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LARGE DEVIATIONS FOR STOCHASTIC NEMATIC LIQUID CRYSTALS
DRIVEN BY MULTIPLICATIVE GAUSSIAN NOISE

ZDZISLAW BRZEZNIAK, UTPAL MANNA, AND AKASH ASHIRBAD PANDA

ABSTRACT. We study a stochastic two-dimensional nematic liquid crystal model with mul-
tiplicative Gaussian noise. We prove the Wentzell-Freidlin type large deviations principle for
the small noise asymptotic of solutions using weak convergence method.

1. INTRODUCTION

The dissimilarity between the states of matter arises due to the degree and type of ordering,
the molecules of the matter display with respect to their neighbours. In between solid and
liquid states, there lives an intermediate state, which displays long-range orientational order.
Liquid crystals are such phases containing molecules with high shape-anisotropy. At elevated
temperatures, the axes of the liquid crystal molecules orient in a random manner. On cooling,
the phase to evolve first is the nematic phase. The molecules in this phase exhibit orientational
order but have no positional order. On average, the molecules in the nematic phase align
parallel to a well-defined spatial direction which is denoted by the unit vector d, known as
the director.

To model the dynamics of the nematic liquid crystals, most of the scientists bank on the
continuum theory developed by Ericksen [I5] and Leslie [I8] in the 1960’s. Stimulated by
this theory, Lin and Liu [I9] established the most elementary form of dynamical system
representing the motion of nematic liquid crystals. This system can be derived as

%‘;Hu.v)u_uAquvp:_W' (Vd o vd), (1.1)
V-u=0, (1.2)
od 2
5 T (@ V)d =7 (Ad+|Vd]d), (1.3)
d? = 1. (1.4)

This holds in Or = (0,7] x O, where O C R? and 0 < T < oo. The vector field u :
[0,T) x O — R? denotes the velocity of the fluid, d : [0,7) x O — R? is the director field that
represents the macroscopic molecular orientation of the liquid crystal material, p : [0,7)xO —
R denotes the pressure function. The constants u, A and - are positive constants that represent
viscosity, the competition between kinetic energy and potential energy, and microscopic elastic
relaxation time for the molecular orientation field. V- denotes the divergence operator. The
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2 Z. BRZEZNIAK, U. MANNA, AND A. A. PANDA

symbol Vd ® Vd is the 2 x 2-matrix with the entries
[Vdevd], Za d®a, d®), 45 =1,2.

We equip the system with the initial and boundary conditions respectively as follows

u(0) =ug with V.-up=0, and d(0)=dy, (1.5)
od
u,, =0 and oo = (1.6)

where the vector field n is the outward unit normal vector to 90, i.e., n(z) is perpendicular
to the tangent space of O at each point x € O, of length 1 and facing outside of O.

Although — is a simpler model than the original system studied by Ericksen and
Leslie, it conserves many essential physical properties of the nematic liquid crystals. However,
due to the presence of the term V - (Vd ® Vd), we have high nonlinearity and due to
Ad +|Vd|’d =d x (Ad X d), we have non-parabolicity. Thus the above system of equations
forms a fully nonlinear system of partial differential equations with constraints. In 1995,
Lin and Liu [19] proposed a corresponding system to subdue the difficulty caused by gradient
nonlinearity |Vd|?d, where they replaced this term by the Ginzburg-Landau bounded function
X|d|<1(|d]*~1)d. In this paper, we consider a general polynomial function f(d) as a substitute
for the Ginzburg-Landau function. Our aim is to study the following system:

g‘: +(u-V)u—pAu+Vp=-AV-(VdoVd) in (0,7]x O, (1.7)
V.-u=0 in [0,7] x O, (1.8)
‘Z;l +(u-V)d = 7< d——f( )> in (0,7] x O, (1.9)

with the same initial and boundary conditions as in (1.5))-(1.6). Here 6 > 0 is an arbitrary
constant. We assume that the initial value of the director field d satisfies the saturation
condition

|do(z)|gs =1, forallz € O. (1.10)

In the present paper, we shall consider a stochastically perturbed nematic liquid crystal
system in a two-dimensional bounded region O, with smooth boundary 00O. The noise is
multiplicative Gaussian and is incorporated in the It6 sense in the velocity equation and
in the Stratonovich sense in the director field equation . Since d solves equation
(for § = 1), this saturation condition is not satisfied for t > 0. However, our larger aim of this
project (which will be addressed in subsequent works) is to study the problem with equation
as a limit, as § N\, of the Ginzburg-Landau approximations and then to show that
the saturation condition is also satisfied for all £ > 0. For that purpose the Stratonovich form
of the Gaussian noise (see e.g. [3, 4]) (or Marcus canonical form for a more general Lévy
noise, see [§]) will prove essential and is the key motivation for considering the director field
equation to be perturbed by noise in these special forms.
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In this work, we aim to establish large deviations principle (LDP) for the small noise
asymptotic of solutions of the following system as the parameter ¢ — 0.

du(t) + [(u(t) - V)u(t) — Au(t) + Vpldt = =V - (Vd(t) © Vd(t))dt + e o(u(t)) dWi(t),
(1.11)
(1.12)
= (Ad(t) — f(d(t))) dt + e (d(t) x h) o dW>(t).
(1.13)

Here h is a given bounded function. W = (W3, Ws) is an (H x R)-valued Wiener process. We
provide more details about the noise in the next section. The initial, boundary and constraint
conditions are respectively given by , and . Here we have taken, without any
loss of generality, u=A=vy=4§ =1.

We believe, based on the LDP developed in this work, we will be able to study the probabil-
ity of switching of the director from the vicinity of one stationary solution to the another one
and prove that the lower bound of the switching probability is strictly positive (see [2], by the
first named author, for similar interesting ideas on magnetisation reversal for the stochastic
Landau-Lifshitz-Gilbert equation). This result might give a mathematical justification for a
well-known physical phenomena called Fréedericksz transition. Thus our current work may
be viewed as an important step towards the understanding of director reversal phenomena,
which we propose to take further in a subsequent work.

We now provide brief details of relevant literature pertaining to the stochastic liquid crystal
model and LDP of other closely related physical models. Brzezniak et al., in [3], first initiated
the study on the Ginzburg-Landau approximation of - under the effect of fluctuating
external forces. In this work, the authors used fixed point argument to prove the existence
and uniqueness of local maximal solution in both two and three dimensions. Furthermore,
they proved the existence of global strong solution to the problem in two dimensions. In a
follow-up paper Brzezniak et al. [4] (see also [Bl [, [7]), the authors considered the same model
with multiplicative Gaussian noise and established the existence of global weak solution and
proved pathwise uniqueness of the solution in two dimensions. Recently, in [§], authors of
this paper have studied the above system — driven by jump processes and proved
existence of weak solutions in two and three dimensions.

There is no work on the LDP for the solutions of stochastic nematic liquid crystal model
other than a very recent paper by Zhang and Zhou [26], where noise, in the pure jump form,
appears only in the velocity field equation. Although this paper [26] is based on an existence
theory developed in our earlier work [8], in our opinion, the study of LDP lacks physical
motivation (as described above), and is closely related to the study of LDP of Navier-Stokes
equation in terms of technicality (see e.g. [25]). Nematic liquid crystal model is structurally
close to other relevant physical models, e.g. Landau-Lifshitz-Gilbert equations, Harmonic
map flow etc., and LDP of such models are rarely studied in the literature. The (possibly)
only relevant work in this direction is [2], where the first named author of this paper and his
collaborators have studied LDP for an one-dimensional stochastic Landau-Lifshitz-Gilbert
equations using the weak convergence approach and have further shown that noise can induce
magnetisation reversal. Our current work is inspired by [2] and is built on the theory of weak
convergence approach to LDP due to Budhiraja and Dupuis [10].
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The organisation of this paper is as follows. In Section [2| we will recall basic functional
spaces and define some operators and its properties. In Section [3, we will state the as-
sumptions on the general polynomial, noise and its coefficients. In Section [4] we discuss the
existence of various forms of solutions and uniqueness. In Section |5, we will first recall the
general criteria for a large deviation principle obtained in Budhiraja and Dupuis [10]. Then
we introduce two crucial systems, i.e. stochastic control equations and deterministic control
equations (termed as skeleton equation) and discuss about their existence results. The proof
of the stochastic system is based on the Girsanov theorem and that of the deterministic sys-
tem is based on the classical Faedo-Galerkin approximations and compactness arguments,
and is placed in Appendix [A] In Section [6] we state two sufficient conditions for establishing
an LDP, which are proved in the next two sections, i.e. in Sections [7] and [§] Finally, we will
prove the main result in Section [0

2. FUNCTIONAL SETTING OF THE MODEL

2.1. Basic Definitions and Functional Spaces. Let O C R? be a bounded domain with
smooth boundary 0. For any p € [1,00) and k € N, LP(O) and W*P(O) are well-known
Lebesgue and Sobolev spaces of R-valued functions respectively. For p = 2, put W2 = H*,
For instance, H 1((’) R?) is the Sobolev space of all u € L?(O;R?), for which there exist
weak derlvatlves - € L?(O;R?),i = 1,2. It is a Hilbert space with the scalar product given
by
(W, v) g == (0, V)2 + (Vu,Vv) 2, u,ve H(O,R?).
Let us define the following spaces
V= {ucC*(O;R?): div u=0},
H := the closure of V in L*(O;R?),
V := the closure of V in H'(O;R?).

One can use also an equivalent characterisation of these two spaces based on the trace (or
Stokes) Theorem [24, Theorem I.1.2], see Theorems 1.1.4 and 1.1.6 therein.

In the space H we consider the scalar product and the norm inherited from L?*(O;R?) and
denote them by (-, )i and | - |, respectively, i.e.,

(w,v)g = (u, V)2, |ulg:=|ulz2 :=|ul, u,v € H

In the space V we consider the scalar product inherited from the Sobolev space H'(O;RR?)
ie.,

(uv V)V = (ua V)Lz + ((u7 V))a

where

(W) = (Y, Vv) 2 = Z / g’; g; 5 wvev, 2.1)

and the norm
luly := [ulf + [Jul?,
where

[u]|? := [Vul3.. (2.2)
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Note that since O is a bounded domain, the Poincaré inequality holds on it, and therefore
the norms | - |y and || - || are equivalent (on V).
It is also known that V is dense in H and the embedding is continuous. We have

Vo H2H < V.

