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Delayed boundary control of a heat equation
under discrete-time point measurements

Anton Selivanov and Emilia Fridman

Abstract— We consider a reaction-diffusion PDE under con-
tinuously applied boundary control that contains a constant
delay. The point measurements are sampled in time and
transmitted through a network with a time-varying delay. We
construct an observer that predicts the value of the state
allowing to compensate for the constant boundary delay. Using a
time-varying injection gain, we ensure that the estimation error
vanishes exponentially with a desired decay rate if the delays
and sampling intervals are small enough while the number
of sensors is large enough. The stability conditions, obtained
via a Lyapunov-Krasovskii functional, are formulated in terms
of linear matrix inequalities. By applying the backstepping
transformation to the future state estimation, we derive a
boundary controller that guarantees the exponential stability
of the closed-loop system with an arbitrary decay rate smaller
than that of the observer. The results are demonstrated by an
example.

I. INTRODUCTION

Networked control systems (NCSs) are systems with spa-
tially distributed sensors, controllers, and actuators connected
through a shared communication network. NCSs have be-
come widespread due to great advantages they bring, such
as long distance control, reduced system wiring, low cost,
increased system agility, ease of reconfiguration, diagnosis,
and maintenance [1], [2]. The main theoretical challenges
caused by networked architecture are data sampling and
transmission delays, which have been extensively studied for
finite-dimensional systems. In particular, predictors, origi-
nally proposed for continuous-time measurements [3], [4],
have been extended to discrete-time measurements for both
static [5], [6], [7], [8] and dynamic feedback [9], [10], [11].

Another way to compensate for input delay is to use
an observer that predicts the future value of the state.
Such observer is obtained by shifting the plant in time
and adding a correcting term, which is proportional to the
difference between the last available measurement and cor-
respondingly delayed observer output. The stability analysis
consists in proving the observer’s robustness with respect to
measurement delays. This idea can be used to analyse chain
observers [12], [13], [14], [15] and sequential predictors [16],
[17], [18], [19], [20]. In [21] a time-varying injection gain
was introduced in the observer to improve its exponential
convergence under delayed measurements. This result was
revisited in [22] to increase the period of a sampled-data
system.
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A constant input delay can be compensated in a reaction-
diffusion system by representing it as a PDE-PDE cas-
cade [23], which is then analysed using the backstepping
transformation [24], [25]. However, this method is hard
to combine with data sampling. In [26], [27], [28], some
qualitative stability results are provided for sampled-data
infinite-dimensional systems of a general form. The same
problem can be studied using Galerkin’s method (see, e.g.,
[29], [30], [31] and references therein). The general idea is
to approximate the PDE by a finite dimensional system that
captures the dominant dynamics of the PDE. A drawback of
such approach is the inherent loss of process information due
to truncation before the controller design and stability analy-
sis. Thus, it is difficult to guarantee the stability/performance
for the original system.

Some qualitative stability results for state-feedback bound-
ary control in the presence of data sampling have been
recently obtained in [32]. The analysis is based on the Fourier
method and Input-to-State Stability ideas of [33].

Quantitative stability results, formulated in terms of lin-
ear matrix inequalities, were obtained in [34], [35], [36],
[37] using Lyapunov-Krasovskii functionals. These works
concern parabolic systems with sampled measurements and
controls applied through distributed shape functions and
zero-order holds. So far, it is not clear whether such approach
can be extended to state-feedback boundary control with
sampled measurements or delayed input, since such control
is represented by an unbounded operator.

