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Here, we demonstrate the radiative polarization of high-energy electron beams in collisions with ultrashort

pulsed bichromatic laser fields. Employing a Boltzmann kinetic approach for the electron distribution allows

us to simulate the beam polarization over a wide range of parameters and determine the optimum conditions

for maximum radiative polarization. Those results are contrasted with a Monte Carlo algorithm where photon

emission and associated spin effects are treated fully quantum mechanically using spin-dependent photon

emission rates. The latter method includes realistic focusing laser fields, which allows us to simulate a near-term

experimentally feasible scenario of an 8 GeV electron beam scattering from a 1 PW laser pulse and provide a

measurement that would verify the ultrafast radiative polarization in high-intensity laser pulses that we predict.

Aspects of spin-dependent radiation reaction are also discussed, with spin polarization leading to a measurable

(5%) splitting of the energies of spin-up and spin-down electrons.

DOI: 10.1103/PhysRevA.100.061402

One of the driving forces in the development of petawatt

class laser systems [1–3] is related to novel laser-plasma

based accelerator concepts. Recent laser wakefield accelera-

tion experiments have demonstrated acceleration of electrons

up to 8 GeV energy in a single stage [4] and may enable

future novel TeV electron-positron colliders for high-energy

physics [5,6]. Spin-polarized beams are crucial for high-

energy collider applications, for instance in order to suppress

the standard-model background in searches for new physics

beyond the standard model [7,8]. Studying the dynamics of

spin-polarized electrons in a plasma wakefield is therefore

important [9–11]. Spin forces have been suggested to be im-

portant in both astrophysical systems and high-intensity laser-

plasma interactions [12]. With increasing interest in high-

intensity laser-plasma interactions, it is essential to understand

lepton spin effects on the overall plasma dynamics through

radiation reaction—because of the spin dependence in the

photon emission rates—and electron-positron pair generation

[13]. There has been notable recent interest in spin polariza-

tion of leptons in high-intensity laser interactions [14–16].

It is known that initially unpolarized lepton beams radia-

tively polarize in storage rings due to asymmetries in the

rates for synchrotron emission, the so-called Sokolov-Ternov

effect [17–19]. As a result, their projected spins end up being

predominantly antialigned with the magnetic field direction.

For most machines this is a slow process, with a timescale of

minutes or hours, scaling as T ∝ γ /χ3 [18,19], where χ =
√

e2 p · F 2 · p/m3 = γ |e|B/m2 ≪ 1 is the quantum nonlin-

earity parameter, with the field strength tensor F and electron

mass m, charge e, and four-momentum pμ with Lorentz factor

γ = p0/m [20].

*dseipt@umich.edu

We previously demonstrated that a similar spin polarization

can occur for electrons circulating at the magnetic nodes

of two colliding intense laser pulses [21], with polarization

timescales of few femtoseconds for laser intensities exceeding

5 × 1022 W/cm2. However, these orbits are unstable in gen-

eral [22]. By first accelerating electrons to high energy and

then colliding them with a laser pulse, it is possible to achieve

χ � 1 with current PW class high-intensity lasers operating

at intensities ∼1021 W/cm2 and study radiative spin polar-

ization in the strongly quantum regime. This laser-electron-

beam collider setup was used in seminal SLAC E-144 ex-

periments demonstrating nonlinear Compton scattering [23]

and electron-positron pair production [24] and has recently

been used to observe quantum radiation reaction [25,26]. In

Ref. [22], we discussed a polarization dependence of the

radiation reaction force, related to the fact that spin-down

electrons radiate more power than spin-up electrons.

In this Rapid Communication, we propose using bichro-

matic laser fields to polarize an electron beam and predict a

measurable modification of the resulting quantum radiation

reaction, Fig. 1. Spin-dependent radiation-reaction effects are

described in our model using (i) a kinetic approach where we

solve a Boltzmann equation for distribution functions of spin-

polarized electrons and (ii) a quasiclassical particle tracking

approach where electrons are pushed classically between pho-

ton emissions, and the emissions are treated fully quantum

mechanically using a Monte Carlo algorithm employing spin-

dependent photon emission rates. We determine optimum

parameters for maximum radiative polarization, and discuss

spin-dependent radiation reaction leading to a measurable

splitting of the mean electron energies.

For multi-GeV electrons colliding with a high-power laser

pulse the emission of gamma photons can be described as non-

linear Compton scattering using strong-field QED in the Furry

picture [13,27]. The quantum-radiation dominated regime is
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up electrons

down electrons

FIG. 1. Electrons propagating through a bichromatic laser pulse

perform spin flips dominantly in certain phases ϕ of the field:

Electrons initially polarized along the +y direction (yellow trajec-

tories) flip their spin to down (trajectory colored purple) dominantly

when By > 0, and this is where 1ω and 2ω add constructively (blue

contours). The opposite spin flip dominantly happens when By < 0

where the 1ω and 2ω components of the laser are out of phase

(orange contours). Therefore χ is larger for ↑↓-flips and many more

of those flips happen than the ↓↑-flips, causing a polarization of the

beam.

reached for normalized laser amplitude a0 = eE/mω ≫ 1

and χ ∼ 1. The short photon formation length implies that

quantum emissions can be described as incoherent events

in a locally constant field approximation (LCFA). Hence,

LCFA photon emission rates are customarily employed in

simulations [28–36], but see also [37–40].

In a laser pulse, the magnetic field oscillates, and so in con-

trast with the case of a static magnetic field, the polarization

built up in one half-cycle is mostly lost during the following

half-cycle. In Ref. [41] we investigated an laser-electron-

beam collider scenario, where an asymmetry between the two

half-cycles is introduced by using ultrashort subcycle laser

pulses. In that case, however, only a very small degree of

polarization could be achieved due to the short interaction

duration. A similar effect had been predicted due to electron

self-interaction [42]. In Ref. [41] we also showed the agree-

ment between the LCFA and full QED S-matrix calculations

for spin-polarization effects. In the scheme proposed here, the

addition of a 2ω component to the laser breaks the symmetry

and allows for net radiative polarization of the beam without

the necessity of subcycle pulses.

