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Sampled-datarelay control of diffusion PDEs

Anton Selivanov, Emilia Fridman

School of Electrical Engineering, Tel Aviv University, Israel

Abstract

We consider a vector reaction-advection-diffusion equation on a hypercube. The measurements are weighted averages of the state
over different subdomains. These measurements are asynchronously sampled in time. Subject to matched disturbances, the discrete
control signals are applied through shape functions and zero-order holds. The feature of this work is that we consider generalized relay
control: the control signals take their values in a finite set. This allows for networked control through low capacity communication
channels. First, we derive linear matrix inequalities (LMIs) whose feasibility guarantees the ultimate boundedness with a limit
bound proportional to the sampling period. Then we construct a switching procedure for the controller parameters that ensures
semi-global practical stability: for an arbitrarily large domain of initial conditions the trajectories converge to a set whose size does
not depend on the domain size. For the disturbance-free system this procedure guarantees exponential convergence to the origin.
The results are demonstrated by two examples: 2D catalytic slab and a chemical reactor.

Key words: Distributed parameter systems; Relay control; Networked control systems.

1 Introduction

Networked control systems (NCSs), which are comprised
of spatially distributed sensors, actuators, and controllers
connected via a communication network, have become
widespread due to great advantages they bring: long dis-
tance control, low cost, ease of reconfiguration, reduced
system wiring, etc. [1,2]. Networked control of distributed
parameter systems may be applicable to long distance con-
trol of chemical reactors [3] or air polluted areas [4]. One
of the main challenges in NCSs is a measurement sam-
pling. A variety of methods has been developed to analyse
PDEs in the presence of sampling: the discrete-time ap-
proach [5,6], the time-delay approach [7,8], the modal
decomposition techniques [9,10], which were also used for
sampled-data predictive control with state and control
constraints [11,12]. To reduce the amount of transmit-
ted signals, event-triggered approach has been developed
for PDEs [13,14]. In this work we use the time-delay ap-
proach to develop sampled-data relay control for diffusion
equation, where the control signals take their values in a
finite set. This allows for networked control through low
capacity communication channels.

Relay control is a well known approach in a wide range of
technical domains [15]. It has undeniable advantages: sim-
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ple implementation, control saturation/quantization, finite
time convergence, full compensation of matched distur-
bances. However, the analysis of sampled-data relay con-
trol is not a trivial task even for linear finite-dimensional
systems. In [16] it has been shown that relay control does
not lead to the asymptotic stability of a finite-dimensional
system in the presence of input delay. In this case ultimate
boundedness is achieved with a limit bound proportional
to the time-delay bound. In [17] a convex optimization ap-
proach has been used to study generalized relays for finite-
dimensional systems. In that work sampled measurements
were modeled as input delays and the size of the limit set
was proportional to a sampling period.

In this work we consider sampled-data relay control of semi-
linear diffusion PDEs. We assume that the space domain is
divided into several subdomains. In each subdomain, there
is a sensor, which measures a weighted average of the state
function, and a controller, which influences the dynamics
through a shape function. The control signals are subject
to unknown disturbances, take their values in a finite set,
and remain constant within a sampling period. First, we
derive linear matrix inequalities (LMIs) whose feasibility
guarantees the ultimate boundedness with a limit bound
proportional to the sampling period. Then we construct a
switching procedure for the controller parameters that en-
sures semi-global practical stability: for an arbitrarily large
domain of initial conditions the trajectories converge to a
set whose size does not depend on the domain size. For the
disturbance-free system this procedure guarantees expo-
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nential convergence to the origin. The results are demon-
strated by two examples: 2D catalytic slab and a chemical
reactor. Preliminary results, presented in [18], are gener-
alized here to a vector system with multidimensional do-
main, convection term, reaction term, and asynchronous
sampling.

Notations: Ng = {0}UN, 1: Ny = {1,2,..., Ns}, H}(Q) is
the Sobolev space of absolutely continuous functions with
square integrable first derivatives, div f is the divergence
of a vector field f, Vz(z,t) is the gradient with respect to
z if 2 is scalar and Vz(z,t) = col{Vz!, ..., V2M} if 2z =
(z4,...,2M)T. Given a set S C RY, [(S) is its diameter,
A(S) is its volume, Int{S} is the interior, conv{S} is the
closed convex hull. For a convex polytope P, p € R, we
denote pP = {pv|v € P}. For amatrix P € RN*¥ P >0
denotes that it is symmetric and positive-definite, Apax (P)
is the maximum eigenvalue, ® stands for the Kronecker
product.

Lemma 1 (Exponential Wirtinger inequality [19])
Leta, b, a e R, 0 < W € R"*"™ and f: [a,b] = R™ be an
H' function such that f(a) =0 or f(b) = 0. Then

Sy et fT@W f(t) dt
< e2lolb—a) A=a)® ¢b 20t T () py f (1) d.

Lemma 2 (Wirtinger inequality on hypercube [8])
Let Q = [0,1]" and f € HY(Q) be a scalar function such
that floq = 0. Then

Nr? fQ fA(z)dx < fQ |V f(x)|]? dx.

