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One of the fundamental challenges for quantum cosmology is to explain the emergence of

our macroscopic Universe from physics at the Planck scale. In the group field theory (GFT)

approach to quantum gravity, such a macroscopic universe results from the formation of a

“condensate” of fundamentally discrete degrees of freedom. It has been shown that the ef-

fective dynamics of such GFT condensates follows the classical Friedmann dynamics at late

times, while avoiding the classical singularity by a bounce akin to the one of loop quantum

cosmology (LQC). It was also shown how quantum fluctuations in a GFT condensate pro-

vide an initial power spectrum of volume fluctuations around exact homogeneity. Here we

connect the results for quantum fluctuations in GFT to the usual formalism for cosmological

perturbations within quantum field theory in curved spacetime. We consider a bouncing

universe filled with a massless scalar field, in which perturbations are generated by vacuum

fluctuations in the contracting phase. Matching conditions at the bounce are provided by

working within LQC. We then compare the results to the GFT condensate scenario for quan-

tum gravity with massless scalar matter. Here, instead, an initial quantum phase described

by a GFT condensate generates initial scalar perturbations through quantum fluctuations.

We show general agreement in the predictions of both approaches, suggesting that GFT con-

densates can provide a physical mechanism for the emergence of a slightly inhomogeneous

universe from full quantum gravity.
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I. INTRODUCTION

On the largest observable scales, the structure of our Universe appears to show great simplic-

ity: far from requiring the complications of full general relativity, it can be described by linear

perturbations on a homogeneous and isotropic background spacetime. The statistical pattern

of the perturbations can itself be fully described by a simple functional relation, leaving only a

few free parameters whose observed values require deeper explanation in the physics of the early

universe. This explanation is commonly assumed to be provided by inflation [1], with bouncing

cosmologies of various types providing the most studied alternative [2]. Inflation and many alter-

native approaches are framed within quantum field theory on curved spacetime, which assumes

a semiclassical (continuum) spacetime on which quantum fields can be defined. Moreover, the

approximate homogeneity of the universe usually needs to be assumed as a property of the initial

state, globally or at least locally. Both assumptions certainly demand further fundamental expla-

nation within quantum cosmology and, presumably, a theory of quantum gravity.1 One suggestion

for a new physical principle setting initial conditions for inflation within quantum cosmology, the

no-boundary proposal [4], has been discussed controversially [5]; in general, the issue of a funda-

mental justification of the initial assumptions for inflation remains open. In bouncing scenarios, the

need to avoid a big crunch/big bang singularity also requires non-standard assumptions, such as

including effects of a putative theory of quantum gravity or exotic matter fields violating the Null

Energy Condition. Without resolving the cosmological singularity, the transition from the con-

tracting into the expanding phase introduces additional ambiguities into the physical predictions

of bouncing cosmologies, since matching conditions at the bounce are required [6]. (The need for

matching conditions might be avoided by exploiting analyticity properties of general relativity in

the complex time plane [7].) While theoretical cosmology is able to account for almost all current

observations within a self-contained framework, this framework itself is waiting for a completion

by deeper foundations within a theory of quantum gravity.

From the perspective of quantum gravity, being able to give a description of the Universe we

observe is a highly nontrivial task. In many approaches, showing the emergence of an effective

macroscopic continuum spacetime structure from different (“non-spatiotemporal”) fundamental

degrees of freedom is often the first challenging step [8], even before questions of homogeneity and

isotropy or the existence of a linearised regime as in cosmology can be addressed. In this article,

we focus on the group field theory (GFT) approach [9], whose fundamental degrees of freedom

are discrete “atoms of geometry”, arranged in combinatorial structures and enriched with group-

theoretic data corresponding to a discrete gravitational connection and discretised matter fields.

The combination of combinatorial and lattice gauge theory methods places GFT at the intersection

of matrix and tensor models [10] and loop quantum gravity [11], of which GFTs can be viewed as

a type of second quantisation [12]. In such discrete approaches, a continuum regime is typically

reached as a thermodynamic limit associated to a phase transition; in GFT specifically, the proposal

is that a macroscopic continuum spacetime emerges from a GFT condensate, a highly coherent

configuration of a large number of “atoms”. The geometric interpretation of such a condensate, in

the limit where the number of atoms is very large, is that of a macroscopic, homogeneous continuum

geometry [13]. The dynamics of such condensates, described to leading order by the GFT analogue

of the Gross-Pitaevskii equation in condensed matter physics, can then be translated into effective

1 For instance, the trans-Planckian problem of inflation suggests the need to go beyond semiclassical spacetime [3].
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cosmological dynamics, i.e., effective Friedmann equations for the effective continuum geometry.

Such Friedmann equations have been derived most successfully for models of quantum gravity

coupled to a massless scalar field [14], which is the model used, mostly for technical simplicity,

in much of the quantum cosmology literature [15], and in particular in loop quantum cosmology

[16]. General overviews on the connection of GFT to (quantum) cosmology can be found in [17].

The results of [14] show that most of the features of the effective loop quantum cosmology (LQC)

dynamics, in the “improved dynamics” prescription [18], could be derived from the dynamics of

GFT condensates, and hence from a full quantum gravity setting.2

While promising in showing how GFT could reproduce the correct semiclassical physics at late

times while resolving cosmological singularities, these results were rather restricted in that they

only applied to flat homogeneous and isotropic spacetimes. As a step towards a realistic cosmology,

the inclusion of inhomogeneities is crucial; one can then also start addressing questions such as

why the initial state of the Universe should have been homogeneous and isotropic to such good

approximation. In inflation, the inhomogeneities observed in the cosmic microwave background

arise from quantum fluctuations present in the inflaton due to the uncertainty principle. Similarly,

as GFT is a quantum theory for gravity and matter, it too should provide a non-vanishing spectrum

of primordial inhomogeneities purely from quantum fluctuations. This idea was made precise in

[20]; after defining GFT operators corresponding to fluctuations in the local volume element (i.e.,

scalar perturbations), it was shown how quantum fluctuations present in a GFT condensate give

these local volume perturbations a non-vanishing power spectrum. It was moreover observed that

the power spectrum for a certain variable characterising these perturbations was scale-invariant.

Furthermore, it was outlined how these results could be extended to other observables, in particular

perturbations in the local energy density of matter, again finding a non-vanishing, scale-invariant

power spectrum in certain observables.

In this article, we connect these results in the framework of GFT condensate cosmology to the

conventional formalism of scalar perturbations in cosmology. The work of [20] left two important

questions open: it did not explain how the power spectrum for GFT volume perturbations was

to be converted into the usual gauge-invariant variables for observable scalar perturbations in

cosmology; perhaps more importantly, the observed initial power spectrum of quantum fluctuations

is a kinematical property of a condensate at a given time, but this initial spectrum of quantum

fluctuations must then be converted into classical perturbations in the propagation, “freeze out”

and amplification during the expansion of the universe, in order to lead to a potentially observable

spectrum of classical perturbations. Since the dynamics of the expanding universe were not used,

this second step was also missing in [20]. The purpose of the present article is to fill these gaps, and

show how the proposal of [20] that cosmological perturbations are seeded by quantum fluctuations

in a quantum gravity condensate is realised in practice. For mostly technical reasons, the only

GFT models successfully used to define condensates describe quantum gravity coupled to a set of

free, massless scalar fields, and we will also work in this setting. The massless scalar fields serve a

dual role, both as matter sources for gravity generating scalar perturbations and also as relational

harmonic coordinates [21], circumventing the usual problem of defining coordinates from matter

degrees of freedom in a fully background-independent context.