In this paper, we design an observer-based boundary
controller for a reaction-diffusion PDE with sampled mea-
surements and continuous in time input that contains a
constant delay. Inspired by the ideas of sequential predictors
[16], [17], [18], [19], [20], we construct an observer that
estimates the future value of the state using the sampled
measurements. By introducing a time-varying injection gain
[21] and performing the stability analysis in a manner similar
to [34], [37], we show that the observation error exponen-
tially vanishes with any desired decay rate if the delays and
sampling are small enough while the number of sensors is
large enough. Such observer allows to eliminate the constant
input delay. Applying the backstepping transformation [24],
[25] to the predictive state estimation, we obtain a target
system that contains the exponentially vanishing estimation
error in the differential equation. Proving its Input-to-State
Stability with respect to this error, we guarantee the expo-
nential stability of the closed-loop system with an arbitrary
decay rate smaller than that of the observer.
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Fig. 1: System representation

Lemma 1 (Wirtinger inequality [38]): For f€H!(a,b),
b— .
O pia i fa) = F0) o0,

Hm%sﬁﬁﬁlwﬁm if f(@) = 0 or () =0

II. PLANT DESCRIPTION AND OBSERVER CONSTRUCTION

1117 <

We consider the system schematically presented in Fig. 1.
The plant is governed by the reaction-diffusion PDE

zt(2,t) = 2zo (2, t) + az(z,t),
dp2(0,1) + (1 — dy )2, (0,) = 0, 1)
drz(1,t) + (1 —dr)z.(1,t) = u(t — r),

where z: [0,1] x [0,00) — R is a state and u(t — r)
with » > 0 is a delayed boundary control. Each constant
dr,dr € {0,1} sets either the Dirichlet or Neumann
boundary condition. If u(¢t) = 0, the plant is unstable for
a large enough reaction coefficient a.

We assume that N in-domain sensors measure the state at
space points 0 < 7 < 29 < ... < xy < 1 at time instants
0 =59 < s1 <82 <...such that

Sk4+1 — Sk < h, lim s, = oo.

The measurements z(z;, sx) are transmitted through a net-
work with a time-varying delay 7, € [0,7,s] such that the
observer/controller updating times ¢ = sj -+ 75 form a non-
decreasing sequence: ty < tpy1-

We construct an observer that estimates the future value
of the state: 2(x,t) = z(z,t + r),

Z(x, t) Zoe (T, ) + aZ(x,t) + Le™ o ttr—sk) x
S bi(w)[2 (Iz»sk*T)*Z(%Sk)], t € [t tes1),
dr2(0, t) + (1 —dp)2.(0,t) =0,
drz(1,t) + (1 — dg)2.(1,t) = u(t),
2(,t) =0, t<to.

2
The observer (2) is obtained by shifting the plant (1) in time
by r and introducing a correcting term. The time-varying
injection gain Le~®(+7=s%) will allow to guarantee that
the observation error decays with the rate o, [21]. The shape
functions b; € L?(0, 1) are given by

Qi7
bil) = {0’ i 3)

1, =€,

Fig. 2: Partition of [0, 1] for point measurements

where {€;} is a partition of [0, 1] such that! x; € Q; (Fig. 2).
Due to (1), (2), the observation/prediction error Z(x,t) =
Z(z,t —r) — z(x,t) satisfies (if u(t) = 0 for t < to)

Zt = Zpp +QZ, te0,to+r),
2 = Zyw + aZ + Lem =) SN p ()2 (24, 51)
te [tk+T,tk+1 +T), (4)

drz(0,t) + (1 —dp)z,(0,t) = 0,
drz(1,t) + (1 — dg)z.(1,t) = 0,
z(-,0) = —z(-,0).

In a manner similar to the proof of [39, Theorem 7.7], one
can show that (4) has a unique strong solution on [0, c0)
for the initial conditions Z(-,0) € H'(0,1) subject to the
boundary conditions.

