamic medium, [19–21].  Alternatively, rather than explicitly 

simulate a moving load, the analytical dispersion characteristics of the track and ground can 

be analysed.  This is useful from a scoping viewpoint because the speed at which the 

dispersion curves intersect is the critical speed of the track-ground structure [1,22].   

Rather than pure analytical simulation, the problem has also been modelled semi-

analytically (e.g. [23–25]), where the track is simulated analytically and the 3D soil is 

modelled using Green’s functions in the wavenumber-frequency domain [23,26].  Using 

semi-analytical models, dynamic amplification factor (DAF) curves can be readily computed.  

These curves define the relationship between train speed and dynamic displacement 

amplification, thus requiring the model to be executed repeatedly for all discrete speeds.  

Although semi-analytical models have relatively low computation requirements, they 

limit the complexity of the track that can be studied.  Therefore an alternative is to use 2.5D 

models, which accurately capture 3D response, however assume the railway track is invariant 

in the direction of train passage [9,27–29].  When simulating ballasted tracks though, 2.5D 

models are unable to simulate individual sleepers.  This can be overcome using periodic 3D 

models which discretise the problem into a series of discrete slices (e.g. sleeper bays - 

[30,31]).   

Alternatively, fully 3D models [32] are useful when the track properties/geometry are 

complex, and solved in either the time or frequency domain.  Solving in the frequency 

domain allows for the relatively straightforward implementation of absorbing boundaries 

(e.g. PML/BEM [33]).  In contrast, time domain formulations [34–37] are attractive because 

they allow for the modelling of more complex non-linear material models and wheel-rail 

contact algorithms [38,39].  

2. Numerical modelling 

Table 1 shows the trade-off between computational efficiency and versatility, scaling from 

poor to excellent, for the most common modelling approaches used to study railway track 

dynamics.  It is clear that it is challenging to use a single model to accurately analyse the full 

range of railway track dynamics.  Therefore this paper links four alternative modelling 

methodologies to make new findings into critical velocity issues that are too time consuming 

to analyse using a single 3D model, and too complex for the use of solely simplified 

approaches.  For all models, wheel-rail irregularities and vehicle multi-body dynamics are 

ignored due to their minimal influence on the low-frequency near-field response caused by 

high speed trains on straight track [40].  Note that although all four models have different 

levels of complexity, they all fully account for 3D wave propagation in the ground.  This is 

important because 1D/2D approximations of wave propagation cannot typically provide 

accurate solutions for moving load problems.  The methodologies used are discussed below. 
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Table 1. Comparison of common railway dynamics modelling strategies 

Calculation 

approach 

Computational efficiency Computational versatility 

Critical 

speed 

calculation 

Dynamic 

amplification curve 

calculation 

Deep soil 

wave 

propagation 

Track 

geometry 

Track-

soil 

coupling 

Soil non-

linearity 

Empirical Poor Lacking Poor Poor Poor Poor 

Analytical 

dispersion 
Excellent Poor Good Lacking Lacking Poor 

Semi-

analytical 
Good Excellent Good Lacking Good Moderate 

2.5D Good Good Good Good Excellent Good 

3D 

(frequency 

domain) 

Moderate Moderate Excellent Excellent Excellent Good 

3D (time 

domain) 
Lacking Lacking Excellent Excellent Excellent Excellent 

 

Methodology 1 (Analytical): Analytical expressions for the dispersion relationships of both 

the track and ground are computed as outlined in [22].  This is advantageous because the 

critical velocity can be calculated in an automated fashion, in the absence of (computationally 

intensive) dynamic amplification curves.  Figure 1 illustrates the dispersion curves in terms of 

both wavenumber and phase velocity, for a two-layered soil supporting a concrete slab track.  

The top layer is 5m thick and has a shear wave speed of 96m/s, while the bottom layer has a 

speed of 136m/s.  In terms of phase velocity, it is straightforward to read that the critical 

velocity is 112m/s, however for the wavenumber representation, the following calculation is 

required: 𝑣 = 𝑓/𝑘 = 6.16/0.055 = 112𝑚/𝑠.  Therefore, for ease of use, phase velocity is 

used solely in this work. 