The plan of this article is as follows. In section II, we discuss standard cosmological perturba-

tion theory in a flat homogeneous and isotropic universe, where the matter content is a massless

2 See [19] for alternative approaches towards connecting the effective LQC dynamics to full loop quantum gravity.
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scalar field. We envisage a modified “matter bounce” scenario [22] in which cosmological pertur-

bations arise from quantum fluctuations inside the Hubble radius in the contracting phase. As

the universe contracts, these fluctuations leave the Hubble radius and are converted into classical

perturbations. The issue of how to match the spectrum of these perturbations across the bounce

into the expanding phase is addressed by working within the framework of LQC, which provides a

non-singular bounce by incorporating quantum geometry corrections (coming from loop quantum

gravity) into the classical Friedmann dynamics. We closely follow [23], where a dust-dominated

universe was discussed in LQC, in matching classical low-curvature regions to high-curvature re-

gions around the bounce. Propagation through the bounce then provides a primordial spectrum

of perturbations, which eventually re-enter the Hubble radius in the expanding phase. In our case

where the matter content is formed by massless scalars, the resulting power spectrum does not

match actual CMB observations, but we exemplify this case to illustrate what one would expect

from the standard formalism within quantum field theory on curved spacetime. In section III, we

then illustrate the implications of the alternative GFT condensate scenario: here the semiclassi-

cal low-curvature universe described within standard perturbation theory is preceded by a deep

quantum-gravity phase, in which perturbations originate as quantum fluctuations in the GFT field

(i.e., in a field theory for quantum gravity and matter). Again, this sets an initial power spectrum

for scalar perturbations that is then propagated into the semiclassical universe.3 Conceptually, this

GFT condensate scenario bears some resemblance to string gas cosmology [24] where perturbations

generated in a quantum-gravity phase (there given by a string gas) then also propagate according

to the standard Einstein equations. We show general agreement between the physical predictions

of the semiclassical framework and of the GFT condensate scenario, and thus consistency of the

quantum gravity results of GFT with the usual semiclassical approach. Our results suggest that

GFT condensates can provide a physical mechanism for the emergence of not only an exactly ho-

mogeneous, but also a slightly inhomogeneous and hence more realistic universe from full quantum

gravity. We conclude with a discussion of the results in section IV.

II. BOUNCING UNIVERSE WITH A MASSLESS SCALAR

Consider a spatially flat homogeneous and isotropic universe with metric

ds2 = −dt2 + a(t)2 hij(x)dx
idxj (1)

given in terms of proper time t and a flat 3-metric hij . In the conventions we use in this article,

coordinates t and xi carry dimensions of length (in the convention c = 1) while hij and a(t) are

dimensionless. We will frequently switch between the variable t and conformal time η defined by

η =

t
∫

dt′

a(t′)
, (2)

which also has dimensions of length. In order to describe a non-singular bounce obtained by quan-

tum gravity effects, we will assume that the scale factor a(t) follows not the usual Friedmann

3 Since the effective background geometry for the condensate phase undergoes a bounce, the GFT scenario resolves

the classical singularity as well, but unlike other bounce scenarios such as the one of section II it does not suggest

that cosmological perturbations are generated in the preceding collapse phase.
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equations of classical cosmology but instead the effective equations of LQC. These effective equa-

tions can be derived from the full quantum cosmology formalism of LQC if the quantum state for

the cosmological background is suitably semiclassical [25], i.e., they capture the leading quantum

gravity corrections. They take the form

(

1

a

da

dt

)2

=
8πG

3
ρ

(

1− ρ

ρc

)

,
dρ

dt
+ 3

1

a

da

dt
(ρ+ P ) = 0 . (3)

Here ρ is the energy density and P the pressure of matter, G is Newton’s constant and ρc is a

critical density usually taken to be Planckian, which characterises the scale at which quantum

geometry effects kick in. Clearly once the matter density reaches ρ = ρc, a bounce occurs. Notice

that the energy-momentum conservation equation is identical to the usual one in general relativity.

With matter taken to be a massless scalar, we have P = ρ and hence

ρ(t) =
M4

a(t)6
, (4)

with M a constant with dimensions of mass (now also assuming ~ = 1); interestingly, one can then

also find the exact solution for a(t), given by [23]

a(t) =
M2/3

ρ
1/6
c

(

1 + 24πG t2ρc
)1/6

(5)

where we fix the freedom to rescale a(t) by an arbitrary constant to obtain an expression that is

dimensionless and well-defined in the limit ρc → ∞ in which LQC corrections disappear. This

solution is clearly non-singular, but turns into a singular solution a(t) ∼ t1/3 as ρc → ∞. Such a

simple solution in terms of elementary functions cannot be found when a(t) is expressed in terms

of conformal time η, so that we will use proper time whenever the full LQC solution is needed.

To visualise the propagation of cosmological perturbations in this LQC bounce geometry, it is

now instructive to plot both the scale factor a(t) and the size of the Hubble radius 1
H(t) ≡

a(t)
da/dt as

functions of cosmic time t [26]. We show this in Fig. 1 for a universe in LQC filled with a massless

scalar. The figure illustrates how a given perturbation mode generated in the far past inside the

Hubble radius shrinks with the contraction of the universe but eventually exits the Hubble radius

which contracts faster. Likewise, in the expanding phase, the Hubble radius expands faster than

the spacetime geometry as a whole and a mode can re-enter at late times.

Let us now describe the dynamics of linearised scalar perturbations in this cosmological scenario.

Such perturbations are most conveniently described in terms of the gauge-invariant and canoni-

cally normalised Mukhanov-Sasaki variable v [27]. Including LQC corrections [28], v satisfies the

differential equation

d2v

dη2
+

(

k2
(

1− 2ρ

ρc

)

− 1

z

d2z

dη2

)

v = 0 (6)

where we work in Fourier space so that v(η, k) depends both on conformal time η and a wavenumber

k, and the variable z is given by

z(η) =

√

3

4πG

a(η)
√

1− ρ(η)
ρc

. (7)
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x

t

a(t)

1

H(t)

FIG. 1. Scale factor a(t), governing the stretching of a given initial perturbation mode, vs. evolution of the

Hubble radius which sets the local scale on which perturbations “feel” the effect of spacetime curvature.

Solving (6) exactly is rather difficult. However, in the cosmological scenario we are interested in,

we can perform several justified approximations. Since we assume cosmological perturbations are

generated in the far past where ρ ≪ ρc, LQC correction terms may initially be dropped. The

equation for v is then simply (using z(η) ∝ √−η in conformal time)

d2v

dη2
+

(

k2 +
1

4η2

)

v = 0 (8)

which has the general solution

v(η, k) = A(k)
√

−kη J0(−kη) +B(k)
√

−kη Y0(−kη) (9)

where J0 and Y0 are Bessel functions of the first and second kind. One is now interested in two

kinds of asymptotic regimes: first the long wavelength/late time limit |kη| ≪ 1 for which

v(η, k) ∼
√

−kη

[

A(k) +
2B(k)

π

(

γ + log

(

−kη

2

))]

, (10)

where γ ≈ 0.577 is the Euler-Mascheroni constant, and then the short wavelength/early time limit

|kη| ≫ 1 for which

v(η, k) ∼ e−ikη 1− i

2
√
π
(A(k)− iB(k)) + eikη

1 + i

2
√
π
(A(k) + iB(k)) . (11)

In this discussion, “early times” refers to the far past long before the bounce while “late times”

is still in the contracting phase, but close to the bounce before the Planckian regime is reached.

These explicit expressions for the asymptotic behaviour of the mode functions v(η, k) confirm the
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picture obtained by ignoring either the k2 or the 1
η2

term in (8): at early enough times, any mode

with a given k must have been inside the Hubble radius, where the mode simply oscillates as a

plane wave. At late times, the mode is outside the Hubble radius and grows or shrinks as a power

law in η.

The quantity one is interested in when describing the amplitude of observable scalar perturba-

tions is not v but the “curvature perturbation in comoving gauge” ζ = v/z. In terms of ζ, the

amplitude of oscillating modes grows in the contracting phase, whereas the amplitude of modes

outside the Hubble radius is almost constant, changing only logarithmically in conformal time.