Proposition 1: For positive g, o let there exist a scalar
G and positive scalars S;, R;, p; with i = 1,2, such that?

d < 0) a1p2 < 2p1>

with @ = {®;;} being a symmetric matrix composed from

Py = —Rie ™"+ 5] + 2p1 (a + Oéo) + aq
—m?(2p1 — 0412?2)W,

Q1o =1—p1 +pa(a+ ),

D13 = Rie™ 17,

D1y = P16 =p1L,

q)gg = —2p2 + T2R1 + (h + 771\/[)2R27

Boy = Pog = paL,

P33 = —(Rl + S — 52)670117' — Roe™®17M |

B3y = Pys5 = (Ry — Gle™ 7™,

(I)35 — Ge—aﬂ'M’

CI)44 = —2(R2 — G)e

—Q1TM o
)

P55 = —(Ra + Sz)e” 417,
2
_ _ __aipom
Pop = 4 max; [©;]2°

where 7y = h+mnps+7. Then the system (4) is exponentially
stable with the decay rate «,, i.e.,

2¢Ol < Cem™H|Z2(-0) 30, >0 (5)
for some C' > 0. Moreover,
HJ("t)HLZ < Cgeia()t”’z('vo)”?-[la t>0 (6)

for some C, > 0, where

o(z,t) = SN bi(x)2(zi,t), x€[0,1], £>0. (7)

't is reasonable to choose {€2;} that minimizes max; |£2;|
2MATLAB codes for solving the LMIs are available at https://
github.com/AntonSelivanov/CDC17
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Proof: Let ((x

t) = e¥tz(x,t). For t > to +r, (4)

implies
G = Coa + (a+ o)+ LY bi(@)C (it — 7(8),
dL<(07t) + (1 - dL)Cx(07t> = 07
drC(1,t) + (1= dp)Ca(1,1) = 0,
3
where
T(t) =t — 8K, tEIty+rtrr1+7), k€N,

r<7(t)<Tm=r+h+nu.
Consider the Lyapunov-Krasovskii functional
Ve=V1+Va+Vs1 + Vg1 + Vsa + Vkra, 9

where

1
Vlz/ C(x,t) da
0 1
Vompa [ Clat)ds
0 1t
Vor = Sl/ / e~ (2, 5) ds da,
0 t—r
1 0 st
VR1=TRl/// e‘al(t_s)gf(%s)dsdedx,
—r Jt+0
Vg2 = S’z// _al(t_S)Cz(x,s)dsda:,
t—7n

Vie = (h4+num) RQ// / e—calt=s CQ(x s)dsdf dzx.
Tz J 0

t) =((-,0) fort <0
o0). For t > tg + r,

Similarly to [40], we formally set ((,
so that V¢ is defined on® [to + 7 — Tar,

Vi+ a1V —2f0 CCt+a1f0 ¢

Va+ a1 Vo = 2py fo Cszt + aips fo 2

Vsi+a1Ver = Sy f, (2~ S1e‘°‘“"f Gz, t —r)dz,

Vo + a1Vsa = Sze™ a”f Gz tfr) dx
—Spe 1M f C(x,t —

Using Jensen’s inequality [41, Proposition B.8],

T]V[) dz.

Vi + o1 Vi =
1 1t

r2R1/ Ctz(x,t)dac—rRl// e (=9 ¢2(z 5) ds dx
0 0 Jt—r

1

1
<R Gty do-Rie [ (o) =glat-r) da.
0 0

Jensen’s inequality and reciprocally convex approach [42,
Theorem 1] allow to obtain®
Vi 4+ a1 Vga < (h+ 77M )2 Ry fo Gz, t)dr — e~ 1™ x

C(@t—r)—C (@ =7 (1) C(@t—r)—C(a,t—r(t)
Jo [{(m,t—‘r(t))—((x,t—TM)} [G Rz]{C(z,t—‘r(t))—((x,t—TM)}dx'

Instead of replacing (; with the right-hand side of (8), we
employ the descriptor method [43]. Namely, (8) implies
+(a + ao)C(x t)+ LZI ! ( )C(xi,t —7(t))] du,

3This is required for (15) to be meaningful
4Similar calculation is given in [37, (A.1)] in more details

which right-hand side will be added to V. Denote
H(xa t) = C(xlv t) - C(ZL’, t)»