Lemma 3 (Poincaré inequality on rectangle [20])
Let @ C RY be rectangular with a diameter 1(Q) and
f € HY(Q) be a scalar function such that [, f(x)dx = 0.
Then

Jo (@) do < EE2 [ |V (@) dar
2 Preliminaries and problem formulation
2.1 Lyapunov-based relay control of ODEs

Before proceeding to PDEs, we explain the essential idea
of the Lyapunov-based relay control for ODEs. Consider
the plant

t=Ax+ Bu+w), z€R" uweR
such that (A, B) is stabilizable. Then there exist K € R1X"
and 0 < P € R"*" such that P(A— BK)+(A—BK)TP <
0. For V = %xTPac one has

V =27 P[Az + B(u +w + Kz))
= 2T P[A - BK|z + 2" PB(u +w + Kz).

If one requires |w| < pKy and guarantees |Kz| < (1—p)Kj
for some p € [0,1), then w + Kz € [— Ky, Ky]. Taking

u=—Kysigne! PB=arg min 27 PBu,

vE[—Ko,Ko]

[ o]

Yip Yip Yngp
ZOH m ZOH
Uy Tu» v Uy, y
Network

Controller Controller Controller

Fig. 1. The system representation

one gets
2T PBu < 2T PB(—w — Kz) 1)
for — (w+ Kz) € [- Ko, Ko).

Then V' < 0 for z # 0. To guarantee that |[Kz(t)| < (1 —
p) Ko, note that it follows from

V(z(t)) < |K$|2H(11H—lp)Ko V(z). (2)
The minimum in (2) is positive, since the ellipsoid V' (z) =
with small enough ¢ > 0 lies in the layer |[Kz| < (1
p) K. Since V (z(t)) cannot increase when |Kxz(t)| < (1 —
p) Ko, if (2) holds for ¢ = 0, it remains true for ¢ > 0.
For an arbitrary domain, (2) holds with ¢ = 0 if the relay
controller gain Kj is large enough. This implies the semi-
global stability.

c

Consider now sampled-data relay control with sampling
0=ty <ti1 <ta < ...givenby

u(t) = —Kosignz? (t,,) PB,
For the same V' one has
V = 2"P[A - BK|z + 2" PB(u +w + Kz)
= 2T P[A — BK]x + 27 (t})PB(u + w + Kx)
+ j;tk #T(s)dsPB(u+w + Kx).

te [tkatk+1)~

By a reasoning similar to the above, the term with 27 (¢;) is
nonpositive. If & is bounded, the integral term can be made
arbitrarily small by reducing the maximum sampling, i.e.
maxy{tg+1 —tr }. These allow to obtain ultimate bounded-
ness proportional to the sampling and disturbance bounds.

In this paper we will extend these ideas to sampled-data
relay control of a diffusion PDE.

2.2 Problem formulation

Consider a semilinear parabolic system

z(x,t) = Apz(z,t) + BVa(z,t) + Az(z,t) + f(2,t,2)
N

+ B 55 0j(@)[us(t) +w; (1)), z e, (3)
with the space domain Q = [0,1]V, state 2: Q x
[to,00) — RM_ matched disturbances w;(t), and matri-
ces § € RMXMN 4 ¢ RMxM_ B ¢ RMxL The dif-
fusion term is defined as Apz = (AhLzl, ... AMAMT

)
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Fig. 3. Common sampling intervals

where AL 2™ (z,t) = div(D™(x) V2" (z,t)) with D™ (z) =
(D™ (z)T € CY(Q,RN*N) for m € 1 : M. The space
domain §2 is divided into NN rectangular subdomains €;
(Fig. 1), where the control signals are applied through
shape functions b;(z) € H'(0,1) such that

bj(x) =0,  z¢Q,
bj(z) =1, r € Q, (4)
bj(x) €[0,1], 2 € Q;\Q5

with Q5 being subsets of 2; depicted in Fig. 2.

Each control signal u; is applied through zero-order hold
changing its value at asynchronous sampling instants tg =
850 < 85,1 < 852 < ...such that

Sjp+1 — Sjp < h, limps;, =00, Vp€Np, j€1:N;.

By [tk,trx+1) we denote common sampling time intervals
where all u; are constant (see Fig. 3). We adopt the nota-
tion ¢; 5 = maxpen,{S)p|Sjp < tx}. For instance, in Fig. 3
t10 = t1,1 = t12 = 810, t1,3 = t14 = 51,1 and so on.

Clearly, t]"qu _tj,k S h and [tk, tk+1) = ﬂ;-v:sl[tj’k, tj’k+1).

We assume that the measurements of the system (3), (4)
are given by

Yip = / bj(z)z(z,sjp)dz, j€1l:Ng, peNo.
Q;
Let V = {v1,v2,...,v,} C RE be a set of control values.
Consider the generalized sampled-data relay control

u;(t) = argmin, ¢y, y7  P1 Bv,

(5)
j€1l:Nsg,

t € [S),ps Sjp+1)s p € Ng

with P, € RM*M {6 he defined later. A concrete form of
the set V is not important for our further analysis. For
instance, if V = {—v,v} with 0 < v € R, the minimum
in (5) is delivered by u;(t) = —vsign{(P1B)Ty;,}, which
coincides with the classical relay control.