For electrons in an external field the canonical choice

for the spin quantization axis is the spacelike ax-

ial four-vector field ζ = ζ (x, p) = f̃ · p/(p · f̃ 2 · p)1/2 = (u ·
ζRF, ζRF + u(u · ζRF )/[γ (1 + γ )] [19,43], where ζRF points

along the magnetic field in the rest frame of the electron,

and with f̃ the dual of the normalized field strength tensor

f = eF/m. During the emission of a photon the electron spin

will be projected onto a quantum eigenstate, with spin pro-

jection eigenvalue ±1 along the local value of ζ [14,19]. Be-

tween emissions, the electrons are assumed to follow classical

trajectories, with four-velocity u = (γ , u) = p/m governed

by the Lorentz force equation, du/dτ = f · u [spin-gradient

(Stern-Gerlach) forces are negligible here [22,44]], and the

precession of the spin vector expectation value S governed

by the Thomas—Bargman-Michel-Telegdi (T-BMT) equation

[45], dS/dτ = ge

2
f · S + ge−2

2
(S · f .u) u, with gyromagnetic

ratio ge, and with initial conditions S = ±ζ .

While the spin described above is a property of an indi-

vidual electron, the polarization is a property of the whole

beam [19], which can be defined as the ensemble average

S = 〈SRF
y 〉 ≈ 〈Sy〉 for the scattering scenario discussed in this

Rapid Communication.

Assuming the bichromatic laser field is a plane wave

propagating along the negative z axis and polarized along the x

axis, then the magnetic field, ζRF, and ζ all have nonvanishing

y components only. We can therefore define two distributions,

ns, s = ±1, of electrons with spins projected on the y axis. The

evolution of the distributions ns and transitions between spin

states, n+1 ↔ n−1, may be described by Boltzmann equations

with transitions due to radiation emission described by means

of a collisionlike integrodifferential operator [46,47].

For electrons colliding with a plane-wave laser pulse, the

light-front momentum p+ = p0 + pz is conserved under the

classical Lorentz equation, with their dynamics solely deter-

mined by quantum radiation reaction effects [48]. We can

thus write the kinetic equations for the distribution functions,

ns(p+, ϕ), in the one-dimensional (1D) approximation as

∂ns

∂ϕ
=

∑

s′

[

∫ ∞

0

dk+ns′
(q+)

dR
s′
ζ sζ

dk+ (q+) − ns
R

sζ s′
ζ

]

, (1)

with laser phase ϕ = ω(t + z) and q+ = p+ + k+. The spin-

dependent probability per unit laser phase for photon emis-

sion, i.e., the LCFA photon emission rate, appearing in the

collision operator in (1) is given by [41]

dR
sζ sζ ′

dk+ = −
αm2

ω(p+)2

[

(1 + sζ sζ ′ )Ai1(z)

+ (g + sζ sζ ′ )
2Ai′(z)

z

+
(

sζ t + sζ ′
t

1 − t

)

Ai(z)
√

z

]

. (2)

Here sζ (sζ ′) denotes the value of the electron spin pro-

jection along the magnetic field in the instantaneous elec-

tron rest frame before (after) the photon emission, e.g.,

ζ = f̃ · p/(p · f̃ 2 · p)1/2 with p as the instantaneous electron

four-momentum prior to photon emission, and χp = (p · f 2 ·
p)1/2/m4. In Eq. (1) s

(′)
ζ = s(′) sgn(By).

The argument of the Airy functions, its derivative and

integral Ai1(z) =
∫ ∞

z
dx Ai(x) is z = {t/[χp(1 − t )]}2/3, with

the normalized light-front momentum of the emitted pho-

ton t = k+/p+ ∈ (0, 1), and g = 1 + t2/(2 − 2t ). For typical

high-energy electron-beam laser collisions ζ agrees with the

local second binormal Frenet-Serret vector up to terms (tr f̃ ·
f )2/m4χ2 ≪ 1 ensuring that sζ is a constant of motion in a

constant crossed field, which is required for the applicability

of the spin-dependent LCFA rates (2) in simulation codes

[41,49,50].

The 1D approximation holds when p⊥ ≪ p+, the trans-

verse quiver amplitude of electrons in the field a0/γω is

much smaller than the laser spot size w0 [29,46], and that ζ

is not precessing under the T-BMT equation. These kinetic

equations were validated for the case of a uniform static
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FIG. 2. Kinetic equation solution for a 7.8 GeV electron beam

[4] colliding with a laser with a0 = 10.8, c2 = 0.7, 109 fs FWHM

duration, χ0 = 1. Evolution of n+1, n−1, and S as a function of laser

phase from top to bottom. n+1 means the spin is aligned along the

+y axis. The shape of the magnetic field By is shown as a thin gray

curve in the lower plot.

magnetic field by comparison with Sokolov-Ternov rate equa-

tions [18,51].

The bichromatic field used to solve Eq. (1) is char-

acterized by the function ψ (ϕ) = [cos ϕ + c2 cos(2ϕ +
�ϕ)] cos2(ϕ/4NL )�(2πNL − |ϕ|), where ϕ = ω(t + z) is the

phase of the fundamental light, fundamental frequency ω =
1.55 eV, the relative phase �ϕ = 0 is chosen for maximum

asymmetry, and NL is the number of laser cycles. Note that

by this definition, the fraction of the total pulse energy in

the second harmonic is c2
2/(1 + c2

2 ). The nonzero field com-

ponents are By = −Ex = E0ψ (ϕ), with χ0 = ep+
0 E0/m3 =

(p+
0 ω/m2)a0. The number of cycles and field strength are

related to the pulse duration, TFWHM[fs] = 2.43NLλ[μm], and

laser power P[TW] ≃ 0.0429a2
0 (1 + c2

2 )(w0/λ)2.

Solutions of the kinetic equation as a function of laser

phase ϕ are shown in Fig. 2 for n+1(0) = n−1(0). The distribu-

tions n±1 in (a) and (b) show the energy loss due to quantum

radiation reaction effects, with the blue curves representing

the mean values. The blue curve in (c) depicts the buildup

of the polarization of the electrons, reaching a final value of

−7.9%.

In Fig. 3 we show a parameter scan of the achievable

degree of polarization as a function of χ0 and c2. It shows that

χ0 > 0.5 is required to acquire some significant polarization

for T = 161 fs. For larger values of χ0 > 1.5 it saturates for

c2 ≃ 0.7 at about S ≈ −17%. Note that S ≈ 0 for a one-

color laser pulse (c2 = 0) for all χ0. The survey plot has

been calculated for mγ = 5 GeV electrons interacting with

a 161 fs laser pulse. As long as the change of polarization

per laser cycle is small, a scaling relation can be found:

For fixed χ0 and c2, the same polarization degree will be

0.5 1.0 1.5 2.0 2.5 3.0
χ0

0.0

0.5

1.0

1.5

2.0

c 2

−16

−14

−12

−10

−8

−6

−4

−2

0

S
(%

)

FIG. 3. Achievable degree of electron polarization as a function

of χ0 and bichromaticity parameter c2. Calculations have been per-

formed for 5 GeV electrons colliding with a 161 fs laser pulse, i.e.,

a0(χ0 = 1) = 16.5.

achieved for constant values of T/p+, which has been verified

numerically.