 

Figure 1. Dispersion relations: (a) Wavenumber, (b) Phase velocity 

 

Methodology 2 (Combined analytical-numerical): The track is simulated using analytical 

expressions while the ground is modelled using the thin-layer element method (TLM).  First 

the wavenumber-frequency domain displacement Greens function of the ground is computed, 
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using 8, 3-node quadratic thin-layer elements per wavelength.  The Green’s function is then 
used to compute an equivalent wavenumber-frequency dependent soil stiffness that is 

influenced by load speed, track type and width.  This stiffness is then used within the track 

model to compute the coupled track-ground response as shown in Figure 2 - [41]. 

 

  

 

Figure 2. Semi-analytical: (a) track model, (b) track-ground interface 

 

Methodology 3 (2.5D numerical):  8 node quadratic finite elements are used to define the 

2D geometry of the entire track-ground structure [28,40].  Therefore the track and ground are 

fully coupled across their interface, without sub-modelling.  Absorbing boundaries are used 

to prevent boundary reflections and the equations of motion are solved in the frequency 

domain (Figure 3).  A transform is used to recover the 3D response.   
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Figure 3. Simplified view of 2.5D track-ground mesh 

 

Methodology 4 (3D numerical): Individual railway track components such as railpads and 

under-sleeper pads are modelled explicitly (Figure 4).  20 node quadratic brick elements are 

used for all track-ground components, thus ensuring the accurate modelling of stress and 

strain fields.  The equations of motion are solved for moving loads in the time domain using 

ABAQUS [36,42]. 

 

 

Figure 4. 3D ballasted track-ground model (Symmetrical quarter-track slice) 

3. Numerical analysis 

3.1 Modelling parameters 

Static track-ground stiffness dominates track deflection response during slow train passage.  

However, when considering dynamic amplification due to high-speed train passage, deep 

wave propagation is induced and thus the dynamic stiffness characteristics of the supporting 

subgrade become increasingly important [43].  Therefore, although this analysis considers 

multiple track types, comparatively, a wider range of track stratums are explored.  The track 

properties used throughout, unless otherwise stated, are shown in Table 2.  Regarding soil 

properties, rather than focus on a single generic stratum throughout, the Young’s modulus is 
changed in each individual section for the purpose of informing the discussion.  However, the 
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Poisson’s ratio and density are kept constant at 2000 kg/m3 and 0.35 respectively.  Regarding 

analysis layout, the most straightforward problems (e.g. soil layering) are presented first, 

followed by problems of increasing complexity. 

Table 2. Track material properties 

Component Ballasted track Slab track Description 

Rail 1.29x107 1.29x107 
Bending stiffness 

(Nm2) 
 120 120 Mass (kg/m) 

Railpad 5x108 5x108 Stiffness (N/m) 
 2.5x105 2.5x105 Damping (Ns/m) 

Sleeper 490 - Mass of sleeper (kg/m) 

Ballast/slab 0.35 0.35 
Height of ballast/slab 

(m) 

 130 30,000 
Young's modulus 

(MPa) 
 1.25 1.25 Half-track width (m) 

  1700 2500 Density (kg/m3) 

 

3.2 Homogenous half-space soils 

A homogenous half-space is a soil stratum with uniform material properties that extends to 

infinite depth.  Its uniform stiffness and mass mean that the P-SV phase velocity is 

independent of excitation frequency, and as such, the critical velocity is equal to the Rayleigh 

wave velocity.  Although it is rare that the behaviour of an in-situ soil can be accurately 

approximated this way, due to simplicity it is the most commonly assumed type of soil 

stratum in track design practise. 

