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In this supplementary detailed calculations are provided for equations that have been

presented in table 5.

First, our analysisin “’first step”’ for x,=0 and x, =0boundaries are carried out and

then the steps 2-4 are applied to the remaining 15 casesin the game. Related proposed

conditions are discussed for each case.
Step 1
Sub-Case A2: P, > Pz, > Pgs > Pas

Location of equilibrium pointsin this case is depicted in figure (1).

r,r r,,r r,r r,,r
22233 > k1 22233 — k1 22233 < k1 22233 < kl
P M2 Fo3 M2

Figure 1. Location of the system equilibrium pointson the X, =0 boundary for different values of bifurcation

parameter in case A2

Therefore, the figure 1(a) would be the desired situation. Our proposal in this caseis:

Our suggestion: ((r,ry) /r2) >k, (1)




Sub-Case A3: P,y > Pays Paz > Pos

In this case bifurcation never happens because for any value of bifurcation parameters =0in
(8). Consequently, oneof the solutionsin equation 7 is acceptable mathematically sinceit islocated

in therange of X, =0 toX, =1 while the other answer is not. . The location of equilibrium points

on the X, = Oborder in this caseis shown in figure (5).

Figure 1. Location of the system equilibrium pointson the X, =0 border before applying our proposal to

case A3

By changing the interaction rate parameters the position of red equilibrium point in figure (5)
will change. When r,, — o, the location of red equilibrium point moves asindicated in figure (6)

which isthe objective..




I,y =0

Figure 2. Location of the system equilibrium pointson the X, =0 border after applying our proposal to case

A3

Thus, our proposal in thiscaseis:
)
Sub-Case Ad: Py, > Pops Pz > Pas

Bifurcation does not happen in this case as well. The Location of equilibrium points on the

X, =0 boundary is shown in figure (7).

Figure 3. Location of the system equilibrium points on the X, =0 boundary before applying our proposal to

case Ad

By dtering the interaction rate parameters the red equilibrium point in figure (7) will moveto a
new position. When, r,, — oo, the location of red equilibrium point will move to adesired point as

illustrated in figure 8..



Figure 4. Location of the system equilibrium pointson the x, =0 border after applying our proposal to case

A4

Thus, the proposition for thiscaseis:

Our — Proposa : 1y, — (3)
Boundary x,=0

On the X, =0 border, the general idea of finding different equilibrium points of the system and

stability analysis is similar to the previous section but in this case we define the bifurcation

2 .
parameter as r,r,, / rzand kK, asfollows:

(pll(pl3+ Pa— 2p33) + p13(p33_ 2p31) + p31p33)

2

- (pll_ p33)2
1

i
(P1— Pss)

1
2

((pn_ p13)(p11_ pSl) (p13_ p33)(p31_ pss))

Sub-Case B2: Py; > Pgy > Pig > Pag



Similar to the A2 case, the location of equilibrium pointson X, =0 boundary is shownin figure

(20):

Figure5. Location of the system equilibrium points on the X, =0 border for different values of the

bifurcation parameter in case B2

Figure 10(a) indicates the desired situation. Hence, our proposal for this case would be:
Our —Proposa : ((rur) I 12) >k, (4)
Sub-Case B3: Py > Pgy1s Pas > Pis

Similar to case A3, bifurcation never happens in this case as well. The position of equilibrium

points on the X, =0 boundary in this case is depicted in figure (11).




Figure 6. Location of the system equilibrium pointson the X, =0 border before applying our proposal to

case B3

By changing the interaction rate parameters, the location of red equilibrium point in figure 11

change. When r,; — oo, the red equilibrium point moves as figure 12 which is.

Figure 7. Distribution of the system equilibrium pointson the X, =0 border after applying our proposal to

case B3

Thus, our suggestion in this caseis:

Our —Proposd :r,, > (5)

Sub-Case B4: Py > Pyys Pis > Pag



Bifurcation won’t happen in this case, too. The position of equilibrium points on the x, =0

border isillustrated in figure (13).

Figure 8. Position of the system equilibrium pointson the X, =0 border before applying our proposal in case

B4

Altering the interaction rate parameters makes the location of red equilibrium point in figure 13

transferred and if r,, — oo, thered equilibrium point movesto the desired point as shown in figure.

M35 =0

Figure9. Location of the system equilibrium points on the X, =0 boundary after applying our proposal to

case B4

Thus, suggestion for thiscaseis.

Our —Proposd :f,;, >  (6)



2. Case A1B2

According to previous parts, our proposition for this case would be:

and LBk,

2
ry,—0 s

{rzzr% —>» 00 r..r
Step 2:

In this step, suggestions to exclude equilibrium points from region 2 are provided. As it has been

asserted, region 2 is divided into 3 different sub-regions.
Sub-region 2.1:

In this sub-region, based on our proposition in first step, we may write:

I, X P;q + X P
111 M11 13*3M13
f,—
r11X1+r13X3
= f,—>py

[ X, Pay + F2X 5P
31°Y1 1031 33*3M33
f,—
r31Xl+r33x3

{r12x2—>0 , X, =0
reX;—=>0 , rpx,—>0

Taking into account these equations, there might be equilibrium points in this sub-region. Thus, to

eliminate any possible equilibrium pointsin this sub-region, extra conditions are proposed.
Our extracondition: ,; >0 (7)

Consequently, equations reform to:



r,X,—>0 , rx,—0 f,—>py
rX, >0 X,—0 = <f,—>py
r,X; >0 l,X, =0 fa— Pa

Since f, >f,, therewould be no equilibrium pointsin this sub-region for this case.

Sub-region 2.2:

In this sub-region we propose the following trend:

nX,—0 , rx,—0 f,—py,
X, —>0 X,—>0 = <f,>p,
rX,—»0 ' r,x,—0 f,— Py

Since f, > f,, thereis no equilibrium point.
Sub-region 2.3:

The equation for case 1 may be written as:

r X, Py + X, P
1171111 127212
f,—>
r11X1+r12X2

{rnxs =0 , rx;—>0 N 1 X1 Pgp + 15X 5Py

= «f,
X, >0 , 13X, =0 Xy + 10X,

fi— pag

"

Since, f, €(P,,,P,,), f, >f, inthisregion and thereis no equilibrium point here.
Step 3:

In this step recommendeations are proposed to obtain X, <0, where X, =1—¢.



X,=1-¢&
{XS if (X,<0 = fo<xf,+x,f,+xf, = ef,<xf,+x,f, ®

So, equations are active in step 3.
Sub-region 2.1:

In this sub-region:

Xx,>e , f,->p
! ORI X f, > epy
X,»>0 |, f,opy,=> = ef, <xf +%,f,
X,=1 f s ™ Ps
3=1=¢ , T3> Py

Therefore, equation 8 is always active and we don’t need any proposition.

Sub-region 2.2:

In this sub-region:

x, >0 , f,—>
! 17 P X[ +X,f, > ep,
X,»>e , f,>p,=> = &f ;<X f, +X.f,
ef; > Py
X;=1-¢ , f,—>pg

Identically, equation 8 is always active and we don’t need any proposition.

Sub-region 2.3:

fs X0y + 15, (&— X1) P,
1
X, + 1, (e— Xl)

FyX 1Py + FopX, P

2181P1 T IpXA 5P
f,>

Xyt (e- Xl)

fy—> Py




If: X1f1 + Xzf 2~ &f 3= r11)(1()(1 P — Mz) > rlz(g - Xl)(MZ_ lelz)
Where: M, =&f , — X, f,
IfM < X,;p,,, then the following condition is our proposition to make equation 8 active:

M,(e = X)) (M,—Xx,p,,)
Xl(xl Py — M 2)

Our proposition: I, >

9)

Moreover, the activeness of the following equation is verified:

M, <X;py (10)

. r,X,Pn+r,(E—X)P
MZ—len:é‘l _(g_xl)[ A ta 2 Lz —X1Pyy
r12)(1""‘22(‘9_)(1)

_ MpX1(EPgs = (6 = X1) Poy = X3 Puy) — T (& = X)) (X, Py + (6 = X)) P~ £P3s)
MpXy + (6 —Xy)

—(e—X —X <0
And: {(5p33 (e 1) P2y 1p11) — M, —X,py <0=M, <X,y

(X, + (6 =X)P, —£Pg) >0
Therefore, the equation 10 is always active and there is no need to extra proposition.
Step 4:
In this step, the proposed condition are intended to have X, <0, whereX, = o . Therefore, it is

completely similar to step 3, and we just replace 1— & with o.



fs X0y + 15, (- X1) P,
1
FaXq, + 1 (1-o- Xl)

[, X, P,y + 10X, P
3 21°%11°21 22721722

f- +1r,l-o0—-
erXl r22( Xl)

fi—> Py

r,(1- o —x)(N,— X,p;,)
Xl(Xl Py — N 2)

Our proposition: I, > (112)

Where: N, =(1-o)f ; — X, f,
3. Case A1B3

According to previous parts, our proposition for thiscaseis:

[l —> 90
{2233 and r, >0

r,—0
Step 2:

In this step, propositions to avoid equilibrium points in region 2 is presented. As it has been

mentioned, region 2 isdivided into 3 different sub-regions and.
Sub-region 2.1:

In this sub-region, X, — O and the procedure continues based on following suggestions:

fi—pn
= <«f,—>p,

Fo X, Pay + FaX 5P
31°Y11M31 33*31M33
f,—
r31X1+I’33X3

{rﬂxl—mo , IX,—0
rX,—>0 , ryx,—>0




Since f ; € (P43, P5) + ;> and no equilibrium point islocated in this sub-region.
Sub-region 2.2:

similar to sub-region 1, X, — Oand it can be easily noticed that:

f - r.llxl pll + rlZX 1 p12 + rllX 3 p13
1
rllxl + rlZX 2 + r13)( 3

r.x,—-0 , r.x,—0
{121 23*3 — f2—>p22

X, >0 , r3x,—>0
f3 - p33

Regarding the fact that f, > f ., there would be no equilibrium point.

