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Sampled-data [/ filtering of a 2D heat equation
under pointlike measurements

Anton Selivanov and Emilia Fridman

Abstract— The existing sampled-data observers for 2D heat
equations use spatially averaged measurements, i.e., the state
values averaged over subdomains covering the entire space
domain. In this paper, we introduce an observer for a 2D heat
equation that uses pointlike measurements, which are modeled
as the state values averaged over small subsets that do not
cover the space domain. The key result, allowing for an efficient
analysis of such an observer, is a new inequality that bounds
the L-norm of the difference between the state and its point
value by the reciprocally convex combination of the L-norms
of the first and second order space derivatives of the state.
The convergence conditions are formulated in terms of linear
matrix inequalities feasible for large enough observer gain and
number of pointlike sensors. The results are extended to solve
the H., filtering problem under continuous and sampled in
time pointlike measurements.

I. INTRODUCTION

Partial differential equations model tremendous amount
of processes: heat transfer, fluid dynamics, fusion reactions,
wave propagation, etc. Such processes may require feedback
control to remain stable, e.g., chemical reactors [1], oil
drill strings [2], tokamaks [3], and rotating stall in axial
compressors [4]. Here, we construct observers for 2D heat
equations with continuous and sampled in time pointlike
measurements. These observers can be combined with state-
feedback controllers to stabilize 2D reaction-diffusion sys-
tems.

For 1D heat equations, point observers/controllers have
been constructed and analyzed under continuous [5], [6], [7],
[8], [9], [10] and sampled in time [7], [11] measurements.
N-D diffusion equations with averaged measurements (i.e.,
the state values are averaged over subdomains covering the
entire space domain) have been studied in [12], [13], [14].
Constructive analysis of 2D diffusion equations under point-
like measurements and actuators is a challenging problem,
especially in the presence of time-delays and disturbances.
In this paper, we develop a constructive method allowing
to solve the H, filtering problem in the case of a 2D
reaction-diffusion system with continuous and sampled in
time pointlike measurements.

Point measurements are often modeled using Dirac delta
functions. This leads to certain difficulties in the well-
posedness analysis and data sampling becomes hard to study
due to the unboundedness of the corresponding input/output
operators. We use a more convenient approach where point-
like measurements are presented as the average state value
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over a small enough domain subset. This allows to avoid
technical difficulties related to the well-posedness and allows
to study data sampling. Similarly to [15], which studied
1D domains, we use the mean value theorem to present
such measurements as the state point values. Inspired by
[16], we derive an inequality that bounds the Lg-norm of
the difference between the state and its point value by
the reciprocally convex combination of the Ls-norms of
the first and second order space derivatives of the state
(Lemma 5). Combining this inequality with a Lyapunov
functional, we derive the observer convergence conditions
in terms of linear matrix inequalities that are feasible for
a high enough observer gain and large enough number of
sensors (Section II). The results are extended to solve the
H, filtering problem under continuous (Section III) and
sampled in time (Section IV) pointlike measurements.

Notations: || - || is the L?-norm, supp f is the support of
function f, conv(G) is the convex hull.

The following lemmas will be used in the analysis.

Lemma I: Let g; € L?,i=1,...,n. Then

n 2 n 1

E gil| < E —|lg:lI?
‘ : Q;

=1 =1

for any o; > 0 such that ). o; = 1.
Proof. By the convexity of || - ||?

sz 1 ala

2
=3 o Ml

|
Lemma 2 (Wirtinger’s inequality): For f € H'(a,b),

1< 22Dy i p@) =0 or 50 =
1< )Ilf | if f(a) = 0 and f(b) =

Proof. See [17, Chapter 7.7].
Lemma 3 (Exponential Wirtinger’s inequality): If @ € R
and f € H'(a,b) is such that f(a) =0 or f(b) = 0, then

b 4 _ 2 b .
/ €2atf2(t) dt < 2lel—a) (b 2‘1) / e2o¢tf2(t) dt
™ a

a

Proof. See [18, Lemma A.18].

Lemma 4 (Jensen inequality): If p: [a,b] — [0,00) and
f: [a,b] — R are such that the integration concerned is well-
defined, then

i ets dS} < J. o(s)ds [ p(s)

Proof. See [19, Lemma 1].