Figure 5 shows the ground contours of a homogenous half-space (45MPa stiffness) 

that supports a moving train wheel load on a ballasted track (properties in Table 2).  Two 

different speeds are shown: one at 50% of the Rayleigh wave velocity and one at 100% of the 

Rayleigh velocity.  It is clear that the faster load produces significantly larger deflections 

(maximum rail deflection is 2.5mm and 3.9mm for the slow and fast speeds respectively).  

Also, there is a distinct discrepancy between response contour shape – the lower speed 

produces a uniform response, while the faster speed produces a conical-type shape.  At 

speeds greater than the Rayleigh wave speed, this wave-front angle is defined by: 𝑎𝑟𝑐𝑠𝑖𝑛(𝑉𝑅𝑎𝑦𝑙𝑒𝑖𝑔ℎ 𝑉𝑡𝑟𝑎𝑖𝑛⁄ ). 
Similarly, Figure 6 shows the corresponding stress fields generated at 1m below the 

surface.  Principal stress rotation is evident at both speeds, and the low speed stress fields are 

consistent in shape with the literature [44].  However, at the faster speed, the stress fields 

develop asymmetry and are larger in magnitude.  These changes are found for all stress 

components, but particularly in the horizontal directions, and is one reason why it is 

challenging to develop empirical approximations of soil non-linearity (and thus soil stiffness 

reduction) at high speed. 
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Figure 5. Homogenous ground contours for a load moving from left to right: (a) 50% of 

critical speed, (b) critical speed 

 

 

Figure 6. Soil stresses: (a) 50% of critical speed, (b) critical speed 

 

3.3 Homogenous soils above bedrock 

Soil stratums typically increase in stiffness with depth due to historical earth pressures.  If a 

layer is found near the surface with significantly higher stiffness (e.g. rock) than the soil it 

supports, it will reflect wave energy while also preventing lower frequencies from 

propagating.  Figure 7a shows the dispersion and displacement characteristics of a slab track 

resting on homogenous saturated and unsaturated 40MPa soils, supported at depths of both 

5m and 15m by stiff bedrock.  The presence of the bedrock prevents low frequency waves 

from propagating, as shown by the dashed lines.  This is because low frequency waves have a 

longer wavelength than the bedrock depth, and as such, the bedrock prevents their 

propagation.  If 𝑉𝑠 is shear wave speed and 𝑑 is bedrock depth, the ‘cut-on’ frequency is 

computed as: 𝑓𝑐𝑢𝑡−𝑜𝑛 = 𝑉𝑠4𝑑. 

Figure 7a shows significant dispersion (i.e. high phase velocity versus frequency 

gradient) in the 5-10Hz range for the 5m deep bedrock case and in the range 1-3Hz for the 

15m deep bedrock case.  This results in highly contrasting critical velocities for the 2 

different bedrock depths.  Therefore it can be concluded that if the critical velocity occurs in 

a highly dispersive frequency range, small changes to the track stiffness can have marked 
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changes on the critical velocity.  Conversely, at higher frequencies (e.g. >5Hz for the 15m 

soil case and >12Hz for the 5m case), the relationship between phase velocity and frequency 

is constant, indicating that if the critical velocity lies within this range, altering the track 

stiffness properties will not change the critical speed. 

 

 

Figure 7. Critical velocity: (a) the effect of bedrock depth of dispersion, (b) Maximum 

vertical rail displacement curve in the presence of a low velocity sandwich layer 

 

3.4 Layered soils 

In contrast to the homogenous and bedrock cases presented previously, layered soils are 

defined in this section as infinitely deep soils (i.e. no bedrock support) with a soil stiffness 

profile that varies with depth.  First consider a slab track resting on six different two layered 

soils.  The lower soil layer has a stiffness of 150MPa, while the top layer is varied between 

30, 75 and 100MPa.  For each stiffness case the top layer is either ‘thick’ (12m) or ‘thin’ 
(2m).  Figure 8 shows the ground contour plots for the slab track on the thick 30MPa layer 
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overlying the stiffer layer.  The speeds are 50% and 100% of the critical velocity, and in a 

similar manner to the homogenous case, the faster moving load causes higher displacements 

(maximum rail deflection is 3.9mm and 4.9mm for the slow and fast speeds respectively).  

