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Numerical and Analytical Analysis of Stochastic
Electromagnetic Fields Coupling to a

Printed Circuit Board Trace
Haiyan Xie , Member, IEEE, John F. Dawson , Member, IEEE, Jiexiong Yan , Andy C. Marvin, Fellow, IEEE,

and Martin P. Robinson , Member, IEEE

Abstract—Stochastic electromagnetic fields coupling to printed
circuit board (PCB) traces are important to the understanding of
electromagnetic compatibility at high frequencies when the circuits
or systems are electrically large. In this article, it is studied both
numerically and analytically, and the factors affecting the absorbed
power are investigated. We present new methods to determine the
level of coupling on PCB traces or other transmission lines on a
dielectric substrate. A Monte Carlo method is applied to generate
random uniform fields, and the quasi-TEM transmission line model
is employed to compute the response of the trace for each plane
wave numerically. In the analytical method, the closed-form ex-
pressions of the zero-order and the first-order approximations are
established for the PCB trace. Based on the first-order approxima-
tion method and the numerical results, a computationally efficient
empirical method is developed to estimate the power received. The
absorbed power increases with frequency in the electrically short
case after which multiple resonances can be seen. The absorbed
power in the matched case is neither the largest nor the smallest
among all the cases. It increases with the square of the substrate
height but decreases with the permittivity of the substrate.

Index Terms—Absorption cross section (ACS), printed circuit
board (PCB) trace, stochastic electromagnetic fields, transmission-
line coupling.

I. INTRODUCTION

P
RINTED circuit boards (PCBs) are an important factor
in determining the electromagnetic compatibility of elec-

tronic systems. The absorption of electromagnetic power in
the PCBs affects the overall immunity and (by reciprocity) the
emissions of equipment. How the PCBs absorb electromagnetic
power is important to study.
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Some research has been carried out to study the absorption
cross section (ACS) of PCBs in reverberant (stochastic) envi-
ronments. The average absorption cross sections (AACS) of
different PCBs have been measured in a reverberation chamber
from 2 to 20 GHz by Flintoft et al. [1], [2], where the PCBs
with different component densities and surface shielding are
considered. It was also found that the AACS of a PCB in the stack
is reduced by 20%–40% compared with the value when the PCB
isolated. The changes of a PCB’s AACS due to the proximity to
a reverberant chamber wall are studied in [3]. The result shows
that the AACS can be reduced up to 30% when the PCB is
placed parallel to the chamber wall with the components on the
front of the PCB facing the wall. Based on the measured AACS
data of PCBs and using the power balance concept, surrogates
for real PCBs have been designed and calibrated for shielding
measurements [4]. The results in [4] also show that the loads
of the PCB trace play an important role in the AACS of PCB.
However, what factors may affect the electromagnetic power
absorbed by the loads of the PCB and how to predict the power
quickly are not clear yet.

Stochastic electromagnetic fields coupling with transmission
lines have been studied by some researchers. A semianalytical
approach has been proposed by Junqua et al. [5] to evaluate the
response of a wire in an electrically large cavity. Magdowski
et al. [6] apply a numerical method to study the stochastic
electromagnetic fields coupling to a transmission line in a re-
verberation chamber and obtain the average responses along the
transmission line. They also developed a closed-form formula
for the average response at the ends of the transmission line
excited by the stochastic electromagnetic fields [7]. However, the
results can not be used directly for the PCB trace because there is
a substrate in the PCB. Veropoulos and Papakanellos [8] study
twisted-wire pairs excited by random plane-wave fields. The
same authors derive a closed-form expression for the probability
density function of the induced far-end voltage of a PCB trace
in certain cases of field descriptions [9]. In their study, the
field amplitude and only one of the three angles, which are
polarization angle, elevation angle of incidence, and azimuth
angle of incidence, are random at the same time, while the other
parameters of the field are fixed. This is different from the case
of the stochastic fields in a reverberation chamber, where all
the angles are random at the same time. Mehri et al. [10], [11]

0018-9375 © 2019 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
See http://www.ieee.org/publications_standards/publications/rights/index.html for more information.
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Fig. 1. Microstrip cross section of a PCB trace with height h, trace width w,

and trace thickness t and relative permittivity εr of substrate.