The above spaces are the most used spaces to describe the fluid’s velocity. To describe the
fluid’s director field, we will use spaces

L?:=L*(O,R*), H':=H'YO,R? and H?:= H*(O,R?).

Note that elements of these spaces take values in the three-dimensional Euclidean space R3,
irrespective of the spatial dimension, which is 2 in this work.

2.2. Bilinear Operators. Let us consider the following trilinear form, see Temam [24],

2
b(u,v,w) = Z / u(i)ﬁwiv(j)wj dr, uelP’,veWh welL", (2.3)
ij=1790
where p, q,r € [1, 0] satisfying
1 1 1
S+ <l (2.4)
p q T

We will recall the fundamental properties of the form b that are valid for both bounded and
unbounded domains. By the Sobolev embedding Theorem, see Adams [I], and the Holder
inequality, there exists a positive constant ¢ such that

|b(u, w,v)| < clulv|w|v|v|v, u,w,vev.

The form b is continuous on V. In particular, we define a bilinear map B by B(u,w) :=
b(u, w,-), then we infer that B(u,w) € V' for all u,w € V and the following inequality holds

[B(u,w)|y: < ¢ lulylwly, —u,weV.

Moreover, the mapping B : V x V — V' is bilinear and continuous. The form b also has
the following properties, see [24],

b(u,w,v) = —b(u,v,w), u,w,vev.
In particular,
b(u,v,v) =0, u,vev.
Hence
(B(u,w),v) = —(B(u,v),w), u,w,veV
and

(B(u,v),v) =0, u,vev.
Moreover, for all u € V,v € H', using the notation (2.2), we have
1oy 1
Bla,v)lye < e a3 Vi v, (2.5)

For the proof, we refer to Section 1.2 of Temam [24].
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We will use the following notation, B(u) := B(u,u). Also note that the map B:V — V'
is Lipschitz continuous on balls.
One can define a bilinear map B defined on V x H! with values in (H')’ such that

(B(u,v),w) = b(u,v,w) u,v,wec H!

With an abuse of notation, we again denote by B(-,-) the restriction of B(-,-) to V x H?,
which maps continuously V x H? into L?. Using the Gagliardo-Nirenberg inequalities one
can show there exists a positive constant C' such that

. 1 1 1
|B(u,d)| < C [ulf[u|2|Vd|2|Ad]%, weV,deH2 (2.6)
Moreover, using Young’s inequality one can get
|B(u,d)| ., <C [lu|d]g,

We also have

(B(u,d),d) =0, ucV,dec H%

For the proof, we refer to Section 1.2 of Temam[24].
Let m be the trilinear form defined by

2 3
m(dy,da,u) =— > > / 0y, AP0, a0, u®dz, dy e WP dy e Wh ue W,
ij=1k=1"9
with p,q,7 € (1,00) satisfying condition (2.4). The above integral is well defined when
di,dy € H? and u € V. We also have the following Lemma, where we use the notation (2.2).

Lemma 2.1. There exists a constant C' > 0 such that
1 1 1 1
im(dy, d2,u)|2 < C |Vdy|2,|V2dy|2,|Vd| 2, |V2da| 2, [ul, di,d2 € H>,u€eV.
For proof see [4]. Now we state the following Lemma.
Lemma 2.2. There ezists a bilinear operator M : H?> x H?> — V' such that
(M(dy,ds),u) =m(dy,ds,u), di,dp € H*> ueV.
Furthermore, there exists C' > 0 such that
1 1 1 1
|M(dy,da) [y < C |Vd1|2,|V?d1|2,|Vdy|2,|V?ds|2,, di,dy € H? (2.7)
For a proof we refer to [4]. We will use the following notation, M (d) := M(d, d).

2.3. Linear Operators, Its Properties and Important Embeddings. Now we will recall
operators and their properties used in [9]. Consider the natural embedding j : V < H and
its adjoint 7' : H < V. Since the range of j is dense in H, the map j’ is one-to-one. Let us
put

gu = ((u,-)), ucVv,
where ((+,-)) is defined in (2.1). If u € V, then &/u € V'. Since we have the following
inequalities

1
[((w,w))| < Jull - [wll < [[ull(iw]* +wli)2 = [[ul - [wlv, weV.

ITo be precise, the form b should be replaced by a form b defined by formula (2-3) but for R%-valued vector
field u, and R3-valued vector fields v and w.
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we infer that
uly < ul,  ueV.

The Neumann Laplacian acting on R3-valued function d will be denoted by A, i.e.,

D(A) := {dGHQ:Zd—Oon a(’)},

n
2

2
Ad=-S29 qepua.
=1

2 b
o;

It is known that A is a non-negative self-adjoint operator in L?. As we are working on a
bounded domain, A has compact resolvent.

2.4. Spaces involving time. Let 1 < p < co. Let us define the space
LP([0,T7; X),

consisting of all measurable functions ¢ : [0,7] — X with

T 1/p
|9l e (jo,17,x) = </0 ()% dt) < 00,

for 1 < p < oo and for p = oo we define the norm

|l oo (j0,77;x) = esssup |p(t)|x < oo.
0<t<T

Let m be a positive integer and 1 < p < co. We define the Sobolev space
W™P([0,T]; X) := {gb e LP([0,T); X) | D% € LP(]0,T]; X), for all |a| < m}
We endow it with the norm
, 1/p
|Blwm.r(jo,17:x) = <|Z |D ‘f"Lp([o,T];X)) :
al<m
We define the space
C([0,TT; X)

comprises all continuous functions ¢ : [0,7] — X with

Pleqom;x) = e lp(t)|x < oo.

The following result is similar to the compactness criteria proved in Temam [24], Section
13.3 and Lions [20], Section 5, Chapter I.

Lemma 2.3. Let X C Y C Z be Banach spaces, X and Z reflexive, with compact embedding
of X inY. Let p € (1,00) and k € (0,1) be given. Let A be the space

A= I([0, T); X) N WHP((0,7Y; 2)
endowed with the natural norm. Then the embedding of A in LP([0,T];Y) is compact.
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3. HYPOTHESES

3.1. Assumption on the noise and its coefficients. Let W5 be R-valued Wiener process
on (Q,F,F,P) and W; is an H-valued Wiener process on (2, F,F,[P) with the RKHS (i.e.
Cameron-Martin space) Hp, where Hy is a Hilbert space such that Hy < H and the natural
embedding i : Hy — H is Hilbert-Schmidt. We assume that W; and W5 are independent.

Denote by Ly = La(Hg, H) be the space of linear operators S which are Hilbert-Schmidt
operator from Hy to H. The norm in the space Lo is defined by |S|r,. The noise intensity
0 :[0,7] x H— La(Ho, H) is assumed to satisfy the following:

(1) There exists positive constant K such that

lo(tw)|, < K(1+[uff), Vte[0,7], YueH.

(2) There exists positive constant L such that
lo(tw) — ot )]}, < Lluy —uoffy, Vte[0,T], Vuy,up € H.

To ease the notation, we will suppose that o(t,u) := o(u).
We assume h € L™ is fixed. We define a bounded linear operator G from L? into itself by

G:I?>d—dxhel?

It is straight forward to check that
(1) |G(d)[z2 < |h[Le~|d] 2.
(2) |G(d1) = G(d2)|r2 < [h|ze|d1 — daf2.
We have the following form between Stratonovich and Ito’s integrals
1
G(d) o dWy = §G2(d) dt + G(d) dWs,
where G? = G o G and defined by
G*(d) = GoG(d) = (d x h) x h, for any d € L?.
3.2. Assumpti()Nn on the general polynomial. Let N € N:={1,2,3,---}. Let us assume
that a function F' : R — R is a polynomial of degree N + 1 with the leading coefficient a1

being strictly positive and such that F(0) = 0. We put f(r) = F'(r), r € R. We define a map
f:R® = R3 by

f(d) = f(|ld)d, deRr’. (3.1)
Let F : R? — R be a function defined by
1 -
F(d) = S F(ldP), deE,
Let us note that F Fréchét differentiable and that for any d € R? and g € R3
F(d)[g] = f(d) g
Remark 3.1. Let the polynomial function f be defined as in (3.1)).
(1) There exist constants ly,lo > 0 such that
fr) <u@+rN) and |f'(r)] <L@+rN"1), r>o0.
(2) There exist constants ¢, ¢ > 0 such that

F(@gs <e (1+]d5 ") and |f(d)gs < (1+]d]5)), deR
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(3) Since H' ¢ L*N*2 for any N € N. From previous results we infer that d € H> C L™
whenever d € H' and f(d) + Ad € L.

Now, using the operators introduced in previous sections, we can rewrite the system (|1.11])-
(1.13)) as

du(t) + [u(t) + B(u(t), u(t)) + M(d(t)] dt = VEo(u(t)) dW; (t), (3.2)
dd(t) + [Ad(t) + B(u(t),d(t)) + £(d(£)] dt + 2 G(d(t)) o dWa(t). (3.3)

4. THE EXISTENCE OF SOLUTIONS

We will consider the following stochastic integral equation form of the problem —:

t

u(t) =ug — / [a(s) + B(u(s),u(s)) + M(d(s))] ds + \f/ s))dWi(s),  (4.1)
0

t ~
d(t) = do —/ [Ad(s) + B(u(s),d(s)) + f(d(s))]ds + = / G*(d
0
+ \[/ G(d(s)) dWa(s).

In this section, we will provide the existence results of the problem (4.1)-(4.2).

(4.2)

Definition 4.1. Let the assumptions stated earlier hold. A weak martingale solution to

(4.1)-(4.2) is a system

(Q,F,F,P,W,u,d)
consisting of a filtered probability space with the filtration F = (Ft).ejo,m), of a canonical

Hy x R-cylindrical Wiener process W = (W1 (t), Wa(t))iejo.r] and V x H?-valued progressively
measurable processes (u(t),d(t))ieo,r) such that:

(1) (u,d) is H x H'-valued continuous processes with

T
E sup “u(s)\H + \Vd(s)\Lz} + E/ (‘Vu ‘LQ + |Ad(s |L2) ds < 00,
s€[0,T] 0

(2) for each (p,v) € V x L? we have, for all t € [0,T], P-a.s.