However, also noticeable is the presence of trailing oscillations behind the faster load.  These 

are caused by the dispersive characteristics of the layered soil.  The homogenous case will 

never exhibit these regardless of moving load speed. 

To analyse the effect of dispersion in more detail, Figure 9a shows the track-ground 

dispersion for each case.  It is seen that when the top layer is thick, the critical velocity is 

similar to the P-SV wave velocity in the top layer, and quite different to the wave velocity in 

the lower layer.  This occurs because the intersection is located in a range where phase 

velocity and frequency are have a constant relationship.  Therefore changes to the track have 

limited effect on critical velocity.  This is generally true when the top layer thickness is deep, 

however can change if there is a very strong contrast between top and bottom soil stiffness. 

In contrast is the case of the shallow upper layer.  For this case, the critical velocity is 

located between the P-SV wave speed of the upper and lower layers.  Typically, as the 

thickness of the top layer reduces, the critical speed will diverge towards the wave speed in 

the lower soil layer.  Again, however, this is dependent upon the shear wave profile with 

depth [45]. 

 

Figure 8. Layered ground contours for a load moving from left to right: (a) 50% of critical 

speed, (b) critical speed 
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Figure 9. Layered soil dispersion: (a) thick upper layer -12m, (b) thin upper layer-2m 

 

 

3.5 Sandwiched low stiffness soil layers 

The earth’s upper crust typically increases in stiffness with depth due to historical earth 

pressures.  However, interim low-stiffness layers can occur either naturally [16] or due to 

localised soil improvement [41].  In this case, unlike the previously considered scenarios, the 

soil phase velocity will increase with frequency rather than decrease.  This presents 

challenges for track and earthwork design because: 

1. Inversely dispersive P-SV modes are generated, possibly causing additional DAF 

peaks that hold more energy than the critical velocity peak 

2. The low stiffness zone is located below the top surface layer, thus making remediation 

costly 

3. Dispersion curve analysis is more challenging and the inversion algorithms associated 

with many typical ground surveys are not well-suited for detecting higher modes.  

Therefore, in absence of experienced human interpretation, their presence may be 

overlooked or misinterpreted 

As an example of multiple DAF peak generation, Figure 7(b) shows 6m of moderately stiff 

soil (100MPa) overlying a softer and infinitely deep soil (50MPa).  It is seen that two peaks 

occur, at similar speeds to the shear wave velocities of the two soil layers.  The first peak, by 

definition, is the critical velocity because it is the speed at which elastodynamic wave energy 

commences propagation (in the lower layer).  However a train running at the speed of the 

second peak will generate highest track amplification. 

 

3.6 Saturated soils  

Efficient railway line operation relies on free-draining track and subgrade.  However, 

this is not always the case and if the subgrade voids fill with water, its Poisson’s ratio will 
increase to 0.5.  This results in a large increase in compressional wave speed (to a speed more 

comparable with water), and a minimal increase in shear wave speed because water has no 

shear strength.  Therefore, because the Rayleigh wave velocity is a function of the shear wave 
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speed, it also does not change significantly.  The normalised relationships between wave 

speeds due to changes in Poisson’s ratio, when the shear wave speed is held constant, are 

shown in Figure 10.   

For the majority of cases, saturation will lower the critical velocity.  However, if a soil 

is layered, its dispersion characteristics determine whether high saturation will increase or 

decrease the critical velocity.  For example, Figure 10b shows a soft, 2m thick soil layer with 

Young’s modulus 25MPa, over a stiff, infinitely deep soil layer with a Young’s modulus of 
100MPa.  In this case the critical velocity lies in a zone where there is significant dispersion 

and thus the critical velocity is slightly higher for the saturated soil compared to the 

unsaturated soil.  This is due to the high contrast in stiffness between the upper and lower 

layers.  In practise however, soil layers are likely to have less contrasting stiffness values, and 

thus the saturated soil would more commonly yield a lower critical velocity.  Also, note that 

despite any possible benefits of soil saturation on critical velocity, the presence of water will 

likely cause other track problems, outside the scope of this paper. 
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Figure 10. The effect of soil saturation, Left: wave speeds in a homogenous half-space, Right: 

dispersion analysis 

 