In order to describe the electron polarization beyond the

1D plane-wave approximation, we extended the accepted qua-

siclassical model of high-intensity laser matter interactions

[27,28,30–34,36] to include the spin degree of freedom. In this

model, electrons follow classical trajectories between quan-

tum events, at which point emission is treated stochastically

using a Monte Carlo algorithm employing the spin-dependent

rates, Eq. (2). For the classical propagation, we solve the

covariant Lorentz force and T-BMT equations using a fourth-

order Runge-Kutta solver for uμ and Sμ, respectively.

Our Monte Carlo algorithm generalizes that presented in

[30,52], to explicitly include the spin of the electrons. It

works as follows: (i) Assign a final optical depth τem to each

particle at the beginning of the simulation and directly after

each emission. (ii) At each time step after the classical push,

project the spin four-vector onto the local spin quantization

direction sζ = −S · ζ and reduce the remaining optical depth

by
∑

s′ R
sζ s′

ωu+�τ . (iii) A photon is emitted when optical

depth reaches zero. Draw a random number r1 ∈ [0, 1] uni-

formly. If r1 � R
sζ ,s

′=−1/
∑

s′ R
sζ s′

the electron will go to a

spin-down state, s′ = −1, and s′ = +1 (up) otherwise. (iv)

Sample the normalized energy of the emitted photon from

the distribution dR
sζ s′

/dt using inverse transform sampling.

(v) Electron recoil is assigned via p
′ = (1 − t )p [36] (see also

[53]), and the new spin four-vector is determined by S′
μ = s′ζ ′

μ

where the new electron momentum p′ is used for calculating

ζ ′. The Monte Carlo code has been verified against solutions

of the kinetic equation, and predicts the same degree of spin

polarization, e.g., S = −7.9%, for the case of Fig. 2.

The Monte Carlo approach allows simulation of realis-

tic three-dimensional (3D) scattering scenarios with focused

beams. We describe the laser as the superposition of two

Gaussian beams in the paraxial approximation for the 1ω and

2ω frequency components with the same focal spot size, w0 =
8 μm, and pulse duration, T = 109 fs, a0 = 10.8, and c2 =
0.7, adding up to 0.75 PW laser power. The two components

have different Rayleigh ranges and Gouy phase, which means

the 1ω and 2ω components will only be in phase close to

the focal plane. The phase shift at the 1ω Rayleigh range is

061402-3
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FIG. 4. Phase-space distributions of scattered electrons (a)–(d) show a correlation of electron momenta and their spin polarization: Low-

energy electrons are stronger polarized. The final energy distributions for up and down electrons (e) show the effect of spin-dependent radiation

reaction: Down electrons lost more energy than spin-up electrons on average. Lower right: Polarization of postselected electrons with γ < γ⋆

(left axis) and their relative fraction (right axis).

�ϕ ≃ 0.32. This sets a lower limit on the focal spot size in

principle.

We use the Monte Carlo algorithm to simulate the collision

of this laser with a 7.8 GeV electron beam with 5% energy

spread, 0.1 mrad angular divergence, and 2.4 μm beam size,

i.e., χ0 = 1 [4]. For scattering from a focused beam, each

electron has Sy ≈ ±1 and it is straightforward to define the

two fractions of electrons with spin up and down by Sy ≷
0. The polarization degree of the beam is calculated as an

ensemble average S = 〈Sy〉.
For this 3D simulation, the final degree of polarization of

the whole beam reaches S = −6.6 ± 0.4%, which is slightly

lower than the prediction for the 1D plane-wave case. The

statistical uncertainty is due to the finite number of 3 × 105

simulated electrons. Figure 4 shows phase spaces p+-px (a)

and p+-py (b) of the final electrons, as well as the correspond-

ing differential polarization degrees (b),(d). For the latter, the

degree of polarization is calculated independently for each bin

with at least 20 electrons. These show that the polarization is

not uniform over phase space.

Figure 4(e) shows the energy spectra for electrons with

Sy ≷ 0, showing that there is a 6.6% excess of down electrons,

yielding the stated polarization degree. Figure 4 also shows

that the mean energy of the down electrons (blue vertical

line) is lower than the mean energy of the up electrons (red

vertical line) with a relative difference of about 5.4%. The

difference in the mean energy of up and down electrons shows

that radiation reaction effects are spin dependent. For χ ∼ 1,

spin-down electrons radiate about 30% more power than the

up electrons [17].

For an estimate of the spin-dependent radiation reaction,

we describe the electron dynamics by the leading term of

the quantum corrected Landau-Lifshitz equation for each

fraction separately [47,54,55], yielding d�
dϕ

≃ 4αω
3m

a2(ϕ)[(gd −
gu)γ̄ 2 − (gd + gu)γ̄ �], to linear order in the energy splitting

� = γu − γd , with spin-dependent Gaunt factors gs [22]. The

difference in emitted power ∝gd − gu > 0 is partially can-

celed by the second term in the square brackets, yielding an

equilibrium solution �/γ̄ ≃ (gd − gu)/(gd + gu) ∼ 0.1 for

χ ∼ 1.

The phase-space distributions in Figs. 4(a)–4(d) indicate

that the observed degree of polarization can be increased

significantly by postselecting some electrons [see Fig. 4(f)]. If

only low-energy electrons are selected with γ < 2800 (40%

of all electrons), for instance by using a magnetic spectrome-

ter, then their polarization degree is increased to S = −20%.

A similar yet less pronounced enhancement can be achieved

by restricting |py| to small values.

We have shown that it is possible to spin polarize high-

energy electron beams using intense bichromatic laser pulses.

We used both a kinetic approach with a linear Boltzmann

equation as well as a quasiclassical Monte Carlo approach. A

parameter scan revealed that a beam polarization of around

17% can be achieved for c2 ≃ 0.7 and χ � 2. We found

phase-space correlations of the electron polarization which al-

low one to apply phase-space cuts for increasing the measured

polarization. We discuss spin-dependent radiation reaction

leading to a 5% mean energy splitting between up and down

electrons. In Ref. [15], the generation of positrons with polar-

ization degrees of up to 60% was proposed by exploiting the

spin asymmetry in the strong-field pair-production process.