Fig. 2. Definitions of polar angle, azimuth angle, and polarization angle.

apply a trace orientation function, which is a function combining
the trace location and its orientation, to statistically predict the
PCB radiated susceptibility and emission. In their study, the
trace orientation is random but the incident field is fixed that
implies the elevation angle and the polarization angle are not
random.

In this article, the problem of stochastic electric fields cou-
pling to a PCB trace is studied numerically and analytically.
Based on the analytic and numerical results, an empirical pre-
diction method is developed to estimate the average voltage
square and, thus, the power of the matched loads. Compared
with the numerical method, the empirical method avoids large
computation and can give quick estimates. The factors that affect
the absorption of the electromagnetic power by the loads are
investigated. Due to the influence of the dielectric on the exci-
tation fields of the PCB trace, it is difficult to get a closed-form
expression for the mean-squared voltage on the loads at the ends
of a PCB trace if the loss of the trace is included, so the PCB
trace is assumed to be lossless here. The study shows that the
power absorbed by the load can be decreased by decreasing the
PCB height and increasing the permittivity of the substrate.

In Section II, we introduce the numerical and analytical meth-
ods applied in this study. The terminal responses, the empirical
method, and their distributions are given in Section III. The
electromagnetic power absorbed by the loads and its change with
the factors are presented in Section V, leading to the conclusions
in Section VI.

II. THEORETICAL AND ANALYTICAL METHODS

A. Plane-Wave Field Coupling With PCB Trace

An analytical model for a plane-wave field coupling to a
PCB trace, as shown in Fig. 1 and Fig. 2, has been derived by
Leone and Singer [12]. This model is a quasi-TEM transmission-
line model and the trace is described by its per-unit length
transmission-line parameters. The voltages at the ends of the

trace are given by

(

V0

VL

)

=
1

ej2βL − ρ0ρL

[

(1 + ρ0)
(

ρLS1 + ejβLS2

)

(1 + ρL)
(

ejβLS1 + ρ0S2

)

]

(1)

where V0 and VL are the voltages at the near and far ends,
respectively. ρ0 and ρL are the reflection coefficients at the ends
and are defined by

ρ0,L =
Z0,L − ZC

Z0,L + ZC
(2)

with the terminal loads Z0,ZL, and the characteristic impedance
ZC , which is computed empirically using the approximations
given in [12].
β is the propagation constant and is given by

β = k0
√
εr,eff (3)

with k0 = ω
√
µ0ε0 is the free-space wave number and εr,eff

is the effective relative permittivity computed as in [12]. L is
the trace length. Under the assumption that the height h of the
PCB substrate is much smaller than the substrate wavelength,
the sources S1 and S2 can be approximated by

S1,2 ≈ ±jk0hEie
−jαejβx1,2

ej(±β−kx)L − 1

j (±β − kx)

·
(

sinφ sin γ cos θ + cosφ cos γ ∓
√
εr,eff

εr
sin θ cos γ

)

.

(4)

Here θ and φ are the polar angle and azimuth angle of the
incidence, respectively. γ is the polarization angle of the incident
field, as shown in Fig. 2. kx = k0 sin θ cosφ is the x component
of wave vector k0.Ei is the electric magnitude of the plane-wave
field. α is the phase angle of an electric field, which is added to
the (4) to account for the influence of the electric field’s phase
angle. x1 = 0 and x2 = L are the x coordinates of the near and
far ends of trace, respectively.