3.7 Track type 

Waves propagating along a slab track do so at a higher velocity for a given frequency, 

compared to a ballasted track.  This is due to the slab’s higher bending stiffness and can be 

seen in Figure 10b which compares dispersion curves for the ballasted and concrete slab 

track.  The critical velocity therefore occurs at a lower frequency for slab tracks, meaning 

deeper soil layers are more likely to affect slab critical velocity than ballast.  In reality, 

because deeper soil layers increase in stiffness with depth, this is partly why slab tracks often 

have a higher critical velocity than ballasted.  This is dependent on the shape of the soil 

dispersion curve though, and a thick upper soil layer will result in similar critical speeds for 

both ballast and slab tracks.  As an extreme example, consider an infinitely deep homogenous 

soil, which therefore has a straight and horizontal ground P-SV dispersion curve.  This means 

the track-ground dispersion intersection must always occur at a constant value, and thus the 

critical velocity is not altered by changes to the track structure.  This is true for the range of 

typical track thickness values found in practise, however if the track thickness is large, the 

wave propagation within the track can potentially shift the critical speed for homogenous soil 

cases (and thus should not be computed solely using analytical dispersion curves).   

 

3.8 Train axle configuration  

In practical situations, rail vehicles are connected via multiple wheelsets which may 

interact depending upon their spacing and the supporting track-ground properties.  Multiple 

wheels cause a combination of constructive and destructive interference which can yield 

dynamic amplification curves with significantly different magnitude and shape to those for a 

single wheel case.  In particular, multiple dynamic amplification peaks are easily generated.  

These are not additional critical velocities, because the critical speed is independent of the 

moving load, as defined earlier. 

When the soil stiffness is soft, track and ground displacements return to their 

equilibrium position more slowly than when the soil is stiff.  Similarly, when approaching 

critical velocity, the deflection bowls below wheels elongate, and wheels that are closely 

spaced experience superposition – this has been observed both numerically and in field data 

[16,46].  Constructive interference is shown in Figure 11 for a 2-axle load moving at critical 

velocity on both a homogenous and bedrock supported soil. 

As a practical example, consider Table 3, which divides common high speed train 

axle configurations into 6 categories.  Axle spacing values are approximated from [47] and 

all vehicle axle loads are 18t.  These axle loads are untrue for the real-life vehicles considered 

meaning true amplification for each will differ from Figure 12a however it provides an 

interesting way to isolate wheel spacing effects. ‘Axle spacing 1’ corresponds to the 
minimum spacing, while ‘axle spacing 2’ corresponds to the next possible minimum spacing.  

The response of each vehicle is computed, considering a ballasted track on a soft two layered 

soil consisting of a 3m thick layer with stiffness 50MPa, overlying an infinitely deep soil with 

stiffness 100MPa. Figure 12a shows how track response changes with speed for the different 
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axle configurations (for 4 wheel vehicles) compared to a single axle load.  It is clear that the 

different vehicle configurations influence displacement response, particularly as speed 

increases.  Also, in general, when considering multiple axles, the maximum displacements 

are higher, with the zones of elevated displacement covering a wider range of speeds.  

Multiple, localised peaks appear that are not present for the single load case.  The first peak 

for vehicle ‘f’ corresponds to the critical velocity while the first peak for the other vehicles is 
higher.  This is due to the complex interaction between individual axles and is interesting 

considering axle spacings 1 and 2 are high compared to several alternative other vehicles. 