The challenge for fundamental cosmology is to provide a physical mechanism that fixes the

functional form of A(k) or B(k) in the initial state. In this section, we look at the treatment in

standard cosmological scenarios, where one assumes that the quantum field described by v(η, k)

started out in the vacuum state in which the normalisation of the modes is

|v(η, k)| |kη|→−∞∼ 1√
2k

e−ikη ⇒ v(η, k) =

√−πη

2
H

(1)
0 (−kη) . (12)

H
(1)
0 is the Hankel function of the first kind, defined by H

(1)
0 = J0 + iY0.

As the universe contracts, each mode will eventually leave the Hubble radius and “freeze out”,

v(η, k)
|kη|≪1∼

√

−η

π

(

iγ +
π

2
+ i log

(

−kη

2

))

. (13)

Eventually, the contraction of the universe reaches the regime where LQC corrections including the

critical density ρc become important. In order to propagate the mode v(η, k) across the non-singular

bounce, we now need to take these corrections into account and match (13) to a solution in the

Planckian regime. Notice that, as expected, without LQC corrections the curvature perturbation

ζ would diverge as |kη| → 0, and linear perturbation theory would break down. This is why a

non-singular cosmological scenario is needed in which ζ can remain finite throughout the evolution.

Reintroducing LQC corrections into the Mukhanov-Sasaki equation

d2v

dη2
+

((

1− 2ρ

ρc

)

k2 − 1

z

d2z

dη2

)

v = 0 , (14)

we still do not expect to be able to solve this equation in general. Since we are however now

only interested in the limit |kη| ≪ 1 for a given mode, we can discard the k2 term and write

down the general solution (here and in the following we follow closely the discussion of [23] for a

dust-dominated matter bounce in LQC)

vLQC(η, k) = B1(k)z(η) +B2(k)z(η)

η
∫

dη′

z(η′)2
+O(k2η2) , (15)

where B1(k) and B2(k) are arbitrary functions of k. This expression is a solution both in standard

cosmology and with LQC corrections, but the functional form of z is different in both cases.

Namely, for our universe filled with a massless scalar in LQC, we have

a(t) =
M2/3

ρ
1/6
c

(

1 + 24πG t2ρc
)1/6

, z(t) =

√

3

4πG

a(t)
√

1− ρ(t)
ρc

≡ − a(t)4

4
√
2πGM2 t

(16)
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where the last equality follows from inserting the explicit form of a(t). These expressions are given

in proper time t, not conformal time η. However, we can calculate

η
∫

dη′

z(η′)2
≡

t
∫

dt′

a(t′)z(t′)2
= −4πG t

√
ρc

3M2

(

1 + 24πG t2ρc
)−1/2

+
2
√
πG

3
√
3M2

ArSinh
(

√

24πGρc t
)

+ C

(17)

where C is an integration constant to be chosen by the requirement that the LQC mode solution

vLQC can be matched to the mode solution (13) computed in the contracting phase in the regime

where LQC corrections are no longer relevant,
√
24πGρct ≪ −1. In this limit, (17) becomes

t
∫

dt′

a(t′)z(t′)2
→ C −

√
2πG

3
√
3M2

(

log
(

−
√

96πGρc t
)

− 1
)

(18)

or, written in conformal time η,

η
∫

dη′

z(η′)2
→ C −

√
2πG

3
√
3M2

(

log

(

16M

(

2πG

3

)3/4 √
ρc(−η)3/2

)

− 1

)

(19)

which suggests that a useful choice is

C :=

√
2πG

3
√
3M2

(

log

(

(

2πG

3

)3/4

32
√

2ρcM k−3/2

)

− 1

)

. (20)

The sub-Planckian limit
√
24πGρct ≪ −1 can then be taken, yielding

η
∫

dη′

z(η′)2
→ −

√
πG√
6M2

log

(

−kη

2

)

. (21)

In summary, we computed an approximate solution of the LQC corrected Mukhanov-Sasaki equa-

tions in the limit of low wavenumber |kη| ≪ 1, which away from the Planck-scale regime and before

the bounce approaches

v(η, k) ∼ B1(k)

(

6

πG

)1/4

M
√−η −B2(k)

(

πG

6

)1/4 √−η

M
log

(

−kη

2

)

. (22)

Matching this solution to the low wavenumber regime (13) of the perturbations in the collapsing

phase, we can now fix

B1(k) =

(

G

6π

)1/4 2iγ + π

2M
, B2(k) = −i

(

6

πG

)1/4 M√
π
. (23)

Notice that for the case of a universe filled with a massless scalar field, these coefficients are

k-independent (but we included a k-dependence into the integration constant C). Because of

the nontrivial background geometry, there is now mode mixing across the bounce. This can be

seen by now considering the limit
√
24πGρc t ≫ 1 of the approximate LQC mode solution, which

corresponds to the sub-Planckian regime after the bounce. In this limit, we have

η
∫

dη′

z(η′)2
→

√
πG√
6M2

log

(

kη

2

)

+
2
√
2πG

3
√
3M2

[

log

(

(

2πG

3

)3/4

32
√

2ρc Mk−3/2

)

− 1

]

(24)
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where we reinstate the explicit expression for C for clarity. We see that this second mode now

contributes not only to the logarithmically growing mode, but also to the constant mode in the

expanding universe. Concretely, putting (15), (23) and (24) together, we have

v(η, k) ∼
√

η

π

(

iγ +
π

2
− i log

(

kη

2

)

− 4

3
i

[

log

(

(

2πG

3

)3/4

32
√

2ρcMk−3/2

)

− 1

])

(25)

in the expanding phase (and away from the Planckian regime in which LQC is relevant); notice the

nontrivial last term which arose from the interaction of this mode with the bouncing background.

As we already mentioned, the quantity of observational interest is ζ = v/z. Using z(η) =

M(6/πG)1/4
√
η away from the LQC regime, we finally find

ζ(η, k) =
1

M

(

G

6π

)1/4
(

iγ +
π

2
− i log

(

kη

2

)

− 4

3
i

[

log

(

(

2πG

3

)3/4

32
√

2ρcMk−3/2

)

− 1

])

(26)

in the expanding phase. Notice that ζ is almost constant during the expansion of the universe,

with only a logarithmic dependence on kη which we shall ignore in the following (this contribution

is small since kη∗ ∼ 1 at conformal time η∗ when the mode re-enters the Hubble radius). The

resulting expression for the scalar power spectrum to be observed at late times is then

∆2
ζ(k) =

k3

2π2
|ζ(η∗, k)|2 ≈ 4

√
2k3

9π2M2

√

G

3π
log

(

(

2πG

3

)3/4

32
√

2ρc Mk−3/2

)2

(27)

if we assume that the argument of the logarithm is of order m
1/2
Pl Mk−3/2 ≫ 1 for the modes of

interest, i.e., the matter energy density given by M is sufficiently non-negligible. In this limit, the

dominant contribution to the power spectrum comes from the mode mixing at the LQC bounce.

If this is not the case, the logarithm would be replaced by an O(1) numerical coefficient. The

prefactor of the amplitude is of order

4
√
2k3

9π2M2

√

G

3π
∼ 0.02

k3

M2mPl
≪ 0.02 (28)

where the last inequality is again the assumption that M contributes a sufficiently large energy

density for the modes of interest. In any case, M is a free parameter in this model that could be

fixed to match any observed amplitude of scalar perturbations. However, the resulting spectral

index ns = 4 is fixed and clearly incompatible with our observations of the CMB.

III. UNIVERSE WITH MASSLESS SCALAR FROM GFT CONDENSATE

We now consider a scenario in which a universe with the same matter content “emerges” in a

framework for quantum gravity. This discussion requires providing some background regarding the

approach we are working in, which is what we will do in this section.