(u(t) — up, ) + / (/u(s) + Blu(s), u(s) + M(A(s)), ¢y y ds

- / o) AW (s),
and
(d(t) — do, ) + / (Ad(s) + B(u(s), d(s)) + F(d(s)) — § GX(d(s)), ) 1z 12 ds
= V& [ (Gl v amags)

Theorem 4.2. (Existence of weak martingale solution) Let the assumptions stated
earlier hold. Assume that (ug,do) € Hx H' and h € WH3 N L. Then the system (4.1))-(4.2)
has weak martingale solution in the sense of Definition [{.1] in two dimensions.
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Proof. We refer to Brzezniak et al. [4] for the proof. It has been proved for ¢ = 1 there in
Subsections 3.1-3.3. O

Theorem 4.3. (Pathwise Uniqueness) Assume that (u;(t),d;(t)),i = 1,2 are two weak
martingale solutions of (4.1))-(4.2)) defined on the same stochastic system (2, F,F,P, W7, W3)
and with the same initial condition (g, dg) € H x H*. Then for any t € (0,T], P-a.s.

(wi(t), di(t) = (ua(t), d2(t))-
Proof. For proof see Subsection 3.4 in [4]. O

In what follows we will denote by K the Banach space
Kr = K17 x Ko := C([0,T); H) N L*([0, T}; V) x C([0,T); H") N L*([0, T]; D(A)).
We will need the Banach space
Yr = C([0, T]; H) x (C([0, T}; R),
where
0C([0,T];H) := {w € C([0, T]; H) : w(0) = 0},

endowed with the standard sup norm. Similarly we define (C([0,T7;R).

The pathwise uniqueness and the existence of weak solutions imply uniqueness in law

and the existence of a strong solution (See infinite-dimensional version of the Yamada and
Watanabe Theorem in Ondrejat [22], Theorem 12.1 and 13.2), see also Theorem 5.6 in [2].

Theorem 4.4. Let the assumptions of Theorem [{.9 hold and let ¢ > 0. Then uniqueness
i law and the existence of a strong solution hold for the system — in the following
sense.

(1) If (0, F,F,P,W,u,d) and (Q, F,F,P,W,u,d) are two weak martingale solutions to
problem ([(L.1)-(4.2) such that (u,d) and (q, d) are Kp-valued random variables, then
(u,d) and (@,d) have the same laws on K.

(2) There exists a Borel measurable function J¢ : Ypr — Kp such that the following
holds. If (Q,F,F,P) is an arbitrary filtered probability space with filtration F =
(Fdrepo,r); W= (Wi(t), Wa(t))sejo,r is an arbitrary (H x R)-valued Wiener processes
on (2, F,F,P) and X® := (u®,d®) = J o W, i.ec.

X : Q3w J (W(w)) € K,

then the system (Q,F,F, P, W, X¢) is a weak martingale solution to problem (4.1)-
(E2).
5. THE LARGE DEVIATION PRINCIPLE
5.1. Basic Definitions and Properties.

Definition 5.1. Let Z be a Polish space. A function I : Z — [0, 00| is called a rate function
if 1 is lower semicontinuous. A rate function I is a good rate function if for arbitrary
M € [0,00), the level set Kpr = {x : I(x) < M} is compact in Z.

Definition 5.2. We say that a family of probability measures {P; : € > 0} satisfies the large
deviation principle (LDP) on Z with a good rate function I : Z — [0, 0] satisfying,
(1) for each closed set Fy C Z

limsupelogP.(F1) < — inf I(x),
e—0 €l



LARGE DEVIATIONS FOR STOCHASTIC NEMATIC LIQUID CRYSTALS 11
(2) for each open set Fy C Z

liminf e log P.(Fy) > — inf I(z).
iminfelogPe(Fy) > — inf I(z)

We consider the following random perturbations of nematic liquid crystals system
du®(t) + [%ug(t) + B(u®(t)) + M(de(t))] dt = eo(u®(t)) dWi(t), (5.1)
dd(t) = — [Ade(t) + B(us(t),d°(t)) + f(dg(t))]dt +eG(d5(t)) o dWs(t), (5.2)

with initial and boundary conditions as below

u(0) =ug € H and d°(0) =dy € H',
ode

o =0 on 00.

u® =0 and

In this section we will construct a large deviation principle for the family of laws of the
solutions (u®, d®) of equations (5.1))-(5.2)) with parameter ¢ € (0, 1] tending to zero. The main
result of our paper is as follows:

Theorem 5.3. The family of laws { £ (u,d®) : € € (0,1]} on Kr satisfies the large deviation
principle with rate function I defined below in (5.12)).

Before the proof of the above main result, we will provide some required background. In
particular, we will formulate important Lemmata[6.1] and In order to prove Theorem [5.3
we formulate two conditions which are sufficient to establish an LDP for the system —
(5.2). At first we will formulate these two conditions, which will be aftermath of Lemmata

6.1 and [6.21
Recall the space

Yr = C([0, T}; H) x (C([0, T; R).
Let (Q,}', IF, IP’), be the classical Wiener space, i.e.
= Vr

is the Wiener measure on €2,
(W(t)>te[o 7 is the canonical H x R-valued Wiener process on (2, F,F,P),

H S R D
[l

= (.7-}) te[0,T] is the P-completion of the natural filtration FV = (.7-}0 generated by W.

)te[O,T]
By part(2) of Theorem {4.4] for every ¢ > 0 there exists a Borel map
JE yT — ’CT

such that a system (Q,]:, F,P, W, M‘E), with M*® = J¢ o W, is a weak martingale solution to

problem —.

By E we will denote the integration with respect to the measure P.
We will denote by U the set of all Hy x R-valued F-predictable process

q=(0,p):[0,T] x Yr = Ho xR
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satisfying the following condition

T

lgllZ = esssup / gt )3y e dt
wEeN 9

T
= esssup/ (|0(t,w)‘12{0 + ’p(t,w)‘%) dt < oo.
weN 0

Recall K7, the Banach space defined by
Kr := K11 x Ko := C([0,T]; H) 0 L*([0, T); V) x C([0, T); H") N L([0, T]; D(A)).

5.2. A General Criteria. In this subsection, we follow the criteria for a large deviation
principle established in Budhiraja and Dupuis [10]. Let {7¢}.~0 be a family of measurable
maps from Vr to Krp. In Section [6] we suggest sufficient conditions for LDP to hold for the
family J¢(y/e W) as e — 0,

For a € N define,

59 = {e € L*([0,T]; Hy) : /OT 0()[5,, dt < a},

S9 = {p e LX([0,T];R) : /OT |p(t)]3 dt < a}.

and set S = S{' x S5. On S* we consider the topology induced by the weak topology on
the Hilbert space L?(0,T;Hy x R). Note that this topology is metrizable.
Define S := [J,>, 5%, and let

— {q =(0,p) €U :q(w) e S for P—ae we Q} (5.3)

Let us note that U = J,_~, U“.

5.3. Stochastic Control Equation. In this section we introduce the stochastic control
equation. Given (6, p) € U, we consider the following system:

u(t) =ug — / [u(s) + B(u(s),u(s)) + M(d(s),d(s))] ds + / o(u(s))6(s)ds
0 (5.4)

+\// )) dW1(s), t€[0,T],

d(t) = do—/[Ad<> + Blu(s), d(s) + f(d(s)]ds + /G?
/G d,s+\f/G N dWa(s),  te[0.T].

We show existence and uniqueness of this system using the Girsanov Theorem (see [13]).

Theorem 5.4. Assume that (0,p) € U and € € (0,1]. Then there exists a process X :=
(a,d) = (u?*,d”°) such that the system (Q,F,F,P,W, X) is a weak martingale solution of
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the problem (5.4)-(5.5) and satisfy

E sup [[a(0)[f, +A(0)]}] < .
te[0,T)

T T
E[/O |ﬁ(t)|zvdt+/0 AW, dt
Proof. Existence:

Let us fix € > 0. For any ¢ := (0, p) € U, let us put

p
< Q.

Vg = (7605 Yp);

where

and we put

where
1 t
Wy(t) = Wi(t) + / 0(s)ds,
Ve Jo
1 t
W, (t) = Wa(t) + / p(s)ds.
g Ve Jo
Since g € U, we observe that,
E(7) ™" < o0.
Therefore there exists a probability measure P, on Fr such that
dP,
ap

13

(5.6)

Using the Girsanov Theorem we observe that the process W, is a Wiener process on prob-
ability space (€, F,F,P,). Therefore, by Theorem (4.4} if the process X := (i1,d) is defined

by
X:Qowe T (Wy(w)) € Kr,
then the system
(Q, F,F, Py, Wo, X)

is a martingale solution of problem (4.1)-(4.2). By Propositions C.1 and C.2 of [4], for p > 1

we infer

Eq[ sup ‘ ‘ + sup |d |;1] < 00,
t€[0,T] te[0,T7]

T ) T . 2p
]Eq[/o \ﬁ(t)\vdtJr/O \d(t)\D(A)dt] < 0.
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On the other hand, since ¢ € U, from ([5.6) we observe that

Eq(%)iz = /9(711)2 dPq = /Q('Yq)2 % dP = /Q(’Yq)l dP = E(’qul < 0. (5.7)

Therefore, P is absolutely continuous w.r.t. P, and

4P
ap, 1 -

Similarly as in (5.7) and applying Holder’s inequality for any p > 1, we obtain

E[ sup |a(t)|, + sup ‘&(t)‘?{l] < 00,
t€[0,7] t€[0,T)

T T P
E[/O a2 d +/0 ()] 4 dt] < oo,
By a standard argument, we infer that the system
(Q,F,F,P,W,X)
is a martingale solution of the problem — (see Appendix A of [12]).

Uniqueness:
The proof of uniqueness is similar to the proof of Lemma (which will be proved later)
with minor modifications and hence is omitted.

0

Having this done, we will go back to our fixed probability space with a fixed Wiener process.

5.4. Skeleton equation. In this section we consider the deterministic control equation. We
call it the skeleton equation. Recall the spaces

Yr = ,C([0, T}; H) x (C([0,T];R)
and
Kr := K11 x Ko := C([0,T}; H) 0 L*([0, T}; V) x C([0,T]; H") N L*([0, T]; D(A)).

Let us define a Borel map
T Vr — Kr.