Then the latter can be rewritten as

0=2%1, fo [p1¢(@, ) + paCe(w, D] [~G
+(a+ ao)C(z,t) + Le(z,t — 7(t))

zeQ,iel:N. (10)

(2,t) + Coa(2,1)

+L¢(x, t — 7(t))] du.
(11)
Integrating by parts, we obtain
N
2p1 Zz]\?l le (Cox = —2171 1 1 fQ . (12)
2p2 Zizl fQ7 CtCa:a: = 2])2 fO Ca:tc::v = -
Since a1p2 < 2p;, Lemma 1 implies
0 < (2p1 — aips) max{dr,dp}x
(13)

[fol G (a,t) da — ﬁ fol %(z,1) dx} .
Q;. Since k(x;,t) =0 and Ky = —(g,
4|Q| |:fm7<-2_|_f C2:|

< % fQ ¢z,
(14)

Denote [zF,zF) =

[ i

fszi K? = f f

em

Therefore, for any as > 0,

—ay  sup  Ve(8) < —aVie(t—7(t))

0€[t—7n,t]

N N
—Q2 21’, —T I — QP2 :E(E, —T X
< Z/Qu t—r(t))d p;/é( t—r(t))d
N
—y Yz t—1 T
< Z/Qu t—r(t)d

a2p27r

 4max; [Q]? Z/

Consider the matrix U that coincides with ® except for

Wyy = 72(R2 — G)eialTM — g,

2
__ ___ Go2pom
Vo6 = 4max; [Q;]2"

(t))dx.

Since ¢ < 0 is a strict inequality, ¥ < 0 for large enough
ap < ay. By adding the right-hand sides of (11), (13) to V¢
and using (12), we obtain

Vet Oélxc — Q2 SUPgefr—ry .1 Ve (0)
S Zi:l le T/)T(J% t)‘l“ﬁ(xa t) dx
—(1 —max{dr,dr})(2p1 — a1p2)[|C: (-, 1) |7

Wlth ’(/J(S(},t) = COI{C?C& C(x7t - T)7 C($7t - T(t>)a C(Qj?t -

M), k(x, t — 7(¢))}. Since ¥ < 0 and 2p; > aipo,
Ve(t) < —aqVe(t) + a2 sup  Ve(0), t>to+r
0€[t—Tar,t]

The Halanay inequality [44, Lemma 4.2] implies

Ve(t) < emalt=to=m) sup Ve(8), t>to+m,
0€(to+r—7m to+r]
15)
@TM-

where @ is a unique and positive solution of & =a;3—ase



For t € [0,%p + r), (4) implies (8) with L = 0. Then
calculations similar to the above imply V¢(t) < dV¢(t) for

t € [0,t0 + r) with large enough §. Therefore,
Ve(t) < eV (0) < GtV (0), te [0t + 7).

Moreover, since we set (-, t) = ((-,0) for t <0,

Ve(t) =Ve(0), telto+r—7um,0].
Consequently,
sup  Ve(0) < e”FIVE(0) < Cv[C(0)]3
96[t0+7‘—7’1u,t0+7"]
for some Cy > 0. Recalling that ((z,t) = e*'z(x,t), the
latter and (15) yield
_ 2 —2a,t
1ZC: D130 = eIt DF0 < migipay Ve @)
< G222 ¢(, 0)[[F = C2em 2 2(-, 0) [ 3,

for t > 0 with some C' > 0. This proves (5).
Using the notation (10), b;(x)((z;,t) = bi(x)(¢(z,t) +
k(z,t)) for any x € [0, 1]. Therefore,

2
Jy o* = Jy (S bi@)(wit)) de
2
N
= J (¢la,t) + k(@0 (L, bi@)) do
1 1 a4 max; |2;|?
S 2[0 K/Q +2f0 CQ SQInax{l, 41)2%} ‘/C(t)
< CZe 22, 0)[[Fn = Coe2*|2(-, 0) 13,
for t > 0 with some C, > 0. This proves (6). |
Remark 1: Using the standard arguments for time-delay
systems [44], one can show that the LMIs of Proposition 1
are feasible for any given «, if the delays r, s and sampling
h are small enough while the maximum subdomain size
max; |€;] is small enough.

