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Variational symmetries and Lagrangian multiforms

Duncan Sleigh, Frank Nijhoff and Vincent Caudrelier
School of Mathematics, University of Leeds

October 28, 2019

Abstract

By considering the closure property of a Lagrangian multiform as a conservation law, we use Noether’s
theorem to show that every variational symmetry of a Lagrangian leads to a Lagrangian multiform. In
doing so, we provide a systematic method for constructing Lagrangian multiforms for which the closure
property and the multiform Euler-Lagrange (EL) both hold. We present three examples, including the
first known example of a Lagrangian 3-form: a multiform for the Kadomtsev-Petviashvili equation. We
also present a new proof of the multiform EL equations for a Lagrangian k-form for arbitrary k.

1 Introduction

When considering integrable systems, a key weakness of the conventional Lagrangian description is that
it does not capture multidimensional consistency - the fact that the equations of motion can be seen
as members of a hierarchy of compatible equations which can be simultaneously imposed on the same
dependent variables. A classical Lagrangian functional will only provide one single equation of the motion
per component of the system, with no clear connection to the other equations of the hierarchy. This
weakness was overcome in the paper [1] where it was proposed to extend the scalar Lagrangian

ZL(z,u™)dzy A Adag, (1.1)
a volume form on a k-dimensional base manifold, to a differential k-form

L= Z Df(““)(x,u(")) dI‘il /\.../\dl‘ik. (12)
1<in <. <ixg <N

on a N dimensional base manifold with k < N'. We use the notation u(™ to represent u and its derivatives
up to the nt” order. This led to the introduction of a new notion of a Lagrangian multiform, where the
multidimensional consistency manifests itself by the action

Slus o] = / L(z, u™) (1.3)

having a critical point u, such that u is simultaneously a critical point for every choice of the surface of
integration o, and also that the action S is invariant with respect to interior deformations of the surface
of integration. The first of these conditions is equivalent to the requirement that ddL = 0 and defines the
equations of motion known as the multiform Euler-Lagrange equations?. The second of these conditions
gives us the closure relation that, on the equations of motion, dL = 0 (this follows from Stokes’ theorem).
We shall call a differential form L of the type given in (1.2) a Lagrangian multiform if dL = 0 on the
equations defined by ddL = 0. If the solution u defined by ddL = 0 is the zero function, or dL = 0 for any
u we consider our multiform to be trivial.

The full form of the multiform Euler-Lagrange equations for a Lagrangian k-form is given in Appendix
A. These equations require that the usual EL equations hold for each coefficient Z{; . ;) of the multiform
as well as additional relations between the different coefficients.

!Note that in principle we are often working in an arbitrary number of dimensions, determined by the number of flows of a
given integrable hierarchy that we include in our multiform.
2See (A.11) for an explanation of this notation.



Remark 1.1. We shall often use the notation £ ;. ;) to represent the coefficient of dx; A... A dx; in a
Lagrangian multiform L (e.g. Z(123) would be the coefficient of dxy A dwy A dx3). We need only define
the Z ;.. j) in the case where i < ... <j. We then define the £ ;. ;) for other permutations of indices by
the convention that they are anti-symmetric. There are examples of Lagrangian multiforms, such as those
given in [1], [2] and [3], where there is a natural covariance and anti-symmetry built into the structure
such that it is automatic that Z;5y = —Zji). In the case where we are considering an N — 1 form
on an N dimensional base manifold, we shall also use the notation £ to represent the coefficient of
drip1 A...ANdey Adry Ao Adri_q, i.e. where the dx;’s appear in cyclic order and dx; is removed.

A major difficulty in studying Lagrangian multiforms (particularly when working with Lagrangians that
are not naturally covariant) is the construction of the components .Z;_ ;y, even for known integrable
classical field theories. This problem has attracted attention previously, e.g. in [4]. In this paper, we
introduce a new method to answer this problem based on the use of variational symmetries and Noether’s
theorem [5]. We note that the connection between Noether’s theorem and Lagrangian multiforms was
first explored in [6], and extended in [7] where a systematic method of constructing Lagrangian 1-forms
from variational symmetries was given for systems in classical mechanics. In this paper, we deal with field
theories in 1+ 1 and, for the first time 2+ 1 dimensions. Because we require that dL = 0 on the equations
of motion, we are able to consider this as a conservation law and use Noether’s theorem [5] to relate this
to variational symmetries of the components .%{; . ;) of our multiform. This provides us with a systematic
means of constructing Lagrangian multiforms (of any order). In Section 2 we give a brief overview of
variational symmetries, and Noether’s theorem. In Section 3, we present our new results along with three
examples, including a multiform for the first two flows of the K-P hierarchy - the first ever example of
a continuous 2 + 1 dimensional Lagrangian multiform. In Appendix A, we provide a new proof of the
multiform Euler-Lagrange equations for a Lagrangian k-form, which were first derived in [8].

2 Variational symmetries and Noether’s theorem
In this section, we shall make use of a version of Noether’s (first) theorem as presented in [9], where
proofs of all statements in this section can be found. We consider systems with p independent variables

x = (21,...,%p) and ¢ dependent variables u = (ul,...,u?)T. In the rest of this paper, we will often use
u to denote the collection of fields u!, ..., u? or the vector (u!,... ,u?)7.