(s)ds.
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Fig. 1. Subdomains €; and the subset supp ¢; C €;
II. POINTLIKE OBSERVER FOR A 2D HEAT EQUATION
Consider the reaction-diffusion system
Zt (QS, t) =
zlaa =0,

defined on Q = (0,1) x (0,1) C R? with the state z:  x
[0,00) — R, reaction coefficient a, and diffusion term

Apz(z,t) + az(z,t), x€Q,t>0,

(D

zlt=0 = 20

Apz=div(DVz), 0<D=[3 2R (2

Remark 1: Any open parallelogram Q C R? can be
transformed to 2 = (0, 1) x (0, 1) using a nonsingular change
of variable x = A% + b. In this case, D = ADAT.

Remark 2: For simplicity, we consider a linear system.
The results can be extended to Lipschitz and sector-bounded
nonlinearities in a manner similar to [7], [13].

Let ) be divided into IV square subdomains €2; (Fig. 1)
with a sensor placed in each (2; providing the measurements

n(t) = [ @0 de

3)
0 < ¢ € L*(), /‘Q:L i=1,...,N.
Q;
For example,
b fe-aile <5
ci — g2 EL: o0 37 4

with a small ¢ € (0,1/v/N]| model point measurements at
xé € ;. The case of € = 1/\/N was considered in [13].
We study the observer

2i(z,t) = Api(z,t) + a2(zx,t)
+ LY (o) [l — fo, ()26, 1) de]
Zloa =0, Zlt=0=0
®)

with the injection gain L and characteristic functions

1, ze€Q,,

Xi(z) = { 0,z

The estimation error z(z,t) = z(z,t) — 2(90, t) satisfies

fQ C?, g t dg? (7)

i=1,...,N. (6)

Z :AD2+a2—LZiAL1XZ

Zlon =0,  Z|i=o = 0.

Definition 1: A (classical) solution of (7) is a function
z € CY([0,00); L*(Q)) such that z(-,t) € H?(2) N H}(Q)
for ¢ > 0 and Zz satisfies (7).

Since A: D(A) C L*(Q) — L3*(Q), Aw = Apw,
with D(A) = H?(Q) N H}(Q) generates a Co-semigroup
[20, Theorem 7.2.7] and B: L*(Q) — L?*(Q), Bw =

w — LZf\Ll Xi fﬂ c;w, is bounded, the operator A + B
generates a Cp-semigroup [21, Theorem 3.2.1]. By [21,
Theorem 3.1.3], (7) has a unique classical solution for

2 € D(A) = H2(Q) N HL(Q).

By the mean value theorem (this idea comes from [15]),
| ettty = =0,

where z¢(t) € conv(suppc¢;) fort > 0and i =1,...,N.
Denoting

o(x,t) = Lz(z,t) — Lz:Z L xi(@)z(2tt), x€Q,t>0,
3)

we present (7) as
=Apz+(a—L)z+o0, z€Q,t>0, ©

Zloa = 0, Zlt=0 = 20
If ¢ = 0, then the system (9) is stable for a large enough
injection gain L. If Q@ = (0,1), the error ¢ # 0 can
be bounded using Wirtinger’s inequality as |[|o(-,1)]|

2/(N7)||Zz(-,t)||, which was used in [7] to prove the stabil-
ity of (9) for large L and N. We prove the following lemma

to bound the error o in the case of Q = (0,1)2. This lemma
refines [16, Lemma 4.1].
Lemma 5: Let f € H?2((0,1)%;R), £(0, O) = 0. Then
1 /20\*||of | 1 of
AP < —={=) Nzl +=
a1 \ T O Qo \ T 85172
12N\ &f |
— | = 10
+ Qs (71') 0x10x4 (19)

for any positive o1, g, az such that a; + as + ag = 1.
Proof. Since ay € (0,1),

I1f11? = 1£(50) + (f() = FC 0P
_' T IF GO+ I ')* FG 02
L
< 11a2( D2 1 fe O+ & ()7 )£
Since 1‘)‘1& - =1,
”fml( )” L 1||f$1(7) (f$1(70)7f$1(?))”2
< 1Z%IIJ‘:JCII\QﬂlegzIIf:,cl(n 0)— far (-, )II?
Lem.2
<o p P e (2)2 ) f, L |2
Combining these inequalities, we obtain (10). |
Corollary 1: Let f € H?((0,1)%R), £(0,0) =0, n > 0.
Then
2 <n (V1200 a0 (2 ] 25
" = s 81’1 2 s 8332
2 o2f |7
+>\5(7r> 0x10x2 an