Remark 1 For the sake of simplicity, we consider the case
of collocated sensors and actuators, i.e. the measurements
yj,p depend on the controller shape functions b;(x). How-
ever, the results can be extended to the non-collocated case
with the measurements y;, = fﬂj bj(x)z(x,sjp)dx pro-

vided ||b;(x) — bj(z)| are small enough.

We consider the system (3) under the Dirichlet boundary
conditions

2(2,t)|ze00 = 0 (6)
and the Neumann boundary conditions
<Zx(xat)aﬁ>|wEaQ = 07 (7)

where 7 is a unit vector normal to the edge.
We adopt the following assumptions:

1) 3d7: 0 < dT < D™(x),Var € [0,1], m e 1: M.
2) conv{V} # 0 and 0 € Int{conv{V}}.
3) Vj €1: Ny,w; € C! and 3p € [0,1) such that

w;(t) € —pconv{V} Vt>ty, jel:N,.

4 f=(Y.. o MTeclandYmel: M, z € RY,
x €Q,tE€ [ty,00),

(2™ = f™ (2, 2))(f" (2,8, 2) — pp=z"™) 2 0
for some pp > p'ly.
5) There exists K € REXM such that the system

zi(x,t) = Apz(x,t)+Az(z,t)+Bu(x,t) ¢t >ty (8)

is stable under the state-feedback control w(z,t) =
—Kz(x,t).

Assumption 1 determines a parabolic system with mini-
mum diffusion rates dj'. Assumption 2 is a standard tech-
nical assumption. Assumption 3 allows to compensate the
disturbances using the relay control u € V. Assumption 4
implies that the nonlinearity f™ belongs to the sector
[, wi]. Assumption 5 guarantees that for a large enough
number of subdomains Ny and small enough sampling h,
the finite-dimensional controller u;(¢t) = —Ky;, (for j €
1: N, t €[sjp,8jp+1)) stabilizes the system [8]. Similarly
to Subsection 2.1, this controller can be replaced by relay
control if the system state is bounded (see Remark 3).

Remark 2 In order to verify Assumption 5, consider
Vi(t) = /QZT(x, t)Piz(z,t) dx (9)

with Py = diag{p},...,p"} > 0. Then (8) implies

Vi = 2/9sz1 [Apz+ (A — BK)z]. (10)

Using Green’s formula and taking into account the boundary
conditions (6) or (7), we obtain:

2 [ 2T PiApz = =25 [ (V2T DV 2™
<=2 [(V2)T(P1Dy ® IN)Vz,



where Dy = diag{d},...,d)} with dJ* from Assump-
tion 1. For the Dirichlet boundary conditions we can use
the Wirtinger inequality (Lemma 2) to obtain

—2 fQ(VZ)T(PlDO ® IN)VZ S —2N7T2 fQ ZTP1Doz.
Therefore, Assumption 5 is satisfied if

Pi[A— BK — uDo] + [A = BK — uDo]" Py <0, (11)
where p = N2 for (6) and pn = 0 for (7). Denoting P, ' =
P, Y = KPy and multiplying (11) by Py from both sides,
we obtain that Assumption 5 is satisfied if there exist Py =
diag{pt,...,p7*} > 0 and Y € REXM sych that

[A — Do) Py + Pi[A — uDo)" + BY +YTBT <0

where p = N7 for (6) and = 0 for (7). The controller
gain is given by K = —YPl_l.

Remark 3 Here we explain how Lyapunov-based relay
control (Subsection 2.1) is extended to PDEs. Consider the
system with continuous-time control

z(x,t) = Apz(x,t) + Az(z,t) + Blu(t) + w(t)] - (12)
subject to boundary conditions (6) or (7). Let the measure-

ments be given by y(t) = [, z(z,t) dx. For Vi from (9), we
have

Vi = 2/zTP1[ADz + (A— BK)Z] —|—2/ 2T P\BK[z — 9
Q Q

42 /Q 2T (2, t) PLBlu(t) + w(t) + Ky(t)] dz.

The first integral term coincides with (10) and is negative if
(11) is true. The second term may be compensated using the
Poincaré inequality (see (A.8) for details). The last term
is equal to 2y* PyBlu + w + Ky]. If —w € pconv{V} and
—Ky € (1—p) conv{V}, then —w— Ky € conv{V}. Taking

u = argmin, ¢y, yTPiBv = argming ccony v} yT P, B,
one obtains
2y” PyBu < 2y" P, B[~w — Ky).

Thus, the last integral term of Vi is nonpositive. In Theo-
rem 1 this idea is extended to sampled-data control through
shape functions on several subdomains.