Sub-region 2.3

For case 1, equations are:

fl_)pll
F X Poy + X, P
21°Y11-21 22 21222
f,—>
r21)(14_[.22)(2

f - r31)( 1 p31 + r-33)( 3 p33
r31)( 1 + r33X 3

Xy —=>®©

X,—»0 =
X, >0

Since, f, € (P, P4,) » dways f, >f, inthisregion and thereis no equilibrium point here.
Step 3:

In this step the following suggestions are provided to have X, <0, where X, =1-¢.

X. =
{3 <0 = fuexfixf,ixd, = ef <xfixf, (12
X



Therefore, in step 3 we will recommend propositions so that the above equation becomes active.

Sub-region 2.1:
In thisregion:
X, ¢ , f.—>
! 17 Pu X[ +x,f, >epy,
X,»>0 , f,opy= = &f ;<X f,+X.f,
ef, > &Py,
X;=1-¢ , f,—>pgy

It is clear that the equation is aways active and there is no necessity for proposition.

Sub-region 2.2:
X, >0 f1_>r11X1p11+r12X1p12+r1(1:fl_<)9)p13
r. X, +r,X, +r —-&
1R T Xy Tl X +%,f, = ep,,
X, >¢& f, > Py et > ep = ef ; <x,f +X,f,
X,=1l-¢ , fy— Pay s ®

Therefore, equation (12) is active and no proposed procedure is required, as well.
Sub-region 2.3

In this sub-region:

fi— Py
fs X105 + 15 (- Xl) P,y
2
M Xy + 1 (- X1)

fo F5X,Pg + Mas(1— &) Pyg
X, + I’33(l— £)

N

If: X,f, +Xf, > ef ;= 1,,(6 =X )((e —X,) P — M3) > 1,X (M3~ (6 = X,) P,y)



Where M =¢f , —x.f,

If M <(&—X,)P,, ,thenthe appropriate solution to make equation (12) active is proposed as

follows:

X, (Ms— (6 —X,) Py)
(€ =X )((e —X) Py, —M,)

Our proposition: I,, >

(13)

Thus, we check if the following equation is active:

M <(e—X)pP, (14)

21X, Py + [P

_ 3181 P31 T 336 P33

M _(g_xl)p21_€[ ]_lell_(g_xl)pﬂ
r3le+r338

_ F3X,(6Pg — X, Py — (6 = X1) Py) — M558 (€ — X)) Py + X3 Py — €Pgs)
M3 X, + 135

And: ((& =X;) Py + X, Py —€Pg) >0

Asaresult, the equation (12) is dways active if the following condition is applied:

X1 (€Pg — X Py — (€= X)) Psy)

Our extraproposition: Iy, >
‘9((5 o X1) P2y + Xy Pyy — 8p33)

(15)

Step 4:

In this step, the intention isto maintain X, <0 (whereX ; = o). Therefore, we just replace l1-¢

with o aswedidin step 3.



fi =Py
f,—> [ X1Pg + (L= 0 = X,) Py
[1X1+ (=0 —Xy)
fo [31X,Pa1 + T33(1— &) Pag
31X, + 1350

X, (Ng— (-0 = X,) Py)
(L-o0—x)(A-0—X)py, —N,)

Our proposition: I,, > (16)

r31X1((1_ o) Ps; — X, Py — (1-o0- Xl) le)
(1-0o) (-0 — X)) Py + X, Py —(1-0) p33)

Our extra proposition: Iy, >

(17)

Where: N, =(1-o)f ; — X f,

4. Case Al1B4

According to preceding discussions, our recommendation for this caseis:

[, —> 00
{2233 and ry,—o

r,—0

Step 2:

Similar to previous parts, the desired condition is to have no equilibrium point in region 2 and to

achievethat, region 2 isdivided in 3 sub-regions.
Sub-region 2.1:

X, — 0 and the proposed approach is:



r,X, —>0
r,X, —>0 =

I’33X3 —> 0

r.11)( 1 pll + r.13)( 3 p13
r11)(1 + r13X 3

f,—

f,— Py
fi— pag

Since in equations abovef , > f , , there are no equilibrium point in this sub-region in this case.

Sub-region 2.2:

In this sub-region X, — Oand:

|

Since f, > f,, thereis no equilibrium point.

rXx,—»0 rx, >0

reX,—>0 M35X 3 —> 00

Sub-region 2.3

Equationsfor case 1 are:

rlZX 2 p12 + rlSX 3 p13
rlZX 2 + rlSX 3

f,—

f,— Py,

fs— Psg

r-11)( 1 pll + r-12)( 2 p12 + r13)( 3 p12

f,—>

X, —0
f,—

r.11)(1 + r.12)( 2 + r.13)(3

r-21)(1p21 + r22X 2 p22

{

I’33X3—)oo
fa— Py

\

r21X1 + r22X 2

Since f, € (P,,,P,) . f, > T, and no equilibrium point isidenti.



Step 3:

The conditionin which X, <0 (where X, =1-¢) s:
Xy=1-¢
if :X;<0 = fo<xf+x,f,+x,f, = ef<xfi+x,f, (18)
X

So, recommend propositions are made for the equation to be active.
Sub-region 2.1:
In this sub-region:

N M€ Py + NP (1—¢)

X, —»>¢ , f

r€+rs(l—¢) Xf xS, e raEPy +Pl—¢&)
X,—>0 f,—> Py rué +rs(l-¢) = efy <Xf 1 +X,0,
X,=1l-¢ fa— Py ety > epgy

It is obvious that the equation is active.

Sub-region 2.2:
In this region:
r,X I, X
X, >0 , f,—> 1272 o+ 1273 13
r12X2+I’13X3 r12X2+I’13X3 Xf +Xf _>(9p
X, >& f, = Py vz Z = ef, <x f+X%,f,
ef; > Py
X,=1-¢ fy— Pa

Similar to previous sub-region, the equation is active.
Sub-region 2.3:

In thisregion:



fs [, X1Pus + 1o (& = X,) Prp + F3(L— €) Pug
MaXy + (8 = X)) +15(1- )
f,— [ X1Pg + T (& = X1) Poy

FXy + (€ = Xy)

fs— pay

If: X f,+X,f,>ef, = 1r,X (X, Py —M,) >1,(e—X)(M,—X,p,,) + I;(1-&)(M,—X,C)
Where M, =&f , —x.f,
If M, <X,p,; , then the following situation is our proposition to make equation () active:

Mo (- Xl)(M 4~ X1p12) + r13(1_ )M 4~ X1p13)

(19)
Xl(Xl P — M 4)

Our proposition: Iy, >

Therefore, we check if the following equation is active:

M, <X.py (20)

M X1 Pg + (€ —X) Py J —X,p
1P1

M, —X,p, =&l _(g_xl)[
X, + rzz(g _Xl)

_ [pX1(EPgs = (6 = Xy) Poy—= X1 Py) — T (€ = X)) (X, Py + (6 = X)) P~ £Pys)
FpX, + (8 = X)

—(e—X —X <0
And: {(5p33 (& =X1) Ppy — X1 Py1) — M, —X,py; <0=M, <X,y

(lel + (5 - Xl) P, — 5p33) >0
Therefore, the equation () is aways active and there is no need to extra proposition for that.