The group field theory (GFT) approach to quantum gravity posits that a large semiclassical

universe emerges from a “condensate” of fundamental quantum gravity degrees of freedom or

“atoms of space” [13, 17]. For the convenience of readers mainly interested in (classical and

quantum) cosmology, we summarise the salient features of GFT inasmuch as the application to

cosmology is concerned. For general reviews of GFT as an approach to quantum gravity, see [9].
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A general GFT is defined in terms of a (complex) scalar field ϕ on an abstract group manifold

(not to be thought of as spacetime), with dynamics governed by an action

S[ϕ, ϕ̄] = −
∫

d4g d4φ ϕ̄(gI , φ
J)Kϕ(gI , φ

J ) + V[ϕ, ϕ̄] . (29)

In the application to inhomogeneous cosmology [20], the domain space of the field ϕ is chosen

to be SU(2)4 × R
4, where the SU(2) arguments are denoted by gI and the real-valued arguments

by φJ . K is a kinetic operator which generally contains derivatives with respect to both g and φ

variables. V is the interaction term consisting of terms of order ϕ3 and higher; we will not specify

the concrete form of V in what follows.

A concrete choice of K and V is usually made by demanding that the amplitudes associated to

Feynman graphs of the theory equal the amplitudes for a given spin foam model, i.e., a discrete

quantum gravity path integral. That is, in the perturbative expansion

Z ≡
∫

DϕDϕ̄ e−S[ϕ,ϕ̄] =
∑

Γ

∏

i λ
Vi

i

sym[Γ]
A[Γ] (30)

of the GFT path integral, each Feynman graph (or vacuum bubble) Γ represents a discrete space-

time history with associated (purely combinatorial) amplitude A[Γ], weighted with a prefactor

determined by the GFT coupling constants λi. (30) generalises the corresponding expansion of the

partition function for matrix models, which generates a sum over discrete two-dimensional Rie-

mannian surfaces, i.e., a sum-over-histories for quantum gravity in two dimensions [10], to higher

dimensions. It was shown in [29] how amplitudes for the Barrett-Crane spin foam model for four-

dimensional quantum gravity [30] could be obtained from such a construction for a suitable choice

of GFT action; later it was realised that any prescription for a spin foam amplitude A[Γ] (within

a class of models of interest for quantum gravity) could be obtained from a GFT [31]. In this way,

the partition function of a GFT corresponds to a sum over topologies and spacetime histories, for

gravity and matter, where each history itself is still discrete and contains a finite number of degrees

of freedom. The main technical challenges, as for the lower-dimensional case of matrix models,

are controlling the unwieldy sum over Γ and performing a continuum limit. Both challenges arise

because the perturbative regime in which one truncates to simple Γ does not correspond to relevant

continuum physics.

The correspondence with discrete quantum gravity path integrals usually leads to a suitable bare

action S[ϕ, ϕ̄], which must be augmented by quantum corrections under renormalisation. Radiative

corrections then usually generate additional terms in V beyond those initially considered, and in

particular derivative terms in K even if one has started from a trivial (ultralocal) quadratic action

in which K was a pure number [32].

The amplitudes A[Γ] can be expressed as sums or integrals over a suitable convolution of propa-

gators, in the usual way. These sums or integrals are over variables corresponding to the arguments

of the GFT field, i.e., in our case, elements of SU(2)4×R
4 or suitable “dual” spaces. The “momen-

tum” representation for SU(2) results in a sum over irreducible representations (spins) associated

to edges of the associated Feynman graph. The R4 labels φJ or their dual momentum variables are

associated to vertices of the graph. The interpretation of these variables is as discrete gravitational

and matter degrees of freedom associated to each discrete spacetime history one is summing over

in (30). The SU(2) valued variables gI are interpreted as holonomies or parallel transports of an
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SU(2) connection (Ashtekar-Barbero connection [33]) for gravity, while the real labels φJ represent

the values of matter (scalar) fields associated to each vertex in the graph. In this sense, choosing

SU(2)4 × R
4 as the domain space for a GFT field naturally leads to a proposal for a quantum

theory for gravity coupled to four massless scalar fields.

Most of the work on GFT condensate cosmology applies to a general class of GFT models

without specification of the forms of K and V, also in light of the existence of a significant number

of models in the literature with no clear consensus about the preference for one or the other as

candidates for four-dimensional quantum gravity. (The class of models is somewhat restricted in

that we have made a specific choice for SU(2) as the gauge group of gravity, a choice that could be

generalised as well [13].) Within this class of GFT models one then uses an effective field theory

approach in which the kinetic term is expanded in derivatives [14, 20, 34],

K = K0 + K̃1 ∂2

∂(φ0)2
+K1

3
∑

i=1

∂2

∂(φi)2
+ . . . (31)

where . . . includes fourth and higher derivatives. This expansion assumes that the GFT action is

invariant under (constant) shifts in φI , parity/time-reversal φI 7→ −φI , and rotations φi 7→ Oi
jφ

j

where Oi
j ∈ O(3) and i, j = 1, 2, 3. These symmetries are all symmetries of free, massless scalar

fields, which is the type of matter we are interested in here. As a consequence, the coefficients

Ki in this expansion can still contain derivatives with respect to the gI variables, but no explicit

dependence on φI is allowed.

With (31), the equation of motion resulting from variation of (29) is

(

K0 + K̃1 ∂2

∂(φ0)2
+K1

3
∑

i=1

∂2

∂(φi)2
+ . . .

)

ϕ(gI , φ
J)− δV[ϕ, ϕ̄]

δϕ̄(gI , φJ)
= 0 . (32)

One now assumes the formation of a GFT condensate in which the quantum field ϕ̂ acquires a

nonvanishing expectation value,

〈ϕ̂(gI , φJ )〉 = σ(gI , φ
J ) , (33)

as a candidate non-trivial configuration corresponding to a macroscopic semiclassical geometry (the

“vacuum” ϕ = 0 corresponds to no spacetime at all, in the interpretation of the Feynman expansion

as a sum over discrete spacetime histories). In the simplest mean-field approximation, the field

configuration σ(gI , φ
J) should satisfy the classical equation of motion (32). This is analogous to

imposing the Gross-Pitaevskii equation on a condensate wavefunction Ψ(~x, t) in the usual treatment

of a Bose-Einstein condensate in condensed matter physics, and an approximation to using the full

quantum effective action instead (which would presumably contain an infinite number of terms).

The mean-field approximation is typically valid when interactions are sufficiently weak. This

means that, for self-consistency, there must be a regime in which (32) is approximately solved if

one only considers the first kinetic term,

(

K0 + K̃1 ∂2

∂(φ0)2
+K1

3
∑

i=1

∂2

∂(φi)2
+ . . .

)

σ(gI , φ
J) = 0 . (34)

The equation is now linear and explicit solutions can be found easily. This last approximation,

perhaps the most drastic one, is not strictly necessary and the potential V has been included into
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studies of the effective dynamics of GFT condensates for some models [35]. We will assume (34)

mostly for technical simplicity. Since the potential contains higher powers of σ and σ̄ and the total

particle number scales as |σ(gI , φJ)|2, interactions become dominant once the condensate reaches a

certain size. The approximation in which interactions neglected hence corresponds to a mesoscopic

regime in which the condensate has formed but not grown beyond a critical size [14]. There is in

general no particle number conservation in these models; indeed the need to describe a realistic

expanding universe generally leads to a preference for models with “instabilities” and exponential

growth in the particle number, as we will see next.4

Explicit solutions to the linearised equation can be straightforwardly obtained by expanding

functions on four copies of SU(2) into irreducible representations (Peter-Weyl expansion). For

simplicity, one can restrict the mean field to only contain isotropic modes, characterised by only a

single spin j; geometrically this assumption corresponds to a sum over discrete spacetimes that are

constructed only out of equilateral tetrahedra. This restriction, while again not strictly necessary,

turns out to be sufficient to capture the dynamics of homogeneous, isotropic universes, as one

might have expected. With it, the mean field σ is of the general form

σ(gI , φ
J) =

∑

j∈
N0

2

σj(φ
J )Dj(gI) . (35)

All dependence on gI is now in the fixed functions Dj(gI), obtained from four Wigner D-matrices

which are contracted with suitable intertwiners. The expansion can be generalised to include modes

with different j labels for the four arguments of σ [36].