Although it is rare for trains to operate above critical velocity, in such a case, it should 

also be noted that resonance can occur due to coincidence between axle spacing wavelength 

and the free-vibration wavelength of the track-ground structure [46].  This constructive 

interference is evident in Figure 11b where the free-vibration wavelength and vehicle axle 

spacing are both equal.  Significant constructive interference is observed.  This only occurs in 

layered soils at speeds very close, or above the critical velocity because otherwise the soil 

does not have a natural frequency and free-vibration of the track does not occur (e.g. Figure 

11a). 

To illustrate the effect of resonance on layered soils, Figure 12b compares ballasted track 

maximum vertical rail displacement due to either critical velocity or resonance, for a 10-axle 

vehicle on a 50MPa soil with bedrock at 2m depth.  The axle spacing is computed 

dynamically depending upon train speed, to ensure it is equal to the free-vibration frequency 

of the track-ground system.  Comparing the low train speed deflection values against the 

higher speeds where critical velocity and resonance occur, it is seen that the amplification of 

rail displacement reaches a maximum ≈400%.  In contrast, when only considering critical 

velocity, maximum rail amplification is <100%.  

 

 

Figure 11. Displacement superposition at critical velocity: (a) Homogenous soil, (b) Layered 

soil 

 



15 

 

 

Figure 12. (a) DAF for different vehicles, (b) effect of train speed and resonance on rail 

displacement 

 

Table 3. Vehicle axle configurations 

Category Indicative vehicle 

Assumed 

axle load 

(tonnes) 

Axle 

spacing 1 

(m) 

Axle spacing 2 

(m) 

a 

TGV/Eurostar/Thalys/AVE 

S-100 
18 3 3.14 

b ICE/AVE 103 18 2.5 3.7 

c Alfa Pendular 18 3.1 3.45 

d X2000 18 2.9 3.63 

e Javelin 395 18 2.6 2.91 

f Talgo 250 18 2.8 6.87 

 

3.9 Track-soil non-linearity 

As train speed increases, elastodynamic wave energy propagates to greater depths 

within the soil.  This energy causes elevated strain levels, which may lie in the ‘large-strain’ 
range, resulting in non-linear soil-stiffness degradation during train passage.  This reduced 

soil stiffness causes increased track deflections [48]. 

As an example, Figure 13 shows a track slice of the stiffness degradation contours 

computed at Ledsgard, Sweden, during the passage of a X2000 train at 204 km/h [28].  

Assumed soil plasticity and confining stresses are detailed in [40].  It is clear that significant 

soil non-linearity is present and affects soil to large depths (<≈7.5m) and to large track offsets 

(<≈23m). 

Similarly, as another example, Figure 14a shows linear and non-linear dynamic 

amplification curves for a moving 18 axle load on a homogeneous soil of stiffness 45MPa. 

The track properties are the same as shown in Table 2 and the degradation curves are the 

same as previously.  The dynamic amplification has increased while the critical speed has 

been reduced to 85% of the linear case.  It should be noted though that the response is highly 

sensitive to the soil properties.  This is important because high speed rail lines often try to 
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limit train speed to 70% of the critical velocity, but due to non-linearity, in some cases, 

running at 70% of the linear calculation could yield the highest possible track deflections (or 

at least create a condition where deflections are extremely sensitive to small increases in 

speed).  In addition, Figure 14b shows the corresponding relationship between strain and 

depth for speeds of 10m/s and 80m/s, computed using the linear equivalent approach.  It is 

seen that at high speed the strains are significantly larger (387% at 1m depth) and propagate 

to greater depth, however the depth of peak strain remains similar. 

Figure 15 also shows the p-q stress paths at a depth of 1m below the track centre-line 

for a low speed (10 m/s) and critical velocity (80 m/s). At a speed of 10m/s, there is no sign 

of dynamic amplification. However, when the speed reaches 80 m/s, the stress state becomes 

highly turbulent and the magnitudes increase significantly.  It is important to note that non-

linear effects are very sensitive to changes in vehicle axle configuration/load - much more so 

than the linear cases shown previously.  When soil non-linearity is simulated, the linear 

superposition of axle response is invalid, meaning the non-linear amplification curve shown 

in Figure 14 is only valid for a single axle arrangement.  This means that certain axle 

configurations can act to magnify dynamic amplification, and reduce the speed which induces 

maximum track deflection.   