Step 4



In this step we want to recommend propositionssothat X, < 0, whereX , = o . Therefore, it would

be similar to step 3, and we just replace 1— & witho .

fs I, XqPy; + 155 (1-o0- Xl) P, +130P;5
! X, +r,(l—c—X)+1,0

f M X105 + 15 (1-o0- Xl) P2,
2
X, + Ty (1-o0- Xl)

fi— Py

I, (l1-o- Xl)(N4_ X1p12) +0; G(N4_ X1p13)

Our proposition: y; >
Xl(Xl Pu — N 4)

(21)

Where: N, =(1-0)f ; —X.f,

5. Case AZB1

Taking into account the previous parts, our proposition for this caseis:

r22 r33
-5 > kl and

{rllr33 >0
r-23

r,—0
We propose an extra proposition to keep the left equation active:

33 —> 00

Extraproposition:4 r ,,

2
r23

>0 (22)

Step 2:



In this step we will present propositions to have zero equilibrium pointsin region 2. Again, region

2 isconsisted of 3 sub-regions.
Sub-region 2.1:

In this sub-region, X, — O and considering the following proposed condition:

f,—py
X, >0 , r1X;—>0 VX1 Pgy + 153X 5P 5
= f,-
X, >0 |, IypX;— 0 My Xy + X4
fi— P

f, >f, and there are no equilibrium pointsin this sub-region for this case.
Sub-region 2.2:

In this sub-region, X, — Oand indicates that:

)
f,— Py
{rllxl_)o , NaX3—>0 — i VX 5Py + 153X 3053
2
X, =0 , rgx; —0 My Xy + X 5
fs— P

Again, f, >f, and no equilibrium point exists.

Sub-region 2.3:

In this sub-region for case 1 equations are as bellow:



[, X, Py + I, X, P
11X1 P + X500
f,—>
rllxl + r12X2
{rlsxs —0 Fos VX1 Pg1 + 15X 05 + 15X 5P 3
2
r3X3 —> 00 r21X1 + r22X2 + r23X3

fi—> Py

.

Since f, € (P,,P,) . f, > T, and thereis no equilibrium point.
Step 3:

Propositions are madein away that X, <0 (where X, =1-¢)
X;=1l-¢ . .
if :X;<0 = fo<xf+Xf,+Xf, = ef,<xf +x.f,
X

Therefore, we will make propositions so that equation becomes active.

Sub-region 2.1:
In this region:
X,—>& f,—>p,
r +r.(1- Xf.+x.f,>¢
x, >0 , f,— 2P 1= &)Py _, Xl ¥ Xzl pll:>gf3<x1f1+x2f2
I,&+Ts(l—¢) ef ;> &P,
X,=1-¢ fa— Pa

Therefore, in this region the equation is always active and we don’t need any proposition.
Sub-region 2.2:

In thisregion:



X,—>0 f.—
' 1= Pz [X P2 + 135X 5Py

[ € P + 51— )Py _ X,f 1+ X5, = &(

X,»>e , f,>
Fp& + a(1—€)

I‘21)( 1 + r23X 3

ef ;> &Py,

\ngl—g , fs— P
SINCe, Puyy Py > Paz = X f  +XF, > &f

It is clear that the equation is always active and there is no necessity for proposition.
Sub-region 2.3:

In thisregion:

fs X0y + 15, (- X1) P,
1
X, + 1, (e- Xl)

[0 X1 Py + [,,X P

2181P21 T TpR 5P
f,>

Xyt (e- Xl)

fs— Pg

If: X1f1 + Xzf 27 ef 3= r11)(1()(1 Py — Ms) > r12(8 - Xl)(MS_ X1p12)
Where: M =&f ; —X.f,
If M ¢ <X,py,; , then thefollowing condition is our proposition to make equation () active:

I, (&- Xl)(M 57 le12)
Xl(Xl Py — M 5)

Our proposition: I, > (24)

Moreover, the activeness of the following equation is verified:

M <X,py, (25)



. rX,P, +1,,(6—X)P,, +1,.(1—&)P
Ms_xlpn:g' _(g_xl)( 21N M21 T 12 1/M22 T 1o3 23 —X,Pyy
MoXy + (6= X)) +T5(1-¢)

_ F1pX1 (P35 = (6= X1) Py = X4 Puy) = 1p(6 =X ) (X1 Py + (6 = X1) P = £P33) — Mos (1= €) (X1 Py + (6 —X1) P~ £Ps)
MpX;+ (8 = X)) +T5(1=¢)

(e Ps; — (- X1) Pay — X1p11) <0
And: (X1p1 + (g _Xl) P, — €p33) >0 =>M;—xp, <0=>My<x,py
(X1Py + (€ =X ) Ppe—&P3) >0

Therefore, the equation (25) is aways active and no propositions are needed.

Step 4

In this step, the intention isto maintain X, <0 (whereX ; = o). Therefore, we just replace l-¢

with o aswedidin step 3.

fs M2X Py + (=0 = X)) Py,
X, + (-0 —X,)
fos VX1 Pag + 55X 5P

r Xy + (-0 —X,)

fy—> Py

rlz(l_ O — Xl)(NS_ X1p12)

Our proposition: I, >
Xl(Xl Pu— N 5)

(26)

Where: N, =(1-0)f ;—x.f,

6. Case A2B2



According to preceding parts, our proposition for thiscaseis:

r,r r,r
22233 > k1 and 11233 > k2
M2 3

An extracondition is applied as follows to keep the equation active:

[35 >0

r
20

Extra proposition: < 12 (27)

r
—121 >0
r13

Step 2:
Region 2 isdivided into 3 sub-regions and the ideais to eliminate equilibrium pointsin this region.
Sub-region 2.1:

In this sub-region, X, — Oand the proposed conditions are:

r.X,Py; + X P
117Y1 111 13*3M13
f,—>
I’11X1+r13X3
r.21)(1p21 + r-23)(3pZ3
I’21X1+I’23X3

fi— Py

X, >0
LX,>0 = <f,>

I’33X3 —> 0

Since f, > f ,, there are no equilibrium point in this sub-region for this case.
Sub-region 2.2:

In this sub-region, X, — O and:



f - rlZX 2 p12 + rlSX 3 p13
r12X 2 + r-13)( 3

r22)( 2 p22 + I’23)( 3 p23
r22x 2 + r23X 3

fa— Py

rX,—0

X, —»0 = Jf,>
I‘33X3—)oo

f, >f, and therewould be no equilibrium points.

Sub-region 2.3

Equations for case 1 are asfollows:

r11X 1 pll + rlZX 2 p12 + r-13)( 3 p13
r.11)(1 + rlZX 2 + r.13)(3

f - r21le21 + r.22)( 2p22 + r23X3p23
2
r‘21)(1 + I’22)( 2 + r23)(3

f,—

X;—>0 =

fi— Psg

f, e(P,3,P,)and f, >, whichimpliesthe existence of no equilibrium points.
Step 3:

Conditions are applied to maintainX ; < 0, where X; =1—¢.

X,=1l-¢ .
° if 1X,<0 = fo<xf +x,f,+xf, = sf,<xf +x,f, (29
X, +X,=¢

Thus, the suggestions are in away to keep the above equations active.
Sub-region 2.1:

In this sub-region:



Since, Py, Pz > Pss

fs ePy +rs(1-€)pPy;
r,€+rs(l—2¢)

fos (18 Py + 51— &) Pys
? [,& + Fy(l— &)

fy—> Pgy

= X,f, +X,f, > &f,

Xf,+X,f,>¢ (6P + (=€) Pyg
raé+rd—¢)

ef ;> &Py,

Therefore, in this sub-region the equation is aways active and we don’t need any proposition.

Sub-region 2.2:

In this region:

Since, Py Pos > Pag

fs [,6P, + 51— €) Py
! [,6 +1,(1-¢)

f,— [Py + (1= €)Pys —

Mp& + a(1—&)
fo— P

=X, f, +X,f, > &f

L X,P., + [X.P
222122 23’3123
Xf,+X,f, =& )
r.22X1+r23x3
ef, > epy,

Asaresult the equation is active and no extra condition is required.

Sub-region 2.3:

In this sub-region:

|



fs MaXq Py + 1o (6 = X)) Py + M- €) Pig
MaXy + (8 = X,) +13(1-¢)
f,—> [ X1 Py + (& = X1) Py + F13(1— €) Py
FXy + (& = X) +T5(1— &)

fi—> Py

If:

X1f1 + Xzf 2> &f 3= r11)(1()(1 P — Me) > rlz(g - Xl)(M6_ lelz) + I‘13(l— 5)(M 6 X1p13)
Where: M =&f , — X, f,

If M <X, , then the proposed condition to make the equation 27 an active equation is:

> rlz(g — Xl)(M 6~ X1p12) + r13(1_ g)(M 6~ X1p13)

(28)
Xl(Xl Py~ M 6)

rlll

The following equation must be active: :

Mg <X,Py (29)

(X1 Pgy + 10 (8 = X ) Py +1ps(1— &) pzs]_x P
1Pu

M. —X =& —(e-X
° 1p11 ( 1)( I‘12X1 + rzz(g - Xl) + rzs(l_ ‘9)

_ F1pX1(Pas = (6= X1) Py = X3 Puy) —1p(6 =X ) (X1 Py + (6 = X1) Ppp = £P33) — Mos (1= €) (X1 Py + (6 —X1) P~ £Ps)
MpXy + (6 = X)) +T5(1=8)

(5p33 —(e— Xl) Py — X1p11) <0
And: < (X;py +(E—=X)Prp—6P) >0 =M, -X,p,; <0=>M,<X,py,

(X1Pyy + (6 =X)P— €Pg) >0

Therefore, the equation (29) is dways active and no added condition is required.