The mode expansion of σ into representation labels allows a decoupling of (34) into independent

equations for each j, at least in the simple linearised approximation that we consider. These

equations are of the form (we also drop subleading higher derivative contributions from now on)
(

−Bj +Aj
∂2

∂(φ0)2
+ Cj

3
∑

i=1

∂2

∂(φi)2

)

σj(φ
J ) = 0 . (36)

Concretely, in the standard case in whichK0, K̃1 andK1 are functions of Laplace-Beltrami operators

with respect to the SU(2) variables gI , the coefficients Aj, Bj and Cj are defined by

K0Dj(gI) =: −BjD
j(gI) , K̃1Dj(gI) =: AjD

j(gI) , K1Dj(gI) =: CjD
j(gI) (37)

and each action of a Laplace-Beltrami operator on one of the gI variables would contribute an

eigenvalue −j(j + 1). Expanding σ in Fourier modes with respect to the φi coordinates, one can

then write down a complete set of solutions to (36), namely

σKi

j (φJ) = exp
(

iKiφ
i
)

{

α+
j exp

(
√

Bj + CjK2

Aj
φ0

)

+ α−
j exp

(

−
√

Bj + CjK2

Aj
φ0

)}

, (38)

where α+
j and α−

j are arbitrary constants.

The motivation for coupling four massless scalars to gravity in GFT (as opposed to the single

scalar field we considered in section II) is the dual role played by these scalar fields: as matter

4 This instability implies that the weak-coupling approximation breaks down after a finite time. In the cosmological

scenario discussed below, this breakdown is not problematic since the quantum gravity GFT phase only describes

an initial stage of the Universe in which perturbations are generated, which does not need to last very long.
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fields driving the expansion of the universe and sourcing cosmological scalar perturbations, and

as labels that can be used to define local coordinates. Since nothing in the definition of GFT

makes reference to any background structure that could be used to define a coordinate system, any

identification of coordinates must be relational, i.e., use physical degrees of freedom whose values

serve as coordinates at least locally. Massless scalar fields are perhaps the simplest possibility for

such a relational coordinate system; including them circumvents the –in general very difficult–

problem of constructing coordinates from other degrees of freedom [37, 38].

A. Homogeneous Universe

Keeping in mind that the φJ serve as coordinates in space and time, a spatially homogeneous

mean field now corresponds to the Fourier mode ~K = 0 in the general solution (38), i.e.,

σj(φ
J) ≡ σ0

j (φ
0) = α+

j exp

(√

Bj

Aj
φ0

)

+ α−
j exp

(

−
√

Bj

Aj
φ0

)

(39)

which is only a function of “scalar field time” φ0. In the following, we will assume that the

condensate mean field takes this homogeneous form. This fine-tuned assumption about the initial

state, while resulting in a homogeneous (background) universe, needs to be justified by further

work on the possible initial conditions for GFT condensates, and on the stability behaviour of

solutions to (36). Our philosophy is to work with this simple class of condensate states and extract

predictions for the (non-vanishing) resulting power spectrum of cosmological perturbations. One

can certainly add perturbations to (39), which would be analogous to phonons in real Bose-Einstein

condensates; these would correspond to one form of perturbations of exact homogeneity, namely

perturbations already in the background “classical” spacetime.5 In this paper, we are interested

in an exactly homogeneous background configuration assumed to describe the primordial universe,

with vacuum fluctuations that are to be converted into classical inhomogeneities in a later stage.

One can now extract an effective cosmological dynamics for such GFT condensates by consid-

ering the GFT operators corresponding to geometric volume observables. These can be defined

straightforwardly by observing that |σj(φJ )|2 corresponds to a local particle number density for

quanta of spin j; with the input from loop quantum gravity that the local volume is a given function

of the spins j, a local volume element is then given by [20]

V (φJ ) =
∑

j

Vj|σj(φJ )|2 ≡
∑

{jI}

V{jI}〈ϕ̂
†
{jI}

(φJ )ϕ̂{jI}(φ
J )〉 (40)

where Vj is the eigenvalue of the loop quantum gravity volume operator for an elementary tetrahe-

dron whose faces are all associated to a spin value (area) j. For large j, one has Vj ∼ VPlj
3/2, with

deviations for small j (see, e.g., [41] for a detailed analysis of the spectrum). The last equality in (40)

relates the specific expression valid for an isotropic mean field σj(φ
J) to the more general expression

valid for an arbitrary state, in which case the sum runs over all combinations {jI} = {j1, . . . , j4}

5 To include perturbations, one could also take an approach in which the mean field is taken to be constant within a

“patch” for the φi coordinates, but where different patches do not necessarily have the same mean field (and thus,

not the same effective homogeneous geometry). This approach corresponds to implementing the separate universe

approach [39] in GFT condensate cosmology [40]. We will not consider GFT corrections to the evolution equations

for perturbations, as in [40], but assume these are propagated by the classical Mukhanov-Sasaki equations.
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of four spins. We will only consider states defined by an isotropic and homogeneous mean field of

the form (39).

One can then compute the evolution of local volume elements as a function of scalar field time

φ0. The exact result depends, of course, on the choice of initial parameters α+
j and α−

j ; however,

general statements can be made. In particular, for GFT models in which the ratio
Bj

Aj
has a

(positive) maximum for a given j = j0, apart from the fine-tuned cases α+
j0

= 0 or α−
j0

= 0 any

solution asymptotically satisfies [42]

V (φJ)
φ→±∞→ Vj0 |α±

j0
|2 exp

(

±2

√

Bj0

Aj0

φ0

)

. (41)

In this case, for almost any initial state the spin j = j0 will eventually dominate over all others and

this domination is achieved exponentially fast. The evolution of the total volume then depends on

the growth of the number of particles of spin j0, given by the exponential factor appearing in (41).

Interestingly, this behaviour of the volume reproduces the classical solution for a universe filled

with a massless scalar field, given by

V (φ0) = V0 exp
(√

12πGφ0
)

, (42)

if one identifies
Bj0

Aj0

=: 3πG with the low energy Newton’s constant G. Showing this compatibility

of the effective dynamics of GFT condensates with classical Friedmann cosmology was the first

main result of [14]. One can say much more, though: it is easy to show that, except for cases

of fine-tuned initial conditions, the volume elements V (φJ) never go through zero throughout the

evolution of a condensate. Notice also that the asymptotic behaviour (41) shows a universe growing

exponentially both to the past and the future, whereas the classical solution has a singularity as

V → 0 in the far past (due to our choice of scalar field time φ0, this singularity corresponds

to φ0 → −∞ even though it is reached in finite proper time). This classical singularity is hence

resolved by GFT condensates. The last important result of [14] was that the corrections to classical

Friedmann dynamics that appear when analysing certain specifically chosen mean field solutions

in detail can be matched to the corrections to effective Friedmann equations that one sees in LQC

(as in (3)). Similar derivations of effective LQC-like dynamics from GFT condensates have also

been given in the context of toy models [43] and, more recently, in a different analysis of GFT

using Hamiltonian methods [44].

B. Volume Perturbations from Quantum Fluctuations

We have seen how GFT condensates can reproduce the correct semiclassical physics at low cur-

vature, provide a mechanism for singularity resolution and connect to what was previously done

in the context of LQC from a full quantum gravity setting. All of these are non-trivial results

providing some evidence for the claim that GFT condensates might explain the emergence of a

semiclassical universe from quantum gravity; but the setting of flat homogeneous, isotropic cos-

mology is only the very first approximation to situations one might be interested in in cosmology.

The inclusion of cosmological perturbations into the formalism, in particular, is crucial. In this

section we review the mechanism for the generation of cosmological perturbations in GFT conden-

sates, and connect it to the previous analysis in the semiclassical LQC setting. More details and

discussion can be found in [20].
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The basic idea is conceptually rather similar to what is done in standard cosmology; namely, one

obtains a non-vanishing power spectrum for scalar perturbations from the quantum fluctuations

present in the initial quantum state that the Universe is in. Here, this is not a state for perturbations

(defined, e.g., through the Mukhanov-Sasaki variable v above) on some semiclassical background

spacetime, but it is a state in the full GFT for gravity and matter, which is the key conceptual

and technical difference to the standard treatment.