Fig. 2. Four rectangles cornered at 2* € supp ¢;

for any A;, Ag, Ag satisfying
diag{A1, de, A} = [111]. (12)

Proof. By the Schur complement, (12) is equivalent to
—1 .
n~tdiag{A1, A2, A3} 14
>
17 ) =0
where 13 = (1,1,1)7,

0< diag{Al,)\g,)\g},
0<1—n1F diag{ A7, A0 A3 1, = 1-9 300 AL
Thus, for

which is equivalent to

Oél = i OCQ = l a3 = 1

A Ay’ A3’
we have oy + ag + a3 < 1. Clearly, Lemma 5 remains true
for a1 + ag + a3 < 1 implying (11). |

Each rectangle cornered at ! € supp¢; and lying in Q;
(see Fig. 2) has sides smaller than

[ = max max |w — d|eo- 13
i=1,...N wed; | oo (13)
desupp ¢;

Applying Corollary 1 to o defined in (8) on each of such
rectangles and summing over them, we obtain

IIUII2 207 e
< —
0< —npy+ A | = || Za, |

2l 21
o (2) ol 50 (2) Bl 0

with n > 0, A1, A2, Az satisfying (12). The positive terms
in (14) can be made arbitrarily small by reducing [, i.e., by
increasing the number of sensors V.

Theorem 1: Consider the system (1) with the measure-
ments (3). For a given injection gain L and decay rate o > 0,
let there exist'

P=[%1>0, >0, \>0, i=1...,6,
such that (12) is true, ® < 0, and &y < 0, where

®; O 1
=% P -p |,
* x*  —n/L?
(1)11 = 2((1 — L + a) — ()\5 + )\6)71'27
_ 0 0 A
Boy = —pd" —dp” + | 0 As(2t/m) =20, 0 |,
A4 0o 0
by = 2D 40— Lra)P+ O [y L]+ [ 0]

IMATLAB codes for solving the LMIs are available at
https://github.com/AntonSelivanov/CDC18

with [ defined in (13), p = (p1,2p2,p3)T, and d =
(dy,2dg,d3)T. Then the state of the observer (5) exponen-
tially converges to the state of the system (1) in the Hg-norm
for any initial conditions zo € H?(Q) N H}(Q):
30> 00 lz(1) = 20, )| gy < Ce™ |20l .-
Proof. Differentiating Vy = ||z||? along (9), we obtain
Vo =2[,2Z%=2,Z

Since Z|ga = 0, by the divergence theorem,

[Apz+ (a—L)z+0].

2fQ ZApzZ = 2szdlv (DVz) = -2 fQ (Vz)'DVz.

Therefore,

Vo +2aVy = -2 [,(V2)TDVz

+2(a—L+a) [ 22 +2[,z0. (15)

If 0 = 0, (15) is nonpositive for a large L implying the
exponential stability of (9) in L2. To compensate o # 0, we
will use (14) that contains ||Z;,,||?. For zZ € C§° integration
by parts yields

= —2)\4/ Zyizs +2)\4/ 21 @1 Zaomws-
Q Q

Since C§° is dense in H? N Hg, the latter holds for z €
H? N Hi. To compensate Z,,,, and Z,.,, we consider

(16)

Vi= fQ(VZ(x,t))TPVE(x,t) dx. 17

Since z|pa = 0, by the divergence theorem,

Vi=2 / (V2)TPVz = -2 / div (PVZ) %
Q Q

Substituting z;, we obtain

Vi +2aV; = =2 [, div (PVz) div (DVz)
+2(a—L+a) [(V2)TPVZ -2 [,div(PVz)o, (18)

where we used the divergence theorem to obtain the second
summand. Wirtinger’s inequality (Lemma 2) implies

Summing up (14)—(19), for V = Vo + V1 we obtain

o] Vz (19

V+2aV§/

oI oy + / (Ve)logvz <0,
Q Q

where © = (Z, Zz,0,» Zayay > Zaoazs, 0) - Thus, V < —2aV
implying the exponential stability of (9) in the Hg-norm. B