Step 4:
In this step we want to recommend propositions to makeX ; < 0, whereX , = o . Similar to step 3

1- ¢ isreplaced with o in equations.

fl N N XPy + 15 (1-o0- Xl) Py + 1130 Pig
X, + (-0 —X,) + 10
f ,—> N X1Pp + 15 (1-o- Xl) Py, + I’13(0 P
[ X, + (=0 —X))+ 1,0

fi— Py

I,(1=0 =X )(Ng=X,p,,) +1;0(Ng—X,p;)
Xl(Xl p11 —N 6)

Our proposition: Iy, > (30)

Where: N, =(1-0)f;—X.f,

7. Case A2B3
Recalling the previous sections, our suggestion for this caseis::

Il
22" 33
>>k, and 1, —>oo

r-23

Applying thefollowing extra condition to this case makes the | eft equation active:

. ry, —0
Extra proposition: (31)
Mla >0

Step 2:



Propositions are made to eliminate equilibrium pointsin region 2. We assume region 2 is consist of

3 sub-regions.
Sub-region 2.1:

In this sub-region, X, — O and considering our propositions we have:

fi— Py
= f,>py

F X, Pay + FX 5P
31°Y1 1031 33*31M33
f,—
r.31)(1_+_r-31:’~)(1:’~

{rﬂxl—mo, r,X,—0
X, —>0, T1,X,—>0

f, > f ;and consequently there are no equilibrium points.
Sub-region 2.2:

In this sub-region, X, — O, similar to sub-region 1, we have:

f - r-11)(1p11 + rlZX 2 p12 + r-13)( 3p13
1
r.llxl + r12X 2 + r13X3
= <f,>p,

{r21x1—>0, rX, —0
fy— P

[3X 5 —> 0, Xz =0

Since f, > f, no equilibrium points exists.

Sub-region 2.3:

Equations for case lare:



f,—py
F X, P, + X P
21121 22°* 21022
f,—>
r21X1+r22X2

ly X, Pay + F2:X 4P
311131 33'3133
f,—
r3lxl+r33x3

I’lle —> 0

rX,—»0 =
rpX, =0

Since, f, € (p,,,P,,), dways f, >f , and there are no equilibrium points.
Step 3:

Theobjectiveisto have X, <0 (where X, =1—¢)
X;=1l-¢
if :X;<0 = fo<xf,+x,f,+xf, = ef,<xf, +x,f, (32
X

Therefore, propositions are recommended to activate the above equation.

Sub-region 2.1:
In thisregion:
X,—>¢& f.—py Xf,+Xf, > epy
X,—>0 fo= Py = f _)g(r3lgp31+ I’33(1—g)p33]
3
X,=1-¢ , f,— (6 Pg + T35(1— &) Py € +ru(1-¢)
[, + I55(1— &)

Pu>Pa Py =X f +Xf, > ef 5.
Therefore, in this region the equation is always active and we don’t need any proposition.

Sub-region 2.2:



In thisregion:

N M XqPyy + 155 (&— Xl) Py, + rl3(1_ £) P13
raX, + r12(<9 - Xl) + I’13(l— €)

X,>¢& f,— P,y

j{xlfﬁxzfz —> £P,,
X,=1-¢ fa— P

o R

Therefore, in this region, the equation 32 is always active and we don’t need any proposition.

Sub-region 2.3:

f,—py
f X105 + 15 (- Xl) P,
2
M Xy + 1 (- X1)

fos I'3:X,Pgy + I’33(1_ £) Ps;
3
I3 X, + (11— ¢)

If: X1f1 "‘Xz]c 2~ ng = rzz(g —X 1)((5 - Xl) P — M?) > r21X1(M7_ (5_)(1) p12)
Where: M, = f , — X f,
IfM ., <(e—X,)P, ,thenthefollowing situationisour proposition to make equation (32) active:

[y X, (M;= (e —X) P,)
(6 =X )((€ —=X) P, —M;)

Our proposition: I, > (33)

Therefore, we check if the following equation is active:

M., <(e=X)py (34



M X, Ps +1 (l—€)p33
M. —(e—X,)P,=¢ S 1731 88 -X —(&E—X,)P
7 ( 1) 21 L [ X, + Ty (1- ) J 1P ( 1) 21

_ F3X1 (€ Py = XiPy— (6 = Xy) Poy) — 31— €)((€ = X,) Py + X 4Py~ €Pys)
M Xy + (1)

Since, ((& —X,) P,; + X,P;;— €P4;) > Oby applying the following extra proposition the equation

is always active and no extra condition is required.:

N3 X1 (& Py =X, Py— (€ = X1) Pya)
(L-&)((e —Xy) Pyy + X, Py~ €Pg3)

Our extraproposition: Iy, > (35)

Step 4:

Propositionsto have X, <0 (whereX, = o) aremade by replacing l1-& witho..

fi— Py
fos I X1Pp t 1 (1-o- Xl) P,y
2
F Xy + 1y (1-o- Xl)

f,o V31X, P31 + 350 Pgg
I’31X1 + r330

N

ry X, (N, — (=0 —X,)Py)
(1-o—-x)(1-0-X%X)p,—N)

Our proposition: I, > (36)

N3 Xl((l_ o) Ps;— X, Py — (l1-o- Xl) p21)

extraproposition: Iy, >
o (-0 =X}) Py + X, Py~ (1-0) Pss)

(37)

8. Case A4B4



Proposition for this are;

[f
22" 33
22>k, and  rg;— oo

Step 2:

To prevent locating equilibrium points in region 2 the following analysis are carried out in 3

different sub-regions. Sub-region 2.1:

In this sub-region, X , — Oand::

r.X,Py; + X P
117Y1 111 13*3M13
f,—>
I’11X1+r13X3

r.21)( 1 p21 + r-23)( 3 p23
erXl + r23X 3

fi— Py

X, >0

LX,>0 = <f,>
I’33X3—>oo

Againf , > f , and there are no equilibrium pointsin this sub-region for this case.
Sub-region 2.2:

In this sub-region, X, — O, similar to sub-region 1 we may write:

I,X Py, + X 5P
1221012 13*31M13
f,—
r12X2+I’13X3

r22X 2 p22 + I’23)( 3 p23
r22X 2 + r23)( 3

fi— Pg

rX,—0

X, —»0 = Jf,>
I‘33X3—)oo




Since f, > f ,no equilibrium point is located in this sub-region.

Sub-region 2.3

For case 1, the following conditions are proposed:

f N rllx 1 pll + r-12)( 2 p12 + rlSX 3 p13
1
r.llxl + r.12)( 2 + r13)(3

[ X Poy + FooX Py + FLoX P
217121 2221722 233123
foX; >0 = <f,—>
I‘21X1+r22X2+I’23X3

fs— Pg

f, € (P,s,P,,) that means f, > f, and thereis no equilibrium point here.

Step 3:

In this step we attempt to keep a X; < O(where X; =1-¢)

X, =1l-¢ .
° if :X,<0 = fo<xf +xf,+xf, = ef,<xf,+x,f, (39
X, +X,=¢

So, we will recommend propositions to make the equation active.
Sub-region 2.1:

In this sub-region:

X —>g fs r11)(1|311"''.13(1_‘9)pl3
1 Y
I’11X1+I’13(1—g) (XD, + 1 (1= £)p
X (- Xf—l-Xf—)S[lllll 13 13}
x,»>0 , f,>-2 r1p>§l+r23E1—g;p23:> vioree rX, +Ia(l—g)
2181 T I3
ef,—>ep
X;=1-¢ , fs— P 3 3




P P> Py =X X, >6f .
Therefore, the equation is always active and no proposal is heeded..
Sub-region 2.2:

In this sub-region:

X. =0 f_)rlz(g_xl)p12+r13(1_5)p13
1 ’ 1
r,(e—X) +r5(1-¢)
My (& =X) Py +15(1—€)P
r,,(e—X +r,(1-¢ X fo+x.f —)g{ 22 /P22 T 23 23
S 22(r (81—)22;+I’23E1—8;p23:> o (o8 =Xy) +T5(1=¢)
22 1 23
f,—>ep
X;=1-¢ , fi— Pa 3 33

Thus, the equation (38) is active and we don’t need any proposition as well.
Sub-region 2.3:
In this sub-region:
fs M3 X 1P+ 11p(6 = X)) Py + Ma(1—£) Py
1
MaXy + (e = X)) +15(1- )

fos X0 + 15 (e— X1) Py + 155 (1-¢) P
2
X, + rzz(g - Xl) + rzs(l_ g)

fy—> Py

If:
X1f1 + Xzf 2> ef 3 = 11X 1(X1 P — Ms) > rlz(g —X 1)(M8_ le) + r13(1_ 5)(M8_ X1p13)

Where: Mg =¢f ; —X.f,

If M g <X, P, then the following condition is our proposition to make equation (38) active:



(& =X )(Mg—Xpy,) + 15(1— &) (Mg—XPy5) (39)
Xl(Xl Py — Ms)

Our proposition: I, >

Therefore, we evaluate the activeness of the following equation::

M 8 < lell (40)

[ X105 + 150(6 = X)) Pypp +I5(1— )P
Mg_xl p11:5p33_(<9_xl)[ 2171121 22 171722 23 23 _lell
[ Xy + T (6 = X;) +T5(1—¢)
_ M1X1(EP3s — (6 = X) Poy — X1 Pyy) —p(& =X ) (X1 Pyy + (6 = X1) Pop = EPgs) — N5 (1= &) (X, Py + (6 —X,) Py — €Ps)
FpXy + T (8= X;) +T5(1-¢)

(ePg — (6 =X Py — X, Ppyy) <0
(X,py +(E=X)Pyp—6Px) >0 =>M—x,p,;<0=M,<X,py,

(XyPyy+ (6 = X;) Ps— EPg3) > 0
It is apparent that the equation is active and no propositions are recommended.
Step 4:
In this step we want to recommend propositionsso that X, < O(whereX, = o). Itisexactly similar

to step 3, and wejust replace 1— & with o .