For q := (0, p) € S, consider the following deterministic control equation:

@9(t) = g — /0 [/ 0(s) + B(&%(s)) + M(d%(s))] ds + /0 o (@9(s)) 0(s) ds, (5.8)

d1(t) = do — /0 [AQY(s) + B(@9(s),d%(s)) + f(d(s))]ds + /0 G(d1(s) p(s)ds.  (5.9)

The existence result of the above skeleton equation (j5.8)-(5.9) is proved later in the
Appendix [A]
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Theorem 5.5. Let (g, do) € H x H! and g = (0,p) € S. Suppose the assumptions hold.
Then there exists a unique solution (,d?) € C([0,T];H) N L([0,T]; V) x C([0,T]; H*) N
L%([0,T); D(A)) to (5.8)-(5.9). Moreover, for fized o € N, there exist Cy o, C2,o > 0 such that

T
sup ( sup ‘ﬁq(t)‘?{—k/ ]aq(t)y@dt> < Cha, (5.10)
qeS> \ te[0,T) 0

T
sup ( sup ‘dq(t)‘ip +/ ‘dq(t)ﬁ)(A) dt> < Cop. (5.11)
qeS> \ t€[0,T 0

We will follow classical approach to prove the existence and uniqueness (see Appendix [Al).
For ¢ = (0, p) € S, we put

jo(/o.q(s) ds) = (a?,d?).

It is easy to see that J° is Borel measurable. Now we are ready to define the rate function.
For v € Kr, define S, = {q = (6,p) € S : v = J°(J; q(s) ds)}. Define the rate function
I:Kp —[0,00] by

I(v) = inf {/OT (}9(3)@10 + ‘p(s)‘%) ds}, v € Kr. (5.12)

q€Sy

By convention, I(v) = oo if S, is an empty set.

6. SUFFICIENT CONDITIONS FOR LDP

To prove the main result of our paper, i.e. Theorem [5.3] we proceed by using the method
of weak convergence as in Budhiraja and Dupuis [10] (see also Chueshov et al. [11], Manna
et al. [21], Sritharan et al. [23]). We need to show the following two conditions hold true for
establishing a LDP for the family J¢(y/e W).

Condition 1. For each oo > 0, the set {(0?,d?) : ¢ € S*} is a compact subset of K, where
S« C L2(0,T;Hg) x L?(0,T;R) is the centered closed ball of radius o endowed with the weak
topology. In other words, for all o € N, let ¢ := (O, pn),q := (6,p) € S* with ¢, — q, i.e.
weakly in L?(0,T;Hy x R). Then the map J° : Yr — Kt satisfy

J‘)(/O. Gn(s) ds> —>JO</O. q(s) ds) in Kr.

Condition 2. Assume that o € N, that (g,,) is an (0, 1]-valued sequence convergent to 0. Let
Gn = (On,pn),q = (0,p) € UY such that the laws £ (qn) converges weakly to the law Z(q).
Then the processes

1 .
yTBWHJE”(W—i—\/a/an(S)ds)EICT

converge in law on Kp to J°(f;q(s) ds).

Before proving both these conditions, we will need the following results.
Let us recall that S = L?(0,T;Hy x R).

Lemma 6.1. Assume that q, := (0n, prn) is an S-valued sequence such that

Gn — q := (0, p) weakly in L*(0,T;Hy x R). (6.1)
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Then the sequence j0<fd an(s) ds) converges strongly to jo(fd q(s) ds) in Kr.
In particular, for every a > 0, the mapping

Saaq;—>j0</iq(s)ds> e Kr
0

is Borel. In particular if ¢ and § € S, possibly defined on different probability spaces, with
same laws, then the laws of

Qaw»—>‘70</.q(s,w)ds>€lCT and QE(:J'—)jO</.(}(S,(Z))dS)GICT
0 0

are also equal.

Let us note that the assumption implies that there exists o > 0 such that ¢, € S for all
n and ¢, — ¢ in S.

Lemma 6.2. Assume o > 0 and (e,,) be a (0, 1]-valued sequence converging to 0. Let g, :=
(Ony pn) € U™ with £(q,) converges to £ (q) weakly on S*. Then the sequence of random
variables

yTaijfn(\/?nW+/o'qn(s)ds) —JO</.qn(s)ds) e Kr

0

converges in probability to 0.

Condition [I| will be direct consequence of Lemma [6.1 The proof of Condition |2 requires
Lemma We will prove Lemma [6.1] and later in Section [7] and Subsection [8.1] respec-
tively. Now the remaining part of the paper is devoted to the proof of the sufficient conditions
for a LDP, stated earlier.

It is easy to see that the proof of Condition [1| follows from the first part of Lemma So
we will prove Lemma [6.1

7. PROOF OF LEMMA

. Assume that ¢ = (6,p) € S and ¢, := (0, pn) is an S-valued sequence such that condition

(6.1 is satisfied. We define the solution of the skeleton equation (5.8))-(5.9) by J° ( fo q(s) ds) :
(a?,d?) := X9 and T [y an(s)ds) = (w?,d%) := X9 For simplicity, we denote X,, =
(uy,d,) = X9, which satisfy the equations

u,(t) =ug — /0 [y (s) + B(uy(s)) + M(dn(s))] ds —1—/0 o(u,(s))0(s) ds, (7.1)
da(t) = do - /0 [Adn(5) + B(un(s), du(s)) + £(dn(s))]ds + /0 G(dn(s) pls)ds.  (7.2)

Our aim is to show X,, — XY.
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From Propositions |A.2|, |A.3| and |A.4L for g € (0, %), there exist positive constants C, Cs,
C3(8), C4(B) such that we infer

T
sup ‘un(s)‘?{ +/ ‘un(s)‘ids <y, (7.3)
s€[0,7T 0
2 r 2
sup {dn(s)‘Hl + ‘d”(s)lD(A) ds < Cs, (7.4)
s€[0,7T 0
2 2

S‘Elg ‘u”‘Wﬁv2([O,T];V’) < C3(B) and Sgg |dn‘wﬁy2([o THDA)Y) S Ca(B)- (7:5)

This guarantees the existence of a subsequence (u,,,d,,) and an element X := (u,d)

which lies in the space
L2([0,T}; V) 0 L%([0, T]; H) x L*([0,T); D(A)) N L([0, T]; H)

such that as m’ — oo and using Lemma we have

u,y —u in L2%([0,T);V) weakly,

u,y —u in L>*([0,7];H) weak-star,
d,y —d in L2([0,7);D(A)) weakly,
d,, —+d in L>*([0,T];H') weak-star,
u,, —u in L ;H)  strongly,

([0, 7]
d,y —d in L?([0,T]; H') strongly.

Now we need to show X := (u,d) = X7 Let {0j}32;1 be the orthonormal basis of H
composed of eigenfunctions of the stokes operator <. Let {g]} 1 be the orthonormal basis

of L? consisting of the eigenfunctions of the Neumann Laplacian .A. Let ¢ be a continuously
differentiable function on [0, 7] with ¢(T") = 0.

We multiply (7.1) by ¢(s) o; to get,

T
<un(s)7¢(s) Qj>H7H = <u0,¢(0) Qj>H,H _/0 <=Q{U‘N( ), (s) 0 >HHdS

T

= [ (Bl 65 i)y / (M(da(s)), 3(5) 05}y ds
0
T

[ o (9)) 0n(5):005) )00
0

(7.6)
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and multiply (7.2)) by ¢(s)g; to get,

T
(), 0(5) ) 2 12 = (o, 0(0) 3 12 s — /0 (Adn(5), 8(5) 53} 2 12 d

T

- /0 (B(un(5), dn(5)), 6(5) ) g1y g1 s
T

— [ . 006) ) g
T

+/ <G(dn(5)),0n(5),¢(5) §j>L27L2 ds.
0

Here we only show the convergence of terms involving control parameters, i.e. the last
terms of (7.6 and ([7.7)). For all other linear and nonlinear terms, we follow our earlier work
(see [8]). Now split the term

T T
/ (0 (0 (5)) B (5), 6(5) 0 ) s — / (o(u(s)) 6(s), 6(s) o), ds
0 0
T

T
- / (0 (e (5)) O (5), 5(5) 07y 5 + / (0(u(s)) O (5). 8(5) 07} s (7.8)

/ (o(u( 8) 07y ds - / (o(u( () 05y ds.

Since by assumption (6.1)) 6,,, — 6 weakly in L?(0,T; Hy), we infer

/<O’ Q] ds—/ <a j>Hds

/0 (o(u(s)) (O (s) = 0(s)), 4(5) 0j )y ds (7.9)
T
= /0 <(9m/(s) —0(s)),0*(u(s)) ¢(s) Qj>HO ds| — 0 as n — oo,
where o*(u) = (o(u))” € Ly(H, Hp) for u € H.
Since 6,y € S* and w,,y — u in L?([0,T]; H) strongly, we deduce
T
<( (W (s)) = a(u(s))) O (s), (s) 0j )y ds
/ 00 () — ()l 0 (5)] [6(5) a5l s 10
<Cr [ VI () )l /<s>|HO ds
0
<CT\/>|um— T )—>0 as m' — oo.
Finally from . and ( we have
lim <cr(um (8)) O (3) Qj ds = / (o(u( J>H ds. (7.11)
m’'—0o0 0
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Similarly it can be proved that

T T
lim / <G(dm’(3))pm’(3)a¢(3)§j>L2ds:/ (G(d(s)) p(s), #(5) Gj) 2 ds.
0

’
m —oo Jo

Finally using the similar arguments as in the proof of Theorem 3.1 in Temam [24], Section 3,
Chapter III, we conclude X := (u,d) satisfy the skeleton equation —.