Following (40), let us define a local volume fluctuation operator given by

δV̂ (φJ ) = V̂ (φJ )− 〈V̂ (φJ)〉 , V̂ (φJ) ≡
∑

{jI}

V{jI}ϕ̂
†
{jI}

(φJ)ϕ̂{jI}(φ
J) (43)

and consider its two-point function at equal times,

〈δV̂ (φ0, φi)δV̂ (φ0, φ′i)〉 =
∑

{jI ,j
′
I
}

V{jI}V{j′
I
}[ϕ̂{jI}(φ

0, φi), ϕ̂†
{j′

I
}
(φ0, φ′i)] 〈ϕ̂†

{jI}
(φ0, φi)〉〈ϕ̂{jI}(φ

0, φ′i)〉

(44)

where we again assume the mean-field approximation, i.e., that all normal-ordered n-point functions

can be evaluated by replacing them with products of the corresponding one-point functions; the only

non-trivial contribution to (44) can then arise from the passage from a general n-point function

to a normal-ordered one, which introduces the commutator of ϕ̂ and ϕ̂†. We have pulled this

commutator out of the expectation value assuming that it is a c-number. Evaluating the two-point

function then requires an explicit form for this commutator. There are two possible choices that

have been discussed in the literature, with different arguments for deriving them: the first one is

a “timeless” commutator algebra given by (e.g., [14, 20])

[ϕ̂{jI}(φ
0, φi), ϕ̂†

{j′
I
}
(φ′0, φ′i)] = δjI ,j′I δ(φ

0 − φ′0)δ(φi − φ′i) . (45)

Here all arguments of the GFT fields are treated as parameters on a configuration space, and the

operators do not evolve in time, even in the Heisenberg picture. (One could in principle add a time

dependence with respect to some background time t and then require ∂ϕ̂
∂t = ∂ϕ̂†

∂t = 0.) This picture

is closest to that of usual canonical quantum gravity, where the Hamiltonian needs to vanish due

to diffeomorphism symmetry and hence time evolution is “frozen”.

Alternatively, one may prefer a commutator algebra closer to that of standard quantum field theory,

in which one sees the fields as evolving with respect to the scalar field clock time φ0. This is a

“deparametrised” formalism in which one of the degrees of freedom of the theory has been promoted

to a time parameter. One can then perform a Legendre transformation of the action, introduce

canonical momenta, and derive equal-time commutation relations

[ϕ̂{jI}(φ
0, φi), ϕ̂†

{j′
I
}
(φ0, φ′i)] = δjI ,j′I δ(φ

i − φ′i) , (46)

analogous to those introduced for GFT in [43, 44]. In the following, we will assume (46) which is

closer to our philosophy of using φ0 as a “clock” with respect to which the evolution of the universe

is defined. If (45) is used instead, the difference in what follows would be that because of the delta

function divergence in φ0 one cannot consider correlation functions of δV̂ (φJ) but of a regularised

quantity obtained by smearing δV̂ (φJ ) over an infinitesimal duration. Indeed, defining

δV̂reg(φ
J) :=

φ0+ǫ
∫

φ0−ǫ

dΦ0 δV̂ (Φ0, φi) (47)
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and evaluating the two-point function of δV̂reg would remove the factor δ(0) and lead to physical

conclusions analogous to the ones reached for the volume perturbation variable δV̂ and (46). The

choice between (45) and (46) is not very important when volume perturbations are considered.

A more subtle issue is the choice of commutators involving derivatives of fields with respect to

φ0, as will be required in section IIIC. Here, the equal-time commutation relation (46) would not

be sufficient to determine commutators between derived fields such as ∂ϕ̂
∂φ0 and ∂ϕ̂†

∂φ0 , for example,

and additional assumptions are needed. On the other hand, assuming (45) would imply that, e.g.,

[

∂ϕ̂{jI}

∂φ0
(φ0, φi), ϕ̂†

{j′
I
}
(φ′0, φ′i)

]

= δjI ,j′I δ
′(φ0 − φ′0)δ(φi − φ′i) . (48)

Smearing this commutator over an infinitesimal φ0 period then gives zero for the right-hand side,

as
∫ ǫ
−ǫ dx δ′(x) = δ(ǫ) − δ(−ǫ) = 0. For general consistency with this case, we will require in the

following that all commutators involving φ0 derivatives of fields vanish.

With (46), the correlator (44) becomes

〈δV̂ (φ0, φi)δV̂ (φ0, φ′i)〉 = δ(φi − φ′i)
∑

j

V 2
j |σj(φ0)|2 (49)

where we again assume a homogeneous and isotropic mean field configuration (independent of φi

and with only a single spin j in the sum). The assumption of isotropy is again made for simplicity,

but the assumption of homogeneity is crucial; it implies that the right-hand side, apart from the

overall delta function, only depends on the scalar clock reading φ0. This result can be trivially

converted into Fourier space, yielding [20]

〈δV̂ (φ0,Ki)δV̂ (φ0,K ′i)〉 = (2π)3δ(Ki +K ′i)
∑

j

V 2
j |σj(φ0)|2 (50)

where Ki are Fourier modes defined with respect to the “rod” scalar field coordinates φi.

The relative strength of these quantum fluctuations when compared to the background ex-

pectation value V (φJ) depends on the specific functional form of the mean field, even within the

approximations made. In a regime in which only a single spin j = j0 contributes, one could simplify

the previous expression to

〈δV̂ (φ0,Ki)δV̂ (φ0,K ′i)〉 = (2π)3δ(Ki +K ′i)Vj V (φ0) (51)

so that there is no longer an explicit dependence on the mean field. In this simple case, we see

explicitly that the amplitude of these fluctuations scales as
√

V (φ0), as one would expect in general

for extensive quantities such as the volume.

C. Towards a Cosmological GFT Condensate Scenario: Gauge-Invariant Perturbations

We now consider a cosmological scenario in which the expanding universe of classical cosmology

is preceded by a GFT condensate phase of quantum gravity origin, which provides both an initial

state for the background evolution and for perturbations on top of it. Recall that in section II

the need for a bounce and previous collapsing phase, for a universe dominated a massless scalar

field, was to provide a physical mechanism for the generation of cosmological perturbations; the
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perturbations arose as vacuum fluctuations inside the Hubble radius, then left the Hubble radius

in the contracting phase in order to re-enter after the bounce. A scenario only based on a massless

scalar cosmology in classical general relativity is not sufficient (Fig. 2): in such a scenario, for

every mode there is only the possibility to enter, never to leave the Hubble radius. Perturbations

seen today must have originated outside the Hubble radius, where there is no causal mechanism

to generate them.

x

t

a(t)

1

H(t)

FIG. 2. Scale factor a(t) vs. evolution of the Hubble radius in the classical cosmology without a bounce.

In the GFT condensate scenario we envisage, the solution to this problem is to postulate a

prior quantum gravity phase in which volume perturbations exist as quantum fluctuations, with

two-point function given by (50). That is, perturbations are generated with constant amplitude

on all scales as given by the Fourier modes Ki. The notion of a classical Hubble radius is not

well defined in this deep quantum-gravity phase since any notion of geometry is subject to large

quantum fluctuations, and large deviations from the notion of causality as given by classical general

relativity are, at least a priori, acceptable. The point of this section is to extract the implications

of (50) for the initial state of perturbations in the expanding phase.

Consider the notion of local volume perturbation in conventional cosmology. If we parametrise

scalar perturbations in the metric by a (Bardeen) variable Φ in longitudinal gauge,

ds2 = −a(η)2(1 + 2Φ(η, x))dη2 + a(η)2 (1− 2Φ(η, x))hij(x)dx
idxj , (52)

a local volume perturbation would be given by

δV (η, x) = −3a3(η)Φ(η, x) . (53)

Its correlation function would then be

〈δV (η, k)δV (η, k′)〉 = 9a6(η)〈Φ(η, k)Φ(η, k′)〉 = 144π5

k3
a6(η)∆2

Φ(η, k) δ(k + k′) (54)

with ∆2
Φ the (dimensionless) power spectrum for the metric perturbation Φ, again evaluated in

longitudinal gauge. In general, the definition of a volume perturbation is gauge-dependent and its

relation to the curvature perturbation variable

ζ = Φ+
δρ

dρ/dη

1

a

da

dη
(55)
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is then also gauge-dependent. It is the latter that we are really interested in. Hence, as already

discussed in [20], we need to go beyond volume perturbations and also consider fluctuations in the

matter density in order to connect to the relevant power spectrum in ζ.