X0y 1, (1-o- Xl) P, + 1130 Ps5
X, +r,(l—o—X) + 1,0

) X1Pp + 15 (1-o- Xl) Py + 1530 Py
[, X, + (=0 —X,)+ 10

f. >

f,—>

fs— Py

r,(1—0 =X )(Ng—X,py,) + ;0 (Ng—X,p;5)
Xl(xl Py — N 8)

Our proposition: I, >



Where: N, =(1-o)f ;—X.f,

9. Case A3B1
According to previous parts, our proposition for this caseis:

r11r33 —> 0

r, —>o and
r,—0

Step 2:

In this step we will present propositions to have zero equilibrium pointsin region 2. Again, region

2 isconsisted of 3 sub-regions
Sub-region 2.1:

In this sub-region, X, — O and taking into account the proposed conditions.:

fi— Py
r12X2 - 0’ r13X3 - O — f - erXl le + r22X2p22 + r23x3p23
X, =0, r,x,—0 2 [y Xy + Xy + Xy
fi— Pg

Since, f, > f ,, there are no equilibrium point in this sub-region for this case.
Sub-region 2.2:

X, =0 and:



fl_) p12
= f,>p,

FX,Pay + X P
322132 3373133

f,—

L r32)(24_"33)(3

rX;,—0, rx;—>0
X, >0, ryX; >0

f, >, thereisno equilibrium point in this sub-region.
Sub-region 2.3:

In this sub-region for case 1 equations are as bellow:

r.X,Pyy + X, P
;11111 122112

r.X,—0 i r,X, + X

1373 111 12°* 2

X, >0 = <f,—>p,

r-31)(1 -0 f - I’-32)( 2 p32 + r33x 3 p33
3
r.32)( 2 + r33X 3

Since, T, € (P,s,P,) ., f, > T, thereisno equilibrium point islocated in this region.
Step 3:

In this step we attempt to keep a X, < O(where X, =1-¢)

X,=1-¢ .
° if (X,<0 = fo<xf,+xf,+xf, = ef,<xf,+x,f, (41
X, +X,=¢

So, we will recommend propositions to make the equation active
Sub-region 2.1:

In this sub-region:



X,—>& f,—>py

[ X1Pp1 + 150 (8= X,) Py + 15 (1= €) Py . {lel +X,f, > epy
M Xy + o0 (8=X,) + 51— &) ef; > epg

x,»>0 , f,—> = X, f+x,f,>ef,

X;=1-¢ , fs— Pa
Therefore, in this region the equation is always active and we don’t need any proposition.
Sub-region 2.2:

In this sub-region:

X, >0 f,— Py
X,>¢& f,—p,

M3 (€ =X,) Py + 15 (1= 8) Pyg
f,—
lp(6—X;) +ry5(l-¢)

Xfi+x,f,—>ep
:{ll 22 2 oxf x> ef,

ef, > epa;
X;=1l-¢ ,

Therefore, the equation is always active and no proposal is needed.
Sub-region 2.3:

In this sub-region:

f,— MaXq P + M (6 = X)) Py
MaXy + I, (e = X,)

f,—> Py

f,— F3(€ = X,) Pap + I55(1—€) P3y
lp(6—X) +15(1-¢)

If: X1f1+X2f2 > gf3 = X 1(X1 P — Mg) > rlz(g_x 1)(M9_X1b)
Where: M, =¢&f , — X, f,

If M ¢ <X, P, thefollowing situation would be our proposition to make equation (41) active:



(e =X)(Mg—Xp;,)
Xl(xl Py — Mg)

Our proposition: r,, > (42)

Therefore, we check if the following equation is active:

M 9 < lell (43)

l3(& = X)) Py +a5(1— ) Pog
lp(6—X) +15(1-¢)

|\/|9—X1p11=8[ j_(g_xl)pZZ_lell

_Iy (& =X )(ePg— (€ = X)) Pop = XyPyy) — M1 — ) (=& Pas+ (€ — X)) Ppp + X,Py)
FXy + (6 = X,) +T5(1- &)

Since(—& Pgy+ (& — X,) Poy + X,Py,) > 0, With the following extra proposition the equation is

always active:

[5(1—&)(ePg— (& = X) P+ X, Pyy)
(e- Xl)(g Ps, — (- Xl) Py— X, p11)

(44)

Our extraproposition: I, >

Therefore, the equation () becomes active and there is no need for extra conditions to be applied.
Step 4

In this step we attempt to keep a X, < O(where X, =1—¢) by replacing 1— & with 0.



fs X0y + 15, (1-o- X1) P:,
1
X, + 1, (1-o- Xl)

f,—> Py

TSN I (1= 0 —X,) Pgp + M550 Ps
3 lyp(l—0—X,)+ 130

r,(1— o —X)(Ng—X,p,)
Xl(Xl Py — N 9)

Our proposition: I, > (45)

r0((1-0)pgy— (1—0) — X)) Pt X, P1y)
L-o0—x)(A-0)psyp —(1—0 X)) Pr— X, Py)

Our extra proposition: I, > (46)

Where: Ny =(1—-o)f ; — X f,

10. Case A3B2
According to previous parts, our proposition for this caseis as bellow:

r,r

11" 33
r22 —>» 0 and - > k2

r13

We propose an extra proposition to this case so that the left equation above always be active:

{rB -0
(47)
Mls >0

Step 2:

In this step we will present propositions to have zero equilibrium points in region 2. Again,
region 2 is consisted of 3 sub-regions.

Sub-region 2.1:



In this sub-region, X, — Oand the propositions are::

fi— Py
r12X2 - O’ r13X3 - 0 — f - erXl le + r22X2p22 + r23x3p23
X, —0, r,x,—0 2 [y Xy + X, + Xy
fi— Py

Since in equations abovef , > f ,, there are no equilibrium points case.
Sub-region 2.2:

In this sub-region, X, — O and we recommend the following trend:

fl_) p12
= f,>p,

FX,Pay + 22X P
322132 3373133

f,—

L r32)(24_"33)(3

rX;,—0, rx;—>0
X, >0, ryX; >0

Since f, > f ., no equilibrium point exists.
Sub-region 2.3

In this sub-region equations for case 1 are:

I, X,Py; + X, P
;11111 12°* 2112

r.X.—0 fl r.X,+r.X

133 111 127 2

X, >0 = <f,—>p,

r-31)(1 -0 f - I’-32)( 2 p32 + r33x 3 p33
3
r.32)( 2 + r33X 3

f, e (P3P, ) that resultsin f, > f, which meansthereis no equilibrium point here.



Step 3:

In this step, propositions are made in way that X, < O(where X, =1-¢)
Xy=1-¢ .
if :X;<0 = fo<xf,+Xf,+Xf, = ef,<xf +x,f, 47

So, we will recommend propositions to make the equation active

Sub-region 2.1:

In this sub-region:

X,—>& f,—>py

M X1 Pp1 + 100 (€= X;) Py + 15 (1= €) P - {lel +X,f, > epy
[Xy + (& —X)) +T5(1-¢) ef 3 —> &Py

x,»>0 , f,—> = X, +x,f,>ef,

X;=1l-¢ fa— Pas

It is apparent that the equation is active and no propositions are recommended

Sub-region 2.2:

In this sub-region:

X,—»0 f,—> Py,
X,>& f,—> Py

N l3(€=X,) Py +T55(1—€) Pgg
Il (6 —X) +r5(1-¢)

Xf,+X,f, > ep,
{ = Xf,+X,f,>ef,

ef; > epg

Thus, the equation isactive and we don’t need any proposition as well.
Sub-region 2.3

In this sub-region:



X0y + 15, (&— X1) P,
X, + 1, (e— Xl)

f,—>

f,— Py

lp(& = X)) Pap +155(1—€) Psg

f,—
lp(6—X,) +r5(1-¢)

If: X1f1 + Xzf 27 ef 3 = 11X 1(X1 Py — Mlo) > rlz(g —X 1)(M10_ Xy p12)
Where: M, =&f ; =X, f,
If M, <X,P,;, then thefollowing condition is applied to make equation (47) active:

(e =X )(My—X.p,)
Xl(Xl Py — Mlo)

Our proposition: I, > (48)

Therefore, we check if the following equation is active:

My <X;Pyy (49)

[ (& = X)) Pap +T55(1— &) Pag
lp(e—X) +r5(1-¢€)

MlO_lellz‘c"( j_(g_xl)pzz_xlpll

_ I's (- Xl)(g Ps— (&- Xl) Py — lell) — I'33(1— &)(—¢& Psst (- Xl) Py, + X1p11)
(X, + (8 —X,) + I‘23(1— £)

Since, (—& P+ (€ —X,) Py + X,Py,) >0, by applying the following extra proposition the

equation becomes active

l5(1—€)(E Py (& — X)) Pt X, Pyy) (50)
(& = X)(EPs, — (& = X)) Pr— X1 Pyy)

Our extra proposition: I, >

Step 4:



In this step we want to recommend propositions so that X'3 < O(where X5 =0). Itis exactly

similar to step 3, and we just replace 1— & with o.

fs X0y + 15, (1-o- X1) P,
1
X, +1p, (1-o- Xl)

f,—> Py

fs I (1= 0 —X,) Pgp + M550 Pas
3 lyp(l—0—X,) + 130

\

I, (1-o- Xl)(Nlo_ lelz)
Xl(Xl Py — N 10)

Our proposition: Iy, > (51

[0 (P~ (1= 0 —X,) P+ X, Pyy)
o(e Ps, — (1-o- Xl) Py— X, p11)

Our extra proposition: I,; > (52

Where: N, = (1—o)f ; —X.,f,

11. Case A3B3

Taking into account the preceding discussions, our proposition for this caseis:
r,—>o and r,—>ow

Step 2:

To prevent locating equilibrium points in region 2 the following anaysis are carried out in 3

different sub-regions.
Sub-region 2.1:

In this sub-region, X, — Oand our propositions are::



I’11Xl —> 00
X, >0 =
X, >0

f,—py

f 3 r‘21X1 p21 + r22)( 2 p22 + r23)( 3 p23
2
r‘21)(1 + r‘22)( 2 + r23)(3

f - r31)( 1 p31 + r33X 3 p33
I’31X 1 + r33x 3

Since f, > f ,, there are no equilibrium pointsin this sub-region for this case.

Sub-region 2.2:

In this sub-region, X, — Oand it is apparent that:

i‘ZZX2 —> 0
Iy X; >0

f - r11)(1pll + rlZX 2 p12 + r.13)(3p13
1
rllxl + r12X 2 + r13)(3
f,— Py

FX,Pay + M X P
327 2132 3373133
f,—
I‘32X2+I‘33X3

Since f, > f ,, no equilibrium points exists..

Sub-region 2.3:

In this sub-region equations are written as follows for case 1.

fl_) P

r11x1—>oo
= f, > Py

F,X, —> 00

3

\

f - IF31X1 p31 + r-32)( 2 p32 + r33X 3 p33
r-31)(1 + r-32)(2 + r-33)(3



Considering the following condition which is highly possible, f,#f, and consequently, there

would be no equilibrium points in this region.
P # Py (53)
Step 3:

In this step we attempt to keep a X, < O(where X, =1-¢).
Xy = & ) .

if :X;<0 = fo<xf,+Xf,+Xf, = ef,<xf +x,f, (59
X

So, we will recommend propositions to make the equation active
Sub-region 2.1:

In this sub-region:

e L2 Pa Xif+%,f, > epy
[0 EPoy + T (6 =X ) Poy + s (=) P
Xx,—>0 , f,> 2t 2z 2 =3 = r..X +r..(1— =X, +x.f, > &f
2 2 Fi6 T (6 %) + Ty (1—&) ng_)g[ 31 rlp;l+r33§1_i;p33 11T R0 3
aky Tl

F31E Py +T33(1— &) Pag
M58 + 15 (1—¢)

X;=1-¢ , f,—

Therefore, the equation is aways active and no proposal is needed.
Sub-region 2.2:

In this sub-region:

N X, Py + 18P 1 (1-¢) Pis

X, >0 , f

! ! FX, + e +T,(1-¢) X,fL+%,f, > &p,,
X, >& fo—> P = of _)g(r325p32+r33(1—g)p33j = X,f,+Xx,f,>ef,
X,=1-¢ , fos l56Pap + Tis(1— &) Py : I€ +T(A—¢)

I, +T5(1—¢)



Thus, the equation is active and we don’t need any proposition as well.
Sub-region 2.3:

In this sub-region:
fl — pll
fo> P

fos I3 X103, + 13 (e— Xl) Pa, +133 (1-¢) Pas
3
Xy + (6= X)) + 51— &)

If: X1f1 + Xzf 2> ef 3 = X 1(X1 P — Mll) > r12(g —X 1)(M11_X1 p12) + I’13(l— 5)(M11_ X1p13)
Where M, =&f , —X.f,
If M, <X,P,;, then thefollowing condition is our suggestion to make equation (54) active:

Mo (‘9 B Xl)(M 1 lelZ) + 13 (1_ 5)(M 1 X1p13)
Xl(Xl Py — M 11)

Our proposition: I, > (55)

Therefore, we check if the following equation to find out if it is active:
My <X.Py (56)

M, =X, Py =&Pgs — (£ —X) Py — X Py

It is apparent that the equation is active and no propositions are recommended

Step 4

Propositions to have X, <0 (whereX , = o) are made by replacing 1-¢ with o.



-

fl_) pll
f,—> Py

TSN 3 X1P3 + 15 (1-o- Xl) Ps; + 1330 P35
s [ X, + (L= 0 — X)) + 1,0

r,(1— 0 =X )(Ny;—X;py,) + 13 (N, — X Py5)

Our proposition: I, >
Xy (Xl Py —N 11)

(57)

Where: N, =&f , =X, f,

12. Case A4B4

According to previous parts, our proposition for thiscaseis:
r,—>oo and r,p—>o

Step 2:

To prevent locating equilibrium points in region 2 the following anaysis are carried out in 3

different sub-regions.
Sub-region 2.1:

In this sub-region, X, — O and based on our propositions we may write::



£y TuXaPi 15X 5Pig
M Xq + sXq
{r12x .0 Fos M1 X1 Py + X5 P9 + 1p5X3P5s
F33X3 —> © : Py Xy X, 153X 5

fy—> Py

f, > f and there are no equilibrium point in this sub-region for this case.
Sub-region 2.2:

In this sub-region, X, — O, similar to the procedure in sub-region 1 we may suggest:

I,X 5Py, + 12X P
;12212 13*31M13

r.x,—0 fl r..X,+r.X

117%1 127* 2 133

X, >0 = f,>p,
F3gX g —> 0 fs— Pa

Since f, > f ., thereis no equilibrium point there as well..

Sub-region 2.3:

In this sub-region, equations for case 1.

f - r-11)( 1 pll + r-12)( 2 p12 + r13X 3 p13
1
rllxl + rlZX 2 + r13)(3

= f,—>p,

{rzzx2 —>
fy— P

r33x3 —> 0

f, > f,and no equilibrium point exists..



Step 3:

In this step we attempt to keep a X, < O(where X; =1-¢)

{X?’:l_g if 1X,<0 = f,<xf +X,f,+Xf, = ef,<xf,+xf, (58
X, +X,=¢

So, we will recommend propositions to make the equation active

Sub-region 2.1:

In this sub-region:

N 12X, Py + Mz (=€) Pig

r11)(1 + r13)(1

M1 X1Por 15 (6 = X)) Py + 15 (1—8) Pys Xify +X,f, = 5(
FaX; (6 = X,) + (=&)X,

X,—>¢& f,

M, X, Py + s (1-&) Py j
M X, + X, =X, f,+Xx,f,>&f,

ef,>¢
X,=1-¢ fo— Px 8 Pas

Therefore, the equation is always active and no proposal is needed.
Sub-region 2.2:

In this sub-region:

x, >0 f1_>r128p12+r13(1_5)p13
r,&+rs(1—¢) ‘ ;
X+ X0, > &Py,
X,>¢& f,—>p,, = = X,f,+x,f,>ef,
ef; > epg,
X;=1-¢ , fs— Pas

Therefore, the equation () is always active and we don’t need any proposition.
Sub-region 2.3:

In this sub-region:



fs X0y 1, (e— Xl) Py, + I‘13(1— £) P13
1
X, + rlz(g - Xl) + I’13(l— £)

P
fi— Pg

If: X1f1 +X2f 2> gf3 = X 1(X1 Pu— M12) > rlz(g_x 1)(M12_X1 p12) + r13(1_ 5)(M12_X1p13)
Where: M, =&f ; =X, f,
If M, <X,P,; ,then thefollowing conditions our proposition to make equation () active:

N (5 - Xl)(M12_ lelz) + I’13(1_ 5)(M 12° X1p13)

Our proposition: y; >
Xl(Xl Pu— Mlz)

(59)

Therefore, we check if the following equation is active:

My <Xxpy  (60)

M, =X, Py = €Px — (6= X)) Pop — X, Py

It is apparent that the equation is active and no propositions are recommended

Step 4:

In this step we recommend propositions so that X3 < O(whereX3 =(0). Itis exactly similar to

step 3, and we just replace 1— & with o.

fs X0y + 15, (1-o- X1) Py + 113005
! [ X, +TI,(L— 0 — X)) + 1,0

f,— Py

fi— Py

\



l,(1— 0 =X )(N,—X;p,,) +1;6(N,— X,p;5)
Xl(Xl Py — N 12)

Our proposition: r,, > (61)

Where: N, =&f ; —X.f,

Therefore, the equation is always active and no proposal is needed.