Next we will prove X;,, = X in 7. For that we need to show u,, = uin Ky 7 and d,, = d
in Ko 7. For that denote, &, := u, —u and p, := d,, — d. Then these processes satisfy the
following equations:

A6 () + (76 () + B(&a(t), wa(t) + B(u(t), & (1)) ) dt

= — (M (un(8), (1)) + M(A(E), (1)) ) dt + (0(0a(1)) 0a(t) = o(u(t)) 1)) d,
(7.12)

and
it (1) + (Apn(t) + B(&a(t), du(t)) + Blu(t), un (1)) dt
= = (F(da(0) = £(AW)) dt + (G(da(®) pu(t) = GEAD) p(1)) dt. (713)

From (2.5), (2.6), (2.7) and using Poincaré and Young’s inequalities, we obtain for any
a1, g, g > 0, there exist C(aq), C(ag, a3), C(az, ay) and C(as) > 0 such that

[(B(€a(t), un(t)), &a(t))] < a1 |VEL(D)]3 + Clan) [un(®) 5 [ Vun () [5 [€a (D)5,
(M(A(E), pn (1)), En(0))] < 2| V(B[ + as| Aptn (D)2

+ Ol 0)| VA0 2 |AAW) 22 D) 2,
(M (pn (), dn(t)), En())] < a?’vfn )’H+OZ4’A,un ‘LQ
+ Clar, @) [V (1) 2, [Adn(t)| 20 Vi (1) 2,

(Bu(t), fin(t), A ()] < a5 | Apn () ]2 + Clas) ()5, [Vut) [ [Vin(t)]-.
(B&n (1), dn(t)). pn ()] < a6 Apin(8)] 2 + Cla) n (0)] | V(D) .
And for any ag, a9 > 0 there exist C(ag),Ci(ag), Ca(ag) > 0 such that (see Appendix of

8])
(F(da(t) — F(d(2)),du(t) — d(B))] < a5 Vda (1) — VA7
+ Clag)|da(t) — A2, @(da(t), d(2),
[(f(dn(t)) — f(d(?)), Adn(t) — Ad(2))]
< ag|Ady(t) — Ad(t \LQ [C1(ag)|Vd,(t) — VA()[7, o(da(t),d(1))
+ Ca(ag)|dn(t) — d(t) 1 p(da(t), d(®))].
where ¢(d,(t),d(t)) is defined as

Pda(t),d(®) = C(1+ |dn () [Pz + [d(1)]FAv12) "
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Now consider

U(t) := exp < - /0 (1(8) + a(s) + 13(s)) ds), for any ¢t > 0.
where

P1(s) = C(aq ‘un |2H ‘Vun ‘?{—1—0 ag)‘Vdn(s)‘ig,
Pa(s) = C(ag, as ‘Vd ’L2|.Ad |L2 + Clar, ay) |Vdn(s)’22

+ Clas }u ‘H‘Vu ’H+C'1(a9) (dn(s),d(s)),
Us(s) = [Clas) + C2(ag) e (dn(s), d(s)).

|Ad,(5)|

12

Now multiply ¥(¢) with (7.13) and taking inner product with g, (),

AU () | (t)]2a] = =20 (1) [Va(t)] 2 dt — 20(8) (B(En(t), dn(t)), (1)) dt
— 20 (t) (f(dn(t) — F(A(t)), (1)
+20(t) {(G(dn(t)) pu(t) — G(d(t)

J17n(t)

Enlt
dt
P(1), pn () dt + W' (2) |pn ()|, dt

)
)

(7.14)
Multiply ¥(¢) with (7.13) and taking inner product with A, (t),

d[U(t) [Vin(1)]72] = 20 () (| Apenl !Lz (B(&a(t), dn(t) + Bu(t), pn (1)), Apn(t))) dt
—2¥(t) (f(d f (d(t)), Apn(t)) dt
+20(t) (G pn(t) — G(d(1)) p(t)), Apn(t)) dt
Jgn(t)

F () [V (1), dt

(7.15)
Multiplying W(¢) with (7.12)) and taking inner product with &, (¢),

d[U(t) |6 (D)]5] = =20 ()| VEa (1), dt
— 20(t) (B(En(), un(t) + M (pin(t), dn (t)) + M(A(t), pin(t)), En(t)) dt
(o(up

(t) (B(&n(t), un(
+20(t) (0 (un(t)) On(t) — o (W(t)) B(£)), Ea(1)) dt + W' (1) |€n(1)]7, dt
J3,n(t)

(7.16)
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Adding ([7.14)), (7.15)) and (7.16|), then rearranging we get,

AU (|5 + [ ()20 + [ Vin(®)|20)] + 200 [|Ven(O) 5+ [Vin ()]0 + [Apn(t)]22] dt

6
< 29(t) |:(Oég + Z ai) ‘Aun(t)‘iQ + (a1 + ag + a7)‘V§n(t)‘?{ + ag‘V,un(t)‘iz} dt
i=3

T ou(t [ )6t \;wxmma)\ig+¢3<t>\un<t>\;}dt
) (|6 O] + (O[3 + [Vaa(®)]7,) dt

+ 2 (t [ (|&n(t \Ii + |un(t)\i2 + \vﬂn(t)\;)} dt + [J1n(t) + Jon(t) + Jan(t)] dt.
(7.17)

By the choice of ¥ we have,
()| 01(0) € 0 + 200 [T+ 20 1) .

O (&n®)ffy + O] + [Vi®)]32) < 0.
First we consider J3 () := 2 (t) { (0/(wn(t)) O (t) — o(u(t)) 0(¢)), £n(t)). We split it as:
20(1) [<<a<un<t>> 0(t) — o(u(t)) 0(), wa(t) - u(®))
+ (o (un(8)) O (1) = o (wa(1)) 6(2)), un(t) - u<t>>] = 20(t) [J4.0(t) + T, (0)].

Now using energy estimates, the Lipschitz and linear growth property of ¢ we get,

T3] = [{(0(un(t)) 6(2) = 7 (u(t)) 6(1)), wn(t) — u(t))]
< [o(un(®) = o(a®)|y, 100l [un(t) — u()],

< VIO [un(t) —ul®)[f < (L+[08)]5,) e ()]

Using the above estimate we obtain,

2
s8] < 20(0) [(L+[008)[5) &[5 + 1750
Similarly calculating the term J; ,,(¢) and using the properties of G we get,

[T (®)] = 20 () [{(G(dn(t)) pult) — G(A(1)) p(1)), 11n (1))
< 20() | (C + [p(0)[) [ ()72 + 171 (1)

where J{,,(t) := (pa(t) — plt). G(dn(t)) p(1))-
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Now consider Jap(t) := 2¥(t) ((G(dn(t)) pn(t) — G(A(t)) p(t)), Apin(t)). Using integration
byparts we have,

Jon(t) = 2(t) (V(G(dn(1))) pu(t) — V(G(d(1))) p(t), V(dn(t) — d(t)))

= 20(1) |(V(G(dn(1))) p(t) = V(G(A®) (1), T(dn(t) — d(1)))

+ (V(G(dn(1))) pn(t) = V(G(dn(t))) p(t), V(dn(t) — d(t)))
= 20 (1) [ S, () + J5 (1))

Now using the properties of G we obtain,

15.0(6)] < V/Crlp(t)]r |V (G(dn(t) — GA®))| 1o [Via(®)] 22 < (Ch + [p()]3) | Via(t)] 7

and So we get,

[ on(D)] < 20() [(C + |p(6)[2) [V in(t) 22 + 175 ()]

In the equation (7.17)), choose ag = a; = 1—10 for i =3,4,5,6, a1 = ag = a7 = % and ag = %
Then using the estimates for Jy 5, J2,, and J3, and rearranging we obtain,

AVOEOL,+ 02 + [V O] + O [TEOL + [Trn(0) 3 + | A (0)24]
< 20(t) [(C + K+ \H(t)\ilo +Co) &)

+(C+ L+ [p(t)]5 + Co) ()72 + (C+ L+ o] + Co) [hin()72] at
+20(t) [|J7,5 ()] + |50 (0] + [ T3, (8)]] dt. (7.18)

Now choose
M =max{C + K + C,C + L+ Cy,C+ L+ Cg}, B(t) = M+ [0(t)[5, +2|p(t)[5

and
An(t) = 29 (t) [|7 ()] + [ T2, ()] + 1T5,(2)]] -

Then writing ((7.18]) in integral form we get,
sup [W(E)([&n (0[5 + [an(®)[ 72 + [Tan(®)] )]
t€[0,T]
T 2 2 2
+ [ 0@ (19600 + Vim0, + [ A0}, e (7.19)
0
T T 2 2 2
< [ a8 90 (& 0ff; + IOl + [Via@)]}2) dr
0 0

Now dropping the second term of left hand side and applying Gronwall lemma we obtain,

T T
sup W) (|&u (O + a7 + [Vaa(®)]7)] < /0 An(t)dt - exp /0 Bt)dt). (7.20)

t€[0,T]
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Now we show [ A, (t) dt := 2 [T U(t) [|J],,(t)] + | T4, (&) + | T4, (£)]] dt goes to 0 as n — oc.
Let us first consider one of the terms of the form fOT | (0] dt, say, fOT |5, ()| dt.

Using the fact that u, converges to u strongly in L?([0,7];H) and using linear growth
property of ¢ we infer,

T T
| 1@ de = [ {6 6a(0)  olun() 60, ualt) ~ u(v)] de
0 0
T
< [ 1020~ 00y b () () = )
T 1 T 1
< ([ 100 = 00l ot ()R, ) ([ () = ) )
T 1 T 1
< (K /0 (100 (1) By, +1008) ) (0 + [wa (D)) at)* /0 [un(t) — u(t)frdt)

1
< 2aK)3 (T + sup [un(t)f)” [ = ul 2o 7y
t€[0,T]
< C(O[,K, T) ’lln — u|L2([O,T];H) — 0 asn — oo.

Using the similar arguments for fOT |J7 ()| dt and fOT |J3,(t)|dt and using the fact that
supgefo,r) ¥ (t) < oo, we infer

T
/ An(t)dt — 0 as n — oo.
0

Since (0, p) € S we infer,

T
/ B(t) dt < oo,
0
Since U(t) is a positive term, from ((7.20)) as n — oo we get,
o (!un(t) —u(®)Z + |da(t) — d(®)]22 + |V (da(t) — d(2)) \;) 0. (7.21)
€10,

Now using this and going back to equation ([7.19)), as n — oo we obtain,

T
/O (\v(un(t) —u(®) |5+ [V(da(t) —d(®)) |7, + |A(dn(t) — d(1)) @2) dt — 0. (7.22)

From ([7.21) and (7.22) we conclude, u,, = u in Ky 7 and d,, = d in Ko 7. So we have
X, — X in Kp. Therefore,

‘7°</0' an(s) ds> —>‘7°</0' a(s) ds> in Kr.

This proves the Condition
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8. PROOF oF CONDITION [2]

Let us recall the statement of Condition [2] for the convenience of the reader. Assume that
a €N, and ¢, — 0. Let gn, := (0, pn),q := (0, p) € U* such that the laws £ (gy,) converges
weakly to .Z(q). Then the processes

L
yTBWHJ5"<W+@/an(S)d8>€/CT

converge in law to JO( [, ¢(s) ds) on Kr.
For simplicity of the notation, denote

Now for each n € N, define (F;)- stopping times ,
' i=1nf{t > 0: |Z7(t)|lu > N},
Ty i=1nf{t > 0: |VZ3(t)|;2 > N},
™=1" A1y ANT. (8.2)

In order to prove the Condition |2| we split the proof to several lemmata and (which
is stated below).