The proposed electron-beam polarization could be realized

experimentally with present-day technology in an all-optical

setup: Multi-GeV electron beams (up to 8 GeV) have been

demonstrated using laser wakefield accelerators [4]. Simi-

larly, one could realize this experiment with a PW laser at

a conventional accelerator facility, for instance at SLAC or

XFEL [56]. The petawatt class laser pulse required needs

to be frequency doubled, and the required technology for

generating the 2ω light is second harmonic generation in a

nonlinear crystal (having typically 50% energy efficiency).

Growth of crystals large enough to be compatible with PW

061402-4
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lasers has been developed [57]. The polarization of the GeV

electron beam could be measured using (nonlinear) Compton

scattering [19,58,59], with [59] anticipating an accuracy of

0.3% from multi-GeV electrons in a single shot.

Note added. Recently, Ref. [15] appeared on the arXiv, the

subject of which is similar to our own.

This work supported by the US Army Research Office

Grant No. W911NF-16-1-0044 (D.S., A.G.R.T.), by the DOE,

LDRD program at SLAC, under Contract No. DE-AC02-

76SF00515 (D.D.S.), and by the UK Engineering and Phys-

ical Sciences Research Council Grant No. EP/M018156/1

(C.P.R.).

[1] S. Gales, K. A. Tanaka, D. L. Balabanski, F. Negoita, D.

Stutman, O. Tesileanu, C. A. Ur, D. Ursescu, I. Andrei,

S. Ataman, M. O. Cernaianu, L. D’Alessi, I. Dancus, B.

Diaconescu, N. Djourelov, D. Filipescu, P. Ghenuche, D. G.

Ghita, C. Matei, K. Seto, M. Zeng, and N. V. Zamfir, The

extreme light infrastructure–nuclear physics (ELI-NP) facility:

New horizons in physics with 10 PW ultra-intense lasers and

20 MeV brilliant gamma beams, Rep. Prog. Phys. 81, 094301

(2018).

[2] J. H. Sung, H. W. Lee, J. Y. Yoo, J. W. Yoon, C. W. Lee,

J. M. Yang, Y. J. Son, Y. H. Jang, S. K. Lee, and C. H. Nam,

42 PW, 20 fs Ti:sapphire laser at 0.1 Hz, Opt. Lett. 42, 2058

(2017).

[3] E. Cartlidge, The light fantastic, Science 359, 382 (2018).

[4] A. J. Gonsalves, K. Nakamura, J. Daniels, C. Benedetti, C.

Pieronek, T. C. H. de Raadt, S. Steinke, J. H. Bin, S. S. Bulanov,

J. van Tilborg, C. G. R. Geddes, C. B. Schroeder, Cs. Tóth,

E. Esarey, K. Swanson, L. Fan-Chiang, G. Bagdasarov, N.

Bobrova, V. Gasilov, G. Korn, P. Sasorov, and W. P. Leemans,

Petawatt Laser Guiding and Electron Beam Acceleration to

8 GeV in a Laser-Heated Capillary Discharge Waveguide, Phys.

Rev. Lett. 122, 084801 (2019).

[5] W. Leemans and E. Esarey, Laser-driven plasma-wave electron

accelerators, Phys. Today 62(3), 44 (2009).

[6] C. B. Schroeder, C. Benedetti, E. Esarey, and W. P. Leemans,

Laser-plasma-based linear collider using hollow plasma chan-

nels, Nucl. Instrum. Methods Phys. Res., Sect. A 829, 113

(2016), 2nd European Advanced Accelerator Concepts Work-

shop (EAAC 2015).

[7] G. Moortgat-Pick, T. Abe, G. Alexander, B. Ananthanarayan,

A. A. Babich, V. Bharadwaj, D. Barber, A. Bartl, A.

Brachmann, S. Chen, J. Clarke, J. E. Clendenin, J. Dainton,

K. Desch, M. Diehl, B. Dobos, T. Dorland, H. K. Dreiner, H.

Eberl, J. Ellis, K. Flöttmann, H. Fraas, F. Franco-Sollova, F.

Franke, A. Freitas, J. Goodson, J. Gray, A. Han, S. Heinemeyer,

S. Hesselbach, T. Hirose, K. Hohenwarter-Sodek, A. Juste, J.

Kalinowski, T. Kernreiter, O. Kittel, S. Kraml, U. Langenfeld,

W. Majerotto, A. Martinez, H. U. Martyn, A. Mikhailichenko,

C. Milstene, W. Menges, N. Meyners, K. Mönig, K. Moffeit, S.

Moretti, O. Nachtmann, F. Nagel, T. Nakanishi, U. Nauenberg,

H. Nowak, T. Omori, P. Osland, A. A. Pankov, N. Paver,

R. Pitthan, R. Pöschl, W. Porod, J. Proulx, P. Richardson, S.

Riemann, S. D. Rindani, T. G. Rizzo, A. Schälicke, P. Schüler,

C. Schwanenberger, D. Scott, J. Sheppard, R. K. Singh, A.

Sopczak, H. Spiesberger, A. Stahl, H. Steiner, A. Wagner, A. M.

Weber, G. Weiglein, G. W. Wilson, M. Woods, P. Zerwas, J.

Zhang, and F. Zomer, Polarized positrons and electrons at the

linear collider, Phys. Rep. 460, 131 (2008).

[8] A. Vauth and J. List, Beam polarization at the ILC: Physics

case and realization, Int. J. Mod. Phys.: Conf. Ser. 40, 1660003

(2016).

[9] J. Vieira, C.-K. Huang, W. B. Mori, and L. O. Silva, Polarized

beam conditioning in plasma based acceleration, Phys. Rev. ST

Accel. Beams 14, 071303 (2011).

[10] M. Wen, M. Tamburini, and C. H. Keitel, Polarized Laser-

Wakefield-Accelerated Kiloampere Electron Beams, Phys. Rev.

Lett. 122, 214801 (2019).

[11] Y. Wu, L. Ji, X. Geng, Q. Yu, N. Wang, B. Feng, Z. Guo, W.

Wang, C. Qin, X. Yan, L. Zhang, J. Thomas, A. Hützen, M.