13. Case A4B1
According to preceding parts, our proposition for thiscaseis:

[, —> 00
r,—o and {95°%
r,—0

Step 2:

In this step we will present propositions to have zero equilibrium points in region 2. Again,
region 2 is consisted of 3 sub-regions.

Sub-region 2.1:

In this sub-region, X, — Oand our proposition is:

f,—pn
r.x,—0 r.—0 r..X +r..X
272 ’ 3
{1 1 — fz_) 21 1p21 23 3p23
X, >0, rpX;—>o My X+ MpeX g
fa— Py

f, >, there are no equilibrium point in this sub-region for this case.

Sub-region 2.2:



In this sub-region, X, — Oand:

f,— Py
X, >0, rX;—>0 VX5 Ppp + 153X 3053
= +f,—>
X, =0, IX;— 00 [oX 5 + I,0X 5
fa— Pas

Since f, > f,, thereis no equilibrium point there.

Sub-region 2.3:

In this sub-region::

fy F:X1 Py + 13X 5Py5
1
FaX, + 15X
{I‘13X3 —0 — Jf V51X Poy + 15X 5P55 + 15X 5053
2
F3gX g —> 0 X + X, + 15X,

f3_)p33

f, > f ;andthereis no equilibrium point there.

Step 3:

In this step we want to recommend propositions to have X, <0 (where X; =1-¢)

X, =1l-¢ .

° if 1X,<0 = fo<xf +x,f,+xf, = ef,<xf,+x,f, (62
X, +X,=¢

So, we will recommend propositions to make the equation active

Sub-region 2.1:

In this sub-region:



Xl —& ’ fl - p11
[ X1 Ppy + (1= &) Pog N {lel +X,f, >¢epy
X, +s(1—¢) ef, > &P

X,»>0 , f,—> = x,f,+x,f,>ef,

X,=1l-¢ fs— P

It is apparent that the equation is active and no propositions are recommended

Sub-region 2.2:

In this sub-region:

X, —»0 f,—> Py,
r228p22+r23(1—g)p23:> X1f1+xzf2_)5(
My +([1-&)X,

FpEPoy + M3 (1— ) Pos
rye+([1—&g)X, =X, f+x,f,>ef

X,»>es , f,>

f
X,=1-¢ | fo— Pay a7 P

Thus, the equation isactive and we don’t need any proposition as well.
Sub-region 2.3:

In this sub-region:

ffl N (X Py +15(1—€) Pig
X, + 11— ¢)
f,— [ X1 Py + (& = X,) P + I55(1— &) Py
[ Xy + 158 —X) +T5(1— &)

fi— Pag

lf X1f1+x2f2 > €f3 = r.11X 1(Xl pll_ M13) > rlZ(g_X 1)(M13_X1 p12)
Wheret M, = &f ; =X, f,

If M 3 <X;P,; , then the following situation is our proposition to make equation (62) active:



(e =X ) (M= X.py,) (63)
Xl(xl Py — MlS)

Our proposition: r,, >

Therefore, we check if the following equation is active:

M 13 < lell (64)

X Py + (6 —=X) Py + 1. (1—E)P
M —X =c —(g—-X 21°Y1 121 22 1 22 23 23 | _ X
13 1Py Pss ( 1)( (X, +T,, (8 _ X1) e (1_ 6‘) 1P11

_ X1 (8 Pgs — (€ = Xy) Py = X4 Pyy) — T (& = X)Xy Pyy + (8 —X,) Pop — EPas) — s (1= &) (X, Py + (£ —X,) Pos — €Pss)
I X;, +T,(8—X,) +T,5(1—€)

(e Pss — (- X1) Poy — X1p11) <0
(X1p11 + (5 - Xl) Py — 3p33) >0 =M 13~ X1Ppp < 0=M 13 <X1Pyy

(lell + (8 - Xl) pzs_ ‘9p33) >0

It is apparent that the equation is active and no propositions are recommended

Step 4:

Propositionsto have X, < 0 (whereX, = o) are made by replacing 1— & with o.

M3X1 Py + 130 Py
X, + 150
[ X1Pg1 + (L= 0 = X;) Poy + 50 Pg
[ X, + (L= — X)) + 0

f,—

f,—>

fs— Pg

r,(1— o0 =X )(Ng—X,p,) (65)

Our proposition: I, >
Xl(xl Py —N 13)

Where: N ; = (1-o0)f ; —X.f,



14. Case A4B2

According to previous parts.

r-llr33
I, —© and 2>k,
13

Step 2:

To prevent locating equilibrium points in region 2 the following anaysis are carried out in 3

different sub-regions.
Sub-region 2.1:

In this sub-region, X, — Oand:

f - r'11)(1p11 + r'13)(3p13
1
r.11X1+r13X3
[ X, Py + X P
21°M11-21 23*3M23
f,—>
I’21X1+I’23X3

r,X, >0

r,x, >0 =

M3X 53 —> ©
373
fs > Pss

Sincef , > f ,, there would be no equilibrium point in this sub-region.
Sub-region 2.2:

In this sub-region, X, — Oand similar to sub-region 1 the following approach is proposed:



f - rlZX 2 p12 + rlSX 3 p13
r12X 2 + r-13)( 3

r22)( 2 p22 + I’23)( 3 p23
r22x 2 + r23X 3

rX,—0
X, —»0 = Jf,>

[, X, — 00
33*3
fo— Py

f, > f ,and thereis no equilibrium point there.

Sub-region 2.3

equations are:

rllx 1 pll + r12X 2 p12 + r13X 3 p13
r.11)(1 + r12X 2 + r-13)(3

f - r21Xl p21 + r22X 2 p22 + r23)(3p23
2
r‘21X1 + r22X 2 + r‘23)(3

f,—

[ X3 >0 =

fs— Pg

Since f, > f,, no equilibrium point exists.
Step 3:

In this step we attempt to keep X, <O(where X, =1—¢)

X, =1-¢ .
° if :X,<0 = fo<xf,+x,f,+xf, = ef,<xf,+x,f,
X, +X,=¢

Therefore, propositions are required for the equationto be active.
Sub-region 2.1:

In thissub- region:

(66)



X. -5 & fs r11x1p11+r13(1— £) Pi3
1 ’ 1
M.X; + l‘13(l— £)

r.X,Py +.(1—&)p
B Xf ax.f. g 2221PuT s 13
x,>0 , f,> M X1 P + 5(1— €) Py N [ [X, +s(l—€)
X, + rzs(l_ £) o 5
X,=1l-¢ fo—> P 3 Pas

Therefore, the equation is aways active and no proposal is needed.
Sub-region 2.2:

In this sub-region:

X. >0 f_)|'12(£—Xl)p12+l’13(1—g)p13
1 ’ 1
ro(e—Xx)+r;1-¢)
I,(e=X)P,,+rs(1—&)P

— — .f.+x.f. > 22 1/ M22 T 23 23

Xem e o f2_>r22(8 Xl)p22+r23(1 £)p23:> . e ‘9( rzz(g—Xl)-i-rza(l—S)
Iy(e—X)+rul—¢) . o> D

X;=l-¢ , fs—Psy s »

Thus, the equation isactive and we don’t need any proposition as well.
Sub-region 2.3:

In this sub-region:

M3X 1P+ 1p(8 = X)) Py + 51— £) Py
MaXy + (8 = X,) +13(1-¢)
f,— [ X1Po1 + (& = X,) P + I55(1— &) Py
FXy (& = X)) +T5(1— &)
f3— Pa

f.—>

If:

Xof ) +Xf, > ef g =X (X Py —My,) > 1,(6 =X )My =X, b) +1,(1— €)(My,— X py5)



Where: M, = &f ; =X, f,

IfM, <X;p,; ,thenthefollowing condition is proposed to make equation (66) active:

P (‘9 — Xl)(M14_ X1p12) + I3 (1_ 5)(M 14 X1p13) (67)

Our proposition: Iy, >
Xl(xl Pu — M14)

Therefore, we check if the following equation is active:

M 14 < lell (68)

rX,P, +1,(6=X)P,, +I,.1—&)pP
M. —X —c —(g-X 21™MM21 T T2 1/ P2 23 B | _x
14 1p11 p33 ( 1)( r21X1+I’22(8—X1)+I’23(1—8) 1p11

_ X1 (8 Pgs — (€ = Xy) Py = X4 Pyy) — M0 (& =X ) (X1 Pyy + (8 —X,) Pop — EPas) — s (1= &) (X, Py + (£ —X,) Pos — £Pss)
I X, + T8 —X,) +T5(1—€)

(5p33 — (& —=X) Py —X1Py) <0
(X,Py +(6=X)Pp —€Px) >0 =M, —X,p; <0=>M, <X;py

(X1Pyy + (€ = X;) Pz— €P35) > 0
It is apparent that the equation is active and no propositions are recommended
Step 4:
In this step Propositions to have X, <0 (whereX , = o) are made by replacing 1-¢ witho.