2.1 Generalized and evolutionary vector fields

‘We consider vector fields of the form

SN d
V:;fiaimi—‘raz::l(ﬁa% (21)

We say that v is a geometric vector field if the & and ¢, depend only on x and u. If the & and ¢,
depend also on derivatives of u, we say that v is a generalized vector field. If all of the &; are zero, i.e.

vo-Y Qul=q L (22)
Q_Q:I “our T T du’ '
we call v an evolutionary vector field with characteristic Q(z, u(™) = (Qq(z,u™),..., Q,(z,u™))T,

where Q(x,u(™) is taken to mean that @ may depend on z, u and derivatives of u. The prolongation of
an evolutionary vector field v takes the form

prvg = ;DJ Qaai?; (2.3)
where we have used the multi-index notation where J is the ordered set (ji,...,7,) and
- : 0 0
D, := H(Dzi)ﬁ , D, = 5 ;“?1873 . (2.4)

We shall write Ji" to denote (j1,...,75:+7,...,Jp), J\K" to denote (j1,...,5k—7,...,jp) and |J| to denote
the sum ji + ...+ jp.

Every vector field v in the form of (2.1) has an associated evolutionary representative v where



p
Qo = o — Y _&us, (2.5)
i=1

2.2 Variational symmetries

The vector field v is a variational symmetry of a Lagrangian .Z (z, u(™)dz; A ... A dz; if and only if

prv(¥)+ ZDivé =DivB (2.6)

for some B(z,u™) = (By(x,u™),..., By(x,u™))T. For an evolutionary vector v¢, this simplifies to
prvg(%) = Div B (2.7)
for some B(z,u™) = (By(z,u™),..., By(z,u™))T. A generalized vector field v is a variational sym-

metry of . if and only if its evolutionary representative v¢ is.

Finding the variational symmetries of a given Lagrangian is a non-trivial exercise. Methods for doing so
are covered in [9], [10], [11] and [12]. In our approach, we assume that such a variational symmetry is
given (by applying one of those methods for instance) and we use it as our starting point to construct a
Lagrangian multiform.

2.3 Noether’s theorem

In order to introduce Noether’s theorem, we will require the Euler operater E. We define the Euler

operator E to be the g-component vector operator whose a'" component is E, given by
E, = Z(_l)\ﬂ D, o (2.8)
oug

J

The sum is over all multi-indices J = (j1,...,jp). For a Lagrangian %, E(.Z) = 0 gives the standard
Euler Lagrange equations for .Z. For example, in the case where p = 2, ¢ = 1 and £ contains terms up
to the 2" jet,

0L 0L 0L 9
=2 p, >~ _p, D

8’LL ! auml 2 8’“12 + b auxlxl
We say that the equations of motion given by E(.%) = 0 are of maximal rank if the ¢ x (p + q(p Z"))
Jacobian matrix

0% D, D, 0.7 D2 0%
Oy, 2y 2 gy,

E(Z)

(2.9)

OE;(Z) 8Ez—($)> (2.10)

Je(e) =
B(#) < oz = Oug
is of rank ¢ (i.e. of maximal rank) on the equations of motion given by E(.Z) = 0.

Theorem 2.1. [Noether| Let vg be an evolutionary vector field with characteristic Q and £ a La-
grangian density, such that E(¥) is of mazimal rank. Then,

prog(Z) = Div B(z,u™) for some B <= Q- -E(Z)=DivP for some P(x,u™). (2.11)

a
where QQ - E = ZQQEQ.

a=1
The right hand side of (2.11) is the characteristic form of a conservation law. Since setting E(.Z) = 0
defines the equations of motion, this tells us that Div P = 0 on the equations of motion - the usual form
of a conservation law.

3 Variational symmetries as Lagrangian multiforms

In this section, we shall take the well known results of the previous section, and apply them in the context
of Lagrangian multiforms. We consider the Lagrangian density . on a manifold with p independent,
and ¢ dependent variables from the previous section. In order to be able to apply Noether’s theorem,
we require that the corresponding EL equations E(.Z) = 0 are of maximal rank. If we introduce a new

. . . 0
independent variable x,1, independent of x1,...,z,, and the vector field w = u,, ., - 7 then
u



prw(%)=D Z (3.1)

Tp+1 '
Also, by reversing the integration by parts that was used to get from .Z to E(.Z) it follows that

Ug, . - B(ZL) =D,,,, £ +DivA (3.2)

Tp+1

for some A, where the x,4+1 component of A is zero. If ) is the characteristic of a variational symmetry
of Z then Noether’s theorem tells us that

Q-E(Z) =DivP (3.3)
for some P. Adding (3.2) and (3.3) gives us that

(Uz,., + Q) -E(Z) =Div P (3.4)

where P = A+ P so the Zp41 component of P is .. We use this idea to construct Lagrangian multiforms
as follows.

Theorem 3.1. Let Q(amu(”)) be the characteristic of a variational symmetry of the Lagrangian density
ZL(x,u™) such that £ and Q have no dependence on ZTpt1 or derivatives of u with respect to xpy1. If

Q =g, , +Q then
Q-E(¥)=DivP (3.5)

for some P = (Py,...P,, Pyi1)T, and the p-form L such that

p+1
L=>> ZLudripa A Adappr Aday A Adzi_y with L) = (—1)PP; (3.6)
=1

is a Lagrangian multiform. The p + 1 component of P is equivalent (i.e. equal modulo total derivatives)
to £ .