Remark 4 Our main objective is to achieve ultimate
bound for the trajectories that is proportional to a sampling
period. In this remark we explain what prevents us from ob-
taining such results under point measurements. Consider
the system (12) with point measurements §(t) = z(3,1).
For Vq from (9), we have

Vi = 2/ TP [Apz+ (A — BK)Z]
Q
+2 /Q 77 () Py Blu(t) + w(t) + K=(z,1)] do
+2/ 6T (x,t) P, Blu(t) + w(t) + Kz(x,t)] dr,
Q

where 0(x,t) = z(x,t) — §(t). The first integral term co-
incides with (10) and is negative if (11) is true. If —w —

K [,z € conv{V}, the second term is nonpositive for u =

argmin,y, y* PyBv. The difficulty arises when analysing
the last term due to the presence of u and w. Using the
boundedness of u andw, one can prove only ultimate bound-
edness of the sampling-free system. This eliminates the pos-
sibility of obtaining an ultimate bound proportional to a
sampling period for the sampled-data system. The other
types of functionals, like Vo = fQ 2L Pyz,, seem to be inap-
plicable.

Since w, f € C!, by arguments of [21] we establish the exis-
tence of a unique strong solution of (3)—(5) initialized with
2(+,to) € H(Q) subject to appropriate boundary condi-
tions (6) or (7). Moreover, if z(-,ty) € H? subject to ap-
propriate boundary conditions, then the solution z(-,t) is
of class C! in time as a function with values in H! [22].

Remark 5 For the proof of our main result (Theorem 1),
we need the Lyapunov-Krasovskii functional (A.1) to be
continuous on (tg, txr1). To achieve this, it suffices to guar-
antee that the solution is continuous in H'-norm. This re-
quires to take the shape functions (4) from H*. For smaller
¢ in (4) the stability conditions of Theorem 1 are less re-
strictive. Thus, if the system is stable for e’ > 0, it remains
stable for alle € (0,¢"). For e — 0 the shape functions ap-
S Qj,

proach
L,
bi(@) = {0, z &,

which are not from H'. However, after the stability is proved
foralle € (0,€"), one can prove the stability for e = 0 using
continuous dependence of the solutions on the parameters
(see, e.g., [23, Theorem 3.4.4]).

j€el:Ng,

Our objective is to derive conditions for local practical
stability of the closed-loop system (3)—(5) and to find a
bound on the domain of attraction. Moreover, we construct
a switching procedure that allows to obtain semi-global
results, i.e. practical stability for an arbitrary set of ini-
tial conditions. For disturbance-free systems this procedure
guarantees exponential convergence to the origin.

3 Regional stabilization

For convenience we define

12( )12 /QzT(x,t)Plz(x,t)dx

+h

NE

/pgn(Vzm(:U,t))TDm(x)Vzm(ac,t)da:,
1o

3
I

where P, = diag{pi,...,pM} >0, P3 = diag{p},...,p}} >
0, and 2(-,t) € H(Q). The choice of such norm is moti-
vated by the Lyapunov-Krasovskii functional (A.1). Simi-
larly to [7,8], the terms with p4* appear due to sampling.

Denote by a; € RE i € 1: N, the dual vectors of conv{V}:
conv{V} = {v e RF|[afv < 1,i€1:N,}. (13)



Such vectors always exist (see, e.g., [24, Theorem 1.1]).

The following theorem provides the ultimate boundedness
conditions for the closed-loop system (3)—(5) under (6) or
(7) with an ultimate bound C, proportional to a product
of the sampling period h and max,ecy ||v]|?.

Theorem 1 Consider the system (3), (4) with control laws
(5) and boundary conditions (6) or (7) under Assump-
tions 1-5. For given sampling period h > 0, decay rate
a > 0, and tuning parameter v > 0 let there exist P, =
diag{pd,...,p3}, 0 < W € RM*M [ x I nonnegative
matrices By, Bw, and M X M nonnegative diagonal matrices
Py, Py, Ay, Ay, Ap, where Ap = 0 for the Neumann bound-
ary conditions (7), such that® ® <0, where ® = {®;;} is
a symmetric matriz composed from

&3 =P (A— BK) + (A— BK)T P + 2P, — prpphs
+2Ne(1+v YA, — Na2Ap + h(PA + AT P),
D= (P +hP)B, ®13=P1+hPs+ 3(ur+ ps)Ay,
&, =P, BK, ®15=h(ATP;—P,), ®15=h(P\BK),
B17=B15=hPyB, By =2(ahPs— P, — hPy)Dy® Iy
+Ap @Iy + (1+ )5 (A ® Iy), ®os=h(P3B)7,
Baz=—Aj, By =hPs, Dy = —A,, Pyg=—h(PBK)T,
B = h(e2MW —2P3), g7 =Bss=hP3B, Bos=—TLW,
Gg7=Pes=hP1B, Pr7=—hB,, Pgg=—hBuw,

pr = diag{uy,...,p}'}, pp = diag{ugp,...,ply}, 1 =

max; [(Q;), Do = diag{d}, ..., d}'}. Denote
CO = miniel:Na (alTKPflKTai)_l minj:1:N5 )\(Q]),
Cvoo = %()\max(ﬁu) + pQAmax(ﬂw)) maXyey ‘ U||2~

If

Coo < (1= p)2Cy (14)
then for initial conditions z(-,tg) € HY(Q) subject to ap-
propriate boundary conditions (6) or (7), such that

12C o)} < (1 = p)*Co, (15)
the strong solution of the system satisfies
Iz OIY < llz(to)lFe 207" + O (16)

Proofis given in Appendix A.