The calculations presented for volume perturbations in GFT condensates can be straightfor-

wardly generalised to any (extensive) observable of the form

δÔ(φJ) = Ô(φJ)−〈Ô(φJ )〉 , Ô(φJ) ≡
∑

{jI}

[

ϕ̂†
{jI}

(φJ )O{jI}ϕ̂{jI}(φ
J ) +

(

O{jI}ϕ̂{jI}(φ
J)
)†

ϕ̂{jI}(φ
J)
]

(56)

where we have added a Hermitian conjugate to ensure that Ô(φJ ) is Hermitian. Focusing specifi-

cally on the matter density, we first define a kinetic energy density in each of the four φI by

ρI(φJ) =
1

2

(

〈π̂I
φ(φ

J )〉
〈V̂ (φJ)〉

)2

(57)

where π̂I
φ(φ

J), the canonical momentum of the scalar field φI , is the observable obtained by setting

O{jI} ≡ − i
2

∂
∂φI [14]. In (57), we have replaced classical expressions for the kinetic energy density

by expectation values in GFT. Perturbations in the total energy density ρ(φJ ) are then given by

δρ(φJ ) =
∑

I

πI
φ(φ

J)δπI
φ(φ

J )

V 2(φJ)
− 2ρ(φJ )

δV (φJ)

V (φJ)
. (58)

We neglect gradient energy since the dynamics of free scalar fields is completely dominated by time

derivatives, i.e., their kinetic energy, near a classical singularity; this is essentially the statement of

the BKL conjecture in this context (see, e.g., [45]). Then notice that for a homogeneous, isotropic

mean field of the form σ{jI}(φ
J) = σj(φ

0) we have

〈π̂i
φ(φ

J )〉 = 0 , i = 1, 2, 3 (59)

and thus only the clock field φ0 contributes non-negligibly to (58). This implies we only need

to consider correlation functions of δπ0
φ(φ

J) and δV (φJ ), and using all commutation relations as

defined in section IIIB these are easy to evaluate:

〈δπ̂0
φ(φ

0, φi)δπ̂0
φ(φ

0, φ′i)〉 = δ(φi − φ′i)
∑

j

∣

∣

∣

∣

1

2
σ′
j(φ

0)

∣

∣

∣

∣

2

, (60)

〈δπ̂0
φ(φ

0, φi)δV̂ (φ0, φ′i)〉 = i

2
δ(φi − φ′i)

∑

j

Vjσ̄
′
j(φ

0)σj(φ
0) . (61)

The property of volume perturbations that the right-hand side is independent of the φi apart from

an overall delta function carries through to these quantities, by virtue of the assumed homogeneity

of the mean field. It is then clear that the effective curvature perturbation variable ζ resulting

from the initial fluctuations in the GFT condensate satisfies

〈ζ(k)ζ(k′)〉GFT = (2π)3δ(k + k′)AGFT (62)

for a k-independent amplitude A, i.e., the dimensionless power spectrum scales as k3 and the

resulting spectral index is ns = 4, just as for the semiclassical bounce cosmology in section II. We
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now calculate this in detail to get some insight on the form of A. For concreteness and simplicity,

we again assume that only a single spin component j = j0 contributes significantly to the mean

field, in which case one can eliminate σj from the expressions in favour of cosmological variables.

From the definition (55) of the curvature perturbation variable and with Φ → − δV
3V , we have

〈ζ(k)ζ(k′)〉 = 1

9V 2
〈δV (k)δV (k′)〉 − 2

3V

a′

ρ′ a
〈δV (k)δρ(k′)〉+

(

a′

ρ′ a

)2

〈δρ(k)δρ(k′)〉 (63)

Notice that the combination a′

ρ′ ≡ da/dη
dρ/dη is reparametrisation invariant with respect to a change

of time variable from η to, e.g., our scalar field time variable φ0, so it can be matched with the

corresponding expression in GFT. For δρ we can now use (58), taking into account that only a

single πφ ≡ π0
φ, the momentum conjugate to the clock scalar φ0, is non-vanishing. We also replace

the scale factor a by a ∝ V 1/3. After some simple algebra, we obtain

〈ζ(k)ζ(k′)〉 = 1

9π2
φ

〈δπφ(k)δπφ(k′)〉 (64)

where we now write πφ for π0
φ due to (59). We see that only perturbations in the scalar field

momentum πφ are relevant for the spectrum of the perturbation variable ζ. This is true in classical

cosmology as well as in GFT condensate cosmology.6 We can now use the correlation function (60),

in the simplest case where only a single spin contributes, to compute an explicit expression for the

amplitude A. Notice that, as we have already emphasised, the right-hand side of (64) results in a

spectral index ns = 4 since all two-point functions are independent of the φi.

In order to relate (60) to cosmological observables, we observe that for a single-spin condensate

(i.e., a mean field whose only non-vanishing contribution is for j = j0),
∣

∣

∣

∣

1

2
σ′(φ0)

∣

∣

∣

∣

2

=
1

16

V ′(φ0)2

Vj0V (φ0)
+

1

4
π2
φ(φ

0)
Vj0

V (φ0)
(65)

with πφ(φ
0) ≡ − i

2(σ̄(φ
0)σ′(φ0)− σ̄′(φ0)σ(φ0)). Putting it all together, we then find

AGFT(φ
0
∗) =

Vj0

36V
+

(V ′)2

144Vj0π
2
φV

. (66)

Here V ≡ V (φ0
∗) corresponds to the value of the local volume element (corresponding to the scale

factor cubed) evaluated at a scalar field clock time φ0 = φ0
∗ where the spectrum is generated. The

dimensionless power spectrum for ζ is given by

∆2
ζ(k) =

k3

2π2
AGFT(φ

0
∗, k) . (67)

In general, one should expect the expression (66) for the amplitude to be dominated by the second

term: the first term is of order m−3
Pl (Vj0 is the elementary volume associated to each “building

block” of the GFT condensate), but the second one is of order mPl/M
4 where M is the mass scale

6 The careful reader will have noticed an important technical point. In replacing the metric perturbation variable Φ

directly by a volume perturbation, we assume that in the general form of a metric containing scalar perturbations,

ds2 = −a(η)2(1 + 2Φ(η, x))dη2 + 2a(t) ∂iB(η, x) dxidη + a(t)2 (1− 2Ψ(η, x) + 2∆E(η, x))hij(x)dx
idxj

,

we can choose a gauge in which ∆E = 0. (Φ = Ψ follows from the absence of anisotropic stress.) In the setting

of GFT condensate cosmology, one always works in a harmonic gauge [21], and longitudinal gauge with ∆E = 0

everywhere is not a possible choice. What is however possible within harmonic gauge is to set ∆E = 0 on an

initial hypersurface on which perturbations are generated [46], which is sufficient for our purposes.
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set by the energy density in the scalar field (see (4)), and we assume mPl > M . We then obtain

the leading order result (using, from (42), V ′ ≈
√
12πGV )

∆2
ζ(k) ∼

mPlV

24πj
3/2
0 M4

k3 . (68)

As we have stressed before, this result is consistent with the calculation in semiclassical cosmology

as far as the spectral index ns = 4 is concerned. It is remarkable that a pure quantum gravity cal-

culation, assuming that the origin of cosmological perturbations is in the quantum fluctuations of a

quantum gravity condensate, yields a spectrum consistent with the expectations from semiclassical

physics. This agreement is the main result of this paper.