B. Analytical Methods for Stochastic Excitation

The squared magnitude of the voltage is an important parame-
ter because it is proportional to the power absorbed by the loads.
According to (1), the square magnitude of the voltage is given
by

|V0|2 =
|1 + ρ0|2

|ej2βL − ρ0ρL|2
∣

∣ρLS1 + ejβLS2

∣

∣

2
(5)

|VL|2 =
|1 + ρL|2

|ej2βL − ρ0ρL|2
∣

∣ejβLS1 + ρ0S2

∣

∣

2
. (6)

The mean-square magnitude of the voltage at the end of the
PCB trace excited by the stochastic electromagnetic fields inside
a reverberation chamber is given by

〈

|V0,L|2
〉

=
1

2π

∫ 2π

0

1

2

∫ π/2

0

1

π

∫ π

0

1

2π

∫ 2π

0

|V0,L|2

× sin θdαdγdθdφ. (7)
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Here 〈 〉 denotes the average over all the incident angles,
the polarization angle, and the phase angle. The polar angle
θ ∈ [0, π/2] in (7), because only the plane wave from the upper
hemisphere can couple to the PCB trace. However, it is im-
possible to get the closed-form expression for 〈|V0,L|2〉 directly,
because the expressions of S1 and S2 in (4) are very complicated.
In order to derive a closed-form expression, some assumptions
can be made.

1) Low-Frequency Approximation (Zero Order): Under the
low-frequency approximation|∓β − kx|L ≪ 1, according to
(4), S1,2 can be written as

S1,2 ≈ ±jk0hLEie
−jαejβx1,2

·
(

sinφ sin γ cos θ + cosφ cos γ ∓
√
εr,eff

εr
sin θ cos γ

)

.

(8)

Then, according to (1), the voltages are given by

V0 =
jk0hLEie

−jαejβx1 (1 + ρ0)

ej2βL − ρ0ρL

×
[

(

ρL − e2jβL
)

· (sinφ sin γ cos θ + cosφ cos γ)

+
(

ρL + e2jβL
)

√
εr,eff

εr
sin θ cos γ

]

(9)

VL =
jk0hLEie

−jαejβx2 (1 + ρL)

ej2βL − ρ0ρL

×
[

(1− ρ0) · (sinφ sin γ cos θ + cosφ cos γ)

+ (1 + ρ0)

√
εr,eff

εr
sin θ cos γ

]

. (10)

With the definition of the average operator 〈 〉, we can obtain

〈V0〉 = 〈VL〉 = 0 (11)

directly. According to the Appendix, the mean-square magnitude
of the voltage is given by

〈

|V0|2
〉

=
(k0hLEi)

2

6

|1 + ρ0|2

|ej2βL − ρ0ρL|2

·
[

∣

∣1− ρLe
−2jβL

∣

∣

2
+
εr,eff
ε2r

∣

∣1 + ρLe
−2jβL

∣

∣

2
]

(12)

〈

|VL|2
〉

=
(k0hLEi)

2

6

|1 + ρL|2

|ej2βL − ρ0ρL|2

·
[

|1− ρ0|2 +
εr,eff
ε2r

|1 + ρ0|2
]

. (13)

Then the average power absorbed by the loads can be written
as

〈P0,L〉 =
〈

|V0,L|2
〉

Re

(

1

Z0,L
∗

)

. (14)

TABLE I
STATISTICAL DISTRIBUTION OF ANGLES

2) Low-Frequency Approximation (First Order): For the
PCB trace with matched loads, the first-order approximation
is used due to better accuracy. When the ends are matched, ρ0
and ρL in (5) and (6) equals 0, and then the voltage magnitude
squares are given by

|V0|2 = |S2|2 (15)

|VL|2 = |S1|2. (16)

The term in (4) can be written as

ej(±β−kx)L − 1

j (±β − kx)
= L sin c

(

(±β − kx)L

2

)

ej
(±β−kx)L

2 . (17)

The function sin cx in (17) can be approximated by

sin cx ≈ 1− x2/6. (18)

Substituting (17) into (4) and then into (15) and (16), and with
the average operation, the mean-square magnitude of the voltage
can be approximated by (19), more details can be found in the
Appendix.