Proof. The existence of a P that satisfies (3.5) and has £ as its p+ 1 component follows from the
introduction to this section, equations (3.1) to (3.4). Since @ is a symmetry of E(.Z) we know that the

equations @ = 0 and E(.%) = 0 are compatible in the sense that there exists a general common solution.
Then

dL = (—-1)’DivP dz1 A ... Adzpiq, (3.7
and it follows that ddL = 0 is equivalent to the requirement that
9 bivp—o VI (3.8)
Oouy
Using (3.5), this gives us that
aiUIDivP: <8?”Q> "BE(2)+Q- (83[ E($)>, (3.9)

and since E(.Z) is of maximal rank (a requirement for Noether’s theorem), the necessary and sufficient
condition for §dL = 0 is that both @ = 0 and E(.Z") = 0 hold simultaneously. From the form of (3.5), it
is clear that dL = 0 on solutions of either @ =0 or E(.Z) = 0. O

Remark 3.2. Theorem 3.1 allows us to construct a p + 1 dimensional Lagrangian multiform from a
Lagrangian in p dimensions and a single variational symmetry. It is natural to consider whether, in the
case where we have a set of | commuting variational symmetries, we can iterate the process to find a p+1
dimensional Lagrangian multiform, as was achieved for a class of 1-forms in [7]. In Section 3.8 we use
Theorem 8.1 to obtain a multiform that incorporates the first three flows of the AKNS hierarchy. We
also show why, in the case of a Lagrangian 2-form, it is always possible to obtain a 2 + | dimensional
Lagrangian 2-form from an autonomous polynomial Lagrangian £(12) and a set of | commuting variational
symmetries with autonomous polynomial characteristics. A similar argument can be used for autonomous
polynomial k-forms for arbitrary k. Whether or not non-autonomous, non-polynomial systems can be
extended through repeated application of Theorem 3.1 remains an open problem.



We note that P is not unique. Indeed, any change to P that is equivalent to adding an exact form to L
will also satisfy (3.5). In addition, we can perform “integration by parts” on the left hand side of (3.5)
and the remaining terms will still be a divergence, e.g.

Q-E(%)— -D,Q -D;'E(Z) and DivP — DivP = DivP — D,(Q - D, ' E(2)). (3.10)

Such a transformation amounts to adding a double zero to one of the components of P so the resultant
Lagrangian multiform will be essentially the same in that ddL = 0 will give the same equations of motion,
and dL = 0 will still hold on these equations of motion. This idea can be generalized further by noticing
that the “integration by parts” can be carried out on any constituent part of Q- E(Y), eg.

Qi Ei(%) - -D,Q; D;'E{(2), (3.11)

whilst leaving the resultant multiform essentially unchanged. The Q in (3.5) is in evolutionary form with
respect to T4 i.e. it is in the form u, ., + Q(z,u(™) = 0 where Q(z,u(™) does not contain z,.; or
derivatives of u with respect to z,11. If, by using the above operations we are able to put E(.Z) into
evolutionary form with respect to some x;, and neither z; nor derivatives of u with respect to =; appear
in Q then we can reverse the roles of Q and E(%) whilst essentially leaving the resultant multiform
unchanged. This idea forms the basis of the following theorem.

Theorem 3.3. Consider the Lagrangian and variational symmetry as given in Theorem 3.1 and let
jeA{l,...,p} be fized. If there exist constants ay and multi-indices Ji, for k = 1,...,q where the p+ 1
and j components of each Ji are zero, such that

ar D} Ex(£) =0 (3.12)

is in evolutionary form with respect to x;, then the q components of E(Df(i)), up to re-ordering, are
precisely the q expressions

1 -
— Dy, Qs (3.13)
ay

Proof. If there exist multi-indices Ji and constants ay, as described that put E(Z’) into evolutionary form
with respect to x;, then applying ay D;kl to Ex (%) and i Dy, to Qk in (3.5) amounts to performing
integration by parts on the products Qi Ex(.2), i.e.

1 ~ _ = .
;kD']k Qr.ay DJkl Ek(g) = Qg Ek(.,g) + Div Cy, (314)

for some Cj. We note that the j and p + 1 components of C}, are zero since the j and p + 1 components
of each J are zero. It follows that

q
1 ~ .
Z — Dy, Qr.ax D;kl Ex(¥) =DivP (3.15)
ag
k=1

where P = P+ >1_, Ck. Now that each ay D;kl E; (%) is in evolutionary form, it follows from Noether’s
theorem that the corresponding characteristics represent variational symmetries of i Dy, Qk, and by
Theorem 3.1, Z;) is the Lagrangian for i Dy, Qr, k=1,...,q. O
It follows that the multiforms described by P and P in theorems 3.1 and 3.3 both have Z5) and £ as
their j and p + 1 components respectively, since the j and p + 1 components of each Cj are zero.

3.1 The “zero” symmetry

Every Lagrangian multiform we know of that has been considered up to this point has related to inte-
grable system. However, it is not the case that Lagrangian multiforms only exist for integrable systems,
since Theorem 3.1 applies to any Lagrangian with a variational symmetry. In fact, it turns out that every
variational equation has at least one Lagrangian multiform description.

Using our construction, the requirements for a Lagrangian multiform are a Lagrangian density .2 (z,u(™)
and a variational symmetry v. It is trivially true that the zero vector (i.e. vg where @ = 0) is a symmetry
of every Lagrangian since v () = 0. Letting Q = uy,,, + Q = u,,,,, it follows that



Q-E(¥)=DivP (3.16)

for some P, and it follows from Theorem 3.1 that P describes a Lagrangian multiform. Therefore every
Lagrangian, regardless of integrability, fits into at least one Lagrangian multiform description.