III. BOUNDARY CONTROLLER SYNTHESIS

A boundary controller for (1) is constructed based on the
estimation Z using the backstepping transformation [24], [25]

w(ot) =2at) [ Kewiwtdy 10
0
where k(x,y) is the solution of
kxx('ray) - kyy(l'7y) = )\k(ﬂf,y),
k(z,z) = -3z, (17)
de(m,O) + (1 — dL>k‘y(.T,0) =0

with some A € R. Such kernel k(x,y) exists for any A and
is bounded (see, e.g., [25, Theorem 2.1]). Let

fo 1,9)2 )dy ifdp =1,
()_k(llé(, +f0 y,t)dy if dg =0
(18)

for t > to and u(t) = 0 for ¢ < to. Then, performing
calculations similar to those in [25, Chapter 2.2], we have

wi(x,t) = Wee (2, t) — (A — a)w(x, t) + v(z,t),

dpw(0,8) + (1 — dy)wa (0, 1) = 0, o
de(l,t)—l—(l—dR)wm(l,t) =0, (19)
’U)(',to) = 0

for t > ty, where

v(x,t) = Le~ @ (tHr=sk) x

[o(z, sk) fo

with o(x,t) defined in (7).
Proposition 2: Under the assumptions of Proposition 1, if

)o(y, s) dy, t € [tk tesr)

max{dr,dp}r?
4 —3drdp + 72’
where o, > 0, then the solutions of the system (19) satisfy

[w(-,t) [z < Ce™minleoecdt|z( 0

A>a.+a— (20)

Mg, t=>to 21

with some C, > 0.
Proof: Consider V,, =

wl - fo
We have
. 1
Vil = 2 [ wwas —

w1 + Vo with
(x,t) du, ngzfolw

2(\ —a) fol w? 42 fol wo.
Since

N
2f0wv<2uf0w +— 11)2

(integration by parts)
(Young’s inequality)

with an arbitrary ¢ > 0, we obtain
. 1 1 1
Vil < =2 [y wi —2A—a—p) [, w2—|—if0 v?
Using integration by parts, we have

2f0 wmwt
—a fo WpgW —

Vw2 = 2f0 wmwﬁt
=-2 fo w 1+ 2(A 2[01 Wz V.

Since

2(/\—a fo wTwa —2(A—a fo
-2 fo Weat < 2f0 w2, +1 fo v? (Young s inequality),

(int. by parts),

we obtain
Viz < —2(\ — a) fol w2 + 4 fol 02
Summing up, for any p > 0
Vi + 20V, < —2(1+4X—a— ozc)||wgg\|%2
1
—20—a-ac - wlwll}, + (F +5) fo v
The condition (20) yields 1 + A — a — a, > 0. Then, using

max{dr,dg}m>

€
—lwellz, < —=saa vl

and (20), for small enough 1 > 0, we obtain
%) fol v?
Since k(x,y) is bounded, there exists C,, > 0 such that
iy 0%z, t) dx < Cpe20 =) |[o (-, 54 )|
(%) CUCge

Vu) S _QQCVw + (i +

_2aotH2(.7 0)”3_{1

Summing up,
1 1

Vo () < —20. Vi (t) + (2u + 2) C,Cre™ %12, 0) |13,



t 2 4 %

Fig. 3: The state z(z,t)

If a. # «,, the comparison principle implies (21) (note that
Vi (to) = 0). If (20) holds for a, = «,, it remains true for
slightly larger o/, > a.. Then (21) holds for &, # «,, what
implies (21) for a.. |

Corollary 1: If the assumptions of Proposition 1 are sat-
isfied, the observer-based boundary controller (2), (17), (18)
with A satisfying (20) makes the system (1) exponentially
stable with the decay rate min{ao,, a.}, ie.,

2, t) I3 < Coem ™iteoed 2 ( 0|3, ¢ >0. (22)

with some C, > 0.