Remark 3 (Feasibility of LMIs): The LMIs of Theorem 1
are always feasible for a large enough injection gain L and
small enough [ defined in (13). Indeed, D > 0 implies d;d3—
d%/v > 0 for a large enough v < 1. Since

2[_ga, 4] < 2diag{vd?, d3/v},

2 [—dgdg 7d§d3] < 2diag{d;/v,vd3},
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for | =0, py =ds, p2 =0, ps =dy, and)\4:d%+d§,

—2(dyds— ) 0 0
(I)QQS 0 —2(1—1/))\4 0 <0.
2
0 0 ~2(dydz— %)

Therefore, & < 0 for large enough L and 7. Clearly, v < 0
for a large enough L and (12) holds for large enough A1, Ao,
and \3. Thus, the LMIs of Theorem 1 are feasible for [ = 0.
By continuity, they remain so for a small enough .

Corollary 2: The observer (5) provides exponentially con-
verging state estimate of the system (1), (3) if the injection
gain L is large enough and [ defined in (13) is small enough
(i.e., the number of sensors N is large enough).

Remark 4 (Boundary conditions): The results can be ex-
tended to (1) with the boundary conditions

Z|FD:07 %‘FNZO, oN=I'puUl'y, I'pNI'y=g,
where n denotes the normal to I'r. All the calculations of
Theorem 1 remain valid except for (19), which according to

the Wirtinger inequality (Lemma 2) should be replaced by

0 S —>\5617T2 fQ 52 + >\5 fQ 232:17
0< 7)\60271'2 fQ Z2 + A6 fQ 2%2,

where
1, if 2(0,z2) = 2(1,z2) = 0, Voo € (0,1)
ca=1% 1, ifz(0,x2) =0or z(1,33) =0, Vaz € (0,1)
0, otherwise,
1, if z(z1,0) = z(x1,0) =0, Yz, € (0,1)
ca=1. %, if z(z1,0) =0 or z(x1,0) =0, Vay € (0,1)
0, otherwise.

Remark 5 (3D domains): 1f Q = (0,1)3, an upper bound
for ¢ similar to (14) can be derived. This bound will involve
the 3rd order space derivative, which we do not know how to
compensate. Thus, it is not clear how to extend the proposed
method to 3D domains.

III. H,, FILTERING OF A 2D HEAT EQUATION
Consider the reaction-diffusion system

zi(x,t) = Apz(x,t) + az(z, t) + w(z, t),
zloa =0,

t>0,ze)
zlt=0 = 20
(20

defined on Q = (0,1) x (0,1) C R? with the state 2: { x
[0,00) — R, diffusion term (2), reaction coefficient a, and
disturbance w € L?(0, 00; L?(12)).

Similarly to the previous section, the domain 2 is divided
into N square subdomains 2; (Fig. 1) with a sensor placed
in each (2; providing the measurements

yilt) = / ci(€)2(€, ) de + vi(t),
& @21
OSCiELZ(Qi), / =1 1=1,...,N,
Q;

where v; € L%(0,00) is the measurement noise.

Consider the observer (5). The estimation error z(z,t) =

z(z,t) — 2(x,t) satisfies (cf. (7))
Zi=Apz+az— LYY, xi(z)z(xt t) +w — v, 22)
2|8Q = 0) EltIO = 20,

where
ofe,t) = LY xi(@)vi(t).

We assume that w and v are such that (22) is well-
posed. E.g., if w,v € C1([0,00), L?), the system (22) has a
unique classical solution for any 2o € H2(2) N HL(Q) [21,
Theorem 3.1.3].

We say that (22) has an L2-gain not greater than ~, if

|t de<? [ lutol + o o)) di
0 0 23)
for 2o = 0 and any w,v € L*(0, 00; L(Q)).
Theorem 2: Consider the system (20) with the measure-
ments (21). For a given injection gain L and decay rate
a > 0, let there exist?