Lemma 8.1. For 7" defined in (8.2) we have

lim E| sup (\Z{L(t/\T”)—z?(t/\T")\z 2B AT — AT,
n=o0 | tefo,T) H L

+ ‘VZ;L(t AT = Vzy (t A T")|2LQ>} =0,
and

lim E[/O (\v(zm) — O+ V(25 — B 0)| e + [AZE () — 25(8) |;) dt] —0.

n—oo

At first, we will prove the convergence in probability (i.e. Lemma [6.2)). For that we will
require the pointwise convergence in Kr i.e. Lemma [8.1] which we will prove at the end of
this section. The results of Lemma [6.2] and Lemma [8.I] will be used to prove Condition

8.1. Proof of Lemma [6.2]

Proof. Let us recall the statement of the Lemmal6.2)for the convenience of the reader. Assume
a > 0and (g,,) be a (0, 1]-valued sequence converging to 0. Let gy, g € U* with L (q,) — Z(q)
on S%. Then the sequence

Vr > W»—>,,75"<\/<§W+/O‘qn(s)ds) —j0</‘qn(s)ds> € Kr

0

converges in probability to 0.
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Let A > 0 and § > 0. From Theorem and part(1) of Definition there exists N >

|up|g + [Vdo|r2 such that
1
3 SR E| s (200 + 192501 <

neN t€[0,T7

Then using Lemma (which we are proving in the end of this section), for all n sufficiently
large we infer,

|

P( sup (| Z0(5) = W[ + 1280 — 5O, + [VZ5(0) - V25(0)]7,]
te[0,T]

T 2 2 2
+/0 [\V(Z{‘(t) — 2 (1) |y + V(25 (1) — 25 (1)) |12 + |A(Z3 (1) — 25 (1)) LZ} dt > A)

< ]P’( sup [\Z{L(t AT = 2R ATT]
te[0,7)
|25 (AT = 2 (AT G + V2 (AT = V(AT

n

+ /OT [}V(Z?(t) — z?(t))@ + |V(Z3(t) — 25(t)) \iz +|A(Z3(t) - 33(75))@2] dt > A" = T>

+2(_ s [1Z00)In+19230)]) 2 )
t€[0,T]

1
< E< sup || ZP(E AT =22t A T

A t€[0,T

+ ‘Z;L(t/\Tn) — 2:3(15/\7'")’%2 + ’VZS(t/\T") —Vzy(t /\T")‘;}

- /0 V@@ - ) V(30 - 50) [+ A - 5 0)[] czt)

1
—E Z7(t Z3(t
+ tSEé?T]O F(O)l+ V25 (052 )

< 0.

This proves the convergence in probability as required.

Now we are ready to prove the Condition

8.2. Proof of Condition [2l.

Proof. Recall the notations in (8.1)). Let us fix & > 0, &, be a (0, 1]-valued sequence converging
to 0. Let g := (0n, pn) € U* which converges in law to ¢ := (0, p) on S®. Then the following

claims hold true:
. En . - 0
n n).
(1) The Kp-valued random variables I'(j;(¢,) converges in probability to I',(¢,)
(2) Ty (gn) converges in law to I'{},(¢) on Kr.

Claim(1) follows from Lemma
Now we need to prove Claim(2). Recall that S® is a separable metric space. The assumption
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says, the sequence of laws (Z(q,)) converges weakly to .Z(q). Then by the Skorokhod The-
orem (See [17], Theorem 4.30), there exists a new probability space (Q,]:" , IF’), and on that
probability space, there exist random variables ¢, and ¢, which have same laws as ¢, and ¢
respectively with ¢, — ¢ in S%, pointwise on Q. Using this and from Lemma we obtain,

IV (Gn) — T%(§) pointwise on Q in Kr.
Moreover, from the second part of Lemma. [6.1], we infer that the laws
Z(TW(d) = Z (T (gn) and Z (T (7)) = Z (T (9)-

Note that pointwise convergence implies almost sure convergence, which implies conver-
gence in probability and it implies convergence in law. So it proves Claim(2).

Since in Lemmal6.2] we proved the convergence in probability, we can choose a subsequence
(keeping the same notation) such that

the sequence of Kp-valued random variables T$7(G,) — [ (dn) converges to 0, P — a.s.

Now we can see for any bounded and globally Lipschitz continuous function g : K7 — R
(See Dudley [14], Theorem 11.3.3) we obtain,

/’CT g9() dZL (T5(qn)) — //cT g(x) d.i”(F%,(q))’
/,CT o) 2 (T () - [

Kr

o) a2 (@) = | [aripa) - |

9(Thw (@) d@”
Q Q

< [1oCie@) - o @] @@+ [ lo(rh@)) - o(rt(@)] aP (5:3)
Since g is a bounded continuous function and I')j(g,) — I'{};(¢) a.s., the second term of

right hand side goes to 0.
Using the properties of g we can show,

/ ‘g(ra}((}n)) - g(F(IJ/V(Qn)) ‘ dfp) S C'g/~ ‘F?/[T}(qn) - F%V(dn)‘ d]?)
Q Q

Since T'{j (Gn) — I (dn) is P-a.s. convergent to 0, the first term of right hand side in (8.3)
also goes to 0. This proves the Condition

Finally, as promised, we will prove Lemma, (8.1

8.3. Proof of Lemma [8.1]

Proof. Recall the notations in (8.1)). Let " = Z7 — 27 and p" = Z% — z%. These processes
satisfy,

agn(t) + (€"(0) + BE (1), Z0(1) + B (0),€"(0) ) dt

= — (M@ (8), Z5(1) + M(5(8), 1"(1))) dt + | (o(Z1(1)) = o (1)) Ou(t)
+ VEn o (27 (1) dWA(D),
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and

ap () + (Au"(t) + B(E" (), Z5 (1) + B (1), 1" (1)) ) dt
= —(F(Z3®) — F(5 W) dt + - G235 ) dt + | (G(Z5(1) = G5 1)) palt)| dt
+VEn G(Z3(1)) dWi(t).
From , , and using Poincaré and Young’s inequalities, we obtain for any
a1, qg, -+, ag > 0, there exist C(aq), C(ag, a3), C(az, ay) and C(as) > 0 such that
(B(E™(t), Z1(1)), €| < aa | VE")[Z, + Clan)| ZR ()5 [V 270 [, |€" ) |5,
(M (25 (), 1™ (1)), €M(1)] < an| VEM(1)]5, + as| A" (2) |2
+ Clag, a3) [V (1) 2, [ A8 ()2, [VH (1),
(M (" (t), Z5 (1)), €M) < az | VEN R[5 + au Au™ (1)] 7,
+ Clar, an)|VZE W7, [AZE ) |20 | Vi (6)].,
(B2 (8), 1™ (1)), A" (6))] < as| Ap"(6)[3, + Clas)| 2 0)]5 [V @5 [V (0],
[(B(E(t), Z5 (1)), 1"(£))] < ae| Au"(8)]3, + Clag)|€(1)]7 | V25 (1)] 7.

Also using the properties of G we have,

IVG(Z5(1)]3. < C)(IVZB(0)[2, + | Z5(1)]22).
IVGA(Z5(1)[3. < C)(IVZE(0)]72 + |25 (1)]72).

And for any ag, a9 > 0 there exist C(ag),C1(ag), Ca(ag) > 0 such that (see Appendix of

B])

[(F(Z5 () — F(5(1), Z5(t) — 25 (D)2 < as|VZE(t) — V23 (D)3,
+Cas)| 25 (1) — 2515, (Z3(1), 25(1)),
[(F(Z5 (1)) — F(5 (1)), AZE(t) — AZ())] 12
< agAZg(t) — A5 ()2, + [Cr(a9)|VZ5(t) — V3(0) |20 0(Z5(2), 25(1))
+ Co(0) | Z5 (1) — 25(1) |2, p(Z5 (1), 25 (1))

where ¢(Z3(t), 25 (t)) is defined as

2
P(Z5(t), #5(1) = C(1+ 25O v + |5 O v ) -

Now consider

U(t) :=exp < - /0 (1(s) + a(s) + Ps(s)) ds), for any ¢ > 0.
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where

Yi(s) = Clar) | 27 (s) |5, [V 23 (5) [, + Clae) |V Z5 (5) 2,
Pa(s) := C(ag, ag)}Vzg(s)’iz‘Azg(s)‘iQ + C(ar, oq)‘VZ;‘(s)}ig ‘AZS(S)EQ
+ Clas)|22(s)| 5 [V23(8) [ + Crlan)p(Z5(s), 25 (s)),

3(s) == [Clag) + Caan)]p(Z5 (s), 23 (s)).

Now applying 1t6’s formula to W(¢ ‘,u ‘ 12

a[w )] )] = —20@ ||V ). + (BE"©), 25(1)

+(F(Z5®) - FE)), 1)) dt
+2W(t) ((G(Z5 (1)) — G(25 (1)) pu(t), u™ (1)) dt

fos ) (8.4)
+ () en ((GHZ (1), 1 (1)) + | G(Z3 (1)] . ) dt
In 2(t)
F2U(t) /2 (G(Z5(1)), u™ (8)) dWa () +W' () [ (1)| %, dt
In,3(t)
Again applying Ito’s formula to U (¢)|€"(t)[;;,
a|w@) | @[5 = —220| Ve O + (BE" @), 2 (1)
+ M(" (8), 25 (0) + M5 (0), 1" (1)), € (1)) | dt
+20(t) (027 (1) = o (1 (1)) (1), (1)) dt
Lna(t) (8.5)
FU(t) e |o(Z2(1))|5 dt
In,5(t)
+ 20 () /B, (0 (2 (1)), €7(1)) dWi (1) +W'(8) [€"(6) |, di

In,G( )
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Now applying It6’s formula to W(¢ ‘V,u EQ,
n 2 2
d[w )|V @)[7.] = 200)] - |4 @)}

— (B(E" (1), Z3(0) + B (1), 1" (1)), Au™ (1)) ] dt

) 1 2
—20(t) (f(Z5 () — f(z5(1)), Au™ (1)) dt
+ 20 (1) ((G(Z5(1)) — G2 (1)) pu(t), Ap™ (1)) dt
L7 (t) (8.6)

+\1/(t)gn(<vc2(zg(t)>,wn )) + |G(zy \Lg) dt

I 5(1)

+20(1) /2, (VG(Z5 (1)), Vi (1)) dWa () +' (1) |V (8)[7, dt

In,9( )

Now adding (8.4)), (8.5)), and using the inequalities stated earlier we have,

a|w@ (| O + 1O + [V 1)) ]

+20(0)[[VE W[ + Va0 + [ A" ()72 at

< 2U(t) [(ag + Zai) [ A ()72 + (01 + a2 + a7) | VE" (1) + as|VM”<t>\i2]
1=3

200 [0 €0 + (0[O} + (O] O]

9
0 (|0 + a0 + [V ©)]52) de+ 3 L)
j=1

Now we estimate I, j, for j =1,---,9.