Remark 3.4. This particular multiform could reasonably be described as semi-trivial, in that one of the
equations of motion is simply u., ., = 0. However, it does have a practical application relating to the
inverse problem of finding a Lagrangian (if it exists) for a given equation of motion. Also, the relation

E(P-Q) = Dp(Q) + Dg(P), (3.17)

as given in [9] (where Dp(Q) is the Fréchet derivative of P acting on Q and D} is the adjoint of Dp)
can be applied to (3.16) in the case where Q = ug,,,, to derive the condition (also given in [9]) that an
equation has a Lagrangian description if and only if its Fréchet derivative is self adjoint.

Since we can apply Theorem 3.1 with any variational symmetry, many Lagrangians can fit into more
that one Lagrangian multiform description. For example, if a given Lagrangian possesses time/space shift
symmetries and rotational symmetries then we can obtain a Lagrangian multiform for each. However,
unless the symmetries themselves describe mutually commuting flows, we cannot expect it to be possible
to connect these multiforms descriptions to each other in any coherent way (i.e. as we are able to do
in the case of the AKNS multiform in section 3.3). The latter point emphasises the distinction between
multiforms as just described, and multiforms carrying information about the integrability of the equations
of motion, which was the original intent of the notion of Lagrangian multiforms.

Next, we shall give three examples of constructing Lagrangian multiforms from variational symmetries. All
three systems considered come from well known integrable hierarchies - this simplifies the task of finding
variational symmetries, since the required symmetries are other equations taken from the respective
hierarchies.

3.2 The sine-Gordon equation
The sine-Gordon equation, ug,,, = sinu with Lagrangian density

1
Liz) = 5l Uy — COSU (3.18)
and variational symmetry ¢ = usz, + %ugl is given as an example in [9]. We can confirm that Q is a
variational symmetry of £ by checking that prvg.#Z = Div P for some P. Indeed, we find that

1 3 1 3 1 X
pr VQ"% 25(’“’4901 + §uilu$1$1 )“wz + §(u3$1$2 + §u§1u931$2>u931 + (u3$1 + §ui1) S u
1 1 1 1 . 1
:Dggl(guwluwlmw2 — §uI1I1uw1I2 + §u$11111ug}2 + iuglumz + Ugyz, SiDU — 51@1 cosu) (3.19)
1
+ DZQ(guil)

We now let Q = Uy, — Q. In this case, Q = 0 is precisely the modified KdV equation which is known to
be compatible with the sine-Gordon equation. By Theorem 3.1, the product

~ 1
Q -E(Z) = (ugy — usey — Quil)(sinu — Uy, z,) = Div P, (3.20)

i.e. it is a divergence. If we write this product in terms of the components of P we find that

1 . 1,2
— 5 Uy Ugy + ?xlxluzlzz - gmﬂl 81111 u4+ 5Us, COSU ZL23)

P= —Eug:llum3 — 35Uz o T 3Usg, = | Zay (3.21)
5Ug, Uz, — COSU L2

satisfies (3.20), and is precicely the Lagrangian multiform for the sine-Gordon equation that was given in
[6].



3.3 The AKNS multiform

The first two flows of the AKNS hierarchy [13] were shown to possess a Lagrangian multiform structure
in [3]. The 4, 4,) and Z{,,,,) AKNS Lagrangians, (see e.g. [14]) are as follows:

1 ) )
,,f(u) = 5(7“(]@2 - qrﬂ?2) + §QI1TI1 + 5(]2?”2, (322)
and
1 1 3

&31) = §(qr-’lia - qu3) + g(rxlqgclxl - qgcl"";clzcl) + gqr(TQ$1 - qrﬂ?l) ’ (323)

giving equations of motion

i . 2
Ty = —§r$1$1 +riq, (3.24)
) .

Goy = 5arer — iq*r (3.25)

corresponding to the two components of E(Z{12)) = 0, and

3 1

Tey = 57’(]%1 - Zrﬁtlitlitl ) (326)
3 1
qzy = iqTle - Zerrlxl ; (327)

corresponding to the two components of E(Z{31)) = 0. It is straightforward (but time consuming) to
check that

1 0 3 1 0

3
vQ = (iqrqwl - qulwlwl)% + (irqrwl - erlwlwl)a (328)

is a variational symmetry of £(;5y. In order to apply Theorem 3.1 we define

G- (q> —Q (3.20)

Tzs

and it follows that

- qzy — %qrqxl + ilemlml —Txy — %T’xlxl + 7;7"2(]
Q- E(ZLu2) = : _ =Div P (3.30)
Tes — %Tqrxl + i""mlxlxl qzy — %q;clah + 7;q27’
for some P. We find that
Z(23)
P=| L (3.31)
Zu2)
with
1 ) 1 3
"%23) :i(QIﬂnzlrl - Tszm1w1) - §(q:1?37.301 + rl?Sqfl’l) + g(qurmﬂiz - Twlqllwz) + qu(quz - Tsz) ( )
. . . . . 3.32
(2 (2 1 1 1
- gqgflaflrxlxl + qu(qr$1$1 + qu1$1) - g(qzril + r2(]§1) + quq$1r$1 - §q3r3

and Z(12y and Z(31) as given in (3.22) and (3.23) will satisfy (3.30). This gives us the Lagrangian
multiform

L= &12) dz; A dxo + Dg(gg) dxo A dxs + 920(31) dxs A dxq, (3.33)

for which dL = 0 and ddL = 0 as expected. This 3-component multiform was first derived in [3]. We
now follow a similar procedure to find the Z{14), Z(24) and Z(34) Lagrangians of the AKNS multiform,
illustrating how our construction can be used to go beyond the first few terms in a Lagrangian multiform
to include the higher flows of an integrable hierarchy. For the AKNS case, this means that we want to
include the flow corresponding to the independent variable x4 to produce the Lagrangian multiform

Liogs = Dg(lz) dxiA dx2+ﬁ13) dziA d$3+0%(14) dxi A dx4+ﬂ23) dzoA d$3+ﬂg4) dxoA dx4+‘iﬂ(34) daxgA day
(3.34)



In order to find the {14, Z(24) and Z(34) We require our Q to represent the x4 flow of the hierarchy, i.e.