Proof: The transformation (16) has an inverse, which is
bounded in H' norm (see, e.g., [25]). Therefore, there exists
a constant C' such that

2 ~ @b~ — min{a,,a
IZ2C, D)l < Cllw(-, 1) pp < CCpe™ ™2l 12 0) 4

for t > tg. Since z(z,t) = Z(x,t — r) — Z(x,t), the latter
together with (5) imply (22). [ |

Remark 2: One can achieve an arbitrary decay rate in
(22) if the delays and sampling are small enough while
the number of sensors is large enough. This follows from
Remark 1 and solvability of (17) for any X satisfying (20).

IV. EXAMPLE

Consider the plant (1) with ¢ = 10, r = 0.05, dp, = 1,
dr = 0, which is unstable with u(t — r) = 0. Assume
there are N = 10 in-domain sensors transmitting point
measurements with the sampling period & = 0.01 and time-
varying network delay np < mps = 0.01. The conditions
of Proposition 1 are satisfied with L = —10, o, = 0.48,
a1 = 1. Therefore, the observer (2) provides a prediction of
the state that converges with the rate «,. Taking o, = 0.48,
we derive the boundary controller (18) with

Io(v/A(1—y?)

where A = a+a,—7%/(4472)+107° and I, is the Modified
Bessel Function. Corollary 1 guarantees exponential stability
of the plant with the decay rate min{«,, a.} = 0.48.

k(17 1) = _%a

t 2 1 x

Fig. 4: The estimation/prediction Z(z,t)

Fig. 5: ||z(-,t)||z2 (blue solid line) and ||2(-,t — 7)||z2 (red
dashed line)

Fig. 6: The error ||z(-,¢) — 2(-,t — 7)|| 12

The numerical simulations were performed with
z(x,0) = 5sin (%)

and randomly chosen 7, € [0,0.01] such that t < 1.
The results are presented in Figs. 3-6.



[1]

[3]
[4]

[6]

[7]

[8]

[9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

(17]

(18]

[19]

[20]

[21]

[22]

[23]

[24]

REFERENCES

P. J. Antsaklis and J. Baillieul, “Guest Editorial Special Issue on Net-
worked Control Systems,” IEEE Transactions on Automatic Control,
vol. 49, no. 9, pp. 1421-1423, 2004.

J. P. Hespanha, P. Naghshtabrizi, and Y. Xu, “A Survey of Recent
Results in Networked Control Systems,” Proceedings of the IEEE,
vol. 95, no. 1, pp. 138-162, 2007.

0. J. M. Smith, “Closer control of loops with dead time,” Chemistry
Engineering Progress, vol. 53, no. 5, pp. 217-219, 1957.

Z. Artstein, “Linear systems with delayed controls: A reduction,” I[EEE
Transactions on Automatic Control, vol. 27, no. 4, pp. 869-879, 1982.
R. Lozano, P. Castillo, P. Garcia, and A. Dzul, “Robust prediction-
based control for unstable delay systems: Application to the yaw
control of a mini-helicopter,” Automatica, vol. 40, no. 4, pp. 603-612,
2004.

B. Castillo-Toledo, S. Di Gennaro, and G. Sandoval Castro, “Stability
analisys for a class of sampled nonlinear systems with time-delay,” in
49th IEEE Conference on Decision and Control, 2010, pp. 1575-1580.
I. Karafyllis and M. Krstic, “Nonlinear Stabilization Under Sampled
and Delayed Measurements, and With Inputs Subject to Delay and
Zero-Order Hold,” IEEE Transactions on Automatic Control, vol. 57,
no. 5, pp. 1141-1154, 2012.