Remark 6 For zero values of €, ur, ug, o, I, h, 8 the
condition ® < 0 is reduced to
diag{Pi(A — BK) + (A— BK)' P, — Nn*Ap,
— 2P Dy®In+ Ap ®IN} <0.
The latter inequality coincides with (11) if one takes Ap =
—2P, Dy for (6) or Ap = 0 for (7). Therefore, Assump-
tion 5 guarantees ® < 0 for small enoughe, pur, pp, o, 1, h,

1 MATLAB codes for solving the LMIs are available at
https://github.com/AntonSelivanov/Autl7

B and establishes a relation among the system parameters
(such as sampling h, decay rate o, subdomains’ mazimum
diameter 1, etc.) that preserves the stability.

Remark 7 If the conditions of Theorem 1 are satisfied for
h = 0, they are also satisfied with the same decision vari-
ables for all h € [0, h*], where h* is sufficiently small (this
can be verified using Schur complement formula). Since Cy
does not depend on h and Cs is linear in h, this implies
that by decreasing the sampling period h one ensures expo-
nential convergence of the solutions from the set (15) to an
arbitrarily small vicinity of zero.

Remark 8 If K is unknown, the matriz inequalities of
Theorem 1 are nonlinear. Similarly to [25], they can be lin-
earized by seting Py = o Py, P3 = us P, P = Pfl, multi-
plying @ from both sides by diag{P1 ® In15,lon} and de-
notingY = K P;. The scalars pi2 and ps are tuning param-
eters.

Remark 9 Theorem 1 admits several straight-forward ex-
tensions. First, one may consider the boundary conditions

Z(l‘, t)|zEF1 =0, <Zﬂf(x’ t)7 ﬁ>|$€F2 =0,
where I'y UTy = 0Q. Moreover, for constant diffusion co-

efficients D™ (x) = D™ one may derive the stability condi-
tions with non-diagonal matrices Py, Py, and Ps (see [26]).

4 Semi-global stabilization by switching

The set of control values V has no impact on the feasibil-
ity of & < 0 from Theorem 1. At the same time, V deter-
mines the sizes of the initial set (1 — p?)Cy (through dual
vectors a;) and the limit set C. Using this observation,
we construct a switching procedure that ensures ultimate
boundedness for an arbitrarily large domain with a limit
bound independent of the domain size (Corollary 1). For
disturbance-free systems this procedure guarantees expo-
nential convergence to the origin.

Consider the system (3), (4) with boundary conditions (6)
or (7) under Assumptions 1-5. Let us choose a “zooming”
parameter o} > 0 and switching period T" > 0. Assump-
tion 3 can be rewritten as

w;(t) € —pconv{V} = _aﬁ conv{o;V}.
k

Then the substitute ¥V — o4V (with dual vectors a; —
oglai) in Theorem 1 leads to the following changes

p— L

Coo — 02C, + Co,
Ok

2
Co — UkCO,

where
Cu = %Ama)c(ﬂu) maxyey ||U||27
Cw = %pZ)‘maX(ﬁw) maxyey Hvll2
In particular, the condition (14), which guarantees that the
limit set is larger than the initial set, takes the form

2
02Cy + Cy < (1 - ;;) 02Co = Uy, (17)


https://github.com/AntonSelivanov/Aut17

The condition (15) was imposed to guarantee V(o) < (1—
p)2Co, which in our case can be written as

V(kT) < (o1, — p)*Co = Uy. (18)

If ® <0 and (17), (18) are true then, in a manner similar
to the proof of Theorem 1, one obtains (cf. (A.3))

V(kT+T) < (Uy —02Cy— Cp)e 2T 1 62C, + C,. (19)

Due to (17), this upper bound for V (kT + T) is smaller
than Uy, an upper bound for V' (kT'). Thus, we can reduce
the zooming parameter oy 1 so that Uxy1 = (ox1—p)2Co
satisfies

Ups1 = (U — 02Cy — Cy)e 2T + 620, + C,.

This leads to a switching control

uj(t) = argmin, ¢,y y}:pPng,

(20)
t € [sjp: Sjp+1) N KT, KT +T),
where j € 1: Ng, k,p € Ny and
or = p+/Ur/Co, (21)

Upsr = (Uy — 02C, — Co)e 29T 1 620, + C.

To ensure the stability, it suffices to guarantee (17) and
(18) for k € Ny. Let C, < Cy. Then the parabola o02C,, +
Cw — (0 — p)2Cy = 0 opens down with the largest (real)
root

o\t C o\ C
— _u 2 U _ v ) Zw
7o (1 Oo) (p—i—\/p Co+<1 Co) Co>. 22

Therefore, the relation (17) is satisfied for any o > 0.
By taking o > 04 such that V(tg) < Uy = Co(oo — p)?,
we guarantee (17) and (18) for k = 0. If (17) and (18) hold
for some k € Ny then (19) implies (18) for k4 1. Moreover,
(19) implies that U1 < U, and, consequently, o411 < 0.
Therefore,

(21) 9 9
Uk+1 > Ukcu + Cy > 0k+1Cu + Clw,

which guarantees (17) for k + 1. By induction, (17) and
(18) hold for k € Ny, therefore, V(t) < Uy for t € [kT, kT +
T), with U, and o being monotonically decreasing se-
quences of positive numbers. These sequences converge to
a unique (real) positive root of (21) given by (22) and
Uso = Co(0o — p)?. We have proved the following results.