The point of presenting the details of the GFT calculation was to also obtain insights about

the form of the amplitude, which is different from that in the semiclassical theory. Writing the

resulting amplitude in a similar form as we did in (28) for the semiclassical case, we have

∆2
ζ(k) ∼ 0.01

(

m2
PlV

j
3/2
0 M2

)

k3

M2mPl
(69)

where the terms in brackets give an additional factor contributing to the amplitude, replacing

the expression log
(

(

2πG
3

)3/4
32
√
2ρc Mk−3/2

)2
we found in the semiclassical calculation. With

mPl > M and j0 of order one in most models, one might expect that

m2
PlV

j
3/2
0 M2

≫ 1 ; (70)

however, V is a local volume element, related to the total volume of the condensate by

Vtot(φ
0) =

∫

d3φ V (φ0, φi) . (71)

For a homogeneous function V (φ0, φi) ≡ V (φ0), which is the case we have been discussing, V is

the ratio of the physical condensate volume and the coordinate volume given the allowed values

of φi. So far we did not worry about the regularisation of the total volume, which is infinite for

a non-compact homogeneous universe and must be regularised. In standard cosmology, while the

source of some technical complications, this point is of relatively minor importance as one can work

in a finite box and at the end take the limit in which finite-size effects vanish. In GFT condensates,

however, this point is more important, since the particle number in the condensate cannot become

too large before interactions dominate [14]. Thus, the total volume Vtot is bounded from above.

The limit of large coordinate volume would correspond to simultaneously taking V (φ0) → 0. We

must hence work in a finite box for the allowed coordinate values φi and with finite, small V .

The difference between the semiclassical prediction for the amplitude (28) and the GFT result

(69) is then a combination of mPl and effectively three free parameters: a mass scale M < mPl

associated to the matter energy density; a spin j0 (a number of order one) corresponding to the

(in this simple case single) volume eigenstate occupied by quanta in the GFT condensate; and

a volume factor V ≪ 1 relating the coordinate volume to the physical volume in the condensate

(bounded from above since we assumed that the free GFT dynamics provide a good approximation).

Out of these, the last two can be derived or at least constrained from a more specific choice of

GFT dynamics, which will set a precise upper bound on the total condensate volume, and single
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out j0 as the spin for which a ratio of couplings takes its maximum (see the discussion before

(41)). M will presumably remain as a free parameter, like in the semiclassical theory. From

a phenomenological perspective, then, this model appears to be as predictive as the semiclassical

cosmology of a bouncing universe filled with a massless scalar field.7 From a fundamental viewpoint,

however, the results are promising for the status of GFT condensates as a quantum gravity origin

for the emergence of a semiclassical universe: not only the homogeneous background dynamics,

but also the physics of perturbations give results compatible with semiclassical theory. It is far

from obvious that a background-independent approach to quantum gravity in which space and

time emerge from “pre-geometric” discrete fundamental degrees of freedom should achieve this.

IV. DISCUSSION

Showing the emergence of a realistic universe from a theory of quantum gravity is an outstand-

ing challenge for fundamental physics, addressing which will be crucial in order to complete our

understanding of the origins of space and time. In this article, we showed some progress towards

addressing it in the group field theory approach to quantum gravity: we showed how a condensate

of discrete “building blocks” of geometry, a candidate for a semiclassical macroscopic geometry,

is capable of producing not only the correct dynamics of an exactly homogeneous and isotropic

background spacetime, but also of generating a power spectrum of primordial scalar perturbations

that is consistent with expectations coming from the semiclassical approach of standard cosmology

in terms of quantum fields on a curved spacetime background. For technical reasons, the matter

content was restricted to free, massless scalar fields and the background spacetime was spatially

flat. This is because this is the only model that has so far been constructed within GFT [14].

While not viable as a model for our own Universe as far as the matter content is concerned, this

is also a toy model on which much work in quantum cosmology, from loop quantum cosmology

[16] to a variety of other approaches [15, 48], has been based, and thus the results obtained here

should facilitate a more detailed comparison with all these approaches regarding methods, technical

questions, and physical predictions.

In the GFT condensate cosmology scenario that this article is beginning to develop, the origin

of cosmological perturbations is neither in an expanding inflationary phase nor in a collapsing

phase, as in usual bounce models [2]; it is in the quantum fluctuations of the GFT condensate

making up space, time and matter itself at the fundamental level. From the perspective of low-

energy, semiclassical cosmology, this mechanism appears to violate causality as it seems to require

generation of perturbation modes outside of the Hubble radius. However, from the GFT (or

generally, quantum gravitational) perspective this is not the right way of looking at things: here,

space and time are themselves made up of quantum gravitational degrees of freedom, with necessary

fluctuations in the effective spacetime geometry due to the uncertainty principle. Any question

involving spacetime geometry must then come with an intrinsic uncertainty, and this pertains to

questions such as whether physical correlations respect causality, since the notion of causality is

itself only defined once a metric is known. Such conundrums are of course known to practitioners

of quantum gravity, and have been discussed since the early days of the subject; the new input they

might lend to fundamental cosmology is in a revision of our usual concepts of causality applied to

7 The critical density ρc in LQC, which appears in the logarithmic contribution to the amplitude, has a similar

status as j0 for GFT condensates: ρc depends on the details of the assumed loop quantum gravity state [47].
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the very early universe in the Planckian regime. In spirit at least, our work has some relation to

the proposal of [49] for generating a scale-invariant spectrum of cosmological perturbations in a

non-geometric “high temperature phase”, where the concept of causality is entirely undefined (and

instead only the holographic principle is used).

Of course, in our model the power spectrum does not come out to be (nearly) scale-invariant as

required by what we see in the sky, but instead gives a spectral index ns = 4, as one would expect for

a universe filled with a free scalar field (with matter equation of state P = ρ) by simply considering

the order of the Hankel functions solving the Mukhanov-Sasaki equation (see, e.g., [6, 50]). A major

challenge for GFT condensate cosmology would be the incorporation of more complicated matter

dynamics that may reproduce an approximately scale-invariant, and hence observationally viable,

power spectrum. The obvious candidate for this is the conventional matter bounce scenario [6],

i.e., a universe dominated by dust, as discussed within LQC in [23]. Since the effective dynamics

for GFT condensates is derived from a fundamental GFT action for quantum gravity coupled to

suitable matter, this means that the GFT formalism itself must be extended from describing free,

massless scalars, as in [34], to at least self-interacting scalar fields with nontrivial potential terms.

The details of the resulting cosmological power spectrum would also be affected by generalising the

calculation we presented, e.g., by including the effect of GFT condensate interactions or relaxing

the assumption that the mean field configuration is exactly homogeneous and isotropic.

It is interesting that, in contrast to the usual formalism of quantum field theory on curved

spacetime which requires a choice of vacuum, here only the general statement that the condensate

mean field should be initially homogeneous and isotropic was needed in order to obtain the general

form of the power spectrum (in particular, its spectral index). In this sense, the formalism of

“cosmology as quantum gravity hydrodynamics” [51] seems to itself provide enough constraints to

deduce general features of the spectrum of perturbations, as already observed in [20]. The under-

lying explanation of this initially puzzling statement is that the dynamics of spacetime and matter

are more intricately linked in a full quantum gravity setting, where there is only a single quantum

state for both. More precisely, demanding homogeneity for the background spacetime, by fixing

the general form of the condensate mean field, then also fixed all higher order n-point functions

including the ones responsible for perturbations. The latter statement is a general property (in

some sense the defining property) of the mean-field approximation we are working in; hence a

departure from this strict connection between background and perturbations could also be implied

by a breakdown of the mean-field approximation itself. Understanding the range of validity of

the mean-field approximation within GFT condensates is one of the main open questions in this

research programme; however, this is a question within a specific quantum field theory (namely

GFT), disconnected from any general or conceptual discussion of initial conditions in cosmology.

This article outlines a direct avenue in which such theoretical questions within quantum gravity

can have a direct link to cosmological phenomenology. Overall, while still far from providing a

satisfactory description of the observed cosmology, the fact that in GFT condensate cosmology

we are now able to show such connections in explicit calculations is a major step forward towards

connecting background-independent quantum gravity to reality.
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