A. Selivanov and E. Fridman, “Predictor-based networked control
under uncertain transmission delays,” Automatica, vol. 70, pp. 101-
108, 2016.

I. Karafyllis, M. Krstic, T. Ahmed-Ali, and F. Lamnabhi-Lagarrigue,
“Global stabilisation of nonlinear delay systems with a compact
absorbing set,” International Journal of Control, vol. 87, no. 5, pp.
1010-1027, 2014.

I. Karafyllis and M. Krstic, “Sampled-Data Stabilization of Nonlinear
Delay Systems with a Compact Absorbing Set,” SIAM Journal on
Control and Optimization, vol. 54, no. 2, pp. 790-818, 2016.

A. Selivanov and E. Fridman, “Observer-based input-to-state stabi-
lization of networked control systems with large uncertain delays,”
Automatica, vol. 74, pp. 63-70, 2016.

A. Germani, C. Manes, and P. Pepe, “A new approach to state obser-
vation of nonlinear systems with delayed output,” IEEE Transactions
on Automatic Control, vol. 47, no. 1, pp. 96-101, 2002.

P. Muralidhar and K. Subbarao, “State observer for linear systems
with piece-wise constant output delays,” IET Control Theory &
Applications, vol. 3, no. 8, pp. 1017-1022, 2009.

F. Cacace, A. Germani, and C. Manes, “An observer for a class of
nonlinear systems with time varying observation delay,” Systems &
Control Letters, vol. 59, no. 5, pp. 305-312, 2010.

T. Ahmed-Ali, E. Cherrier, and F. Lamnabhi-Lagarrigue, “Cascade
High Gain Predictors for a Class of Nonlinear Systems,” IEEE
Transactions on Automatic Control, vol. 57, no. 1, pp. 224-229, 2012.
G. Besanc, D. Georges, and Z. Benayache, “Asymptotic state predic-
tion for continuous-time systems with delayed input and application
to control,” in European Control Conference, 2007, pp. 1786-1791.
M. Najafi, S. Hosseinnia, F. Sheikholeslam, and M. Karimadini,
“Closed-loop control of dead time systems via sequential sub-
predictors,” International Journal of Control, vol. 86, no. 4, pp. 599—
609, 2013.

T. Ahmed-Ali, I. Karafyllis, and F. Lamnabhi-Lagarrigue, “Global
exponential sampled-data observers for nonlinear systems with delayed
measurements,” Systems & Control Letters, vol. 62, no. 7, pp. 539—
549, 2013.

F. Mazenc and M. Malisoff, “Stabilization of Nonlinear Time-Varying
Systems Through a New Prediction Based Approach,” IEEE Transac-
tions on Automatic Control, vol. 62, no. 6, pp. 2908-2915, 2017.
——, “New Prediction Approach for Stabilizing Time-Varying Sys-
tems under Time-Varying Input Delay,” in Conference on Decision
and Control, 2016, pp. 3178-3182.

F. Cacace, A. Germani, and C. Manes, “Predictor-based control of
linear systems with large and variable measurement delays,” Interna-
tional Journal of Control, vol. 87, no. 4, pp. 704-714, 2014.

T. Ahmed-Ali, E. Fridman, F. Giri, L. Burlion, and F. Lamnabhi-
Lagarrigue, “Using exponential time-varying gains for sampled-data
stabilization and estimation,” Automatica, vol. 67, pp. 244-251, 2016.
M. Kirstic, Delay Compensation for Nonlinear, Adaptive, and PDE
Systems. Boston: Birkhduser Boston, 2009.