Corollary 1 Consider the system (3), (4) with boundary
conditions (6) or (7) under Assumptions 1-5. Let ® < 0,
where @ is given in Theorem 1, and C,, < Cy. Then, for an
arbitrary set of initial conditions z(-,ty) € H(Q) subject to
appropriate boundary conditions, the switching controller
(20), (21) with 09 > 0o such that

I2(-,t0) % < (00 — p)*Co = Uy
quarantees
lz( )} < Ur, teRTET+T), k€N (23)

Moreover, o and Ur monotonically decrease to oo, and
UOo = (0’00 — p)200.

Example 1 Example 2
Ok Uk Ok Uk
1 0.1702 1 52.73

0.998 0.1694 | 0.69 24.97

0.996 0.1687 | 0.48 11.87

0.994 0.1680 | 0.33  5.68

w N = O

Table 1
Parameters of switching

=
T
I

[z, IIF

0 1 I . I L L L L
0 0.01 002 003 0.04 0.05 006 007 0.08 0.09 0.1
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Fig. 4. Example 1: Evolution of ||z(-,)||%: (A) on [0,0.1]; (B)
on [0.09,0.1]

Corollary 2 Consider the disturbance-free system (3), (4)
with w;(t) = 0 and boundary conditions (6) or (7) under
Assumptions 1, 2, 4, 5. Let ® < 0, where ® is given in
Theorem 1, and C, < Cy. Then, for an arbitrary set of
initial conditions z(-,tg) € H(Q) subject to appropriate
boundary conditions, the switching controller (20) with

ok = /U /Co,

A(l%)ezaTJrCu

Ups1 = AU, (24)

where

0 Co
and oo > 0 is such that

I2(,t0) I3 < 05Co = U,
guarantees the exponential stability with the decay rate

In A

For the disturbance-free case, switching algorithm (24) is
obtained by substituting p = 0 (consequently, C,, = 0)
n (21). The condition C,, < Cy implies A < 1, therefore,
Uy — 0 and o — 0 when & — oo. That is, the system
is exponentially stable. Since Uy, are upper bounds for the
Lyapunov functional, the exponential decay rate ¢ is found
from the equation A = e~ 207"



5 Examples

Ezxample 1. Consider a 2D extension of the catalytic rod
equation from [27]:

o1 [ o
ot 72y/2 | 022 Ox3

N
+ B0 D B @)l (tix) + wi)], € [th thra)

(25)
under the Dirichlet boundary conditions (6), where z is the
temperature in the reactor, S = 50 is a heat of reaction,
Bu = 2 is a heat transfer coefficient, v = 4 is an activation
energy, and the control v is the temperature of the cooling
medium. For the above values the steady state z(z,t) =0
is unstable.

] — Buz+ Br (e_HLz — e‘"’)

To stabilize the system (25), we use the controllers (5).
The nonlinearity f(z,t,z) = Br(e” = —e~7) satisfies As-
sumption 4 with pur = 6.15 and pup = 0. The conditions of
Theorem 1 are feasible with V = {£+10}, K = 4, N, = 36,
a=24,p=001,e=10"" v =10"",h = 1.4 x 1075.
For such choice of V the dual vectors a1 2 = £0.1 lead to
Co = 0.1736, Csx = 0.1696. The initial conditions were
chosen as

2(2,0) = 2exp (1 — (221 — 1)_21— (222 — 1)2>

if (221 — 1)% + (222 — 1)? < 1 and 0 otherwise. Note that
z(-,0) satisfies (15). The disturbance w;(t) is piecewise lin-
ear function with w;(ty) € —pconv{V} being uniformly
distributed random numbers. The evolution of ||z(-,t)||?
is presented in Fig. 4. As one can see, the state z(-,t) con-
verges to the vicinity of the origin.

Consider the switching controller (20). The values of the
switching parameters (21) for T' = 1 are given in Table 1.
Note that the values of o and Uy are decreasing. This
indicates that the state, which gets smaller and smaller,
requires smaller control effort after every switching time.

Note that by increasing the number of sensors Ng we reduce
| = max; [(€2;) that appears in ®9o of Theorem 1. There-
fore, for larger Ny the LMI @ < 0 remains feasible. This
corresponds to the general intuition, which says “the more
sensors/actuators the better”. On the other hand, larger
N, reduces the bound for initial conditions Cy. Thus, for
large N, the condition CY% < Cjy may no longer hold. In the
considered example, the LMIs are not feasible for IV, < 25
and the condition C¥ < Cj is violated for Ng > 49.

x10

06

01 1 0.8 T

Fig. 5. Example 2: Evolution of zi(-,t)
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Fig. 6. Example 2: Evolution of z(-,t)
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Fig. 7. Example 2: Evolution of ||z(-,#)||3: (A) on [0,0.1]; (B)
on [0.08,0.1]



Ezample 2. Consider the chemical reactor model from [3]

62:1 821 822’1
Le——* +V— — =f*
“at v ox ox? 1)