Büscher, P. Rakitzis, A. Pukhov, B. Shen, and R. Li, Polarized

electron-beam acceleration driven by vortex laser pulses, New

J. Phys. 21, 073052 (2019).

[12] S. M. Mahajan, F. A. Asenjo, and R. D. Hazeltine, Comparison

of the electron-spin force and radiation reaction force, Mon.

Not. R. Astron. Soc. 446, 4112 (2015).

[13] V. I. Ritus, Quantum effects of the interaction of elementary

particles with an intense electromagnetic field, J. Sov. Laser

Res. 6, 497 (1985).

[14] Y.-F. Li, R. Shaisultanov, K. Z. Hatsagortsyan, F. Wan, C. H.

Keitel, and J.-X. Li, Ultrarelativistic Electron-Beam Polariza-

tion in Single-Shot Interaction with an Ultraintense Laser Pulse,

Phys. Rev. Lett. 122, 154801 (2019).

[15] Y.-Y. Chen, P.-L. He, R. Shaisultanov, K. Z. Hatsagortsyan, and

C. H. Keitel, Polarized positron beams via intense two-color

laser pulses, arXiv:1904.04110.

[16] F. Wan, R. Shaisultanov, Y.-F. Li, K. Z. Hatsagortsyan,

C. H. Keitel, and J.-X. Li, Ultrarelativistic polarized positron

jets via collision of electron and ultraintense laser beams,

arXiv:1904.04305.

[17] A. A. Sokolov and I. M. Ternov, Synchrotron Radiation

(Akademie Verlag, Berlin, 1968).

[18] I. M. Ternov, Synchrotron radiation, Phys. Usp. 38, 409 (1995).

[19] S. R. Mane, Yu M. Shatunov, and K. Yokoya, Spin-polarized

charged particle beams in high-energy accelerators, Rep. Prog.

Phys. 68, 1997 (2005).

[20] We use natural Heaviside-Lorentz units with h̄ = c = ǫ0 = 1,

with fine structure constant α = e2/4π . Lorentz indices are

omitted whenever possible, i.e., uμ → u, f μν → f , and we

denote scalar products and contractions of tensor indices as

f μνuν → f · u.

[21] D. Del Sorbo, D. Seipt, T. G. Blackburn, A. G. R. Thomas,

C. D. Murphy, J. G. Kirk, and C. P. Ridgers, Spin polarization

of electrons by ultraintense lasers, Phys. Rev. A 96, 043407

(2017).

[22] D. Del Sorbo, D. Seipt, A. G. R. Thomas, and C. P. Ridgers,

Electron spin polarization in realistic trajectories around the

061402-5

https://doi.org/10.1088/1361-6633/aacfe8
https://doi.org/10.1088/1361-6633/aacfe8
https://doi.org/10.1088/1361-6633/aacfe8
https://doi.org/10.1088/1361-6633/aacfe8
https://doi.org/10.1364/OL.42.002058
https://doi.org/10.1364/OL.42.002058
https://doi.org/10.1364/OL.42.002058
https://doi.org/10.1364/OL.42.002058
https://doi.org/10.1126/science.359.6374.382
https://doi.org/10.1126/science.359.6374.382
https://doi.org/10.1126/science.359.6374.382
https://doi.org/10.1126/science.359.6374.382
https://doi.org/10.1103/PhysRevLett.122.084801
https://doi.org/10.1103/PhysRevLett.122.084801
https://doi.org/10.1103/PhysRevLett.122.084801
https://doi.org/10.1103/PhysRevLett.122.084801
https://doi.org/10.1063/1.3099645
https://doi.org/10.1063/1.3099645
https://doi.org/10.1063/1.3099645
https://doi.org/10.1063/1.3099645
https://doi.org/10.1063/1.3099645
https://doi.org/10.1016/j.nima.2016.03.001
https://doi.org/10.1016/j.nima.2016.03.001
https://doi.org/10.1016/j.nima.2016.03.001
https://doi.org/10.1016/j.nima.2016.03.001
https://doi.org/10.1016/j.physrep.2007.12.003
https://doi.org/10.1016/j.physrep.2007.12.003
https://doi.org/10.1016/j.physrep.2007.12.003
https://doi.org/10.1016/j.physrep.2007.12.003
https://doi.org/10.1142/S201019451660003X
https://doi.org/10.1142/S201019451660003X
https://doi.org/10.1142/S201019451660003X
https://doi.org/10.1142/S201019451660003X
https://doi.org/10.1103/PhysRevSTAB.14.071303
https://doi.org/10.1103/PhysRevSTAB.14.071303
https://doi.org/10.1103/PhysRevSTAB.14.071303
https://doi.org/10.1103/PhysRevSTAB.14.071303
https://doi.org/10.1103/PhysRevLett.122.214801
https://doi.org/10.1103/PhysRevLett.122.214801
https://doi.org/10.1103/PhysRevLett.122.214801
https://doi.org/10.1103/PhysRevLett.122.214801
https://doi.org/10.1088/1367-2630/ab2fd7
https://doi.org/10.1088/1367-2630/ab2fd7
https://doi.org/10.1088/1367-2630/ab2fd7
https://doi.org/10.1088/1367-2630/ab2fd7
https://doi.org/10.1093/mnras/stu2381
https://doi.org/10.1093/mnras/stu2381
https://doi.org/10.1093/mnras/stu2381
https://doi.org/10.1093/mnras/stu2381
https://doi.org/10.1007/BF01120220
https://doi.org/10.1007/BF01120220
https://doi.org/10.1007/BF01120220
https://doi.org/10.1007/BF01120220
https://doi.org/10.1103/PhysRevLett.122.154801
https://doi.org/10.1103/PhysRevLett.122.154801
https://doi.org/10.1103/PhysRevLett.122.154801
https://doi.org/10.1103/PhysRevLett.122.154801
http://arxiv.org/abs/arXiv:1904.04110
http://arxiv.org/abs/arXiv:1904.04305
https://doi.org/10.1070/PU1995v038n04ABEH000082
https://doi.org/10.1070/PU1995v038n04ABEH000082
https://doi.org/10.1070/PU1995v038n04ABEH000082
https://doi.org/10.1070/PU1995v038n04ABEH000082
https://doi.org/10.1088/0034-4885/68/9/R01
https://doi.org/10.1088/0034-4885/68/9/R01
https://doi.org/10.1088/0034-4885/68/9/R01
https://doi.org/10.1088/0034-4885/68/9/R01
https://doi.org/10.1103/PhysRevA.96.043407
https://doi.org/10.1103/PhysRevA.96.043407
https://doi.org/10.1103/PhysRevA.96.043407
https://doi.org/10.1103/PhysRevA.96.043407


SEIPT, DEL SORBO, RIDGERS, AND THOMAS PHYSICAL REVIEW A 100, 061402(R) (2019)

magnetic node of two counter-propagating, circularly polarized,

ultra-intense lasers, Plasma Phys. Controlled Fusion 60, 064003

(2018).