M. Krstic and A. Smyshlyaev, Boundary Control of PDEs: A Course
on Backstepping Designs. SIAM, 2008.

[25]

[26]

[27]

(28]

[29]

[30]

[31]

[32]

(33]

[34]

[35]

[36]
(371
[38]

[39]

[40]
[41]

[42]

[43]

[44]

A. Smyshlyaev and M. Krstic, Adaptive Control of Parabolic PDEs.
Princeton University Press, 2010.

H. Logemann, R. Rebarber, and S. Townley, “Stability of infinite-
dimensional sampled-data systems,” Transactions of the American
mathematical society, vol. 355, no. 8, pp. 3301-3328, 2003.

——, “Generalized Sampled-Data Stabilization of Well-Posed Linear
Infinite-Dimensional Systems,” SIAM Journal on Control and Opti-
mization, vol. 44, no. 4, pp. 1345-1369, 2005.

H. Logemann, “Stabilization of well-posed infinite-dimensional sys-
tems by dynamic sampled-data feedback,” SIAM Journal on Control
and Optimization, vol. 51, no. 2, pp. 1203-1231, 2013.

Y. Sun, S. Ghantasala, and N. H. El-Farra, “Networked control of
spatially distributed processes with sensor-controller communication
constraints,” in American Control Conference, 2009, pp. 2489-2494.
S. Ghantasala and N. H. El-Farra, “Active fault-tolerant control of
sampled-data nonlinear distributed parameter systems,” International
Journal of Robust and Nonlinear Control, vol. 22, pp. 24-42, 2012.

Z. Yao and N. H. El-Farra, “Data-Driven Actuator Fault Identification
and Accommodation in Networked Control of Spatially-Distributed
Systems,” in American Control Conference, 2014, pp. 1021-1026.

I. Karafyllis and M. Krstic, “Sampled-data boundary feedback control
of 1-D parabolic PDEs,” arXiv:1701.01955, pp. 1-22, 2017.

——, “ISS With Respect To Boundary Disturbances for 1-D Parabolic
PDEs,” IEEE Transactions on Automatic Control, vol. 61, no. 12, pp.
1-23, 2016.

E. Fridman and A. Blighovsky, “Robust sampled-data control of a
class of semilinear parabolic systems,” Automatica, vol. 48, no. 5, pp.
826-836, 2012.

E. Fridman and N. Bar Am, “Sampled-data distributed H, control of
transport reaction systems,” SIAM Journal on Control and Optimiza-
tion, vol. 51, no. 2, pp. 1500-1527, 2013.

N. Bar Am and E. Fridman, “Network-based H filtering of parabolic
systems,” Automatica, vol. 50, no. 12, pp. 3139-3146, 2014.

A. Selivanov and E. Fridman, “Distributed event-triggered control of
diffusion semilinear PDEs,” Automatica, vol. 68, pp. 344-351, 2016.
G. Hardy, J. Littlewood, and G. Pélya, Inequalities. = Cambridge
University Press, 1952.

J. C. Robinson, Infinite-dimensional dynamical systems: an introduc-
tion to dissipative parabolic PDEs and the theory of global attractors.
Cambridge University Press, 2001.

K. Liu and E. Fridman, “Delay-dependent methods and the first delay
interval,” Systems & Control Letters, vol. 64, pp. 57-63, 2014.

K. Gu, V. L. Kharitonov, and J. Chen, Stability of Time-Delay Systems.
Boston: Birkhiuser, 2003.

P. Park, J. W. Ko, and C. Jeong, “Reciprocally convex approach to
stability of systems with time-varying delays,” Automatica, vol. 47,
no. 1, pp. 235-238, 2011.

E. Fridman, “New Lyapunov—Krasovskii functionals for stability of
linear retarded and neutral type systems,” Systems & Control Letters,
vol. 43, pp. 309-319, 2001.

——, Introduction to Time-Delay Systems: Analysis and Control.
Birkhéduser Basel, 2014.



	Introduction
	Plant description and observer construction
	Boundary controller synthesis
	Example
	References