 

 

Figure 13. Track-ground non-linearity (Track slice). Blue colour indicates high stiffness 

degradation and white indicates low stiffness degradation [28] 
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Figure 14. Effect on non-linearity: (a) Rail displacement vs speed, (b) Strain vs depth 

 

Figure 15. p-q stress paths: a) below critical speed (10m/s), b) critical speed (80m/s) 

 

3.10 Track shakedown 

During train passage, the track may experience a combination of elastic (recoverable) and 

plastic (non-recoverable) deformations [49].  Its response to repeated passages can be 

classified as shown in Figure 16a [45,50–52]: 

Elastic: Train loading is low meaning the elastic yield limit is not exceeded.  Track behaviour 

is fully elastic with no residual strain accumulation, meaning permanent settlement does not 

occur. 

Elastic shakedown: Train loading is high, thus exceeding the yield limit for a limited 

number of initial train passages.  This causes the track to settle, however soon after, the 

response returns to elastic again.  Further passages do not result in additional permanent 

settlement accumulation unless the load is increased. This happens because the total stress 

field (i.e. residual stresses accumulated during the initial load cycles, combined with both the 

at-rest stress field and incremental stresses due to train loading) does not violate the yielding 

criteria.  
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Cyclic plasticity and ratcheting: Train loading is so high that the stress field induced by the 

train passage is greater than the elastic limit, thus inducing permanent strains during each 

train passage. This means that track permanent deformation does not stabilize, resulting in 

ever increasing track permanent settlement and ultimately failure. 

The elastic shakedown limit is a term used to define the minimum load that will result 

in track failure.  It is affected by the material properties of the track and subgrade, but also by 

the train loading characteristics (e.g. speed and geometry).  In particular, if high levels of 

track dynamics are induced during train passage, then stresses are amplified (Figure 15), 

causing a reduction in the shakedown limit [53].  This is shown in Figure 16b, where the 

relationship between train speed and shakedown limit is plotted, for a homogenous ground 

with 71MPa Young’s modulus and varying friction angles, φ=20o, 25o, 35o. It is seen that the 

shakedown limit is highly sensitive to speed, with a minimum value found at the critical 

velocity (116m/s).  Therefore track failure is most likely at this speed.  For a 180kN axle 

load, if the moving load speed is low the factor of safety is 4.4, however at critical speed it is 

only 1.6.  Note however that the y-axis indicates the shakedown limit for a single moving 

load, and will likely be reduced further when considering full train geometries. 

 This approach provides a practical tool to aid track design.  As an example, current 

railway track design aims to limit train speeds to 65-70% of the critical velocity, independent 

of vehicle axle load and geometry.  Alternatively, shakedown theory can be used to compute 

the true limit (e.g. 80%) for individual track sections and thus help to optimise track design. 
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Figure 16. (a) elastic-perfectly plastic behaviour during cyclic loading (modified from [45]), 

(b) speed versus shakedown limit 

 

3.11. Soil improvement 

Two challenging scenarios may be detected during a critical velocity scoping study: 

1. A low stiffness soil configuration which will likely require remediation (e.g. train 

speed > 70% of critical velocity, as defined during shakedown limit design) 

2. A semi-low stiffness soil configuration for which the need for remediation is unclear 

(e.g. train speed between 50-70% of critical velocity, as defined during shakedown 

limit design) 

3.11.1. Soil replacement 

Assuming the preferred remediation method is soil replacement or improvement, it is 

necessary to determine the optimum depth and magnitude of stiffness improvement required, 

with respect to cost.  This is challenging because the localised improvement of soil layers 

results in large stiffness contrasts, and increases the likelihood of the presence of sandwiched 

low stiffness layers which can cause multiple DAF peaks.  