〈

|V0,L|2
〉

≈ 4

35
(hEi)

2ξ

{[

(

1 +
εr,eff
ε2r

)

·
(

35ε2r,eff + 84εr,eff + 9
)

+ 140
ε2r,eff
εr

+ 84
εr,eff
εr

]

ξ2

−
[(

1 +
εr,eff
ε2r

)

(70εr,eff + 28) + 140
εr,eff
εr

]

ξ

+ 35

(

1 +
εr,eff
ε2r

)

}

(19)

with

ξ = k20L
2/24. (20)

C. Numerical Method Based on Monte Carlo (MC) Method

In the high-frequency range, it is difficult to get a closed form
for the average value directly. A numerical method is needed to
get the results. Hill [14] proposed that the stochastic field inside
a reverberation chamber could be represented by a plane-wave
integral. Instead of an integral, we employ a finite number N

of plane waves in the numerical simulation for each boundary
condition. The MC method is applied to generate a set of plane
waves with finite number N [6], [15]. For B different boundary
conditions with each having N plane waves are generated. In the
numerical method, the angles φ, γ, and α are equally distributed
between [0, 2π], [0, π], and [0, 2π], respectively, as shown in
Table I. In order to discard the sinθ from the summand [6] and
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only considering the plane wave from the upper hemisphere,
the polar angle θ must be statistically distributed according
to arccos(U(0, 1)), where U(0, 1) is a uniform distribution
between [0, 1].

For each plane wave, the coupled voltage is computed by
using (1) and replacing Ei in (4) with EN , where EN is the
electric magnitude of each plane wave. The electric magnitude
EN should obey the following normalization rule:

EN =
E0√
2N

. (21)

Here, E0 is the mean magnitude of the total field in the rever-
beration chamber. It has a simple relation with the magnitude in
the theoretical method, E0 = Ei.

D. Gauss–Legendre Quadrature (GLQ) Combined With

Full-Wave Simulation

For the sake of comparison, the results are also evaluated
numerically using GLQ on a sphere [4], [16]. The voltage
magnitude square can be approximated by

〈

|V |2
〉

=
1

8LP

LP
∑

l=1

2LP
∑

m=1

ωl

×
(

∣

∣V TE (θl, φm)
∣

∣

2
+
∣

∣V TM (θl, φm)
∣

∣

2
)

. (22)

HereLP is the order of the Legendre polynomial. The azimuth
angle φm is sampled at φm = mπ/L (m = 1, …,2L) and the polar
angle θL corresponding to the zeros of the Legendre polynomial
of order LP , PL(cos(θ)) = 0. ωl is the Gauss–Legendre weight-
ing factor. VTE and VTM represent the voltages generated by
the transverse electric and transverse magnetic polarized waves,
respectively. The order LP must satisfy [4]

LP ≥ π + 10DfGHz
max (23)

where D is the maximum linear size of an object and fGHz
max is

the desired maximum frequency in gigahertz.
The full-wave simulator, CST microwave studio [17], is

employed to compute the voltage of the trace load under the
plane-wave illumination by TE and TM polarized waves from
spherical direction (θl, φl).

III. COMPARISON BETWEEN DIFFERENT METHODS

The length of the trace is 80 mm. The height h of the trace
over the ground is 0.8 mm. The characteristic impedance of
the trace is 50 Ω. The chamber constant E0 is set to 1. In the
numerical method based on MC, N and B are set to 100 and
500, respectively. The mean-square magnitude of the voltage
is computed by using the numerical method and the theoretical
method.

Fig. 3 shows the mean-square magnitude of the voltage ob-
tained by the numerical method, zero-order approximation, and
first-order approximation, when the PCB trace is matched at
both ends and the substrate is made of FR4, where the relative
permittivity is set to εr = 4.4 and, thus, εr,eff = 3.3149.

Fig. 3. Mean-square magnitude of the voltage obtained by different methods
for FR4 substrate when Z0 = ZL = ZC = 50 Ω and h = 0.8 mm.