) Goy + 133 = 16010, — 30001 oy — QG212 — 5742, + £ 4ay)
Oy = . (3.35)

(323 1

2 1 3.2 1
TI4 4q r 77’ qzlzl - §TQI1TI1 - q/r'T:El:El - quzl + §T4I1)

The components of Q4 are obtained by using the recursive procedure given in [15]. Theorem 3.1 tells us
that

Q4 -E(Z12)) = Div P'** (3.36)
where the components of P12 (with respect to x1, 2o and x4) are found to be
124 _ 1 i P99
Pt = §(rq$2 —qry,) + 50e: T + LR (3.37a)

1 37 1 5%
Pyt =2 (are, = 7¢e)) + 16 (6712, +7702,) + 107G e + 754 (@Teen + 701
; ; (3.37b)
- gquclx]Taclacl - Zq r
and
3 ) 5%
P =§q2r2(rqzl —qra,) — T6(q2m1m2 + 12y Gay) — 60 (@ arms + 70r10s)
1 1
- gqr(”}iszl - qr?)xl) - g(qQTmlrxlxl - rnglqzlzl) - g(_hlrzl (T‘le - qrzl)
; (3.37¢)

31
7q7“(q93171x2 + Ty q3?2) -

1
qu(rwl iz — qxlrﬂclxl) + )

1
g (q3x1 Txg + T‘3x1 qxz)

1 % )
+ E(QSzlrrlrl - TSIquNCl) + g(qzlzITIIIQ + Tzyzy q1112) - 5(q931705134 + r11q$4)'

We can now recognize Pj?* = Z15) and we set P3?* = L1y and P}?* = Zyy), consistently with
Theorem 3.1. From the construction of the coefficients, it follows immediately that for the multiform

Liog = .i/ﬂ(lg) dxq A das + og(24) doo A dag + ﬂ;ﬂ) dxg A dxq, (3.38)

the multiform EL equations are satisfied when both E(Z{12)) = 0 and E(Z(41)) = 0, and that dLiz4 =0
on these equations of motion.

To produce the rest of the coefficients needed for Li234, we now use the same Q4 together with Z(;3) to
define P'3* such that 5
Q1 E(Lu3) = Div P, (3.39)

Then we find that the components of P'3* (with respect to x1, x3 and x4) are such that P}/?* = =Lz =
—Z31) given in (3.23), as expected from Theorem 3.1,

7 ) )
P1134 = "%34) :g(qm1m17‘x1x3 + rz1z1Qz113) - g(q3I1TI3 + 73z, qz3) - 372613117”311

i 3 9
32( 2T§,111 +r qa,la,l) + 32q11 $1 + 8q7"(7"q14 qr’»&;) 372q ’I"
31 2, ot

- T6q (q{rl’ﬂh + rqmrl) 16 (q Tz Tas +r qﬂ?1q$3) - Eqr(qrr1r3 + TqI1I3) ( )

3.40

1 31 )

+ Z(lexlrau - rmlw1Qz4) + Eq (qgvlr?)a:l + Tx1q3zl) + EQTQlelrwlwl
i 150 5 3i
16qzlrm1 (qrmlml + 7"%1:,:1) - Eq r QIlrml + qu(QIlrxg + TI1QI3)

- g(qm1rz1z4 - 71901(]1:11’4) )

and Pg?* = Z41) - identical to the Z{41) previously identified as P;*, given in (3.37b). Again, from the
construction of the coefficients, it follows immediately that for the multiform

Ligg = ﬂlg) dry A dxg + ca34) dzs A dxyg + ﬂ;ﬂ) dry A dxq, (341)

the multiform EL equations are satisfied when both E(Z(;3)) = 0 and E(Z41)) = 0, and also that
dL;34 = 0 on these equations of motion. We are now able to form the 6 component Lagrangian multi-
form Ljo34 given in (3.34) and, as we would hope, the multiform EL equations are all consequences of



E(Z1iy) = 0 for i € {2,3,4}, and dL;234 = 0 on these equations. Therefore, in this case, we were able
to incorporate two commuting variational symmetries to extend our multiform, but will this always be
possible? Inspired by the AKNS example we have just carried out, we now examine this problem in the
case where the {15) Lagrangian and variational symmetry characteristics are autonomous polynomials
in the field variables and their derivatives.