X0y + 1, (1-o- X1) Py + 1130 Py5
X, +r,d—o—X)+r,0

[ X105 + (L= 0 = X,) Py + 1350 Py
[yXy+ (=0 —X) + 150

f,—

f,—>

fi— Pg




r,(1—0 =X )(Ny,—X,p,) + ;0 (N, — X,py;)

Our proposition: I, >
Xl(xl Py —N 14)

(69)

Where: N, =(1-0)f ; —X.,f,

15. Case A4B3
According to preceding discussions: :

iz — and 1, —>o
Step 2:

In this step we present propositions to have zero equilibrium points in region 2. Again, region 2
is consisted of 3 sub-regions.

Sub-region 2.1:

In this sub-region, X, — O and based on our propositions:

(f, - pu

F X, Poy + X P
21°M11M21 23*3M23
f,—>
r21X1+I’23X3

Xy —>©

rx,—>0 =

r33x3 —> 0

[fs—= P
f, >, there are no equilibrium point in this sub-region for this case.
Sub-region 2.2:

In this sub-region, X, — Oand:



f RN rllxlpll + r.12)( 2 p12 + r'13)(3p13
F1aXq + X5 15X
{erXl —0 — f " 52X 5P + I5:5X 5P
F33X3 —> © X, + 153X 5

fy—> Py

Since f, > f,, thereis no equilibrium point.

Sub-region 2.3

In this sub-region::

f,— Py
{rllxl —> 0 — f - r.21)(lp21 + r.22)(2p22 + r23X3p23
2
r33x3 —> 00 r21x 1 + I’22X2 + I’23X3
fa— Pas

f, > T, noequilibrium point islocated in this sub-region.
Step 3:

In this step we want to recommend propositions so that X, <0 (where X, =1—¢).
X;=1l-¢ . .
if :X;<0 = f<xf+x,f,+xf;, = ef,;<xf, +Xx,f, (70)

So, we will recommend propositions to make the equation active
Sub-region 2.1:

In this sub-region:



X, >¢ ! fl — Py
N M X Poy + (1= &) Pog {lel+x2f2 —> &Py
My X, 4+ s(1—¢€) ef; > epa,

X,=1l-¢ fs— Pas

It is apparent that the equation is active and no propositions are recommended.

Sub-region 2.2:

In this sub-region:

fs M2 X, Py + (8 = X)) Py + (L= €) Pig
1

x,—»0 ,
' FaXy + (6 =X) + 11— €)
[, (€ =X,) Py + g (1— ) xf.+xX.f. >¢ Mo (& =X;) Pyp + (1 £) Py
X, e , 2 1)P2 + Ty P2s BN ES LR (6 —x)+ 1, (1-2)
PACED RPN R o e
Xy=1l-¢ , i Pu 3 Pas

Thus, the equation is active and we don’t need any proposition aswell.
Sub-region 2.3:

In this sub-region:

(f, - pu

fos X0 + 15 (- X1) Py, + I’23(1— £) P
2
X, + rzz(g - Xl) + rzs(l_ £)

fs— Py
Since: f,<f,, f,<f,=ef,<xf, +x.f,
Therefore, the equation is always active and no proposal is needed.

Step 4:

|



In this step we recommend propositions so that X3 < O(whereX3 =0). Itis exactly similar to

step 3, and we just replace 1— & with o.

16. Case A4B4

According to previous parts::

Step 2:

To prevent locating equilibrium points in region 2 the following anaysis are carried out in 3
different sub-regions.
Sub-region 2.1:

In this sub-region, X, — Oand based on our propositions:

[ X, Py + FX 4P
111111 133113
f,—
I‘11)(1—i_rl3x3
r21)(1p21 + r23)(3p23
r-21)(14_"‘23)(3

fi— Pay

r,X, =0

rx,—>0 = <Jf,—>
r33X3—>oo

Since f, > f ,, there are no equilibrium point in this sub-region for this case.
Sub-region 2.2:

In this sub-region, X, — Oand we may write:::



f - rlZX 2 p12 + rlSX 3 p13
r12X 2 + r-13)( 3

r22)( 2 p22 + I’23)( 3 p23
r22x 2 + r23X 3

rX,—0
X, —»0 = Jf,>

[, X, — 00
33*3
fo— Py

f, > f ,and no equilibrium points exists.

Sub-region 2.3

In this sub-region equations for case 1 are::

rllx 1 pll + r12X 2 p12 + r13X 3 p13
r.11)(1 + r12X 2 + r-13)(3

f - r21Xl p21 + r22X 2 p22 + r23)(3p23
2
r‘21X1 + r22X 2 + r‘23)(3

f,—

[ X3 >0 =

fs— Pg

Sincef , > f ,, no equilibrium point islocated in this sub-region.
Step 3:

Propositions to have X, <0 (whereX , = o) are made by replacing 1-¢ witho.

X, =1l-¢ .
° if 1X,<0 = fo<xf +x,f,+xf, = ef,<xf,+x,f, (72)
X, +X,=¢

So, we will recommend propositions to make the equation active
Sub-region 2.1:

In this sub-region:



X. -5 & fs r11x1p11+r13(1— £) Pi3
1 ’ 1
M.X; + l‘13(l— £)

r.X,Py +.(1—&)p
B Xf ax.f. g 2221PuT s 13
x,>0 , f,> M X1 P + 5(1— €) Py N [ [X, +s(l—€)
X, + rzs(l_ £) o 5
X,=1l-¢ fo—> P 3 Pas

Therefore, the equation is aways active and no proposal is needed.
Sub-region 2.2:

In this sub-region:

X. >0 f_)|'12(£—Xl)p12+l’13(1—g)p13
1 ’ 1
ro(e—Xx)+r;1-¢)
I,(e=X)P,,+rs(1—&)P

— — .f.+x.f. > 22 1/ M22 T 23 23

Xem e o f2_>r22(8 Xl)p22+r23(1 £)p23:> . e ‘9( rzz(g—Xl)-i-rza(l—S)
Iy(e—X)+rul—¢) . o> D

X;=l-¢ , fs—Psy s »

Thus, the equation isactive and we don’t need any proposition as well.
Sub-region 2.3:

In this sub-region:

M3X 1P+ 1p(8 = X)) Py + 51— £) Py
MaXy + (8 = X,) +13(1-¢)
f,— [ X1Po1 + (& = X,) P + I55(1— &) Py
FXy (& = X)) +T5(1— &)
f3— Pa

f.—>

If:

Xof 1 +X,f, > ef g =1 X (X Py —Myg) > 1, (6 =X )(Mg— X, b) + 1,(1— €) (Mg~ X Py5)



Where: M = &f ; =X, f,

If M4 <X,;P,; ,the proposed condition to make equation (71) activeis:

P (‘9 — Xl)(M16_ X1p12) + I3 (1_ 5)(M 16 X1p13) (72)

Our proposition: Iy, >
Xl(xl Pu — M16)

Therefore, we check if the following equation is active:

M, <X,py; (73)

rX,P, +1,(6=X)P,, +I,.1—&)pP
M.. —X —c —(g-X 21™MM21 T T2 1/ P2 23 B | _x
16 1p11 p33 ( 1)( r21X1+I’22(8—X1)+I’23(1—8) 1p11

_ X1 (8 Pgs — (€ = Xy) Py = X4 Pyy) — M0 (& =X ) (X1 Pyy + (8 —X,) Pop — EPas) — s (1= &) (X, Py + (£ —X,) Pos — £Pss)
I X, + T8 —X,) +T5(1—€)

(5p33 — (& —=X) Py —X1Py) <0
(X,Py +(6=X)Pp —€Px) >0 =M —X,p; <O= M <Xpy

(X,Pyy + (€ =X;) Pyz— €Ps3) > 0

It is apparent that the equation is active and no propositions are recommended.

Step 4:

In this step we recommend propositions so that X3 < O(whereX3 =0). Itis exactly similar to
step 3, and we just replace 1— & with o.
X, Py + (=0 —X,) Py + 1150 Py

X, +r,(l—o—X)) +r,0

[ X105 + T (L=0 = X)) Pyy + 150 Py
[pXy+ (=0 —=X) + 150

f,—

if, >

fs— pay




r,(1—0 =X )(Njg—X,p;,) + 150 (Njg— X,0,5)
Xl(xl Py — N 16)

Our proposition: I; > (74)

Where: N, =(1—-0)f ; =X, f,