11 (O] = [20(8) ((G(Z5 (1)) — G(25(1))) pu(t), " (£)) dit|

< 20(0) |G(Z5 (1) — G )] s Ioa(®) g |1 (0) 2
< 2U(t) VL|Z5(t) — 25(t)| 12 |on (t) R [1™(£)| 12 dt
<) (L+ |pa(®)]2) [1"(1)]7, dt

L)) = |¥(t) e ((GHZ50),1" (1) + |C(Z5 @)1 dt]
<) en (1250l (Bl 10" (0)]2 + 1+ |23 07, ) at

<U(t)en (1 +C|Z5(1)]7. + C(h) W(t)\i?) dt.
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Similar calculations yield,

Lna(t)] < W (t) (K + [0,(0)]3)[€" ()], dt,
L5(8)] < W(t) en (1 + \Z{‘(t)fH) dt.

Using integration by parts we obtain,

| In7(8)] = 20 (2) ((G(Z5 () — G(25 (1)) pn (1), A" (2)) t]
<20() [(V (G Z?( ) — Gz (t ))) n(t), Vi (1)) dt

(t)
< 2‘Ij(t)\/>|,0n ‘ ( (t) )|L2 V" (t)[ L2 dt
<20(t) (L + |pa(®)]2) [Vi"(t) !L2

Los(t)] = Wt en(<vc;222()) Vur () + |G(Z (1) ]L2>dt\
< W(t) &0 (VG251 121 Vi" Ol 2 + 1+ | Z5 0], ) dt

< W(t)ea | CO)(|VZZ (]2 1 Z5W72) + O Vi (O[3 + 1+ |23 (]3]
By the choice of ¥ we have,

20(t) [wmﬁ) () |7+ o (t) |V (1) |2a + wa(t)lu”(t)\iz]

v @) (|0 + @[ + [V 0)[.) <o

In the equation (|7.17)), choose ag = o = %0 for i =3,4,5,6, a1 = ag = a7 = % and ag = %
Then using previous estimates and rearranging we obtain,

A (€ Wl + "0z + [V ©)]7)]
W) [|VE @05+ [V () |2s + [Au™(t)|2,] dt

< 20 ()| (K + [0a(0)[53,) [€" () + (CO20 + L+ [on(0)]2) [ (1)
+ (Cen+ L+ [pa®)]3) [Va" ()] 5. | dt &7
+ (1) en (34 C 25050 + CM) [VZEW)]5 + |20 O, )t
+ In3(t) + Ing(t) + Lno(t).

Define
wat) = (1) e (34 C 12570 + C0) [VZ3 ()7 + |20 O),)-

yn(t) = 2L + K + Cep + [0() [, + 2[on(t) 5



LARGE DEVIATIONS FOR STOCHASTIC NEMATIC LIQUID CRYSTALS 31
Then we write (8.7)) in integral form as:
n(gy|2 n(gy|2 n(y|2
V() [[e" )] + 1" )]z + [VH"(B)] 2]

+ /0 B() [[VE )+ [ (3) e + [ A ()] 2a] ds

' ! (2 0 |2 SNE (8:8)
< [+ [ 0090 (J€ @+ 1) e+ [V 0) )
t
+ / [In,?y(s) + In,G(S) + In,Q(S)] ds.
0
Drop the second term in the left hand side of (8.8]). Define
- nrn |2 nre |2 nra |2
E(t) =) [|€" O] + [0 + [V )] 12].
Using the definition of 7", we can write (8.8) further as
tAT™
Et/\T" S / xn(s) ds
0
tAT™ . 9 . 9 " 9
U (€ G+ WG + [V 6] ) ds
tAT™
28| [ W) (G230 Wl
tAT™
w28 [ 86 (02 9).69) M)
tAT™
v2va | [ W) (VE(Z3(6), T 6) ()|
0
Now taking supremum over all s <t and taking expectation we infer that,
tAT™
E sup Egam < E[/ Tn(s)ds
0<s<t 0
tAT™ . 9 N 9 . 9
< un(5) () (1€7() 5y + [ ()72 + [Va" ()2 ) ds
r SAT™
| s 2vE| [ W (G0 awa| (5.9)
L 0<s<t 0

r n

+E| sup 2\/5? /08 ’ \IJ(T) <(T(Z?(T))’§n(r)>dwl(7“)

L 0<s<t

| n |

+E| sup 2y/e, /Os ' U(r) <VG(Z§(T‘)),V/J”(T)>dWQ(T)H.

L 0<s<t

Consider the third term of right hand side. Applying Burkhoélder-Davis-Gundy inequality,
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using properties of o, definition of 7 and using the energy estimates we obtain,

n

[ sup 25| [7 00) (270,60 i) ]
0<s<t
<culva{ [ etz el lenfar |
n su »|%-  su " (r 2
=¢ E[@{(S h )re[O,sE\)T"} |\II( )‘ re[O,sI/?T"} (1 i |Zl ( )’H) (8'10)

1

|

s (0 + 1200 )

re[0,sAT?]
<+\/C @E[seuopt ’\If (sAT") ’]gC’l(N)\/a.

Similar calculations show there exist Co(NN), C3(N) > 0 such that

sup 2\/5/ ) (G(Z5(r)), u"(r)) dWa(r)

|:0<s<t

[ sup 2+/en

0<s<t

] < Co(N) Vo,

A W) (V23 (). Vi ) ()

} < C5(N) v/am.

Now dropping the second term in the definition of Zsxrn, using previous estimates, there
exists Cy > 0 such that we write as,

E[p {wsnr) (g6 AT+ s AT + Vi (s AT ) ﬂ

e [ en e el fen

r<s r<s

|t AT, 4 [V A T")‘i2>yn(r A T")}] ds.
Applying Gronwall lemma we get,

EL:E)PT] {\II(S " Tn)<|§n(s AT+ |1 (s AT s+ Vit (s A Tn)@) }}

fevas [ sl riene] ko ([ wie ).

Since 0, p, € UY, as €, — 0, from the definition of y,, we have

T T
/ Yn(r AT")dr = / (2L + K + Cep, + }Hn(r A 7'")|12{0 + 2’pn(r A T")‘%) dr < 0.
0 0
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Using the definition of 7", as €, — 0 we infer that,

T
C_’N\/a—i-/ E{sup a;n(r/\rn)} ds
0

r<s
:CNw/en+/ E[sup{\lf(r/\T")en <3+C|Z§‘(TAT”)|L2
0 r<s

2

+CM) [VZ5(r AT |5 + |20 AT 5

)}} ds — 0 asn — oo.
Since WV is a positive term, finally we obtain,
]E[ sup (\g"(t A 7'”)|2H + |t A 7'”)@2 + |Vt A T”)}é)] —0 asn— oo.
t€[0,T]

Using this result in we obtain,

E[/OT" OVgn(t)‘?{ + ‘V/,L"(t)’iz + ‘A,u"(t)‘iz> dt} —0 asn— oo.

So this proves the desired result.

9. PROOF OF THE MAIN RESULT, THEOREM [5.3]

The proofs of Condition [1| and Condition [2]in previous sections are sufficient to claim that
the family of laws {Z(u®,d®) : ¢ € (0,1]} on K satisfies the large deviation principle with
rate function I defined in (5.12)).

O

APPENDIX A. PROOF OF THEOREM [5.5]

This theorem speaks about the existence and uniqueness of the skeleton equation ([5.8])-
(5.9). We will use the classical Faedo-Galerkin approximation to prove the existence results.

A.1. Faedo-Galerkin approximation. Our proof of existence of the skeleton equation de-
pends on the Galerkin approximation method. Let {;};°, be the orthonormal basis of H
composed of eigenfunctions of the stokes operator «7. Let {¢;}?°, be the orthonormal basis of
L? consisting of the eigenfunctions of the Neumann Laplacian A. Let us define the following
finite dimensional spaces for any n € N

H,, := Linspan{oi,...,0n},
L, := Linspan{si,...,sn}.
Our aim is to derive uniform estimates for the solution of the projection of ([5.8)-(5.9) onto

the finite dimensional space H,, X Ly, i.e., its Galerkin approximation. For this let us denote
by P, the projection from H onto H,, and P, be the projection from L? onto L,. We consider
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the following locally Lipschitz mappings:
B, :H, >uw~ P,B(u,u) € H,,
M, :L,>d~ P,M(d) € H,,
fo:Lp3>d e Pyf(d) €L,
B, :H, xL, > (u,d) — P,B(u,d) € L,.

Let P,ug = u,(0) := ug, and P.d, = d,,(0) :=dop.-
So the Galerkin approximation of the problem is:

du,(t) + [dun(t) + Bn(u,(t)) + Mn(dn(t))]dt = Pyo(u,(t))0(t) dt, (A.1)
A () + [Adn(t) + Bu(un(t), du(t) + fuldn(t)]dt = PG(da(t) p(t)dt.  (A2)
Lemma A.1. For each n € N, the problem (A.1))-(A.2)) has a unique global solution.
Proof. We have the existence result due to [19]. O
The processes (un)n N and (d")n N satisfy the following estimates.

Proposition A.2. For any p > 2, there exists a positive constant C' = C’p, independent of p
such that

T
_9 ~
sup | sup |dn( )’iz—l—/ |dn(s)]7> (IVdy(s)|72 + [dn(s )\i];f;fg) s| <C,
neN | s€[0,7] 0

where C = o7, (1 + CTeCT).