In the figure, λeff is the effective wavelength in the PCB and
is given by

λeff = λ0/
√
εr,eff (24)

where λ0 is the wavelength in the free space. The result shows
that the zero-order approximation, i.e., (12) and (13), can give
good prediction up to L/λeff = 0.2, while the first-order approx-
imation, i.e., (19), can give good prediction up to L/λeff = 0.4,
when the mean-square magnitude of the voltage reaches the
maximum. The results from GLQ combined with the full-wave
simulation in Section II-D, denoted by “CST” in the figure, are
also given. According to (23), the value of LP is large and it is
too high for a practical simulation with CST. We found that the
order of 4, e.g., 64 plane waves in total, was sufficient to achieve
good accuracy for this problem. While the PCB is infinite in the
analytical and MC methods, it is finite in the CST simulation. To
show the influence of the board size, a small board (100 mm ×
60 mm), a middle-sized board (140 mm × 100 mm), and a
large board (1000 mm × 800 mm) are computed. It can be seen
that the larger the board, the better the “CST” result approaches
the results of the numerical method based on MC described in
Section II-C, which is denoted by “MC” in the figure. In the
high-frequency range, the CST results are 2 dB larger than the
MC result; however, in the low-frequency range, the former is
about 2 dB less than the latter. For the small PCB, the difference
can be up to 6 dB at L/λeff = 0.4. To show the loss effect, the
“CST” result of the lossy middle board is also given, where
the loss tangent of FR4 and the copper conductivity are set to
0.01 and 5.7 × 107 S/m, respectively. However, the difference
between the lossless and lossy “CST” results is less than 1.5 dB,
when L/λeff is up to 5.

Fig. 4 shows the mean-square magnitude of the voltages ob-
tained by the numerical method based on the MC and theoretical
method for different substrates, whose relative permittivity is
given in Table II. The trace width w and thickness t are adjusted
to keep the characteristic impedance ZC and height h the same
for different substrates in the simulation. The results show that
(19) can be employed to predict the mean-square magnitude of
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Fig. 4. Mean-square magnitude of the voltage obtained by the numerical
method and the first-order approximation for different substrates when Z0 =

ZL = ZC = 50 Ω and h = 0.8 mm.

TABLE II
RELATIVE PERMITTIVITY OF SUBSTRATE

Fig. 5. Prediction result of PCB with FR4 substrate when Z0 = ZL = ZC =

50 Ω and h = 0.8 mm.

the voltage up to the first maximum, even for the other kinds of
substrates.

IV. EMPIRICAL PREDICTION METHOD

Based on the first-order approximation and the numerical
results, an empirical method can be developed to estimate the
average voltage square and, thus, the power very quickly. The
first maximum point “M” is found first in the first-order ap-
proximation curve, as shown in Fig. 5, and then a new curve
“Prediction” is plotted shown as the black solid curve in Fig. 5,
whose value in the high-frequency range equals the point “M.”

Fig. 6. Prediction result of another PCB with FR4 substrate when h =

1.55 mm, w = 0.48 mm, t = 18 µm, and Z0 = ZL = ZC = 115 Ω.

The actual voltage square is nearly in the range of “Prediction
±3 dB” shown as the black dotted curves in Fig. 5.

Fig. 6 shows the prediction of another PCB with FR4 dielectric
compared with the “CST” result of a middle-size PCB, where
h = 1.55 mm, w = 0.48 mm, t = 18 µm, Z0 = ZL = ZC =
115 Ω, and εr,eff = 2.9669. The results show that the average
voltage magnitude square <|V0|2> obtained by GLQ combined
with the CST simulation is nearly in the range of the “Prediction
±3 dB.”

V. POWER ABSORBED AND INFLUENCING FACTORS

In order to study the factors that are important for the absorbed
power, the power absorbed by the loads is computed by using
the numerical method based on MC when the PCB trace has
different lengths, loads, heights, and substrates. In the study, the
width w and the thickness t of the PCB trace are adjusted to keep
the characteristic impedance ZC = 50 Ω in all the cases.