[23] C. Bula, K. T. McDonald, E. J. Prebys, C. Bamber, S. Boege,

T. Kotseroglou, A. C. Melissinos, D. D. Meyerhofer, W. Ragg,

D. L. Burke, R. C. Field, G. Horton-Smith, A. C. Odian, J. E.

Spencer, D. Walz, S. C. Berridge, W. M. Bugg, K. Shmakov,

and A. W. Weidemann, Observation of Nonlinear Effects in

Compton Scattering, Phys. Rev. Lett. 76, 3116 (1996).

[24] D. L. Burke, R. C. Field, G. Horton-Smith, J. E. Spencer,

D. Walz, S. C. Berridge, W. M. Bugg, K. Shmakov,

A. W. Weidemann, C. Bula, K. T. McDonald, E. J. Prebys,

C. Bamber, S. J. Boege, T. Koffas, T. Kotseroglou, A. C.

Melissinos, D. D. Meyerhofer, D. A. Reis, and W. Ragg,

Positron Production in Multiphoton Light-By-Light Scattering,

Phys. Rev. Lett. 79, 1626 (1997).

[25] J. M. Cole, K. T. Behm, E. Gerstmayr, T. G. Blackburn,

J. C. Wood, C. D. Baird, M. J. Duff, C. Harvey, A. Ilderton,

A. S. Joglekar, K. Krushelnick, S. Kuschel, M. Marklund, P.

McKenna, C. D. Murphy, K. Poder, C. P. Ridgers, G. M.

Samarin, G. Sarri, D. R. Symes, A. G. R. Thomas, J. Warwick,

M. Zepf, Z. Najmudin, and S. P. D. Mangles, Experimental Evi-

dence of Radiation Reaction in the Collision of a High-Intensity

Laser Pulse with a Laser-Wakefield Accelerated Electron Beam,

Phys. Rev. X 8, 011020 (2018).

[26] K. Poder, M. Tamburini, G. Sarri, A. Di Piazza, S. Kuschel,

C. D. Baird, K. Behm, S. Bohlen, J. M. Cole, D. J. Corvan,

M. Duff, E. Gerstmayr, C. H. Keitel, K. Krushelnick, S. P. D.

Mangles, P. McKenna, C. D. Murphy, Z. Najmudin, C. P.

Ridgers, G. M. Samarin, D. R. Symes, A. G. R. Thomas, J.

Warwick, and M. Zepf, Experimental Signatures of the Quan-

tum Nature of Radiation Reaction in the Field of an Ultraintense

Laser, Phys. Rev. X 8, 031004 (2018).

[27] A. Di Piazza, C. Müller, K. Z. Hatsagortsyan, and C. H. Keitel,

Extremely high-intensity laser interactions with fundamental

quantum systems, Rev. Mod. Phys. 84, 1177 (2012).

[28] E. N. Nerush, I. Y. Kostyukov, A. M. Fedotov, N. B Narozhny,

N. V. Elkina, and H. Ruhl, Laser Field Absorption in Self-

Generated Electron-Positron Pair Plasma, Phys. Rev. Lett. 106,

035001 (2011).

[29] S. S. Bulanov, C. B. Schroeder, E. Esarey, and W. P. Leemans,

Electromagnetic cascade in high-energy electron, positron, and

photon interactions with intense laser pulses, Phys. Rev. A 87,

062110 (2013).

[30] C. P. Ridgers, J. G. Kirk, R. Duclous, T. G. Blackburn, C. S.

Brady, K. Bennett, T. D. Arber, and A. R. Bell, Modelling

gamma-ray photon emission and pair production in high-

intensity laser-matter interactions, J. Comput. Phys. 260, 273

(2014).

[31] M. Vranic, T. Grismayer, R. A. Fonseca, and L. O Silva,

Quantum radiation reaction in head-on laser-electron beam

interaction, New J. Phys. 18, 073035 (2016).

[32] C. N. Harvey, A. Ilderton, and B. King, Testing numerical

implementations of strong-field electrodynamics, Phys. Rev. A

91, 013822 (2015).

[33] A. Gonoskov, S. Bastrakov, E. Efimenko, A. Ilderton, M.

Marklund, I. Meyerov, A. Muraviev, A. Sergeev, I. Surmin,

and E. Wallin, Extended particle-in-cell schemes for physics in

ultrastrong laser fields: Review and developments, Phys. Rev. E

92, 023305 (2015).

[34] B. King, N. Elkina, and H. Ruhl, Photon polarization in

electron-seeded pair-creation cascades, Phys. Rev. A 87,

042117 (2013).

[35] B. King, Double Compton scattering in a constant crossed field,

Phys. Rev. A 91, 033415 (2015).

[36] T. G. Blackburn, D. Seipt, S. S. Bulanov, and M. Marklund,

Benchmarking semiclassical approaches to strong-field QED:

Nonlinear Compton scattering in intense laser pulses, Phys.

Plasmas 25, 083108 (2018).

[37] A. Di Piazza, M. Tamburini, S. Meuren, and C. H. Keitel,

Implementing nonlinear Compton scattering beyond the

local-constant-field approximation, Phys. Rev. A 98, 012134

(2018).

[38] A. Ilderton, B. King, and D. Seipt, Extended locally constant

field approximation for nonlinear Compton scattering, Phys.

Rev. A 99, 042121 (2019).

[39] A. Ilderton, A note on the conjectured breakdown of QED

perturbation theory in strong fields, Phys. Rev. D 99, 085002

(2019).

[40] T. Podszus and A. Di Piazza, High-energy behavior of strong-

field QED in an intense plane wave, Phys. Rev. D 99, 076004

(2019).

[41] D. Seipt, D. Del Sorbo, C. P. Ridgers, and A. G. R. Thomas,

Theory of radiative electron polarization in strong laser fields,

Phys. Rev. A 98, 023417 (2018).

[42] S. Meuren and A. Di Piazza, Quantum Electron Self-Interaction

in a Strong Laser Field, Phys. Rev. Lett. 107, 260401

(2011).