P=[0121>0, 07,72 >0, \>0, i=1...,6,
such that (12) is true, ¥ < 0, and &y < 0, where

B 1 1
¢ -p P
U= 0 0 ,
* % % | —vy 0

—v2
® coincides with ® from Theorem 1 except for
P11 =2(a—L+a)— (As+ Xg)m + 71,

P = (p1,2p2,p3)T, and ®y is given in Theorem 1. Then

(22) has an L?-gain not greater than v = /72 /71.
Proof. Using (8), we present (22) as (cf. (9))

Zi=Apz+(a—L)z+o+w—v, z€Q,t>0,

_ 24
Z|8Q = 07 ( )

5|t:0 = 2p.
Differentiating Vi = ||Z||? and V; defined in (17) along (24)
and using the divergence theorem, we obtain (cf. (15), (18))
Vo +2aVy = =2 [,(V2)TDVz +2(a — L + a) [, 72
+2 [ 20 +2 [, zZlw—v], (25

Vi +2aV; = =2 [, div (PVz) div (DVz)
+2(a—L+a) [(V2)I'PVZ -2 [,div(PVZ)o
-2 [, div (PVZ) [w—v]. (26)

Summing up (14), (16), (19), (25), and (26), for V = Vy+ 1}
we obtain

V20V + 26,0117 =2 [lwl O + [lo( 6)]1]
< fo Ty + [(V2) T ey VZ <0, (27)
where ¢ = (272I1E172I1I27212I2)0—7w? 7U)T~ Integrating

(27) from 0 to oo with z(-,0) = 0, we obtain (23) with

¥ =Y/ |

2MATLAB codes for solving the LMIs are available at
https://github.com/AntonSelivanov/CDC18
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IV. SAMPLED-DATA H, FILTERING

Consider the reaction-diffusion system (20). Let the do-
main 2 be divided into N square subdomains €2; (Fig. 1)
with a sensor placed in each §2; providing the sampled in
time measurements (cf. (21))

Yix = / e (€)2(6, 1) dE + v,
o (28)
OSCZ'GLOO(QZ'), / Ciil, iil,...,N,
Q;

where wv; ) is the measurement noise and the sampling
instants ¢ with k& € N satisfy

O=t1 <ty <---, limty = oo, tk+1—tk§h.

We study the sampled-data observer (cf. (5))

ét(xﬂf) = ADQ(Iat) + aé(x,t) + LZf\;l X%’(I)X
|:yi,k_fQi Cl(&)é(gvtk) d§:| ) te [tkatk+1)u ke N»
Zloa =0, Z|t=0 =0

(29)
with the injection gain L and characteristic functions y;

defined in (6). The estimation error Z(x,t) = z(x,t)—2(z, t)
satisfies (cf. (7), (22))
=Apz+az— LY\ xi(@) fo, ci()Z(E tr) dE
+w — v, tE [tk,tk+1),
Zloa =0,  Zl=0 = 20,
(30)

where v(x,t) = LZzN:l Xi(x)vi g for t € [tg,tky1). The
existence of a unique classical solution of (30) for zy; €
H?2(2) N H () can be established using the step method.

Theorem 3: Consider the system (20) with the measure-
ments (28). For a given injection gain L, decay rate o > 0,
and maximum sampling period A, let there exist®

P=[0021>0, n,71,72,v >0, i >0, i=1,...,6,
such that (12) is true and T < 0, &y < 0, where

1 vh(a—1L) ]
—p vhd
v 0 vh
T = 0 vh ,
0 vh
¥ k% x k| —U vh
¥k ko ok k| ok Y77

- 7T2Nl/€72ah
T77 = TIL? max; ||¢; oo’
U is given in Theorem 2, p = (p1,2po,p3)’, d =
(dy,2dy,d3)”, and @y is given in Theorem 1. Then (30)

has an L?-gain less or equal than v = \/y2/71.
Proof. By the mean value theorem, for ¢ € [ty, tk+1)

LT xil@) Jo, ci(©)2(€ te) €
= LZZ 1)@ fQ ci(€)z(&,t) d€ — k(x,t)
=LY% xi(@)2(ai(t), 1) — k(1)
= Lz(z,t) — o(x,1) — K(z, 1)

3MATLAB codes for solving the LMIs are available at
https://github.com/AntonSelivanov/CDC18

with 2(t) € conv(supp¢;), o(z,t) defined in (8), and

) fQi ci(f) [2(57 t) - 2(67 tk)} df,

x € Q, te [tk,tk+1).