Given that each Ly;; is determined from dLy;;, we have the freedom to add any exact 2-form to Ly
without affecting the multiform structure. As a result, the £y;), £{;;) and Z(;1) we obtain are not
uniquely defined; this fact holds added significance when extending our multiform to include more
than one commuting symmetry. When forming Lj23, any choice of Z{;2),Z{(23) and Z{(3;) such that
dliss = Q - E(Zn2y)dz1 A dwy A des will give us a valid multiform. When we then form Lja4, we now
require that the £{19) is exactly the same as the one in Ly23. This is not a problem, since we will always
be able to make it so by adding an appropriate exact 2-form to Lis4. Similarly, when we come to form
L134, it will always be possible to get the same .Z{;3) that was obtained in L;23 by adding an appropriate
exact 2-form. However, it is not entirely obvious that the £(,4) obtained at this stage will be exactly the
same as the one in Lio4. If the two 92”(14) components were to differ by a total x, derivative then it would
not be possible to correct this by adding an exact 2-form without also changing .#(;3), which we don’t
want to do because it is already in the form we require.

In the case of a 2-form where £{;5) contains only x; and xo derivatives of u, it follows from the form
of dlLy2;, as given by Theorem 3.1, that the resulting .£{;;) Lagrangian need only contain first order
derivatives of u with respect to x; and no products of x; derivatives of u. This is because, when applying
Theorem 3.1 to obtain dL;9;, the only x; derivatives of u that appear come from

Uz, - E(L12)). (3.42)
When reversing the integration by parts that was used to obtain E(ﬂlg)) from Z{13), this becomes

Dxi Z(lg) + Dy, A+ D, Ay (343)

for some A; and As, and since all integration by parts was with respect to x1 and x5, A; and A do not
contain 2"% or higher order derivatives with respect to z;, or products of z; derivatives of u. This, in
conjunction with the multiform EL equations, in particular those of the form

0Zu2) 0L

= 3.44
Oy, Oy, (344)
for ¢ > 1, where
0L 35 > 0L ij)
— -7 DI DI 3.45
Flk= 3 (-7 Dy, (3.45)
q,r=0
tells us that, modulo total x; derivatives, all .Z(,;) for i > 2 are of the form
0L 12)
— Uy, + F 3.46
S, (3.46)

where .%; is some function that has no direct dependence on x; derivatives of u. This guarantees that,
for example, the iﬂ(m) coming from L34 can be made to coincide with the one coming from Lio4.

There is also the question of whether the multiform EL equations and closure relation that relate to dLogy
will be satisfied on the equations of motion relating to Z(12), £(13) and £{(14). To show that this is the
case, we follow a similar argument to the one given in [16]. Once all of the .Z{,;)’s are consistently defined,
we can form Lio34 and it follows from

d?(Lig34) =0 (3.47)
and the form of dLi23,dLi24 and dLy34 in terms of the £{;;) that

D., (Day Z(34) — Duy Z(24) + Day Z(23)) (3.48)

has a double zero on the equations of motion. Then, since each .£{;;) is an autonomous polynomial, it
follows that dLs34 also has a double zero on the equations of motion, so all of the required relations will
be satisfied. This argument can then be used iteratively to further extend the multiform to include higher
flows relating to additional commuting variational symmetries. It is also possible to extend this argument
to the case of autonomous polynomial systems in higher dimensions, but it remains an open problem to
extend this argument to non-autonomous, non-polynomial systems.



3.4 The KP multiform

In this section, we shall construct a Lagrangian multiform for the Kadomtsev-Petviashvili (KP) equation
[17]. This is the first example of a Lagrangian multiform for an integrable PDE in 2 + 1 dimensions. It
is therefore a 3-form. A Lagrangian multiform for the discretised KP equation is given in [18]. Attempts
to perform a continuum limit (see [4] for examples of such a procedure) in order to obtain a continuous
Lagrangian multiform for the KP equation have, so far, been unsuccessful. In order to proceed, we take
as our starting point the Lagrangians

1 1, 1,

"%123) = §U931931U$1$3 - 5’03901 - §U$1$2 + /Uilill (3493‘)
1
°§€(412) = §Ux1xlva:1x4 — 2034,V 2y g — gvxlxgvxzxz + 4Ug2clxlvx1x2 (349b)

where vsy, = Vg, z,2,- These are based on the KP Hamiltonians given in [19], which are based on the
formulation of [20]. In order to avoid non-local terms, these Lagrangians are given in terms of v such that
Uz 2, = (¢, where ¢ is the usual KP field variable. These Lagrangians give equations of motion

V3aq2s — Vryziwews + U6z, + 6U§x1 + 6V, 2, Vazy, = 0, (3.50a)
the first KP equation, and

4
U3$1I4 + 41}51}112 - ngISwZ + 8U4ZD1UI1I2 + 24’031’11}111112 + 16v£D1Z1U3w1Z2 = 0 (350b)

the second KP equation respectively. It is straightforward (although time consuming) to check that setting
Q equal to

-3
T

D (_vxlxlxgam + U6z, + 6'032,;51 + 6’02351’04;51) = —D;f (Uachz =+ 31}%1;“) + V3q, (351)

gives a variational symmetry v of the second KP equation (3.50b). This implies that

4
—1 2
(’03713?1331334 + 4U5$1$2 - 503313%2 + 81}43?11}3?13?2 + 241}33?11}361581:82 + 16’03?13?11}3%1&02)(@333 - D;cl (Uﬂczxz + valxl) + U3x1)

= DivP
(3.52)

We use integration by parts (i.e. integrate the first bracket and differentiate the second bracket, both
with respect to x1) to remove non-local terms and get

4 =
(Vo124 + agy0, — 5'037:2 + 8v34, Vg ay + 16Ur1rlvx1r1rz)(vz1z3 — Uzyzy T 3”3111 + V4g,) = Div P
(3.53)