 To illustrate this, Figure 17a shows the effect of soil replacement/remediation on 

maximum slab track deflections.  The original soil is a homogenous half-space with 45MPa 

stiffness.  The soil is then locally stiffened, considering 5 discrete depths (1, 2, 3, 4, 5m) and 

3 magnitudes of stiffness improvement (100, 200, 300MPa).  It is clear that the relationship 

between track deflection and improvement depth, as well as between track deflection and 

stiffness magnitude, are both non-linear relationships.  Interestingly, deploying 1m of 

300MPa improvement results in a minimal change in track deflection, while 1m of 100MPa 

and 200MPa improvement result in a magnification of rail displacement.  This is because the 

train speed is marginally greater than the original soil critical velocity, and increasing the 

stiffness shifts the dynamic amplification peak closer to the train speed [41].  

Considering the relationship between track deflection and the stiffness magnitude of 

replacement soil, except for the 1m depth case discussed above, the stiffer soil results in 

lower deflections.  The relationship is complex though because different combinations of 
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stiffness and depth yield different levels of deflection.  For example, 2m of 300MPa 

improvement gives a similar reduction in displacement as 5m of 100MPa improvement.  

Therefore, it is clear than when performing soil remediation, to minimise cost and maximise 

performance, it is important that both variables are considered. 

 

Figure 17. Soil improvement: (a) soil replacement optimisation (dashed line indicates 0m of 

improvement), (b) stone columns and jet grouting DAF 

3.11.2 Discrete soil stiffening 

Instead of using soil replacement to improve the dynamic characteristics of railway 

subgrade, stone columns or jet grouting can also be used.  Figure 18 shows the improvement 

geometries of a 2 layer soil with stiffness’s of 102 MPa and 468 MPa for the upper and lower 
layers respectively. The top soil layer is 4 m thick and the bottom layer is infinitely deep.  

The stone column solution consists of 9x0.8m diameter columns at 1.6 m spacing, with a 

stiffness of 160 MPa.  Alternatively, the jet grouting solution consists of 5x0.7m diameter 

columns at 3.48 m spacing, with a stiffness of 1 GPa.  Figure 17b shows the dynamic 

amplification curves for both solutions, compared against the non-remediated case. Note that 

they have been normalised with respect to the static displacement of the non-remediated case. 

Regarding critical velocity, the stone columns provide a 7% benefit, while the jet grouting 

provides a 22% benefit compared to the benchmark case.  Similarly, regarding dynamic 

amplification, the stone columns provide a 12% benefit, while the jet grouting provides a 

39% benefit.  In a similar manner to the soil replacement considered previously, the stiffness, 

dimensions and quantity of stone columns or jet grouting have a significant effect on 

remediation cost/performance. 
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Figure 18. Discrete soil improvement: (a) Stone columns, (b) Jet grouting 

4. Conclusion  

This paper presents an analysis of a range of railway track dynamics problems.  Firstly, the 

relatively straightforward issue of soil layering is presented, followed by problems of 

increasing technical difficulty, culminating in non-linear coupled track-soil analysis and soil 

remediation.  Four linked models are used for the analysis: 1) an analytical model, 2) a 

combined analytical-numerical model, 3) a 2.5D finite element model, 4) a 3D finite element 

model.   

It is found that changes to the dispersion relations for layered soils can cause a 

significant change in the critical velocity.  Also, changes to the track structure can be used to 

increase the critical velocity, but only if the upper soil layer is not too deep.  It is also found 

that bedrock depth plays an important role because small changes can have a significant 

effect on the critical velocity.  It is found that low stiffness layers (either naturally occurring 

or engineered due to soil replacement) can significantly increase the complexity of soil wave 

dispersion and thus the critical velocity.  The effect of vehicle wheel spacing is addressed and 

it is found that this is particularly important as train speeds approach (or exceed) the critical 

velocity.  Finally, the effect of soil non-linearity and remediation solutions are investigated.  

It is shown that remediation is complex but can be designed with the support of 

elastodynamic models and shakedown theory.  This allows for the design of track-ground 

structures with low dynamic amplification and minimal long-term permanent settlement.  
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