N
+ij(x)[“j(tj,k) +w;(t)], te€ [th terr),
j=1

822 822 8222

—+V—-D = ,

o Var Pz T
under the Neumann boundary conditions (7), where Le =
100 is the Lewis number, V = 1.1 is convective velocity,
D = 10 is diffusion coefficient. This model accounts for
an activator z;, which undergoes reaction (expressed as
f*(2)), advection and diffusion, and for a fast inhibitor zs,
which may be advected by the flow. The kinetics terms are
given by

[5(2) = z1co8?(21) + 20,  g(2) = —Bz1 — dzy,
where § = 0.45, d = 0.2. The conditions of Theorem 1 are
feasible with V = {£2}, K = [2,0], N, = 4, o = 0.14,
p=001,e=10"", v =105, h = 1073. For such choice
of V the dual vectors a; 2 = +0.5 lead to Cp = 53.8, Cc =
15.9. The results of numerical simulations on [0, 0.1] for

Z(‘T,O) — |:COS(7TI)+1:| % 10—2

3cos(mx)

are presented in Figs. 5-7. As one can see, the state z(-,t)
converges to the vicinity of the origin.

The switching parameters (21) of the controller (20) for
T = 5 are given in Table 1. Similarly to Example 1, the val-
ues of o, and Uy, are decreasing. That is, the state requires
smaller control effort after every switching time.
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A  Proof of Theorem 1

Throughout the proof we assume that the initial condi-
tions are from H2. This guarantees that the solution z(-,t)
is of class C! in time as a function with values in H'. Then
the Lyapunov-Krasovskii functional defined below is con-
tinuous on [tg,tx+1) and V(t) < V(¢ — 0). After be-
ing proved for the initial conditions from %2, Theorem 1
for 2(-,t9) € H! follows from continuous dependence of
the solutions on the initial conditions (see, e.g., [28, Theo-
rem 6.1.2]) and the density of H? in H1.

Consider the functional V = V; + V5 4+ Vi with

Vi :/ 2T (2, t)Py2(x, t) da,
Q

M
Ve=h Y [ BV (0. 0)" D (@) V"0, 0) do
m=1"%
N, t
Vv :hezo‘hZ/ / e 20=3) T (1 )W 2y, 5) ds da

h N t
— Z/ / e~ 22T (2 YW (x, s) ds dz,
j=17% Ytk

k € Ny,

(A1)
where n(z,t) = +[z(2,t) — 2(z,tj,)] for @ € Qj, t €
[tk,tr+1). Here Vi and V4 are chosen as in [8], Vi is an
extension of the Wirtinger-based terms of [29] to the case
of diffusion PDEs. The exponential Wirtinger inequality
(Lemma 1) implies Vyr > 0, therefore, V' > 0.

t€ [ty try1),

We divide the proof into two parts. First, we assume that

K / z(z,t)dx € —(1 — p)conv{V}, Vjel:N;
Q

A(€;5) Jo,
(A.2)
and show that
V(t) < (V(ty) — Coo) e 2200 L O t>15. (A.3)

Then we prove that the solutions of (3)—(5) satisfy (A.2)
for t > tg.

L Proof of (A.3) under the assumption (A.2)

Vi=2], TPlADz+,3Vz+AZ+f]

+23770 o, 27 (@, 8) PLBY; () [u; (t5,6) + wy (1)) da
(A.4)
The key idea is to transform the last term as follows:

2 [o, 2" (2, ) PLBb; (2)[u; () + w;(t)] do

+2 fQj (x,t)PiBK 2(z,t) dx
+2 [ 27 (2, ) PLBK 355 [ 2(y,t) dy da
= -2 fQ (x,t)Py BK 2(x, t) dsc+2fQ (x t)PlBKx
(2(2,t) - 453 fQ yt)dy| de +2 [, =(x, )P Bx
bj(x) |:)\(Q )dy +uj(tn) + w;(t )] da.
(A.5)
Denote
k(z,t) = z(z,t) — )\(Q ) fQ z(y,t)dy, xe€Q;.

Now we derive the inequality
0< -y Jo, KT AR +2Ne(14071) PO Jo, 7 Az
+1+) 5 Jo, (V)T (Ax @ IN)Vz,  (A.6)

which allows to bound k(z,t) and compensate the second
term of (A.5). By Young’s inequality,

fQ dx_fﬂ [

Q)fn y,t

1A(§2(g)c) fQ ] dx
2
fQj[ )\(Q ) fsz )dy] dx
+(1 +v7h fQ (1)\21)(9:5;) UQ ] dz.
(A7)
Since
fQj [Zm(x?t) - ﬁQj) fQj Zm(y7t) dy] dr = 07

the Poincaré inequality (Lemma 3) allows to obtain

(1+v) fﬂj [zm(x,t) — ﬁﬂ,) fﬂj 2™ (y,t) dy]zdx
<(1+v) ZQE&) fQj(Vzm(x,t))TVzm(x,t) dr. (A.8)

By Bernoulli’s inequality,
fQ.\QE de = [1—(1—2e)N] A(€y) < 2NeA(Qy),
J j *
which together with Jensen’s inequality [30] implies
_ 1—by( 2
(1+v 1)fQ (,\2(9) UQ "(y,t) dy]"da

<(14vh) : fQ \os dz A( fQ "(y,1))* dy
< 2N€ 14+v~ fQ 2dy (A.9)

Using the estimates (A.8) and (A.9) in
tain (A.6).