[43] W. B. Berestetzki, E. M. Lifschitz, and L. P. Pitajewski, Quan-

tum Electrodynamics, 2nd ed. (Pergamon, Oxford, 1982).

[44] M. Tamburini, F. Pegoraro, A. Di Piazza, C. H. Keitel, and

A. Macchi, Radiation reaction effects on radiation pressure

acceleration, New J. Phys. 12, 123005 (2010).

[45] V. Bargmann, L. Michel, and V. L. Telegdi, Precession of the

Polarization of Particles Moving in a Homogeneous Electro-

magnetic Field, Phys. Rev. Lett. 2, 435 (1959).

[46] N. Neitz and A. Di Piazza, Stochasticity Effects in Quan-

tum Radiation Reaction, Phys. Rev. Lett. 111, 054802

(2013).

[47] C. P. Ridgers, T. G. Blackburn, D. Del Sorbo, L. E. Bradley,

C. Slade-Lowther, C. D. Baird, S. P. D. Mangles, P. McKenna,

M. Marklund, C. D. Murphy, and A. G. R. Thomas, Signatures

of quantum effects on radiation reaction in laser–electron-beam

collisions, J. Plasma Phys. 83, 715830502 (2017).

[48] C. Harvey, T. Heinzl, and M. Marklund, Symmetry breaking

from radiation reaction in ultra-intense laser fields, Phys. Rev.

D 84, 116005 (2011).

[49] E. Honig, E. L. Schucking, and C. V. Vishveshwara, Motion

of charged particles in homogeneous electromagnetic fields, J.

Math. Phys. 15, 774 (1974).

[50] D. Seipt and A. G. R. Thomas, A Frenet-Serret interpretation

of particle dynamics in high-intensity laser fields, Plasma Phys.

Control. Fusion 61, 074005 (2019).

[51] J. L. Synge and A. Schild, Tensor Calculus (Dover, New York,

1978).

[52] R. Duclous, J. G. Kirk, and A. R. Bell, Monte Carlo calculations

of pair production in high-intensity laser–plasma interactions,

Plasma Phys. Controlled Fusion 53, 015009 (2011).

[53] T. G. Blackburn, D. Seipt, S. S. Bulanov, and M. Marklund,

Radiation beaming in the quantum regime, arXiv:1904.07745.

061402-6

https://doi.org/10.1088/1361-6587/aab979
https://doi.org/10.1088/1361-6587/aab979
https://doi.org/10.1088/1361-6587/aab979
https://doi.org/10.1088/1361-6587/aab979
https://doi.org/10.1103/PhysRevLett.76.3116
https://doi.org/10.1103/PhysRevLett.76.3116
https://doi.org/10.1103/PhysRevLett.76.3116
https://doi.org/10.1103/PhysRevLett.76.3116
https://doi.org/10.1103/PhysRevLett.79.1626
https://doi.org/10.1103/PhysRevLett.79.1626
https://doi.org/10.1103/PhysRevLett.79.1626
https://doi.org/10.1103/PhysRevLett.79.1626
https://doi.org/10.1103/PhysRevX.8.011020
https://doi.org/10.1103/PhysRevX.8.011020
https://doi.org/10.1103/PhysRevX.8.011020
https://doi.org/10.1103/PhysRevX.8.011020
https://doi.org/10.1103/PhysRevX.8.031004
https://doi.org/10.1103/PhysRevX.8.031004
https://doi.org/10.1103/PhysRevX.8.031004
https://doi.org/10.1103/PhysRevX.8.031004
https://doi.org/10.1103/RevModPhys.84.1177
https://doi.org/10.1103/RevModPhys.84.1177
https://doi.org/10.1103/RevModPhys.84.1177
https://doi.org/10.1103/RevModPhys.84.1177
https://doi.org/10.1103/PhysRevLett.106.035001
https://doi.org/10.1103/PhysRevLett.106.035001
https://doi.org/10.1103/PhysRevLett.106.035001
https://doi.org/10.1103/PhysRevLett.106.035001
https://doi.org/10.1103/PhysRevA.87.062110
https://doi.org/10.1103/PhysRevA.87.062110
https://doi.org/10.1103/PhysRevA.87.062110
https://doi.org/10.1103/PhysRevA.87.062110
https://doi.org/10.1016/j.jcp.2013.12.007
https://doi.org/10.1016/j.jcp.2013.12.007
https://doi.org/10.1016/j.jcp.2013.12.007
https://doi.org/10.1016/j.jcp.2013.12.007
https://doi.org/10.1088/1367-2630/18/7/073035
https://doi.org/10.1088/1367-2630/18/7/073035
https://doi.org/10.1088/1367-2630/18/7/073035
https://doi.org/10.1088/1367-2630/18/7/073035
https://doi.org/10.1103/PhysRevA.91.013822
https://doi.org/10.1103/PhysRevA.91.013822
https://doi.org/10.1103/PhysRevA.91.013822
https://doi.org/10.1103/PhysRevA.91.013822
https://doi.org/10.1103/PhysRevE.92.023305
https://doi.org/10.1103/PhysRevE.92.023305
https://doi.org/10.1103/PhysRevE.92.023305
https://doi.org/10.1103/PhysRevE.92.023305
https://doi.org/10.1103/PhysRevA.87.042117
https://doi.org/10.1103/PhysRevA.87.042117
https://doi.org/10.1103/PhysRevA.87.042117
https://doi.org/10.1103/PhysRevA.87.042117
https://doi.org/10.1103/PhysRevA.91.033415
https://doi.org/10.1103/PhysRevA.91.033415
https://doi.org/10.1103/PhysRevA.91.033415
https://doi.org/10.1103/PhysRevA.91.033415
https://doi.org/10.1063/1.5037967
https://doi.org/10.1063/1.5037967
https://doi.org/10.1063/1.5037967
https://doi.org/10.1063/1.5037967
https://doi.org/10.1103/PhysRevA.98.012134
https://doi.org/10.1103/PhysRevA.98.012134
https://doi.org/10.1103/PhysRevA.98.012134
https://doi.org/10.1103/PhysRevA.98.012134
https://doi.org/10.1103/PhysRevA.99.042121
https://doi.org/10.1103/PhysRevA.99.042121
https://doi.org/10.1103/PhysRevA.99.042121
https://doi.org/10.1103/PhysRevA.99.042121
https://doi.org/10.1103/PhysRevD.99.085002
https://doi.org/10.1103/PhysRevD.99.085002
https://doi.org/10.1103/PhysRevD.99.085002
https://doi.org/10.1103/PhysRevD.99.085002
https://doi.org/10.1103/PhysRevD.99.076004
https://doi.org/10.1103/PhysRevD.99.076004
https://doi.org/10.1103/PhysRevD.99.076004
https://doi.org/10.1103/PhysRevD.99.076004
https://doi.org/10.1103/PhysRevA.98.023417
https://doi.org/10.1103/PhysRevA.98.023417
https://doi.org/10.1103/PhysRevA.98.023417
https://doi.org/10.1103/PhysRevA.98.023417
https://doi.org/10.1103/PhysRevLett.107.260401
https://doi.org/10.1103/PhysRevLett.107.260401
https://doi.org/10.1103/PhysRevLett.107.260401
https://doi.org/10.1103/PhysRevLett.107.260401
https://doi.org/10.1088/1367-2630/12/12/123005
https://doi.org/10.1088/1367-2630/12/12/123005
https://doi.org/10.1088/1367-2630/12/12/123005
https://doi.org/10.1088/1367-2630/12/12/123005
https://doi.org/10.1103/PhysRevLett.2.435
https://doi.org/10.1103/PhysRevLett.2.435
https://doi.org/10.1103/PhysRevLett.2.435
https://doi.org/10.1103/PhysRevLett.2.435
https://doi.org/10.1103/PhysRevLett.111.054802
https://doi.org/10.1103/PhysRevLett.111.054802
https://doi.org/10.1103/PhysRevLett.111.054802
https://doi.org/10.1103/PhysRevLett.111.054802
https://doi.org/10.1017/S0022377817000642
https://doi.org/10.1017/S0022377817000642
https://doi.org/10.1017/S0022377817000642
https://doi.org/10.1017/S0022377817000642
https://doi.org/10.1103/PhysRevD.84.116005
https://doi.org/10.1103/PhysRevD.84.116005
https://doi.org/10.1103/PhysRevD.84.116005
https://doi.org/10.1103/PhysRevD.84.116005
https://doi.org/10.1063/1.1666728
https://doi.org/10.1063/1.1666728
https://doi.org/10.1063/1.1666728
https://doi.org/10.1063/1.1666728
https://doi.org/10.1088/1361-6587/ab1e77
https://doi.org/10.1088/1361-6587/ab1e77
https://doi.org/10.1088/1361-6587/ab1e77
https://doi.org/10.1088/1361-6587/ab1e77
https://doi.org/10.1088/0741-3335/53/1/015009
https://doi.org/10.1088/0741-3335/53/1/015009
https://doi.org/10.1088/0741-3335/53/1/015009
https://doi.org/10.1088/0741-3335/53/1/015009
http://arxiv.org/abs/arXiv:1904.07745