A. Influence of Trace Length

The square magnitude of the voltage changing with L/λeff is
shown in Figs. 3 and 4. The absorbed power is proportional to the
square magnitude of the voltage. Thus, the power has the same
trend. The results show that the power increases with the trace
length in the low-frequency range. This can also be concluded
from (19) thatP ∝ (hL)2 in the low-frequency range. It implies
that the absorbed power is proportional to the area square of the
loop which is made up of the trace, the loads, and the ground. The
absorbed power will oscillate with L/λeff a little after it reaches
the maximum. Fig. 7 shows the total power absorbed at the loads
obtained by the numerical method based on MC when the PCB
trace is 60, 80, 100, and 120 mm long with the matched loads,
FR4 substrate, and the height of 0.8 mm. The results show that
the trace length does not change the maximum of the absorbed
power, which can also be predicted by (19). Because the power
is a function of ξ = k20L

2/24, the value of maximum does not
change with the trace length L but shifts in the frequency with
it. As a result, the curve moves toward the left when the trace
length becomes large in the low-frequency range.
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Fig. 7. Total power absorbed at the loads obtained by the numerical method
based on MC when the PCB trace is matched at both ends and has different trace
lengths, with FR4 substrate and height of 0.8 mm.

B. Influence of Terminal Loads

Fig. 8 shows the power absorbed by the loads when the loads
have different values. The near end is matched and the far end
has different values. The PCB trace is 80 mm long with 0.8 mm
FR4 substrate. When ZL = ZC , the power absorbed by ZL is
the largest in all the cases; however, the power absorbed by Z0

is not the largest. The total power absorbed by the two ends
when they are matched is neither the largest nor the smallest
in all the cases. When considering the power absorbed by the
load ZL, we can consider the port of the load ZL as the port
of an antenna, which is made of the trace, the ground, and the
load Z0. The input power of the port is unchanged due to Z0 =
ZC in all cases, and then the input power will be absorbed by
ZL totally when ZL = ZC . This is the reason why the power
absorbed by ZL is largest when ZL = ZC . However, when we
look at the port of Z0 and considering the rest as an antenna,
the antenna is different for different ZL and changes with the
frequency. But in the low-frequency range, the trace with the
loads can be considered as a voltage divider, comprising Z0 and
ZL. Thus, the power of Z0 nearly decreases with ZL at the low
frequencies.

The power absorbed by Z0 when ZL = 1/100ZC , 1/10ZC ,
or 1/2ZC is different from that when ZL = 100ZC , 10ZC ,
or 2ZC , respectively, which is different from the case of the
transmission line in free space [3]. This can also be concluded
from (12). 〈|V0|2〉 changes if ρL is replaced by -ρL when the
relative permittivity εr �= 1 in the case ρ0 = 0; however, it does
not change when the relative permittivity εr = 1.

The measurement by Flintoft et al. [1] shows that the ACS of
PCB is stable in the high-frequency range, not like the oscillation
in Figs. 7 and 8. This is because there are many traces with
different lengths and loads on a real PCB. The power absorbed
via every trace has oscillations at the high frequency, but the
powers for the different traces have oscillations at different
frequencies. As a result, the overall ACS is generally stable in
the high-frequency range. Fig. 9 shows the sum of the powers
absorbed by four PCB traces and it is more stable than the single
one.

Fig. 8. Power absorbed by the loads when the PCB trace has different loads,
with FR4 substrate and the height of 0.8 mm. (a) Power absorbed by Z0.
(b) Power absorbed by ZL. (c) Total power.

C. Influence of PCB Height

Fig. 10 shows the absorbed power when the PCB has different
heights with the same characteristic impedance Zc=50Ω, where
the trace length is 80 mm and is matched at both ends. The
substrate is made of FR4. The results show that the height greatly
affects the power absorbed by the loads. The power generally
increases with h2, also predicted by (19), in the case when a
quasi-TEM transmission-line model for the PCB trace is valid.
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Fig. 9. Sum of the powers absorbed via four traces, with 0.8 mm FR4 substrate
and characteristic impedance 50 Ω.

Fig. 10. Total power absorbed by the loads when the PCB trace is matched
at both ends and has different heights, with FR4 substrate and trace length of
0.8 mm.

D. Influence of Different Substrate

The influence of different substrates should be investigated.
Four kinds of substrates, FR4, RT Duroid, RO4003, and
RO3210, are considered and their relative permittivity is given
in Table II. For the sake of comparison, the result of a single
line over an infinite and perfectly conducting ground without
the substrate is given too, as shown in Figs. 4 and 11. In all the
cases, the characteristic impedance ZC = 50 Ω, the height h =
0.8 mm, and the length L = 80 mm.