(A.7), we ob-



The last term of (A.5) can be presented in the form
2 fﬂ (x,t)PyBbj(x [A(Q ) fQ t)dy
gty ) +w;(t )] dx
= 2fQj 2T (z,t; ) P1Bb;(x) dw[%gj) fQj z
+u;(tr) + wj(t)] + 2fQj hn™ (z,t) P, B x
[0 () (uj (t.1) +w; (1)) + Kz(x,t) — Kr(x,t)] do

(A.10)
where n(z,t) = +[z(2,t) — 2(z,tj,)] for @ € Qj, t €

[tkytk+1). Due to Assumption 3 and (A.2),

K
wj(t) + )\(QJ)/Q z(y,t)dy € —conv{V}, Vjel:N,.

Then, (5) leads to (cf. (1))

fQ (z,tj 1) P1Bb;(x) dx u;j(t k)

=minyey [, 27 (2,t;1)P1Bb;(z) dzv

= minveconv{:}} fQ 2T(x,t; ) P1Bb;j(z) dzv

<— fQ (@, ) P1Bbj(x )dx[w]()—|—/\(9)fQ dy])
A1l

Therefore, the first term in the right-hand side of (A.10)
is nonp081tlve

t)dy

We use the following descriptor representation of (3) [8]:
0= 2hZ:7 1fQ (z,t) Py + 2 (z,t) P3][— 2 (x, 1)
FApa(r,t) + BV (2, 8) + As(a, ) + [(2,t,2)
+Bb; () (st k) +w;(t)]de, ¢ € [t thtr).
(A12)

Let us transform the terms of (A.4) and (A.12) that in-
volve Apz. Using Green’s formula and taking into account
the boundary conditions (6) or (7), we obtain

2fQ [Py + hP]Apz
= =230 Jolp? + Ry (V)T DY
=2 [o(V2)T([PL + hP2]Dy @ In)V 2,
2h [, 2f PsApz
= 2h M [ (V)T DTV = V.

(A.13)
Furthermore,

Viv = —2aViy + he?eh Z;'stl fQj 2 Wy
w2 N
= >t fQj ntWn. (A1)

By multiplying the inequalities of Assumption 4 by A7 > 0
and summing them up, we obtain

Z‘|

f

(A.15)

—prppAy

S 01 Lo,

ur + pp)Ay

10

For the Dirichlet boundary conditions (6) we use the

Wirtinger inequality (Lemma 2) to obtain
0 < [ (V2)T(Ap ® IN)Vz — N2 Jo 2TApz.  (A.16)

By summing up (A.4), (A.14) with the right-hand sides
of (A.6), (A.12), (A.15), (A.16) and taking into account
(A.5), (A.10), (A.11), (A.13), we obtain

V+2aV - Z] 1fQ hb2 [ T(t5.1) Bus(t r)
+wj ( )5wwj( )] dx < Zj:l fQj 90]‘ x’t)q)@j(mvt) dCC,

where ¢; = col{z,Vz, f, k, 2,1, b (2)u;(tjr), bj(z)w;(t)}.
Therefore, the condition ® < 0 guarantees 1% < —2aV +
2aC, which implies (A.3).
II. Proof of (A.2) fort >t
Due to (13), we need to prove

—al'Kdj <(1—p), i€1:N,,

where d; = ﬁ fQ z. Since for i € 1 : N,

(A.17)

n )d TPid;=(1 - p)*(al KP 'K a;)™!
1—p

due to Assumption 2, it suffices to prove (cf. (2))
dl Pid; < (1 - p)? miin(aiTKP;lKTai)*l.

mln
—alKd,;

)

Jensen’s inequality implies
d?Pldj = )\72 Qj)fﬂj ZTP1 fQj z
< )\_1 QJ)IQ] ZTP12' < m‘ﬁ
Therefore, it suffices to show
Vi(t) < ming; A(Q;)(1 — p)? min,; (e KP; 'K a;) !
=(1—=p)?Cy, t>to. (A.18)
Let (A.18) be false for some ¢t > to. Then

Vilt) < Vi(to) < (1— p)*Co < Va(ty).

Since V] is continuous, there must exist ¢, € (tg,t1) such

that
Vi(t) < (1—=p)*Co, te
Vi(ts) > V(to).
The first relation of (A.19) guarantees (A.3) on [tg,t.],
which implies V'(¢.) < V(¢o). This contradicts the second
relation of (A.19), which implies V' (¢.) > Vi(t.) > V(to).
Thus, (A.18) and, consequently, (A.3) are true on [tg, 00).

[to, £ (A.19)

Remark 10 Note that the error due to sampling n(x,t) =
Hz(2, t) = 2(z, t; 1)) is compensated by the Wirtinger-based
term Viy. Its derivative (A.14) contains he**" [, 2 Wz
that we compensate using the descriptor representation
(A.12). This allows to avoid the terms with Apz that would
arise if one substituted the expression for z;.
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