ULTRAFAST POLARIZATION OF AN ELECTRON BEAM IN … PHYSICAL REVIEW A 100, 061402(R) (2019)

[54] S. V. Bulanov, T. Z. Esirkepov, M. Kando, J. K. Koga, and S. S

Bulanov, Lorentz-Abraham-Dirac versus Landau-Lifshitz radi-

ation friction force in the ultrarelativistic electron interaction

with electromagnetic wave (exact solutions), Phys. Rev. E 84,

056605 (2011).

[55] A. G. R. Thomas, C. P. Ridgers, S. S. Bulanov, B. J. Griffin,

and S. P. D. Mangles, Strong Radiation-Damping Effects in a

Gamma-Ray Source Generated by the Interaction of a High-

Intensity Laser with a Wakefield-Accelerated Electron Beam,

Phys. Rev. X 2, 041004 (2012).

[56] The LUXE project at DESY, see for instance M. Wing’s talk

given at the workshop “Probing strong-field QED in electron-

photon interactions,” https://indico.desy.de/indico/event/19493/

(2018).

[57] A. E. Kokh, T. B. Bekker, K. A. Kokh, N. G. Kononova, V. A.

Vlezko, P. Villeval, S. Durst, and D. Lupinski, Nonlinear LBO

and BBO crystals for extreme light sources, in 2010 Inter-

national Conference on Advanced Optoelectronics and Lasers

(IEEE, Piscataway, 2010) pp. 127–129.

[58] A. Narayan, D. Jones, J. C. Cornejo, M. M. Dalton, W.

Deconinck, D. Dutta, D. Gaskell, J. W. Martin, K. D. Paschke,

V. Tvaskis, A. Asaturyan, J. Benesch, G. Cates, B. S.

Cavness, L. A. Dillon-Townes, G. Hays, E. Ihloff, R. Jones,

P. M. King, S. Kowalski, L. Kurchaninov, L. Lee, A.

McCreary, M. McDonald, A. Micherdzinska, A. Mkrtchyan, H.

Mkrtchyan, V. Nelyubin, S. Page, W. D. Ramsay, P. Solvignon,

D. Storey, A. Tobias, E. Urban, C. Vidal, B. Waidyawansa,

P. Wang, and S. Zhamkotchyan, Precision Electron-Beam Po-

larimetry at 1 GeV Using Diamond Microstrip Detectors, Phys.

Rev. X 6, 011013 (2016).

[59] Y.-F. Li, R.-T. Guo, R. Shaisultanov, K. Z. Hatsagortsyan,

and J.-X. Li, Electron Polarimetry with Nonlinear

Compton Scattering, Phys. Rev. Appl. 12, 014047

(2019).

061402-7

https://doi.org/10.1103/PhysRevE.84.056605
https://doi.org/10.1103/PhysRevE.84.056605
https://doi.org/10.1103/PhysRevE.84.056605
https://doi.org/10.1103/PhysRevE.84.056605
https://doi.org/10.1103/PhysRevX.2.041004
https://doi.org/10.1103/PhysRevX.2.041004
https://doi.org/10.1103/PhysRevX.2.041004
https://doi.org/10.1103/PhysRevX.2.041004
https://indico.desy.de/indico/event/19493/
https://doi.org/10.1103/PhysRevX.6.011013
https://doi.org/10.1103/PhysRevX.6.011013
https://doi.org/10.1103/PhysRevX.6.011013
https://doi.org/10.1103/PhysRevX.6.011013
https://doi.org/10.1103/PhysRevApplied.12.014047
https://doi.org/10.1103/PhysRevApplied.12.014047
https://doi.org/10.1103/PhysRevApplied.12.014047
https://doi.org/10.1103/PhysRevApplied.12.014047