Proof. The proof is similar to the proof in [4]. In our case we will be using the fact that
(G(dn(s)),dn(s)) = 0. Then the other steps of the proof will follow as in [4] (see also [19]). O

Proposition A.3. There exists a positive constant C depending on K, T, h, |pl 120 7.r): 0] 12(0 75110
such that

sup | sup |ug( )’2+\I'(dn(s))+/T (Hun(s)H+ | fr(dn(s)) + Ady( )‘22> ds] <C,
n>1 | se[0,1] H 0 L N

where (z) := 1|Vz|? + 3 f(’) 2|?)dz and K is the linear growth coefficient for o.
Proof. Consider the approxmlated system (|A.1)-(A.2). Now take the inner product of (A.1))

with u,, and writing in integral form we obtain,

[ ()5 — [von |5

t t
= —/0 <~qun(s)+Bn(un(s))+Mn(dn(s)),un(s)>d5+/o (Pao(1n(s)) 0(s), up(s)) ds
t t t
_ _/ |V, (s)|? ds — / (M (dn(s)), un(s)) ds —|—/ (Pro(un(s))0(s),un(s))ds (A.3)
0 0 0

Now consider the map
1 1 ~
N P / B(|2[?) do
2 2 Jo
The first Fréchet derivative is: ¥/(z)[g] = (Vz,Vg) + (f(2),9) = (Az + f(2),9).
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From we get,
U(da(t)) — ¥(dn(0))

__ /O W (d(5)) [Adn(5) + Br(Wn(s), du(5)) + fu(dn(s))] ds
= [ W@ PG ) o) ds A
=/D —fu(dn(5)) + Adn(5)[* ds — (Bu(un(s), dn(s)), fu(dn(s)) + Adn(s)) ds

[ (PAGu(6)) o) Sl + Ad () s

From the proof of Proposition 5.5 in [8] we have,

<Bn(un(s)’ dn(s)), fn(dn(s))> =0,

and

<Bn(un(s), d,(s)), Adn(s)> = <Mn(dn(s)), un(s)>.

Now adding (A.3]) and (A.4]) and rearranging we obtain,

|Un(t)|2+‘1’(dn(t))+/0 (IVun(s)* + | fa(dn(s)) + Ady(s)]?) ds
— Jugnl? + ¥ (don) + /0 (Pao(n(5)) 6(5), un(s)) ds (A.5)

+ [ (PG5 (). 11 (@0(5) + A (9)

We will estimate the term fg ‘<Pna(un(s)) 6(s), un(s)>‘ ds. Using the linear growth prop-
erty of o (with growth constant K'), the Cauchy-Schwarz inequality, the embedding of Hy < H
and the fact that a < /1 + a2 <1+ a?, for a > 0 we infer,

| HPartn(s) 60) uae)) [ ds < [ lotun(s)lia 1605) i Jaa ()] ds

0 0

<VE [ 1 (o) 106 an(9)ds < VE [ (14 [uals) ) 1065,
Ot 0 (A.6)

<VE [ (14 R+ ), d

[ VR VR [ W0 ds VR [ o) (11009 ) s
0 0 ’
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Similar procedure will give,
/ (PaG(dn(5)) p(5), Fu(dn(s)) + Ady(s))] ds
/ 1G(dn(3)]22 [9(3)]5 | Fn(dn(5)) + Ad(s)] 12 ds (A7)
/ dn(s) 22 lo(s)[3 ds + = / Fa(dn(s)) + Adn(5)|2s ds.
Using (A.6]) and ( - in we obtain,
1
[un (0] + ¥(d (1)) + / (IVn ()P + 5 1f(da(s)) + Ad(5)) ds
< [ugn [ + W(don) + C(K,T) + VE / [ ()2 (1 + 10(5) ) ds (A.8)

C(h)

_l’_

sup. [do(5)[2 / Ip(s)12 ds.
s€[0,T

Now using Proposition |A.2| (for p = 2) in we finally get,
(D) < Juoal® + ¥(don) + C(K, T) + C(b, T |p|20.1:2))
+ﬂ?/0t Jun (5) |5 (1 +0(9) 3, ) ds.
Using the Gronwall lemma we infer from ,

SEPT} [un (s[5 < ngnl + ¥(don) + C(K, h, |p[r200,7:R)> T)] x exp{x/[?(l + ’0|%2(07T;H0))}'
se|0,

(A.9)

(A.10)
Since (6, p) € L?(0,T;Hg x R), finally using we obtain,
sup | sup (o) + () + | (o)1 + 3 Faldals) + Adu()) ] <.
where the positive constant
C = [Jugn|® + ¥(dos) + C(K, h, ol L2(0.7m), T)] exp {C(K, 0] 20 7:110), T) }-
([l

Proposition A.4. Let g € (0, %) Then there exist positive constants C = Cg and C = C’g
such that

<C and C.

IN

Suplun‘\QNﬂQ T:V! Sup‘dn‘%\mz 0.71:(D(A))
B 2((0.71:v7) oo 2(0.T1(D(A)))

Proof. We write the approximated system as:

t t t t
un(t):u[)n—/o Ay (s) ds—/o By (uy(s)) ds—/o M, (dy(s)) ds+/0 Po(uy,(s)) 6(s)ds,
= I} + I2(t) + I3(t) + Ii(t) + ID(t).
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t) = dg, — /Ot Ad,(s)ds — /Ot Bp(u,(s),dy(s)) ds — /Ot fuld

and

t
+ / PG (dn(s)) p(s)ds := JL + J2(t) + J2(t) + Ja(t) + J2 (). (A.11)
0
Using the same arguments as in Theorem 3.1 of Flandoli and Gatarek [16], we obtain
1|2 312
‘In|H < k1, ‘ }WB2 ([0,T};V") < ka, ‘In‘wﬁﬁ([o,T];V') < k3.

For t > s, using the Cauchy-Schwarz and Young’s inequality and the property of o, we get

20 - Bk [ Paoua) 6 < [ 1Rt <>|Hdz)2
< (/t@ 1+|un(l)|2Hye(1)del> §c<1+ sup |un(l)|2H) /:Kdl/:w(l)\%{odl.

1€[0,7]
(A.12)
Taking s = 0, then integrating from 0 to T" we obtain,
T
/ B d <o) (1+ sup jub)f / Kdl/ D dl,  (A13)
1€[0,T]
/ / LR HOI dtds<c<1+ sup [un(D)|4 / Kdl/ / / OOl gy 4
|t—8|1+25 1€[0,T] |t — s[1128
(A.14)
Using Fubini’s theorem for 5 € ( ),
Ol r 2
/ / / T s[i+2 dldtds<c/0 10(1) 5, dl < C. (A.15)
Using Proposition [A.3] inequalities (A.12), (A.13), (A.14) and (A.15) we get,
5
}I ‘WB 2([0,T);H) = < ks.

Now we calculate for t > s,

= ‘/tMn(d (/ M, (d \de)2

(/ V(D)2 | Ad, ( )\Lde) < Cp sup |V, (i yLz/ Ad, (1))[22 dL.

1€[0,T]

| 1() = Ln(s)

Now using the similar procedure as done to get inequalities (A.12)), (A.13]), (A.14]), (A.15)
with the help of Proposition and Proposition we get,

4
|I ‘wﬁ 2([0,T);V) < ka.
Now consider (A.11). From Theorem 3.1 of Flandoli and Gatarek [16] we get,
1)2 2|2
[Talir <€ Halwiagozoeay) < €
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20— )Py ‘/ Bl duli) ] (/ 1By (un(l n(l))|del>2

(/ {100 0] 1920, + 19, 0] LA 0]} )

Again for t > s, from (2.6 we have,

< CT/ {lun P [Vun (O] + [Vda (D) [Adn (D)} dl

t
< CT[ sup |u, ()% / Ju,(D)]*dl + sup [Vd, (1), / |Ad,, (1)]2, dl}
1€[0,T) 1€[0,T] s
Now using Proposition and Proposition following the same technique as ((A.12])-
(A.15)), for 5 € (0, %) we obtain

72,

nlwsz oz < O3

Following Lemma 6.1 (equation (6.26)) in [§] and similar procedure as (A.12)-(A.15]) will
give for g € (0, %),

71,

nlwsz ooy < Ca

Now for J3, since p € S§, using the property of G, Proposition and similar technique

as (A12)-(A-15) we conclude for 8 € (0, 3),

721S

n‘wﬂﬂ([o,T];p) = Cs.

Since H < V' and L? < (D(A))’, from above estimates for 3 € (0, 1) we get

Cs

IN

2 2
Sup [ |ysao gy < O and sup [dayaa o myypeayy)

Finally we are ready to prove Theorem

A.2. Proof of Theorem [5.5]

Proof. Existence:
Let us choose and fix g € (0, %) From Proposition |A.2 |A.3| and |A.4 we deduce that, there
exist positive constants C1, Co, C3(3), C4(f) such that (7.3)), and hold. From the
above estimates and Lemma we infer that there exists a subsequence (u,,/,d,, ) and an
element

(u,d) € L*([0,T]; V) N L=([0,T}; H) x L*([0, T]; D(A)) 0 L=([0, T]; H')
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such that as m’ — oo we have,

/

u,y —u in L2([0,T);V) weakly,

u,y —»u in L>®([0,7];H) weak-star,
d, —d in L%*([0,T]; D(A)) weakly,
d,y —d in L>®([0,T]; H') weak-star.
u,, —u in L?([0,T];H) strongly,
d,, —d in L%*0,T); H') strongly.

Finally, we show (u,d) is the unique solution to (5.8)-(5.9)). For this we will argue similarly
as in the proof of Theorem 3.1 in Temam [24], Section 3.

The similar technique to prove (in the proof of Condition, gives us the convergence
as m’ — oo, for individual terms involving control parameters. For all other linear and
nonlinear terms, we follow the calculations of our earlier work (see [§]).

Using similar arguments as in the proof of Theorem 3.1 in Temam [24], Section 3, Chapter
III, we infer that (u,d) is the desired solution.

Equations ([5.10)), (5.11)) can be proved similarly as equations and . Now using the
similar arguments as in the proof of Theorem 3.2 in Temam [24], Section 3, Chapter III, we

also have
W 20,71 V) + L0, TEH) and 98 € 20,7 (D(AY) + LX((0,T): ).

Due to Lemma 1.2, (1.84) and (1.85) in Temam [24], Chapter III, we infer that
uc C([0,T];H) and d e C([0,T]; H').

Uniqueness:
The uniqueness will follow the same technique required to get (7.21)) and ([7.22)) in the proof
of Condition [l

]
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