As expected, P describes a Lagrangian 3-form

L= ﬁ123)dx1 Adxo Adas +D?(234)dl‘2 ANdxsz Aday +,§/ﬂ(341)d$3 ANdxg ANdzy —|—,,2ﬂ(412)d.2?4 Adxi Adxs (354)

with the 1, 2,3 and 4 components of P corresponding to —Z234), ZL(341), —L(a12) and Z{123). The L(123)
and Z{412) Lagrangians are precisely those given in (3.49a) and (3.49b). We find that the Z(234) La-
grangian is given by

vg(234) = - §Um1m3vmlx4 - 4Um1m3v31112 + 2vz1z1z3vxlxlx2 - gszzQUxng + UIQIQUI1E4
4 8 42 (3.55)
+ VeoxoV3aiae — gvlfll’QIQUIlIlIQ — V3z, V2124 + gv3mlv3$2 - v3x1vE112 :
+8 +8 T — 83
Vz121 U3z, Vo121 20 Vg2 Vo120 Vzozs 3Ux1x2 Vg2 V2120 V123 Vprzq V1220

and the Z(341) Lagrangian is given by
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4

2
_ 2 2
Z(341) *guxgxz + 204, — 2030, Vay3105 — FVrswsVpi2s — V123 Vz0ms T VziosVaias

3 3
4 4
2 2 2 2
- §Um1m1m2 + gv3961v961962902 + 12vm1mlv411 + 4v3m1UI1I1 - 4vm1m11}$2$2

2 2 4
+ 4U1311311)I1I2 + 4’UI1I1/UQ71933 + 107‘)1111

(3.56)

It is clear from (3.53) that dL = 0 when either the first (3.50a) or second (3.50b) KP equation holds.
When both the first and second KP equations hold, the left hand side of (3.53) gives a double zero, so we
also have that ddL = 0. As a consequence, all of the multiform EL equations hold. This is the first ever
example of a Lagrangian 3-form.

In theory it should be possible to produce an infinite Lagrangian multiform for the entire KP hierarchy.
However, it is expected that the increasing prevalence of non-local terms as one progresses up the hierarchy
would result in non-local terms appearing in the multiform. We were able to avoid such terms in this
example by expressing our equations in terms of a “double potential” v where vy, ., = ¢, but it is
expected that, even in terms of this v, non-local terms would appear in the Lagrangians for the equations
of the higher flows of the hierarchy. For any finite KP multiform, one can introduce a higher potential
dependent variable (e.g. w such that wy,,,», = ¢) in order to avoid non-local terms. However, it is fairly
straightforward to extend the multiform EL equations to allow linear non-local terms, and this may be
the best approach when considering the full KP hierarchy.

4 Conclusion

Given any Lagrangian and an associated variational symmetry, the method outlined in this paper al-
lows us to construct a Lagrangian multiform. As a consequence, we have shown that the existence of
a Lagrangian multiform structure is not a sufficient condition for integrability. However, by linking La-
grangian multiforms to variational symmetries, existing results relating symmetries to integrability can
now be applied to Lagrangian multiforms of the type described in this paper. Whilst we have shown that
every variational symmetry leads to a Lagrangian multiform, the question of when the converse holds
remains an open problem. In this paper, we have only considered continuous systems; we anticipate
that the Noether-type theorems that are known for discrete systems, such as those given in [21], may
yield analogous results in for discrete Lagrangian multiforms. Whilst finalising this paper, the paper [22]
has appeared, which uses the ideas of Noether’s theorem to give an algorithm for finding the extended
Lagrangian 2-form structure (i.e. incorporating arbitrarily many flows) from an appropriate set of %)
Lagrangians.

A Lagrangian k-form EL equations

The multiform EL equations for a Lagrangian k-form were first published in [8]. Here we present a new
proof of those equations. We let

L= Z Zh“.lk) dxl1 /\.../\d(Elk. (A].)

1<l <...<lp<N
be a k-form on a manifold of N independent coordinates x1,...,xy and dependent variable u. Therefore
dL = > Alteindy, AL Adg, (A.2)

1<ii <. <tp41<N

where the A"+t depend on the .%{;, ;) in the usual way, i.e.

k

k+1

AilmikJrl = Z(_l)k(aJrl) D»an Dg/p(i(,HrL (A3)
a=1

181 ba—1)"

For a fixed iy,...,ik41, we shall write Z(5) to denote L ., i, i1...ia_,)- We define the variational
derivative with respect to ur acting on Z(4)
0L 5 0L 4
= 3 (=D (A-4)
Sug ; OQury
Jio =0

11



where I is the usual N component multi-index representing derivatives with respect to 1, ..., 2N, and the

multi-indices J are such that components j; = 0 whenever i # 4y, ...,49,41, i.e. J represents derivatives
L

with respect to x;,,...,7;,,,. We define that 5 @ — 0 in the case where any component of the multi-
U

I
index I is negative. Note that by this definition, the variational derivative of Z; .. i, i1..in_,) With
respect to uy only sees derivatives of uy with respect to the variables x;  ,,... % 1, Ts ..., Ti,_,, €VeD

though derivatives with respect to other variables may appear in Z{;_ ., .4, 1i1...i0_1)-

Theorem A.1l. The dependent variable u is a critical point of the k-form L as defined in (A.1) if and
only if for all i1, ...i541 such that 1 <iy < ... <41 < N, and for all I,

k+1
A
Z(—l)akﬁ =0 (A5)

a=1
In order to prove that these are the multiform EL equations, we will require the following lemma:

Lemma A.2. Let1 <iy <...<igp1 < N be fized. For all multi-indices I,

0L 0L

ur = Z D, Sar (A.6)
7i<1
Jia =0

where the summation is over all multi-indices J as defined for (A.4), such that the il component of J is
zero and the non-zero j; are equal to 1.