The results show that the larger the permittivity, the lower
will be the frequency where the power reaches the maximum. If
the curve is plotted versus L/λeff, as shown in Fig. 4, however,
the maximum happens at the larger value of L/λeff for substrate
with larger permittivity. The results also show that the larger the
relative permittivity, the less power will be absorbed by the PCB
trace. This can be due to that the larger the permittivity of the
substrate the more power of the electromagnetic field will be
reflected by the substrate.

Fig. 11. Total power absorbed by the loads when the PCB trace is matched
at both ends and has different substrates, with a height of 0.8 mm and a trace
length of 0.8 mm.

VI. CONCLUSION

Stochastic fields inside a reverberation chamber coupling to
PCB traces have been studied numerically and theoretically.
In the numerical method, an MC method is applied to gener-
ate the random uniform fields inside a reverberation chamber,
and the quasi-TEM transmission line model is employed to com-
pute the response of the trace for each plane wave. In the theoret-
ical method, the closed-form expressions of the zero-order and
first-order approximations are established for the unmatched and
matched PCB trace, respectively. The numerical method, where
the PCB is infinite, is verified by the full-wave simulation, where
the PCB is finite. Based on the first-order approximation and the
numerical results, an empirical method is developed to predict
the average voltage square and, thus, power of the matched loads.
Compared with the numerical method and full-wave simulation,
the empirical method avoids large computation and can provide
quick results for the designers.

The influences of the trace length, the trace height, the ter-
minal loads, and the relative permittivity of the substrate on the
power absorbed by the loads are studied. The length does not
affect the maximum power. The absorbed power for the matched
case is neither the largest nor the smallest in all the cases. The
absorbed power can be affected by the substrate height greatly.
It is proportional to h2 when the quasi-TEM transmission-line
model is valid. The PCB trace with the substrate of larger
permittivity will absorb less electromagnetic power.

In the future, we will study the power absorbed by the sub-
strate and compare it with that absorbed by the PCB trace.

APPENDIX

According to (1), the square magnitude of voltage V0 can be
written as

|V0|2 =
|1 + ρ0|2

|ej2βL − ρ0ρL|2
[

|ρL|2|S1|2 + ρLe
−jβLS1S

∗
2

+ ρ∗Le
jβLS2

1S2 + |S2|2
]

. (25)
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Then, the mean-square magnitude is given by

〈

|V0|2
〉

=
|1 + ρ0|2

|ej2βL − ρ0ρL|2
[

|ρL|2
〈

|S1|2
〉

+ ρLe
−jβL 〈S1S

∗
2〉

+ ρ∗Le
jβL

〈

S2
1S2

〉

+
〈

|S2|2
〉]

. (26)

Under the low-frequency approximation (8)

〈

|S1,2|2
〉

≈ (k0hLEi)
2

6

(

1 +
εr,eff
ε2r

)

(27)

〈S1S
∗
2〉 ≈ −1

6

(

1− εr,eff
ε2r

)

(k0hLEi)
2e−jβL. (28)

Substituting (27) and (28) into (25) gives (12). Equation (13)
can be obtained in a similar way.

If the PCB trace is matched, the square magnitude of voltage
is given by (15) and (16). Using the first-order approximation
(18), the square magnitude of the voltage can be written as

|V0,L|2 ≈ (k0hLEi)
2[A+B sin2 θ cos2 φ+ C sin θ cosφ

]2

· (sinφ sin γ cos θ + cosφ cos γ +D sin θ cos γ)2

(29)

where

A =

(

1− k20L
2

24
εr,eff

)

(30)

B = −k20L
2

24
(31)

C = ∓
k20L

2√εr,eff

12
(32)

D = ±
√
εr,eff

εr
. (33)

According to the definition of the average (7), the mean-square
magnitude of the voltage is given by

〈

|V0,L|2
〉

= (k0hLEi)
2

[

(

1 +D2
)

(

A2

6
+

3

70
B2

+
1

15
C2 +

2

15
AB

)

+
ACD

3
+

1

5
BCD

]

. (34)

Substituting (30)–(33) into (34) gives (19).
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