K(w,t) = LYY yi(e

Then the error system (30) takes the form (cf. (24))

Zi=Apz+(a—L)Z4+o+Kx+w—nv

_ _ 31
Zloa =0,  Z|t=0 = 20 D

Let V =V, + Vi + V,, with Vi = ||z||2, V1 from (17), and

V. = 4uh 2ochf e~2et=9) [ k2 (2, s)dzds
B Vft 72a(t s) fQ ,{2(;3 s)dxds, tE€ [ti,tpt1).

Due to Lemma 3, V,; > 0. Moreover, V,; does not grow at
the jumps t, since Vi (t;) = 0. Differentiating V" along (31),
we have (cf. (25), (26))

Vo +2aVy = =2 [,(V2)TDVz +2(a — L + a) [, 72

+2[,20+2 [, 25 +2 [ Zlw —v], (32)

Vi 4 2aV; = =2 [, div (PVz) div (DVz)
+2(a—L+a) [,(V2)TPVz -2 [,div(PVz)o

—2 [, div (PVZ) K — 2 [, div (PVZ) [w — 0], (33)
Ve +2aV, = 4%—2262"”‘ Jo ki (@, t) de — v [, K*(x,t) da.
(34)

The positive term in (34) can be bounded as
Jo ki (,t) da

= fQ (LZ?]—l Xi(z fQ ci(§)z (&t )df)zdx

= L2 fQ 1X1 (fQ 01 Zf 6 t) d{)
Lem.4
< L fQ Zizl Xi(w fQ ci(§)Z2(&,t) d€ dw
N
< L*max; [|¢] oo fQ 1 xi(z fﬂi Z2(&,t) de dx

A3
Summing up (14), (16), (19), (32)-(34), we obtain

2
max; [|cil oo 57

V420V + 7| 2(, )12 = 2 [llw(- 012 + o, 1)]12]
< Jq UTTv+fQ (Vz Trvaz
+ 4”h WhZ e20h max; | cil oo L L fQ (x,t) du,
where U = (2, Zuy 15 Zay 2y Zagay, 0 W, —v, k)T and Y is

obtained from T by eliminating the last block-column and
block-row. Substituting (31) for z; and using the Schur
complement, we obtain that T < 0 and ¢y < 0 guarantee

1 =72 [[lw(, ] <0

Integrating it from 0 to oo with Z(-,0) = 0, we obtain (23)

with v = /72 /71. |

V +2aV +mllz(, 12 + [lv (-,
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Fig. 3. Performance index J(T') on [0, 3] for continuous-time measure-

ments (21) With v = 2.4 (solid line) and sampled-data measurements (28)
with h = 1073 and v = 4.6 (dashed line).

V. EXAMPLE

Consider the system (20) with D = diag{1,0.8} and a =
272, Let the domain 2 = (0,1)? be divided into N = 36
squares of side length 1/v/N = 1/6. Let the measurements
be given by (21) with ¢; defined in (4), where xé are the
centers of ; and € = 0.05. Then I = 1/(2v/N) +¢/2 ~ 0.1
according to (13). The LMIs of Theorem 2 are feasible for
L =5, v =24, a = 0.01. Thus, the observer (5) provides
H filtering of the system (20) with the L2-gain not greater
than v = 2.4. Fig. 3 shows the evolution of

T

J(T) = /O 26017 = P llw(, O = A2 llv (-, 1)]17] d
for 20 = 0, w(xz,t) = e tsin(mx)sin(my), v;(t) = et
It remains negative implying that (23) is satisfied. For this
choice of w and v; the smallest L2-gain obtained from the
numerical simulations is v = 1.2.

The LMIs of Theorem 3 are feasible for v = 4.6 and
h = 1073 (other parameters are the same). Therefore, the
sampled-data observer (29) provides H,, filtering of the
system (20) with the L2-gain not greater than v = 4.6.

VI. CONCLUSIONS

Design of sampled-data observers for 2D parabolic sys-
tems with point measurements was an open problem [13].
This paper suggested a solution to this problem for linear 2D
reaction-diffusion systems with the pointlike measurements
modeled as the state values averaged over small subdomains.
The solution is based on a novel bound on the Lo-norm
of the difference between the state and its point value in
terms of a reciprocally convex combination of the Ls-norms
of the first and second order state derivatives. The results
can be extended to semilinear systems as considered in [13].
Extension of the results to the controller design is a topic of
the future research.
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