Proof. We first notice that the partial derivative on the left hand side of (A.6) appears only once in the
sum on the right hand side. We now need to show that all other terms that appear on the right hand

0L &
side of (A.6), which are all of the form D4 u( ) for some multi-index A, sum to zero. To show this, we
IA

La)
UrA
appears exactly once when |.J| = 0 with a factor of (—1)I4l, exactly (}) times with a factor of (—1)

consider the term D 4 , and let 7 be the number of non-zero entries in A. We notice that this term

[A|+1

when |J| = 1, exactly (}) times with a factor of (—1)/41*2 when |J| = 2 etc... In total, this term appears
with a factor of £3;_(—1)*(7). It can easily be seen that this sum is zero by considering the binomial
expansion of (1 —1)".

0

Proof. (of Theorem A.1) For the first part of this proof, we will show that édL = 0 by following the
argument given in [16]. We assume that L contains terms up to n'* order derivatives of u, (i.e. L depends
on uy with |[I| < n). Let B be an arbitrary k + 1 dimensional ball with surface 9B. We consider the
action functional S over the closed surface 9B such that

Sfu) = 7{93 L (A7)

We then apply Stokes’ theorem to write S in terms of an integral over B:

Sl = /B dL (A.8)

and we look for solutions of

58 = / SdL =0 (A.9)
B

Since this must hold for arbitrary variations (i.e. with no boundary constraints) for every ball B, it follows
that w is a critical point of L if and only if the integrand ddL = 0, where

8Ai1"'i’“+1

1<i1 <. <ipg1 <N T
This is equivalent to the statement that for all 1 <i; < ... <igy1 < N, for all I,

aAil.A.ikH

= Al
o 0 (A.11)
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We could stop here, and use (A.11) as our multiform EL equations. Indeed, there are occasions where
this is the most convenient formulation to use. However, it is more illuminating to express this in terms
of variational derivatives; by doing so we see more clearly the interplay between the constituent .%{;, ;)
and see that a consequence of ddL = 0 is that E(Z;,. ;,)) = 0 for each Z;, ).

For the second part of this proof, we show that, for any choice of 1 <1y < ... <igy; < N, (A.11) holds
if and only if VI,

k+1

0% 5
Z(—l)"‘ki( L —o. (A.12)
a=1 5u1\ia

To do this, we first show that (A.12) holds for |I| > n. We then use an inductive argument to show that
if (A.12) holds for |I| > m then it also holds for |I| = m. The converse (that (A.12) = (A.11)) is then
easily seen from the intermediary steps of the proof.

We begin by (arbitrarily) fixing 1 <4; < ... < ix41 < N and noticing that for [I| > n + 2, (A.12) holds.

In fact all terms are zero since, by definition, there are no n + 1" order derivatives in our multiform. We
Ail--»ik-u
now consider the relation 0 = 0 in the case where |I| = n + 1. In this case we find that
Uur

k41 893”((3)

11tk
6’4; = Z —1)ok+ (A.13)

8“I\ia
since there are no n + 1** order derivatives in the L&) By setting this equal to zero, we see that (A.12)
holds in the case where |I| =n + 1.

8Ai1mik+1

Our inductive hypothesis is that (A.12) holds for |I| > m. We now consider the relation S 0
ur
in the case where |I| =m
We now notice that
k41
8A11 k41
B — Z ozk:Jrla D:Ei,a ﬂ&)
k+1
_ Z(_l)ak-i-l B,g(a) a’%@)
= 8u1\ia e Qur
k41
0L a 0L a
~ S ak+1{<a> + Y b, <a)}
(;1( ) 8114\1-& ; Jia 6UIJ
L
Py (A.14)
k41
= Z(_l)akJrl{ 0La) Z 0L a) }
a1 dupi, 7 our i,
Ji<l
Jia=1
k+1
0% 0L a
_ 1 ak+1{ (@) } + 1)ek+1p (@)
— - aul\ia Z Z =1 5UIJ\1‘(,
a=1 J .
§i<1 Jia >0
[J|>0

where we have made use of (A.6) in the third line, re-labeled J in the fourth line and changed the order
of the summation in the last. We now apply the inductive hypothesis to get

(R P k+1 _ _
314 etk Z ak+1{ 0L } Z Z 0L(s)
a=1 dup\, 5u1J\¢a
]1<1 Jfa =0
|J|>0
k+1 (A.15)
_ (l)akﬂ{af(a) -y b, 0L &) }0.
o1 8“]\1'& ; 5U1J\ia
Ji<1
Jia =0
|J|>0



Finally, we use (A.6) to express this as

i k+1
6Al1...7,k+1 535[
= S :gwkﬂﬁ -0 (A.16)
a=1 to

and we have shown that (A.12) holds for |I| = m. By induction, it follows that (A.12) holds for all I. The
converse can easily be seen to hold by following the steps taken in (A.14), (A.15) and (A.16) in reverse
order.

We ha_ve shown that the multiform EL equations (A.5) for a given 1 <4y < ... < i,y < N are equivalent
to JA"-"+1 = () for the same 1 < 43 < ... < i1 < N. It follows that the multiform EL equations
holding for all 1 <41 < ... < igy1 < N is equivalent to édL = 0. O
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